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Abstract

Existing interval carbon price forecasting methods usually estimate the upper and lower
bounds independently or derive them from point forecasts, overlooking their intrinsic
coupling and risking logically inconsistent outputs. We propose a constrained multi-task
learning framework, CMTL-ATCN, that treats interval-valued carbon prices as coupled
tasks and optimizes them jointly under logical consistency constraints. The model uses
attention-enhanced temporal convolutional networks (ATCN) to extract shared and task-
specific features from multi-source data, which are then fused and decoded through dual
task heads; all parameters are optimized jointly with a loss function that adds a logic penalty
enforcing agreement between the two bounds. On China’s national (CEA), Guangdong
(GDEA), and Hubei (HBEA) carbon markets, CMTL-ATCN attains the lowest interval
forecast errors among deep models and eliminates logical inconsistencies entirely with
zero violations. The results indicate that the proposed framework is promising for interval-
valued forecasting in complex environments.

Keywords: carbon price forecasting; interval-valued time series; multi-task learning;
temporal convolutional network

MSC: 91-08

1. Introduction
The carbon emission trading mechanism is a central market-based instrument for

cost-effective decarbonization [1,2]. The carbon price plays a pivotal role in carbon trading,
yet carbon prices exhibit pronounced volatility and heavy tails, such that point forecasts are
insufficient for risk control and compliance [3–5]. Interval forecasts, which report predictive
price bounds, better serve regulators and traders [6]. Growing attention to uncertainty
characterization has driven a shift in carbon price forecasting research from point-valued
to interval-valued series [7,8].

Prior work on interval carbon price forecasting falls into three streams. The first
stream performs interval forecasting based on conditional probability distribution estima-
tion. Lei et al. [9] combine SSA denoising with a non-crossing composite quantile neural
network, forecasting the conditional probability distribution of carbon allowance prices
in Chinese and European markets; Cao et al. [10] introduce a Quantile Temporal Convo-
lutional Network (QTCN) that captures carbon price uncertainty; and Wang et al. [11]
pair TS2Vec pretraining with a Distribution Transformer to deliver accurate probability
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density forecasts. The second stream develops decomposition–ensemble approaches for
interval forecasting. Zhu et al. [12] propose a multiscale ensemble method BEMD–DE–XGB
for carbon price interval forecasting; a subsequent update strengthened robustness using
CEEMDAN-Bootstrap-XGB [13]; and for EUA futures, Yang et al. [14] develop a multiscale
interval-valued decomposition–ensemble (MIDE) framework that integrates NAMEMD,
IVAR, interval event analysis, and an interval MLP. The third stream builds combined
point–interval frameworks that jointly pursue point accuracy and interval validity within
one system. Niu et al. [15] propose a composite scheme coupling point forecasts with
interval forecasts and validate its effectiveness on EU ETS daily futures; Zeng et al. [16]
employ MVMD with an attention-based LSTM to realize multi-step joint point–interval
forecasting, delivering robust improvements on the EUA series.

Despite this progress, the literature on interval carbon price forecasting still suffers
from three systemic limitations. First, most existing methods treat the upper and lower
bounds as separate targets and ignore their intrinsic structural dependence, which often
produces logically inconsistent intervals. Second, although some recent studies have incor-
porated market microstructure variables or external indicators, no unified framework for
integrating multi-source data has yet emerged. Third, decomposition–ensemble methods
achieve high coverage but remain sensitive to the choice of decomposition method and
window length, which raises concerns about their robustness.

To address these gaps, this paper proposes a novel carbon price interval forecasting
model, CMTL-ATCN, built on a multi-task learning framework in which the interval-valued
carbon prices are treated as coupled tasks and jointly optimized for logical consistency
at both the objective and the representation levels. An attention-enhanced temporal con-
volutional network (ATCN) serves as the pattern extractor, learning both shared and
task-specific features. Our main contributions are as follows:

(1) We formulate carbon price interval forecasting as a multi-task learning (MTL) problem
in which the interval-valued carbon prices are treated as coupled tasks and opti-
mized jointly through hard parameter sharing and a logical consistency constraint,
thereby overcoming the fragmentation of traditional approaches that model the two
bounds independently.

(2) We design a structured multi-source fusion framework in which every input—historical
prices, market microstructure data, and related asset prices—is encoded separately
by an ATCN, and the fused representation is then decoded through dual task heads.
This design increases the capacity to model high-dimensional signals while reducing
parameter redundancy and the risk of overfitting.

(3) We embed an attention mechanism into the temporal convolutional network (TCN)
and propose the attention-enhanced temporal convolutional network (ATCN). The
attention module adaptively highlights the key temporal positions, improves the
fit to time-varying patterns, and thereby strengthens the overall quality of the
learned representation.

The remainder of the paper is organized as follows. Section 2 describes the proposed
method in detail. Section 3 reports the empirical results and the ablation study. Section 4
summarizes and concludes.

https://doi.org/10.3390/math14203672

https://doi.org/10.3390/math14203672


Mathematics 2026, 14, 3672 3 of 14

2. Methodology
2.1. Attention-Enhanced Temporal Convolutional Network (ATCN)

As shown in Figure 1, the TCN uses dilated convolutions to preserve temporal or-
der while expanding the receptive field efficiently [17,18]. For input X ∈ RT×d, dilated
convolution is

(y ∗d k)(t) =
K−1

∑
i=0

K(i)x(t− di), (1)

Figure 1. Dilated convolution.

With receptive fields R = 1 + (K − 1)L for standard CNNs, the dilated convolution
expands the receptive field at an exponential rate (assuming a growth rate of r):

Rd = 1 + (K− 1)
rL − 1
r− 1

, (2)

so that longer-range dependencies can be captured. The output of the TCN layers is then

H = TCN(X) ∈ RT×h. (3)

Simple pooling or last-step readout can dilute salient events. We therefore augment
the TCN with a temporal-attention module at the aggregation stage; the resulting ATCN ar-
chitecture is illustrated in Figure 2. The module emphasizes the most informative timesteps
as follows:

et = v⊤tanh(Wh ht + b), αt =
exp(et)

∑T
j=1 exp

(︁
ej
)︁ , (4)

z =
T

∑
t=1

αtht ∈ Rh, (5)

where Wh, h, v are learnable, and z is the global aggregation representation.

 

Figure 2. Attention-enhanced temporal convolutional network.
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2.2. Multi-Task Learning (MTL)

Multi-Task Learning (MTL) is a machine learning paradigm in which multiple re-
lated tasks are trained simultaneously by sharing parts of the model parameters or
representations [19–21]. In carbon price interval forecasting, it is essential to estimate
the upper and lower bounds simultaneously. Traditional single-task learning (STL) models
often treat each objective independently, failing to exploit the potential synergy between
tasks, which can lead to suboptimal generalization. To address this, we propose the con-
strained multi-task learning model (CMTL) consisting of a shared feature extraction module
and two task-specific output branches that predict the upper and lower bounds of the
interval-valued prices, as illustrated in Figure 3. The model uses the hard parameter sharing
mechanism: shared layers learn common representations, while task-specific branches
retain unique task-specific features. Hard parameter sharing is adopted for two reasons:
the two bounds of the same daily interval are strongly coupled tasks driven by common
market conditions, which is the setting in which shared representations are most beneficial,
and sharing the extractor substantially reduces the number of trainable parameters relative
to two independent networks, lowering the overfitting risk.

Figure 3. The layout of the CMTL-ATCN.

To safeguard logical consistency between the two outputs—namely that the predicted
upper bound should never fall below the lower bound—we add a logic penalty to the loss
function as an explicit training time constraint. The total loss is defined as

Ltotal = Lmax + Lmin + λ · Llogic, (6)

where Llogic = ReLU(ŷmin − ŷmax) penalizes violations of the logical constraint, and λ

controls the penalty strength.
Figure 4 illustrates the overall workflow: (i) data preprocessing—alignment, missing-

value imputation, normalization, and dataset splitting; (ii) model training—parameter
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optimization on the training set with validation-based early stopping and joint minimiza-
tion of the task-specific losses together with the logic penalty; and (iii) prediction and
evaluation—forecasting interval-valued prices on the test set to assess effectiveness.

Figure 4. Flowchart of the forecasting procedure.

Algorithm 1 summarizes the procedure. In each iteration, the shared features are
extracted, fused with the task-specific representations, and passed to the prediction heads;
the task-specific losses and the logic error are then computed, combined into the total loss,
and used to update both the shared and the task-specific parameters by gradient descent
until convergence. This procedure allows CMTL to exploit inter-task correlations while
still producing logically consistent and robust forecasts.

Algorithm 1. Training procedure of CMTL-ATCN

Inputs: Shared input Xs; task inputs Xmax, Xmin dataset D; learning rate η; batch size B;
epochs T
Output: Predictor f
Initialize shared params θs; task feature params θ

feat
max, θ

feat
min;

prediction head params θ
pred
max, θ

pred
min

For t = 1. . .T:
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Algorithm 1. Cont.

Sample a batch (Xs, Xmax, Xmin, Ymax, Ymin) from D
Extract shared features: Hs = Fshared(Xs; θs)
Extract task-specific features:

Hmax = Ffeat
max

(︂
Xmax; θ

feat
max

)︂
Hmin = Ffeat

min

(︂
Xmin; θ

feat
min

)︂
Fuse & predict:

Zmax = Fuse (Hs, Hmax); Ŷmax = Fpred
max

(︂
Zmax; θ

pred
max

)︂
Zmin = Fuse (Hs, Hmin); Ŷmin = Fpred

min

(︂
Zmin; θ

pred
min

)︂
Compute total loss

Ltotal = Lmax
(︁
Ŷmax, Ymax

)︁
+ Lmin

(︁
Ŷmin, Ymin

)︁
+ λ · ReLU

(︁
Ŷmin − Ŷmax

)︁
Backprop & update all params:

θs, θ
feat
max, θ

feat
min, θ

pred
max, θ

pred
min ← params-η∇L

End For

3. Empirical Study
3.1. Data Description

China’s carbon emission reduction scheme originated in pilot trials of carbon emission
trading. Among the seven pilot regions, Guangdong was one of the first to introduce
regulations and launch trading, which makes the Guangdong regional market (GDEA) a
representative and active regional market. By contrast, China’s national carbon market
(CEA), established in 2021, integrates multiple sectors at the national level and offers
broader coverage, higher liquidity, and stronger policy orientation. In addition, the Hubei
market (HBEA) is the largest regional pilot by cumulative traded volume and offers a
comparably long, liquid trading history. We therefore select CEA, GDEA, and HBEA to
validate the proposed forecasting model, so that the evaluation spans the national market
and the two most active regional markets. The sample spans from July 2021 to August 2026;
after excluding a small number of no-trade posting days on which no intraday interval
exists, it comprises 1216, 1233, and 1218 daily observations for CEA, GDEA, and HBEA,
respectively. The data are split chronologically into training (70%), validation (10%), and
test (20%) sets in strict temporal order, so that all estimations and model selections use
only information prior to the evaluation periods, as detailed in Table 1. This sequential
hold-out design follows standard practice in time series forecast evaluation and avoids
the look-ahead bias that random splitting would introduce. The test windows cover
distinct and demanding market regimes—a sharp drawdown followed by a pronounced
V-shaped recovery in CEA, wide high-volatility range-bound swings in GDEA, and a
volatile drawdown in HBEA—so that the three markets jointly provide complementary
evidence on model behavior under different conditions.

To improve predictive accuracy, we integrate three categories of multi-source data:
(1) historical interval prices; (2) market microstructure data [22,23]; and (3) related asset
prices [24–26]. As summarized in Table 2, all features are standardized. Multi-source
series are aligned on the carbon market trading calendar: the related asset series are outer-
joined with the carbon price series by date, and values missing on carbon trading days are
imputed by forward filling. Price-level variables are normalized by the previous closing
price, as specified in Table 2; this removes scale differences and trend non-stationarity,
expresses both bounds on a common relative scale that preserves the intraday structure
of the interval, and requires no parameters estimated from future observations. Trading
volume and amount are min–max scaled with parameters fitted on the training set only.
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Table 1. Descriptive statistics of the dataset.

Span Statistics

Maximum Minimum Mean STD

CEA Training 19 July 2021–20
January 2025 [106.02, 105.32] [42.00, 38.50] [68.83, 67.69] [17.91, 17.66]

Validation 21 January 2025–8
August 2025 [93.43, 93.43] [67.85, 67.05] [78.44, 77.80] [8.15, 8.31]

Testing 11 August 2025–20
August 2026 [100.00, 99.30] [51.90, 50.34] [75.58, 74.22] [12.17, 12.47]

GDEA Training 17 July 2021–14
January 2025 [97.98, 89.99] [38.80, 34.11] [66.63, 63.12] [15.95, 15.70]

Validation 15 January 2025–17
July 2025 [47.88, 43.70] [35.70, 30.80] [39.73, 38.03] [2.06, 1.90]

Testing 18 July 2025–21
August 2026 [48.88, 45.20] [31.46, 26.15] [37.91, 36.33] [2.63, 2.84]

HBEA Training 19 July 2021–20
January 2025 [63.48, 58.50] [31.87, 27.81] [45.30, 43.18] [4.19, 4.20]

Validation 21 January 2025–31
July 2025 [43.50, 42.40] [37.28, 35.66] [40.01, 38.77] [1.25, 1.00]

Testing 1 August 2025–21
August 2026 [42.67, 42.66] [32.00, 28.10] [38.41, 36.59] [2.36, 2.60]

Notes: Values in square brackets denote [High, Low] prices.

Table 2. Description of the data used.

Category Variables Normalization Formula

Historical Interval Price High Price, Low Price (PH,t − PC,t−1)/PC,t−1(PL,t −
PC,t−1)/PC,t−1

Market Microstructure Data Opening Price, Closing Price, Average
Price

(PO,t − PC,t−1)/PC,t−1, (PC,t −
PC,t−1)/PC,t−1,

(PA,t − PC,t−1)/PC,t−1

Extreme Price Range,
Open–Close Spread

(PH,t − PL,t)/(PC,t−1 ∗ γ),
(PO,t − PC,t)/(PC,t−1 ∗ γ),

Trading Volume,
Trading Amount (Xt − Xmin)/(Xmax − Xmin)

Related Asset Prices
Brent Crude, Rotterdam Coal, IPE
Natural Gas, SSE Index, 10-Year
Treasury Yield, USD/CNY rate

(PH,t − PC,t−1)/PC,t−1, (PL,t −
PC,t−1)/PC,t−1

(same normalization applied to all
assets)

3.2. Model Construction

The proposed model, CMTL-ATCN, is a multi-task learning framework implemented
in PyTorch (version 2.13.0) that integrates three data streams: historical prices, market
microstructure variables, and related asset inputs are each encoded by an ATCN, and the
final output is produced by fully connected layers. The hyperparameters (Table 3) were
tuned by Bayesian search with the Tree-structured Parzen Estimator (TPE) during the
model development phase. The final configuration uses a window length of 20 steps; an
ATCN with two layers, channels [64, 32], kernel size 2, and an attention module; and a
fully connected layer of size 128. Training uses the Adam optimizer with a learning rate
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of 2 × 10−4 and a logic penalty coefficient of λ = 0.7. The model is trained for at most
400 epochs with early stopping, which monitors the validation set loss and terminates
training when the loss fails to improve for 10 consecutive epochs.

Table 3. Hyperparameter search space.

Hyperparameter Search Range Type

Dropout Rate [0.1–0.9] Continuous
ATCN Layers [1, 2, 3, 4] Discrete

ATCN Neurons [32, 64, 128, 256] Discrete
ATCN Kernel Size [2, 3, 4, 5] Discrete

Fully Connected Neurons [32, 64, 128, 256] Discrete
Batch Size [32, 64, 128, 256] Discrete

3.3. Comparative Analysis

To assess the proposed model, we compare it with classical single-task models (ENN,
LSTM, GRU, ELM, MLP, TCN), multi-task learning models (MTSS-LSTM, MTHS-GRU),
and an interval-specific statistical benchmark: a center–range ARIMA (CR-ARIMA), which
models the interval midpoint and the log half-range by univariate ARIMA [27]. All deep
models are re-trained from scratch under multiple random seeds—five for the proposed
model and three for each benchmark; a seed jointly controls parameter initialization
and dropout sampling, and the same seed list is used for every model. Table 4 reports
means ± standard deviations across seeds. Among the multi-task baselines, MTSS-LSTM
couples task-specific LSTM networks through an L2-regularized soft parameter sharing
mechanism, balancing inter-task information sharing against task specificity [28], whereas
MTHS-GRU adopts hard parameter sharing, in which GRU-based task networks share
a common parameter structure to fully exploit inter-task correlations [29]. Performance
is evaluated with several metrics: IRMSE, IMAE, and IMAPE for accuracy, together with
coverage ratio (CR) and logic error (LE) for validity and logical consistency; the formulas
are given in Appendix A. Table 4 summarizes the results. The main findings are as follows:

(1) The proposed model attains the lowest mean IRMSE, IMAE, and IMAPE among the
nine deep models on all three markets. It achieves IRMSE of 1.5233 on CEA, 1.5579 on
GDEA, and 1.4631 on HBEA. Its seed-level IRMSE standard deviations (0.0093, 0.0029,
and 0.0179) never exceed 1.3% of the corresponding means, so this position does not
depend on a favorable initialization. Meanwhile, the advantage extends to coverage.
The proposed model attains the highest coverage ratio among deep models on CEA
(0.5889) and HBEA (0.4712) and upper-range coverage on GDEA (0.6250, where the
recurrent single-task models reach up to 0.6435).

(2) CMTL-ATCN yields LE = 0 for every random seed on all three markets. Violations
are widespread among the benchmarks under market stress. On the volatile CEA
market, every deep benchmark crosses its bounds at least twice (from two crossings
for MTHS-GRU up to 17 for TCN), ELM accumulates up to 28 crossed intervals on
GDEA and 24 on HBEA, and GRU crosses nine times on HBEA. The statistical CR-
ARIMA avoids crossings by construction, as its reconstructed half-range is positive,
but at the coverage cost.

(3) The benchmarks diverge sharply. LSTM and MTHS-GRU remain accurate but
still cross their bounds on CEA (three and two crossings), and GRU deteriorates
markedly on CEA and HBEA (IRMSE of 1.70 and 1.72, with 12 and nine crossings,
respectively)—accuracy alone therefore does not confer logical validity. ELM, whose
fixed random hidden layer cannot adapt its representation to regime shifts, combines
persistently large errors with up to 28 crossed intervals, and the soft parameter sharing
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MTSS-LSTM trails its single-task LSTM counterpart on every market, indicating that
loose task coupling adds little. Because daily highs and lows are extreme values, they
are easily distorted by large trades and microstructure noise [30]; models that forecast
each bound in isolation inherit this noise separately, whereas the proposed model
anchors both bounds to a single shared representation of the market state, which is
consistent with the stability and validity advantages.

(4) Considering error, coverage, and validity jointly, the proposed model is the only
model that combines high accuracy with top-tier coverage and zero logic errors
on every market. The Diebold–Mariano tests confirm that the error advantage is
statistically significant against most of the benchmarks. The linear CR-ARIMA attains
nominally lower mean losses on the GDEA and HBEA markets but far narrower
intervals that cover only 15–19% of the realized ranges (CR 0.1478 and 0.1893, against
0.6250 and 0.4712 for the proposed model), and it falls significantly behind on the
volatile CEA market.

Table 4. Performance comparison of different models.

Market Model IRMSE IMAE IMAPE CR LE (Max)

CEA ENN 1.5725 ± 0.0083 0.9818 ± 0.0153 1.3341 ± 0.0139 0.5181 ± 0.0775 4

LSTM 1.5580 ± 0.0006 0.9665 ± 0.0001 1.3126 ± 0.0002 0.5270 ± 0.0013 3

GRU 1.7048 ± 0.0829 1.1195 ± 0.0674 1.5191 ± 0.0895 0.3910 ± 0.0320 12

ELM 2.0699 ± 0.2992 1.1862 ± 0.0740 1.5950 ± 0.0920 0.4683 ± 0.0253 13

MLP 1.6057 ± 0.0683 1.0206 ± 0.0334 1.3772 ± 0.0413 0.4580 ± 0.0260 4

TCN 1.6061 ± 0.0688 1.0056 ± 0.0475 1.3573 ± 0.0535 0.3525 ± 0.0721 17

MTSS-LSTM 1.5751 ± 0.0079 0.9984 ± 0.0494 1.3489 ± 0.0547 0.5420 ± 0.0890 3

MTHS-GRU 1.5400 ± 0.0109 0.9729 ± 0.0094 1.3216 ± 0.0121 0.5540 ± 0.0502 2

CR-ARIMA 1.7679 1.0656 1.4661 0.3206 0

CMTL-ATCN
(proposed) 1.5233 ± 0.0093 0.9480 ± 0.0048 1.2883 ± 0.0053 0.5889 ± 0.0238 0

GDEA ENN 1.7327 ± 0.0317 1.3270 ± 0.0348 3.6604 ± 0.0890 0.6274 ± 0.1145 2

LSTM 1.6295 ± 0.0017 1.2755 ± 0.0012 3.5191 ± 0.0034 0.6393 ± 0.0013 0

GRU 1.6237 ± 0.0146 1.2321 ± 0.0148 3.4060 ± 0.0414 0.6435 ± 0.0015 0

ELM 2.7622 ± 0.2919 1.6895 ± 0.0778 4.6661 ± 0.1933 0.5031 ± 0.0236 28

MLP 1.7654 ± 0.0683 1.2850 ± 0.0480 3.5570 ± 0.1351 0.5890 ± 0.0200 1

TCN 1.7866 ± 0.0998 1.2891 ± 0.0542 3.5746 ± 0.1605 0.5880 ± 0.0210 4

MTSS-LSTM 1.7323 ± 0.0595 1.2846 ± 0.0562 3.5797 ± 0.1577 0.2510 ± 0.1130 0

MTHS-GRU 1.6100 ± 0.0130 1.2374 ± 0.0317 3.4179 ± 0.0853 0.6339 ± 0.0114 0

CR-ARIMA 1.5515 1.1198 3.0799 0.1478 0

CMTL-ATCN
(proposed) 1.5579 ± 0.0029 1.1505 ± 0.0242 3.1768 ± 0.0641 0.6250 ± 0.0137 0

HBEA ENN 1.4951 ± 0.0058 1.1660 ± 0.0052 3.1139 ± 0.0145 0.4049 ± 0.0274 0

LSTM 1.5148 ± 0.0007 1.1890 ± 0.0004 3.1741 ± 0.0011 0.4678 ± 0.0003 0

GRU 1.7231 ± 0.1050 1.3288 ± 0.0932 3.5576 ± 0.2547 0.4510 ± 0.0210 9

ELM 1.8233 ± 0.0157 1.3973 ± 0.0190 3.7213 ± 0.0546 0.3895 ± 0.0249 24

MLP 1.6265 ± 0.0117 1.2610 ± 0.0227 3.3646 ± 0.0597 0.4160 ± 0.0170 3
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Table 4. Cont.

Market Model IRMSE IMAE IMAPE CR LE (Max)

TCN 1.5075 ± 0.0074 1.1814 ± 0.0063 3.1526 ± 0.0169 0.4592 ± 0.0113 0

MTSS-LSTM 1.5496 ± 0.0192 1.2045 ± 0.0104 3.2225 ± 0.0300 0.3380 ± 0.0510 0

MTHS-GRU 1.5032 ± 0.0033 1.1807 ± 0.0025 3.1530 ± 0.0061 0.4575 ± 0.0075 0

CR-ARIMA 1.4614 1.1119 2.9704 0.1893 0

CMTL-ATCN
(proposed) 1.4631 ± 0.0179 1.1370 ± 0.0155 3.0347 ± 0.0417 0.4712 ± 0.0030 0

Notes: Entries are means ± standard deviations over random seeds; LE reports the worst seed; and
CR-ARIMA is a deterministic interval-specific statistical benchmark, reported without seed variation.

The statistical significance of these comparisons is assessed with the Diebold–Mariano
(DM) tests applied to the daily interval loss (the per-day average of the absolute errors
of the two bounds), with the Harvey small-sample correction. All models are compared
through their seed-averaged loss series. Table 5 reports the full results. At the 5% level
the proposed model attains significantly lower interval losses than six of the nine bench-
marks on CEA—including the statistical CR-ARIMA, which falls clearly behind the deep
models in this volatile, V-shaped regime—seven on GDEA, and six on HBEA. Conversely,
no benchmark—deep or statistical—is significantly better on any market. CR-ARIMA’s
nominally lower mean losses on the GDEA and HBEA markets do not reach significance,
and they are obtained with intervals that are markedly narrower and cover only a small
fraction of the realized ranges (CR 0.1478 vs. 0.6250 on GDEA and 0.1893 vs. 0.4712
on HBEA). Judged jointly on error and coverage, these narrow bands are less informa-
tive forecasts rather than better ones, and on the volatile CEA market, CR-ARIMA falls
significantly behind.

Table 5. The Diebold–Mariano tests of the proposed model against each benchmark of Table 4 on the
three markets.

Baseline CEA: DM p GDEA:
DM p HBEA:

DM p

ENN 3.22 *** 0.002 4.76 *** 0.000 6.27 *** 0.000
LSTM 2.54 ** 0.012 7.59 *** 0.000 2.61 *** 0.009
GRU 3.90 *** 0.000 0.96 0.340 1.84 * 0.067
MLP 1.71 * 0.089 2.51 ** 0.013 3.36 *** 0.001
ELM 4.04 *** 0.000 6.27 *** 0.000 8.07 *** 0.000
TCN 1.92 * 0.056 2.24 ** 0.026 1.98 ** 0.049

MTSS-LSTM 3.49 *** 0.001 2.49 ** 0.014 2.88 *** 0.004
MTHS-GRU 1.18 0.239 7.96 *** 0.000 1.97 * 0.050
CR-ARIMA 2.59 ** 0.010 −1.24 0.216 −1.61 0.109

Notes: *, **, and *** denote significance at the 10%, 5%, and 1% levels.

3.4. Ablation Studies

To assess the contribution of each component, we conduct an ablation study in which
individual modules are removed or replaced (Table 6). The results (Table 7) confirm
the following:

(1) Adding the multi-source block lowers IRMSE for both extractors on all three markets
(for TCN, from 1.6061 to 1.5426 on CEA, 1.7866 to 1.6222 on GDEA, and 1.5075 to 1.4784
on HBEA; for ATCN, from 1.5832 to 1.5678, 1.7337 to 1.5900, and 1.4906 to 1.4659).
The constrained multi-task formulation then improves the ATCN chain on every
market (from 1.5678 to 1.5233, 1.5900 to 1.5579, and 1.4659 to 1.4631) and eliminates
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the logic violations that the single-task configurations incur on CEA and GDEA. Both
constrained configurations (CMTL-TCN and CMTL-ATCN) are violation-free on every
market and seed.

(2) The attention-based extractor contributes consistently. CMTL-ATCN improves on
CMTL-TCN on every market (1.5233 vs. 1.5544 on CEA, 1.5579 vs. 1.6009 on GDEA,
and 1.4631 vs. 1.4785 on HBEA), and the price-only ATCN improves on the TCN on
all three markets (1.5832 vs. 1.6061, 1.7337 vs. 1.7866, and 1.4906 vs. 1.5075). Only
with multi-source inputs is its effect regime-dependent, helping on GDEA and HBEA
but not on CEA (1.5678 vs. 1.5426).

(3) The complete CMTL-ATCN attains the lowest IRMSE on all three markets and the
highest coverage on CEA and GDEA. It achieves the lowest errors, top-tier coverage,
and zero logic errors jointly across all three markets.

Table 6. Experimental model comparison.

Model Multi-Source Attention CMTL Purpose

TCN ✗ ✗ ✗ Baseline model with only historical prices
TCN-MS ✓ ✗ ✗ To validate the contribution of multi-source data

ATCN ✗ ✓ ✗ To validate the advantage of the attention module

ATCN-MS ✓ ✓ ✗
To evaluate the combined effect of multi-source

data and attention

CMTL-TCN ✓ ✗ ✓
To validate the effect of CMTL under

multi-source data
CMTL-ATCN

(proposed) ✓ ✓ ✓
Full model: multi-source data + attention +

CMTL

Table 7. Experimental results.

Market Model IRMSE IMAE IMAPE CR LE (Max)

CEA TCN 1.6061 1.0056 1.3573 0.3525 17
TCN-MS 1.5426 0.9454 1.2886 0.4870 12

ATCN 1.5832 0.9619 1.3130 0.3525 19
ATCN-MS 1.5678 0.9666 1.3133 0.4991 13

CMTL-TCN 1.5544 0.9750 1.3212 0.5150 0
CMTL-ATCN (proposed) 1.5233 0.9480 1.2883 0.5889 0

GDEA TCN 1.7866 1.2891 3.5746 0.5880 4
TCN-MS 1.6222 1.2232 3.3835 0.6217 3

ATCN 1.7337 1.2930 3.5654 0.5912 3
ATCN-MS 1.5900 1.2064 3.3374 0.6236 1

CMTL-TCN 1.6009 1.2356 3.4140 0.6130 0
CMTL-ATCN (proposed) 1.5579 1.1505 3.1768 0.6250 0

HBEA TCN 1.5075 1.1814 3.1526 0.4592 0
TCN-MS 1.4784 1.1575 3.0919 0.4440 0

ATCN 1.4906 1.1721 3.1288 0.4691 0
ATCN-MS 1.4659 1.1442 3.0549 0.4860 0

CMTL-TCN 1.4785 1.1565 3.0904 0.4429 0
CMTL-ATCN (proposed) 1.4631 1.1370 3.0347 0.4712 0

Notes: Entries are means over random seeds; LE reports the worst seed.

3.5. Computational Cost

Table 8 reports model sizes and training costs. The proposed model contains
about 329K trainable parameters—fewer than the recurrent baselines (LSTM 1.32M, GRU
0.99M)—and converges within 28 epochs on average; a single one-day-ahead forecast takes
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about 4 ms. The additional cost relative to the lightest baselines is modest in absolute terms,
and real-time deployment at daily frequency is unproblematic.

Table 8. Computational cost (CPU; averages over seeds and markets).

Model Trainable Params Epochs to
Converge Training Time (s)

CMTL-ATCN
(proposed) 329K 28 174

LSTM 1.32M 16 6
GRU 990K 16 7
ENN 330K 17 3
TCN 67K 30 17
MLP 14K 33 <1
ELM 5.5K (non-gradient) — (closed-form) <1

Notes: ELM has no iterative training, as its hidden layer is fixed and random and its output layer is
obtained by a closed-form least-squares solution.

4. Conclusions
This study develops a novel interval carbon price forecasting model, CMTL-ATCN,

within a multi-task deep learning framework. The model integrates heterogeneous
information sources—historical carbon prices, market trading data, and related asset
prices—through a hard parameter sharing mechanism and uses the ATCN for feature
abstraction. A logic-constrained loss function is further incorporated to guarantee the
consistency and plausibility of the predictions.

Empirical results on China’s national carbon market (CEA), the Guangdong regional
market (GDEA), and the Hubei pilot market (HBEA) show that the proposed model
consistently outperforms classical benchmarks. It attains the lowest interval forecast errors
among the nine deep models while eliminating logically inconsistent forecasts entirely
across all markets. In addition, the ablation study attributes the framework’s behavior
to complementary components. The multi-source block lowers errors for both extractors
on all three markets, the attention-based extractor consistently improves the multi-task
variants, and the constrained multi-task formulation delivers the chain’s lowest errors on
every market together with the elimination of logic violations.

Several limitations remain. First, the data are confined to market-level information:
although policy shocks and macroeconomic indicators are widely recognized as influential
in carbon markets, they were not included here because of frequency misalignment. Second,
the proposed model has limited interpretability; given its complexity and the present focus
on predictive accuracy, a systematic interpretability analysis was beyond the scope of this
study. Future work will integrate mixed-frequency data sources, incorporate interpretability
techniques for analysis of the relative value of data sources, and augment the interval
forecasts with calibrated confidence-level bands to serve risk management applications
more directly.
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Appendix A. Evaluation Metrics
The forecasting results are evaluated from two perspectives: validity and accuracy.

The validity metrics are the coverage ratio (CR) and the logic error (LE). The CR measures
the average fraction of the realized daily high–low interval that is covered by the predicted
interval, an interval-overlap ratio defined against the realized intraday range. The LE counts
the number of forecasts in which the predicted upper bound falls below the predicted
lower bound; it is reported as an absolute count over the test set. Accuracy is quantified by
the Interval Mean Absolute Error (IMAE), the Interval Root Mean Square Error (IRMSE),
and the Interval Mean Absolute Percentage Error (IMAPE). The metrics are summarized in
Table A1.

Table A1. Overview of evaluation metrics.

Indicators Purpose and Definition Formula

CR Measures the extent to which the predicted
interval covers the actual interval. CR =

1
N

N
∑

t=1

ω
(︁
Y(t) ∩ Ŷ(t)

)︁
ω(Y(t))

,

LE
Counts the number of test set forecasts whose

predicted upper bound falls below the
predicted lower bound.

LE =
N
∑

t=1
a(t), a(t) =

{︄
1, ŷh(t) < ŷl(t)
0, otherwise

,

IMAE
Measures the average absolute deviation
between the predicted and actual interval

boundaries.
IMAE = 1

2N

N
∑

t=1

[︁⃓⃓
yh(t)− ŷh(t)

⃓⃓
+

⃓⃓
yl(t)− ŷl(t)

⃓⃓]︁
,

IRMSE An error metric that disproportionately
penalizes large prediction errors. IRMSE =

1
2

[︄√︄
1
N

N
∑

t=1

(︁
yh(t)− ŷh(t)

)︁2
+

√︄
1
N

N
∑

t=1

(︁
yl(t)− ŷl(t)

)︁2

]︄
,

IMAPE A dimensionless percentage error, used for
cross-dataset comparison. IMAPE =

1
2N

N
∑

t=1

[︄⃓⃓⃓⃓
⃓ yh(t)− ŷh(t)

yh(t)

⃓⃓⃓⃓
⃓+

⃓⃓⃓⃓
⃓ yl(t)− ŷl(t)

yl(t)

⃓⃓⃓⃓
⃓
]︄

,

Note: Y(t) = [yh(t), yl(t)] is the actual interval at time t, Ŷ(t) =
[︂
ŷh(t), ŷl(t)

]︂
is the predicted interval,

N is the length of the test set, and ω(·) denotes the interval width.
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