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Abstract

This paper investigates cumulative reward functionals for birth—death processes with
Poisson-driven total catastrophes. Using an auxiliary killed Markov process, we derive the
integral equations for the distribution and expectation of the reward accumulated up to the
first catastrophe, and establish the existence and uniqueness of bounded solutions. Explicit
expressions are provided for constant birth-death rates. The asymptotic limits of the scaled
expected reward are analyzed for vanishing and diverging catastrophe rates, with limiting
behavior classified by the recurrence of the underlying catastrophe-free birth-death process.

Keywords: birth—death process; catastrophe; cumulative reward; Killed Markov process;
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1. Introduction

During the theoretical development of continuous-time countable Markov chains,
two fundamental concepts, the decay parameter and quasi-stationary distributions, have
occupied a central research position for decades. Quasi-stationary distributions describe the
long-run conditional behavior of Markovian systems prior to absorption, and their origin
can be traced back to Yaglom [1], who investigated asymptotic properties for subcritical
Galton—-Watson branching processes. The decay parameter quantifies the exponential con-
vergence rate of transition probabilities for infinite-state Markov chains and was pioneered
by Kingman in the early 1960s. Starting with the seminal contributions of Kingman [2]
and Vere-Jones [3], substantial theoretical advances have been achieved. Darroch and
Seneta [4] examined quasi-stationary behavior for finite absorbing continuous-time Markov
chains; Flaspohler [5] extended these results to countably infinite state spaces. Pollett [6,7]
developed practical methodologies to compute quasi-stationary distributions directly from
generator matrices. Further important contributions concerning p-invariant measures,
skip-free absorbing chains, exponential ergodicity and decay-parameter bounds were deliv-
ered by Kelly [8], Kijima [9], Nair & Pollett [10], Tweedie [11], and Van Doorn [12], among
many other researchers. Most classical literature focuses on stationary, quasi-stationary
and ergodic properties of ordinary birth-death systems, while sample-path behaviors
conditioned on pre-absorption epochs deserve further exploration.

Birth—death processes subject to exogenous catastrophes form an important subclass
of Markov processes, where external Poisson-driven catastrophic shocks force the system to
jump abruptly from positive states toward lower states, most commonly state zero, which
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is distinct from local endogenous birth—death transitions. Such stochastic models find
broad practical applications across queuing theory, population biology, risk theory and
reliability engineering: catastrophes may represent sudden server breakdowns clearing
all customers in queuing networks, mass-extinction environmental hazards in ecological
population modeling, large-scale market crashes or catastrophic claim arrivals in insurance
risk theory, and sudden total equipment failures in reliability systems.

Existing literature on Markov chains with catastrophes can be roughly divided into several
branches. A large body of work concentrates on stationary and transient state distributions,
ergodicity criteria, the extinction probability and the mean extinction time; see [13-20]. Another
stream of research targets quasi-stationary and quasi-limiting distributions for catastrophe-
bearing Markov chains, establishing existence conditions and spectral representations condi-
tioned on non-absorption. Various generalizations have been developed towards binomial,
multi-type, and state-dependent catastrophe mechanisms, where catastrophes may only par-
tially reduce population sizes instead of performing a complete reset to state zero. Many of these
results are expressed via generating functions, Laplace transforms or spectral decompositions,
though explicit closed-form solutions are mostly restricted to special rate structures such as
linear birth—death rates.

Within this broad body of literature, several representative papers are particularly close
to our setting of Poisson-driven total catastrophes for birth-death processes. Cairns and Pol-
lett [21] and Pollett et al. [22] derived explicit formulae for the expected extinction times of
general birth—death-catastrophe models. Their scope is limited to moments of the extinction
stopping time, and they do not consider path-integrated cumulative reward functionals
before the first catastrophe. Chao and Zheng [23] investigated immigration-birth-death
processes subject to total catastrophes and characterized transient and stationary state
distributions, but additive reward integrals along sample paths are outside their scope.
Di Crescenzo et al. [15,24] studied queuing and birth—death models with catastrophes,
focusing on busy-period quantities and the distribution of the first catastrophe epoch. Their
analyses are built upon hitting-time and queue-length statistics, without treating general
state-dependent cumulative reward functionals.

Taken together, these closely related works mainly explore state distributions and
stopping-time statistics for catastrophe-perturbed systems. Comparatively little attention
has been paid to cumulative reward functionals evaluated over the random time hori-
zon up to the first exogenous catastrophe. Most notably, how the recurrence—transience
classification of the underlying catastrophe-free birth—death process Qg shapes the asymp-
totic behavior of scaled expected reward ¢V (i) has not been systematically treated in
existing references.

In many real-world scenarios, it is essential to evaluate cumulative quantities accumu-
lated over the random interval up to the arrival of the first disaster: for instance, cumulative
system throughput before server crash, total population-weighted sojourn time prior to
mass extinction, or aggregated risk exposure before a market crash. Questions concerning
the integral-equation characterization of the reward distribution, its uniqueness, and the
asymptotic behavior of expected reward as the catastrophe rate ¢ varies over (0, o) remain
largely under-explored. This paper aims to fill these research gaps.
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Definition 1. A matrix Q = (q; : i,j € Z+ ) is called a birth-death q-matrix with catastrophe if

Bi, i>0,j=i+1,

a1 + ¢, i=1j=0,

g, i>2,j=0,
9ij = | &i, i>2,j=i-1,

—Po, i=j=0,

—(aj+Bi+¢), i=j=1,

0, otherwise,

where
>0, ;>0(i>1), B;i>0(i>0).

Here ¢ > 0 denotes the exogenous catastrophe rate. The state transition diagram of Q
is given as Figure 1 below:

Figure 1. State transition diagram of Q.

When ¢ = 0, Q reduces to the ordinary birth-death g-matrix denoted by Qg. Through-
out this paper, we assume that Q is regular, which guarantees the regularity of Q. Write
gi == —qjifori € Z,,s0q0 = Poand q; = a; + B; + ¢ fori > 1. Let {X; : t > 0} be
the Q-process and P(t) = (p;;(t) : i,j € Z+) be its transition probability function. For
initial state Xy = i, P; denotes the corresponding probability measure and [E; denotes
the expectation.

Denote by {Xt(o) : t > 0} the underlying catastrophe-free birth—death process gov-
erned by Qp. Conditional on the sample path of {Xt(o) : t > 0}, exogenous catastrophe
(xO51y That
is, catastrophes would arrive at rate ¢ during periods when the underlying catastrophe-

events form an inhomogeneous Poisson point process with intensity ¢ - 1

free process occupies non-zero states, while catastrophe intensity vanishes whenever
Xfo) = 0. This conditional-Poisson perspective is probabilistically equivalent to the g-
matrix specification for the full Q-process {X; : t > 0}, and captures the Markovian
conditional-independence property used in our subsequent analysis.

Define the first exogenous catastrophe time

T = inf{t > 0 : exogenous catastrophe occurs at time ¢}.

Given a bounded non-negative instantaneous reward function r(-) satisfying 0 <
r(+) < R, the total accumulated reward up to the first catastrophe and its conditional
expectation are given by

R(t) = /OTr(Xt)dt, V(i) = BR(7)], i€ Zy.

The primary objective of this paper is to investigate the probabilistic properties of
the total reward R(7) and its mean value V(7). We construct an auxiliary killed process
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augmented with an absorbing cemetery state —1 to faithfully represent system trajec-
tories prior to the first exogenous catastrophe. Recursive formulae for the distribution
and expectation of the partial reward evaluated at each jump time are established. We
derive the integral equation and Laplace transform equation for the reward distribution
F(i,x) := P;(R(7) < x) and derive the equation for the expected reward V (i). Furthermore,
we prove the uniqueness of the solution for the corresponding equation. Under the con-
dition {i € Z4 : r(i) = 0} = @, the existence of a strictly positive probability density for
F(i, x) is also proved.

Moreover, we thoroughly analyze the limiting behavior of the scaled expected reward
¢V (i) as the catastrophe rate ¢ tends to zero and infinity. For small ¢ | 0, a complete
trichotomy is presented: when the underlying ordinary birth—death process Qy is positive-
recurrent, the limit is expressed via the stationary distribution of Qy; when Qg is null-
recurrent or transient, the limit is controlled by the lim-inf and lim-sup bounds of reward
function r(-). For large ¢ — oo, explicit state-dependent limiting results are established.

We remark that although the original research motivation lists several further potential
directions, including the full distribution of 7, exponential tail bound for F;(x), moment
analysis of F;(x), and conditional state distribution under linear-rate parametrization
a; = in, B; = if, those problems are not completely resolved within the present work and
are left as open topics for future investigation.

The rest of the paper is organized as follows. Section 2 introduces an auxiliary killed
process by adding an absorbing cemetery state —1, and establishes recursive formulae for
the distribution and expectation of the partial reward accumulated up to each jump time.
Section 3 derives the full distribution and expectation of R(7), together with uniqueness
theorems for the associated equations. Section 4 is devoted to limiting behaviors of V(i) as
¢ 1 0and ¢ — oco. For the small ¢ case, we establish a trichotomy: for positive-recurrent
Qo, limits are expressed in terms of the stationary distribution of Qg; for null-recurrent and
transient Qy, limits are controlled by the asymptotic behavior of reward function r(-). For
large ¢, explicit state-dependent limiting results are obtained.

2. Preliminaries and Auxiliary Killed Process

By the definition of Q, we see that the exogenous catastrophe drives the system directly
from state i > 1 to state 0 and the endogenous transition rate «; also drives the system
from state 1 to state 0. In order to discuss the behavior of {X; : t > 0} before the exogenous
catastrophe, we first need to distinguish the exogenous catastrophe time. For this purpose,
we extend the state space to Z := Z; U {—1} by adding an extra state —1 and construct
another g-matrix Q := (Gij:ij€ 7)) as follows:

Bi, i>20,j=i+1,
o, i>1,j=i-1,
- C/ Z Z 1/] - _1/
Gij = o )
7,80r 1= ] = 0/
—(wi+pi+¢g), i=j>1,
0, otherwise.
Denote
A 671‘,]‘/ l 7é j/ Z/] S Z-i-/
dij =

0, i=j€Zs.
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Let {X; : t > 0} denote the Q-process and P(t) := (f;j(t) : i,j € Z) denote the
corresponding transition probability function. For any i € Z, the probability measure
provided Xy = i is denoted by P; and the corresponding mathematical expectation is
denoted by E;. Let

T:=inf{t >0:X; = -1} 2)

be the extinction time of {X; : t > 0} and &, be the nth jumping time of {X; : + > 0}.
Further extend the reward function 7(-) on to Z4 by defining r(—1) = 0. Define

R(ﬂ:::%fr(ﬁgdtztéwr(ﬁgdh 3)
F(i,x):=D(R(%) <x), x>0,i€Zy. (4)

and
V(i) :=E;[R(?)], i€Zy. (5)

Lemma 1. The process {X; : t € [0,7)} and the auxiliary killed process {X; : t € [0,%)} are
equal in law. Hence,

Pt <t)=P(T<t)=pi1(t), t 20,i € Zy, (6)
Pi(X; Ij|t <71)= Pi(Xt Ij|t <T)= ﬁi,j(t)/ t>0,i,j€ 2. (7)

Therefore,
F(i,x) =F(i,x), x>0,i € Zy and V(i) =V (i), i € Z. (8)

Proof. By construction of Q, the transition rates of {X; : t > 0} before hitting the absorbing
state —1 coincide exactly with those of {X; : t > 0} before the arrival of an exogenous
catastrophe. The only difference is that an exogenous catastrophe drives {X; : > 0} into
the absorbing state —1, whereas { X; : t > 0} transfers to state 0. In this way, 0 distinguishes
the abrupt jumps triggered by exogenous catastrophes from intrinsic transitions in Q.
Consequently, the transition rates of {X;: t € [0,%)} and {X; : t € [0,T)} are the same. It
follows that the finite-dimensional distributions of {X; : t € [0,%)} and {X; : t € [0,T)}
agree. Therefore, Equations (6)—(8) hold. O

By Lemma 1, in order to discuss the behavior of {X; : t > 0} before exogenous
catastrophe, we only need to consider the behavior of {X; : t > 0} before extinction. For
this purpose, we define

m@%:A@dﬁwhnZQ )
E,(i,x) := P;(R(¢,) < x), x>0,i € Zy,n >0, (10)

and
V(i) := E;[R(6)], i € Zy, n > 0. (11)
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Since R(7,;) < oo almost surely, F, (i, x) is the probability distribution function of R(&;)
under B;.
Denote

0 —{IGZ+ r()—O}andH+ —Z+\H0

Lemma 2. F, (i, x) satisfies the following recursive formula:

Fo(i,x) =1, x>0,i€Zy,

Fia(0x) = ¥ B (x), x> 0,0 € Ho,n >0,
j€Z+

~ _ do,j x 7%~ .

Fi1(0,x)= ¥ W~f0 e "OF,(j,x —u)du, x>0,0€Hy,n>0, (12)
j€L+

Fn+1(i1x) £ + X Li.j'ﬁn(]':x)/ x>0,i € Hy,n>0,
qi i€y qi

~ _4ix ,L

Fi1(i,x) = %(1—3 @) q” fo @ Fy(j, x—u)du, x>0,i€ Hy,n>0.

]

ie.,
Foli,A) = 1, A>0,i€Zy,
Faa(02) = T e Falind), A>0,n>0, (13)
JE€L+
7 . ’71 . .
]-'Hl(z,/\):m-i-je)% v FaGA), A>0,i>1,n>0,

where Fy(i,A) == [y e " Fy(i, x)dx (A > 0).

Proof. Let 5’,(11) be the nth jumping time of Xz, 1. By the Markov property, ifi =0 € H,,
then

FVI-H(O/X)
Oy ~
= 130(/ o I’(Xt)dt S x)
0

_ 15()(7(0)(71—0— / (%)t < )

f71

= 0)o1 + / Xgﬁ.t )dt < x)
5(1)

= Z 130(5(;71 :],/0 " T(Xﬁl+t)dt S X—F(O)ﬁ’l)

JEZ+
qO,j TB) —q0s P [75'1) %
= ) . /0 qoe P/</0 r(Xgyqe)dt < x — r(O)s)ds
JEZ+
do,j /X -5
= b/ e "0 F,(j, du.
]_6% 10) o (j,x—u)

Ifi = 0 € Hy, then

https:/ /doi.org/10.3390/math14213864
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ﬁnJrl(O/x)
Py ( I/OLTW+l r(Xp)dt < x>
~ "-7n+1 ~
B X)dt <
([ v <)
o
PO(/O T’(X[71+t)dt < x)
)
]_GZZ“+ Po(%s, =j,/0 "(Xay 1)t < x)
R S
Wig( (" %
erZ:+ 90 P/(/o (R 1)t < x)
@fn(' x).
]'GZZ:+ o !
Ifi >1andi € Hy, then
FnJrl(_ilx)
- 13,-(/0'”"“ P(Xy)dt < x)
= DP(r(i)o + r(Xp)dt < x)
(v
= B+ [ (Kt < x)
JO
al
= B(%ey =L <x)+ Y Bi(%s, :j,/ r(Roy 4 1)dt < x — r(i)77)
j€Z+ 0
. e
-4 dijj [7©)  _gsn, [0 5 .
= fa-e “>>+],§j/o Tt B[ (Kot < = r(i)s)ds
= E(1—673(%)4- Z Gij /szf%~ (j,x —u)du
qi ez, 7(@) Jo s '
Ifi >1andi € Hy, then
FnJrl (i/x)
On -
- 151(/ T (&dt < x)
- 151-(/_ %,)dt < x)
- On ~
= B[ r(Repsdt <)
F
= B(%y =-1)+ Y (X 7]',/ r(Rayt)dt < x)
, 0
JELy
¢ Dij & o
= =4 Fa.(j, x
g qi (i)
Equation (12) is proved. Taking the Laplace transform on (12) yields (13). O
Lemma 3. (i) V,,(i) satisfies the following recursive formula:
V(i) =0,i€Zs,
Va() = 52+ ¥ G Vali), i€ Ze, n20. (14)
j€zy

https:/ /doi.org/10.3390/math14213864
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(ii) {V,i(+) : m > 0} are bounded functions. More specifically,

7,(0) < c+§, V()< C i>1
0

forall n > 1, where

_Roim
Ci=Z (1430

Proof. First prove (i). Since X; = X, for t € [0,57), we know that

) = [ " H(R)de] = Bi[r(Ro)on] = rfll) iz,

1

Recursively, for n > 1, by the Markov property

Vn+1(i)
~ &nl ~
= Ei[/o Rt
~ - - Ty - -
_ ]El-[r(Xo)(Tl%—Ei[/ﬁ (R, K]
T(Z) ®© s Tn
= + ) gije TR | r(Xy)dt]ds]
”’f jem\{z‘}/o !
r(i) dij - .
= Wy T,
. ]E% 1)

Therefore, (i) is proved.
Next prove (ii). Define

We only need to prove that
Vn(l) < mi, i€ Z+r n > 0. (15)

Obviously, Vo (i) = 0 < m;. For n = 1, we have

Vl(()):r(g)<§0<m0

q
and
~ .. r(i) R .
Vi(i) = < —=<m; i>1.
Suppose that (15) holds for #; then by the Markov property,

. r(0) q0,j
Vip1(0) < —=+ Y —-m;
! 90 JEZ 4 90 !
"0 ¢

qo

R
C+ — =my,
Bo 0

IN
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o r(1) 0,
Vi1 (1) < —=+ —-m;
n+1() M ]€§+ M ]
_ @) wamo+ pim
q1 n
R 1 R
< —+ —[q(C+ + B1C
‘7 fh[l( 5) prc
¢ Raq
- Ricp- by Ru
7 ( 511) 71Bo
1 szl
= C-—[cg—R— -2t
‘h[ &= ﬁo]
and
5 ) R ".,.
Vo) < 4 Y Ty,
qi jELy qi
R C
= —+ —(a+
5 ql(z Bi)
= Cc-—(ct-R)
qi
< C=m; i>2.

By mathematical induction, Equation (15) is proved. [

3. Distribution and Expectation of Cumulative Reward

In this section, we consider the distribution of the total reward and its expectation.
Lemma 4. Suppose that Q is regular. Then
R(7,) 1 R(%), as.
Moreover, V(i) = E;[R(%)] < oo (i € Z) and hence, P;(t < ) =1 (i € Z).

Proof. Since —1 is absorbing and r(—1) = 0, we know that R(&) f r(Xp)dt =

fom(r" r(X¢)dt. Noting that Q (since Q is regular) is regular, we further know that £ A &, 1 £

as n — oo. Therefore, R(¢,) T R(%) as n — co. On the other hand, by Lemma 3 and the

monotone convergence theorem, we obtain that E;[R(%)] < C + % < oo (i € Zs)and
hence Bi(t <o) =1(i€Z;). O

Theorem 1. (i) F(i, x) := hm Fy(i, x) exists forall x > 0and i € Z. F(i, x) is the probability
distribution function of R(% ) startzng from statei € Z.

https://doi.org/10.3390/math14213864
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(ii) (F(i,x) : i € Z) is the unique solution of

h(0,x) = ¥ ”“”h(],x), x> 0,0 € Hy,
]€Z+ 90

h(0, x) qo] fo e 0y h(j,x —u)du, x>0,0c Hy,
j Z

hix)=%£4+ ¥ q’fh(],x), x>0,i>1,ieHy, (16)

g
qi
]€Z+
‘7
h(i,x):%(l—e o) )+ E q”f e "h(j,x —u)du, x>0,i>1,i€ Hy,

0<h(i,x)<1, x>0,i€Z4.
ie., forany A >0, (F(i,\) : i € Z) is the unique solution of

HON) = ¥ N 3,0),

= Ar(0)+40
H(i, M) = xmiman ¥ L wwrg HOA), 121, (17)
JEZ
0 < AH(i,A) <1, icZ.,

where F(i,A) := [;~ e " F(i, x)dx.

Proof. By the definition of R(5,), we see that R(&,1
n — oco. Hence, r}iilgoﬁn(i,x) = nlgl(}oP( R(7,) < x) = Pi(R(%) < x) = F(i,x). ByLemma 4,
R(%) < o0, a.5.; therefore, (i) is proved.

Next prove (ii). By Lemma 2, we know that for any A > 0, Fo(i,A) = % (ieZy),

» qoj -
.Fn+1(0,/\): Z Ar / ']:n(]//\)/nzol

j€ly (0) + 40

and

- g Jij . .
/A — 371N N 3 N, F}’l //\ 7 2 1/ 2 0/
Fus1(i, A) EOET 4—]'6222+ ) 1 (j,A), i n

where F,(i,A) := [;° e *F,(i,x)dx (A > 0). Since F,(i,A) is decreasing in n and
1i_1}1 Fu(i,A) = F(i,A), letting n — oo in the above equality and using monotone con-
n—oo

vergence theorem yields

qoj "

'7:— /A - - .F .,)\
(0 ) j€§+ /\T(O) + 40 (] )
and
2oy 9 Jij o .
FON = aovt e * & v e TOM

On the other hand, it is obvious that AF(i,A) < 1. Thus, (F(i,A) : i € Z,) is a solution
of (17).

https:/ /doi.org/10.3390/math14213864
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We now prove the uniqueness of the solution for (17). Suppose that (F(i,A) : i € Z)
is another solution of (17) for some A > 0. Denote A;(A) := F(i,A) — F(i,A) (i € Z).
Then

A

qij

z( ) ]EZZ:+ Ar(l)—l—q,' ]( ) +
Hence,
i .
A < Y L8N, i€ Zy (18)
jezy i

By (18), we can derive that
1AM < Eif|Ag (M) 1izsm], i€ Zy
for all n > 1. Note that ‘Af(f M) < %; by Lemma 4, we know that

|Ai(A)] < ’11320)\—1151-(% >n)=0, i €Zy.
Therefore, A;(A) = 0 (i € Z,.) for any A > 0 and hence, F(i,A) = F(i,A) (i € Z) for any
A > 0; i.e., Equation (17) has a unique solution. By the property of Laplace transforms,
Equation (16) has a unique solution. []

Corollary 1. Suppose that Hy = @. Then, for any i € Z, f(i,x) := F'(i,x) exists and
f(i,x) > 0forall x > 0.

Proof. Recall from Theorem 1 that F(i, x) satisfies the system of Volterra-type integral
Equation (16). Since Hy = @, we have r(i) > 0 for every i € Z,. The right-hand sides of
these integral equations consist of continuous functions and convolution integrals against

ill

continuous kernels e (. The standard properties of Volterra integral equations imply that
F(i, x) is differentiable with respect to x > 0.
We first treat the case i > 1. Differentiating both sides of (16) yields

q,-(x—u)

o o Ay T =l
iz = %-e " +f€ZZ: %[F(J,x)—r?i)foxe O F(ju)du|.
+

We simplify the integral term inside the sum. Observe that

gi x _gix—u) _ X
7/ e T du=1—e 0.
r(i) Jo

Because F(j, ) is a non-decreasing distribution function, we have

X gix—u) N X qix—u)
/ e "0 F(ju)du < F(j,x)/ e @ du.
Jo Jo

Substituting this inequality into the expression for F/(i, x) gives

Fi,x) > i.‘efm-l- ) j?[?(j,x)—~(j,x)~1fg;)/0xe (@) du]

https:/ /doi.org/10.3390/math14213864
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_4ix
Every term on the right-hand side is non-negative. Moreover, the first term %e 0 is

strictly positive for all x > 0; hence, F'(i,x) > 0 (x > 0) wheni > 1.
Now consider i = 0. Differentiating the corresponding integral equation for F(0, x),
we obtain

- doi [~ x _qola—u)
Fo,x)=)_ T’Z(())])[F(j'x)_rtz((;)/o e 'O F(ju)du|.

JEZ+

Applying the same estimate used above,

~ Goj Bi e 5
FOx) 2 ) gy Flixe 10,
j€Z

~ _ 0%
Note that do; > 0 for at least one j € Z, and F(j,x) > 0,e "® > 0. Consequently the

right-hand side is strictly positive, so F/(0,x) > 0 (x > 0).
Therefore, f(i,x) := F/(i, x) exists and satisfies f(i,x) > 0 (x > 0) foralli € Z,. O

Theorem 2. (V (i) : i € Z.) is the unique solution of

Vi) ="+ y .y, i€Zy,
JEL

V() <C+g, V(i)<C iz,

(19)

where

C:= ?(1+ —).

Bo

Proof. By Lemma 3 and the monotone convergence theorem, we know that (V (i) : i € Z)
is a solution of (19). It suffices to prove the uniqueness of the solution for (19). Suppose
that (V(i) : i € Z, ) is another solution of (19). Denote A; := V(i) — V(i) (i € Z). Then

an=Y Wop, iez,.
jezy i
As in the proof of Theorem 1, we can derive that

. R - o
|Ai|§nh_r>r<}0(C+%)-Pi(T>n)fO,1eZ+_

Therefore, A; = 0 (i € Zy) and hence, V(i) = V(i) (i € Z+); i.e., Equation (19) has a
unique solution. [J

Corollary 2. Suppose that a; = « (i > 1) and B; = B (i > 0). Then

o r(0) A =DLI(NT i L)+ L)
V(i) = {ﬁ(1—)\,)+ T | -Al+ T i€ 20)
where
A= (a+B+E)* —4ap,
A'_a+ﬁ+§+¢3 A._a+ﬁ+§—¢g
T T
) = AL ZA *r)::)v;[l;)\:k
k=i+1 k=1
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In particular,
~ Al 1
Ei[t] = —————+ %, i€ Z,.
l[T] ,B(l —)L_) + (:/ 1€ + (21)
Proof. Since w; = a (i > 1) and B; = B (i > 0), Equation (19) becomes
up —uy = p~'r(0)
Buipr — (a+ B+ C)u; +auj_q = —r(i), i>1, (22)
w < F(1+§)+5 wi<fl+g),i>1
Consider the homogeneous difference equation
Buiyr — (e + B+ uj+au; 1 =0, i>1 (23)

with characteristic equation
BAZ — (a+B+EA+a=0.
We get two characteristic values:

_a+pHE+VA A_:a+ﬁ+§f¢K

2B ’ ' 28

where A := (a + B + ¢)? — 4apB. Furthermore, it can be investigated that

/\+:

+ —
u’?;:M, i>0

l VA

is a solution of

Buipr — (a + B+ Q)u;+au;_q = —r(i), i>1,

where £; () := AL XI; A~kr(k) and LF(r) = Al OZO; Ajrkr(k). Therefore, the solution of
k=1 k=i+1
(22) can be expressed as

L)+ L7 (1)
N

up = AAL + i>0.

By the boundary condition 1y = % + u1, we obtain that

r(0) +(A+—4J£§U)
Bl—=A-)  (1—A)VA

Equation (20) is proved.
In particular, taking r(i) = 1 (i € Z ) and using some algebra yields (21). O

4. Asymptotics of Scaled Expected Reward

We now consider the limit property of V(i) as the exogenous catastrophe rate ¢ tends
to zero or to infinity.
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Theorem 3. Suppose the Qo-process is positive recurrent. Then

&Y mV(i) =Y mr(i). (24)

i>1 i>0

Hence,

meV(i) = (1-m)™" Y. mer(k), i € Zy,
glO k€Z+

where (1t : k € Z) is the stationary probability measure of the Qq-process.

Proof. Denote G;(¢) := ¢V (i). By Theorem 2,

BoGo(&) — BoGi(¢) = r(0)¢C,
(@i + Bi +8)Gi(¢) — 0iGi—1(¢) — BiGiy1(8) = r(i)g, i>1, (25)
Go(&) < R(1+ 1)+ g8, Gi(8) S R(1+41),i>1.

By (25),

(2; + Bi)Gi(¢) — 2iGi—1(¢) — BiGiy1(8) = [r(i) — Gi(8)]¢-

Multiplying both sides of the above equality by 77; and summing over i yields that

Y e + Bi)Gi(8) — mieiGi—1 (&) — miBiGi1 (&) = € ) mi[r(i) — Gi(&)].

i>1 i>1

Combining this with 789 Go (§) — 119B0G1 (C) = (:7'[01’(0), we obtain that

Y mi[r(i) — Gi(&)] + mor(0) = 0.

i>1

Hence,

Y miGi(E) = ) mr(i).

i>1 i€y

Equation (24) is proved. By the above equality,

11m Z ;G = Z v (i). (26)

z>1 i€Z4

On the other hand, it follows from (25) that for any ¢ satisfying ¢ — 0, if klim Go(&x) =C
—00
then klirn G;i(&x) = C. Since Go(&) < R(1+ %) + % on ¢ € (0,1], we know that
— 00

an hmG (&) = Z i1 (

i>1 i€Zy

which implies klim Gj(¢k) = C = (1- o)t ¥ mr(i) for j € Zy. Furthermore,
—00 icZy

lim¢V(j)=C=(1—-m) ' ¥ mr(i)forjeZs. O

¢lo i€Z

We next consider the limit behavior of £V (i) (i € Z.) as & — 0. For this end, denote
7, := liminfr(k) and 7" :=limsupr(k).

k—o0 k—yo00
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Lemma 5. Let ¢ : [0,00) — R be bounded and measurable. Then

liminf g(t) < liminfc:/ e Stg(t)dt <limsupé& [ e *'g(t)dt < limsupg(t).
t—co ¢lo 0 zlo 0 t—ro0

Proof. We only show the upper bound. The lower bound follows by considering —g(t). Set
L* = limsup g(t). For any € > 0, there exists T > 0 such that g(t) < L* 4 ¢ forall t > T. Write

t—o0

0 T 00
g/ e Stg(t)dt = g/ e St (t)dt + g/T e g (t)dt.
0 0
Since g is bounded, the first term tends to 0 as ¢ | 0. The second term satisfies
g/ e Cte(t)dt < (L* +£)5/ e St = (L +e)e ¢T < L* +e
T T

Taking lim sup and then letting ¢ — 0 yields the desired upper inequality. The lower bound
glo
is obtained by applying the upper estimate to —g(¢). O

Theorem 4. Suppose that the Qq-process is null recurrent or transient. Then, for every i € Z.,
the following assertion holds.

Ty < liminféV(i) < limsup 6\7(1') <r*.
640 ¢lo

In particular, if reo = limy_, o, 7(k) exists, then

Hm &V (i) = oo, ieZ..
éwé (i) i

Proof. Let G;(&) := &V(i). Since the boundary birth rate at state 0 is By, the first equation

in (25) gives

¢r(0)
Po

Define a conservative birth-death g-matrix Q" on N := {1,2,...} by

Go(¢) = G1(8) +

(27)

+
qu = B1, o= —B1

and, fori > 2, by

Gy =%, G =B 45 = —(ai+Bi).

This is the trace of the Qp-process on N, obtained by deleting the sojourns at state 0. Let
Pt(t) = (p;jr (t)) be its transition function, and put

(1) == r(l)—i—%r(O), 7(i) = r(i), i>2.
0

Using (27) in the equation for i = 1 in (25), we obtain

(& +B1)G1(8) — B1G2(8) = ¢7(1),
(C+a;i+Bi)Gi(¢) — wiGi1(¢) — BiGiy1(8) = ¢F(i), i>2.
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Equivalently, G(§) := (G;(¢) : i > 1) is the bounded solution of the resolvent equation

(E1-Q")G(E) =¢r.

Consequently,

&) =¢ [ eHLptra, izt 28)

=1
Changing the behavior at the finite boundary does not change the recurrence classifi-

cation of a birth-death process. Hence Q™ is null recurrent or transient. In either case it is
not positive recurrent, and therefore

p;(t) — 0, t—oo, i,j>1.

It follows that, for every fixed K,
K
Y pi(t) —0, t— oo (29)
j=1

Since 7 is bounded and differs from r at only one state, (29) gives

re < litrgglf]; p;(t)?(]) < limsup ) p;]“(t)f(]) <r*

t—ro0 j>1

Since G;(¢) = ¢V(i), by Lemma 5, we obtain the asserted bounds for i > 1. They also hold
for i = 0 by (27). If r(k) — 7, the lower and upper bounds coincide. This yields the last
assertion. [

Remark 1. The assumption 0 < r(-) < R alone does not, in general, ensure the existence of
lciﬁr; EV(i). The bounds in Theorem 4 are valid under the assumptions made earlier in the paper,

whereas the displayed equality follows under the natural additional condition r(k) — 7eo.

Theorem 5. (i) For every fixedi € Z,

+00, i=0andr(0) >0,
L~ r(1), i=0andr(0) =0,
Hm eV =3 1)+ Moy, i—1,
Po
r(i), i>2.

(V)]
(ii) é}gl;o V(0) = By

Proof. Again write G;(&) = ¢V (i). By Lemma 3,

ogci(§)§R<1+gl>, i>1, ¢>0. (30)
0
For any fixed i > 2, the second equation in (25) can be written as
¢ . o Bi
Gi(¢) = G;_ ———G; .
Z(g) §+“i+ﬁir(1)+§+0€i+ﬁi 1 1(§)+C+az+ﬁ1 l-‘rl(g)
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The bound (30) therefore implies

lim G;(¢) = r(i), i>2.

{—o0

For i = 1, eliminating Gy(&) by (27) gives

__ ¢ x B1
Gi(8) = 55 () + 5r0)) + 2 a0

Using (30) once more yields

lim Gy (&) = r(1) + 21#(0).

g—roo ﬁo
Finally, Equation (27) gives
Go(8) = Gr(@) + 2.

Thus Go(&) — +o0 if #(0) > 0, whereas Gy(¢) = G1(¢) — (1) if r(0) = 0. Finally, since

V(0) = 28 = &8 4 1) we know that (ii) holds. [J

At the end of this section, we provide numerical illustrations demonstrating how the
catastrophe rate ¢ influences the expected cumulative reward V(7).

o)

Example 1. Consider constant birth—-death rates a; = a = 0.6, B; = B = 0.5, so the closed-form
formula from Corollary 2 applies. We fix the reward function to be constant r(k) = 1 forallk € Z.

The following Figure 2 plots V (i) against the catastrophe rate & > 0 for several initial states i.
This is consistent with our asymptotic theory developed in Theorems 3- 5.

From Figure 2, one can see the following:

(i) For small ¢ | O, catastrophes are rare. The process typically evolves for a long time before a
catastrophe arrives, yielding large values of the expected reward V (i).

(ii) As ¢ increases, catastrophes become more frequent; the process is terminated earlier, and
V (i) decreases monotonically.

(iii) For large ¢ — oo, V(i) decays towards finite state-dependent limits predicted by
Theorem 5.

120 — =29

100

Expected reward V(i)

80 |-

60

40

20

0 Il L
1072 107! 10° 10* 102
Catastrophe rate £

Figure 2. V(i) versus ¢, for & = 0.6, = 0.5, r = 1; curves for initial states i = 1,2,3.

5. Conclusions

This paper has investigated cumulative reward functionals for continuous-time birth—
death processes subject to Poisson-driven total exogenous catastrophes. By constructing
an auxiliary killed Markov process with an absorbing cemetery state, we transformed the
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original model such that sample-path behaviors prior to the first catastrophe correspond
to trajectories before absorption in the killed process. This technique enabled us to derive
recursive relations for the distribution and expectation of partial rewards evaluated at
successive jump times.

We established integral equations together with their Laplace transform counterparts
governing the reward distribution F;(x) = P;(R(7) < x) and the equation for the expected
cumulative reward V(i) = E;[R(7)]. The existence and uniqueness of bounded solutions
to these systems were proved. Under the condition Hy = @, we further demonstrated
the existence of strictly positive probability densities for the reward distribution. For
constant birth and death rates, explicit closed-form expressions for the expected reward
were obtained by solving the corresponding linear difference equations, which also yielded
a concrete formula for the mean time to the first catastrophe as a special case.

We analyzed the asymptotic behavior of the scaled expected reward ¢V (i) in two
regimes: a vanishing catastrophe rate ¢ | 0 and diverging catastrophe rate { — co. A
trichotomy of limiting results was presented depending on the recurrence type of the
underlying catastrophe-free birth—death process Qp. When Qy is positive-recurrent, the
limit can be expressed in terms of its stationary distribution. For null-recurrent or transient
Qo, the limits are controlled by the liminf and limsup of the reward function r(-); a
definite limit emerges if 7(k) converges as k — oo. For large catastrophe rates { — oo,
state-dependent explicit limits for {V (i) were derived.

Several interesting directions remain open for further research. These include a thorough
investigation of the exponential tail bounds for the survival function F(i,x) := 1 — F(i,x),
higher-order moment analysis for the cumulative reward functional, and conditional
state distributions under linear-rate birth-death parameterizations. Extending the present
framework to models with partial binomial catastrophes, state-dependent catastrophe
intensities or multi-type disaster events would also be worthwhile. Such generalizations
would further broaden the applicability of reward-related quantities for queuing theory,
population biology and risk-modeling applications.

Funding: Funding provided by the National Natural Science Foundation of China (No. 11771452).

Institutional Review Board Statement: Not applicable.

Data Availability Statement: No new data were created or analyzed in this study. Data sharing is
not applicable to this article.

Conflicts of Interest: The author declares no conflicts of interest.

References

1.  Yaglom, AM. Certain limit theorems of the theory of branching random processes. Dokl. Akad. Nauk SSSR 1947, 56, 795-798.

2. Kingman, ].E.C. The exponential decay of Markov transition probability. Proc. Lond. Math. Soc. 1963, 13, 337-358.

3. Vere-Jones, D. Geometric ergodicity in denumerable Markov chains. Q. J. Math. Oxf. 1962, 13, 7-28.

4. Darroch, ].N.; Seneta, E. On quasi-stationary distributions in absorbing continuous-time finite Markov chains. J. Appl. Probab.
1967, 4, 192-196.

5. Flaspohler, D.C. Quasi-stationary distributions for absorbing continuous-time denumerable Markov chains. Ann. Inst. Stat. Math.
1974, 26, 351-356. https:/ /doi.org/10.1007 /BF02479830.

6.  Pollett, PK. The determination of quasi-stationary distribution directly from the transition rates of an absorbing Markov chain.
Math. Comput. Model. 1995, 22, 279-287.

7. Pollett, PK. Quasi-stationary distributions for continuous time Markov chains when absorption is not certain. J. Appl. Probab.
1999, 36, 268-272.

8. Kelly, EP. Invariant measures and the generator. In Probability, Statistics, and Analysis; Kingman, ]J.F.C., Reuter, G.E.H., Eds.;
London Mathematical Society Lecture Note Series; University Press: Cambridge, UK, 1983; Volume 79, pp. 143-160.

9.  Kijima, M. Quasi-limiting distributions of Markov chains that are skip-free to the left in continuous-time. J. Appl. Probab. 1993, 30,

509-517.

https://doi.org/10.3390 /math14213864


https://doi.org/10.1007/BF02479830
https://doi.org/10.3390/math14213864

Mathematics 2026, 14, 3864 19 of 19

10.

11.
12.

13.
14.

15.

16.

17.

18.

19.
20.

21.
22.

23.

24.

Nair, M.G; Pollett, PK. On the relationship between y-invariant measures and quasi-stationary distributions for continuous-time
markov chains. Adv. Appl. Probab. 1993, 25, 82-102.

Tweedie, R.L. Some ergodic properties of the Feller minimal process. Q. J. Math. Oxf. 1974, 25, 485-493.

Van Doorn, E.A. Conditions for exponential ergodicity and bounds for the decay parameter of a birth-death process. Adv. Appl.
Probab. 1985, 17, 514-530.

Brockwell, PJ.; Gani, J.; Resnick, S.I. Birth, immigration and catastrophe processes. Adv. Appl. Probab. 1982, 14, 709-731.

De Lima, L.R.; Machado, EP. Catastrophe-dispersal models in random and varying environments across generations. arXiv 2026,
arXiv.2605.04048. https://doi.org/10.48550/arXiv.2605.04048.

Di Crescenzo, A.; Giorno, V.; Nobile, A.G.; Ricciardi, L.M. A note on birth-death processes with catastrophes. Stat. Probab. Lett.
2008, 78, 2248-2257.

Di Nunno, G.; Martinucci, B.; Spina, S. On a finite quasi birth-death process with catastrophes and its diffusion approximation.
arXiv 2025, arXiv.2512.19293. https://doi.org/10.48550/arXiv.2512.19293.

Gallo, S.; Roldan-Correa, A. Immigration Processes with Binomial Catastrophes and Random Survival Parameters. arXiv 2026,
arXiv.2605.24671. https:/ /doi.org/10.48550/arXiv.2605.24671.

Kataria, K.K.; Pote, R.B. On Time-Changed Birth-Death Processes with Catastrophes. arXiv 2026, arXiv.2602.07500. https:
//doi.org/10.48550/arXiv.2602.07500.

Li, J.P. Birth-Death Processes with Two-type Catastrophes. Mathematics 2024, 12, 1468. https://doi.org/10.3390/math12101468.

Pakes, A.G; Pollett, PK. The supercritical birth, death and catastrophe process - limit-theorems on the set of extinction. Stoch.
Process. Their Appl. 1989, 32, 161-170.

Cairns, B.J.; Pollett, PK. Extinction times for a general birth, death and catastrophe process. J. Appl. Probab. 2004, 41, 1211-1218.

Pollett, PK., Zhang, H.J., and Cairns, B.J. A note on extinction times for the general birth, death and catastrophe process. J. Appl.
Probab. 2007, 44, 566-569.

Chao, X.L.; Zheng, Y.X. Transient analysis of immigration birth-death processes with total catastrophes. Probab. Eng. Inf. Sci. 2003,
17, 83-106.

Di Crescenzo, A.; Giorno, V.; Nobile, A.G.; Ricciardi, L.M. On the M/ M /1 queue with catastrophes and its continuous approxi-
mation. Queueing Syst. 2003, 43, 329-347.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.

https:/ /doi.org/10.3390/math14213864


https://doi.org/10.48550/arXiv.2605.04048
https://doi.org/10.48550/arXiv.2512.19293
https://doi.org/10.48550/arXiv.2605.24671
https://doi.org/10.48550/arXiv.2602.07500
https://doi.org/10.48550/arXiv.2602.07500
https://doi.org/10.3390/math12101468
https://doi.org/10.3390/math14213864

	Introduction
	Preliminaries and Auxiliary Killed Process
	Distribution and Expectation of Cumulative Reward
	Asymptotics of Scaled Expected Reward
	Conclusions
	References

