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Abstract

This paper starts with the transition from classical physics to quantum mechanics which
was greatly aided by the concept of phase space. The role of canonical transformations
in quantum mechanics is addressed. The Wigner phase-space distribution function is
then defined which arises from the formulation of the density matrix, followed by the
harmonic oscillator in phase space. Coherent and one- and two-mode squeezed states of
light as well as the squeezed vacuum are discussed in the phase-space picture. Attention
is also drawn to the fact that squeezed states naturally generate entanglement between
the two-modes. Coupled harmonic oscillators are also elucidated in connection with the
Wigner phase space. Note that the phase-space picture of quantum mechanics has become
an important scientific language for the rapidly expanding field of quantum optics. Here,
we mainly focus on the simplest form of the Wigner function, which finds application in
many branches of quantum mechanics. We make use of several symmetry groups such
as Lorentz groups, the symplectic group in two and four dimensions, and the Euclidean
group. The decoherence problem of an optical field is examined through a reformulation of
the Poincaré sphere as a further illustration of the density matrix.

Keywords: Wigner’s phase space; Wigner function; density matrix; Wigner function of
harmonic oscillator; canonical transformations; coherent states; single-mode squeezed state;
squeezed vacuum; two-mode squeezed states of light; decoherence and the Poincaré sphere
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1. Introduction
In this paper, we review in a unified framework the concepts of quantum phase space,

canonical transformations, the density operator, the Wigner distribution function, and
harmonic oscillator in phase space, in order to elucidate squeezed states of light using
the Wigner phase-space distribution function. The approach we take, namely, using the
Wigner phase-space distribution function, should provide a better understanding of how
these tools in quantum optics are coordinated to form a unified picture. In particular, the
backbone of this unification is provided by a group-theoretical treatment.

We start with the Hamiltonian formalism of classical mechanics that forms the origin
of the concept of phase space in which a dynamical system depends on both independent
coordinate variables and momentum variables. A phase space thus consists of 2n Cartesian
coordinate variables [1]. This phase-space formalism is the starting point for the modern ap-
proach to classical mechanics [2,3], which includes nonlinear dynamics and chaos [4]. Phase

Mathematics 2026, 14, 335 https://doi.org/10.3390/math14020335

https://crossmark.crossref.org/dialog?doi=10.3390/math14020335&domain=pdf&date_stamp=2026-01-21
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-3795-7565
https://orcid.org/0000-0002-2442-1622
https://doi.org/10.3390/math14020335


Mathematics 2026, 14, 335 2 of 45

space in quantum mechanics is explored in the books [5,6]. The phase-space formalism is
quite different from that of the Schrödinger and Heisenberg formulations.

Linear canonical transformations correspond to unitary transformations in Schrödinger
quantum mechanics. The symplectic group [7] provides the mathematics for linear canoni-
cal transformations. Homogeneous linear canonical transformations in phase space can
consist of n pairs of canonical variables which are governed by the group Sp(2n) [8,9]. In
this paper, physical problems requiring one and two pairs of canonical variables are our
primary concern. The symmetry group for one pair of canonical variables is the inhomo-
geneous symplectic group commonly denoted by ISp(2), which has the two-dimensional
homogeneous symplectic group Sp(2) as a subgroup. Included also is the two-dimensional
Euclidean group E(2) and the Lorentz group SO(2, 1), which is locally isomorphic to the
Sp(2) group. The four-dimensional phase space has two pairs of canonical variables and
is governed by the (3 + 2)-dimensional de Sitter (Lorentz SO(3, 2)) group that is locally
isomorphic to the Sp(4) group. All of the groups mentioned above are Lie groups.

Similar to the wave function playing the central role in the Schrödinger picture,
the starting point in the phase-space picture of quantum mechanics is provided by the
distribution function introduced by Wigner [10]. Linear canonical transformations in
phase space are directly applicable to the Wigner function and correspond to unitary
transformations in the Schrödinger picture of quantum mechanics. Strictly defined within
the framework of quantum mechanics, the Wigner distribution function is defined in phase
space where both x and p are c-numbers. Since in quantum mechanics, the position and
momentum variables cannot be simultaneously measured, the problem of how to represent
the uncertainty principle in this picture must be answered. In optics, and particularly in
quantum optics, the associated physics can be described by using the Wigner phase space.
We let the x-axis and the p-axis be orthogonal to each other. In this context, Heisenberg’s
uncertainty relation becomes ∆ x∆ p ≥ 1/4 with ∆ x and ∆ p representing uncertainties
in the two quadratures. Then, in terms of uncertainties, we present the area of a circle
centered around some (x, p). When we “squeeze” the circle, it becomes an ellipse while
preserving the area. This is shown pictorially in Figure 1. The fact that uncertainty in one
quadrature can be reduced at the expense of increased uncertainty in the other quadrature
is one of the most prominent features of squeezed light. We discuss this further in terms of
the squeezed states of light in Section 6.

x

p

∆x

∆p

∆x

∆p

Figure 1. The blue circle corresponds to the initial vacuum state in phase space, whose area is
proportional to and a representative of minimum uncertainty ∆ x∆ p = 1/4. When the circle is
squeezed, it is transformed into an ellipse, shown in red. This has the same area as the circle and thus
is also a representative of minimum uncertainty.
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In formulating phase space, the Wigner phase-space distribution function is very
closely related to the density matrix. The density matrix formalism is a convenient repre-
sentation for pure and mixed (non-pure) states and is especially important when not all
measurable variables are measured in laboratories. Von Neumann, and separately, Landau,
introduced the statistical (density) operator in [11–13]. Dirac’s contribution ensured that
the concept was well understood [14]. Since then, there have been many books [15] and
articles [16] dedicated to the subject of the density matrix. Because the density matrix and
the Wigner function are directly related, the Wigner function also addresses various treat-
ments of the density matrix. Photonics and classical-wave analogs, coherency (polarization)
matrices, and Stokes parameters for partially coherent light rely on the density matrix, as
does radio-astronomy interferometry and adaptive optics mirrors. We discuss some of this
in Section 10.

Phase space is extensively employed to advance knowledge in the realms of quantum
optics [17–20], quantum computing [21–23], quantum communication [24], in a wide range
of two-mode quantum models as quantum information [25], in condensed matter [26],
many-body physics [27], high-energy physics [28,29], nuclear physics [30], collisions in
atomic physics [31,32], and decoherence [33–37]. In the context of quantum information, the
focus is on discrete quantum systems, where an associated Wigner function is introduced
pertinent to the system described [38]. The symmetry properties of those systems rely on
the groups SU(2) [25] and SU(1, 1) [39].

We note that the Wigner function that we particularly focus on in this article is not the
only phase-space distribution function. There are equivalent ways to represent the same
density operator ρ̂ differing only by operator ordering. For instance, when considering
the Cahill–Glauber s−ordered quasiprobabilities W(s)(α), s ϵ [−1, 1] (where s encodes the
ordering choice), we have these three well-known examples [40,41]:

i. s = +1 : P(α) (normal ordering),
ii. s = 0 : W(α)Wigner (Weyl / symmetric ordering)
iii. s = −1 : Q(α) (antinormal ordering)
where P(α) stands for Glauber–Sudarshan and Q(α) stands for Husimi phase-space distri-
butions. We shall not go into the details of these probability distribution functions; however,
an interested reader can see the following recent references in that regard [42,43].

The quantum information field arising from quantum optics has extremely profited
from utilizing continuous-variable (CV) quantum information carriers as an alternative
for qubits [44]. It is observed that CV photonics is highly effective in generating many
entangled modes by means of producing and using many distinct squeezed modes of light.
The most familiar example of continuous quantum information is the quantized harmonic
oscillator, which can be described by continuous variables, namely, the position and mo-
mentum variables [45,46], as discussed in this article. There are many theoretical papers
that study this topic by using Wigner functions [44] as well as those from an experimental
standpoint [47,48]. Experimental approaches extend to quantum error correction and
deterministically encoded quantum information which employ superconductivity as well
as harmonic oscillators [49,50] and to another that employs superconductivity and Wigner
tomography along with superposition to measure arbitrary quantum states [51].

The theoretical framework of quantum optics is based on coherent and squeezed
states of light and begins with the creation and annihilation operators, which consist
of the harmonic oscillator step-up and step-down operators, respectively, in Fock space.
Unitary transformations produced by the linear form of these operators in the vacuum
state generate coherent states. When the transformation is generated by the quadratic
form of these creation and annihilation operators, a squeezed state results, and when the
quadratic form involves two different photons, a two-mode squeezed state is generated. In
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the Schrödinger picture of quantum mechanics, the theory of coherent and squeezed states
can be considered as essentially an algebra of creation and annihilation operators applied
to harmonic-oscillator states in Fock space. In that space, generalized multi-mode squeezed
states can also be constructed [52–54]. It is also claimed that higher-mode squeezed states
can be viewed as an effective approach to improve entanglement [55]. By using canonical
transformations in quantum phase space, every coherent or squeezed state can be generated
from the vacuum state. Consequently, their symmetry properties are retained as they are
inherited from the vacuum through these transformations.

We make a few definitions before we start, which are useful as we continue with the
main body of the paper. Unless explicitly stated, we use c = h̄ = 1. We also note that
the trace and the determinant operation result in c-numbers. A Lie group [8] is a group
that is also a smooth manifold, where the group operations, specifically multiplication and
inversion, are smooth maps. The properties of Lie groups are determined by a closed set
of generators, which are known as the Lie algebra of the group. The Lie algebra can be
obtained from the Lie group by exponentiation. If X is considered as any complex-valued
square matrix, then

exp X =
∞

∑
n=0

1
n!

Xn. (1)

The group element that corresponds to any parameter σ is then derived from

G(σ) = exp[−iσX]. (2)

In return, the algebra for any particular Lie group is obtained by differentiation

i
d

dσ
G(σ)

∣∣∣
σ=0

= Xσ. (3)

Furthermore, we shall consider the four-dimensional spacetime manifold that has coordinates

xµ = (t,−z,−x,−y). (4)

Lorentz transformations are traditionally defined as the group that preserves the inner
product xµxµ = (t2 − z2 − x2 − y2). Then, we have xµ = ηµνxν, where in the Minkowski
metric, ηµν = diag(1,−1,−1,−1). Specifically,

ηαβaα
µaβ

ν = ηµν, (5)

where aα
µ are taken to be the components of the transformation matrix. Here, the reorder-

ing of coordinates as in Equation (4) is convenient for our purposes, as in many cases, one
can ignore the x, y coordinates and only work with the t, z coordinates. The coordinate z is
distinctive as it is common practice to boost along that direction in special relativity. Also, in
optics, the optical axis is usually chosen to be the z-axis. When the Lorentz transformations
are restricted to the condition that det aα

µ = 1, i.e., no space reflections, and to a0
0 ≥ 0, i.e.,

no time inversion, this group is called the proper, orthochronous Lorentz group SO(3, 1).
In Section 2, classical and quantum phase spaces are defined. In Section 3, linear

canonical transformations are discussed along with some symmetry groups. Section 4
defines the Wigner function and the density matrix, while Section 5 deals with harmonic
oscillators in phase space. Section 6 consists of coherent states, the squeezed vacuum, and
one-mode squeezed states. In Section 7, the symmetries of two-mode states and Wigner
functions related to the symmetries of two-mode states are presented. In Section 8, the
overlap of Wigner functions and squeezed states of light are given. Section 9 discusses
coupled harmonic oscillators and entanglement. In Section 10, we present the density matrix
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and the Poincaré sphere, followed by Section 11, which gives conclusions. Appendix A
defines the proper, orthochronous Lorentz group SO(3, 1) and the special linear group
SL(2, C). Appendix B details the correspondence between the annihilation and creation
and the phase-space operators and gives the commutation relations for the Lorentz group
SO(3, 2).

2. Classical and Quantum Phase Spaces
The Lagrangian and Hamiltonian formalisms serve as reformulations of Newton’s

second law in classical mechanics. Suppose a dynamical system has n independent coordi-
nates x1, x2, · · · , xn; the Lagrangian is a function not only of these coordinates and their
time derivatives but also of the time variable:

L = L (x1, x2, · · · , xn; ẋ1, ẋ2, · · · , ẋn; t). (6)

The momentum variable conjugate to x is defined as

pi =
∂L

∂ẋi
. (7)

The Hamiltonian is then defined as

H = ∑
i

ẋi pi −L . (8)

For each i, the Hamiltonian equation of motion can be written as

ẋi =
∂H

∂pi
, ṗi = −∂H

∂xi
. (9)

The Hamiltonian can now be regarded as a function of x1, x2, · · · , xn and p1, p2, · · · , pn.
Therefore, the Hamiltonian formalism describes a dynamical system of n degrees of freedom
given by n coordinate variables x1, x2, · · · , xn, and their conjugate momenta p1, p2, · · · , pn.
Now, the 2n-dimensional space that is spanned by n coordinate and n momentum variables
is called a phase space.

For one degree of freedom, the dynamical system can be completely determined by a
two-dimensional phase space. For a one-dimensional harmonic oscillator, the Hamiltonian
is the total energy, and the trajectory is an ellipse in the phase space of x and p. If there is
one free particle, this corresponds to one point in phase space and traces a trajectory that
is in a line parallel to the x axis, with a fixed value of p. For N particles, there will be N
points and N trajectories. For N large, the problem is treated statistically.

Consider a volume element in phase space, ∆x1∆x2 · · ·∆xn∆p1∆p2 · · ·∆pn. This then
has a probability distribution function given by f (x1, x2, · · · , xn, p1, p2, · · · , pn, t) such that
the distribution function is normalized:∫

f (x1, x2, · · · , xn, p1, p2, · · · , pn, t) dx1dx2 · · · dxndp1dp2 · · · dpn = 1, (10)

because the total number of particles N is distributed throughout the phase space. If
our interest is in distributions in one pair of variables, x1 and p1, then the probability
distribution in this two-dimensional phase space is:

f (x1, p1, t) =
∫

f (x1, x2, · · · , xn, p1, p2, · · · , pn, t) dx2 · · · dxndp2 · · · dpn. (11)
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The phase space distribution function for a given f (x1, p1, t) does not have to be
unique [56], as a function g(x1, p1, t) can always be constructed such that∫

g(x1, p1, t)dx1dp1 = 0, (12)

can be added to f (x1, p1, t). This then enables us to define a quantum phase space drastically
different from a classical phase space.

The time derivative of the distribution function f (x1, p1, t) is given by

d f
dt

= ∑
i

(
∂ f
∂xi

ẋi +
∂ f
∂pi

ṗi

)
+

∂ f
∂t

. (13)

Consider writing the time derivative of f given in Equation (13) as

d f
dt

= ∑
i

(
∂

∂xi
( f ẋi) +

∂

∂pi
( f ṗi)

)
+

∂ f
∂t

. (14)

This is equivalent to Liouville’s continuity equation in phase space.

3. Linear Canonical Transformations in Quantum Mechanics
The transformations which leave the form of Hamilton’s equations invariant are called

canonical transformations in classical mechanics [1]. The transformation from one pair of
variables (x, p) to (x′, p′) is canonical when

∂x′

∂x
∂p′

∂p
− ∂p′

∂x
∂x′

∂p
= 1. (15)

Thus, in two-dimensional phase space, canonical transformations are those that are area-
preserving. The group of homogeneous linear canonical transformations consists of ro-
tations and squeezes and is called Sp(2) [57]. When translations are added, the group is
inhomogeneous; then, we use the augmented coordinate system of (x, p) as (1, x, p). The
transformations of this group acting on (1, x, p)T can be represented by a 3 × 3 matrix:(

1 0
v M

)
, (16)

where M belongs to Sp(2) and v = (a, b)T with a, b real parameters. This group is
called ISp(2).

Let us first consider translations in phase space that take the form

x′ = x + a, p′ = p + b. (17)

These can be represented by defining the translation matrix T(a, b) and writing 1
x′

p′

 =

1 0 0
a 1 0
b 0 1


1

x
p

. (18)

Two translation matrices T(a, b) and T(a′, b′) commute with each other, and hence the
translations form an invariant group. The matrices are also commutative, so these matrices
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form an Abelian invariant group. This translation group is now supplemented by the
rotation around the origin by (θ/2) that has the augmented form

R(θ) =

1 0 0
0 cos(θ/2) − sin(θ/2)
0 sin(θ/2) cos(θ/2)

. (19)

Rotations form a one-parameter group. This rotation matrix can be multiplied by the
translation matrix of Equation (18) or vice versa, but the two matrices do not commute
with each other as can be easily seen by direct multiplication.

The transformations consisting of rotations around the one axis and translations in
two dimensions are called the two-dimensional Euclidean group, known as E(2). This
group occupies an important place in the theory of massless particles [58,59] and is the
fundamental language for the coherent state representation of light [60].

Let us consider the generators of the transformation given in Equations (18) and (19).
The translation matrix T(a, b) given in Equation (18) can be written as

T(a, b) = e−i(aP1+bP2), (20)

where the generators, P1 and P2, are

P1 =

0 0 0
i 0 0
0 0 0

, P2 =

0 0 0
0 0 0
i 0 0

. (21)

The rotation matrix is generated by

J2 =

0 0 0
0 0 −i/2
0 i/2 0

, (22)

and
R(θ) = e−iθ J2 . (23)

The generators J2, P1, and P2 satisfy the following commutation relations:

[P1, P2] = 0, [P1, J2] = − i
2

P2, [P2, J2] =
i
2

P1. (24)

Indeed, J2, P1, and P2 satisfy closed commutation relations forming the Lie algebra for
the two-dimensional Euclidean group consisting of rotations and translations in a two-
dimensional space [58,61].

In addition to rotations and translations, a phase space also allows squeezes S(θ, λ)

where λ is the hyperbolic squeeze parameter which describes the strength of the squeeze.
We have eλ > 0 and e−λ > 0 for all real λ. The range of the angle θ is 0 ≤ θ < 2π.
Both λ and θ are dimensionless parameters. Then, S(0, λ) takes the form

S(0, λ) =

1 0 0
0 eλ/2 0
0 0 e−λ/2

 (25)
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for the augmented coordinate system as in Equation (16). The elongation along the x axis
necessarily yields to the contraction along the p axis to preserve the area in the phase space.
For the squeeze along the (θ/2) direction, we use R(θ) from Equation (19), so we have

R(θ)S(0, λ)R(−θ)

=

1 0 0
0 cosh(λ/2) + (cos θ) sinh(λ/2) (sin θ) sinh(λ/2)
0 (sin θ) sinh(λ/2) cosh(λ/2)− (cos θ) sinh(λ/2)

. (26)

The matrix in Equation (25), written in two-dimensional form, satisfies the symplectic
condition [59]:

S(θ, λ)JS(θ, λ)T = J, (27)

where J is

J =

(
0 1
−1 0

)
. (28)

Since a canonical transformation in quantum mechanics can be followed by another
canonical transformation, the most general form of the transformation matrix is a product
of the above three forms of matrices. This mathematics is simplified by using the generators
of the transformation matrices.

The squeeze matrix of Equation (25) can be written as:

S(0, λ) = e−iλK3 . (29)

The generator K3 is given in Table A1. Its augmented form is:1 0 0
0 i/2 0
0 0 −i/2

. (30)

Since the squeeze matrix of Equation (25) generates symplectic transformations, we
consider first the symplectic group Sp(2) [9,60], which is also known as SL(2, R), the
special real linear group in two dimensions. As the Lorentz transformations associated
with SL(2, R) are real, the generators must be imaginary. The following generators form the
Lie algebra of the Sp(2) group. They are the rotation generator J2 and the boost generators
K1 and K3, as given in two-by-two form in Table A1. The commutation relations for these
generators are

[K1, K3] = −i J2, [K3, J2] = −iK1, [K1, J2] = iK3. (31)

The group generated by the three generators in Equation (31) operates in the (x, p) plane
and is isomorphic (one-to-one and onto) the Lorentz group SO(2, 1), which operates in the
(x, y) plane. The connection between the two groups has been extensively discussed in the
literature [59].

However, the generators for the Lorentz group SO(2, 1) are different. They are K1, K2,
and J3. The matrices J3, K1, and K2, as given in Table A1, satisfy the following commuta-
tion relations:

[K1, K2] = −i J3, [K1, J3] = −iK2, [K2, J3] = iK1. (32)

This set of commutation relations forms the Lie algebra for the SO(2, 1) Lorentz group [59]
that acts mainly in the (x, y) plane. Although this Lorentz group is applicable to the
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(t, x, y) coordinates, rotation around the z-axis which does not change the group extends
the representation to the full (t, z, x, y) space. Calculations in high-energy physics that
involve Lorentz transformations are frequently based on SO(2, 1) [59]. This group has also
become a basic language in classical and quantum optics [62,63].

The inhomogeneous symplectic group in the two dimensions ISp(2) or ISL(2 R) has
also found some applications in canonical transformations [64,65]. This group is formed by
adding a translation component to the Sp(2) group. If we take into account the translation
operators, the commutation relations become

[K1, P1] =
i
2

P2, [K1, P2] =
i
2

P1

[K3, P1] =
i
2

P1, [K3, P2] = − i
2

P2. (33)

These commutators, together with those of Equation (31), form the set of closed commu-
tation relations (or Lie algebra) for the group of canonical transformations in quantum
mechanics. This group is the inhomogeneous symplectic group in the two dimensions
or ISp(2).

In Figure 2, we illustrate the Sp(2) group. Lorentz transformations in the Wigner
phase space are symplectic transformations.

x

p

x

p

Squeeze ⇔ Boost along z Squeeze+Rotation ⇔ Boost along x

Figure 2. The transformations of Sp(2) produce rotations and squeezes. The circle in this figure
corresponds to a Gaussian distribution. As shown on the left, the Lorentz boost of SO(2, 1) along
the z-direction corresponds to the squeeze of Sp(2) along the x-axis of the phase space. On the right
is the action of the rotated squeeze of Sp(2), which transforms the circle into a tilted ellipse whose
major axis is aligned along the p = x line. This transformation corresponds to the boost along the
x-direction of SO(2, 1).

4. The Wigner Function and the Density Matrix
Consider a wave function that depends on x1, x2, · · · , xn, and t. We can define the

density matrix for this wave function as

ρ(x1, · · · , xn; x′1, · · · , x′n; t) = ∑
k

wkψk(x1, · · · , xn, t)ψ∗
k (x′1, · · · , x′n, t). (34)

Then, it is straightforward to generalize the single variable-density matrix [15,66], with the
normalization constant

∑
n

wk = 1. (35)
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The density matrix forms the transition from the Schrödinger wave function to the Wigner
function. For n pairs of canonical variables, the Wigner function can be written as [10,67]

W(x1, · · · , xn; p1, · · · , pn; t) =
(

1
π

)n ∫
exp{2i(p1y1 + · · ·+ pnyn)}

×ρ(x1 − y1, · · · , xn − yn; x1 + y1, · · · , xn + yn; t) dy1dy2 · · · dyn. (36)

Here, (1/π) forms the normalization constant, xi and pi are c-numbers, and the Wigner
function is defined over the 2n-dimensional phase space. When the system is in a pure
state with the wave function ψ(x1, · · · , xn, t), we have

W(x1, · · · , xn; p1, · · · , pn; t) =
(

1
π

)n ∫
exp{2i(p1y1 + · · ·+ pnyn)}

×ψ∗(x1 + y1, · · · , xn + yn, t)ψ(x1 − y1, · · · , xn − yn, t) dy1 dy2 · · · dyn. (37)

To study the properties of the pure-state Wigner function let us start with the simplest form,
which is when the system depends only on one pair of x and p variables. Then, the Wigner
function takes the form

W(x, p, t) =
1
π

∫
e2ipyψ∗(x + y, t)ψ(x − y, t) dy. (38)

The Wigner function does not depend on time if the wave function ψ(x) does not depend
on time. Therefore, the most frequently seen Wigner function in the literature is of the form

W(x, p) =
1
π

∫
e2ipyψ∗(x + y)ψ(x − y) dy. (39)

The time-dependent Wigner function can be derived from a time-dependent wave
function by using the time-dependent Schrödinger equation:

i
∂

∂t
ψ(x, t) = − 1

2m
∂2

∂x2 ψ(x, t) + V(x)ψ(x, t). (40)

Here, m is the mass of the particle, and V(x) is the potential. Depending on the form of
V(x) this can be an infinite-order differential equation. On the other hand, if

∂3

∂x3 V(x) = 0, (41)

then Equation (40) can be reduced to the classical Liouville equation:

∂

∂t
W(x, p, t) =

(
∂H
∂x

)
∂

∂p
W(x, p, t)−

(
∂H
∂p

)
∂

∂x
W(x, p, t). (42)

The Wigner distribution function satisfies Equation (42) if the potential is of the form
V(x) = ax2 + bx + c. Although the classical phase-space and the Wigner distribution
functions share the same mathematics, the classical phase-space distribution is a probability
distribution in phase space [1,56], while the Wigner distribution is not [10,67].

Let us consider a system that is in the state ψ(x). When an observation is made that
results in the state vector of the system becoming ϕ(x), the probability of this observation
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is | (ψ, ϕ) |2. This is the absolute square of the scalar product of the two state vectors. If the
Wigner function is used, the transition probability between the two states takes the form

| (ψ(x), ϕ(x)) |2= 2π
∫

Wψ(x, p)Wϕ(x, p) dx dp. (43)

If ψ and ϕ are orthogonal, Equation (43) must vanish everywhere in phase space. This is not
possible if both Wigner functions are positive everywhere in phase space and thus provides
clear proof that the Wigner function cannot be positive everywhere in phase space.

Let us explore the Wigner function for two simple values of the potential in
Equation (40):

(i) If the particles are free, the potential V(x) = 0, the quantum Liouville equation
reduces to

∂

∂t
W(x, p, t) = −

( p
m

) ∂

∂x
W(x, p, t). (44)

The solution of this differential equation is of the form

W(x, p, t) = W(x − pt/m, p). (45)

This solution is represented through a canonical coordinate transformation: 1
x′

p′

 =

1 0 0
0 1 t/m
0 0 1


1

x
p

. (46)

This corresponds to the wave packet spread. If the Wigner function has a Gaussian distri-
bution of the form

W(x, p, t = 0) =
1
π

exp
{
−
(

x2 + p2
)}

, (47)

the time evolution of the Wigner function becomes

W(x, p, t) =
1
π

exp{−[(x − pt/m)2, p2]}. (48)

This distribution is concentrated around the Gaussian distribution. A transformation of
this type is also known as “shear” as shown in Figure 3.

x

p

Spread

(p/m)t

Figure 3. The spread of the Gaussian wave packet. The circle represents the Gaussian distribution,
while the tilted ellipse represents the time development [68].

(ii) If the potential is V(x) = gx, as in the case of a particle in a constant gravitational
field, the quantum Liouville equation becomes

∂

∂t
W(x, p, t) = −

( p
m

) ∂

∂x
W(x, p, t) + g

∂

∂p
W(x, p, t). (49)
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If the Wigner distribution function is known at t = 0, then the solution of this differential
equation is

W(x, p, t) = W(x − pt/m, p + gt). (50)

As time progresses, the phase-space distribution moves from p = 0 to p = −gt. At the
same time, x = 0 moves to pt/m. The solution can therefore be represented by a canonical
coordinate transformation:  1

x′

p′

 =

 1 0 0
0 1 t/m

−gt 0 1


1

x
p

. (51)

This means that the solution of the Liouville equation for the linear potential can be
represented by a linear canonical coordinate transformation.

Using the time independent Wigner function as given in Equation (39), it is possible to
convert the Wigner function back to the density matrix:

ρ(x, x′) =
∫

W
(

x + x′

2
, p
)

e−ip(x−x′) dp. (52)

Using this relation, we can calculate the trace of the density function as Tr(ρ) and Tr(ρ2)

from the Wigner function. From Equation (52), Tr(ρ) is

Tr(ρ) =
∫

ρ(x, x)dx =
∫

W(x, p) dx dp = 1. (53)

Two different Wigner functions W1 and W2 can be constructed from two different density
matrices ρ1 and ρ2. Then,

Tr(ρ1ρ2) =
∫ {∫

ρ1(x, x′)ρ2(x′, x) dx′
}

dx

= 2π
∫

W1(x, p)W2(x, p) dx dp. (54)

Consequently,

Tr(ρ2) =
∫

ρ(x, x′)ρ(x′, x) dx′ dx

= 2π
∫
(W(x, p))2 dx dp. (55)

As can be seen, this quantity is equal to one. The density matrix is in a pure state.
The best known example of both the density function and the corresponding Wigner

function is the harmonic oscillator in thermal equilibrium [56]. The density matrix is
given by

ρT(x, x′) =
(

1 − e−ω/kT
)

∑
n

e−nω/kTψn(x)ψ∗
n(x′). (56)

Here, ω is the energy separation, T is the temperature, and k is the Boltzmann constant. For
this matrix, Tr(ρ) is

Tr(ρT) =
∫

ρT(x, x) dx =
(

1 − e−ω/kT
)

∑
n

e−nω/kT . (57)
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This matrix becomes one after summation. Then, Tr
(
ρT

2) is

Tr(ρTρT) =
∫ {∫

ρT(x, x′) ρT(x′, x) dx′
}

dx. (58)

From the expression of Equation (56),

Tr
(

ρT
2
)
=
(

1 − e−ω/kT
)2

∑
n

e−2nω/kT = tanh(ω/2kT). (59)

This is less than one and becomes one only when T becomes zero. When T = 0, the system
is in a pure state. This is the ground state of the harmonic oscillator.

The Wigner function for this harmonic oscillator is

WT(x, p) =
(

1 − e−1/kT
)

∑
n

e−n/kTWn(x, p), (60)

where Wn(x, p) is the Wigner function for the nth excited-state harmonic oscillator. Wn(x, p)
is derived in the following section.

5. Harmonic Oscillators in Phase Space
The one-dimensional harmonic oscillator using the classical Hamiltonian is

H =
1

2m
p2 +

K
2

x2. (61)

The p and x can be measured in units of
√

m and 1/
√

K, respectively. Rewriting the
Hamiltonian as

H =
1
2

(
p2 + x2

)
, (62)

the Schrödinger equation in these units takes the form

i
∂

∂t
ψ(x, t) = −1

2
∂2

∂x2 ψ(x, t) +
1
2

x2 ψ(x, t). (63)

For the Wigner function, the Liouville equation is then

∂

∂t
W(x, p, t) =

(
x

∂

∂p
− p

∂

∂x

)
W(x, p, t). (64)

The solution to this equation has the form

W(x, p, t) =
{

exp
[(

x
∂

∂p
− p

∂

∂x

)
t
]}

W(x, p, 0). (65)

This is a rotation in phase space around the origin, which can be written in matrix form as(
x′

p′

)
=

(
cos θ − sin θ

sin θ cos θ

)(
x
p

)
. (66)

The distribution is independent of time when invariant under rotations.
The time-independent Schrödinger equation is

−1
2

∂2

∂x2 ψ(x, t) +
1
2

x2 ψ(x, t) = (n + 1/2)ψ(x, t) (67)
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and has the normalized solutions

ψn(x) = [1/(π2nn!)]1/2Hn(x) exp(−x2/2). (68)

Hn(x) is the Hermite polynomial of the nth order. This wave function is thus in the energy
eigenstate and hence the Wigner function can be evaluated as:

Wn(x, p) =
1
π

∫
ψ∗

n(x + y)ψn(x − y)e2ipydy. (69)

This calculation results in

Wn(x, p) =
(

n!
π

)
exp(−r2/2)

∞

∑
k=0

(−1)kr2(n−k)/
(
[(n − k)!]2k!

)
, (70)

where
r2 = 2(x2 + p2). (71)

Since now Wn(x, p) is a function only of r, we can write Wn(r). This satisfies the
differential equation [69]:

− 1
2r

[
d

dρ
r
(

d
dr

Wn(r)
)]

+
1
2

r2Wn(r) = (2n + 1)Wn(r). (72)

Readily available in the literature [70], the solution to this equation has the form

Wn(x, p) =
(−1)n

π

[
Ln(r2)

]
e−r2/2, (73)

where Ln(r2) is the Laguerre polynomial [71]. This expression, invariant under rotations
around the origin, can be written as [70]:

Wn(x, p) =
1
π

(
1
4

)n
e−(x2+p2)

n

∑
k=0

(
1

k!(n − k)!

)
H2k(

√
2x)H2(n−k)(

√
2p), (74)

where H2k(
√

2x) and H2(n−k)(
√

2p) are the Hermite polynomials.
The Wigner function for the ground state is also to be drawn as the only state with no

negative region:

W0(x, p) =
1
π

exp
{
−(x2 + p2)

}
. (75)

For the first excited state, where n = 1,

W1(x, p) = − 1
π

e−(x2+p2)
{

1 − 2(x2 + p2)
}

. (76)

The second and third excited states, for n = 2 and n = 3 resulting from Equation (75), have
the forms

W2(x, p) =
1
π

e−(x2+p2)
{

1 − 4(x2 + p2) + 2(x2 + p2)2
}

, (77)

W3(x, p) = − 1
π

e−(x2+p2)

{
1 − 6(x2 + p2) + 6(x2 + p2)2 − 4

3
(x2 + p2)3

}
, (78)

respectively. These Wigner functions are illustrated in Figure 4.
W0(x, p) is positive everywhere in phase space. We see that W1(x, p) is negative at the

origin but is positive for sufficiently large values of (x2 + p2). Both become vanishingly
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small for very large values of (x2 + p2). Therefore, the probability density in x is always
positive, although W1(x, p) is negative around the origin. This is illustrated in Figure 5.

W1(x, p) W3(x, p)

W0(x, p) W2(x, p)

Figure 4. Wigner functions (with right-angle cross sections) of the harmonic oscillator for the ground
state and for the first three excited states. The symmetry of the Wigner function with respect to x and
p is apparent. It can also be observed that the higher the excited state, the more ripples the function
has around the origin.

-3 -2 -1 1 2 3
x

0.1

0.2

0.3

0.4

ρ1(x)

W1(x, p)

Figure 5. The Wigner function for the harmonic oscillator in the first excited state. It is negative at the
origin, becomes positive as (x2 + p2) increases, and becomes vanishingly small as (x2 + p2) becomes
very large. If this Wigner function is integrated over p, then it becomes the quantum probability
distribution in x, which is ρ1(x) = 2x2e−x2

/
√

π, and is positive for all values of x.

In [72], S.L. Bell discusses the relation between the negativity of the Wigner function
and the issue of non-locality. It is claimed that, it is the negativity of the Wigner function
that represents the true quantum nature of this formalism [73]. Thus, such a property is to
be recognized as an advantage rather than an impediment [69].

The Wigner function for the one-dimensional harmonic oscillator has been discussed.
In this coordinate system, it was shown that all excited-state Wigner functions are invariant
under rotations. Now, our interest is in canonical transformations in quantum mechanics
beginning in those states that are invariant under rotation. Thus, we start by making
canonical transformations in phase space of the unit circle centered around the origin:

x2 + p2 = 1. (79)
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If the center is at (x, p) = (a, b), the equation is

(x − a)2 + (p − b)2 = 1. (80)

This is then a translation of the circle in Equation (79). Now, we drop the translation from
our consideration and use the generators of the symplectic group, K1, K3, J2, as given in
Table A1 in two-by-two matrix form. These generators satisfy the commutation relations of
Equation (31).

It is worthwhile to note here that e−iλK1 given in Table A1 has all hyperbolic func-
tions, while e−iλK3 squeezes objects in the xp-plane, elongating/shrinking in the x- and
p-directions, respectively. From these generators, we can construct the squeeze and rota-
tion matrices:

R(θ) = e−iθ J2 , S(0, λ) = e−iλK1 , S(π/2, λ) = e−iλK3 . (81)

The squeeze along the (θ/2) direction was given in Equation (26). If we perform the
rotation R(θ) on the circle of Equation (79) centered around the origin, it remains invariant.
If the same rotation is applied to the circle of Equation (80), which is not centered around
the origin, its effect is

(x − a′)2 + (p − b′)2 = 1, (82)

where (
a′

b′

)
=

(
cos(θ/2) sin(θ/2)

− sin(θ/2) cos(θ/2)

)(
a
b

)
. (83)

This is a reflection of the transformation property given in Equation (17).
Under the transformation of S(θ, λ), the circle of Equation (79) becomes a tilted ellipse:

e−λ

(
x cos

θ

2
+ p sin

θ

2

)2
+ eλ

(
−x sin

θ

2
+ p cos

θ

2

)2
= 1 (84)

and the circle of Equation (80) becomes a tilted and displaced ellipse:

e−λ

(
(x − a′′) cos

θ

2
+ (p − b′′) sin

θ

2

)2
+ eλ

(
−(x − a′′) sin

θ

2
+ (p − b′′) cos

θ

2

)2
= 1, (85)

with (
a′′

b′′

)
=

(
cosh λ

2 + (cos θ) sinh λ
2 (sin θ) sinh λ

2
(sin θ) sinh λ

2 cosh λ
2 − (cos θ) sinh λ

2

)(
a
b

)
. (86)

These are area-preserving transformations. Equation (84) is a special case of Equation (85).
The canonical transformation in quantum mechanics of the ground-state harmonic oscillator
provides the basic mathematical language for coherent and squeezed states of light.

6. Coherent and Squeezed States of Light in Wigner’s Phase Space
The concept of free photons is well established in terms of their creation and annihila-

tion operators, which can be defined in terms of mathematical descriptions of the energy
levels of the harmonic oscillator. The harmonic oscillator in this case is not a mechanical
harmonic oscillator but is defined in the space commonly known as the Fock space.
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Let us therefore consider the operators

âi =
1√
2
(xi + ipi) =

1√
2

(
xi +

∂

∂xi

)
,

â†
i =

1√
2
(xi − ipi) =

1√
2

(
xi −

∂

∂xi

)
. (87)

Then, [
âi, â†

j

]
= δij and

[
âi, âj

]
= 0. (88)

For the case of one-dimensional harmonic oscillator, the subscripts i and j are dropped.
The harmonic oscillator differential equation can be written as

1
2

{
−
(

∂

∂x

)2
+ x2

}
χn(x) =

(
n +

1
2

)
χn(x). (89)

As seen in Equation (68), the solution of the harmonic oscillator wave function in the nth

excited state is now written as

χn(x) =
1√

π2nn!
Hn(x)e−x2/2. (90)

Here, Hn(x) is the Hermite polynomial. If our interest is in the quantum number n, it is
more convenient to write this wave function as |n⟩. Then,

â |n⟩ =
√

n |n − 1⟩ and â† |n⟩ =
√

n + 1 |n + 1⟩ . (91)

We call â and â† the step-down and step-up operators, respectively, for the harmonic
oscillator states. In terms of these operators, the number operator is

N̂ = â† â with N̂ |n⟩ = n |n⟩ . (92)

This algebra is the starting point for the Fock space [74], where the number n serves as
the number of particles or photons in a given state. The operator â reduces the number
of particles by one, and â† adds one. They are therefore known as the annihilation and
creation operators, respectively. These operators are the basic mathematical device for
quantum optics.

In quantum optics, states consisting of one or two photons are important, as in the
case of quantum electrodynamics. However, equally important are both coherent and
incoherent mixtures of multi-photon states.

It is known that the uncertainty product is minimum for the ground-state harmonic
oscillator or for the zero-photon state in Fock-space language. The coherent state is a
superposition of the multi-photon state which preserves the minimal-uncertainty product
and which has a Poisson distribution in photon numbers. Since it has the minimum
uncertainty, the wave function in Fock space takes a Gaussian form. The Gaussian form can
change its width without altering the uncertainty product [75]. This change in width may
change the Poisson distribution to a different distribution. The minimum-uncertainty states
which do not have a Poisson distribution in photon number are called squeezed states.

The coherent state, represented here by |α⟩, is defined as [76–78]

|α⟩ = e(−|α|2/2) ∑
n

αn
√

n!
|n⟩ . (93)
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Here, the complex number α is written as two real numbers Re(α) = αa and Im(α) = αb.
This takes the form

α = αa + iαb , (94)

where αa and αb are related by

αa =
√

2 Re(α) and αb =
√

2 Im(α). (95)

The coherent state is normalized
⟨α|α⟩ = 1. (96)

The probability distribution for the photon number is written as Pn(n) = | ⟨n|α⟩ |2. Thus,
for the n-photon state, the probability distribution is

Pn(n) = (αα∗)n exp (−αα∗)/n!. (97)

Therefore, the number of photons in the coherent state has a Poisson distribution. Ideal
lasers can be formulated in terms of coherent states due to this very aspect of coherent
states [5,79].

Using the Wigner phase-space picture, it is possible to study the coherent states of
light. Here, the Wigner function is defined as [10]

W(x, p) =
1
π

∫
e2ip x′ ⟨x − x′|α⟩∗ ⟨x + x′|α⟩ dx′, (98)

in the two-dimensional space of x and p. This integral can be evaluated with the resulting
Wigner function [68]

W(α; x, p) =
1
π

exp
{
−(x − αa)

2 − (p − αb)
2
}

. (99)

We note that this Wigner function produces the probability distribution functions:

|⟨x|α⟩|2 =

(
1
π

)1/2
exp

{
−
(

x −
√

2αa

)2
}

, (100)

|⟨p|α⟩|2 =

(
1
π

)1/2
exp

{
−
(

p −
√

2αb

)2
}

, (101)

where αa and αb are as in Equation (94). Therefore, the probability distribution is seen to be
a Gaussian function for all possible values of α. The center of the distribution depends on
the parameter α. The real part of the center of the distribution in the α variable depends
on the distribution in the x variable and the imaginary part depends on the distribution
in the p variable. If the p variable is integrated out, the probability distribution in the x
variable is:

|⟨x|α⟩|2 =
∫

W(α; x, p) dp. (102)

Similarly, the probability distribution in the p variable is given by

|⟨p|α⟩|2 =
∫

W(α; x, p) dx. (103)

The Wigner function of Equation (99) leads to

|⟨β|α⟩|2 =
∫

W(β; x, p)W(α; x, p) dx dp

= exp
(
−|α − β|2

)
. (104)
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This means that |α⟩ and |β⟩ have overlaps, and hence the coherent state is not a complete
orthonormal state but over-complete. If α = 0, both αa and αb vanish, and the Wigner
function becomes

W(0; x, p) =
1
π

exp
{
−
(

x2 + p2
)}

, (105)

which is concentrated within a circular region around the origin. This is the Wigner function
for the vacuum state.

The exponentiation of operators and products of exponentiations are often involved
in all branches of physics. To this end, the Baker–Campbell–Hausdorff (BCH) relation is
used [80]. The Wigner function of Equation (99) can be obtained from the vacuum-state
Wigner function by making canonical transformations. Explicitly, by making a translation
along the x-axis by αa and along the p-axis by αb, the Wigner function of Equation (99)
can be obtained from the vacuum state. Hence, in the Wigner phase space, translations in
the two orthogonal directions, namely, x and p, are being used. These generators in their
differential forms can be written as

P1 = −i
∂

∂x
and P2 = −i

∂

∂p
. (106)

In this phase-space picture, P1 and P2 commute with each other. In addition, the rotation
generator can be defined as

J3 = −i
(

x
∂

∂p
− p

∂

∂x

)
. (107)

In Section 3, it is shown that P1, P2, and J3 are the generators of the two-dimensional Eu-
clidean group. Rotations around the origin form the one-parameter subgroup generated by
J3. Translations generated by P1 and P2 form a two-parameter Abelian invariant subgroup.
The translation operator applicable to the Wigner function is

T(α) = exp
(
−αa

∂

∂x
− αb

∂

∂p

)
, (108)

which leads to
T(α)W(0; x, p) = W(α; x, p). (109)

The Wigner function of Equation (99) is localized in the circle:

(x − αa)
2 + (p − αb)

2 = 1. (110)

Therefore, all the instruments developed in Section 5 for canonical transformations of a
circle are now applicable to the Wigner function for the coherent state.

Multiplying α by eiθ , the circle of Equation (110) is rotated around the origin, with the
resulting equation

(x − α′a)
2 + (p − α′b)

2 = 1, (111)

where (
α′a
α′b

)
=

(
cos θ − sin θ

sin θ cos θ

)(
αa

αb

)
. (112)

As shown in Figure 6, the rotation R(θ) results in only a translation of the circle
centered at the origin to (α′a, α′b). It should be noted that the translated vacuum represented
by a circle at the origin is a coherent state.
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Let us now write the transformation operators as three-by-three matrices applicable to
the augmented space (1, x, p). As seen in Equations (18) and (19), they can be written as

T(α) =

 1 0 0
αa 1 0
αb 0 1

 and R(θ) =

1 0 0
0 cos(θ/2) − sin(θ/2)
0 sin(θ/2) cos(θ/2)

. (113)

Then, these matrices lead to

T(β)T(α) = T(α + β) and R(θ)T(α) = T(α′)R(θ). (114)

This demonstrates that the symmetry of the coherent state is that of the two-dimensional
Euclidean group in the Wigner phase-space representation.

p

x
α′

a αa

α′
b

αb

Translation

Tr
an

sl
at

io
n

Figure 6. For a Euclidean transformation in phase space, a rotation around the origin results in
two successive translations [68].

6.1. Single-Mode Squeezed States of Light

The squeeze and rotation generators used here are those given in Equation (31). These
generators are provided in Table A1 and satisfy the commutation relations that form the Lie
algebra for the Sp(2) group. When applied to the Wigner function, the rotation generator
has the form:

J2 = − i
2

(
x

∂

∂p
− p

∂

∂x

)
, (115)

The squeeze generators take the form

K1 = − i
2

(
x

∂

∂x
− p

∂

∂p

)
, K3 =

i
2

(
x

∂

∂p
+ p

∂

∂x

)
. (116)

They satisfy the same commutation relations in phase space as given in Equation (31).
For the squeezed state, the Wigner function takes the following form:

W(α, λ; x, p) =
1
π

exp
{
−
[
e−λ(x − eλ/2αa)

2 + eλ(p − e−λ/2αb)
2
]}

. (117)

We can obtain this by applying the squeeze operator

S(λ) = exp
{
−λ

2

(
x

∂

∂x
− p

∂

∂p

)}
, (118)
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to the Wigner function for a coherent state given in Equation (99). Unlike in the case of
coherent states, the distribution for a squeezed state is elliptic. The area in phase space
of this ellipse is the same as that of the circle. The squeezed state is also a minimum-
uncertainty state.

Suppose the squeeze is made along the direction that makes an angle (θ/2) with the
x-axis; then, the squeeze operator is

S(θ, λ) = R(θ)S(0, λ)R(−θ)

= exp
{
−λ

2

[
sin θ

(
x

∂

∂x
− p

∂

∂p

)
− cos θ

(
x

∂

∂p
+ p

∂

∂x

)]}
. (119)

In view of Equation (116), we have:

R(θ)S(0, λ)R(−θ) = exp{−iλ[sin θ K1 + cos θ K3]}. (120)

Therefore, two parameters are needed, namely, λ and θ. These parameters can be given
by one complex variable ζ, where ζ is defined as λeiθ , and 0 ≤ θ < 2π describes the
squeezing direction. Here, λ describes the strength of the squeezing, with eλ > 0 and
e−λ > 0 for all real λ. The single squeezed state |ζ⟩ is obtained from

|ζ⟩ = S(ζ) |0⟩ , |ζ, α⟩ = S(ζ) |α⟩ . (121)

Squeezes alone do not form a group; rotations must be added to form a group. Two
such groups have already been mentioned, namely, the Lorentz group SO(2, 1) and the sym-
plectic group Sp(2). The matrix form of the squeeze operator, where we use Equation (19)
for R(θ), is identical to that of Equation (26). This is applicable to the column vector
of (1, x, p).

As was seen in Section 3, the group of linear canonical transformations in two-
dimensional phase space consists of translations, rotations, and squeezes. Translations
and rotations can form a group, for example, the two-dimensional Euclidean group E(2).
Equally, rotations and squeezes can form a group, for example, SO(2, 1] and Sp(2). Trans-
lations form their own subgroup. It was shown in Section 3 that translations formed an
invariant subgroup. Now, we wish to examine squeezes and translations. A simple matrix
algebra leads to

S(ζ)T(α)[S(ζ)]−1 = T(α′′), (122)

with

α′′a =

(
cosh

λ

2
+ (cos θ) sinh

λ

2

)
αa +

(
(sin θ) sinh

λ

2

)
αb,

α′′b =

(
(sin θ) sinh

λ

2

)
αa +

(
cosh

λ

2
− (cos θ) sinh

λ

2

)
αb. (123)

Hence, the translation does not commute with squeezes. However, once commuted, it still
remains an element of the translation subgroup even though its parameters are changed.
This is a manifestation of the fact that the translation subgroup is an invariant subgroup.
Equation (122) can be written as

T(α′′)S(ζ) = S(ζ)T(α). (124)
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The product of squeezes, rotations, and translations constitute the most general form
of canonical transformations in quantum mechanics. Hence, from Equation (119) and
Equation (124), the most general form is written as a translation followed by a squeeze
and a rotation. If written as TSR and operated on the vacuum state, R does not have any
effect. Thus, a translation of a squeezed vacuum TS is the most general form applicable to
the vacuum.

6.2. Squeezed Vacuum

The study of squeezed states as concluded in Section 6.1 therefore starts from the
squeezed vacuum. The squeezed vacuum is now studied in detail. The form of the Wigner
function for the squeezed vacuum is

W(0, λ; x, p) =
1
π

exp

{
−e−λ

(
x cos

θ

2
+ p sin

θ

2

)2
− eλ

(
−x sin

θ

2
+ p cos

θ

2

)2
}

. (125)

It is a function of λ and θ. The squeezed vacuum and the first excited squeezed state are
depicted in Figure 7.

W(sq)
0 (x, p) W(sq)

1 (x, p)

Figure 7. The Wigner function for the squeezed vacuum and the first excited squeeze. Here,

W(sq)
0 (x, p) = 1

π exp
{
−(1/2)

[
e−λ(p + x)2 + eλ(p − x)2

]}
and

W(sq)
1 (x, p) = 1

π exp
{
−(1/2)

[
e−λ(p + x)2 + eλ(p − x)2

]}[
e−λ(p + x)2 + eλ(p − x)2 − 1

]
, where

we have chosen sin θ
2 = cos θ

2 and eλ = 4 in the plot. When compared with the ground and
the first excited state of the Wigner functions in Figure 4, it is seen now that the axial symmetry is
lost, and the effect of the squeeze is apparent through the elliptical form of the distribution function.

Suppose now that we have a function F(x, p) defined in the Wigner phase space. The
expectation value of F(x, p) is

⟨F⟩0 =
1
π

∫
F(x, p) exp

{
−e−λ

(
x cos

θ

2
+ p sin

θ

2

)2
− eλ

(
−x sin

θ

2
+ p cos

θ

2

)2
}

dx dp. (126)

The subscript zero is used to indicate that the expectation value is taken for the squeezed
vacuum. Because the volume element dxdp is invariant under canonical transformations,
the integral is also invariant under canonical transformations. If the coordinate is rotated to
align the major axis of the vacuum state with the x or p axis, then

⟨F⟩0 =
1
π

∫
F(x′, p′) exp

{
−
(

x2 + p2
)}

dx dp, (127)

where

x′ =
(

eλ/2 cos
θ

2

)
x −

(
e−λ/2 sin

θ

2

)
p, p′ =

(
e−λ/2 sin

θ

2

)
x +

(
eλ/2 cos

θ

2

)
p. (128)
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Therefore, ⟨x⟩0 and ⟨p⟩0 are zero, but

⟨x2⟩ = cosh λ + (sinh λ) cos θ

2
, ⟨p2⟩ = cosh λ − (sinh λ) cos θ

2
. (129)

As a consequence,

⟨x2⟩ ⟨p2⟩ = 1 + (sin θ)2(sinh λ)2

4
. (130)

This result is the same as obtained in the Schrödinger picture, frequently mentioned in the
literature [81–83]. The above quantity cannot be greater than 1/4 in order for the squeezed
state to be a minimal-uncertainty state. It is possible to resolve this problem.

For this purpose, we refer to Figure 8. Canonical transformations in quantum mechan-
ics are allowed in the phase-space picture. The rotation of W(0, λ; x, p) to

W(0, λ; x, p) =
1
π

exp
{
−
(

e−λx2 + eλ p2
)}

(131)

is indeed a canonical transformation in quantum mechanics [84]. This expression gives the
minimal-uncertainty product. It is now possible to quantify in phase space the uncertainty
in terms of the area where the Wigner function is concentrated. This is very similar to the
wave packet spread where the amount of uncertainty is constant in time, while, in the
Schrödinger picture, the uncertainty product increases as time progresses or regresses. The
wave packet spread was discussed in detail in Section 4.

x

p

Squeezing

Figure 8. Pictured is the squeezed vacuum and vacuum states. Here, the circle corresponds to
the vacuum state, which is a coherent state, and the tilted ellipse is for the squeezed vacuum. The
squeezed vacuum is not a zero-photon state but is a minimum-uncertainty state in the sense that
the area of the ellipse is the same as that of the circle. This interpretation is similar to the case of
wave-packet spreads discussed in Section 4.

The photon number and the (photon number)2 operators are, of all the operators in
quantum mechanics, among the two most important operators in quantum optics. The
number operator in the Schrödinger picture has the form

N̂ =
1
2

{
x2 −

(
∂

∂x

)2
− 1

}
. (132)

Hence, in phase space, the number operator is

N̂ =
1
2

(
x2 + p2 − 1

)
. (133)
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Therefore, the expectation value, in the phase-space picture, of this operator is

⟨N̂⟩ = 1
2

∫ (
x2 + p2 − 1

)
W(x, p) dx dp. (134)

The multiplication of two N̂ number operators is not straightforward in the quantum phase
space; thus, for N̂2, we resort to the Moyal product [85–87], which in our case is N̂ ⋆ N̂.
Then, we obtain

N̂2 =
1
4

{(
x2 + p2 − 1

)2
− 1
}

, (135)

to evaluate the expectation value

⟨N̂2⟩ = 1
4

∫ {(
x2 + p2 − 1

)2
− 1
}

W(x, p) dx dp. (136)

Consider next ⟨N̂⟩0, which from the expressions given in Equations (125) and (133) can be
written as

⟨N̂⟩0 =
1

2π

∫ (
x2 + p2 − 1

)
exp

{
−e−λ

(
x cos

θ

2
+ p sin

θ

2

)2
− eλ

(
−x sin

θ

2
+ p cos

θ

2

)2
}

dx dp. (137)

As
(

x2 + p2 − 1
)

is invariant under rotations, the integral in Equation (137) can be re-
duced to

⟨N̂⟩0 =
1

2π

∫ (
x2 + p2 − 1

)
exp

{
−
(

e−λx2 + eλ p2
)}

dx dp. (138)

Equation (138) can be written now as the vacuum expectation value of 1
2
(
eλx2 + e−λ p2 − 1

)
:

⟨N̂⟩0 =
1

2π

∫ (
eλx2 + e−λ p2 − 1

)
exp

{
−
(

x2 + p2
)}

dx dp. (139)

The result is
⟨N̂⟩0 =

1
2
(cosh λ − 1). (140)

This Equation (140) vanishes when λ = 0, showing that, in an unsqueezed vacuum, the
number of photons is zero.

Now, ⟨N̂2⟩0 is calculated, as N̂2 is invariant under rotations,

⟨N̂2⟩0 =
1

4π

∫ {(
eλx2 + e−λ p2 − 1

)2
− 1
}

exp
{
−
(

x2 + p2
)}

dx dp. (141)

The evaluation of this integral leads to

⟨N̂2⟩0 =
3
8

cosh(2λ)− 1
2

cosh λ +
1
8

. (142)

Equation (142) vanishes when λ = 0, since ⟨N̂2⟩0 is seen to be independent of the direction
of the squeeze. From this, we can calculate

⟨(∆N̂)2⟩0 = ⟨N̂2⟩0 − ⟨N̂⟩2
0 . (143)

From Equations (140) and (142), we have

⟨(∆N̂)2⟩0 =
1
2
(cosh2 λ − 1) =

1
2

sinh2 λ. (144)
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Within the framework of the Schrödinger picture, it is possible to derive this same
result. The advantage of using the phase-space picture is that it allows the use of symmetry
properties in phase space. For example, let us go back to Figure 8. In integrating over the
entire phase space, we can use the coordinate system in which the major or minor axis
of the ellipse coincides with the coordinate axis. The integration is also invariant under
translations in phase space.

7. Symmetries of Two-Mode States
The two-mode coherent photon state has occupied a central role in optical sciences

since 1976 [88]. States having two different photons have a pivotal role in quantum physics.
They are variously called two-photon coherent states, squeezed states, or two-photon
entangled states. The two-photon state can be denoted as

|n1⟩ |n2⟩ = |n1, n2⟩ . (145)

The most general form for this two-mode state often takes the form

∑
n1,n2

An1,n2 |n1, n2⟩ . (146)

When n1 = n2 = n, it is conventionally expressed as:

|χ⟩ = exp{χ(â†
1 â†

2 − â1 â2)} |0, 0⟩ . (147)

Here, exp{χ(â†
1 â†

2 − â1 â2)} is a unitary operation on the state, whose generator is

Q3 =
i
2
(â†

1 â†
2 − â1 â2) (148)

in terms of the operators in Fock space. We do not delve any further into the treatment of
the symmetries of two-mode or squeezed states in Fock space, which can readily be found
in [89] since our main focus is on the Wigner functions and on their symmetry properties.
Nevertheless, for completeness, we give in Appendix B the equivalences of these generators
in both spaces, i.e., in phase space and in Fock space.

It was shown in Section 3 that the algebraic property of the group of homogeneous
linear canonical transformations in quantum mechanics is the same as that of the Lorentz
group SO(2, 1) and the symplectic group Sp(2).

We shall see that the basic symmetry of two-mode squeezed states is that of SO(3, 2).
In the laboratory, most squeezed states produced are two-mode states. Nevertheless,
for practical applications, specifically when applied in laboratories and technological
environments, the basic symmetry of interest is still SU(1, 1) [90–92], which is isomorphic
to SO(2, 1) [93–96].

Wigner Functions and the Symmetries of Two-Mode States

To define the symmetry of two different modes, we need the four-dimensional Wigner
function given, in a slightly unconventional order, by

W(x1, x2, p1, p2). (149)

Our interest focuses on the Wigner function for the two-mode vacuum state:

W0(x1, x2, p1, p2) =
1

π2 exp
{
−
(

x2
1 + x2

2 + p2
1 + p2

2

)}
. (150)
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Here, we note that the four-dimensional phase space can therefore be divided into two
two-dimensional spaces in many different ways as we see below.

The Wigner phase-space representation of quantum mechanics [5,10] allows a more
thorough study of the symmetry problems of the two-mode state. The Wigner phase-space
distribution function in this two-mode state is defined as

W(x1, x2, p1, p2) =
1

π2

∫
e2i(p1y1+p2y2) ρ(x1 − y1, x2 − y2; x1 + y1, x2 + y2) dy1 dy2, (151)

where the density matrix is defined as [66]:

ρ(x1, x2; x′1, x′2) = ψ(x1, x2)ψ
∗(x′1, x′2

)
. (152)

If the x2 variable is not observed, this density matrix becomes

ρ(x1, x′1) =
∫

ρ(x1, x2; x′1, x2) dx2, (153)

and the trace of this density matrix is one:∫
ρ(x, x)dx = 1 . (154)

This two-mode state has a vacuum state that corresponds to the two-harmonic oscilla-
tor system. The ground state of the two-harmonic oscillator system has the wave function:

ψ(x1, x2) =
1√
π

exp
{
−1

2

(
x2

1 + x2
2

)}
. (155)

Thus, the density matrix is

ρ(x1, x2; x′1, x′2) =
1
π

exp
{
−1

2

(
x2

1 + x2
2 + (x′1)

2 + (x′2)
2
)}

. (156)

The Wigner function corresponding to the ground state is presented in Equation (150),
where it is defined in the four-dimensional phase space. A set of rotation operators can be
defined as

J1 = +
i
2

{(
x1

∂

∂p2
− p2

∂

∂x1

)
+

(
x2

∂

∂p1
− p1

∂

∂x2

)}
,

J2 = − i
2

{(
x1

∂

∂x2
− x2

∂

∂x1

)
+

(
p1

∂

∂p2
− p2

∂

∂p1

)}
,

J3 = +
i
2

{(
x1

∂

∂p1
− p1

∂

∂x1

)
−
(

x2
∂

∂p2
− p2

∂

∂x2

)}
,

J0 = +
i
2

{(
x1

∂

∂p1
− p1

∂

∂x1

)
+

(
x2

∂

∂p2
− p2

∂

∂x2

)}
. (157)

J1 generates separated rotations in the spaces of (x1 p2) and (x2 p1). The rotations are in
the same direction. J2 generates rotations in the spaces of (x1x2) and (p1 p2) in the same
direction. J0 and J3 generate rotations in the (x1 p1) and (x2 p2) spaces. The rotations are in
the same direction for J0 and in the opposite directions for J3.
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It is possible to rewrite the boost operators K1, K2, and K3 as

K1 = − i
2

{(
x1

∂

∂p1
+ p1

∂

∂x1

)
−
(

x2
∂

∂p2
+ p2

∂

∂x2

)}
,

K2 = − i
2

{(
x1

∂

∂x1
− p2

∂

∂p2

)
+

(
x2

∂

∂x2
− p1

∂

∂p1

)}
,

K3 = +
i
2

{(
x1

∂

∂p2
+ p2

∂

∂x1

)
+

(
x2

∂

∂p1
+ p1

∂

∂x2

)}
. (158)

Now, J1, K2, and K3 satisfy the set of commutation relations for (2 + 1)-like transfor-
mations in the (x1 p2) and (x2 p1) spaces separately. Likewise, the subgroups generated
by J2, K3, K1 and by J3, K1, K2 perform (2 + 1)-like transformations in two separate two-
dimensional spaces.

To obtain the complete symmetry for the two-mode squeezed states consisting of the
Lorentz group SO(3, 2), also known as the (3 + 2) de Sitter group, it is necessary to include
one more set of three boost generators, Q1, Q2, and Q3. These generators have the form:

Q1 = +
i
2

{(
x1

∂

∂x1
− p1

∂

∂p1

)
−
(

x2
∂

∂x2
− p2

∂

∂p2

)}
,

Q2 = − i
2

{(
x1

∂

∂p1
+ p1

∂

∂x1

)
+

(
x2

∂

∂p2
+ p2

∂

∂x2

)}
,

Q3 = − i
2

{(
x2

∂

∂x1
+ x1

∂

∂x2

)
−
(

p2
∂

∂p1
+ p1

∂

∂p2

)}
. (159)

Their commutation relations with the rotation generators Ji are given by:

[Qi, Qj] = −iεijk Jk, [Ji, Qj] = iεijkQk, (160)

for J1, J2, and J3. Transformations generated by Ji together with Qi are those of the SO(3, 1)
Lorentz group. See Appendix A for the formal definition of the SO(3, 1) Lorentz group.
These transformations are not separable into two two-dimensional phase spaces. However,
it is possible to transform each Qi into Ki by a rotation generated by J0, while the Ji’s remain
invariant under the same rotation.

It is now possible to consider the SO(2, 1)-like subgroup generated by J0, K1, and
Q1 where this subgroup also performs transformations in two separate two-dimensional
phase spaces. As for the SO(2, 1) groups J0, K2, Q2, and the J0, K3, Q3 subgroups, J0 is
separable in (x1 p1)(x2 p2), while K2 and Q2 as well as and K3 and Q3 are separable in
(x1 p2)(x2 p1). There are altogether nine SO(2, 1)-like subgroups in the SO(3, 2)-like sym-
metry group of two-mode squeezed states. They are either separable or can be transformed
into separable representations.

The ten generators defined in this section for the group SO(3, 2) also serve as the
generators for the group Sp(4). In his 1963 paper [97], Dirac defined the ten generators
of Sp(4), Ji, Ki, and Qi where i equals 1, 2, 3 with the addition of J0, in terms of the
annihilation and creation operators â and â†. For the relation of the phase-space generators
defined in Equations (157)–(159) to Dirac’s generators, see Appendix B. In addition, the
commutation relations for the ten generators are given in Appendix B. The group Sp(4)
has an important role in squeezed states of light, polarization optics, and when special
relativity is incorporated with quantum mechanics [98–100].

The generators of this group are all defined as four-by-four traceless matrices with
only imaginary elements. As the group Sp(4) contains a rotation subgroup in the form of
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the generators Ji where i = 1, 2, 3, and two Lorentz subgroups (see Appendix A) in the
form of the three boost generators Ki with the rotation generators Ji, and the Qi with the
rotation generators Ji, this group is isomorphic to SO(3, 2). Thus, the Sp(4) group is also
the symmetry group for two Wigner phase spaces.

8. Overlap of Wigner Functions and Squeezed States of Light
In quantum mechanics it is compelling to obtain measurable quantities. The quantity

|(ϕ(x), ψ(x))|2 is directly measurable and is derived from the overlap of two different
states. Here, ϕ(x) and ψ(x) are wave functions for two different squeezed states. As a
simple case, one can consider the transition probability of ϕ(x) to ψ(x), where they are
one-mode squeezed states. This can be expressed as

| ⟨ϕ|ψ⟩ |2 = 2π
∫

Wϕ(x, p)Wψ(x, p) dx dp. (161)

Since we are dealing with wave functions, the normalization constant is 2π for the integra-
tion of two Wigner functions. From Equation (131), we have for the ground state where λ

is the squeeze parameter

W(0,−λ; x, p) =
(

1
π

)
exp

{
−
(

eλx2 + e−λ p2
)}

. (162)

For the squeeze compressing the p-axis, we have W(0, λ; x, p). This squeeze is in the
opposite direction to the squeeze along the x-axis as the x-axis is elongated. Hence, the
overlap becomes

| ⟨0,−λ|0, λ⟩ |2 =
2
π

∫
exp

{
−
(

e−λx2 + eλ p2
)}

exp
{
−
(

eλx2 + e−λ p2
)}

dx dp

=
1

cosh λ
. (163)

Two different types of overlap are depicted in Figure 9. The overlap depicted on the left of
Figure 9 results from Equation (163). On the right of this figure, we see a representation of
an overlap between a translated squeeze and a rotated squeeze. All squeezed pictures are
initially elongated along the x-axis and contracted along the p-axis before any rotation or
translation is applied.

For two-mode squeezed states, the overlap can be written as ⟨β, ζ2|α, ζ1⟩, where β

and α are two coherent states as defined in Equation (93), and ζ1, ζ2 are defined as in
Equation (121). The measurable quantity, as given in Equation (161), in terms of the
corresponding Wigner functions is

| ⟨β, ζ2|α, ζ1⟩ |2 = 2π
∫

W(β, ζ2; x1, p1)W(α, ζ1; x2, p2) dx1 dp1 dx2 dp2. (164)

This measures the transition probability, which literally comes from the overlap of distribu-
tion functions. Because of the canonical invariance, the integral in Equation (164) can be
brought to the form

| ⟨0,−λ|α, ζ⟩ |2 = 2π
∫

W(0,−λ; x1, p1)W(α, ζ; x2, p2) dx1 dp1 dx2 dp2. (165)

As for other properties of the two-mode state, the overlap integral of Equation (161) can be
generalized to

|(ϕ(x1, x2), ψ(x1, x2))|2 = 2π
∫

Wψ(x1, p1; x2, p2)Wϕ(x1, p1; x2, p2) dx1 dp1 dx2 dp2. (166)
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Figure 9. Overlapping Wigner functions. On the left, the blue ellipse represents a squeezed state,
while the red ellipse represents a rotated squeeze in the phase space. On the right, the red ellipse
represents a rotated squeeze in the phase space, while the ellipse on the top is for the translated
squeeze. The probability of the transition of one squeezed state into another is encoded in the overlap.
It is seen that the overlapping regions differ depending on the type of the states involved.

If the number operator is an addition of those for the first and second modes, the
generalization of the expectation value is straightforward. For example,

⟨
(

N̂1 + N̂2
)
⟩ = ⟨N̂1⟩+ ⟨N̂2⟩ , (167)

where

⟨N̂1⟩ = ⟨(J0 + J3)⟩ =
1
2

∫ (
x2

1 + p2
1 − 1

)
W(x1, p1, x2, p2) dx1 dp1 dx2 dp2,

⟨N̂2⟩ = ⟨(J0 − J3)⟩ =
1
2

∫ (
x2

2 + p2
2 − 1

)
W(x1, p1, x2, p2) dx1 dp1 dx2 dp2. (168)

Likewise,

⟨N̂2
1 ⟩ =

1
4

∫ [(
x2

1 + p2
1 − 1

)2
− 1
]

W(x1, p1, x2 p2) dx1 dp1 dx2 dp2,

⟨N̂2
2 ⟩ =

1
4

∫ [(
x2

2 + p2
2 − 1

)2
− 1
]

W(x1, p1, x2, p2) dx1 dp1 dx2 dp2. (169)

As can be seen above, the integration is trivial over one of the modes. Then, with the
expression for the Wigner function

W(x1, p1, x2, p2) =
1

π2 exp
{
−
(

e−λx2
1 + eλ p2

1 + eλx2
2 + e−λ p2

2

)}
, (170)

we have

⟨(N̂1 + N̂2)⟩ =
1

2π2

∫ {(
x2

1 + p2
1 − 1

)
+
(

x2
2 + p2

2 − 1
)}

× exp
{
−
(

e−λx2
1 + eλ p2

1 + eλx2
2 + e−λ p2

2

)}
dx1 dp1 dx2 dp2

= (cosh λ − 1). (171)
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Now, the expectation value of the product of two number operators is

⟨N̂1N̂2⟩ =
1
4

∫ (
x2

1 + p2
1 − 1

)(
x2

2 + p2
2 − 1

)
W(x1, p1, x2, p2) dx1 dp1 dx2 dp2. (172)

This has the form of a correlation function of the fields, often interpreted as an intensity
correlation between the two modes. Using again Equation (170), we have

⟨N̂1N̂2⟩ =
1

4π2

∫ (
x2

1 + p2
1 − 1

)(
x2

2 + p2
2 − 1

)
× exp

{
−
(

e−λx2
1 + eλ p2

1 + eλx2
2 + e−λ p2

2

)}
dx1 dp1 dx2 dp2 (173)

yielding

⟨N̂1N̂2⟩ =
1

4π2

∫ (
eλx2

1 + e−λ p2
1 − 1

)(
e−λx2

2 + eλ p2
2 − 1

)
× exp

{
−
(

x2
1 + p2

1 + x2
2 + p2

2

)}
dx1 dp1 dx2 dp2

=
1
4
(cosh λ − 1)2. (174)

This is in fact ⟨N̂1N̂2⟩ = ⟨N̂1⟩ ⟨N̂2⟩, meaning that the photon numbers are not correlated.
It is also possible to calculate ⟨

(
∆N̂1

)2⟩ and ⟨
(
∆N̂2

)2⟩. Due to the symmetry, we have
with Equation (170):

⟨N̂1⟩ =
1
2
(cosh λ − 1) and ⟨N̂2

1 ⟩ =
1
8
(3 cosh(2λ)− 4 cosh(λ) + 1), (175)

⟨N̂2⟩ =
1
2
(cosh λ − 1) and ⟨N̂2

2 ⟩ =
1
8
(3 cosh(2λ)− 4 cosh(λ) + 1) . (176)

The equations in Equation (175) are the same as we saw in Equations (140) and (142),
respectively. This is due to the fact that the two-mode Wigner function in Equation (170)
can be factorized, i.e., the modes are not entangled. Thus, ⟨N̂2

1 ⟩ is entirely determined by
the reduced state of the first mode, since integrating over (x2, p2) has traced out the second
mode. In more general terms, any measurement on the first mode does not depend on an
uncorrelated second mode.

By symmetry, the equations in Equation (176) are also the same. Then,

⟨(∆N̂1)
2⟩ = 1

2
sinh2 λ, (177)

as we saw in Equation (144). Through similar calculations, we obtain ⟨(∆N̂2)
2⟩ = ⟨(∆N̂1)

2⟩.

9. Two Coupled Oscillators
Using two harmonic oscillators, the symmetries derived in Section 7 are examined.

The total Hamiltonian of two harmonic oscillators can be separated into that of two inde-
pendent systems if appropriate coordinate transformations are applied. As a result, all the
transformation matrices can become diagonal. The Hamiltonian for each oscillator as given
in Section 5 using Equations (61) and (62) is

Hi =
1
2

(
x2

i + p2
i

)
, (178)
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for i = 1, 2. Then, the total Hamiltonian can be written as

H+ = H1 +H2 =
1
2

(
x2

1 + x2
2 + p2

1 + p2
2

)
(179)

We can also consider

H− = H1 −H2 =
1
2

(
x2

1 − x2
2 + p2

1 − p2
2

)
. (180)

This Hamiltonian H− produces the same set of wave functions as the Hamiltonian H+.
While the Hamiltonian H+ is invariant under rotations(

x′1
x′2

)
=

(
cos θ sin θ

− sin θ cos θ

)(
x1

x2

)
,

(
p′1
p′2

)
=

(
cos θ sin θ

− sin θ cos θ

)(
p1

p2

)
, (181)

H− is invariant under the squeeze transformations [101]:(
x′1
x′2

)
=

(
cosh λ sinh λ

sinh λ cosh λ

)(
x1

x2

)
,

(
p′1
p′2

)
=

(
cosh λ sinh λ

sinh λ cosh λ

)(
p1

p2

)
, (182)

where λ and θ were described in Section 3.
Now, we consider two diagonal squeeze matrices T0 and T1 applicable to the four-

component vector (x1, p1, x2, p2)
T . The coordinate transformation matrices operating on

the above vector are

T0(λ) =


eλ 0 0 0
0 eλ 0 0
0 0 e−λ 0
0 0 0 e−λ

, T1(λ) =


eλ 0 0 0
0 e−λ 0 0
0 0 e−λ 0
0 0 0 eλ

, (183)

respectively. Referring to Section 3, T0 performs non-canonical transformations while T1

performs canonical transformations.
The ground-state Wigner function is given in Equation (150). Under the passive

canonical transformation of T1(λ), this Wigner function becomes:

Wc,λ =

(
1
π

)2
exp

{
−
(

e−2λx2
1 + e2λ p2

1 + e2λx2
2 + e−2λ p2

2

)}
. (184)

The area of the phase space is preserved for each mode. As for the non-canonical transfor-
mation of T0(λ), the Wigner function becomes [5,102,103]

Wnc,λ =

(
1
π

)2
exp

{
−
(

e−2λx2
1 + e−2λ p2

1 + e2λx2
2 + e2λ p2

2

)}
. (185)

The area of the first mode shrinks while the other expands. The product of these two areas
remains constant. In both Wigner equations, the phase spaces are entangled unless λ = 0.
Recalling from Equation (43) that the Wigner function cannot be positive everywhere
in phase space, there is an interesting article [47] which discusses the entanglement of
two interacting qubits in phase space using the Wigner function’s negativity, continuous
variable, and non-classicality. The article proposes an experiment to verify the method and
results. Entanglement itself has been experimentally verified in the 1960s, and an article
describing this experiment in detail, by the experimenter, is given in [104].
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Density Matrix for Two Harmonic Oscillator States

The density matrix for the two harmonic oscillator states is now examined. The
ground-state wave function of two coordinate variables can take the form

ψ0,0(x1, x2) =
1√
π

exp
{
−1

2

(
x2

1 + x2
2

)}
, (186)

where this wave function corresponds to the vacuum state of two different photons. This
function is still separable in the x1- and x2-coordinates and thus is not entangled.

Now, the coordinates are rotated and squeezed. Under the coordinate rotation(
xr1

xr2

)
=

(
cos θ − sin θ

sin θ cos θ

)(
x1

x2

)
, (187)

the wave function remains separable and is now written as

ψ0,0(x1, x2) =
1√
π

exp
{
−1

2

[
(x1 cos θ + x2 sin θ)2 + (−x1 sin θ + x2 cos θ)2

]}
. (188)

The squeeze transformation acts on the rotated coordinates as:(
xs1

xs2

)
=

(
eλ 0
0 e−λ

)(
xr1

xr2

)
. (189)

Carrying out these transformations, the wave function becomes

ψθ,λ(x1, x2) =
1√
π

exp
{
−1

2

[
e−2λ(x1 cos θ + x2 sin θ)2 + e2λ(−x1 sin θ + x2 cos θ)2

]}
. (190)

This wave function remains separable in the x1 and x2 variables unless both the θ and λ

variables are non-zero, as indicated in Table 1.

Table 1. Two entangled oscillators. Unless both parameters are non-zero, the variables x1 and x2

remain separable.

θ = 0 θ ̸= 0

λ = 0 Separable Separable
λ ̸= 0 Separable Entangled

The density matrix is defined as

ρθ,λ
(
x1, x2; x′1, x′2

)
= ψθ,λ(x1, x2)ψ

∗
θ,λ
(
x′1, x′2

)
, (191)

when all variables are measured [105]. This can be written as

ρθ,λ
(

x1, x2; x′1, x′2
)
=

1
π

exp
{
−1

2
e−2λ

[
(x1 cos θ + x2 sin θ)2 + (x′1 cos θ + x′2 sin θ)2

]}

× exp
{
−1

2
e2λ
[
(−x1 sin θ + x2 cos θ)2 + (−x′1 sin θ + x′2 cos θ)2

]}
. (192)

This expression is consistent with the condition

Tr(ρθ,λ) = Tr
(

ρ2
θ,λ

)
= 1 (193)
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for pure states, where

Tr(ρθ,λ) =
∫

ρθ,λ(x1, x2; x1, x2) dx1 dx2. (194)

If no observations are made on the x2 variable, the density matrix for x1 is

ρ(x, x′) =
∫

ρ(x, x2; x′, x2) dx2, (195)

where x1 is replaced with x. The evaluation of this integral leads to

ρ(x, x′) =
[

1
π(cosh(2λ)− sinh(2λ) cos(2θ))

]1/2

× exp

{
−
[
(x + x′)2 + (x − x′)2(cosh2(2λ)− sinh2(2λ) cos2(2θ))

4(cosh(2λ)− sinh(2λ) cos(2θ))

]}
. (196)

With this expression, the trace integral for this reduced state obtained by integrating
over x2 is given by

Tr(ρ) =
∫

ρ(x, x) dx (197)

and becomes one, as it should be for all density matrices. As for Tr(ρ2), the result of the
trace integral becomes

Tr(ρ2) =
∫ {

ρ(x, x′)ρ(x′, x) dx′
}

dx =
1√

1 + sinh2(2λ) sin2(2θ)
. (198)

This is less than one for non-zero values of λ and θ. This is consistent with the general theory
of density matrices. If λ = 0 and/or θ = 0, the first oscillator is totally independent of the
second oscillator, the system of the first oscillator is in a pure state, and Tr(ρ2) becomes one.
However, according to Table 1, the density matrix and therefore the harmonic oscillators
become entangled when both λ and θ are non-zero and Tr(ρ2) is also less than one.

We noted earlier that the density matrix is especially important when not all measur-
able variables are measured in laboratories. However, the space in which we cannot make
measurements is entangled with the space in which we make measurements. It is possible
to interpret this second space, which obviously has an effect on the first, as Feynman’s “rest
of the universe” [106]. This effect is taken care of by partially integrating over the variables
of the second space. The idea of Feynman’s rest of the universe also presents itself in
Section 10, where we discuss the coupling of two concentric Poincaré spheres. These ideas
often emerge in “open quantum systems” and are highly instrumental in measurement
theory [107].

10. Density Matrix and the Poincaré Sphere
Among his many foundational contributions to mathematics and physics, Henri

Poincaré introduced a geometric representation of the polarization states of light by map-
ping them to points on a sphere; now known as the Poincaré sphere [108]. In the conven-
tional optical framework, three of the four Stokes parameters correspond to points on the
surface of the Poincaré sphere, while the fourth parameter represents the total intensity. In
the Lorentzian regime, it is shown that these four parameters transform as a four-vector,
with the fourth parameter being the time-like component. The Stokes parameters are
directly related to the coherency matrix, which in quantum mechanical terms is equivalent
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to the density matrix [109]. The off-diagonal elements of this matrix represent the degree of
coherence (or decoherence) between orthogonal polarization or between quantum states.

Transformations under the two-by-two Lorentz group preserve the determinant of the
coherency (or density) matrix and hence leave the decoherence parameter invariant. In the
next section, we address how the issue of decoherence can be treated as a symmetry problem.

10.1. Stokes Vectors, Coherency Matrix and the Poincaré Sphere

We first dwell on the formulation of coherency between the two orthogonal elec-
tric fields:

Ex = A exp i(kz − wt + ϕ1) and Ey = B exp i(kz − wt + ϕ2), (199)

where z is the propagation direction, and A and B are the amplitudes of the field along
the x and y directions, respectively. The angle ϕ = ϕ1 − ϕ2 is the phase difference between
the components.

The elements of the coherency matrix can be associated as follows [109,110]:

S11 =< E∗
x Ex >, S22 =< E∗

y Ey >,

S12 =< E∗
x Ey >, S21 =< E∗

y Ex >, (200)

where

C =

(
S11 S12

S21 S22

)
(201)

is the form of the matrix. Here, for some field, ψi, < ... > is defined as

< ψ∗
i ψj >=

1
T

∫ T

0
ψ∗

i (t
′)ψj(t + t′) dt′ (202)

to be the time average. The absolute values of Ex and Ey, respectively, are given by the
diagonal elements. If the two transverse components are not completely coherent, the
off-diagonal elements could be smaller than the product of Ex and Ey. The degree of
decoherence in the system is specified by τt with τ > 0. The decoherence is minimum if t
is zero and becomes maximum if t attains very large values. We then have the coherency
matrix as [111]:

C =

(
A2 AB e−(τt+iϕ)

AB e−(τt−iϕ) B2

)
. (203)

The transformation matrices applicable to the Jones vector, derived from Equation (199), are
the two-by-two representations of the Lorentz group [68]. In this section, we are particularly
interested in the transformation matrices as applicable to the coherency matrix.

The determinant of the above coherency matrix is calculated to be

det(C) = (AB)2
(

1 − e−2τt
)

, (204)

and its trace is obtained by

tr(C) = A2 + B2. (205)
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From the components of the coherency matrix, it proves to be useful to introduce the
following four quantities:

S0 =
1
2
(S11 + S22), S3 =

1
2
(S11 − S22),

S1 =
1
2
(S12 + S21), S2 =

i
2
(S12 − S21). (206)

They are called Stokes parameters, and the four-by-four transformation matrices applicable
to these parameters are widely known as Mueller matrices [110,112,113]. These matrices
are responsible for the relationship between polarization states of the incident light and the
emerging light after passing through any number and any type of optical elements, such as
polarizers, waveplates, and scatterers. It is by employing the Mueller matrices that we can
perform Lorentz transformations on the four Stokes parameters. Indeed, Stokes parameters
behave as the components of a four-vector [108].

Now, using Equation (203) and Equation (206), the components of this four-vector are
found to be:

S0 =
1
2
(A2 + B2), S1 = AB(cos ϕ)e−τt,

S2 = AB(sin ϕ)e−τt, S3 =
1
2
(A2 − B2). (207)

Conversely, the coherency matrix can succinctly be constructed from Stokes parameters
and the Pauli spin matrices as

C =
3

∑
i=0

σi Si, (208)

where σ0 is the two-by-two identity matrix. There is a close relation between the coherency
matrix C and the density matrix [15]:

ρ =
1
2

C (209)

which henceforth provides the relation between the Stokes parameters and the density
matrix. It is also well known that the Stokes vectors can be mapped to the Poincaré sphere.

Originally the Poincaré sphere proposed by Henri Poincaré was a three-dimensional
object for representing the polarization state of light. Three of the Stokes vectors
Si = {S1, S2, S3} correspond to Cartesian coordinates. The radius of the Poincaré sphere is
given in terms of these three Stokes vectors as:

r =
√

S2
1 + S2

2 + S2
3. (210)

While S0 is known to represent light intensity, it can be considered to be the time-like
component of a four-vector. We use this property of the Stokes vector to devise a second
concentric sphere, the radius of which is taken to be s = S0. Within the framework of the
Lorentz group the relation between these two radii, namely, s2 − r2, is an invariant and
hence is the determinant of the density matrix.

10.2. Two Concentric Poincaré Spheres

We noted that the determinant of the density matrix was invariant in the Lorentzian
regime and could not tackle the decoherence process with the decaying of the off-diagonal
components. As a result, the question arises as to whether this process can be reformulated
by incorporating the symmetry properties of a larger Lorentz group. In the following, we
discuss and address this issue in detail.
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In view of Equations (207) and (210), the radius r of the sphere is rewritten as

r =
1
2

√
(A2 − B2)

2 + 4(AB)2e−2τt (211)

which describes the conventional Poincaré sphere. However, the four-vector in
Equation (207), in addition to the space-like components, has a time-like component which
provides another radius

s =
1
2

(
A2 + B2

)
(212)

defining an outer sphere concentric to the inner sphere. The quantity s2 − r2 is Lorentz-
invariant and is equal to the value of the determinant in Equation (203). The t parameter
cannot be changed in the Lorentzian regime, therefore cannot deal with the decoherence
process by the decaying of the off-diagonal components. However, this restriction can be
released, when the symmetry features of a larger Lorentz group is introduced, particularly
the SO(3, 2) group.

Now, when t = 0, the inner radius is equal to the outer radius. When t is sufficiently
large, we have

S3 =
1
2

(
A2 − B2

)
. (213)

Let us introduce a spherical coordinate system and identify the components of Si with
those as

rz = r(cos θ) = (A2 − B2)/2,

rx = r(sin θ) cos ϕ = AB(cos ϕ)e−τt ,

ry = r(sin θ) sin ϕ = AB(sin ϕ)e−τt . (214)

Since the Lorentz symmetry allows rotations in this three-dimensional scheme, with an
appropriate rotation, the four-vector can be brought to

(s, r, 0, 0)T . (215)

The rotations do not change the radii of the outer and inner spheres; thus, s and r remain
invariant. On the other hand, if the above four-vector is boosted, we have

cosh λ − sinh λ 0 0
− sinh λ cosh λ 0 0

0 0 1 0
0 0 0 1




s
r
0
0

 =


s(cosh λ)− r(sinh λ)

r(cosh λ)− s(sinh λ)

0
0

. (216)

We see that this transformation changes the outer and inner radii but keeps (s2 − r2)

invariant. One can choose the value of λ such that [114]

r (cosh λ)− s (sinh λ) = 0 , (217)

which leads to tanh λ = r/s. Then, using Equations (211) and (212), the four-vector on the
right-hand side of Equation (216) becomes

(
√

s2 − r2, 0, 0, 0)T = (AB
√

1 − e−2τt, 0, 0, 0)T . (218)

Lorentz transformations bring the Poincaré sphere to a one-number system.
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Now, we see that it is possible to change the value of
(
s2 − r2) in the above expression

by changing the time variable t. This can be done by considering the rotation matrix
between the two time-like coordinates (t1, t2, z, x, y) of SO(3, 2). Let us consider the trans-
formation of a five-vector by this rotation

cos χ − sin χ 0 0 0
sin χ cos χ 0 0 0

0 0 1 0 0
0 0 0 1 0
0 0 0 0 1




v
0
0
0
0

 =


v cos χ

v sin χ

0
0
0

. (219)

The invariant quantity in this larger regime is v2. The SO(3, 2) group has two Lorentzian
subgroups, where their respective four-vectors are expressed as

(v cos χ, 0, 0, 0)T and (v sin χ, 0, 0, 0)T . (220)

We compare the four-vector in Equation (218) with Equation (220) above and identify the
non-zero components. Then, we have(

s2 − r2
)
= v2 cos2 χ or

(
s2 − r2

)
= v2 sin2 χ (221)

which allows variable radii for the Poincaré spheres as illustrated in Figure 10. Thus, we
can consider the relations

cos χ = e−τt or sin χ = e−τt, (222)

by the redefinition of ab as v and since we have
(
s2 − r2) = (AB)2(1 − e−2τt).

r

‘

z

R

S

0

3

S

R

0S

Figure 10. Variable radius of the Poincaré sphere. From Equations (212) and (222), the variable radius
R takes its maximum value S0 when χ = 0◦. It becomes minimum when the decoherency angle
reaches 90◦. Its minimum value is S3 as illustrated in the left plot. The degree of polarization is
maximum when R = S0 and is minimum when R = S3. According to Equation (213), S3 becomes 0
when A = B; thus, the minimum value of R becomes zero, as indicated in the right plot. Its maximum
value is still S0 [115].

Let us now examine the diagonalization of the density matrices. For this purpose, the
amplitudes are redefined as

A =
√

2q cos(δ/2) or B =
√

2q sin(δ/2). (223)

Thus, the density matrix ρc is rewritten as

ρc(χ) = 2q

(
cos2(δ/2) sin(δ/2) cos(δ/2)e−iϕ(cos χ)

sin(δ/2) cos(δ/2)eiϕ(cos χ) sin2(δ/2)

)
. (224)
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Following a similar procedure for ρs, they become

ρc(χ) =
1
2

(
1 e−iϕ cos χ

eiϕ cos χ 1

)
or ρs(χ) =

1
2

(
1 e−iϕ sin χ

eiϕ sin χ 1

)
(225)

when the angle δ is conveniently chosen to be 90◦. In addition, the normalization condition
Tr(ρ) = 1 is maintained. These can now be diagonalized to take the forms

ρc(χ) =
1
2

(
1 + cos χ 0

0 1 − cos χ

)
or ρs(χ) =

1
2

(
1 + sin χ 0

0 1 − sin χ

)
. (226)

The expressions in these forms give a better interpretation for the entropy in their
respective domains. Von Neumann defined the entropy by [66]:

S = −Tr(ρ ln ρ). (227)

For the density matrix ρc, the entropy becomes [116–118]:

Sc(χ) = −1 + cos χ

2
ln
(

1 + cos χ

2

)
− 1 − cos χ

2
ln
(

1 − cos χ

2

)
. (228)

The entropy Sc of this space is a monotonically increasing function of χ. We also see that if
the entropy is zero, the system is completely coherent with χ = 0◦. When the system is
totally incoherent with χ = 90◦, the entropy takes the maximum value of ln(2).

In a similar manner, the entropy of the second space can be expressed as

Ss(χ) = −1 + sin χ

2
ln
(

1 + sin χ

2

)
− 1 − sin χ

2
ln
(

1 − sin χ

2

)
. (229)

The entropy Ss of this second space, unlike the first one, is a decreasing function of χ. The
first of those belongs to the part of the universe in which we make measurements, while
the second is in the “rest of the universe”, as was discussed by von Neumann himself
in [56]. The increase in entropy in the first space can be interpreted as the loss of energy
in the second. There is a decoherence–recoherence process unfolding in these coupled
universes. Yet, the sum of the entropies is not a conserved quantity of the total system. This
should not be problematic as the second space may not be a physical space but falls into
the description of von Neumann’s “rest of the universe”. On the other hand, we can note
that the sum of the determinants of the density matrices, det ρc + det ρs, is independent of
the decoherency angle χ and thus, in that respect, is a conserved quantity.

It is worthwhile to mention that in quantum mechanics and computing, there is an
analogous sphere known as the Bloch sphere, a geometrical visualization of a pure state
space of a two-level quantum mechanical system. In that context, states are replaced by
qubits, which are the basic units of quantum information [119]. Quantum states of the
Bloch sphere are not necessarily pure. In realistic settings, pure states eventually interact
with the environment leading to the emergence of mixed states. Mixed quantum states
are located in the interior of the unit sphere, meaning that they are contained within the
Bloch sphere. Therefore, the problem of a variable radius also arises in this realm. From
a mathematical point of view, the normalization condition of the states can be relaxed to
generate mixed states.

11. Conclusions
In this paper, we started by defining the classical and quantum phase spaces. Canonical

transformations were then presented, after which the Wigner distribution function and the
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associated density matrix were discussed, followed by the harmonic oscillator in the Wigner
phase space. Coherent and single mode squeezed states of light and the squeezed vacuum
were studied using the Wigner functions, and the form of the Wigner function from which
the squeezed vacuum is derived was discussed using the Wigner phase space. Then, the
symmetries of two-mode states of light were elucidated, and it was shown that the four-
dimensional Wigner function was required. Our treatment suggests that the Wigner phase-
space representation of quantum mechanics can provide a more thorough examination of
the two-mode squeezed state, thereby rendering the associated symmetry properties more
transparent. We then employed the overlap of the Wigner distribution function in this four-
dimensional space to study two-mode squeezed states of light. Two coupled harmonic
oscillators including the way in which they become entangled as well as the density matrix
associated with these coupled harmonic oscillators were studied. As an example of the use of
the density matrix, we presented the Poincaré sphere with the Stokes parameters forming a
four-vector. It was shown that a larger symmetry group, namely, SO(3, 2), is required, since
Lorentz invariance in the SO(3, 1) framework precludes any change in decoherence, whereas
the description of the Poincaré sphere derived from the Stokes vectors inherently involves
a changing degree of decoherence. In this work, we made extensive use of Lie groups E(2),
Sp(2), ISp(2), Sp(4), SO(3, 1), SO(3, 2), and subgroups to first characterize and then exploit
the symmetry properties of the Wigner functions and the density matrix. Although the results
presented in this article are not new, they were drawn from earlier collaborative works by the
authors and presented from a fresh point of view.

Author Contributions: Conceptualization, S.B. and M.E.N.; writing—original draft preparation, S.B.
and M.E.N.; writing—review editing, S.B. and M.E.N.; visualization, S.B. and M.E.N. All authors
have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: No new data were created or analyzed in this article.

Acknowledgments: This work is dedicated to the memory of Young S. Kim of the University
of Maryland, College Park, in recognition of his many years of collaboration filled with insights
and ideas.

Conflicts of Interest: The authors declare no conflicts of interest.

Appendix A. The SO(3,1) Lorentz Group
The Lorentz group, SO(3, 1), is a six-parameter Lie group. The generators of the group

consist of the three rotation generators, J1, J2, and J3, which generate rotations about the x-,
y-, and z-axis, respectively. These generators form the familiar rotation group and are a
subgroup of SO(3, 1). The three boost generators are K1, K2, and K3, which generate boosts
along the x-, y-, and z-axis, respectively. They form six independent generators for the Lie
algebra of the Lorentz group [120]. The commutation relations for these six generators form
a closed set:

[Ji, Jj] = iεijk Jk, [Ji, Kj] = iεijkKk, [Ki, Kj] = −iεijk Jk. (A1)

Thus, they form the Lie algebra for SO(3, 1).
We must also consider SL(2, C), the covering group of the Lorentz group that is

generated by:

Ji = (1/2)σi and Ki = (i/2)σi, (A2)
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where σi are the Pauli spin matrices defined by

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (A3)

The explicit forms of the operators in Equation (A2) are given in Table A1. The SL(2, C)
group is homomorphic (the mapping is onto but not one-to-one) to SO(3, 1), namely, it is
the double cover of SO(3, 1).

Table A1. Generators and transformation matrices of SL(2, C) and SO(3, 1). The transformation
matrices of the Lorentz group are applicable to the Minkowskian space of (t, z, x, y).

Generators of Transformation Matrices Generators of Transformation Matrices
SL(2, C) SO(3, 1)

J1 = 1
2

(
0 1
1 0

)
R1(θ) =

(
cos(θ/2) i sin(θ/2)
i sin(θ/2) cos(θ/2)

)
J1 =


0 0 0 0
0 0 0 i
0 0 0 0
0 −i 0 0

 Rx(θ) =


1 0 0 0
0 cos θ 0 sin θ
0 0 1 0
0 − sin θ 0 cos θ


K1 = 1

2

(
0 i
i 0

)
B1(λ) =

(
cosh(λ/2) sinh(λ/2)
sinh(λ/2) cosh(λ/2)

)
K1 =


0 0 i 0
0 0 0 0
i 0 0 0
0 0 0 0

 Bx(λ) =


cosh λ 0 sinh λ 0

0 1 0 0
sinh λ 0 cosh λ 0

0 0 0 1



J2 = 1
2

(
0 −i
i 0

)
R2(θ) =

(
cos(θ/2) − sin(θ/2)
sin(θ/2) cos(θ/2)

)
J2 =


0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0

 Ry(θ) =


1 0 0 0
0 cos θ − sin θ 0
0 sin θ cos θ 0
0 0 0 1


K2 = 1

2

(
0 1
−1 0

)
B2(λ) =

(
cosh(λ/2) −i sinh(λ/2)
i sinh(λ/2) cosh(λ/2)

)
K2 =


0 0 0 i
0 0 0 0
0 0 0 0
i 0 0 0

 By(λ) =


cosh λ 0 0 sinh λ

0 1 0 0
0 0 1 0

sinh λ 0 0 cosh λ



J3 = 1
2

(
1 0
0 −1

)
R3(ϕ) =

(
eiθ/2 0

0 e−iθ/2

)
J3 =


0 0 0 0
0 0 0 0
0 0 0 −i
0 0 i 0

 Rz(θ) =


1 0 0 0
0 1 0 0
0 0 cos θ − sin θ
0 0 sin θ cos θ


K3 = 1

2

(
i 0
0 −i

)
B3(λ) =

(
eλ/2 0

0 e−λ/2

)
K3 =


0 i 0 0
i 0 0 0
0 0 0 0
0 0 0 0

 Bz(λ) =


cosh λ sinh λ 0 0
sinh λ cosh λ 0 0

0 0 1 0
0 0 0 1



Appendix B. Generators of SO(3,2) and Sp(4)
In 1963, Dirac [97] showed that the generators of the Lorentz group SO(3, 2), which is

isomorphic to the (3 + 2) de Sitter group, satisfy the following set of commutation relations:

[Ji, Jj] = iεijk Jk, [Ji, Kj] = iεijkKk,

[Ji, Qj] = iεijkQk, [Ki, Kj] = [Qi, Qj] = −iεijk Jk,

[Ki, Qj] = −iδij J0, [Ji, J0] = 0,

[Ki, J0] = −iQi, [Qi, J0] = iKi. (A4)

This SO(3, 2) Lorentz group has ten generators and is applicable to the three spaces
and two time dimensions. A five-by-matrix representation of this Lie algebra can be found
in [121], where it is also discussed how this group is important in dealing with space-time
symmetries. Below, Table A2 gives the expressions for the generators of Sp(4) in Fock
space and the differential forms of the generators in the phase space of (x1, p1, x2, p2).
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Table A2. Generators for SO(3, 2) and Sp(4). These generators are applicable to two-mode squeezed
states expressed in Fock space and in phase space, respectively. They satisfy the same commuta-
tion relations.

Generators Fock Space Differential Form in Phase Space

J1
1
2
(
â†

1 â2 + â†
2 â1
)

i
2

{(
x1

∂
∂p2

− p2
∂

∂x1

)
+
(

x2
∂

∂p1
− p1

∂
∂x2

)}
J2

1
2i
(
â†

1 â2 − â†
2 â1
)

i
2

{(
x1

∂
∂x2

− x2
∂

∂x1

)
+
(

p1
∂

∂p2
− p2

∂
∂p1

)}
J3

1
2
(
â†

1 â1 − â†
2 â2
)

− i
2

{(
x1

∂
∂p1

− p1
∂

∂x1

)
−
(

x2
∂

∂p2
− p2

∂
∂x2

)}
J0

1
2
(
â†

1 â1 + â2 â†
2
)

− i
2

{(
x1

∂
∂p1

− p1
∂

∂x1

)
+
(

x2
∂

∂p2
− p2

∂
∂x2

)}
K1 − 1

4
(
â†

1 â†
1 + â1 â1 − â†

2 â†
2 − â2 â2

)
− i

2

{(
x1

∂
∂p1

+ p1
∂

∂x1

)
−
(

x2
∂

∂p2
+ p2

∂
∂x2

)}
K2 + i

4
(
â†

1 â†
1 − â1 â1 + â†

2 â†
2 − â2 â2

)
i
2

{(
x1

∂
∂x1

+ x2
∂

∂x2

)
−
(

p1
∂

∂p1
+ p2

∂
∂p2

)}
K3

1
2
(
â†

1 â†
2 + â1 â2

)
− i

2

{(
x1

∂
∂p2

+ p2
∂

∂x1

)
+
(

x2
∂

∂p1
+ p1

∂
∂x2

)}
Q1 − i

4
(
â†

1 â†
1 − â1 â1 − â†

2 â†
2 + â2 â2

)
i
2

{(
x1

∂
∂x1

− p1
∂

∂p1

)
−
(

x2
∂

∂x2
− p2

∂
∂p2

)}
Q2 − 1

4
(
â†

1 â†
1 + â1 â1 + â†

2 â†
2 + â2 â2

)
− i

2

{(
x1

∂
∂p1

+ p1
∂

∂x1

)
+
(

x2
∂

∂p2
+ p2

∂
∂x2

)}
Q3

i
2
(
â†

1 â†
2 − â1 â2

)
− i

2

{(
x2

∂
∂x1

+ x1
∂

∂x2

)
−
(

p2
∂

∂p1
+ p1

∂
∂p2

)}
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121. Başkal, S.; Kim, Y.S.; Noz, M.E. Physics of the Lorentz Group (Second Edition): Beyond High-Energy Physics and Optics; IOP Publishing:

Bristol, UK, 2021. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390/math14020335

http://www.ncbi.nlm.nih.gov/pubmed/OCLC: 247501433
http://dx.doi.org/10.1088/0305-4470/39/24/014
http://dx.doi.org/10.3390/sym5030233
http://dx.doi.org/10.1016/0375-9601(90)90550-8
http://dx.doi.org/10.1103/RevModPhys.82.277
http://dx.doi.org/10.9734/PSIJ/2014/10336
http://dx.doi.org/10.1088/978-0-7503-3607-9
https://doi.org/10.3390/math14020335

	Introduction
	Classical and Quantum Phase Spaces 
	Linear Canonical Transformations in Quantum Mechanics
	The Wigner Function and the Density Matrix
	Harmonic Oscillators in Phase Space
	Coherent and Squeezed States of Light in Wigner's Phase Space
	Single-Mode Squeezed States of Light
	Squeezed Vacuum

	Symmetries of Two-Mode States
	Overlap of Wigner Functions and Squeezed States of Light
	Two Coupled Oscillators
	Density Matrix and the Poincaré Sphere
	Stokes Vectors, Coherency Matrix and the Poincaré Sphere
	Two Concentric Poincaré Spheres

	Conclusions
	Appendix Title
	Generators of SO(3,2) and Sp(4)
	References

