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Abstract

Large-scale molecular datasets have become increasingly important in bioinformatics, pro-
viding a foundation for prognostic modeling and the identification of biologically relevant
genes. In survival analysis, however, censored observations and the high-dimensional
nature of genomic data pose significant challenges for reliable prediction and variable
selection. To address these challenges, we develop a Penalized Hierarchical Bayesian
Cox (PHBC) modeling framework that extends hierarchical shrinkage and global-local
prior formulations using Adaptive Gaussian Priors (AGP) and a modified Global-Local
Gaussian-Inverse-Gamma Hyperprior (Gaussian-IGH) structure. The framework consists
of two hierarchical components: (i) Adaptive Gaussian priors assigned to regression coeffi-
cients, with coefficient-specific variances updated from the data through an empirical-Bayes
rule, and (ii) Inverse-Gamma hyperpriors on variance components to provide flexible and
adaptive shrinkage. Inference is based on the Cox partial likelihood, yielding a partial-
likelihood (pseudo-Bayesian) posterior. We derive the corresponding posterior kernels
and construct scalable variational inference approximations, resulting in two computa-
tionally efficient procedures: AGP-VI and Global-Local Gaussian-IGH-VI. The methods
are evaluated through extensive simulation studies and applications to six low- and high-
dimensional genomic survival datasets. Performance is assessed using the concordance
index (C-index), Integrated Brier Score, time-dependent AUC, and true/false positive
rates for variable selection. A dedicated simulation study further examines sensitivity to
multicollinearity under weak, moderate, and high predictor correlations, with the proposed
methods remaining competitive across the different correlation levels. Across the real-data
applications, no single method uniformly dominated all predictive criteria. The proposed
variational methods showed strong but dataset-dependent performance, with Global-Local
Gaussian-IGH-VI achieving the best overall predictive performance on one dataset and
the best C-index on another, while AGP-VI achieved the best discrimination on two others.
Classical penalized and Bayesian Cox approaches remained competitive, particularly in
calibration. These results demonstrate the complementary strengths and trade-offs of the
proposed methods in high-dimensional genomic survival analysis.

Keywords: high-dimensional survival analysis; Bayesian Cox Model; hierarchical shrinkage
priors; Adaptive Gaussian Prior; Inverse-Gamma hyperprior; variational inference; vari-
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1. Introduction

In genetic research, cancer is one of the most complex and heterogeneous diseases,
developing through multiple molecular and genetic alterations that differ among patients
and across tissue types [1,2]. Understanding these different molecular characteristics across
tissue types is essential for identifying reliable prognostic biomarkers and developing per-
sonalized treatment plans [3,4]. However, there are complex hierarchical and overlapping
structures among gene predictors, which are often underutilized in genetic modeling [5,6].
To improve interpretability and predictive accuracy in genomic datasets, it is essential
to develop survival modeling frameworks that can accommodate complex dependence
structures and high-dimensional genomic information. Survival analysis, a statistical tool
used for studying time-to-event outcomes, has become increasingly relevant for integrating
these molecular and genetic data to identify prognostic biomarkers and predict disease
progression [7,8]. A primary challenge, however, is that the number of genes often far
exceeds the number of samples, and the presence of irrelevant or redundant genes can
undermine the accuracy of survival models [9,10]. The Cox proportional hazards (Cox-PH)
model [11] is one of the most widely applied regression models for time-to-event data;
its semi-parametric formulation allows estimation of covariate effects without the need
to specify the baseline hazard function explicitly [12-15]. However, standard maximum
partial-likelihood estimation becomes increasingly challenging as the number of covariates
p grows relative to the sample size n, particularly in high-dimensional settings where
p>n.

Specifically, when applied to modern high-dimensional or noisy genomic data with
p > n, the maximum partial-likelihood estimator can become unstable, non-unique, or
undefined, and multicollinearity among correlated genes can further inflate estimation vari-
ance, limiting the model’s capacity to identify relevant variables reliably [9,16]. As datasets
become more complex with increasing numbers of predictors and dependence structures,
challenges such as overfitting, unstable parameter estimates, and multicollinearity become
more pronounced. At the same time, small sample sizes and complicated models make it
harder to quantify uncertainty reliably. Consequently, various penalization and Bayesian
shrinkage methods have been proposed to address these challenges, particularly in variable
selection, shrinkage, and uncertainty quantification. Among the early methods developed
to regulate model complexity are the Lasso penalty [17], ridge regularization [18], and their
further extensions [19,20]. These methods are consistently utilized in penalized modeling
applications, though each has inherent drawbacks. Ridge regression cannot perform sparse
variable selection, while the Lasso struggles when explanatory variables are strongly corre-
lated. To overcome these weaknesses, the minimax concave penalty (MCP) [21] and the
Elastic Net hybrid penalty introduced greater adaptability by balancing regularization and
selection and have proven effective in genomic prediction research [22,23]. Hybrid strate-
gies, such as penalized Cox models combined with boosting or ensemble methods [24],
further capture nonlinear effects but often compromise interpretability under censoring.
While these penalized methods control model complexity effectively, Bayesian shrink-
age priors provide a probabilistic alternative that incorporates uncertainty quantification
directly into the inference process.

Priors such as the Horseshoe [25] and its extensions [26], spike-and-slab [27], and
global-local structures [28] enhance flexibility for sparsity and parameter shrinkage, en-
abling more adaptive learning in high-dimensional settings. However, these approaches
can be sensitive to hyperparameter specification and computationally demanding. Building
on these developments, regularized global-local variants provide additional stability in
high-dimensional settings by aggressively shrinking irrelevant predictors while preserving
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signals for relevant ones. Despite these advantages, careful specification of prior scales
remains crucial, particularly in ultra-high-dimensional regimes.

Principled uncertainty quantification is also a central challenge in high-dimensional
analysis, where complex dependence structures and limited sample sizes undermine re-
liable estimation of variability and uncertainty. Bayesian approaches such as Bayesian
Model Averaging [29] and stochastic search variable selection [30] attempt to address model
uncertainty; however, they may yield unstable inclusion probabilities in the presence of
multicollinearity. Multicollinearity itself represents a critical issue in high-dimensional
settings, as strong correlations among predictors can lead to unstable parameter esti-
mates and unreliable inference [31]. Consequently, the direct application of these methods
to high-dimensional survival analysis is challenged by (i) instability in variable selec-
tion, (ii) inefficient shrinkage, (iii) challenges in reliable uncertainty quantification, and
(iv) limited ability to handle multicollinearity.

To address these limitations, this study builds on existing hierarchical shrinkage and
global-local prior formulations [25,28,32] to construct a Penalized Hierarchical Bayesian
Cox (PHBC) modeling framework tailored for high-dimensional survival data with cen-
soring and multicollinearity. The framework combines an Adaptive Gaussian Prior (AGP)
with a modified Inverse-Gamma Hyperprior (IGH) structure on the variance components,
adapting these established shrinkage devices to the Cox partial-likelihood setting and to
a variational (rather than MCMC-based) computational scheme. By allowing coefficient-
specific regularization and adaptive control of shrinkage strength, the model aims to
improve parameter stability and variable-selection sparsity in ultra-high-dimensional
settings. We treat improved uncertainty quantification as a hypothesis to be examined
empirically (Section 5) rather than as an established property of the method, since our
variational approximation does not itself propagate uncertainty in the shrinkage-variance
parameters. Posterior inference is performed using variational inference (VI) for scalable
approximation, resulting in computationally efficient procedures suitable for large-scale
genomic survival applications.

This study makes three main contributions. First, it adapts and combines adaptive-
Gaussian and global-local Inverse-Gamma hierarchical shrinkage formulations into a
unified partial-likelihood-based hierarchical Cox framework for high-dimensional variable
selection. Second, it develops scalable variational approximation procedures (AGP-VI and
Global-Local Gaussian-IGH-VI) that combine coordinate-ascent variational updates with
empirical-Bayes point estimates for the variance components, achieving a practical balance
between computational efficiency and estimation accuracy in large molecular datasets.
Third, extensive simulation studies and real genomic survival applications examine the
predictive performance, variable-selection behavior, and computational scalability of the
proposed procedures relative to existing Bayesian and penalized Cox models, and report
both the settings in which the proposed procedures perform favorably and those in which
competing methods remain preferable.

The remainder of the paper is organized as follows. Section 2 presents the PHBC
model formulation, the specification of the hierarchical priors, and the posterior inference
procedures for the two proposed methods, AGP-VI and Global-Local Gaussian-IGH-VI,
based on variational inference. Section 3 describes the simulation design under high-
dimensional settings, while Section 4 presents the simulation results. Section 5 reports the
applications to six real-world genomic survival datasets. Finally, Section 6 concludes the
paper with a discussion of the main findings, limitations, and directions for future research.
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2. Methodology

We consider a Penalized Hierarchical Bayesian Cox model with many structured
predictors, where traditional Cox models often produce unstable estimates. To address this
limitation, we incorporate hierarchical shrinkage priors that enable adaptive regularization
of regression coefficients. In particular, we employ two related shrinkage formulations: an
Adaptive Gaussian Prior (AGP) and a hierarchical Gaussian-Inverse-Gamma (Global-Local
Gaussian-IGH) prior.

Furthermore, variational inference (VI) is adopted for fast and scalable posterior ap-
proximation, making the proposed approach suitable for large biomedical datasets [33,34].

2.1. Penalized Cox Proportional Hazards Model

In Bayesian modeling, analyzing survival data in high-dimensional settings requires
integrating uncertainty and regularization within a unified probabilistic framework. Hier-
archical priors provide a principled way to achieve this by controlling model complexity,
stabilizing estimation, and promoting sparsity when the number of predictors exceeds
the number of available observations. Through such priors, the Bayesian framework bal-
ances flexibility and parsimony by shrinking weak or irrelevant effects toward zero while
preserving influential ones, thereby improving interpretability and predictive reliability.

Building on this, we define the observed survival data and hazard structure. Each
subject i contributes an observation Y; = (t;,d;), where t; is the observed time and d;
indicates whether the event occurred (d; = 1) or was censored (d; = 0). Let T; and C; denote
the true survival and censoring times, such that t; = min(T}, C;), with d; = 1if T; < C; and
d; = 0 otherwise. Each individual is associated with a covariate vector x; € RP.

Under this setting, the hazard function is modeled as

h(t | xi) = ho(t) exp(x; B), (1)

where hy(t) is the baseline hazard and B represents regression coefficients, following the
original Cox proportional hazards formulation [11,35].

Partial Likelihood

A key feature of the Cox model is the use of partial likelihood, which allows estimation
of B without specifying ho(t). Let R(t;) denote the risk set at time #;. The conditional
probability that subject i experiences the event at ¢; is

P(ifailsatt; | R(t;)) = exp(x; ) 2)

a YieR(t) eXP(X]-Tﬁ) .

The partial likelihood is

[ ewep) 1"
L(B) = H [EjeR(ti) exp(x}rﬁ)] ,

i=1
with log-partial likelihood
log L(B) = ) _d; (xiT B—log ), eXp(ijﬁ)> : )
i=1 JER(E:)

Unlike a fully specified likelihood for the survival times, the Cox partial likelihood
eliminates the unspecified baseline hazard h(t) and permits inference on g without di-
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rectly modeling k() [11]. Accordingly, we combine the partial likelihood with the prior
distribution on S to define

p(B| D) < L(B|D)p(B)- ®)

We refer to this quantity as a partial-likelihood (pseudo-Bayesian) posterior to dis-
tinguish it from a posterior obtained from a fully specified Bayesian survival model that
also assigns a prior to the baseline hazard. The variational inference procedures developed
in Section 2.3 approximate this partial-likelihood posterior, thereby allowing hierarchical
shrinkage priors to be incorporated without explicitly specifying or estimating hg(t).

2.2. Bayesian Hierarchical Prior Specification

When the number of predictors exceeds the number of observations, regularization is
essential to prevent overfitting and ensure stable estimation [17]. In the Bayesian frame-
work, this is achieved through prior distributions that shrink coefficients toward zero while
preserving important signals [32].

In this study, we adopt two complementary shrinkage formulations: the Adaptive
Gaussian Prior (AGP) and the Gaussian-Inverse-Gamma (Global-Local Gaussian-IGH)
prior. These priors allow flexible control of shrinkage at the coefficient level and enhance
robustness in high-dimensional settings.

2.2.1. Joint Posterior Distribution via Adaptive Gaussian Prior (AGP)

Under the Adaptive Gaussian Prior (AGP) formulation, conditional on the coefficient-
specific variance parameters, the joint posterior distribution of the regression coefficients
B=(B1, ..., ﬁp)T given the observed data D is expressed as

p(BID,0?) <L(B|D)p(B]|c?), 6)

where L(B | D) is the Cox partial likelihood and p(B | ¢?) is the Gaussian prior with
coefficient-specific variances.
The prior is defined as

B2~ N(O,6D), j=1,...,p, @)

with density

b1 0% = [T exp [~ 2L ®
j=1 271(7].2 20']-2 '

where ¢2 = ((712,. .., 0'%) denotes the coefficient-specific variance parameters, treated as de-

terministic and estimated from the data via the empirical-Bayes update given in Section 2.3.
Substituting the likelihood and prior density, the posterior kernel becomes

I
—

p(B1D,c?) o T 2L P) xﬁwa—%exp(‘%)- o
, ieszleR(ti)eXP(xlTﬁ) j J o

The (7]-2 in Equation (9) is not assigned a prior distribution but is instead a plug-in
quantity re-estimated from the current fit (Equation (16)); the AGP formulation is more
accurately characterized as an empirical-Bayes adaptive shrinkage procedure operating
on the Cox partial likelihood, rather than as a fully specified hierarchical Bayesian model
in which uncertainty about (7].2 is itself represented and propagated. In this respect, AGP
is conceptually closer to empirical-Bayes adaptive shrinkage procedures than to fully
Bayesian scale-mixture priors such as the Horseshoe [25], in which the local scale parameter
is assigned its own prior distribution and estimated through the posterior. We retain
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the label “AGP-VI” for continuity with the Global-Local Gaussian-IGH-VI procedure
described next, but do not claim that AGP provides full uncertainty quantification for its
shrinkage variances. The credible intervals reported for B are conditional on the plug-in
estimates (T]-Z and therefore do not account for uncertainty associated with estimation of
these coefficient-specific variances.

2.2.2. Gaussian-Inverse-Gamma (Gaussian—IGH) Prior

To further enhance shrinkage flexibility, we consider a hierarchical Gaussian prior:
Bi | sz ~ N (0, T]-2), ‘L'jZ ~ Inverse-Gamma(a,b), j=1,...,p. (10)

The probability density of B (p(B | T2)) is defined as

P ﬁf)
————r 11
p(BlT) ]ll Tm] e><p< 2 (11)

while the density prior of T is given by

Poobe b
p(%) :HW(T]?-)_(H]) exp<_'r].2>' (12)

where a > 0 and b > 0 are the shape and scale hyperparameters, respectively.

This formulation defines a Gaussian scale mixture, which induces a heavy-tailed
marginal distribution for ;. As a result, the model can simultaneously shrink noise
variables toward zero while preserving large signals. The hierarchical structure also
improves uncertainty quantification and robustness in ultra-high-dimensional settings.

2.2.3. Joint Posterior Distribution via Global-Local Gaussian—-IGH Prior

Under the Global-Local Gaussian—-Inverse-Gamma (Gaussian—IGH) formulation, the
joint posterior distribution of the regression coefficients B = (B1,..., B p)T, the local vari-
ance parameters T2 = (1'12, N

7), and the global variance parameter 14 given the observed

data D is expressed as

p(B, 7% 15 | D) < L(B| D) p(B | 7° ) p(*) p(%5), (13)

where L(B | D) is the Cox partial likelihood, p(B | 72,73) is the conditional Gaus-
sian prior, p(7?) is the local Inverse-Gamma hyperprior, and p(13) is the global
Inverse-Gamma hyperprior.

The hierarchical prior structure is specified as follows. Conditional on the local
variance parameter 7.']-2 and the global variance parameter 13, the regression coefficients
follow independent Gaussian distributions:

Bil 7, ~N(0,07),  j=1,...,p

where the effective coefficient variance is defined as

2 [
G=VRT

To avoid ambiguity, the square root applies only to 73, while Tz enters multiplicatively.

Hence, the intended variance specification is (7]2 =\/T ]2, not 0’ = Tgrjz. All subsequent

derivations (Equations (14)—(17)) are based on the former spec1f1cat10n.
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Unlike conventional global-local shrinkage models that use the multiplicative vari-
ance specification 1'37.']-2 [25,26], we adopt a modified global-local formulation based on

0% = \/?g 77]2, where the global variance enters through its square root rather than directly.
This is a deliberate departure from the classical construction, introduced for numerical
reasons. It reduces the influence of the global variance component during optimization
and empirically improved the numerical stability of the variational algorithm and reduced
variance collapse in our high-dimensional experiments. This modification changes the
marginal distribution implied for §; after integrating out T]-Z and 73. Therefore, B j under
this construction is not assumed to follow the same known heavy-tailed marginal family as-
sociated with classical global-local specifications. We do not derive or claim a closed-form
marginal distribution for ; under the modified variance specification, but treat it as a work-
ing prior supported by its empirical convergence behavior. For consistency, the posterior
2

kernel in Equation (14) is derived directly from the modified variance o7 =4/ o T

The local variance parameters follow independent Inverse-Gamma distributions,
sz ~ Inv-Gamma(a, b), i=1...,p

with density

T
]

p() = e () D exp
] I(a)*’ 2]
The global variance parameter follows an independent Inverse-Gamma prior,

2 ~ Inv-Gamma(ay, by),

with density

P(Tz): bgo (TZ)—(ﬂo—l—l)eXp _bfo
077 T(ap)"° A

Substituting the prior densities, the posterior kernel becomes

P 2
p(B, 7% % | D) < L(B | D) x [ J(z)~(*"%) exp . x<r§>-<”0“+i>exp<—b2>. (14)
j=1 2 Tgrjz T T

Since 0]-2 = \/TT% sz, the Gaussian density contributes (0']-2)*1/ 2= ()Y 4(1']2)*1/ 2 for
each coefficient. Combining (sz) ~1/2 with the Inverse-Gamma density (T]Z) —(+1) exp(—b/ TJZ)
gives the local exponent —(a + %) Across all p coefficients, the global contribution is
(12)~P/4, which combines with (73) —(a0+1) exp(—by/ 13) to give the global exponent —(ag +
1+ ) in Equation (14). These exponents follow directly from the modified variance
specification and differ from those obtained under the classical TgT]«z specification.

2.3. Computational Scheme

The study estimates the parameters of the proposed posterior distributions in
Equations (9) and (14) using variational inference (VI). Since the posterior distributions
cannot be derived analytically due to the non-conjugacy of the Cox partial likelihood,
computational approximation methods are required. Markov Chain Monte Carlo (MCMC)
methods are widely recognized for producing reliable posterior samples; however, they can
become computationally intensive and prohibitively slow for large-scale, high-dimensional
survival datasets [36]. To address this limitation, we implement VI as a faster and more
scalable alternative [33,34].
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In VI, the true posterior distribution is approximated by a multivariate Gaussian
variational distribution. Specifically, we approximate the posterior of the regression
coefficients using

q(B) = N(m,s),

where m is the variational mean and S is the variational covariance matrix. The variance
parameters, ch2 in the AGP model and (sz, 72) in the Global-Local Gaussian-IGH model,
are treated as deterministic quantities and updated iteratively using an empirical Bayes

procedure, rather than being assigned their own variational distributions q(sz) or q(’rjz, 2).

2.3.1. Optimization Framework

We describe this explicitly as a variational expectation-maximization (variational
EM)-type scheme rather than as a pure coordinate-ascent variational inference (CAVI)
procedure over a single, fully specified mean-field family. In a standard CAVI derivation,
every latent quantity (here, B and the variance components) would be assigned an explicit
variational factor, and each factor’s update would be obtained by maximizing the same
ELBO with respect to that factor holding the others fixed, which for the Inverse-Gamma
variance components would yield full Inverse-Gamma variational posteriors rather than
point estimates. Our algorithm instead performs a Gaussian variational update for  (an
“E-like” step maximizing the ELBO given the current variances) alternated with a point
(M-like) update of the variance components that mixes (i) the mode of the CAVI-optimal
Inverse-Gamma factor for sz derived below, with (ii) an empirical-Bayes plug-in estimate
borrowed from the AGP update. We derive the CAVI-consistent component explicitly in
Equation (17) below so that the purely heuristic part of the update (the blending itself) is
clearly separated from the part that does follow from maximizing the stated ELBO.

Under this approximation,

E, [exp(x?ﬁ)} = exp (xiTm + ;xiTSxi>.

Thus, we approximate the expected log-partial likelihood by

E,[log L(B)] := Y [xiTm —log ) exp (ijm + ;x]TSx])] . (15)

i:(si:l jERi

The true quantity required is 4 [log L(B)], whose risk-set term is E; [log Yier; exp(xjT [3)] .
What Equation (15) computes instead is log }_;cr, Eq [exp(ij B)], i.e., the log and the expec-
tation/sum have been interchanged. While E, [exp(x].T B)] = exp(x]-Tm + %x]T Sx;) is exact
(it is the moment generating function of the Gaussian g(B) evaluated at x;), the outer step
is not: because log(-) is concave, Jensen'’s inequality [37] gives

E4|log Y exp(x]-Tﬁ)

' < log ]Eq[exp(ijﬁ)},
JER;

JER;

so the risk-set term used in Equation (15) is an upper bound on the true expected log-sum-exp
term. Because this term enters the log-partial likelihood with a minus sign, using the upper
bound in its place means Eq [log L(B)] < Eyllog L(B)]: the substitution yields a further lower
bound on the true expected log-partial likelihood, not the expectation itself. Consequently,
the objective we maximize below, which we continue to call ELBOgp and ELBOsgyg for
continuity with the variational-inference literature, is technically a bound on a bound: a
valid (but looser than the standard mean-field bound) lower bound on the log partial-
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likelihood-based marginal likelihood, analogous in spirit to the Gaussian/delta-method
bounds used for expectations of log-sum-exp terms in Bayesian multinomial and Cox-type
models [33]. We flag this explicitly because it is one source of the occasional non-monotone
behavior of the reported ELBO trajectory (Figures A2—-A7): since the blended variance
update (Section 2.3) is not itself a coordinate-ascent step on this same bound, the overall
iteration is not guaranteed to be monotonically non-decreasing, and small early-iteration
dips are expected rather than indicative of an error in the bound itself (see the discussion
in Appendix A.2).

The variational parameters are estimated by maximizing the Jensen-bounded [38,39]
variational objective derived above, which is referred to as the ELBO throughout the remain-
der of this study for notational simplicity. On the precise relationship to KL minimization,
the standard mean-field ELBO, the identity log p(D) = ELBO(q) + KL[g(B) || p(B | D)]
holds exactly, because KL > 0 is the only gap between the ELBO and the log
marginal [40,41]; consequently, maximizing that ELBO over g is exactly equivalent to
minimizing KL[q || p]. Our objective is not that ELBO: as derived above, it substitutes
the further Jensen-bounded quantity ]Eq [log L(B)] for the true E4[log L(B)], so a second,
non-negative gap Ajensen(q) = 0 (the shortfall introduced by Equation (15)) sits between
our objective and the log marginal, in addition to the KL term:

logp(D) = E,llogL(B)] + E4llog p(B)] — Eyllogq(B)] + KL[g || p] + Aensen(q)-

our objective

Because Ajensen(q) is itself a function of g (through m and S) and we do not have a
closed form for it, maximizing our objective is only approximately equivalent to minimiz-
ing KL[q(B) || p(B | D)] — exactly, it minimizes KL[q || p] + Ajensen(q) jointly. We do not
attempt to bound Ajensen (q) analytically here and instead rely on the empirical conver-
gence diagnostics reported in Appendix A.2; we make this distinction explicit so that the
KL-minimization interpretation of the algorithm is not overstated relative to the standard
variational-inference identity it is adapted from.

For the Global-Local Gaussian-IGH formulation, the ELBO is given by

ELBOigH = Eq[log L(B)] + Eqllog p(B | 7%, 75)] + log p(7) +log p(75) + H[a(B)],
where the entropy of the Gaussian variational distribution is
Hg(B)] = %logdet(ZHeS).
Explicitly, the Gaussian prior contribution is
m2 + Sjj

1F
E,llog p(B| 7%, 3) = —5 1 [mg(sz) L
j=1 j

7

where 0']-2 =/ 77].2. The local Inverse-Gamma prior contribution is

4
logp(7?) = ). [ﬂ logb —logT'(a) — (a+1)log 1’ — fz]

/=1 j

and the global Inverse-Gamma prior contribution is

bo

log p(15) = ay log by — log T(a0) — (ay + 1) log 7§ — 5.
0
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For the AGP formulation, the ELBO is

ELBOaGp = Eqllog L(B)] + Eqllog p(B | )] + H[q(B)].

2.3.2. Parameter Updates

Define .
w; =Ey [exp(ijﬁ)] = exp <x]~Tm + 2x]rTSx]-).

For the Global-Local Gaussian-IGH model, the gradient of ELBOygp with respect to

e X;Wi
ELBOGH _ v (LIRS oo 2)m,
om i1 Yjer; Wi

m is

here ¢? = 272,
where 07 = /15 T

For the AGP model, the gradient of ELBOpgp with respect to m is

X
OELBOacp _ Y xi_ZJERz 1% ) _ diag(c—2)m.
om i:5=1 Ljer; Wj

The covariance update is obtained through the precision matrix. For the Global-Local
Gaussian—-IGH model,

ZjeR- ZU]X]XT
s 1= (1] — %% | 4 diag(072) + Agiggel
. gers
i:0;=1 ZfeRi wj
and for the AGP model,
EjeR- ZU]X]XT
s 1_— (’ I _ )‘(p‘(l-T + diag(tr_2) + Asideel
. gers
i:0;=1 ZfeRi wj
where
o Ljer WX
1 7
LjeRr; Wj

and Ajgge is a small ridge penalty to ensure numerical stability. In practice, the precision
matrix is inverted using a block-diagonal approximation with correlation shrinkage to
improve scalability in high dimensions.

For the AGP model, the adaptive variance parameters are updated as

where S;; denotes the jth diagonal element of S.

2.3.3. CAVI-Derived Component

Fixing B ~ ¢(B) = N'(m,S) and 1§, and holding the likelihood contribution to sz
fixed through E, [,812] = m]2 + Sjj, the terms in the posterior kernel (14) involving T]-2 alone
give the conditional kernel

m? + Sj;

q*(’[_“) o (TZ)—(Q+%) exp _/7]]_%

! ! 2. /212 T
0% ]
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b+ m]2+5]'j
2
:(1—].2)—((u+%)+1)exp 7%\/% )

]

which is the kernel of an Inv-Gammal a + %, b+ ?2 +Sf > distribution.
Vi
Rather than using the mode of this distribution, the implementation uses the reciprocal
of its expected precision as a point summary. For X ~ Inv-Gamma(a, B), E(1/X) = a/B.
Therefore,

1 2

1 T
E | — N . 17
q(ﬂ)] 20 +1 (17)

]

TjZ,CAVI _

This is exactly the second (“IGH”) term used below. The quantity in Equation (17) is
therefore derived from the CAVI-optimal Inverse-Gamma factor, but is carried forward
as a point summary rather than as the full variational distribution g* (T]Z) Consequently,
uncertainty in 7,']-2 is not propagated across iterations through a separate variational factor.

For the Global-Local Gaussian-IGH model, we combine this CAVI-derived point
estimate with the AGP-style empirical-Bayes estimate m]2 + §jj via a blended update. Let
A € [0,1] denote the blend weight. The local variance parameters are updated as
m]ZJrS]']-
©

2a+1
~—————

2b+

TN = A (mF + Sj) + (1 - A)

; . ji=1,...,p (18)

= sz’CAVI (Equation (17))

Unlike the second term, the first term (m]2 + Sjj, the AGP component) and the convex
combination itself (governed by A) do not arise from maximizing ELBOjgy with respect to
a single, coherent variational family; they are a heuristic regularization device intended to
prevent the purely hierarchical update from over-shrinking variance estimates toward the
prior mode in small samples. We report this explicitly as a design choice rather than as an
optimization result, and we examine its sensitivity to A in Section 3.

The global variance parameter is updated as

4 m?+ S
2by + Z Jfﬂ
— max(T7, €min)
T2,r1ew _ ] ] (19)
0 2a0 +p '

where €niy, is a small positive constant to prevent division by zero. Both T]«z and 1¢ are

constrained to remain within pre-specified bounds to ensure numerical stability.

Under the modified variance specification 0']-2 =/ sz, the update in Equation (19) is

used as an empirical-Bayes point update for 73 rather than as an exact CAVI update.

2.3.4. Algorithm Description

To obtain posterior estimates for the proposed models (Equations (9) and (14)), we
develop scalable variational inference (VI) algorithms tailored to the Adaptive Gaussian
Prior (AGP-VI) and the Global-Local Gaussian-Inverse-Gamma (Global-Local Gaussian—
IGH-VI) formulations. Algorithms 1 and 2 are based on a multivariate Gaussian variational
approximation with a block-diagonal covariance structure: predictors are partitioned into
contiguous blocks (Section 2.3), within-block dependence is retained (with a shrinkage
factor applied to off-diagonal within-block entries), and cross-block covariances are set to
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zero for computational scalability at high p. The posterior distribution of the regression
coefficients is approximated by a multivariate normal distribution with mean vector m and
block-diagonal covariance matrix S. The procedure begins by initializing the variational
parameters, typically with m(®) = 0 and S(©) = €I, where € is a small positive constant to
ensure numerical stability. For the Global-Local Gaussian-IGH model, the local variance
parameters 77 are initialized to 1, the global variance 73 is initialized to 1, and the blend

weight A is specified (typically A = 0.90).

Algorithm 1: AGP-VI for Bayesian Cox Model
Data: Dataset D; initial m, S, o2
Result: Posterior estimates m, S, o2

1 while not converged and iteration < maz_iter do

2 Compute variational Cox weights and the AGP ELBO gradient gagp;

3 Clip gagp elementwise and obtain the block-diagonal covariance proposal
Sprop;

4 Use backtracking to update

Meand = Clip (m + WgAGP)

and set Scang = Sprop;

5 Update

2 _ .2 )
Tjcand = ™ cand +5 jj,cand

Accept the candidate if the ELBO acceptance condition is satisfied; otherwise
retain the previous state;

6 Check relative ELBO convergence over consecutive accepted iterations;
7 end
8 returnm, S, 0’;

Algorithm 2: Global-Local Gaussian-IGH-VI for Bayesian Cox Model
Data: Dataset D; initial m, S, 72, Tg ; blend weight A
Result: Posterior estimates m, S, T2, 73

1 while not converged do
2 Compute effective variances, variational Cox weights, and gradient gjgy;
3 | Obtain the block-diagonal covariance proposal Sprop and form

d= SprongGH

with a global norm safeguard;

4 Use full-state backtracking to update m and S;

5 Compute the raw local and global variance updates using Equations (18)
and (19), and apply gradual (damped) updates to T2 and 73 to improve
numerical stability;

6 Accept the full-state candidate if the ELBO criterion is satisfied; otherwise
attempt safeguarded rescue updates, followed by a no-op if needed;

7 Check relative ELBO convergence over consecutive accepted iterations;
s end

=)

returnm, S, 72, Tg ;
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At each iteration, the algorithm computes the expected exponential term of the lin-
ear predictor under the variational distribution. This expectation plays a central role in
approximating the Cox partial likelihood and is given by

w; = exp (x?m + ;x,-TSx,-).

Using these weights, the two algorithms update the variational mean m through
different mechanisms. For AGP-VI, m is updated using an elementwise-clipped gradient-
ascent step on the ELBO, with the block-diagonal covariance proposal adopted directly at
each accepted step without interpolation with the previous covariance. In contrast, Global—-
Local Gaussian—-IGH-VI updates m using a block-preconditioned approximate-Newton
direction with a global norm cap and full-state backtracking, which jointly updates the
mean, covariance, and variance components. Further implementation details are provided
in the hyperparameter and tuning-constant specification in Section 2.3.5. In both cases
the covariance matrix S is derived from the inverse of an approximated precision matrix
that incorporates the curvature of the likelihood, the shrinkage imposed by the prior, a
ridge penalty for numerical stability, and a block-diagonal approximation with correlation
shrinkage for scalability.

The variance parameters are updated in a model-specific manner. For the AGP
formulation, the coefficient-specific variances are updated as

2 _ 2 .
oi =mj + Sijs
reflecting an empirical Bayes estimate that adapts shrinkage at the individual coefficient
level. For the Global-Local Gaussian-IGH formulation, the local variance parameters
are updated using a blended rule that combines the adaptive AGP estimate with the

hierarchical IGH update:

2 .
" +5j;
2
T

2a+1

2b +

7= A(mf+85) + (1= A)

The blend weight A controls the trade-off between data-driven shrinkage (AGP component)
and prior regularization (IGH component). The global variance 73 is updated as

m2+S;;
2bo+YF_ — L —
T2 o 0 + ijl maX(T]‘Zremin)
0 2a0 +p '

which pools information across all coefficients to determine the overall shrinkage level.
Both T]-2 and 7¢ are constrained to remain within pre-specified positive bounds to ensure
valid precision matrices and numerical stability.

After updating all parameters, the ELBO is evaluated to monitor convergence. The
iterative procedure continues until convergence criteria are satisfied, such as a negligible
relative change in the ELBO between successive iterations. Additional stopping criteria
based on the norm of parameter updates may also be used to improve numerical stability.
The final output of the algorithm includes the posterior mean m, covariance matrix S,
and the estimated variance parameters ((7]-2 or T]»z,
estimates and approximate uncertainty measures for the regression coefficients, conditional

72). These quantities provide point

on the plug-in shrinkage variance estimates ((Tj2 or T]-Z, 13); because uncertainty in those
shrinkage variances is not itself propagated (Section 2.3), this falls short of fully reliable
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inference in the sense of a completely Bayesian uncertainty quantification, and should be
interpreted accordingly.

2.3.5. Hyperparameter and Tuning-Constant Specification

The precision matrix is inverted using a block-diagonal approximation. Predictors are
partitioned into contiguous blocks of size 10. Within each block, the precision sub-matrix is
eigenvalue-floored and inverted. The off-diagonal covariance entries are then shrunk by a
factor of 0.3, while the diagonal entries are left unchanged. The resulting block covariance
is projected to positive-definiteness and incorporated into the block-diagonal covariance
matrix S, with cross-block covariances set to zero.

The mean updates differ between the two variational methods. For AGP-VI, the
gradient is bounded elementwise as

gj < max{—5, min(S,g]-)}, i=1...,p
and the variational mean is updated as
m; < max{—10, min(10,m; +1g;)}, i=1...,p

The initial step size is 7 = 0.001, with up to 15 backtracking halvings. At each
candidate step, the block-diagonal covariance proposal Sprop is used directly, and the
coefficient-specific variances are updated as o; = m]2 + Sjj. 1f no candidate satisfies the
ELBO acceptance criterion, the previous variational state is retained.

For Global-Local Gaussian—-IGH-VI, the mean update uses the block-preconditioned
direction

d= Spropg/

where g is the gradient and Sprqp is obtained from the block-diagonal approximation to the
inverse penalized precision matrix. A global norm safeguard is applied to d. The initial step
size is 7 = 1.0, with up to 20 backtracking halvings. Full-state backtracking is used so that
the mean, covariance, and variance components are updated together. Candidate states
are accepted when they satisfy the ELBO acceptance criterion described in Appendix A.2.
If a full-state update is not accepted, a mean-only preconditioned update is attempted,
followed, if necessary, by a norm-capped raw-gradient update. If neither update is accepted,
the previous state is retained.

For both methods, the relative ELBO convergence tolerance is tol = 10~% and conver-
gence requires the criterion to hold for patience = 5 consecutive accepted iterations. For
Global-Local Gaussian-IGH-V], rejected updates are additionally monitored through a
separate stall criterion, allowing convergence, stalling, and maximume-iteration termination
to be distinguished. For AGP-VI, rejected updates are recorded through the fallback count.

The variational covariance is initialized at S©© = 0.51. For AGP-VI, the ridge pa-
rameter is Aygge = 0.05, and the coefficient-specific variances are restricted to [1074,5].
For Global-Local Gaussian-IGH-VI, the ridge parameter is Ayjgge = 0.04, the local vari-

ances T-2

]
variance-damping factor of 0.05 is used for the local and global variance updates.

are restricted to [107%,5], and the global variance 3 is restricted to [0.05,10]. A

Both algorithms are run for a maximum of 300 iterations in the simulation study
(Section 3). In the real-data analysis (Section 5), the maximum is 1000 iterations, with earlier
termination when the convergence criterion is satisfied.

For Global-Local Gaussian-IGH-V], the real-data analysis uses an adaptive initializa-
tion procedure. Among the candidate solutions satisfying the convergence criterion, the fit
with the highest final ELBO is retained. The initialization procedure uses only the training
data and does not use test-set predictive performance.
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The Inverse-Gamma hyperparameters for Global-Local Gaussian-IGH-VI are fixed at
a =1and b = 0.5 for the local component and a4y = 1 and by = 2 for the global component.
The blend weight is fixed at A = 0.90. These values are specified a priori and are not
selected by cross-validation or other data-driven tuning procedures.

2.3.6. Convergence and Stability

The proposed variational inference (VI) algorithms, namely the Adaptive Gaussian
Prior (AGP-VI) and Global-Local Gaussian-Inverse-Gamma (Global-Local Gaussian-IGH-
VI) procedures (Algorithms 1 and 2), are optimized by maximizing the Evidence Lower
Bound (ELBO), which provides a tractable objective for variational posterior approximation.
Each iteration updates the variational parameters through gradient-based optimization of
the ELBO, together with the corresponding variance-parameter updates.

Because the computational scheme uses an approximation to the expected Cox partial
log-likelihood, a block-diagonal covariance approximation, bounded variance parameters,
and, for Global-Local Gaussian-IGH-VI, a blended Global-Local variance update, conver-
gence is assessed numerically rather than interpreted as convergence to a stationary point
of a single exact ELBO. In particular, convergence is evaluated from the stabilization of the
variational objective over successive accepted iterations (Appendix A.2).

Convergence is assessed using the relative change in the ELBO between successive
iterations. Specifically,

IELBO"") — ELBO!~1)|
IELBOUV| + e,

<E€,

where € > 0 is a predefined tolerance and €y is a small positive constant that prevents
division by zero.

In the reported analyses, ¢ = 10~%, and this criterion is required to hold for five
consecutive accepted iterations. The maximum number of iterations is 300 in the simulation
study and 1000 in the real-data analysis.

To enhance numerical stability, the variational covariance is initialized as $(*) = 0.5,
and the variance parameters (0']-2, T]-Z, and 7?) are constrained to positive, pre-specified
ranges throughout the optimization.

The two algorithms use different safeguards for the mean update. AGP-VI uses an
elementwise-bounded gradient update with backtracking. Global-Local Gaussian-IGH-VI
instead uses a block-preconditioned approximate-Newton direction with a global norm
safeguard, full-state backtracking, and gradual updates of the local and global variance
components. When the full-state proposal is not accepted, the safeguarded rescue updates
described in Section 2.3.5 are considered.

The multivariate Gaussian variational approximation uses a block-diagonal covariance
structure, which retains dependencies among predictors within each block while setting
cross-block covariances to zero. This provides a computationally tractable alternative to a
fully dense covariance matrix in high-dimensional settings.

In high-dimensional settings, the prior precision terms, diag(c—2) and diag(c—2),
provide regularization of the regression coefficients, similar in spirit to shrinkage-based
penalized Cox regression methods [16,42].

For Global-Local Gaussian-IGH-VI, the blended local and global variance updates
are applied gradually through under-relaxation to reduce large changes in the variance
components between successive iterations.

The code for reproducing the results of the proposed AGP-VI and Global-Local
Gaussian-IGH-VI methods is available at https://doi.org/10.5281/zenodo.23558120 (ac-
cessed on 29 May 2026).
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2.4. Model Evaluation Criteria

This study considers two key evaluation metrics for assessing predictive performance
in survival analysis: the concordance index (C-index) and the Brier Score. These metrics
are particularly suitable in high-dimensional Bayesian survival modeling, where heavy
censoring and complex covariate structures can obscure true predictive performance.

The C-index evaluates the discriminative ability of a model, whereas the Brier Score
measures calibration and overall predictive accuracy. Together, they provide a comprehen-
sive assessment of model performance by quantifying both the ability to rank individuals
by risk and the agreement between predicted and observed outcomes.

2.4.1. C-Index Criterion

The concordance index (C-index) measures the ability of a model to correctly order
survival times based on predicted risk scores. Originally proposed by [43], it is widely used
in survival analysis. Its classical form is given by:

Zi<jH(TA’i > TA’]) . ]I(Tl < T], o = 1)

C = 7
YicilT; <Tj, 61 =1)

(20)

where 7; = xlTB denotes the predicted risk score, T; is the observed survival time, and J;
indicates event occurrence.

The C-index takes values in the range [0.5,1], where 0.5 corresponds to random
prediction and 1 indicates perfect concordance. In the presence of censoring, modifications
such as the inverse probability of censoring weighting (IPCW) estimator proposed by [44]
provide more reliable estimates, particularly in heavily censored datasets.

2.4.2. Brier Score Procedure

While the C-index assesses discriminative performance, the Brier Score evaluates
calibration by comparing predicted survival probabilities with observed outcomes at a
given time point ¢. Predicted survival probabilities are obtained as $(t | x;) = SAo(t)'e"p("iT P,
where B is the posterior mean m (for AGP-VI and Global-Local Gaussian-IGH-VI) or
the corresponding point estimate for the competing methods, and $y(t) = exp(—Hy(t))
is obtained from the Breslow estimator of the cumulative baseline hazard, Hy(t) =
Yi<t6i/ Yicr(t exp(x B), evaluated on the training data and applied to the test data
at evaluation. Thls is a standard post hoc step for any Cox-type model (proportional-
hazards-based or hierarchical-Bayesian) whose likelihood is a partial likelihood: fitting 8
via the partial likelihood does not by itself estimate So(t), so a baseline-hazard estimator is
needed separately, after model fitting, to convert the fitted linear predictor into a survival
probability for the Brier Score and time-dependent AUC below. Introduced by [45], it is

defined as:
BS(t) = % ($(0 1) 1073 > 1)’ @)

) Mz

where S(t | x;) denotes the predicted survival probability.
Because censoring complicates direct evaluation, the IPCW-adjusted Brier Score is
commonly used:

N : .
BSpcw (£) NZ % I( TT1)< t) (g(t|xi))2+ﬂ(g(;”(l—5(t|xi))2 . @

where G(-) is the Kaplan-Meier estimator of the censoring distribution.
Extensions developed by [46] ensure consistency of the Brier Score under right censor-
ing. Lower values indicate better calibration and predictive accuracy.
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The C-index and Brier Score provide complementary insights into model perfor-
mance. The former evaluates the ability to correctly rank individuals by risk, while the
latter assesses how well predicted survival probabilities align with observed outcomes.
Their combined use is therefore essential for evaluating Bayesian survival models in high-
dimensional settings, where censoring and model complexity pose significant challenges to
reliable predictive assessment.

2.4.3. Time-Dependent AUC

In addition to the C-index and Brier Score, we report the time-dependent Area Under
the Receiver Operating Characteristic Curve (AUC). At a fixed evaluation time ¢, subjects
are classified as cases if they experience the event by time ¢ (T; < ¢,4; = 1) and as controls
if they are event-free and known to survive beyond ¢ (T; > t). The time-dependent AUC is
defined as

AUC(t) = P(#; > 7 | T; <t < Tj), (23)

and is estimated using inverse probability of censoring weighting (IPCW) to account for
censoring before time ¢. Higher AUC values indicate better discrimination between subjects
who experience the event by time t and those who remain event-free beyond ¢.

2.4.4. Variable Selection Rule, True Positive Rate, and False Positive Rate

Because the AGP and Global-Local Gaussian—-IGH priors are continuous shrinkage
priors, their variational coefficient estimates are generally not exactly zero. A selection rule
is therefore required to classify individual coefficients as selected or not selected.

For AGP-VI and Global-Local Gaussian-IGH-VI, coefficient j is declared selected
when its approximate 95% credible interval excludes zero:

Selected; = 1[0 ¢ (B;—1.96,/S;;, j+196,/5;)] (24)

The same posterior-interval principle is used for Bayesian-Lasso-Cox when posterior
draws are available. For Cox-Lasso and Cox-ElasticNet, selection is determined by non-
zero estimated coefficients at the cross-validated regularization parameter. No additional
coefficient-magnitude threshold is imposed on these penalized Cox models.

Given the selected variables and the known true support S = {j : ﬁ}rue # 0} in the
simulation study, the True Positive Rate (TPR) and False Positive Rate (FPR) are defined as

|{j € S:jis selected}|

TPR = ) 25)
S|
|{j € S :jis selected}|
FPR = (26)
{1, PP\ S|

TPR measures the proportion of truly non-zero coefficients correctly identified,
whereas FPR measures the proportion of truly zero coefficients incorrectly selected. An
ideal variable-selection procedure has TPR = 1 and FPR = 0. The mean and standard
deviation of these quantities across simulation replications are reported in Section 4.

A small non-zero effect may nevertheless have a credible interval that includes zero,
particularly when correlated genomic predictors share the predictive signal. Consequently,
the number of individually selected variables should be interpreted together with the
predictive performance measures reported in Section 5.

2.4.5. Random Survival Forests for Feature Screening

For the ultra-high-dimensional real datasets (Section 5), Random Survival Forests
(RSF) [47-49] are used as a pre-processing feature-screening procedure. RSF constructs
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an ensemble of survival trees from bootstrap samples and uses survival-specific splitting
rules to accommodate censored outcomes. Variable-importance measures obtained from
the fitted forest are used to rank predictors before the competing survival models are fitted.

The RSF screening is performed using 500 trees. Predictors with permutation impor-
tance above the 95th percentile of the importance-score distribution are retained, subject to
a minimum of 20 and a maximum of 1000 predictors. Screening is applied only to datasets
containing more than 100 predictors (DBCD, CHOP, VDX, and TCGA Ovarian). PBC and
NKI70, for which p < 100, are analyzed without RSF screening.

3. Simulation Procedure

In this study, we develop a comprehensive simulation framework to evaluate the
performance of the proposed variational inference-based Bayesian Cox models, namely the
Adaptive Gaussian Prior Variational Inference (AGP-VI) and the Gaussian-Inverse-Gamma
Hierarchical Variational Inference (Global-Local Gaussian—-IGH-VI). The simulation setting
is designed to reflect realistic challenges commonly encountered in high-dimensional
survival analysis, including sparse signals, correlated predictors, fixed sample size, and a
particular level of censoring.

To provide a meaningful benchmark, the proposed methods are compared with three
widely used competing approaches: Cox-Lasso [42], Cox-ElasticNet [22], and Bayesian-
Lasso-Cox [50]. These methods represent commonly adopted penalized and Bayesian
regularization techniques for high-dimensional survival analysis and provide useful bench-
marks for assessing predictive performance, variable selection, and computational efficiency.
The comparison therefore highlights the trade-off between computational efficiency and
statistical performance, contrasting scalable variational inference methods with traditional
MCMC-based approaches.

In high-dimensional settings, strong regularization and scalable inference techniques
are essential for achieving reliable estimation and stable model performance, especially
when predictors are noisy or highly correlated [9,16]. To mimic such conditions, datasets
were generated with varying dimensionality, where the number of predictors was set
to p € {50,100,200, 300,400,500}, while the sample size n = 100 was kept fixed. This
reflects common scenarios in modern biomedical and genomic studies, where the number
of predictors can greatly exceed the number of observations [16].

3.1. Data Generation Mechanism

To ensure a realistic and unbiased evaluation, the true regression coefficients were
generated under a sparse structure, where only a small subset of predictors had non-zero
effects on the hazard function, while the remaining coefficients were set to zero.

Specifically, |S| = Nsignal = 10 active predictors were assigned non-zero coefficients,
held fixed across all p € {50,100, 200, 300,400,500}, with the remaining p — 10 coefficients
set to zero. Thus, the proportion of active predictors decreased as p increased. The
signal strength was fixed at \ﬁ;me| = 1.20 for all active predictors, with alternating signs
(+1.20, —1.20,4+1.20, .. .) across the 10 active predictors, corresponding to hazard ratios of
exp(£1.20) ~ {0.30,3.32}.

This setup allows for a clear assessment of each model’s ability to identify relevant
variables while shrinking irrelevant ones.

The covariates were generated from a multivariate normal distribution x; ~ N (0, Z)
with an AR(1)-type covariance structure, £ = pli=* with p = 0.15, 0.50, and 0.90 in the
three simulation settings (weak, moderate, and high correlation, respectively), to induce
correlation among predictors that decreases with the distance between predictor indices.
The covariates were standardized to have mean zero and unit variance after simulation.
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This simulation design allows the assessment of model performance under multi-
collinearity, a common characteristic of high-dimensional datasets that can adversely affect
estimation stability and variable selection accuracy [9,16].

Survival times were generated according to the Cox proportional hazards model in
Equation (1), using a constant exponential baseline hazard rate of iy = 0.05. Specifically,

T; ~ Exponential (rate = hgexp(x;" ﬁtrue)>,

where the linear predictor was restricted to [—10, 10] for numerical stability.
This ensures that the simulated data satisfy the proportional hazards assumption [11].
Independent censoring times C; ~ Exponential(rate = c) were generated.
The rate ¢ was calibrated numerically using root-finding on a pilot sample to obtain
an expected censoring proportion of 50%. The observed survival time and event indicator

were defined as
(t;,d;) = (min(T;, C;), 1{T; < C;}),

and the realized censoring proportion was recorded for each simulated dataset.

3.1.1. Summary of Simulation Settings

For ease of reference, the design quantities (see Table 1) used throughout the simulation
study are summarized below. The sample size, number of active predictors, signal strength,
and censoring proportion were held fixed in every simulated dataset; only the number of
predictors p (across rows within each table) and the correlation parameter p (across the
three tables) were varied.

Table 1. Summary of simulation design settings.

Design Quantity Value Used Fixed or Varied
Sample size n 100 Fixed
Number of active 10 (all other p — 10 coefficients .

. Fixed for every p
predictors are zero)
Signal strength \ ‘B;r“e| = 1.20, alternating signs ~ Fixed

50% (expected; censoring rate .
calibrated numerically) Fixed
Number of predictors p 50,100, 200, 300, 400, 500 Varied (rows of each table)
AR(1), %y = pli=H, .

Varied
p € {0.15,0.50,0.90} ane

Censoring proportion

Predictor correlation

The first four quantities were held fixed; therefore, the present study does not assess
sensitivity to sample size, censoring level, sparsity level, or signal strength.

3.1.2. Validation Protocol

For each of nrp = 20 replications at each value of p, a single random 70%/30%
training/test split was generated. All five competing methods were fitted using the training
data, and predictive performance was evaluated using the held-out 30% test data. Centering
and scaling parameters applied to the test data were estimated from the corresponding
training data only.

This procedure represents repeated holdout rather than k-fold cross-validation. The
Mean and SD values reported are the mean and standard deviation of the corresponding
measures across the twenty independent replications at each value of p.
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3.2. Evaluation Metrics

Model performance was assessed using multiple criteria. Predictive accuracy was
evaluated using the concordance index (C-index) and the Brier Score, which measure
discrimination and calibration, respectively [43,45].

Variable selection performance was assessed using the True Positive Rate (TPR)
and False Positive Rate (FPR), computed per the selection rule and definitions given
in Section 2.4.4, together with their standard deviation across simulation replications. This
provides insight into each method’s ability to correctly identify relevant predictors while
controlling false discoveries.

In general, the simulation framework provides a realistic setting for evaluating the
proposed AGP-VI and Global-Local Gaussian-IGH-VI methods. The results provide
insight into the trade-off between estimation accuracy, prediction error as measured by
the Brier Score, and variable selection performance, and illustrate the settings in which
the proposed approaches offer advantages relative to competing penalized and Bayesian
methods in high-dimensional survival analysis, as well as settings in which they do not.

4. Simulation Results

The simulation results presented in this section provide a comprehensive assessment of
the proposed Bayesian variational inference framework across a range of high-dimensional
survival settings. By varying the number of predictors while maintaining a sparse under-
lying signal structure, the study evaluates the competing methods in terms of predictive
accuracy and variable selection performance. Specifically, performance is assessed using
the concordance index (C-index), Brier Score, True Positive Rate (TPR), and False Positive
Rate (FPR).

The results provide insight into how the methods behave as model dimensionality
increases and the variable selection task becomes more challenging. Overall, the findings
highlight the limitations of conventional penalized and Bayesian shrinkage approaches in
ultra-high-dimensional settings while demonstrating the effectiveness of the proposed AGP-
VI and Global-Local Gaussian—-IGH-VI methods. In particular, the proposed variational
inference procedures exhibit competitive predictive performance, improved control of
false positive selections, and greater robustness as the number of predictors increases.
These characteristics make the proposed framework a scalable and reliable alternative for
high-dimensional survival analysis.

Table 2 summarizes the performance of the five competing methods across increasing
predictor dimensions (p = 50, .. .,500). Performance is evaluated using the concordance in-
dex (C-index) and Brier Score for predictive accuracy, together with the mean and standard
deviation of the True Positive Rate (TPR) and False Positive Rate (FPR) to assess variable
selection performance.

For the low-dimensional setting (p = 50), Cox-ElasticNet achieved the highest C-index
(0.8824), indicating the strongest discriminative ability, whereas AGP-VI attained the lowest
Brier Score (0.0908), reflecting the best prediction accuracy. Bayesian-Lasso-Cox achieved
perfect sensitivity with a TPR of 1.0000 and zero variability across replications, successfully
identifying all active predictors. However, this gain in sensitivity was accompanied by a
substantially larger FPR (0.7050), indicating a tendency to select many irrelevant variables.

As the dimensionality increased to p = 100 and p = 200, the proposed variational
inference methods remained highly competitive. AGP-VI achieved the highest C-index at
p = 100 (0.7205), while Global-Local Gaussian-IGH-VI delivered the strongest predictive
performance at p = 200, obtaining both the highest C-index (0.6911) and the lowest
Brier Score (0.1457). Although Bayesian-Lasso-Cox continued to exhibit the highest TPR
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values, its substantially larger FPR values suggest reduced sparsity and a higher risk of

over-selection.

Table 2. Performance metrics for Cox-Lasso, Cox-ElasticNet, Bayesian-Lasso-Cox, AGP-VI, and

Global-Local Gaussian-IGH-VI at varying predictor dimensions (p = 0.15, weak correlation).

p Method C-Index Brier Score Mean TPR SDTPR  Mean FPR SD FPR
Cox-Lasso 0.8480 0.107933 0.6800 0.3701 0.0200 0.0326
Cox-ElasticNet 0.8824 0.096017 0.9200 0.1789 0.0600 0.0548

50 Bayesian-Lasso-Cox 0.8316 0.121067 1.0000 0.0000 0.7050 0.0671
AGP-VI 0.8683 0.090765 0.8800 0.1304 0.0650 0.0224
Global-Local Gaussian-IGH-VI 0.8366 0.116572 0.7800 0.4382 0.1450 0.0837
Cox-Lasso 0.7012 0.153298 0.4000 0.3082 0.0111 0.0192
Cox-ElasticNet 0.7185 0.158260 0.5000 0.2739 0.0089 0.0199

100 Bayesian-Lasso-Cox 0.6984 0.212182 0.9600 0.0548 0.7511 0.0435
AGP-VI 0.7205 0.165089 0.7600 0.1140 0.0800 0.0253
Global-Local Gaussian-IGH-VI 0.7063 0.167074 0.8000 0.1225 0.1333 0.0333
Cox-Lasso 0.6114 0.154959 0.3000 0.2550 0.0042 0.0044
Cox-ElasticNet 0.6229 0.161352 0.3200 0.2588 0.0074 0.0088

200 Bayesian-Lasso-Cox 0.6647 0.186858 0.9600 0.0548 0.6905 0.0425
AGP-VI 0.6705 0.159540 0.6400 0.0548 0.0516 0.0164
Global-Local Gaussian-IGH-VI 0.6911 0.145723 0.6800 0.0447 0.0737 0.0211
Cox-Lasso 0.6245 0.160079 0.1600 0.1517 0.0028 0.0029
Cox-ElasticNet 0.6259 0.161819 0.1600 0.1517 0.0041 0.0057

300 Bayesian-Lasso-Cox 0.6306 0.221743 0.8200 0.0837 0.6828 0.1150
AGP-VI 0.6544 0.172993 0.5000 0.1225 0.0421 0.0029
Global-Local Gaussian-IGH-VI 0.6786 0.161081 0.4600 0.1517 0.0393 0.0058
Cox-Lasso 0.5741 0.207310 0.0400 0.0548 0.0015 0.0034
Cox-ElasticNet 0.5569 0.204535 0.0200 0.0447 0.0005 0.0011

400 Bayesian-Lasso-Cox 0.4717 0.385817 0.9000 0.1000 0.8364 0.1220
AGP-VI 0.6147 0.220444 0.4600 0.2191 0.0369 0.0067
Global-Local Gaussian-IGH-VI 0.5491 0.235773 0.2200 0.0837 0.0159 0.0049
Cox-Lasso 0.5450 0.187278 0.0800 0.0837 0.0012 0.0027
Cox-ElasticNet 0.5854 0.182554 0.0800 0.0837 0.0016 0.0037

500 Bayesian-Lasso-Cox 0.5146 0.313940 0.8800 0.0837 0.8355 0.1398
AGP-VI 0.6464 0.177752 0.4800 0.1924 0.0278 0.0040
Global-Local Gaussian-IGH-VI 0.5977 0.199637 0.2600 0.0894 0.0082 0.0050

Note: Bold values indicate the best performance for each metric within each predictor dimension (p). Higher
C-index and mean TPR values indicate better performance, whereas lower Brier scores and mean FPR values
are preferred. Lower standard deviations indicate greater consistency across simulation runs. Tied values are all
shown in bold.

The differences between the methods became more pronounced in the high-dimensional
settings (p = 300, 400, and 500). The performance of Cox-Lasso and Cox-ElasticNet
deteriorated considerably in terms of discrimination and sensitivity, with very low TPR
values and declining C-indices as dimensionality increased. In contrast, the proposed
variational inference approaches exhibited greater robustness in discrimination. Global-
Local Gaussian-IGH-VI achieved the highest C-index at p = 300 (0.6786), while AGP-VI
provided the strongest C-index at p = 400 and p = 500 (0.6147 and 0.6464, respectively).
The Brier Score picture is more mixed: at p = 500, AGP-VI also attained the lowest (best)
Brier Score (0.177752) among the competing methods; however, at p = 400, Cox-ElasticNet
attained the lowest Brier Score (0.204535), lower than AGP-VI's (0.220444), despite Cox-
ElasticNet’s much poorer C-index (0.5569) at that dimension. This illustrates that strong
discrimination (C-index) and strong calibration (Brier Score) do not always coincide in the
same method at a given dimension.

Across all dimensions, Bayesian-Lasso-Cox consistently achieved the highest TPR
values, demonstrating strong sensitivity for detecting relevant predictors. Nevertheless,
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this advantage came at the cost of substantially larger FPR values, indicating a tendency
to include a large number of irrelevant variables. By comparison, AGP-VI and Global-
Local Gaussian-IGH-VI achieved a more favorable balance between prediction accuracy
and variable selection, maintaining competitive C-index and Brier Score values while
controlling false positive selections more effectively. Overall, the results suggest that the
proposed variational inference methods provide a robust and scalable alternative for high-
dimensional survival analysis, particularly in settings where both predictive performance
and sparse variable selection are important.

The simulation design above uses a single AR(1) correlation setting, p = 0.15, corre-
sponding to weak dependence among predictors. Therefore, we repeated the full simulation
study, using the same data-generating mechanism, predictor grid, and nyp = 20 replica-
tions per p, at two additional, substantially stronger correlation levels: p = 0.50 (moderate
correlation) and p = 0.90 (high correlation, representative of the strong co-expression or
linkage patterns seen in real genomic data). Tables 3 and 4 report the corresponding results,
using the same metrics and format as Table 2.

Table 3. Performance metrics for Cox-Lasso, Cox-ElasticNet, Bayesian-Lasso-Cox, AGP-VI, and
Global-Local Gaussian-IGH-VI at varying predictor dimensions (p = 0.50, moderate correlation)

p Method C-Index Brier Score Mean TPR SDTPR  Mean FPR SD FPR
Cox-Lasso 0.6897 0.213635 0.6750 0.3796 0.4200 0.3788
Cox-ElasticNet 0.6805 0.183460 0.5550 0.3677 0.2387 0.2403

50 Bayesian-Lasso-Cox 0.7403 0.187001 0.6350 0.1565 0.0263 0.0263
AGP-VI 0.6318 0.273007 0.8550 0.1877 0.6850 0.1947
Global-Local Gaussian-IGH-VI 0.7541 0.176975 0.9100 0.1119 0.1437 0.0493
Cox-Lasso 0.5590 0.186418 0.2400 0.2780 0.0811 0.1549
Cox-ElasticNet 0.5759 0.171283 0.2400 0.1957 0.0567 0.0660

100 Bayesian-Lasso-Cox 0.6298 0.265340 0.0800 0.0834 0.0017 0.0041
AGP-VI 0.5633 0.277724 0.9100 0.1252 0.7894 0.1389
Global-Local Gaussian-IGH-VI 0.6516 0.238329 0.6550 0.1638 0.1278 0.0349
Cox-Lasso 0.5276 0.188948 0.0600 0.1142 0.0063 0.0117
Cox-ElasticNet 0.5329 0.188928 0.1000 0.1654 0.0158 0.0210

200 Bayesian-Lasso-Cox 0.5553 0.259626 0.0000 0.0000 0.0000 0.0000
AGP-VI 0.5347 0.273094 0.9250 0.0786 0.9203 0.0251
Global-Local Gaussian-IGH-VI 0.5651 0.265584 0.3600 0.1501 0.0379 0.0147
Cox-Lasso 0.5512 0.204317 0.0700 0.1031 0.0167 0.0434
Cox-ElasticNet 0.5445 0.206718 0.1100 0.1410 0.0140 0.0214

300 Bayesian-Lasso-Cox 0.5099 0.338580 0.0050 0.0224 0.0097 0.0432
AGP-VI 0.5222 0.313096 0.9750 0.0550 0.9095 0.0215
Global-Local Gaussian-IGH-VI 0.5694 0.277070 0.1700 0.1174 0.0140 0.0068
Cox-Lasso 0.5286 0.282419 0.1150 0.0933 0.0083 0.0059
Cox-ElasticNet 0.5400 0.192618 0.0900 0.1210 0.0119 0.0164

400 Bayesian-Lasso-Cox 0.4961 0.332989 0.0950 0.1538 0.0873 0.1266
AGP-VI 0.5119 0.289805 0.9450 0.0759 0.9110 0.0205
Global-Local Gaussian-IGH-VI 0.5435 0.190416 0.1150 0.1226 0.0090 0.0095
Cox-Lasso 0.5276 0.327768 0.2100 0.1483 0.0398 0.0444
Cox-ElasticNet 0.5266 0.196084 0.1250 0.1482 0.0137 0.0183

500 Bayesian-Lasso-Cox 0.5051 0.349176 0.1550 0.1504 0.1893 0.1424
AGP-VI 0.5276 0.326247 0.9400 0.0598 0.9106 0.0170
Global-Local Gaussian-IGH-VI 0.5310 0.194973 0.0950 0.1234 0.0108 0.0148

Note: Bold values indicate the best performance for each metric within each predictor dimension (p). Higher
C-index and mean TPR values indicate better performance, whereas lower Brier scores and mean FPR values
are preferred. Lower standard deviations indicate greater consistency across simulation runs. Tied values are all
shown in bold.
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At p = 0.50, Global-Local Gaussian-IGH-VI shows the strongest overall discrimination,
achieving the highest C-index at all six predictor dimensions (p = 50,100,200, 300,400, 500:
0.7541, 0.6516, 0.5651, 0.5694, 0.5435, and 0.5310, respectively). It also achieves the best
Brier Score at p = 50 (0.176975), p = 400 (0.190416), and p = 500 (0.194973), while Cox-
ElasticNet achieves the lowest Brier Score at p = 100 (0.171283) and p = 200 (0.188928), and
Cox-Lasso at p = 300 (0.204317). These results indicate that the discrimination advantage of
Global-Local Gaussian-IGH-VI persists across the examined dimensions under moderate
correlation, although this advantage becomes smaller at higher dimensions and does
not extend uniformly to prediction error as measured by the Brier Score. A striking
pattern under moderate correlation is AGP-VI's variable-selection behavior: its Mean
TPR remains very high throughout (0.855 at p = 50, rising to 0.975 at p = 300), but this
is accompanied by a high Mean FPR (0.6850 at p = 50, 0.7894 at p = 100, and above
0.90 at p = 200-500), indicating that AGP-VI’s selection rule becomes markedly over-
inclusive under moderate predictor correlation, selecting a large proportion of both true
and null coefficients rather than achieving sparse variable selection. Global-Local Gaussian—
IGH-VI retains comparatively better-controlled false positive rates across all dimensions
(0.0090-0.1437), making it the more balanced of the two proposed methods under this
correlation setting. Bayesian-Lasso-Cox, by contrast, achieves very low Mean FPR at the
lower dimensions but at the cost of low sensitivity, particularly at p = 200 and p = 300,
where its Mean TPR is 0.0000 and 0.0050, respectively.

At p = 0.90, no single method dominates discrimination: the highest C-index is split
across different methods depending on p (Bayesian-Lasso-Cox at p = 50,100: 0.6371 and
0.6059; AGP-VI at p = 200: 0.5333; Cox-ElasticNet at p = 300: 0.5549; and Global-Local
Gaussian-IGH-VI at p = 400, 500: 0.5488 and 0.5348). Thus, despite the severe predictor
correlation, the proposed methods remain competitive in terms of discrimination, with
AGP-VI achieving the highest C-index at p = 200 and Global-Local Gaussian-IGH-VI
achieving the highest C-index at the two largest predictor dimensions. The Brier Score
shows a different pattern: the classical penalized methods, Cox-Lasso and Cox-ElasticNet,
achieve the lowest Brier Score at all six predictor dimensions, with neither proposed
variational method achieving the lowest Brier Score under high correlation. AGP-VI's
over-inclusive selection behavior also persists under high correlation, with Mean TPR
ranging from 0.835 to 0.920 alongside Mean FPR ranging from 0.7825 to 0.8672. In contrast,
Global-Local Gaussian-IGH-VI maintains substantially lower false positive rates while
remaining competitive in discrimination, suggesting a more balanced variable-selection
behavior under severe predictor correlation.

Taken together, Tables 2—4 show that the performance of the proposed variational
methods is correlation-dependent, but remains competitive as predictor correlation in-
creases. At moderate correlation (p = 0.50), Global-Local Gaussian—-IGH-VI achieves the
highest C-index across all six predictor dimensions, although its discrimination advantage
generally narrows as dimensionality increases. Under high correlation (0 = 0.90), no
single method consistently dominates discrimination. Bayesian-Lasso-Cox achieves the
highest C-index at p = 50 and p = 100, AGP-VI at p = 200, and Cox-ElasticNet at p = 300.
Notably, at the two highest dimensions (p = 400 and p = 500), Global-Local Gaussian—
IGH-VI achieves the highest C-index (0.5488 and 0.5348, respectively), indicating that it
remains competitive even under the combined challenge of severe predictor correlation
and high dimensionality. The classical penalized methods, however, show an advantage
in terms of Brier Score under severe correlation, achieving the lowest values across all
six dimensions. For variable selection, AGP-VI maintains high sensitivity but becomes
markedly over-inclusive, as reflected by its high false positive rates, whereas Global-Local
Gaussian-IGH-VI provides substantially better control of false positive selections. Overall,
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these findings indicate that the proposed methods remain competitive under moderate-
to-high multicollinearity, while also revealing important trade-offs in prediction error and
variable-selection behavior as predictor correlation and dimensionality increase.

Table 4. Performance metrics for Cox-Lasso, Cox-ElasticNet, Bayesian-Lasso-Cox, AGP-VI, and

Global-Local Gaussian-IGH-VI at varying predictor dimensions (p = 0.90, high correlation)

p Method C-Index Brier Score Mean TPR SDTPR  Mean FPR SD FPR
Cox-Lasso 0.5801 0.242551 0.3000 0.3095 0.1787 0.3140
Cox-ElasticNet 0.5876 0.217042 0.3000 0.3277 0.2325 0.3404

50 Bayesian-Lasso-Cox 0.6371 0.243170 0.1100 0.1071 0.0050 0.0103
AGP-VI 0.5438 0.285968 0.8350 0.2477 0.7825 0.3393
Global-Local Gaussian-IGH-VI 0.6041 0.222400 0.2500 0.1573 0.1062 0.0663
Cox-Lasso 0.5697 0.168921 0.1250 0.1482 0.0189 0.0247
Cox-ElasticNet 0.5755 0.170445 0.1850 0.1814 0.0444 0.0470

100 Bayesian-Lasso-Cox 0.6059 0.256069 0.0300 0.0470 0.0006 0.0025
AGP-VI 0.5525 0.232590 0.8950 0.2089 0.8494 0.1451
Global-Local Gaussian-IGH-VI 0.5755 0.242752 0.2250 0.1333 0.0789 0.0342
Cox-Lasso 0.5225 0.196223 0.0600 0.1095 0.0134 0.0193
Cox-ElasticNet 0.5256 0.192758 0.0500 0.0761 0.0145 0.0191

200 Bayesian-Lasso-Cox 0.5233 0.321194 0.0000 0.0000 0.0000 0.0000
AGP-VI 0.5333 0.274401 0.9200 0.0894 0.8482 0.0539
Global-Local Gaussian-IGH-VI 0.4989 0.305947 0.1050 0.0887 0.0297 0.0211
Cox-Lasso 0.5542 0.212119 0.0450 0.0686 0.0116 0.0115
Cox-ElasticNet 0.5549 0.213623 0.0550 0.0686 0.0148 0.0187

300 Bayesian-Lasso-Cox 0.5259 0.332127 0.0050 0.0224 0.0110 0.0493
AGP-VI 0.5310 0.288974 0.9100 0.1210 0.8571 0.0363
Global-Local Gaussian-IGH-VI 0.5355 0.349078 0.0200 0.0410 0.0040 0.0049
Cox-Lasso 0.5185 0.194244 0.0350 0.0671 0.0067 0.0086
Cox-ElasticNet 0.5131 0.193783 0.0250 0.0639 0.0059 0.0125

400 Bayesian-Lasso-Cox 0.5058 0.351523 0.0900 0.1518 0.0991 0.1343
AGP-VI 0.5447 0.264053 0.9100 0.0852 0.8437 0.0480
Global-Local Gaussian-IGH-VI 0.5488 0.269618 0.0350 0.0813 0.0159 0.0533
Cox-Lasso 0.5311 0.199585 0.0400 0.0598 0.0035 0.0059
Cox-ElasticNet 0.5334 0.202180 0.0650 0.0745 0.0128 0.0161

500 Bayesian-Lasso-Cox 0.5039 0.369849 0.1200 0.1609 0.1286 0.1302
AGP-VI 0.5332 0.283218 0.9000 0.1076 0.8672 0.0291
Global-Local Gaussian-IGH-VI 0.5348 0.300183 0.1300 0.1809 0.0520 0.0645

Note: Bold values indicate the best performance for each metric within each predictor dimension (p). Higher
C-index and mean TPR values indicate better performance, whereas lower Brier scores and mean FPR values
are preferred. Lower standard deviations indicate greater consistency across simulation runs. Tied values are all
shown in bold.

Furthermore, Figure 1 demonstrates that the proposed variational inference ap-
proaches exhibit greater robustness and stability as the dimensionality of the predictor
space increases. Unlike the competing methods, whose predictive performance deteriorates
noticeably in higher-dimensional settings, AGP-VI and Global-Local Gaussian-IGH-VI
maintain relatively stable C-index and Brier Score trajectories across a wide range of pre-
dictor dimensions. These results provide strong evidence that the proposed hierarchical
shrinkage framework effectively addresses the challenges of high-dimensional survival
analysis by simultaneously improving predictive performance, enhancing variable selection
accuracy, and maintaining scalability in increasingly complex modeling scenarios.
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Prediction Performance Across Predictor Dimensions
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Figure 1. Prediction performance of the competing methods across increasing predictor dimensions.
The left panel reports the Brier Score, where smaller values indicate better predictive accuracy,
while the right panel reports the concordance index (C-index), where larger values indicate superior
discriminative performance.

Figure 2 compares the variable selection performance of the competing methods across
increasing predictor dimensions. The left panel presents the False Positive Rate (FPR),
while the right panel shows the corresponding True Positive Rate (TPR). Together, these
metrics provide insight into each method’s ability to correctly identify relevant predictors
while avoiding the inclusion of irrelevant variables.

Overall, Figure 2 demonstrates that the proposed variational inference methods pro-
vide a favorable compromise between variable selection sensitivity and specificity. By
balancing the identification of relevant predictors with effective control of false positive se-
lections, AGP-VI and Global-Local Gaussian-IGH-VTI offer a robust and scalable framework
for variable selection in high-dimensional survival analysis.

Additional insight into the variable selection behavior of the competing methods is
provided through coefficient recovery plots presented in Figure A1l. The supplementary
figure compares the estimated regression coefficients with the true underlying coefficients
for each method and illustrates the differing shrinkage characteristics of the competing
approaches. Consistent with the results reported in Table 2 and Figures 1 and 2, the
proposed AGP-VI and Global-Local Gaussian-IGH-VI methods achieve a favorable balance
between signal recovery and shrinkage, whereas Bayesian-Lasso-Cox tends to over-select
variables and the penalized Cox methods exhibit stronger coefficient shrinkage. A detailed
discussion is provided in Appendix A.1.
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Variable Selection Performance Across Methods
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Figure 2. Variable selection performance of the competing methods across increasing predictor
dimensions. The left panel reports the False Positive Rate (FPR), where smaller values indicate better
control of irrelevant variable selection, while the right panel reports the True Positive Rate (TPR),
where larger values indicate greater sensitivity in identifying relevant predictors.

5. Application to Real Data

To further evaluate the practical utility of the proposed methods, we applied them to
six real-world survival datasets that vary substantially in both dimensionality and clinical
context. These datasets comprise one low-dimensional clinical dataset (PBC) and five
high-dimensional genomic datasets (DBCD, CHOP, NKI70, VDX, and TCGA Ovarian),
thereby providing a comprehensive framework for assessing predictive performance and
variable selection in diverse survival modeling scenarios. A summary of the six datasets
used in this study is presented in Table 5.

Table 5. Description of datasets used in the study.

S/N

Dataset

Description Subijects (n) Predictors (p)

PBC

Primary Biliary Cirrhosis dataset representing patients with
chronic liver disease obtained from the survival package in 276 20
R[51].

DBCD

Dutch Breast Cancer Dataset containing high-dimensional gene
expression profiles of breast cancer patients from the 295 4921
Netherlands Cancer Institute [52].

CHOP

Diffuse Large B-cell Lymphoma dataset consisting of gene
expression measurements for patients treated with R-CHOP 181 3835
chemotherapy [53].

NKI70

Netherlands Cancer Institute 70-gene breast cancer dataset
widely used for prognostic survival modelling and genomic risk 144 71
prediction [54].

VDX

High-dimensional breast cancer microarray dataset from the
VDX cohort available in the breastCancerVDX Bioconductor 344 22,283
package [55].

TCGA Ovarian

The Cancer Genome Atlas (TCGA) ovarian cancer dataset
containing genomic and survival information for ovarian serous 557 13,104
cystadenocarcinoma patients [56].
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For the ultra-high-dimensional genomic datasets, an initial feature screening step was
performed using Random Survival Forests (RSFs; see Section 2.4.4 for a description) [47-49]
prior to model fitting. The primary objective of this screening procedure was to reduce
the dimensionality of the predictor space by removing noise variables and alleviating
the effects of extreme multicollinearity, which is commonly encountered in large-scale
genomic expression data. Variable importance measures were obtained from the fitted RSF
model, and predictors whose importance exceeded the 95th percentile of the importance-
score distribution for that dataset were retained, subject to retaining at least 20 and at
most 1000 predictors. Screening was applied only to the four datasets with more than
100 original predictors (DBCD, CHOP, VDX, and TCGA Ovarian), while PBC and NKI70
(p < 100) were used without screening.

The 70/30 train/test split was performed before RSF screening. RSF was fitted using
the training partition only, and the resulting selected predictor set was then applied to
both the training and held-out test partitions. Covariate standardization statistics (mean
and standard deviation for each predictor) were also estimated from the training partition
only and subsequently applied to the test partition. All five competing methods (Cox-
Lasso, Cox-ElasticNet, Bayesian-Lasso-Cox, AGP-VI, and Global-Local Gaussian-IGH-VI)
were therefore fitted and evaluated using the same training-derived predictor set and
standardization.

The RSF screening procedure was applied consistently to all five competing meth-
ods within each dataset, ensuring that the methods were compared using the same set
of screened predictors. This strategy improves computational feasibility in ultra-high-
dimensional settings and focuses the analysis on the most informative predictors while
preserving potentially relevant biological signals. We note that the reported variable-
selection counts and TPR/FPR for the four screened datasets are therefore conditional on
this screening step, not unconditional properties of each method alone: a predictor removed
by RSF screening before model fitting cannot subsequently be selected by any of the five
methods, regardless of its true relevance. This is an inherent consequence of screening at
an ultra-high dimension and should be kept in mind when interpreting selection-based
results for these datasets.

Prior to the train/test split, RSF screening, and model fitting, each dataset’s predictor
matrix was restricted to numeric columns with non-zero variance, and rows with missing
outcome or predictor values were removed. RSF screening uses internal imputation for any
remaining missingness encountered during tree growing. A summary of the RSF screening
results for the four high-dimensional datasets, including the dataset-specific importance
thresholds and the number of predictors retained, is presented in Table 6.

Table 6. Random Survival Forest feature-screening results for the high-dimensional real datasets.

Dataset Original p RSF Importance Threshold  Predictors Retained
DBCD 4919 0.00143 246
CHOP 3833 0.00094 192
VDX 22,283 0.00055 1000
TCGA Ovarian 13,104 0.00049 656

Table 7 reports point estimates of the C-index, Brier Score, and time-dependent AUC
without accompanying variability estimates. Because the real-data evaluation uses a
single 70/30 train/test split for each dataset rather than repeated splits or cross-validation,
the reported results reflect one particular partition of each dataset and do not provide
an empirical estimate of variability across data partitions. Consequently, differences in
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predictive performance between methods should be interpreted with appropriate caution.
This limitation is discussed further in Section 6.

In addition to the performance measures described earlier, we also consider the
time-dependent Area Under the Curve (AUC) as an additional measure of predictive
performance. Together, these metrics provide complementary assessments of predictive
discrimination, prediction accuracy, and model sparsity. By evaluating the methods across
datasets with varying sample sizes, predictor dimensions, and clinical characteristics, the
real-data analysis provides a rigorous assessment of the proposed hierarchical Bayesian
framework under realistic survival modeling conditions.

The results of the Random Survival Forest (RSF) feature screening for the four high-
dimensional real datasets are presented in Table 6. As described in Section 2.4.5, predictors
were ranked according to their RSF permutation importance, and predictors with impor-
tance values above the 95th percentile of the importance-score distribution were retained,
subject to a minimum of 20 and a maximum of 1000 predictors. The screening procedure
retained 246 predictors for DBCD, 192 for CHOP, 1000 for VDX, and 656 for TCGA Ovarian.
The maximum screening limit of 1000 predictors was reached for VDX. PBC and NKI70
were not subjected to RSF screening because their original predictor dimensions did not
exceed the screening criterion of p > 100.

The screening results demonstrate the substantial reduction in predictor dimension-
ality achieved before fitting the competing survival models. The retained predictor sets
were subsequently used consistently across all competing methods within each dataset.
Importantly, RSF screening was performed using the training partition only, and the result-
ing selected predictor set was subsequently applied to the held-out test partition, thereby
preventing test-set outcomes from contributing to the feature-screening procedure.

In Table 7, the best value for each performance metric is bolded separately within each
dataset: the highest C-index, the lowest Brier Score, and the highest mean time-dependent
AUC. Consequently, different methods may be highlighted for different performance
metrics within the same dataset. For example, for DBCD, Global-Local Gaussian-IGH-
VI is bolded for the C-index, whereas Cox-ElasticNet is bolded for the Brier Score and
mean time-dependent AUC. Table 7 presents the predictive performance and variable-
selection characteristics of the competing methods across six real-world survival datasets.
Performance was assessed using the concordance index (C-index), Brier Score, mean time-
dependent Area Under the Curve (AUC), and the number of selected variables under the
variable-selection rule described in Section 2.4.4.

Across the six real-data applications, no single method uniformly dominated all three
predictive criteria; each of the five methods achieved the best performance on at least
one dataset and one predictive metric. On the CHOP dataset, Cox-Lasso achieved the
best C-index, Brier Score, and mean time-dependent AUC among all five methods (0.6068,
0.2171, 0.6729), while Global-Local Gaussian—-IGH-VI (0.5524, 0.3960, 0.5917) and AGP-VI
(0.4793, 0.3189, 0.5291) showed lower predictive performance on this dataset. On DBCD,
Global-Local Gaussian—-IGH-VI achieved the highest C-index (0.7160), while Cox-ElasticNet
achieved the best Brier Score and mean time-dependent AUC (0.1033, 0.7588). Global-Local
Gaussian-IGH-VI also selected the fewest variables among the methods with non-zero
selections on this dataset (11).

NKI70 was the strongest dataset for the proposed variational methods. Global-Local
Gaussian—-IGH-VI achieved the best C-index, Brier Score, and mean time-dependent AUC si-
multaneously (0.7918, 0.0455, 0.9653). On the low-dimensional PBC dataset, Cox-ElasticNet
achieved the best C-index and mean time-dependent AUC (0.9004, 0.9460), while Bayesian-
Lasso-Cox achieved the best Brier Score (0.0764). Global-Local Gaussian-IGH-VI (0.8775,
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0.0786, 0.9281) and AGP-VI (0.8967, 0.0766, 0.9440) remained competitive, although neither
achieved the best value for an individual predictive metric.

Table 7. Real-life survival analysis results across six datasets.

Mean Time-Dependent

Dataset Method C-Index Brier Score AUC No. Selected
AGP-VI 0.4793 0.3189 0.5291 20
Bayesian-Lasso-Cox 0.5500 0.3386 0.5897 0

CHOP Cox-ElasticNet 0.5987 0.2174 0.6610 14
Cox-Lasso 0.6068 0.2171 0.6729 14
Global-Local Gaussian-IGH-VI 0.5524 0.3960 0.5917 70
AGP-VI 0.7043 0.1122 0.7435 7
Bayesian-Lasso-Cox 0.5160 0.1638 0.5371 52

DBCD Cox-ElasticNet 0.7049 0.1033 0.7588 26
Cox-Lasso 0.6981 0.1048 0.7545 22
Global-Local Gaussian—-IGH-VI 0.7160 0.1129 0.7434 11
AGP-VI 0.6921 0.0769 0.8413 6
Bayesian-Lasso-Cox 0.7654 0.0458 0.9522 2

NKI70 Cox-ElasticNet 0.6891 0.0726 0.8560 25
Cox-Lasso 0.6921 0.0751 0.8578 16
Global-Local Gaussian—-IGH-VI 0.7918 0.0455 0.9653 22
AGP-VI 0.8967 0.0766 0.9440 5
Bayesian-Lasso-Cox 0.8929 0.0764 0.9391 4

PBC Cox-ElasticNet 0.9004 0.0779 0.9460 11
Cox-Lasso 0.8892 0.0848 0.9382 7
Global-Local Gaussian—-IGH-VI 0.8775 0.0786 0.9281 5
AGP-VI 0.5962 0.2416 0.5989 16
Bayesian-Lasso-Cox 0.4364 0.4500 0.3993 188

TCGA Ovarian Cox-ElasticNet 0.5567 0.2268 0.5681 31
Cox-Lasso 0.5119 0.2305 0.5094 7
Global-Local Gaussian-IGH-VI 0.5869 0.3772 0.5976 281
AGP-VI 0.6777 0.1241 0.6820 18
Bayesian-Lasso-Cox 0.6148 0.1083 0.6755 285

VDX Cox-ElasticNet 0.6438 0.1093 0.6515 54
Cox-Lasso 0.6254 0.1121 0.6127 43
Global-Local Gaussian-IGH-VI 0.6548 0.1858 0.7017 59

Note: Bold values indicate the best performance for each metric within each dataset. Higher C-index and mean
time-dependent AUC values indicate better performance, whereas lower Brier scores are preferred. No. Selected
is the number of predictors selected by each method and is not ranked.

On TCGA Opvarian, AGP-VI achieved the best C-index and mean time-dependent
AUC (0.5962, 0.5989), while Cox-ElasticNet achieved the best Brier Score (0.2268). Global—
Local Gaussian-IGH-VI showed comparable discrimination to AGP-VI (C-index = 0.5869;
mean time-dependent AUC = 0.5976), but had a higher Brier Score (0.3772) and selected
substantially more variables (281) than AGP-VI (16). This indicates differences in the
variable-selection and predictive behavior of the global-local formulation on this dataset.

On VDX, AGP-VI achieved the best C-index (0.6777), Bayesian-Lasso-Cox achieved
the best Brier Score (0.1083), and Global-Local Gaussian—-IGH-VI achieved the best mean
time-dependent AUC (0.7017). Bayesian-Lasso-Cox selected 285 variables on this dataset,
substantially more than the other four methods.

Taken together, the real-data results show that the relative performance of the com-
peting methods varied across datasets and evaluation criteria, reflecting differences in
discrimination, calibration, and variable-selection sparsity.

Figure 3a,b present the time-dependent AUC profiles of the competing methods
across the six real-world survival datasets. The time-dependent AUC evaluates the abil-
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ity of a model to discriminate between individuals who experience the event and those
who remain event-free at different follow-up times. Higher values indicate superior
discriminative performance.

Time-dependent AUC: PBC, DBCD, and CHOP
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Figure 3. Time-dependent AUC profiles for the six real-world survival datasets. Higher AUC val-
ues indicate superior discriminative performance over time. Across most datasets, AGP-VI and
Global-Local Gaussian-IGH-VI exhibit competitive and stable predictive discrimination through-
out the follow-up period. (a) Time-dependent AUC curves for PBC, DBCD, and CHOP datasets.
(b) Time-dependent AUC curves for NKI70, VDX, and TCGA Ovarian datasets.

For the PBC dataset, all methods achieved consistently high time-dependent AUC
values throughout the evaluation period, with only minor differences observed among the
competing approaches. AGP-VI maintained among the highest AUC values across all time
points (mean AUC 0.9440, second only to Cox-ElasticNet’s 0.9460). Global-Local Gaussian—
IGH-VI recorded the lowest mean time-dependent AUC of the five methods on this dataset
(0.9281), with its curve lying at or near the bottom of the PBC panel across the evaluation
times. Similarly, for the DBCD dataset, the proposed variational inference methods did not
consistently outperform the competing approaches across the full evaluation horizon: Cox-
Lasso and Cox-ElasticNet visibly lead both AGP-VI and Global-Local Gaussian-IGH-VI at
the first two evaluation times, and Cox-ElasticNet attains the highest mean time-dependent
AUC on this dataset (0.7588), above both AGP-VI (0.7435) and Global-Local Gaussian—
IGH-VI (0.7434); Global-Local Gaussian—-IGH-VI overtakes the penalized Cox methods
only at the final evaluation time. Although a gradual decline in AUC was observed for all
methods as follow-up time increased, AGP-VI and Global-Local Gaussian-IGH-VI clearly
retained superior discrimination relative to Bayesian-Lasso-Cox, whose AUC remains flat
and substantially lower (around 0.53-0.54) throughout the DBCD panel; the comparison
with the penalized Cox models is more mixed, as just described.
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For the CHOP dataset, Cox-Lasso achieved the highest AUC values across the evalua-
tion times, with a mean AUC of 0.6729, while AGP-VI showed the lowest AUC values in the
CHOP panel, with the lowest mean AUC among the five methods (0.5291). Global-Local
Gaussian—-IGH-VI (mean AUC 0.5917) and Bayesian-Lasso-Cox (mean AUC 0.5897) showed
intermediate performance, both below the penalized Cox methods.

The results for the NKI70 dataset reveal a gradual decline in predictive discrimination
for all methods as follow-up time increased. Nevertheless, Bayesian-Lasso-Cox and Global-
Local Gaussian-IGH-VI maintained the highest AUC values throughout the evaluation
period, with AGP-VI performing comparably to (marginally below) the penalized Cox
approaches (mean AUC 0.8413 for AGP-VI versus 0.8560 and 0.8578 for Cox-ElasticNet and
Cox-Lasso, respectively). For the VDX dataset, Global-Local Gaussian-IGH-VI achieved
the highest mean time-dependent AUC (0.7017, versus AGP-VI’s 0.6820), but not at every
individual evaluation time: it leads only at the first evaluation time, after which AGP-VI's
curve is visibly the highest of all five methods at the two later evaluation times. Bayesian-
Lasso-Cox does not exhibit substantially lower AUC values throughout the VDX panel—it
is essentially tied for highest at the first evaluation time—but its discrimination deteriorates
sharply by the final evaluation time, ending as the clearly lowest-performing method there,
despite selecting a large number of variables.

For the TCGA Ovarian dataset, the proposed variational inference methods again
demonstrated competitive discrimination throughout the follow-up period. Global-Local
Gaussian-IGH-VI maintained the highest or near-highest AUC values across most evalua-
tion times, while AGP-VI consistently outperformed Bayesian-Lasso-Cox; in fact, AGP-VI's
curve is the highest of all five methods at the two later evaluation times and attains the
best mean time-dependent AUC on this dataset (0.5989, marginally above Global-Local
Gaussian-IGH-VI’s 0.5976), consistent with the AGP-VI result already reported for TCGA
Ovarian in Section 5. Although all methods experienced some reduction in discrimina-
tion at later time points, the decline was less pronounced for the proposed hierarchical
Bayesian approaches.

Overall, the time-dependent AUC analysis is broadly, but not uniformly, consis-
tent with the findings obtained from the C-index and Brier Score results. By mean time-
dependent AUC, the proposed methods lead on three of the six datasets (NKI70, VDX, and
TCGA Ovarian) but trail the penalized Cox methods on the other three (PBC, DBCD, and
CHOP), so this should not be read as showing the proposed methods superior “across the
majority of datasets.” AGP-VI and Global-Local Gaussian-IGH-VI each exhibited their
own strongest discriminative performance on a dataset-dependent subset of datasets rather
than uniformly relative to the competing methods, mirroring the dataset-dependent trade-
offs already reported for the C-index and Brier Score in Section 5. The results do, however,
demonstrate that the proposed hierarchical shrinkage framework can provide stable predic-
tive performance over time on the datasets where it is competitive, while the framework’s
robustness across datasets with substantially different dimensional characteristics and
clinical contexts is dataset-dependent rather than uniform, as detailed above.

To further assess the numerical stability of the proposed variational inference al-
gorithms, ELBO convergence plots for AGP-VI and Global-Local Gaussian-IGH-VI are
provided in Figures A2—-A7. Across the six real-data applications, the ELBO values gen-
erally increased and stabilized over iterations, indicating that the proposed optimization
procedures achieved stable convergence. These supplementary results support the compu-
tational reliability of the proposed variational inference framework.
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6. Conclusions

This study developed a hierarchical Bayesian Cox modeling framework for high-
dimensional survival analysis, combining an Adaptive Gaussian Prior (AGP) and a modi-
fied Global-Local Gaussian—-Inverse-Gamma Hierarchical (GL-IGH) shrinkage prior with
the Cox partial likelihood. To enable scalable inference in high-dimensional settings, varia-
tional inference (VI) was employed to derive the AGP-VI and Global-Local Gaussian-IGH-
VI algorithms; as discussed in Section 2.3, these algorithms target a partial-likelihood
(pseudo-Bayesian) posterior and combine coordinate-ascent variational updates with
empirical-Bayes point estimates for the shrinkage-variance components, rather than per-
forming fully Bayesian uncertainty propagation over those components.

We conducted extensive simulation studies and analyzed six real-world survival
datasets. On the real-data applications (Section 5), no single method uniformly dominated
all three predictive criteria across the six datasets. Global-Local Gaussian-IGH-VI achieved
the best C-index, Brier Score, and mean time-dependent AUC simultaneously on NKI70
and the best C-index on DBCD, while also attaining the highest mean AUC on VDX. AGP-
VI achieved the highest C-index and mean time-dependent AUC on TCGA Ovarian and
the highest C-index on VDX. Classical penalized and Bayesian Cox approaches remained
competitive, achieving the best Brier Score on four of the six datasets (CHOP, DBCD,
PBC, and VDX) and the best C-index and mean time-dependent AUC on CHOP and PBC.
Variable-selection sparsity for the proposed methods was similarly dataset-dependent,
ranging from relatively sparse solutions on some datasets to substantially less sparse
solutions on others. In particular, on TCGA Ovarian, Global-Local Gaussian-IGH-VI
selected 281 variables compared with 16 for AGP-VI, despite comparable discrimination.
Overall, the results indicate that the relative performance of the proposed and competing
methods depends on the dataset and the performance criterion considered.

In addition, the proposed variational inference algorithms demonstrated stable con-
vergence behavior once the optimization procedure described in Section 2.3 was met and
substantially lower computational cost than MCMC-based Bayesian sampling approaches,
making the framework attractive for large-scale biomedical studies involving thousands of
molecular features.

Limitations

The following methodological limitations and implementation challenges were iden-
tified during the development and evaluation of the proposed models. First, because
inference targets the Cox partial-likelihood posterior rather than a fully generative sur-
vival model, the credible intervals and shrinkage-variance estimates reported here do not
carry the same interpretation as those from a fully Bayesian generative model (Section 2.3).
Second, the variance/hyperprior updates in both AGP-VI and Global-Local Gaussian-IGH-
VI combine a coordinate-ascent-derived component with an empirical-Bayes component
(Equation (17) and surrounding discussion). Uncertainty in these variance components
is not propagated across iterations, so the framework provides only partial uncertainty
quantification for these components.

Third, Random Survival Forest feature screening and covariate standardization are
performed using the training partition only and are subsequently applied to the held-out
test partition (Section 5). However, a single 70/30 train/test split per dataset is used rather
than repeated splits or cross-validation. Consequently, the reported real-data performance
measures reflect one particular partition of each dataset and do not provide an empirical
assessment of variability across data partitions. Future evaluation using repeated train/test
splits or cross-validation would provide a more comprehensive assessment of the stability
of these performance estimates.
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Fourth, Global-Local Gaussian-IGH-VI required additional numerical safeguards
to achieve stable convergence in some of the higher-dimensional real-data settings. Al-
though the adaptive initialization procedure described in Section 2.3 provided stable
convergence for the reported analyses, the coupled global-local variance update remains
more numerically demanding than the simpler per-coordinate update used by AGP-VL
Further investigation of alternative damped or trust-region updates for the global vari-
ance component may therefore be useful. In addition, on TCGA Ovarian, Global-Local
Gaussian-IGH-VI selected substantially more variables (281) than AGP-VI (16), despite
comparable discrimination and a higher Brier Score (Section 5). This suggests that the
variable-selection and predictive behavior of the global-local formulation may vary across
datasets and warrants further investigation.

The hierarchical structure of the proposed models nonetheless provides flexibility for
adaptive coefficient-specific shrinkage while maintaining computational tractability. Future
research directions include: extending the framework to accommodate nonlinear covari-
ate effects, time-varying coefficients, competing risks, and multi-omics data integration;
replacing the empirical-Bayes/CAVI blend with a fully conjugate variational family over
the shrinkage variances (e.g., an explicit Inverse-Gamma variational factor with no plug-in
blending) so that uncertainty in the shrinkage variances is fully propagated; conducting
formal sensitivity analyses over the blend weight A and the Inverse-Gamma hyperparame-
ters (a, b, ag, bp); and evaluating calibration (credible-interval coverage) directly, rather than
inferring it indirectly from the Brier Score. These developments have the potential to ad-
dress the limitations above and further strengthen the framework’s predictive performance
and uncertainty quantification in complex survival modeling settings.

Overall, the proposed hierarchical Bayesian Cox framework offers a computation-
ally scalable approach to high-dimensional survival analysis that most reliably improves
discrimination and variable-selection sparsity, with calibration and formal uncertainty
quantification identified above as areas requiring further development before the frame-
work’s advantages can be considered fully established.
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Abbreviations
The following abbreviations are used in this manuscript:
AGP Adaptive Gaussian Prior
AGP-VI Adaptive Gaussian Prior Variational Inference
AUC Area Under the Curve
C-index Concordance Index
Cox-PH Cox Proportional Hazards
DBCD Dutch Breast Cancer Dataset
CHOP B-Cell Lymphoma dataset treated with R-CHOP chemotherapy
ELBO Evidence Lower Bound
FP False Positive
FPR False Positive Rate
GL-IGH Global-Local Gaussian-Inverse-Gamma Hierarchical Prior
Global-Local Gaussian—-IGH-VI  Global-Local G-Inverse-Gamma Hierarchical Variational Inference
IBS Integrated Brier Score
IGH Inverse-Gamma Hyperprior
KL Kullback-Leibler
MCMC Markov Chain Monte Carlo
NKI70 Netherlands Cancer Institute 70-Gene Dataset
PBC Primary Biliary Cirrhosis Dataset
PHBC Penalized Hierarchical Bayesian Cox Model
RSF Random Survival Forest
TCGA The Cancer Genome Atlas
TP True Positive
TPR True Positive Rate
VDX van de Vijver Breast Cancer Dataset
VI Variational Inference

Appendix A. Supplementary Analyses

This appendix contains supplementary results supporting the simulation and real-
data analyses presented in the main manuscript. Specifically, we provide coefficient
recovery plots and Evidence Lower Bound (ELBO) convergence diagnostics for the
proposed Adaptive Gaussian Prior Variational Inference (AGP-VI) and Global-Local
Gaussian-IGH-VI methods.

Appendix A.1. Coefficient Recovery Analysis

Figure A1 presents the coefficient recovery performance of the competing methods
in a representative high-dimensional simulation setting. The figure provides additional
insight into the shrinkage behaviour underlying the prediction and variable selection
results reported in the main manuscript.

Cox-Lasso and Cox-ElasticNet exhibit strong shrinkage toward zero, resulting in
sparse coefficient estimates but also substantial attenuation of the true signal magnitudes.
Bayesian-Lasso-Cox recovers a larger proportion of the true signals but produces many
sizeable non-zero coefficients among irrelevant predictors, explaining its consistently high
true positive rates and false positive rates.

In contrast, AGP-VI and Global-Local Gaussian—-IGH-VI provide a more balanced
shrinkage pattern. Both methods effectively shrink irrelevant coefficients toward zero while
preserving meaningful signal information for important predictors. The resulting coefficient
estimates are more stable and interpretable, supporting the improved balance between
predictive accuracy and variable selection observed in the simulation study. These findings
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further illustrate the effectiveness of the proposed hierarchical shrinkage framework for
high-dimensional survival analysis.

Coefficient Recovery Across Methods
Red triangles: true coefficients; points: estimated coefficients
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Figure Al. Coefficient recovery performance across competing methods. Red triangles denote the
true regression coefficients; the non-zero coefficients appear at +1.2, and the overlapping triangles
for the true zero coefficients form the red band along zero. Black points represent the estimated
coefficients, and the black dashed horizontal line marks zero. For the variational inference methods
(AGP-VI and Global-Local Gaussian-IGH-VI), grey vertical lines indicate approximate 95% posterior
credible intervals. Note that the Bayesian-Lasso-Cox panel uses a different vertical scale.

Appendix A.2. ELBO Convergence Diagnostics

The ELBO convergence plots for the two proposed variational inference methods
are presented in Figures A2—-A7. These plots provide diagnostic evidence on the numeri-
cal stability of the AGP-VI and Global-Local Gaussian-IGH-VI algorithms across the six
real-world datasets. The ELBO trajectories show stable convergence behavior for both
AGP-VI and Global-Local Gaussian—-IGH-VI across the six real-world datasets. In general,
the ELBO increases rapidly during the initial iterations and subsequently improves more
gradually toward a stable plateau. AGP-VI typically reaches this stable region in fewer iter-
ations, whereas Global-Local Gaussian—-IGH-VI requires more iterations for some datasets,
particularly in the higher-dimensional settings.

The number of iterations plotted differs considerably across dataset-method combina-
tions, ranging from about 48 iterations for PBC under Global-Local Gaussian-IGH-VI to
about 880 iterations for DBCD under Global-Local Gaussian-IGH-VI. The TCGA Ovarian
panel for Global-Local Gaussian-IGH-VI (Figure A7) shows a distinct two-phase pattern,
with a rapid initial rise followed by a longer period of gradual improvement before ap-
proaching the final plateau. For AGP-VI, all six datasets approach a stable plateau within
fewer than 350 displayed iterations, with the low-dimensional PBC dataset requiring fewer
than 80 iterations. These results provide empirical evidence of numerical convergence of
the implemented algorithms across the datasets considered.
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Figure A2. ELBO convergence for the PBC dataset. (a) PBC: AGP-VI; (b) PBC: GL-IGH-VL
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Figure A3. ELBO convergence for the DBCD dataset. (a) DBCD: AGP-VI; (b) DBCD: GL-IGH-VI.
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Figure A4. ELBO convergence for the CHOP dataset. (a) CHOP: AGP-VI; (b) CHOP: GL-IGH-VI.
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Figure A5. ELBO convergence for the NKI70 dataset. (a) NKI70: AGP-VI; (b) NKI70: GL-IGH-VI.
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Figure A6. ELBO convergence for the VDX dataset. (a) VDX: AGP-VI; (b) VDX: GL-IGH-VL
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Figure A7. ELBO convergence for the TCGA Ovarian dataset. (a) TCGA Ovarian: AGP-VI; (b) TCGA
Ovarian: GL-IGH-VL
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