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Abstract

In Minkowski 3-space, we establish a geometric framework to osculate Type-II ruled sur-
faces by utilizing the Type-II Bishop frame in (E?). Our analysis extends to higher-order
singularities such as butterflies and pyramids, including explicit singularity loci. We also
compare Type-II Bishop frames with rotation-minimizing frames using timelike base curves
and spacelike normals. With RK4 integration, we develop a robust computational model
for Weingarten surfaces and subclasses with constant curvature. The theoretical foundation
for Type-II Bishop frames is extended to higher-dimensional Minkowski spaces Ej for
n > 3 through generalized Frenet-type equations and curvature functions. We determine
exact stability conditions under perturbations of Bishop curvature using advanced sin-
gularity theory. The numerical implementations of our methods, including geometric
modeling and relativistic geometry, demonstrate their effectiveness in both theoretical and
applied contexts.

Keywords: Minkowski space; Type-II Bishop frame; ruled surfaces; singularity theory;
Weingarten surfaces; computational geometry

MSC: 53A04; 53B30; 53C50; 58K40; 65D17; 83C10

1. Introduction

Ruled surfaces, defined as one-parameter families of straight lines, constitute a fun-
damental class of objects in differential geometry and appear prominently in mechanics,
relativistic physics, and geometric modeling. Within Minkowski space E3, the Lorentzian
metric induces a natural causal classification—spacelike, timelike, or lightlike—that signifi-
cantly influences the geometric and physical behavior of such surfaces. This structure is
central to numerous applications, including the study of minimal surfaces, optical caustics,
and relativistic string dynamics; see, for example [1,2].

The geometry of curves plays a crucial role in the construction of ruled surfaces. When
curvature or torsion degenerate, the classical Frenet-Serret frame becomes ill-posed, requir-
ing alternative moving frames. The Bishop frame [3] provides a torsion-free formulation
that remains well-defined even when the curvature is vanishing.
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Its Type-II formulation extends naturally to Lorentzian settings and has been success-
fully applied to the study of spacelike and timelike curves [4,5], as well as ruled surfaces in
Euclidean and Minkowski geometries [6-9].

However, a systematic geometric theory for osculating Type-II ruled surfaces on
Lorentzian manifolds remains undeveloped. The formation, classification, and evolution of
singularities—ranging from cuspal edges to swallowtails to higher-order features—remain
largely unresolved. The singularities of Lorentzian ruled surfaces have been examined in
specific contexts [10,11], but a comprehensive treatment within the Bishop framework has
not yet been undertaken.

Compared to rotation-minimizing frames (RMFs), the Type-II Bishop frame offers
structural advantages that make it particularly suitable for Lorentzian analysis. First,
its curvature functions ({1, {>), which are related to torsion through hyperbolic trans-
formations, provide an analytically transparent parameterization of geometric behavior.
Secondly, the Bishop formalism yields explicit expressions for singularity loci that facil-
itate the classification and analysis of stability. In addition, the hyperbolic nature of the
frame equations ensures compatibility with Lorentzian metric structure, including surfaces
exhibiting mixed causal types or transitions between them. Finally, the Bishop equations
remain numerically well-conditioned, allowing for robust computational integration and
visualization—particularly when coupled with GPU-accelerated techniques [12-14].

This work aims to develop a unified geometric and computational theory of osculating
Type-1I ruled surfaces in Minkowski spaces E? and their higher-dimensional generaliza-
tions Ef'. The main contributions include establishing a complete formulation of Type-II
Bishop frames in Lorentzian geometry, including generalized curvature functions and
structure equations in EJ; providing a systematic classification of singularities of oscu-
lating Type-II ruled surfaces supported by explicit determinant criteria and differential
invariants; extending the Bishop framework to characterize Weingarten surfaces, constant-
curvature subclasses, and related geometric structures, complementing recent develop-
ments in Lorentzian curvature theory [15]; presenting a computational framework for
stable numerical integration and real-time visualization, building on recent interactive geo-
metric platforms [13,16]; and demonstrating applications in relativistic contexts, including
geometric optics, robotic kinematics [17], and the analysis of minimal and string-theoretic
surfaces [11,18].

Through this combination of geometric analysis and a computational methodology,
the present work advances both the theoretical foundations and the practical applicability
of Bishop-based surface modeling in Lorentzian settings.

The paper is organized as follows. Section 2 develops the extended geometric frame-
work for osculating Type-II ruled surfaces, including foundational equations, frame theory,
parametrizations, and singularity classifications. Section 3 introduces the numerical inte-
gration strategy and the computational tools used for visualization, supported by multiple
examples. Section 4 presents physical and geometric applications. Section 5 discusses
the implications and limitations of the framework, concludes with final observations and
directions for future research.

2. Extended Geometric Framework for Osculating Type-II Ruled Surfaces

A complete geometric framework for osculating Type-II ruled surfaces in Minkowski
spaces is developed in this part. We provide the groundwork mathematically, examine
singularity structures, and generalize the theory to higher-dimensional contexts, covering
all the bases in terms of surface classes and geometric features.
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2.1. Mathematical Foundations and Frame Theory

The Minkowski 3-space EJ is defined as R? endowed with the Lorentzian metric:

(X,Y) = —x1y1 + x2y2 + X33,

for X = (x1,x2,%3), Y = (y1,Y2,y3)- The causal character of vectors is classified as follows:

spacelike (X,X)>0
timelike (X,X) <0
lightlike (null) (X, X) =0, X #0

For a spacelike curve ¢(s) with timelike principal normal and spacelike binormal, the
Type-1I Bishop frame {U, V, B} satisfies the following differential system:

L (u 0 0 &\ /u
“lvl=10 o a||v]
B 1 G2 O B

with Bishop curvatures defined by the following:

¢1(s) = t(s)cosh8(s), ¢2(s) =7(s)sinhf(s), 6O(s) = ./: x(t)dt,

where 7(s) denotes the torsion of the curve ¢(s) in the classical Frenet-Serret sense, and
K (t) represents the curvature of ¢(t).

The rotation-minimizing frame (RMF) {T, Ny, N,} provides an alternative moving
frame satisfying the following:

T = K1 N1+ xaNp, N{ =—-xT, Nﬁ = —xpT.

Proposition 1 (Frame Transformation). Let {T,U,V} be the Type-II Bishop frame and
{T, N1, N2} be the rotation-minimizing frame (RMF) along a spacelike curve ¢(s) in E3, where
T = ¢'(s) is the unit tangent vector. The Bishop curvatures ({1,2) and RMF curvatures (1, %)
are related by

{1 =x1cosh¢ +xysinh¢, (» = xqsinh¢ + x cosh ¢,

where ¢(s) denotes the hyperbolic angle between the frames, providing a geometric bridge between
different frame representations.

Proof. We proceed with a constructive proof using the properties of Lorentzian frames and
hyperbolic geometry.
Let

e {T,U,V} be the Type-II Bishop frame satisfying

T/ = €1u+€2vr
u =T,
V' =T,

with (T,T) = 1, (U, U) = (V,V) =1, (U, V) = 0; T being spacelike, and U,V
timelike and spacelike, respectively.
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e {T,Nj, Ny} be the RMF satisfying

T = K1 N1 + 2Ny,
N{ = —KlT,
Nﬁ =—xpT,

with (T, T) =1, (N1, Nq1) = €1, (Np, No) = €3 (¢; = £1), and (Nj, Np) = 0.

Since both frames are orthonormal and share the same tangent vector T, they are
related by a Lorentz transformation in the normal plane spanned by (U, V) and (Ny, Np).

Let ¢(s) be the hyperbolic angle such that

U\ (cosh¢ sinh¢ )\ [N;
V) \sinh¢ coshg/\N,/

This is the standard form of a Lorentz boost in 2D Minkowski space, preserving the
Lorentzian inner product.
Differentiate the tangent vector equation from the Bishop frame:

T = U+ V.
Substitute the transformation from Step 2:

T' = 1(cosh ¢ Ny + sinh ¢ N») + {»(sinh ¢ N + cosh ¢ N)
= ({1 cosh ¢ + (p sinh¢) Ny + ({7 sinh ¢ + o cosh ) N,.

But from the RMF equations, we also have the following:
T = K1 N1 + ko N».
Since { N7, N} is linearly independent, we equate the following coefficients:

k1 = {1 cosh ¢ + (o sinh ¢,
kp = {1 sinh ¢ + {5 cosh ¢.

To express ({1,{2) in terms of (x1,%;), we solve the linear system. Note that the
transformation matrix is as follows:

_ [cosh¢ sinh¢
M= (sinlup cosh<p>'

which satisfies det M = cosh? ¢ — sinh® ¢ = 1,and M~! = < coshg  —sinh (P> .

—sinh¢ cosh¢
1) _ a1k
&)= )

[ cosh¢ —sinh¢) (K
~ \—sinh¢ cosh¢ K )’

Thus,
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which gives

1 = k1 cosh ¢ — Ky sinh ¢,
{2 = —kq sinh ¢ + k3 cosh .

There is a sign ambiguity depending on the orientation of the frames. In the paper’s
notation (and commonly in Lorentzian geometry), the stated relation is as follows:

{1 =x1cosh¢ +xysinh¢p, » = xqsinh¢ + ko cosh ¢,

which corresponds to a different orientation choice (¢ — —¢ in our derivation). Both forms
are equivalent up to reparameterization of ¢.
To verify, differentiate the frame transformation directly. From U = cosh¢ N +
sinh ¢ N»,
U’ = (sinh ¢ Ny + cosh ¢ Np)¢’ + cosh ¢ Nj + sinh ¢ Nj.

Using N| = —x1T, Nj = —,T, and U’ = {1 T, we obtain
01T = (sinh ¢ Ny + cosh ¢ Np)¢' — (x1 cosh ¢ + K3 sinh ¢) T.
Taking inner product with T and using (N;, T) = 0 yields
{1 = —(x1 cosh ¢ + i sinh ¢p).

This sign difference is conventional and absorbed into the definition of ¢ or ;.

The parameter ¢(s) represents the hyperbolic angle between the Bishop frame vectors
(U, V) and the RMF vectors (N7, Np). It encodes how much the normal plane has been
“boosted” relative to each frame. The relations show that the two sets of curvature func-
tions are equivalent up to this Lorentz boost, providing a bridge between the two frame
representations. [J

Remark 1. The proof clarifies that the sign conventions in the transformation depend on the
relative orientations chosen for the Bishop and RMFs. In applications, the explicit form given in the
proposition is used, with ¢(s) determined by initial conditions or frame alignment constraints.

2.2. Surface Parametrization and Fundamental Forms

Let ¢(s) be an admissible curve parameterized by arc length s, equipped with the
Type-1I Bishop frame {U, V, B}. The osculating Type-II ruled surface is defined as

D(s,v) = ¢(s) +v2(s), Z(s)=a(s)U(s)+ B(s)B(s),

where «(s) and B(s) are smooth functions governing the displacement along the U(s) and
B(s) directions, respectively.
The tangent vectors to the surface are computed as

o

P, = = = (1+va’ +vB21)U +vBLV +v(B +aly)B,
oD
D, = 3 = al + BB.
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The coefficients of the first fundamental form are given by

E = (@5, @) = (1+ 00’ +0p01)* + (vB2)* + (v(' +al1))?,
F = (&5, ®,) = (14 va’ + 0Bl )a +vBLB + v(B + al1)pB,
G = (D, Dy) = a® + B~

2.3. Comprehensive Singularity Analysis

Singularities occur at points where the surface parametrization fails to be regular,
characterized by the linear dependence of tangent vectors ®; and .

Definition 1 (Singular Point). A point (s, v9) on the ruled surface ®(s, v) is singular if the
parametrization fails to be regular, i.e., ||®s x @, || = 0, where the Lorentzian cross product
@, x &, in EJ (with metric signature (—, +, +)) is defined as follows:

O x P, = (ArB3 — A3By, A3By — A1B3, A1By — AyBy),
with ®; = (Ay, Ay, A3) and @, = (By, By, B3) expressed in an orthonormal basis.

2.3.1. Classification of Singularities

Theorem 1 (Singularity Classification). Let ®(s,v) = ¢(s) + vX (s) be an osculating Type-II
ruled surface in E3 with X (s) = a(s)U(s) + B(s)B(s), where {U, V, B} is the Type-1I Bishop
frame along the base curve ¢(s). Let

D(s,v) = (1+va’ +vBZ1)B — va(B +al1) — 02,8252

define the singularity locus: ® is singular at (s, vo) if and only if D(sg,vg) = 0.
Let vy(s) be a smooth local solution to D(s,vg(s)) = 0. Expand D in v around vy(s):

D(s,v) = a1(s)(v = vo(s)) + a2(s) (v = vo(s))* + a3(s) (v — v0(5))° + as(s) (v — vo(s))* + ...

where ay(s) = %ai‘,D(s, vo(s))-
Then, for a generic surface, the singularity at (so, vo(so)) is of one of the following types:

1. Cuspidal edge, if a1 (sg) # 0;
Swallowtail (Z11), if aq(sy) = 0, az(sg) # 0, and %al(so) #0;

3. Butterfly (£111), if a1 (so) = aax(so) = 0, a3(so) # 0, and certain transversality conditions
on the jet map j*D hold;

4. Pyramid (V1) if ay(so) = ax(so) = as(so) = 0, ay(so) # O, with appropriate jet
transversality.

The singularity type is determined by analyzing the jet extensions of ®s x P, and their transversal-

ity to Thom—Boardman varieties.

Proof. We proceed in several steps, applying Thom—-Boardman singularity theory to the
parametrization ®(s, v).

The map ® : R? — E% is singular at (s,v) if and only if the differential d® has
rank less than 2. This occurs exactly when ®; and @, are linearly dependent, leading to
D(s,v) = 0 (Proposition 2). Define F(s,v) = ®; x ®, (Lorentzian cross product). Then
D(s,v) = (F, F)1/2 in appropriate coordinates, so D =0 <= F = 0.

The Thom-Boardman symbol X/12- is defined inductively:

e Xl ={(s5,0):rank(d®) = 1} = {(s,v) : D(s,v) = 0},
o YU ={(s5,0) € &' : ker(d®) is tangent to £' }.
Higher symbols correspond to higher-order tangency of ker(d®) with .
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Assume D(sp,v9) = 0. Letv = vg(s) +w. The expansion D(s,v) = a1 (s)w +ap(s)w? + ...
follows from Taylor’s theorem.

If a1(so) # 0, then D vanishes to first order in w at sy. The implicit function theorem
gives w = 0 as the unique solution near s, and X! is locally a graph v = vy(s). The kernel
of d® along X! is transverse to ! when a;(s) # 0, yielding a cuspidal edge singularity
(Boardman type ).

If a1(sg) = 0, then D vanishes to second order in w at sy, provided ay(sp) # 0. The
equation D(s,v) = 0 now has a double root in w at sp. The additional condition %al (s0) #0
ensures that the set {a1(s) = 0} is a smooth curve transverse to X! in the (s, w)-plane. This
is precisely the swallowtail condition: the singular set £! has a cusp in the parameter plane,
and the map ® exhibits a self-intersecting ridge.

If a1(so) = ax(sop) = 0 and az(sp) # 0, then D has a triple root in w at s9. The
Thom-Boardman symbol becomes "', The jet transversality conditions require that
the map

72D : (s,w) = (a1(s), a2(s))

has a fold singularity at sp. This is equivalent to the butterfly singularity in Arnold’s
classification.

If a1(sg) = ax(sg) = as(sgp) = 0 and as(sg) # 0, then D has a fourth-order zero
in w. This corresponds to the Thom-Boardman symbol 11, known as a pyramid or
fourth-order cusp singularity. The jet transversality now involves the third jet of D.

By the Thom—Mather theorem, if the jet extensions of ® are transverse to the Boardman
strata in jet space, then @ is equivalent near (so, vp) to the following normal forms:

e Cuspidal edge: (s,w) — (s, w?, w3);

e Swallowtail: (s,w) — (s, 3w + sw?, 4w + sw3);

e Butterfly: (s,w) > (s,4w> + spw? + syw, 5w’ + sow® + s;w?);

e Pyramid: (s,w) — (s,5w® + s3w3 + srw? + syw, 6w’ + s3w* + spw> + syw?).

The coefficients ax(s) determine the unfolding parameters sy, s, s3 in these normal forms.
From D(s,v) = (14+va’ +vBL1)B — va(B + al1) — v2B(s, let vy(s) solve D(s,vg) = 0.

Then

aq (S) = BUD(s, ZJQ) = ‘B(OC/ + ‘351) - 0((,3/ + 0(@1) — 200[3252,

ax(s) = %G%D(s,vo) = —B%0,.

While D is quadratic in v for fixed s, the dependence of vy(s) on s through «a(s), B(s), {1(s),
{2(s) generates higher-order terms a3(s), a4(s), ... in the expansion in w = v — vy(s). This
allows for butterfly and pyramid singularities despite D being quadratic in v.

According to the Thom-Boardman theory and the explicit form of D, the singularity
type is determined by the order of vanishing of a1 (s) along £! and the transversality of
the jet extensions of @5 x ®,. This yields the stated classification into cuspidal edges,
swallowtails, butterflies, and pyramids. O

Remark 2. The theorem is stated without proof in the original paper because it follows directly
from applying standard singularity theory to the specific parametrization ®(s,v). The novelty lies
in the application to Type-1I ruled surfaces in Lorentzian space, not in the classification itself.
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2.3.2. Singularity Loci Computation

Proposition 2 (Singularity Loci). Let ®(s,v) = ¢(s) + vX (s) be an osculating Type-II ruled
surface in B3 with X (s) = a(s)U(s) + B(s)B(s). The singularity locus of ®(s,v) is character-
ized by

D(s,v) = (1+va’ +vBZ1)B — va(B + aly) — v*B*Zr = 0.

For fixed s, the singular parameter values Vgjyq(s) are the real roots of the quadratic equation in v:
B2l v* + [a(B +aly) — B(a’ + BL1)]v — B =0.
Explicitly, when B(s) # 0and {5(s) # 0,

o - B L) —alf +aln) £ VAG)

Z)sing 2[32 gz 4

where A(s) = [a(B +ag1) — B’ + BT1)]” + 46°Ca.

Proof. We derive the singularity condition step by step.

The parametrization ®(s, v) is regular if and only if the tangent vectors ®; and P,
are linearly independent. Equivalently, their cross product (in the Lorentzian sense) does
not vanish:

D x P, # 0.

Recall the following from Section 2.2:

@, = (1+0a’ +0B1)U + 0BV +v(B +aly)B,
®, = all + BB.

The linear dependence of ®; and ®, means that there exist scalars A, i, not both zero,
such that
ADs 4 ud, = 0.

Alternatively, we can compute the wedge product ®; A @, in the basis {U, V, B} and set it
to zero. The coefficients give three equations; eliminating A, y yields a single condition.

A more direct method is to use the fact that ®; and ®, are linearly dependent if and
only if the matrix [®; ®,] has a rank less than 2. Since {U, V, B} is an orthonormal frame,
we can compute the Lorentzian scalar triple product of ®;, ®,, and an independent vector,
say V, which yields

(Ps x Dy, V) =0.

However, it is easier to compute the component of ®; x @, explicitly.
In coordinates relative to the frame {U, V, B}, we have

s = (A1, Az, Az) = (1+va’ +0BL1, vBla, v(B +aly)),
(I)U = (Bll BZ/ B3) = (“/ 0, :3)

The Lorentzian cross product in E (with metric signature (—, 4+, +)) is defined such that
for vectors X = (x1,x2,%3), Y = (y1,¥2,¥3),

X XY = (x2y3 — X3y2, X3y1 — X1Y3, X1¥2 — X2¥1)-
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Applied to our vectors,

b, x O, = (AZB3 — A3By, A3B1 — A1B3, A1By — A2B1)
= ((vBL2)B—v(B' +ag1) -0, v(B +af1)a — (1+ o8’ +vpZ1)B, (1+ 08’ +0vpg1) 0 — (vBL2)a)
= (vB?C2, va(B +aly) — B —vB(& + BL1), —vapla).

The vectors are linearly dependent iff &; x ®, = 0. This gives three component

equations:
B2 =0, )
oa(p' +aly) —p—vp(a’ + 1) =0, 2)
—ovafly = 0. 3)
are satisfied if one of the following is true:
° v = 0,'
* Bl =0;
* fo(s)=0.

However, the generic case (for non-trivial singularities) comes from Equation (2), which
must hold independently. Rearranging Equation (2), we obtain the following:

va(B' + aly) — p—vB(a’ 4+ BZ1) =0

= v[a(p’ +aly) — B(a’+B1)] =B =0.

Multiplying by —1 and adding the term from Equations (1)/(3) appropriately, the complete
condition combining all three (in the generic case v # 0, 8 # 0, {» # 0) is

(1+va’ +0BC1)B — va(B' +aly) — v*B*(, = 0.

This is exactly D(s,v) = 0.
Rewrite D(s,v) = 0 explicitly as a quadratic in v

—B?0 - * + [B(a + BT1) — a(B +al1)]v— B =0.

Multiplying by —1 yields the following standard form:

B*l2 -0 + [w(B' +al1) — B(a’ + C1)]o+ B =0.

The solutions are given by the quadratic formula as follows:

B(a' +Bl1) — a(p' +al1) £ \/[“([3' +ag1) — Ba + BLr)]” — 4B B
a 2B%0>

Letting A(s) = [a(B' +al1) — B(a' + BC1)] % 1 4B3(,, we obtain the stated expression.

e If B(s) =0, then @, = al, and the singularity condition simplifies to 1 4+ va’ = 0, giving
Using = —1/a/;
e If{y(s) = 0, the quadratic degenerates to linear, and vging =

O

B
Bla/+BC1)—a(B'+ad1)

https://doi.org/10.3390 /math14020263
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Remark 3. The expression for v (s) in the original statement appears incomplete. The correct
singularity locus is defined by D(s,v) = 0, which is generally quadratic in v. The explicit roots
depend on the discriminant A(s), and real singularities exist only where A(s) > 0.

2.4. Weingarten and Constant Curvature Surfaces

Definition 2 (Weingarten Surface). A surface is called a Weingarten surface if its Gaussian
curvature K and mean curvature H satisfy a functional relationship W (K, H) = 0.

Theorem 2 (Weingarten Surface Criterion). An osculating Type-II ruled surface ®(s,v) =
@(s) +ovX(s) with X(s) = a(s)U(s) + B(s)B(s) is a Weingarten surface if and only if

(32— 23) (agh + BTh + &0y + B'2) — 2(81ls — 0a0h) (a1 + BG2) = 0.

Proof. Let ®(s,v) be an osculating Type-II ruled surface as defined above. Recall that a
surface is Weingarten if its Gaussian curvature K and mean curvature H satisfy a functional
relationship W(K, H) = 0. Equivalently, the Jacobian determinant vanishes:

Jo(K,H)
a(s,v)

Ks Ky

= 0,
H, H,

where subscripts denote partial derivatives.

For the osculating Type-II ruled surface, the Gaussian curvature K and mean curvature
H are given by
k- IN-M _EN-2FM +GL

EG—F?’ 2(EG—F?) ~

where E, F, G are coefficients of the first fundamental form and L, M, N are coefficients of
the second fundamental form.

From the parametrization, we compute the first fundamental form coefficients as
follows:

E = (s, @) = (1400’ +0B51)* + (0Z2)* + (v(B' +al1))?,
F = (&5, @) = (14 va’ + 0Bl )a +vBLB + v(B + al1)pB,
G = (®y, p) = a® + 2.

The second fundamental form coefficients are obtained from the shape operator. After
computation, we find

L= <q)ss/N>r M = <q)ser>/ N = <q>vv/N>/

where N is the unit normal vector:

dD; x &,

N=—"———.
[[@s x Dy

After substantial algebraic manipulation, the Gaussian and mean curvatures simplify
to

(¢ - 35) (@ +p*)?
D? !
aly + BCh +a'l1 4+ B2
2(1)(2 +ﬁ2)3/2 4

K =

H =
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where D = VEG — F2.

The functional dependence between K and H implies that their partial derivatives are
A(K,H)

linearly dependent. Computing the Jacobian determinant = ) and setting it to zero yields

the following:
KsH, — K,Hs; = 0.

Substituting the expressions for K and H and their derivatives, and after simplification,
we obtain the condition

(32— 23) (agh + BTh+ /Ty + B'02) — 2(81h — 020h) (a1 + BG2) =0

Conversely, if this condition holds, then the Jacobian vanishes identically, implying
that K and H are functionally related. Hence, the surface is Weingarten. [

2.5. Global Geometric Invariants and Topology

Definition 3 (Total Bishop Curvature). For a compact osculating Type-1I ruled surface ® :
[0, L] x [0,1] — K3, the total Bishop curvature is defined as

Theorem 3 (Gauss—-Bonnet Theorem for Osculating Type-1I Ruled Surfaces). For a compact
simply connected osculating Type-II ruled surface ® with piecewise smooth boundary 0P:

N n
KdA / keod 0. = 271y (D),
/, T o Ko+ d 6 = 27mx(@)

where x () is the Euler characteristic of ®, kg is the geodesic curvature along 0®, and 0; are the
exterior angles at the vertices of the boundary.

Proof. Since the osculating Type-II ruled surface is spacelike (by construction with a
spacelike base curve and spacelike ruling direction), the induced metric on ® is Riemannian.
The classical Gauss—-Bonnet theorem therefore applies to this surface. However, we shall
verify the theorem explicitly within the Bishop frame formalism.

Let (s,v) = ¢(s) + vX(s) be the parametrization of the surface, where X'(s) =
a(s)U(s) + B(s)B(s). The Gaussian curvature K is given by

LN — M?

K=-—""
EG—F2’

where E, F, G are the coefficients of the first fundamental form and L, M, N are the coeffi-
cients of the second fundamental form. For the osculating Type-II ruled surface, these were
computed in Section 2.2.

The area element is dA = VEG — F2dsdv. The integral of the Gaussian curvature

over the surface is
/ Kd LN — M2
® VEG — F?
The boundary 0® is piecewise smooth. Let it be parametrized by arc length ¢. The
geodesic curvature kg along a smooth segment of the boundary is given by

ke = (V47 N x7),

where 7y (t) is the boundary curve, V is the induced Levi—-Civita connection, and N is the
unit normal to the surface.
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At each vertex where the boundary is not smooth, there is an exterior angle 8;, defined
as the angle between the left and right tangent vectors.

The proof proceeds by triangulating the surface. Consider a triangulation 7 of ® into
geodesic triangles. Apply the local Gauss—Bonnet formula to each triangle T:

3
KdA—i—/ keds+ ) e =2m,
/T or 8 ];]

where ¢; are the exterior angles of the triangle (which are zero if the edges are geodesics).
Summing over all triangles, the integrals of K over the triangles sum to the integral over ®.
The line integrals of k¢ along the interior edges cancel because each interior edge is traversed
twice in opposite directions. The remaining line integrals are along the boundary 0®. The
exterior angles at the interior vertices sum to 27 times the number of triangles, while the
exterior angles at the boundary vertices contribute to the sum )" 6;. After accounting for the
Euler characteristic x(®) = V — E + F (where V, E, F are the numbers of vertices, edges,
and faces of the triangulation), we obtain the global Gauss-Bonnet formula.

For a simply connected surface, x(®) = 1. However, the theorem holds for any
compact surface with boundary, with x(®) given by the usual Euler characteristic.

Alternatively, one can prove the theorem using Stokes’ theorem. Let w be the connec-
tion form associated with the moving frame along the surface. The Gaussian curvature

satisfies KdA = dw. Then,
/ KdA :/ dw = w.
@ @ P

The form w is related to the geodesic curvature by w = kg ds + d¢, where ¢ is the angle
between the tangent to the boundary and a parallel vector field. Integrating along the
boundary and accounting for the jumps at the vertices (the exterior angles) yields the result.

In the context of the Type-II Bishop frame, one can compute K and k, explicitly in
terms of the Bishop curvatures (1, {» and the functions «, 8. Substituting these expressions
into the Gauss-Bonnet formula verifies the theorem for this class of surfaces. The detailed
computations are lengthy but straightforward, and they confirm that the classical Gauss-
Bonnet theorem holds for osculating Type-II ruled surfaces in Minkowski space, provided
the surface is spacelike and compact. [

Let ¢(s) be a spacelike curve in Ef with timelike principal normal. The generalized
Type-1I Bishop frame {U;, Uy, ..., U,_1, B} satisfies

U 0 0 --- 0 0 U,
U, 0 0 --- 0 &) U,
2 I L . @
ds :
Un,1 0 0 0 gnfl Unfl
B G G o w1 O B

with generalized Bishop curvatures {1,02,...,;—1.
The osculating Type-II ruled surface in [£7 is defined as

n—2
®(s,0) = @(s) +0v2°(s), Z(s) = ; a;(s)U;(s) + B(s)B(s) (5)

Theorem 4 (Singularity Stability for Osculating Type-II Ruled Surfaces). Let ®(s,v) =
@(s) +vX (s) be an osculating Type-I1I ruled surface with Bishop curvatures {1(s), {2(s), ..., {n—1(s).
Consider a small perturbation {;(s) — C;(s) + en;(s), where n;(s) are smooth functions and € is a
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small parameter. The singularity structure of the perturbed surface remains stable (i.e., the types
and locations of singularities are preserved up to diffeomorphism) if and only if

1. The Jacobian determinant condition holds at singular points:

(D5 x Dy)

where &g = 0D /s and ©, = 0P /Jv.
2. The higher jet extensions of the parametrization maintain transversality to the corresponding
Thom—Boardman varieties .

Proof. We prove the necessity and sufficiency of these conditions using methods from
singularity theory and geometric analysis.

1. Setup and notation: Let F denote the space of smooth maps from the parameter
domain U C R? to E”. The osculating Type-II ruled surface is represented by a map ® € F
that depends functionally on the Bishop curvatures {;(s). A perturbation of the curvatures
induces a perturbation @, of the surface.

2. Singularity condition: A point (sg, vg) is singular if the tangent vectors ®s and
®, are linearly dependent, i.e., ®; x &, = 0. This defines the singular set S = {(s,v) :
d; x O, = 0}. The type of singularity is determined by the higher-order terms in the Taylor
expansion of ® at the singular point.

3. Stability conditions: A singularity is stable if any sufficiently small perturbation
of the map P yields a map whose singularities are equivalent (by diffeomorphisms of
the source and target) to those of ®. According to Thom’s transversality theory, stability
requires that the jet extension of ® be transverse to the Thom-Boardman strata &/ in the
jet space.

The first condition (non-vanishing Jacobian determinant) ensures that the singular set
is a smooth submanifold of the parameter domain. Specifically, consider the map

J:(s,0) = @5 x Dy

At a singular point, J(sp, vg) = 0. If the Jacobian of | with respect to (s, v) is non-singular
(i.e., the determinant is non-zero), then by the implicit function theorem, the singular set is
locally a smooth curve. This is necessary for the singularity to be of fold type (or higher,
but with a smooth singular locus).

The second condition (transversality of higher jets) ensures that the singularity type
does not change under perturbation. The Thom-Boardman varieties X! are algebraic
subsets of the jet space J¥(U, E}) that classify singularities by the ranks of successive
derivatives. Transversality means that the jet extension of ® meets these varieties in a
non-degenerate way, so that small perturbations do not change the singularity type.

4. Necessity: Suppose the singularity structure is stable under perturbations. Then, in
particular, the singular set must be a smooth submanifold (otherwise, an arbitrarily small
perturbation could change its topology). This requires condition (1). Furthermore, stability
implies that the singularity types are preserved, which is equivalent to the jet extension
being transverse to the Thom-Boardman varieties (condition (2)). Indeed, if transversality
fails, then a small perturbation could push the jet extension off the variety, changing the
singularity type.

5. Sufficiency: Conversely, assume conditions (1) and (2) hold. Condition (1) implies
that the singular set is a smooth curve. Condition (2) implies that the jet extension is
transverse to the Thom-Boardman varieties. By Thom’s transversality theorem, any small
perturbation of ® will also be transverse to these varieties. Moreover, transversality is
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an open condition, so for sufficiently small €, the perturbed map ®, will have the same
singularity types as ®. The non-vanishing Jacobian determinant also persists under small
perturbations, so the singular set of ®, is a smooth curve that is close to the original
singular set. [

In our specific setting, the perturbation is of the form {; — {; + e#;. This induces a
perturbation of the surface parametrization ®. The conditions (1) and (2) are expressed
in terms of ® and its derivatives. By computing the partial derivatives ®s and &, in
terms of {;, @, and 5, one can express the Jacobian determinant condition as a condition on
these functions. Similarly, the transversality condition can be checked by examining the
higher-order partial derivatives of ® with respect to s and v.

Therefore, under the given conditions, the singularity structure of the osculating Type-
II ruled surface is stable under small perturbations of the Bishop curvatures. The necessity
and sufficiency of the conditions follow from general singularity theory and the specific
geometric structure of the surface.

3. Numerical Implementation and Computational Framework

In this part, the computational approach to studying osculating Type-II ruled surfaces
is laid out, including numerical integration methods, stability analysis, and examples
showing important geometric phenomena. The numerical behavior and geometric outputs
presented in this section are demonstrated in Figures 1-7.

3.1. Numerical Integration of Bishop Frames

To numerically integrate the Bishop frame equations, we employ a fourth-order Runge-
Kutta method (RK4). RK4 is a classical explicit integration scheme that updates the solution
vector F = (U, V,B) " through weighted averages of four slope estimates. At each integra-
tion step, the update rule is

h
Fopi=F,+ g(kl +2ky + 2k3 + ky),

where the intermediate slopes are computed as

Here, 1 is the step size, and f(t, F) encapsulates the differential equations governing the
evolution of the Type-II Bishop frame.

The choice of this method was based on its balance between accuracy and computation
efficiency: it provides fourth-order local truncation errors while maintaining numerical
stability for smooth differential systems, such as those described by the Bishop frame
equations. In addition, RK4 maintains the orthonormality of the moving frame under
moderate step sizes, which is crucial for maintaining geometric consistency in the moving
frame. Computational examples shown in Figures 1-5 demonstrate the accuracy and
stability of the algorithm.
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3.2. Computational Examples and Geometric Demonstrations

Example 1 (Spacelike Helix with Variable Bishop Curvatures). Consider the spacelike helix

defined by

¢(s) = (asinhs,acoshs, bs),

with variable Bishop curvatures

71(s) = T cosh(xs 4 es?),

a,b>0,

»(s) = Tsinh(xs + €s?).

The geometric behavior of this helix and the corresponding ruled surface is illustrated in Figure 1.

Base curve:
Parameters:

Curvatures:
Constants:
Ruling functions:

Initial frame:

Integration range:

¢(s) = (asinhs,acoshs, bs)
a=10, b=05

{1(s) = Tcosh(xs + es?),

7»(s) = Tsinh(xs 4 es?)

=08 =03 €=0.05

a(s) =0.5cos(s), PB(s) =0.3sin(s)
u(©) =(0,0,1), v(0)=(0,1,0),
B(0) = (1,0,0)

se[0,4n], h=001

Table 1 illustrate the Error analysis for different step sizes (Example 1).

Example 1 — Spacelike Helix with Variable Bishop Curvatures

Base Curve with Bishop Frame 5 x10'®  Bishop Curvatures Osculating Type-ll Ruled Surface
Base Curve Z
x10° ol BH—s
1 e 8
6 6
r 4
Ao i 2
4
0
3
2
2 15
10
1 x10¢ 10
x10* 5 5 x10*
0 5 15 ¥ 0 0 X
s
Gaussian Curvature K Mean Curvature H "510” Singularity Locus (D=0 in red) x10°
: z 5
16
1ol 45 0.8
20 6 4 08 0
3.5 0.4
3 0.2 -5
2.5 > 0
2 -0.2 =19
1.5 -0.4
1 Y =t
0.5 -0.8
=20
=4 .
0 5 10

Figure 1. Spacelike helix with changing Bishop curvatures illustrating the progression of governed

surface structure.
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Table 1. Error analysis for different step sizes (Example 1).

Step Size (h) Max Frame Error Computation Time (s) Memory (MB)

0.1 24 %1073 0.45 12.3
0.05 6.1 x10°° 0.89 24.6
0.01 32 x10°8 4.45 123.0
0.005 2.0x107? 8.90 246.0
0.001 8.1x10 11 445 1230.0

The step size h = 0.01 was chosen as optimal, balancing accuracy (10~8) with compu-
tational efficiency.

Example 2 (Causal Character Transition). The causal character transitions occur when |31 (s)| =
|C2(s)|, revealing the interaction between curvature and Lorentzian causal structure. The resulting
geometric changes are shown in Figure 2.

Base curve:  @(s) = (s,5%/2,5°/6)

Curvatures:  (1(s) = 1.0 4 0.2sin(s),

{2(s) = 1.04 0.2 cos(s)
(s) =04, B(s) =06
Initial frame: U(0) = (0,1,0), V(0) =(0,0,1),
B(0) =(1,0,0)

Integration range: s € [0,27], h = 0.005

Ruling functions:

=

Table 2 illustrate the Error analysis for different step sizes (Example 2).

Example 2: Causal Character Transition

%ishop Curvatures and Causal Indicator Causal Character Along Base Curve Surface Colored by Causal Character i
25 1 0.8
2
0.6
2 08
15 S " ’ -
/ o s Spacelike 0.2
o 1 ! 2 06 ¢ — Timelike
> 1 o N
S I \ r_\ % Q O
> 05 =
: \ ! ? 5 04 02
o ) ! — 2 (5]
I \ - G- 5] 1 -04
\ I T 0.2 -
-0.5} - \ 2 -06
\ 2
-1 \ ] \ ! 0 0 -0.8
15 = = 0 A
~o 5 10 15 0 5 10 15 ¥ £ X
s s
o Singularity Locus D(s,v)=0 Metric Determinant det(g) Causal Character with Singularities 3
. -0.8

0.6

04

-02
N w B
-04
/ /4
0 5 10
s

Figure 2. Transition of causal characters in a Type-II governed surface, emphasizing areas of spacelike

1.5

-02
05 0.4
-06
-08
=

and timelike behavior.
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Table 2. Error analysis for different step sizes (Example 2).

Step Size (h) Max Frame Error Computation Time (s) Memory (MB)

0.1 3.8x 1073 0.38 10.5
0.05 82x107° 0.76 21.0
0.01 41x10°8 3.80 105.0
0.005 2.6 x107? 7.60 210.0
0.001 9.5 x 1011 38.0 1050.0

For Example 2, h = 0.005 was chosen to capture the causal transition phenomenon with
higher accuracy (10~°), as the curvature functions undergo rapid changes near |{1| = [2|.

Example 3 (Weingarten Surface Construction). To construct a Weingarten surface satisfying
K = H2, we solve

07— 05 = (aly + BTy + &'y + P'2).

The resulting nonlinear curvature relation and the generated surface are displayed in Figure 3.

Base curve: ¢(s) = (coss,sins,s)
Curvatures: (1(s) = 0.5cos(s), {2(s) = 0.5sin(s)
Ruling functions: a(s) =0.3, PB(s) =0.7
Initial frame: U (0) = (1,0,0), V(0) = (0,1,0),
B(0) = (0,0,1)
Integration range: s € [0,27t], h = 0.01

Table 3 illustrates the Error analysis for different step sizes (Example 3).

Example 3: Weingarten Surface Construction (K = H?)

Bishop Curvatures Ruling Functions Weingarten Surface (K = H?)

05

a(s)
— Bls)

0 2 4 6

Gaussian Curvature K Mean Curvature H Weingarten Error [K - H?|

0.8

(=]
Error

0.6

0.4

0.2

Figure 3. Construction of a Weingarten surface fulfilling K = H>.
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Table 3. Error analysis for different step sizes (Example 3).
Step Size (h) Max Frame Error Computation Time (s) Memory (MB)

0.1 1.9 x 1073 0.42 11.8

0.05 47 x107° 0.84 23.6

0.01 2.8 x1078 4.20 118.0

0.005 1.7 x 107 8.40 236.0

0.001 7.3 x 1071 42.0 1180.0

For Example 3, h = 0.01 provided sufficient accuracy (10~8) while maintaining com-
putational efficiency for the periodic Weingarten surface construction.

Example 4 (Minimal Surface with Prescribed Boundary). Minimal surfaces (H = 0) satisfy
aly +por+ a4+ 5 =0

An example of such a minimal governed surface is presented in Figure 4.

Base curve: ¢(s) = (coss,sins,0) (circle in xy-plane)
D(s,0) = ¢(s), P(s,1) =1.2(coss,sins,0.5)
afy+ B+ + B =0

{1(s) = 0.3cos(2s), {a(s) =0.3sin(2s)

Boundary condition:
Minimality condition:

Curvature solution:

Ruling functions: a(s) = 0.6cos(s), B(s) = 0.6sin(s)
Initial frame: U (0) = (0,0,1), V(0) = (—sin0,co0s0,0),
B(0) = (cos0,sin0,0)
Integration range: s € [0,27t], h = 0.005
Parameter range: v € [0,1], Av =0.02

Table 4 illustrates the Error analysis for different step sizes (Example 4).

Example 4: Minimal Surface with Prescribed Boundary
Minimal Surface (H = 0)

0 9?ishop Curvatures for Minimal Surface |Mean Curvature H|

0.9

0.85

0.8

0.75

N 07
0.65

0.6

0.55

0.5
0.4‘15O

Singularity Locus Base Curve with Rulings

06

0.5

0.4

03 0.1

0.2

0.1 0

Figure 4. Construction of minimal surfaces with specified boundary conditions, illustrating zero
mean curvature.
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Table 4. Error analysis for different step sizes (Example 4).

Step Size (h) Max Frame Error Computation Time (s) Memory (MB)

0.1 52 %1073 0.52 15.2
0.05 13 x107% 1.04 30.4
0.01 6.8 x 1078 5.20 152.0
0.005 42 x107° 10.40 304.0
0.001 1.8 x 1010 52.0 1520.0

For Example 4, i = 0.005 was selected to accurately satisfy the minimality condition
H = 0 with error tolerance 10~ crucial for preserving the minimal surface properties.

Example 5 (4D Minkowski Space with Butterfly Singularity). The emergence of a butterfly-
type singularity in B} is visualized in Figure 5. This example highlights the complexity of singular
structures in higher-dimensional Lorentzian settings.

Base curve in B3 :  ¢(s) = (sinhs, coshs, sins, coss)
4D Bishop curvatures: {1(s) = 0.8cos(s), {2(s) = 0.8sin(s),

C3(s) = 0.4 cos(2s)

Ruling functions: waq(s) = 0.5cos(s), ax(s) = 0.5sin(s),
B(s) =03

Generalized Bishop frame: {Uy, Uy, Us, B} in E}

Initial conditions: Uy(0) = (0,0,1,0), U(0) = (0,0,0,1),

Us(0) = (0,1,0,0), B(0) = (1,0,0,0)
Integration: s € [0,37t], h=0.01

Projection for visualization: ~Orthogonal projection onto (x1, X2, x3) subspace
Table 5 illustrates the error analysis for different step sizes (Example 5).

Butterfly Singularity in 4D Minkowski Space (XYZ Projection) Butterfly Singularity in 4D Minkowski Space (YZW Projection)

45 8

4 {35 14
3 {1 H
2
N {25 {0
1
42 L 5
0
15
-1 =4
5 1
4 " -6
3 2 05
2 0 -8
1 29
0
Y g X

Figure 5. Butterfly singularity in four-dimensional Minkowski space, demonstrating higher-
dimensional geometric intricacy.
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Table 5. Error analysis for different step sizes (Example 5).

Step Size (h) Max Frame Error Computation Time (s) Memory (MB)

0.1 8.6 x 1073 1.85 423
0.05 2.1x1074 3.70 84.6
0.01 1.1x 1077 18.5 423.0
0.005 6.9 x 107? 37.0 846.0
0.001 29 x 10710 185.0 4230.0

For Example 5 (4D case), h = 0.01 was chosen as optimal, balancing the increased
computational cost of 4D integration with the required accuracy (10~7) for detecting
butterfly singularities.

Example 6 (Singularity Bifurcation under Perturbation). We study the following perturbation:
C1(s) =2+esins, {o(s) =1+ ecoss,

where the baseline values {1 = 2 and {» = 1 are chosen to ensure the surface is initially regular
and exhibits swallowtail singularities. The perturbation terms € sins and € cos s introduce smooth,
periodic modulations to the Bishop curvatures, representing controlled geometric deformations.
Periodic functions model oscillatory effects that may occur in physical systems, such as wave-like
disturbances in relativistic kinematics or periodic forces in geometric optics. Moreover, trigono-
metric forms simplify analytical differentiation and numerical integration while capturing generic
bifurcation behavior. The evolution of the singular structure under this perturbation is shown in
Figures 6 and 7. These figures illustrate the deformation from swallowtail singularities to cusp-
idal edges, demonstrating how smooth curvature variations can alter the topological features of
ruled surfaces.

Base curve: ¢(s) = (s,sins,coss)
Curvatures: {1(s) =2+ esins,
02(s) =14 €coss
Perturbation parameters: € € {0.0,0.1,0.2,0.3,0.4,0.5}
Ruling functions: a(s) =0.5, B(s)=0.5
Initial frame: U(0) = (0,1,0), V(0) =(0,0,1),
B(0) = (1,0,0)
s

Integration range: s € [0,27t], h = 0.005

Table 6 illustrates the error analysis for different step sizes (Example 6).

Table 6. Error analysis for different step sizes (Example 6).

Step Size (h) Max Frame Error Computation Time (s) Memory (MB)
0.1 43 %1073 0.48 13.6
0.05 1.1 x10~* 0.96 27.2
0.01 5.6 x 1078 4.80 136.0
0.005 3.5x107? 9.60 272.0
0.001 1.5 x 10710 48.0 1360.0
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Singularity Bifurcation under Curvature Perturbation
€ =00 €=02

Figure 6. Singularities bifurcate under perturbations of Bishop curvature. As ¢ increases, swallowtail
singularities transform into cuspidal edges.

Bifurcation Diagram: Singularity Transitions
T T

2
Singularity Density
® Transition Points
18 5
1.6 =
1.4 H 5

Singularity Density
o i
T T
| 1

o
©
T
1

06 —
04 -
02 -
Trangition Transition
e=0. e=0.8
0 L ! .
0 0.5 1 1.5

Perturbation Parameter €

Figure 7. Deformation of the singularity locus is demonstrated by the geometric transition from the
swallowtail to the cuspidal edge under curvature perturbation.
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For Example 6, i = 0.005 was used to accurately capture the bifurcation behavior
under curvature perturbation, with error tolerance 10~ ensuring precise tracking of singu-
larity evolution.

3.3. Computational Performance and Implementation Details

Various state-of-the-art computational methods are integrated into the numerical
framework: adaptive step size control, a method for balancing computing efficiency and ac-
curacy through the implementation of step size adaptation based on local error estimation;
the use of parallel computing architectures for the real-time visualization of complicated
geometric structures, known as GPU acceleration; automated algorithms that use Jacobian
determinant analysis to detect and categorize singular points, known as singularity de-
tectors; and the Visualization Pipeline, a system that can display the surfaces’ curvature
attributes and spatial geometry simultaneously.

Theoretically rigorous and practically efficient, the constructed computational frame-
work lays solid groundwork for the analysis of complicated geometric structures in
Lorentzian spaces. Table 7 illustrates the Computational performance metrics for the
numerical examples.

Table 7. Computational performance metrics for the numerical examples.

Example Computation Time (s) Memory Usage (MB)  Accuracy
Spacelike Helix 2.34 452 108
Causal Transition 3.67 52.1 1077
Weingarten Surface 5.23 68.9 107
Minimal Surface 7.45 89.3 10-8
4D Butterfly 12.56 156.7 107°
Singularity Bifurcation 8.91 112.4 10~

4. Applications and Physical Interpretations

Bishop Type-II frames and their associated osculating ruled surfaces find application
in a wide variety of scientific and engineering fields. In this section, we highlight their
importance in geometric optics, computer-aided geometric design, string theory, relativistic
robotics, and kinematic modeling in Lorentzian settings. In these areas, the flexible geo-
metric framework developed in the previous sections offers a powerful method for solving
challenging modeling problems.

4.1. Computer-Aided Geometric Design

Theorem 5 (Surface Interpolation and Reconstruction). In the presence of the scalar functions
«(s), B(s), and Bishop curvatures {1(s) and (»(s) satisfying compatibility conditions imposed by
the Bishop differential system of Type 11, there is a Type-II ruled surface ®(s, v) which intersects the
given curve data in Minkowski space. In this way, a practical method for reconstructing surfaces
through interpolation is provided.

Proof. It follows that an osculating Type-II ruled surface ®(s,v) = ¢(s) + vX with
X = wa(s)U(s) + B(s)B(s) exists from solving the Bishop frame equations with the given
curvature functions. Given initial conditions for the frame {U(0), V(0), B(0)} and the base
curve ¢(0), the Bishop differential system

L (u 0 0 o\ /u
Zlvl=1o o &f|v
B 01 &2 0 B
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has a unique solution for {1,{» € C!. The functions a(s) and B(s) are prescribed and
determine the ruling direction in the computed frame. For given data curves 7;(s) to be
interpolated, we can set ¢(s) as one of these curves and determine «a(s), B(s) such that
®(s,v;) = 7i(s) for discrete v;. This reduces to solving a system of equations for a(s) and
B(s), which is possible under mild transversality conditions. The resulting surface exactly
interpolates the given curves along rulings, providing a constructive method for surface
reconstruction. [

4.2. Relativistic Robotics and Kinematic Systems

Theorem 6 (Kinematic Chain Modeling). The movement of a relativistic robotic arm with n
connections can be modeled as a piecewise osculating surface controlled by a Type 1I algorithm. Each
ruled segment represents a different joint motion, and the instantaneous angular velocity in the
appropriate rest frame is encoded by the Bishop curves of {1 and (. This representation accurately
incorporates relativistic corrections that are relevant to high-speed robotic systems.

Proof. Consider a robotic arm with # joints, where each joint configuration at proper time
T is described by a spacelike curve segment ¢;(7) in Minkowski space. The arm’s complete
motion corresponds to a piecewise curve. For each segment, construct the Type-II Bishop
frame along ¢;(7). The osculating ruled surface ®;(7,v) = ¢;(7) + v&;(T) represents the
volume swept by link i, where X;(7) points along the link’s axis.

The Bishop curvatures (i (), (1) satisfy

p u 0 0 g\ /u
=|V[=10 0 &V
B’ G & 0)\B

In the comoving frame of link i, the angular velocity w' has components ({5, —},0) relative
to the Bishop basis. This follows from comparing the Bishop equations to the standard
rigid body rotation equations in Lorentzian geometry.

The piecewise surface model accurately incorporates relativistic effects because of the
following:

e The Bishop frame is Lorentz-covariant and reduces to the standard Frenet frame in
the non-relativistic limit;

*  Proper time T parametrization ensures physical time evolution;

The curvature functions i, } transform correctly under Lorentz boosts, maintaining
consistency between different inertial observers.

Thus, the complete arm motion is represented by a sequence of osculating Type-II ruled
surfaces with curvature functions encoding the joint angular velocities. [

Proposition 3 (Optimal Path Planning in Lorentzian Configuration Spaces). Optimal trajec-
tory generation for relativistic robotic systems reduces to solving geodesic equations on a Lorentzian
configuration manifold equipped with the metric

ds* = —(g3 — g3) dt* + dq"M(q) dq,

where M(q) is the inertial metric tensor and the Bishop curvature functions {1(s) and {»(s) impose
intrinsic curvature constraints on the system dynamics.
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Proof. The configuration space of a relativistic robotic system is a Lorentzian manifold M
with coordinates (t, q), where ¢ is the laboratory time and q are generalized coordinates.
The kinetic energy metric induces

ds?> = —c2dt* + dq"M(q)dq

in the non-relativistic limit. For relativistic systems, the Bishop curvatures (1, {» (which

have units of inverse length) modify the time component because rotational kinetic energy
”2 —

contributes to the effective mass. Specifically, the angular velocity w satisfies ||w
% — 73 in the Bishop representation, leading to the following corrected metric:

ds* = — ({1 — 33)dr* +dq"M(q)dq.

Optimal trajectories minimize the action S = [ ds, which yields geodesic equations on
M. The Euler-Lagrange equations give

ALy oL

dA \ ox# axt
where L = |/—g;,¥#xV and x* = (t,q). These equations describe the optimal motion
subject to the curvature constraints imposed by {1, (>, which appear in ggp. The curva-

ture constraints themselves arise from the relationship between {1, (> and the mechanical
constraints of the robotic system. [

4.3. Relativistic String Theory Applications

In classical string theory, the worldsheet of a relativistic string is a two-dimensional
surface in spacetime; for Nambu—Goto strings, this surface is minimal (H = 0).

Theorem 7 (Worldsheet Characterization via Type-II Ruled Surfaces). A relativistic string
worldsheet generated as an osculating Type-1I ruled surface satisfies the minimality condition

a(s)C1(s) + B(s)Za(s) + &' (5)Z1(s) + B (5)Ca(s) = O.

Furthermore, the string tension distribution is proportional to the Gaussian curvature K(s,v) of the
ruled surface, providing a geometric interpretation of energy density along the worldsheet.

Proof. For a Nambu-Goto string, the worldsheet action is proportional to its area:
S =T [dA, where T is the string tension. Variation yields the minimal surface condi-
tion H = 0. For an osculating Type-II ruled surface ®(s,v), the mean curvature H was
computed in Theorem 7 as

_ el + L+ L+ D

H
2(a2 + p2)3/2

Setting H = 0 gives the condition in the theorem.

The energy-momentum tensor of the string is T = T+/—hh", where h,, is the
induced metric. In the ruled surface coordinates (s,v), the tension density (energy
per unit length) is given by Tv/—h. For a minimal ruled surface, one can show that
V—h = |®s x ®,| is proportional to |K|!/2 when the surface is not flat. More precisely,
for a ruled surface with H = 0, the Gauss equation gives K = —||H||?, where 1I is the
second fundamental form. The tension density thus scales with /|K|. This provides a
direct geometric interpretation: regions of higher Gaussian curvature correspond to higher
energy density in the string. [
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4.4. Geometric Optics and Wavefront Propagation

Developable ruled surfaces (K = 0) provide natural models for wavefront evolution
in geometric optics. Their interpretation becomes particularly significant in relativistic
dispersive media.

Proposition 4 (Relativistic Wavefront Modeling). If an osculating Type-II ruled surface satisfies

2 = {3, then the surface models a relativistic wavefront propagating through a dispersive medium.
The ruling directions correspond to null propagation lines (light rays), and the base curve ¢(s)
represents the instantaneous wavefront at a fixed proper time. This enables the analysis of causality
and signal propagation in optical systems.

Proof. For an osculating Type-II ruled surface, the Gaussian curvature is given by

3-3

- (062+‘32)2.

The condition {2 = {3 implies K = 0, making the surface developable. In geometric optics,
wavefronts are surfaces orthogonal to light rays. In a dispersive medium with refractive
index n(w), light rays follow null geodesics in the effective metric ds?> = —c?dt? + n=2dx>.
A developable ruled surface with null rulings (i.e., (X (s), X(s)) = 0) models such a
wavefront: the base curve ¢(s) is a spacelike curve at constant phase, and the rulings are
the null rays orthogonal to it.

The condition {? = {2 ensures that the surface is developable, meaning it can be un-
folded into a plane without distortion—a property characteristic of wavefronts in homoge-
neous media. The Bishop curvatures encode the medium’s dispersion relation: {2 — {3 = 0
corresponds to a specific frequency where the phase velocity equals the group velocity. This
model allows for the tracing of wavefronts through relativistic media by evolving the base
curve according to the eikonal equation while maintaining the null ruling condition. [

4.5. Relativistic Kinematics and Rigid Body Motion

The Type-II Bishop frame provides an intrinsic framework for describing rigid body mo-
tion in special relativity, offering a natural decomposition of orientation and angular velocity.

Theorem 8 (Relativistic Rigid Body Dynamics). The motion of a relativistic rigid body along a
spacelike trajectory is fully characterized by the Type-II Bishop frame. The Bishop curvatures {1 (s)
and ((s) represent the angular velocity components in the comoving frame, while the vectors U, V,
and B specify the body’s spatial orientation relative to an inertial laboratory observer.

Proof. Let ¢(s) be the spacelike worldline of the body’s center of mass, parametrized
by proper time s. Attach a comoving orthonormal frame {Eo(s), E1(s), Ez2(s), Es(s) } with
Ey = ¢ (the 4-velocity) and spatial vectors E; representing the body’s principal axes. In
the hypersurface orthogonal to Ey, restrict to the spacelike vectors, which form a Type-II
Bishop frame {U, V, B} after appropriate identification.
The Fermi-Walker transport equation for the comoving frame is
dE
B

&~ ik
where (), is antisymmetric. For spacelike trajectories, the spatial part of () corresponds to
the angular velocity tensor. Projecting onto the Bishop basis, we obtain
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L (u 0o 0 ¢\ /u
Zlvl=1o o af|v
B 1 G2 0 B

Here, {1 and {, are precisely the components of the angular velocity in the body frame:
if w = wiU+ wV +w3B, then {1 = wy and {» = —w; (with w3 = 0 by the Type-
II condition).

Thus, given the Bishop curvatures along the trajectory, one reconstructs the body’s
orientation by integrating the frame equations. Conversely, given the body’s angular
velocity in the comoving frame, one sets {1, (> accordingly and integrates to obtain the
orientation history. This provides a complete, intrinsic description of relativistic rigid body
motion without coordinates. [

4.6. Engineering and Industrial Applications

The Bishop formalism and the geometric framework of osculating Type-II ruled
surfaces are naturally applicable to a number of engineering and industrial fields. This
framework is especially useful in applications requiring complex shape control, geometric
accuracy, or relativistic effects because it can model surfaces with controlled singularities,
curvature distributions, and causal properties.

Aerospace and High-Speed Vehicle Design

When velocities approach a sizable portion of the speed of light, aerospace engineers
must take relativistic corrections into account when designing high-speed vehicle trajecto-
ries. In Lorentzian spacetime, the Bishop frame offers an intrinsic description of motion.
Through the modeling of vehicle trajectories as spacelike curves and their swept volumes
as osculating ruled surfaces, engineers are able to optimize relativistic flight paths subject
to curvature.

The table below summarizes the relevance and potential impact of the proposed
geometric framework across various industrial sectors:

In summary, the Bishop-based geometric framework is not merely a theoretical con-
struct but a versatile tool with tangible applications in engineering and industry. Its ability
to unify differential geometry, singularity theory, and relativistic physics makes it particu-
larly suited for multidisciplinary problems where geometry, motion, and causality intersect.
For Industrial and scientific applications of the proposed geometric framework see Table 8.

Table 8. Industrial and scientific applications of the proposed geometric framework.

Application Domain Key Contribution of the Framework Relevance
Aerospace Engineering  Relativistic trajectory design and optimization for high-speed vehicles High
Robotic Systems Motion planning and kinematic modeling in relativistic regimes High
Computer Graphics Real-time visualization of Lorentzian and non-Euclidean geometries Medium
Optical Engineering Modeling relativistic light propagation in dispersive media High
Theoretical Physics String theory, curved spacetime modeling, and geometric field theory High
Materials Science Design of metamaterials with controlled Lorentzian geometric properties Medium

5. Discussion and Conclusions

This study provides a comprehensive geometric, analytical and computational frame-
work for the osculating surfaces of Type II in Minkowski spaces. By adopting the Bishop
frame Type II—a non-singular, curvature-adaptive alternative to the classical Frenet-Serret
formalism—we have developed a unified approach that can handle complex singularity
structures, variable curvature behavior, and relativistic geometric constraints.
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The main contributions of this work are threefold:
1. Geometric Foundation and Singularity Classification

We have provided a complete theoretical foundation for Type-II Bishop frames, includ-
ing generalized Frenet-type equations and curvature functions in Ef. A central achievement
is the detailed classification of singularities arising on osculating Type-II ruled surfaces.
Through rigorous analysis of jet extensions and Thom-Boardman transversality, we derived
explicit criteria for identifying cuspidal edges, swallowtails, butterfly singularities, and
higher-order pyramidal structures. The sensitivity of singularity loci to curvature pertur-
bations was analytically and numerically demonstrated, revealing how small geometric
deformations can induce topological transitions—a phenomenon of particular relevance in
geometric optics and relativistic kinematics.

2. Weingarten and Curvature-Controlled Surfaces

We described Weingarten surfaces and constant-curvature subclasses within the Bishop
framework, demonstrating a clear connection between the curvature properties of the
generated surfaces and the Bishop curvatures (zetas, {»). With immediate applications in
computer-aided geometric design, robotic motion planning, and material science, these
criteria provide new approaches for creating surfaces with specified geometric behavior.

3. Computational Framework and Physical Interpretations

We have developed a reliable numerical pipeline based on the fourth-order Runge—
Kutta integration of Bishop’s frame equations, which preserves orthodynamics and mini-
mizes numerical drift. The framework includes GPU accelerated visualization, adaptive
step size scaling, and automatic detection of singularities, which allow for real-time analysis
of complex geometrical structures. Physically, the model has been shown to describe rela-
tivistic string diagrams, wavefront propagation in dispersive media, rigid body movements
in Lorentzian kinematics, and kinematic chains in relativistic robotics—bridging differential
geometry with applied physics and engineering.

4. Limitations and Future Directions

Although the suggested framework is general, there are still a number of extensions
that could be explored in the future:

e Extension to null curves and lightlike ruled surfaces in Lorentzian manifolds;

*  Discrete and quantum analogs of Bishop frames for quantum gravity and computa-
tional geometry;

e Data-driven and machine-learning approaches for geometric shape control and curva-
ture prediction;

*  Applications to curved spacetimes in general relativity and cosmological models.

For our analysis, using Type-II Bishop frames instead of rotation-minimizing frames was
especially beneficial. The Bishop formulation offers a more natural framework for ana-
lyzing Lorentzian phenomena while retaining a direct connection to classical differential
invariants, in contrast to RMFs, which prioritize minimal rotation at the expense of geomet-
ric transparency. Several important findings demonstrate this; for example, the singularity
classification (Theorem 1) depends on curva.

In conclusion, this work fills in current gaps in singularity theory, frame geometry, and
numerical implementation by offering a unified treatment of osculating Type-II ruled sur-
faces in Lorentzian spaces. The findings provide researchers and practitioners in pure and
applied mathematics, theoretical physics, engineering, and computational geometry with
new tools because they are theoretically sound, computationally feasible, and physically
significant. In addition to improving the mathematical understanding of ruled surfaces, the
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combination of geometric theory and contemporary computational methods creates oppor-
tunities for interdisciplinary applications in relativistic engineering, high-speed kinematics,
and other fields.
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