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Abstract

The diffusion equation models a wide variety of physical and chemical processes and has
significant interest in many scientific disciplines. Analytical and numerical methods found
in the literature for solving the diffusion equation consider a constant diffusion coefficient.
However, in reality, it is not constant. In this paper, we present a numerical approach to
solve the diffusion equation when the diffusion coefficient is not constant. Unlike existing
methods that require solving non-linear systems with iterative schemes, our approach
transforms the problem into a linear system, drastically reducing computational cost while
preserving temporal accuracy.

Keywords: numerical methods; diffusion equation; non-constant diffusion coefficient

MSC: 65M06; 656M22

1. Introduction

The phenomenon of diffusion is one of the most important and well-documented
mechanisms in the fields of physics and chemistry. It is present in myriads of physical
events and materials, having been studied in metals, alloys, polymers, fluids, reactive
molecules, and even quantum mechanical systems [1-6]. Naturally, this makes diffusion a
phenomenon of significant interest in many scientific disciplines such as chromatography,
catalysis, metallurgy, and semiconductor technology [7-12]. Diffusion is described by the
diffusion equation, which can be used to represent a wide variety of processes like the
movement of matter as a result of random molecular motion, the stationary motion of a
boundary layer of fluid over a plate, or heat transfer in tumors [13,14].

Given its wide variety of applications, scientists have always been interested in build-
ing methods capable of efficiently solving the diffusion equation [15]. This is reflected in the
literature, where examples in Cartesian coordinates [16], cylindrical/polar coordinates [17],
and spherical coordinates [18] can be found. Generally, these methods fall into one of two
overarching approaches: analytical or numerical. Analytically solving a nonlinear diffusion
equation is not an easy task. In the literature, exact solutions can be found for a relatively
small number of cases under restrictive assumptions regarding the diffusion coefficient or
the boundary and initial conditions (see, for instance [19-21]). For this reason, analytical
solutions are limited in terms of their utility.

In contrast, numerical methods are useful for handling many practical problems
that involve nonlinearities, complex geometries, and even complicated boundary condi-
tions [22]. There are many strategies based on numerical methods that can be used to
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compute solutions to the diffusion equation. In [23], nine different numerical schemes
for the solution of the three-dimensional heat diffusion equation are compared. Among
these methods, the finite difference methods stand out due to their relative accuracy and
reduced computational complexity. Moreover, the Crank—Nicolson method [24] is said
to be advantageous in other instances due to its unconditional stability. However, when
different numerical methods are compared to solve the diffusion equation, parameters
like the diffusion coefficient are considered to be constant. Recent advancements have ad-
dressed stability analysis and error estimation in variable coefficient convection—diffusion
equations, providing insights into generalized numerical fluxes [25]. In reality, these pa-
rameters are actually not constant, but such assumption facilitates the resolution of the
equations. Heat diffusion can also be influenced by external fields. Specifically, in optimal
control problems for reaction—diffusion—convection equations with variable coefficients,
it is crucial to consider the effects of the external environment, as explored in recent stud-
ies [25,26]. However, heat transfer control problems are beyond the scope of this paper,
and we have considered a system without external environmental effects.Several recent
contributions have addressed the numerical solution of diffusion-type equations using
different strategies, such as boundary element formulations [27] and iterative schemes for
non-linear PDEs [28]. However, these approaches often involve significant computational
cost, which our method aims to reduce.

When the Crank-Nicolson method is used to numerically solve the diffusion equation
with a non-constant diffusion coefficient, a system of non-linear equations arises. The
standard approach to solve such problem is to combine the Crank-Nicolson method with
the multivariate Newton-Raphson method (see, e.g., Refs. [29,30]).

In this paper, we present a low-complexity numerical approach to solve the diffusion
equation when the diffusion coefficient is not constant based on a modification of the
Crank-Nicolson finite difference method. This modification leads to a system of linear
equations that can be efficiently solved using basic matrix algebra. Moreover, we will
prove that our approach and the standard approach have the same accuracy with respect
to the time step, although the accuracy of our approach decreases with respect to the
spatial step. Hence, our approach is appropriate for performing long-term simulations
with very low complexity. To the best of our knowledge, no previous work has proposed a
modification of the Crank-Nicolson scheme that avoids Newton—Raphson iterations for
non-constant diffusion coefficients. This paper introduces such an approach, enabling
long-term simulations with minimal complexity.

The remainder of this paper is organized as follows. Section 2 states preliminary
considerations regarding the diffusion equation, the finite difference approximation of
partial derivatives, and the multivariate Newton-Raphson method. Section 3 presents the
standard method and our alternative approach to solve the diffusion equation when the
diffusion coefficient is not constant. Section 4 provides an application example to clarify
the implementation of the two considered approaches. Finally, an illustrative example and
some conclusions are given in Sections 5 and 6.

2. Preliminaries
This section is devoted to reviewing the diffusion equation and the bases of the

numerical methods that will be used in the problem statement.

2.1. Diffusion Equation

The diffusion equation is a second-order non-linear parabolic partial differential
equation, given as follows:
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a”(at;”) = div (A(u)Vu(t,p)), (1)

where 1 is a function of the independent variables t and p, t represents time, p = (a1, xp, a3)

represents a position on a certain three-dimensional coordinate system, div denotes the
divergence operator, V denotes the gradient operator, and A(u) is known as the isotropic
diffusion coefficient. If the diffusion coefficient is constant, Equation (1) becomes a linear
partial differential equation. In the sequel, we assume that u(¢, p) is continuously differen-
tiable up to the fourth order in all the variables within the domain of interest. Similarly, we
assume that A(u) is continuously differentiable.

For linear partial differential equations, there are several well-known numerical meth-
ods that provide an approximation of the solution by solving a system of linear equations.
Due to the structure of the matrices that arise in such systems, they can be solved with very
low complexity. However, the main difficulty for numerically solving Equation (1) with
low complexity arises from its non-linearity due to the non-constant diffusion coefficient.

2.2. Finite Difference Approximations of Derivatives

Let f be a real-valued function defined on an interval [g,b] in R, and assume it has
derivatives of every order at each point of [4, b]. Then, according to Taylor’s formula (see,
e.g., Ref. [31]), for every x € [a,b] and for every n € N, we have

f = D O ey S0

whenever there is a positive constant M such that
£ (x0)| < M",

with ¢ € [a,b], f© = £, f(") being the nth derivative of f and xg being some point between
x and c.
Hence, for every h > 0 satisfying that ¢ + h € [a, ], we have

n—-1 f(k) (C) hk

o) = Doy Ll L2000

n!

, ()

where x1 € [c, ¢ + h], and for every h > 0 satisfying that c — h € [a, b], we have

1 f) (n)
fle—m=xit k!@ (=h)*+ %ﬂ"”(—h)’% ©®)
where x; € [c — I, c].
For n = 2, from (2), we have
(2)
fleth) = £0)+ fO o+ L2, @

therefore, we obtain the Forward Difference method for approximating the first derivative
of f:

w = W) + f(z)z(!xl)h = fW(c) +0(h), ©)

where O denotes the Big O notation of Landau and represents the truncation error. For

n = 2, from (3), we have

fle=h)=f(e)+ fD(e)(=h) + f(z)z(f‘“(hﬂ (6)
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The addition of (4) and (6) yields
Fleh)+ Fle—1) = 2600 + 1 (£ xy) + £ x)) = 2£() +O0R). )
For 1 = 3, from (2), we have
e+ = £(6) + /0 e+ LoD L0 ®
and from (3), we have
Fle— 1) = £0)+ F0(E) =k + Lo oy L202) ©)

Subtracting (9) from (8) yields

3

Fleth) = fle—h) =2fV e+ 2 (D) + FO ),

and therefore, we obtain the Central Difference method for approximating the first deriva-
tive of f:

f(c+h)2fhf(0*h) — FU(e) + O(2). (10)

For n = 4, from (2), we have

fleth) = £(0) + 70 o+ Lo S0 SO0y

and from (3), we have

Fle—h) = £(0) + FOE) () + L5 (a2 4 L

The addition of (11) and (12) yields

Fleh)+ Fle—h) = 2£(6) + FO (O + 2 (F0(x) + £ (),

and therefore, we obtain the Central Difference method for approximating the second
derivative of f:
c+h)—=2f(c)+ f(c—h
f( ) ];1(2 ) f( ) _ f(z)(C) + O(h2> (13)

2.3. Finite Difference Approximations of Partial Derivatives: Crank—Nicolson Method

Crank-Nicolson is a well-known finite difference (implicit) method for numerically
solving partial differential equations. The basic idea behind the Crank-Nicolson method is
to discretize both the spatial and the time domain and approximate the partial derivatives by
the corresponding finite differences expressions at those points [32]. This method has been
extensively studied and modified to enhance its performance and applicability in various
contexts. For instance, comparative analyses between the classic and modified versions
have been conducted to assess their efficiencies [33]. Furthermore, its integration into
mixed finite element schemes has demonstrated its versatility in more complex numerical
frameworks [34].

Specifically, the Crank-Nicolson method approximates the partial derivatives by the
corresponding finite difference expressions at point (t + 4f, p) as follows:
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ou At _u(t+ At p) —u(t, p) 2
= <t+ 5 ,p) = AL +0(At7), (14)
ou t—l—g _ 1 u(t+ At p+Aaje;) —u(t+ At p — Daje;)
ou; 2P) =2 2Aa;
u(t,p+ Awjej) —u(t, p — Aae;) 2
+ A, +0(Aaf), (15)
aiu t—l—g _ L[ u(t+ At p+Daje;) —2u(t + At p) +u(t + At p — Daje;)
8047.2 2'P) =2 Aa?
+ u(tl p+ A‘xiei) - ZMA(ZZP) + ”(tr p—- A“iei)) + O(ADCIZ), (16)
i

where At is the time step, Aw; is the spatial step in coordinate w; with i € {1,2,3},
e1 = (1,0,0), e = (0,1,0), and e3 = (0,0,1). Observe that Crank—Nicolson is a second-
order method. The main advantage of this method is that it is unconditionally stable for
linear partial differential equations. Although the approximations of the partial derivatives
in (14)—(16) are well-known and commonly used, we have not found a formal explanation
regarding the point at which the approximations are made or how the expressions with
their corresponding truncation error are derived. Therefore, for the convenience of the
reader, the details are explained below.
We first consider the Central Difference method for approximating the first derivative
of fin (10) with f =u,c =tp,and h = %. Hence, we have
u(to+ 5, p) —ulto— 3 p)
At

)
= 57 (fo.p) +0(AP), 7)

for all £y € [0, 00). Consequently, as (10) also holds for t = ty + % , (14) is directly obtained.
Now we consider again (10), but with f = u, ¢ = p, and h = Aa;e;. Hence, for each

i €{1,2,3}, we have
u(t+ %,p + Awje;) —u(t+ %,p — Awje;) _ du

At )
T3 =5 (t + 5 p) + O(Aag). (18)

Consider (7)with f =u,c=t+ At and h = %. Hence, we have

u(t+ At,p) +u(t, p) :2u(t+%,p) +0(A). (19)

By combining (18) and (19), (15) is obtained.

Finally, we consider the Central Difference method for approximating the second
derivative of f in (13) with f = u, ¢ = p, and h = Aw;e;. Hence, for each i € {1,2,3},
we have

At Awie:) — At At o Anie:
it Fprbne) it Bop e Bopmwe) (0 ) Lo (0)

1

By combining (19) and (18), (16) is obtained.

2.4. Multivariate Newton—Raphson Method

Newton—Raphson is an iterative method to approximate a root § of a system of n
non-linear equations and # unknowns f(x) = 0. The iterative algorithm is as follows:

Xpy1 = X — My ke {O, 1,.. } (21)
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where hy is the solution of the linear system of equations J ¢ (xx )y = f(xx) and J(x) is the
Jacobian matrix of f at x;. Under certain conditions of f and a good enough initial guess
X0, the iterative algorithm (21) converges to the sought root §. When the Newton-Raphson
method converges, it can be proved that

21 = Bll = O([lhell)
where || - || denotes the Euclidean norm (see, e.g., Ref. [35] (p. 249))

3. Problem Statement

In order to solve the non-linear Diffusion Equation (1), it is necessary to specify the
coordinate system that will be used. In this paper, without loss of generality, we will use
the cylindrical coordinate system, but everything that is said for cylindrical coordinates
can be extrapolated directly to any other coordinate system. In cylindrical coordinates,
p = (r,¢,z); therefore, the non-linear Diffusion Equation (1) can be rewritten as follows:

Ju 10 ou 10 (A(u)ou 0 ou

where u = u(t,r, ¢,z).

In order to simplify the expressions, from now on, we consider that u only depends
on t and r. Based on this, Equation (22) can be written as follows:

ou  Au)ou  oA(u)du 0u

a oo o M Wae
2 2

Au) du n oA (u) <8u) +A(u)a u

r o or ou \or o2

(23)

Observe that since the diffusion coefficient A(u) is not constant, the resulting partial
differential Equation (23) is not linear.

We aim to solve the Diffusion equation for t > 0 and r € [a,b]. At this point, we present
the standard approach and our alternative approach, both based on the Crank-Nicolson
method, to numerically solve Equation (23). In both approaches, we discretize the time do-
main [0, 00) into subintervals of length At, and we obtain the following temporal partition:

t=iAt, i€{0,1,...}

It should be mentioned that although the Crank—Nicolson method is known to be un-
conditionally stable, when cylindrical coordinates are employed, a suitable choice of the
integration step At is required [36,37].

Similarly, we discretize the space domain [0, R] into N subintervals of length Ar = %,
and we obtain the following spatial partition:

rj = jAr, j€{0,1,...,N}

3.1. Standard Approach

We first introduce the standard approach. This approach combines the Crank-Nicolson
method and the Newton-Raphson method to numerically solve Equation (23). Using Equa-
tions (14)—(16) to approximate the partial derivatives in Equation (23) at point (¢ + %, r),
we obtain the following:
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u(t+ At,r) —u(t,r)

At

_ AMu(t,r)) u(t+At,r+Ar)—u(t+At,r—Ar)+u(t,r+Ar)—u(t,r—Ar)
- 2r 2Ar 2Ar

10A w(t+AL T+ AF) —u(t+AL r—Ar)  u(t,r+Ar)—u(t, r—Ar)\?

=20 (u(t
e ’r))< 207 + 207

AMu(t,r)) (u(t+ At, v+ Ar) —2u(t 4+ At,r) + u(t + At,r — Ar)
+

2 Ar?
N u(t,r+Ar) — ZuA(:,Zr) +u(t,r— Ar)) N O(At2 N Arz) (24)

We now apply the finite difference approximation given in Equation (24) to all the
points (t;,7;) of the considered partition. To simplify the notation, we denote u(t;,7;)
by u;j, A(u(t;,rj)) by A;j, and g—)u‘(u(ti, rj)) by 7i;. We obtain the following system of
non-linear equations:

Aij At
Ujj— Uit1,j+ 1 A2 (Uig1,je1 — Hiprj-1 + Hijp1 — Uij1)
Yij At 2
16 A2 (Mit1jr1 — i1+ tije1 — Uij1)
Aij At
7'] A2 (W11 — 2041+ i1+ Uijp — 2ui; +uij 1) =0 (25)

fori € {0,1,...} andj € {1,...,N — 1}. The initial condition provides the values of 1, for
allj € {0,1,...,N}. Therefore, for i = 0, we have a system of N — 1 equations and N + 1
unknowns (u1,; with j € {0,1,..., N}). The boundary conditions provide the remaining
two equations that allow us to solve the system. By solving this system recursively for each
i, we can obtain the approximation of the solution in all the points (¢;, ;) of the partition.

Observe that the system of non-linear equations (25) cannot be solved using basic
matrix algebra. The multivariate Newton-Raphson method is a well-known iterative
method that allows us to solve the system of non-linear equations (25) (see Multivariate
Newton-Raphson method). The most appealing characteristic of this strategy is its high
accuracy, namely O (A#? + Ar?), although this accuracy comes at the expense of increased
computational complexity because for each time step, several systems of linear equations
have to be solved.

3.2. Alternative Approach

In certain practical scenarios, it is interesting to reduce the computational complexity
of the resolution method, even if it implies a slight accuracy loss. In this subsection, we
propose an alternative approach to numerically solve the non-linear Diffusion Equation (1)
with much lower complexity than using the Newton—-Raphson method. To that end, we
consider a different finite difference approximation for %‘i at point (¢ + 4, ) than the one
given in Equation (15). Specifically,

ou At _(u(t,p+ Aaje;) —u(t, p — Awje;) ‘
o (t + 2 p) _ ( - +0(Ady). (26)

Using Equations (14), (26), and (16) to approximate the partial derivatives in Equation (23)
at point (t + 4, 7), we obtain the following:
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u(t+ At r) —u(t,r)  Au(t,r))(u(t,r 4+ Ar) —u(t,r — Ar)
At o 2Ar
oA u(t,r+ Ar) —u(t,r — Ar)\?
+ Gttt =t
A(u(t,r)) ((u(t+ At,r + Ar) —2u(t + At,r) + u(t + At,r — Ar)
+
2 Ar?
N u(t,r+ Ar) —2u(t,r) +u(t,r — Ar) +O<At2+Ar) 27
Ar?

We now apply the finite difference approximation given in Equation (27) to all the points
(t;,7;) of the considered partition, and we obtain the following system of equations:

Aij At 7ij At 2
/] L]
Hij =it 5o A (01— uija) + 27 1o (i — uij1)
Aii At
2] A2 (Uig1,j+1 — 2uiq,j + ig1,j—1 + i1 — 2ui; +uijq) =0 (28)

fori € {0,1,...}andj € {1,..., N — 1}. Given the initial and the boundary conditions for
i =0, (28) is a system of N + 1 equations and N + 1 unknowns (uy,; with j € {0,...,N}).
Observe that the system of equations (28) is now linear; therefore, it can be solved using
basic matrix algebra. By solving this system recursively for each i, we can obtain the
approximation of the solution in all the points (f;,7;) of the partition.

The computational complexity of this alternative approach is much lower than the
approach based on the Newton-Raphson method because for each time step, we only need
to solve a single system of linear equations. However, this approach yields an accuracy of
O(At? + Ar). Observe that the accuracy remains the same with respect to the time step but
decreases with respect to the spatial step. Hence, this alternative approach is appropriate
for performing long-term simulations with very low complexity.

4. Application Example

In this section, we provide an application example to clarify the implementation of the
approaches presented in this paper to numerically solve the non-linear diffusion equation.
We also compare the computational complexity of these approaches. As an example, we
consider the following problem:

ot v ar+ ou

subject to:

ou  Au)ou  9IA(u) (Bl

u

a(t,O) = t>0,

u

ﬁ(t’R) =—H(u(t,R) — i) t>0 (29)

where 1 = u(t,r) is the sought function and u, R, H, i« are positive constants.

4.1. Implementation of the Standard Approach

We aim to approximate the solution of (29) in all the points (t;,7;) of the considered
partition using the standard approach. For a fixed i, from (25), we have a system of N — 1
non-linear equations and N + 1 unknowns. The boundary conditions in (29) provide the
following two additional equations:
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Ujo — Uip1,0 + /\i,Op (uis11 +uig —tjy10 —tig) =0, (30)
HA; yAt H2y,; NAt
Ui, N = Uj41,N— 7&’1{ (i1, N+t N — 2itco) +7Z (#i41,N + 1N —2uco
At
+AiN m(”i—}—l,N—l +ui N1~ (1 + ArH)(ui 1,y +u;,N) +2ArHuie ) = 0, (31)

fori € {0,1,...}. Therefore, for a fixed i, we have a system of N + 1 non-linear equations
that can be written in vector form as f;(u; 11, ..., ui+1,N) = 0, where [fi]o is the left-hand
side of (30), [f;]; is the left-hand side of (25) for j € {1,..., N — 1}, and [f;] is the left-hand
side of (31). In order to apply the multivariate Newton—-Raphson method, we need to
compute the Jacobian matrix of f; at x = (xo, ..., xy); that is, we need to compute
_ 9filn
[]ﬁ,(x)}w8 = G5 ) Vb LE {1 N

From (25), (30) and (31), we obtain a tridiagonal matrix whose non-zero entries are
given as follows:

1), = hio s

[Iﬁ(x)]HLj = —%% - %% (Xj+1 = Xj1 + U1 — ui,jq) + %%

[]f“( )]j+1,j+1 - i'j%

[]f‘(x)]erl,erZ B %’j% %% (fo —Xj1t U1 — w?ffl) + %%

[]ff (x)] NN "’NAATZ

0] =1 O ot —2) ~ (AN (32)

forje{1,...,N—1}.

By taking xo = (1, ..., u; ) and applying the Newton-Raphson iterative algorithm
given in (21), we approximate the values of (111, ..., u4i+1n). Using the initial condition,
we have that ug; = ug forall j € {0,..., N}. Hence, repeating the aforementioned process
foreachi € {0,1,...}, we obtain the approximation of the solution of (29) in all the points
(t;,r;) of the partition. This is summarized in Algorithm 1.

Algorithm 1 Algorithm for solving (29) with the standard approach

1: ug, < Up

2: fori = 0: ipax do D> imax 1S the maximum number of time steps
3: X < Uj.

4 while 1 do

5: Compute f;(x) using (25), (30) and (31)

6: Compute J 7, (x) using (32)

7 Solve J 1 (x)h = fi(x)

8 x<x—h

9: if ||| < € then > € sets the accuracy of the Newton-Raphson algorithm
10: Uip1, < X
11: break
12: end if
13: end while
14: end for
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4.2. Implementation of the Alternative Approach

We here aim to approximate the solution of (29) in all the points (t;, 7;) of the considered
partition using the alternative approach. For a fixed i, from (28), we have a system of N — 1
(linear) equations and N + 1 unknowns. The boundary conditions in (29) provide the
following two additional equations:

At
ujp— Uip1,0 + 2/\1‘,0@ (Uit11 — Uiy1,0 + uin — uip) =0, (33)
HA, A )
UjN — Uit1,N — #(WN — o) + H?y; NAH (1 N — hoo)
At

+/\i,N p(”iJrl,N*l +uiN—1— (1 +ATH) (ul’Jrl,N_'_ui,N) +2ArHuoo) =0, (34)

fori € {0,1,...}. Therefore, for a fixed i value, we have a system of N + 1 linear equations that
can be written in matrix form as A; (1110, - -, ui+1,N)T = b;, where T denotes transpose and
Ajisthe (N +1) x (N + 1) tridiagonal matrix whose non-zero entries are given as follows:

(A =1+ 2000

(Al = —2/\1',0%

[Ailj1, = _%%

[Ailjp1j01 =1+ Airi%

[Ai]j+1,j+2 = _%%

[Ailnn = _/\i,N%

Ay =1+ A g (14 A7H) (35)

forje {1,...,N —1}, and b; is the (N + 1) x 1 matrix given by
At

[bil 1,1 = w0+ 2450 55 (g — i)
[biljja0 = uij+ );;AA; (uijr1 —wij1) + %% (01 — ;1)
)\21',]‘ % (Wijy1 —2uij+uij 1)
[bilns11 = 1iN — %(”m — thoo) + H27; NAH (1 — teo)”
+ /\i,N%(”i,N—l — (1+ArH)uj N +2ArHuo,) (36)

forje{1,...,N—1}.

Using the initial condition, we have that ugj = Uo forall j € {0,...,N}. Hence,
solving this system recursively for each i € {0,1, ...}, we obtain the approximation of the
solution of (29) in all the points (¢;,7;) of the partition. This is summarized in Algorithm 2.

Algorithm 2 Algorithm for solving (29) with the alternative approach

10 Ug,. < Up

2: fori =0: imax do D> imax 1S the maximum number of time steps
3: Compute A; using (35)

4: Compute b; using (36)

5: Solve Ai(ui+1/o, ceny ui+l’N)T = b;

6: end for
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4.3. Computational Complexity

In this subsection, we compare the computational complexity of the standard and
alternative approaches. This analysis focuses on the operations required per time step and
the overall computational cost associated with each method.

The standard approach requires solving a system of (non-linear) equations. For each
time step i, the Newton-Rapshon method should be used, which involves the follow-
ing components:

* Jacobian Matrix assembly: for each iteration of the Newton-Raphson method, con-
structing the (N +1) x (N + 1) tridiagonal Jacobian coefficient matrix J ¢, (x) using (32)
involves 3N + 1 operations.

e For each iteration of the Newton-Raphson method, the computation of f;(x) using (25),
(30) and (31) requires N + 1 operations.

e  For each iteration of the Newton-Raphson method, solving J.(x)h = f;(x) requires
5(N + 1) multiplications using Thomas’ algorithm for tridiagonal matrices.

We consider that s iterations of the Newton—Raphson are required until the desired
precision is obtained. Assuming that the initial guess is reasonable, the method con-
verges quadratically, and for typical engineering or scientific problems, s = 10 iterations
might be enough. Therefore, the total number of operations required for each time step is
s(9N + 7) operations.

The alternative approach requires solving a single system of linear equations for each
time step i, which involves the following:

e Assembly of the (N +1) x (N +1) tridiagonal coefficient matrix A; using (35) involves
3N + 1 operations.
*  The computation of b; using (36) requires N + 1 operations.
e Solving A;(#i110,.--,uis1N) = b; requires 5(N + 1) multiplications using Thomas’
algorithm for tridiagonal matrices.
Therefore, the total number of operations required for each time step is 9N + 7 operations.
The conclusion is that the alternative approach requires s times fewer operations
than the standard approach for each time step. Given that s = 10 is a typical number
of iterations for the Newton—-Raphson method, the alternative approach would require
10 times fewer operations.

5. Numerical Results

In this section, we present a numerical example in which we obtain the approximation
of the solution of (29) using both the standard and the alternative approaches presented in
this paper. Specifically, we consider the problem of solving the diffusion equation on an
infinite length cylindrical antimony bar with Neumann boundary conditions. The diffusion
coefficient is described by the Arrhenius equation [38]:

_Q
)\(Ll) = Dge ¢

where Dy = 56 cm? /s, Q = 2.07;2, 10° ] /mol, and p = 8.31]/K/mol (see (Appendix A in [39]).
We discretize the time domain [0,4000] into subintervals of length At = 1, and we dis-
cretize the space domain [0, 0.1] into subintervals of length Ar = 0.004 cm. Figure 1 shows
the approximation of the solution obtained, and Figure 2 shows the relative difference
between the approximations provided by the standard and the alternative approach.
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Figure 1. Approximation of the solution of (29) using both the standard and the alternative ap-
proaches, with uy = 900, ue, = 400, H = 1, for r = 0.1 (a), r = 0.08 (b), r = 0.05 (c) and
r = 0 (d), respectively.
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Figure 2. Relative difference between the approximations provided by the standard and the alterna-

tive approach.

6. Conclusions

When the diffusion equation has a non-constant diffusion coefficient, numerical meth-
ods are the most appropriate to address its resolution. There are many finite difference
methods to solve the diffusion equation. In this article, we focused on the Crank-Nicolson
method, as it allows for a good approximation. However, the finite difference methods
that appear in the literature are used with the assumption that the diffusion coefficient is
constant; therefore, the solution is approximated by solving systems of linear equations. In
this article, we considered that the diffusion coefficient is not constant; therefore, to approxi-
mate the solution, we numerically solved systems of non-linear equations (this is referred to
in the article as the standard approach). To reduce the computational complexity involved
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in solving non-linear systems of equations, we also proposed an alternative approach that
allows for working with systems of linear equations, even though the diffusion coefficient
is not constant. This alternative approach considerably reduces the computational com-
plexity with a slight accuracy loss with respect to the standard approach. Specifically, the
accuracy of the alternative approach remains the same with respect to the time step but
decreases with respect to the spatial step. Hence, this contribution fills a gap in numerical
methods for non-linear diffusion problems by offering a solution that combines simplicity
and accuracy, which is particularly relevant for large-scale or real-time simulations. Finally,
the performance metrics of the standard and alternative approaches are summarized in
Table 1, highlighting the differences in computational efficiency and accuracy.

Table 1. Performance metrics of the considered approaches.

Method Standard Approach  Alternative Approach
Number of operations per time step  10(9N +7) IN+7

Temporal accuracy O(At?) Oo(ar?)

Spatial accuracy O(ar?) O(Ar)
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