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Abstract

Despite the availability of effective treatment, tuberculosis (TB) remains a major public
health problem worldwide. Related factors that promote continued transmission include
treatment failure, residual infectiousness during treatment, environmental contamination,
and progression from latent to active TB in the absence of tuberculosis preventive treat-
ment (TPT). This study aims to investigate the interplay of these factors with regard to
TB transmission and identify intervention measures that can shift the disease from per-
sistence to elimination. To achieve this objective, we formulate and analyze an SLIQTPR
compartmental model that incorporates latent infection, preventive treatment of latently
infected individuals, treatment of infectious individuals, treatment failure, residual in-
fectiousness among treated individuals, and an environmental pathogen reservoir. The
model accounts for both direct transmission from infectious and treated individuals and
indirect transmission through environmental contamination. Positivity and boundedness
of the model solutions are established, and the disease-free and endemic equilibria are
characterized. The basic reproduction number, Ry, is derived using the next-generation
matrix method and used to determine the threshold behavior of the model. Lyapunov
function and LaSalle-invariance arguments are employed to establish the global asymptotic
stability of the disease-free equilibrium when %Ry < 1 and of the endemic equilibrium
when %Ry > 1. Normalized local and global sensitivity analyses are performed to iden-
tify the parameters exerting the greatest influence on TB transmission. In addition, an
explicit threshold relationship between treatment failure and the residual infectiousness of
treated individuals is derived to quantify their joint effect on the transition between disease
elimination and persistence. Numerical simulations support the analytical findings and
illustrate the effects of active treatment, TPT, and environmental pathogen clearance. The
results indicate that TPT expansion, treatment efficacy improvement, treatment failure and
residual infectiousness minimization, and speeding up environmental pathogen clearance
may substantially decrease TB transmission. These results provide a quantitative basis
for the development of integrated TB-control strategies that simultaneously target latent
infection, treatment outcomes, and environmental transmission.
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1. Introduction

Mycobacterium tuberculosis is the cause behind tuberculosis (TB). When a person with
pulmonary tuberculosis coughs, sneezes, speaks, or sings, they discharge infectious particles
into the air. Extrapulmonary tuberculosis is a type of tuberculosis (TB), a disease that
usually affects the lungs, but it can also affect other parts of the body. Once exposed, people
usually become either latently infected with tuberculosis (LTBI) (asymptomatic and not
transmissible) or develop active disease, which can continue to spread. The likelihood of
development is highest in the first two years after infection and is much higher for HIV
patients and for patients with compromised immune systems [1]. In spite of the availability
of efficient diagnostic techniques and curative therapies, tuberculosis continues to be one of
the major causes of mortality from a single infectious agent worldwide. The World Health
Organization (WHO) projected that 10.7 million people—5.8 million men, 3.7 million women,
and 1.2 million children—received a tuberculosis (TB) diagnosis in 2024. The disease is
estimated to have killed 1.23 million people, of whom around 150,000 were HIV-positive [1].

Environmental factors such as humidity, poor ventilation, crowding, and poor indoor
air quality can promote the persistence of infectious respiratory particulates and increase
the risk of indirect TB transmission [2]. WHO recommends an integrated approach to
infection prevention and control (IPC) that comprises standard administrative procedures,
environmental control, and respiratory protection to reduce airborne transmission of M.
tuberculosis. Environmental interventions that reduce the concentration of live airborne
bacteria and hence the risk of illness include air filtration, upper-room ultraviolet germici-
dal irradiation (UVGI), and natural or mechanical ventilation [3]. Effective treatment of
active TB is important in addition to these environmental measures to limit infectiousness.
Patients may be infectious until therapy reduces the bacillary burden to a sufficiently low
level. Delayed bacteriological conversion and inadequate or incomplete treatment may
increase the duration of infectiousness and the risk of treatment failure, relapse, and drug
resistance [1,4]. WHO also recommends TB preventive treatment (TPT) for people with
latent TB infection, especially those at high risk of developing active TB disease, to reduce
the risk of progression to active disease [1].

Mathematical models have been widely used for the understanding of TB transmission
and the evaluation of different prevention and treatment strategies. Earlier work has consid-
ered important epidemiological processes such as latency, vaccination, treatment, relapse,
reinfection, drug resistance, and optimal-control strategies. Liu and Zhang [5] developed
an SVLIT model to investigate the effects of vaccination and treatment on TB transmission
and analyzed its threshold dynamics. Yang et al. [6] studied two TB models with incom-
plete treatment in which treated individuals could return either to the latent compartment
because of residual Mycobacterium tuberculosis or directly to the infectious compartment
following treatment failure. Liu and Wang [7] considered treatment interruption and two
latent stages, whereas Ullah et al. [8] examined efficient and incomplete treatment and the
reduced infectiousness of treated individuals. Barrios et al. [9] formulated a synthesized TB
model representing treatment abandonment. More recently, Onuorah et al. [10] generalized
the model to include antibiotic resistance and explored how treatment failure promotes
the persistence and transmission of resistant tuberculosis. Other mathematical work has
considered relapse and reinfection [11], drug resistance [12,13], and optimal-control inter-
ventions [14]. Such studies have significantly improved the mathematical knowledge of TB
transmission and control.

Preventive treatment for individuals with latent TB infection has also received increas-
ing attention in mathematical modelling. Zhang et al. [15] formulated a model incorporating
preventive treatment of latently infected individuals and reduced infectiousness among
individuals receiving treatment for active TB. Their results demonstrated that increasing
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preventive-treatment coverage could contribute to reducing TB transmission. Subsequently,
Zhao et al. [16] developed a model of preventive treatment and vaccination strategies. The
studies underscore the importance of reducing progression from latent infection to active
disease. However, they did not simultaneously combine latent preventive treatment with an
environmental pathogen reservoir and an explicit transition from the treated compartment
back to the infectious compartment following treatment failure.

A separate group of mathematical models has investigated the contribution of environ-
mental contamination to TB transmission. Li and Wang [17] developed an SVEIRB model
incorporating environmental transmission, vaccination, and reinfection and showed that
environmental control measures could contribute to TB elimination. Yulida et al. [18] iden-
tified mathematical models of TB that included environmental factors and emphasized the
significance of environmental dynamics of pathogens. Recently, Ochieng et al. [19] studied
a TB model incorporating environmental transmission and optimal-control interventions.
Nevertheless, these environmental models do not simultaneously incorporate preventive
treatment of latent infection, residual infectiousness during active treatment, and an explicit
treatment-failure transition from the treated compartment to the infectious compartment.

The existing literature demonstrates that treatment failure, residual infectiousness,
latent preventive treatment, and environmental transmission have previously been inves-
tigated either separately or in partial combinations. However, their joint influence on TB
threshold dynamics remains insufficiently understood. Untreated infectious individuals
may sustain environmental contamination through pathogen shedding, while individuals
receiving active treatment may continue to transmit TB directly at a reduced rate before
bacteriological conversion. Treatment failure may further sustain transmission by returning
unsuccessfully treated individuals to the infectious compartment. Conversely, preventive
treatment can reduce the progression of latently infected individuals to active disease.
These interacting mechanisms provide a strong biological and epidemiological motivation
for studying treatment outcomes, preventive treatment, and environmental transmission
under the same mathematical framework. Motivated by this research gap, we formulate an
SLIQTPR model that integrates three routes of TB transmission: direct transmission from
untreated infectious individuals, reduced direct transmission from individuals receiving
active treatment, and indirect transmission through an environmental pathogen reservoir.
The model distinguishes preventive treatment of latent infection from active TB treatment
and incorporates both successful treatment and treatment failure, through which unsuc-
cessfully treated individuals return to the infectious compartment. The environmental
compartment accounts for pathogen shedding by untreated infectious individuals and
pathogen clearance from the environment. The novelty of the proposed model lies not in
these mechanisms individually, but in integrating latent TB preventive treatment, residual
infectiousness during active treatment, an explicit treatment-failure pathway, and envi-
ronmental transmission within a single analytically tractable framework. This structure
enables us to investigate their combined effects on TB elimination and persistence. Fur-
thermore, an explicit critical-threshold relationship between the treatment-failure rate and
the relative infectiousness of treated individuals is derived to identify the combinations of
these factors that lead either to disease elimination or continued disease persistence.

The remainder of the paper is organized in this manner. Section 2 presents the formula-
tion of the proposed SLIQTPR tuberculosis model. Section 3 is devoted to the mathematical
analysis of the model, where the positivity and boundedness of solutions are established,
the disease-free and endemic equilibria are derived, the basic reproduction number, Ry, is
obtained using the next-generation matrix approach, and the global asymptotic stability of
both equilibria is established. Section 4 presents the sensitivity analysis of R to identify the
most influential epidemiological parameters. It also provides an analytical investigation
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of the critical threshold relationship between the treatment-failure rate and the residual
infectiousness parameter. Numerical simulations are provided in Section 5 to verify the
theoretical results and to study the effect of TB preventative treatment, active TB treatment,
and environmental pathogen clearance on the infectious population and environmental
pathogen concentration. Section 6 summarizes the main findings, gives recommendations
for future research, and concludes this work.

2. TB Model Formulation

To explain the mechanics of TB transmission, we propose seven epidemiological
compartments, namely susceptible (Xg), latent (Xt ), infectious (X;), individuals receiving
preventive treatment for latent tuberculosis infection (LTBI) (Xq), individuals receiving
active TB treatment (Xt), recovered (XR), and the airborne environmental pathogen load
(Xp). The model is formulated based on the following biological assumptions:

*  The susceptible population (Xg), described by Equation (1a), is recruited into the pop-
ulation at rate IT and experiences natural mortality at rate yg. Susceptible individuals
acquire tuberculosis through three transmission routes: direct contact with infectious
individuals at rate Aj, direct contact with actively infectious individuals receiving
treatment at the reduced rate A7 = yA}, where 0 < 7 < 1, and indirect exposure to
viable airborne M. tuberculosis at rate Ap. Actively infectious individuals receiving
treatment (Xt) are assumed to be less infectious than untreated infectious individu-
als (X)) because treatment reduces bacterial shedding and infectivity. Consequently,
transmission from treated individuals is modeled by the reduced transmission rate
At = Ay, following the modeling approaches of Li et al. [8]. Accordingly, the force of
infection incorporates both direct and environmental transmission.

*  Newly infected individuals with M. tuberculosis enter the latent compartment (Xt)
described by Equation (1b) in which they are infected but not infectious. They may
progress to active tuberculosis at rate xr, initiate tuberculosis preventive treatment at
rate gy, [15], or experience natural mortality at rate y; .

e The infectious compartment (Xj), governed by Equation (1c), consists of individuals
with active pulmonary tuberculosis who are capable of transmitting infection. Individ-
uals in this compartment receive treatment for active tuberculosis at a rate of x; and
are removed through the combined natural and disease-induced mortality rate ;.

*  Some individuals with latent tuberculosis infection (LTBI) initiate tuberculosis preven-
tive treatment and enter the preventive-treatment compartment (Xq), represented by
Equation (1d). Since individuals with LTBI do not have active tuberculosis, they are
assumed not to contribute to disease transmission. Individuals in this compartment
either successfully complete preventive treatment at rate g, thereby moving to the
recovered compartment, or experience natural mortality at rate pg [15].

*  The treated compartment (Xr), represented by Equation (le), consists of individuals
receiving treatment for active tuberculosis. As previously assumed, treated individuals
retain residual infectiousness and therefore contribute to disease transmission at a
reduced rate [8]. They either successfully complete treatment at rate 7, experience
the combined natural and disease-induced mortality rate yi, or undergo treatment
failure at rate ¢, returning directly to the infectious compartment. Consistent with
the updated WHO treatment-outcome definitions, this transition represents treatment
failure rather than relapse following successful treatment [1,4].

e The environmental compartment (Xp), represented by Equation (1f), describes the
environmental TB pathogen load at time t. The environmental bacterial load increases
through continuous pathogen shedding by infectious individuals at rate « and de-
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creases through environmental clearance at rate w, including ventilation, air exchange,
and natural bacterial decay [17].

e Finally, the recovered compartment (Xg) represented by Equation (1g) consists of indi-
viduals who have successfully completed either preventive treatment or treatment for
active tuberculosis. The recovery parameters are estimated from the average duration
of treatment according to current WHO recommendations. The duration of tuberculosis
preventive treatment (TPT) for latent tuberculosis infection (LTBI) is assumed to range
from 3 to 6 months. Accordingly, the corresponding per capita treatment-completion
rate is 7 € [1/0.5,1/0.25] = [2,4] year~! [20]. A representative baseline value within

L corresponding to an average treatment duration

this range is selected as yp = 3 year™
of four months. For active tuberculosis, a conventional six-month treatment duration is
assumed, giving the recovery rate yr = 1/0.5 = 2 year~! [21]. The biological interpre-
tation of the model parameters together with their baseline values is summarized in

Tables 1 and 2.

Under these assumptions, the transmission dynamics of tuberculosis are governed by
the following system of ordinary differential equations:

dXs(t) _pp_ (A1X1 4+ ATXT 4+ ApXp)Xs — psXs, (1a)
d%p =(ArXt 4+ ArXr + ApXp)Xs — (k. + g1 + pr)XL, (1b)
i () =KX + ¢X1 — (k1 + pr)Xy, (1c)
dxégt(t) =q.XL — (7 + 1) Xq, (1d)
dxgt(t) =K1X1 — (¢ + 71+ p1)X1, (le)
chft(t) =aX; — wXp, (1)
dxgt“) —10Xq + 71X — HRXR, (1g)

where A7 = 7A;, 0 < 7 < 1and the starting conditions are

Xs(0) >0, XL(0) >0, X;(0) >0, Xq(0) >0,
Xr(0) =0, Xp(0) >0 and Xg(0) > 0. 2

The model’s parameters are positive and constant. The corresponding flow diagram is
shown in Figure 1, and the biological meanings of the model variables and parameters are
summarized in Tables 1 and 2.

Table 1. Explanation of the model’s variables.

Variable Description
Xs Susceptible class
XL Latent class
X Infectious class
Xo Preventive treatment for latent TB infection class
Xt Treatment for active infectious TB class
Xp Airborne TB pathogen class
XR Recovered class
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Table 2. Parameter descriptions, baseline values, units, and references used in the proposed model (1).
References marked by “*” and “**” correspond to parameter values calculated from the recommended
treatment durations.

Param.  Description Value Unit Ref.
11 Recruitment rate 10,000/70 Individuals year‘1 [6,19]
Ar Transmission rate due to infectious individuals, X; 5x 1075 (Individuals year)*1 [6]
Ap Airborne transmission coefficient, Xp 1x10°° (Pathogen year)_1 [17]

n Relative infectiousness of treated individuals 0.1 - [8]
Kl Translation rate from X to X 0.129 year*1 [22]
qL Preventive treatment initiation rate 0.3 year‘1 [15]
K1 Treatment rate of infectious individuals 0.5 year*1 [15]
¢ Treatment failure leading to active TB 0.225 year‘1 [6]
o MTB shedding rate by infectious individuals 142.0803 _ Pathogen [19]

individual - year

w Clearance rate of environmental pathogens 8.073 year ! [19]
Us Natural mortality rate of susceptible individuals 1/70 year*1 [6]
UL Natural mortality rate of latent individuals 1/70 year ™! [6]
UI Combined natural and disease-induced mortality rate of X; 1/704+0.3 year*1 [6]
1o Natural mortality rate of Xq 1/70 year ™! [6]
Ur Combined natural and disease-induced mortality rate of Xt 1/7040.05 year‘1 [6]
UR Natural mortality rate of recovered individuals 1/70 year*1 [6]
70 Completion rate of preventive treatment 3 year ! *[20]
YT Treatment success rate 2 year*1 **[21]

References marked by * and ** were calculated from the corresponding treatment durations as
Yo =1/(4/12) =3 year~! [20] and 7 = 1/(6/12) = 2 year~! [21], respectively.

-
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Figure 1. Flow diagram of the proposed tuberculosis transmission model (1). Susceptible individuals
(Xs) become latently infected (X ) through direct contact with infectious (X}) or treated individuals
with residual infectiousness (Xt), as well as through exposure to environmental pathogens (Xp).
Latent individuals either progress to active tuberculosis at rate (x; ) or initiate preventive treatment
at rate (q.). Individuals in the preventive treatment class (Xq) recover at a rate (yg). Infectious
individuals receive treatment at rate (x7), while treated individuals may experience treatment failure
and return to the infectious class at rate (¢) or recover at rate (yr). Infectious individuals shed
Muycobacterium tuberculosis into the environment at rate (¢), and environmental pathogens are removed
at rate (w). All compartments are subject to their corresponding mortality rates.
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3. The TB Model’s Mathematical Analysis
3.1. Boundedness and Non-Negativity

In this part, we demonstrate the boundedness and positivity for the solutions to
model (1) given initial conditions (2).

Proposition 1. Let (Xg(t), X1.(t), X1(t), Xo(t), Xt(t), Xp(t), Xr(t)) be a solution of the model (1)
satisfying the initial conditions (2), then the compact set

QT = {(XS/ XL, XI/ XQ/ XT/ XP/ XR) S RZF . 0 S XN S

is positively invariant for the model (1). In particular, every solution with initial state in Q remains
in Qr forall t > 0.

Proof. We obtain from model (1)

dXs(?) =11>0
dt Xs—0

) = [AXp + ArXr + ApXp|Xs > 0,
dt Jx, 50
X

dX;(t) = Kk XL + X1 >0,
dt X1—>0

dXo(t) — g1X0 > 0
dtIx,0 B

dXT(t) =k X >0
dt XT—>0 N

dXP(t) = DCXI >0
dt Xp—>0 N

dXRg(t
RO X+ yrXe 2 0. ®)
dt [xz 0

Hence, we can see that Xg, Xy, Xy, Xq, X1, Xp > 0 for all £ > 0. Furthermore, Xg is non-
negative, since

t
Xr(t) = e MXR(0) + [ e (30Xq(y) + 71X ().
Next, we define a function Xy is the total number of people, then
XN () = Xs(t) + X () + Xi(t) + Xq(t) + Xr(t) + X (£).

Then, we have the following after differentiation:

dXn (¢
él\;( ) - HsXs — prXe — piXp — poXq — Xt — PrRXR

SH - VXN/

where u = min(us, ur, 1, o, Ur, ir)- Hence,

Xn(t) <e <XN(O) - 2) + ]rj
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This results in 0 < Xy (t) < % if Xn(0) < % Given that every variable is non-negative,
then 0 < XSIXL/XIrXQrXTr Xg < %, for all t > 0, if Xs(O) + XL(O) + XI(O) + XQ(O) +
X1(0) + Xg(0) < % Moreover,

dXp(t)
dt

II
= IXXI —(UXP < 7“ —pr.

Then 0 < Xp(t) < 18, if Xp(0) < 3¢, forall £ > 0. O

3.2. Basic Reproduction Number and the Equilibria

The basic reproduction number and the model’s equilibria (1) are found in this section.

Proposition 2. There is a basic reproduction number Rg > 0 for model (1) such that

(i) if Ro < 1, then there exists a unique non-negative TB-free equilibrium Ty € Q;
(i)) if Mo > 1, then there exist two non-negative equilibria: the TB-free equilibrium Ty € Qo and
the endemic equilibrium T* € QF, where Q5 is the interior of Qr.

Proof. (i) Model (1) equilibrium points satisfy the following requirements:

0=1II- [/\[XI + )\TXT + /\po]Xs — “I/ISXS, (4a)
0 = (ArX1 + ArXt + ApXp)Xs — e1Xy, (4b)
0 = k. XL + ¢XT — e2X, (40)
0= QLXL — €3XQ, (4d)
0= K[XI — €4XT, (48)
0 = aX; — wXp, (4f)
0 = 7oXq + ¥rXr — UrXR, (4g)
where
e1 =K, +qr+puL, e =xr+pu, e3=y9+ug and ey =+ yr + pur. 5)

It is easy to show from Equation (4a—g) that a TB-free equilibrium 7y occurs when the disease
is not present in the population. The point 75 = (X2,0,0,0,0,0,0) = (;THS,O, 0,0,0,0,0) is
obtained by substituting X, or X; = 0 into Equation (4a—g). The basic reproduction number,
PRy, of the TB model (1) is determined at the TB-free equilibrium point 7y as follows:

Basic reproduction number (Ry):

A key parameter for evaluating the transmission of illness within a population is
the basic reproduction number, denoted as 9Ry. This measure shows the likelihood that
tuberculosis will either go extinct or persist in the population. Here, we use the procedure
described in [23] to determine the formulation of the basic reproduction number. The two
matrices that follow show the non-linear terms that correspond to the new disease D and
the outflow V) based on the infected classes in model (1), arranged by Xi,, Xj, Xq, XT, and Xp:
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[AIXT + ArXT + ApXp|Xs
0

0
0
0

e1XL
—Kk XL — ¢X1 + e2X1
V= —qLXL + e3Xq
— KXy + eg Xt
—aX1 + wXp

At the TB-free equilibrium point 7y, the derivatives of D and V are given by

0 AXZ 0 ArxZ ApX2

0 0 0 0 0
D=1|0 0 0 0 0o |,

0 0 0 0 0

0 0 0 0 0

e, 0 0 0

—K1 € 0 —¢

—qL 0 e3 0
0 —Kr 0 (]
0 -« 0 0

Al
Il
S oo oo

Therefore, 2Ry may be found using p(DV~!), where p(F) is the spectral radius of matrix F.
Following that, we obtain

o kL X2 (A jwey + Arwr + aApey) ©)
0= weq (exey — K1) ‘

Consequently, it is possible to rewrite the basic reproduction number, Ry, in terms of A,
using the relation At = 5\, as follows:

o= XgKL)t164 XgKLiyKIAI XgKLDC/\p€4 ' 7)
e1(eser —x1¢)  e1(eser — k1) e1(eser — k19 )w
R Ry Rp

The first term, R}, represents the expected number of secondary tuberculosis infections
generated through direct transmission from infectious individuals during their average
infectious period. In addition, the second term, PR, represents the contribution of treated
individuals who continue to transmit the disease. Finally, Jip represents the contribution of
environmental transmission through viable Mycobacterium tuberculosis that is present in the
environment. This term accounts for infections acquired from exposure to contaminated
air containing infectious bacteria. Thus the basic reproduction number is a sum of the con-
tributions of infectious individuals, treated individuals, and environmental transmission
through pathogen reservoirs. When 93y < 1, disease elimination is achieved, whereas when
Rp > 1, transmission is sustained.
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(ii) To get the TB model’s endemic equilibrium point (TB-endemic), 7* with 7y, let
T* = (Xs,Xr, X1, Xq, X1, Xp, Xr) be the endemic equilibrium point of model (1). By solving
Equations (4a—g), we derive the following formulas for the 7 *:

- 11 - AqIl
Xe=——\ Xp= i, 8
5T AL+ s BT e (ALt us) ®)
- eqk X - X
K= AL g = DAL )
exeq — QK| e3
- X - X
o= KIKLAL ) _ KEe4KT AL ) (10)
exes — PKg w(exeq — PKy)
o (exeqyqr +ezyrrrk; — ¢yoriqr)Xe
XR - 7 (11)
pres(ezes — )
where,
A1 = AXp + ArXt + ApXp, (12)

denotes the infectious force assessed at the endemic equilibrium (i.e., A; > 0), while the
quantities eq, ey, €3, and e4 are defined in (5). To express the endemic equilibrium in terms
of the basic reproduction number, we first substitute the expressions for X;, X, and Xp
from Equations (9) and (10) into Equation (12). Thus,

ke X
1 e
exeq — PKp

A
(64)\] + KA + e p>'

For simplicity, define

K
K= ST (64)\[ + K[)\T +
exey — PKg

aegAp
% .

Then,
A = KX]. (13)

The first equilibrium equation gives

s + KXt

Moreover, the second equilibrium equation satisfies
A1>~(5 = 61>~(L.

Using Equation (13), we obtain
KXL)ZS = 61)2L.

Since X; > 0 at the endemic equilibrium, it follows that

KXs = e, and hence Xs =

=~|e

From the definition of the basic reproduction number,

XK
Ry = ——,
€1
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and therefore,

K= 4%
Xs
Consequently,
0
Xs=—= =2,
ST K R
Next, substituting
X *X—g and K*el%O
S — 9_{0 - Xg 7
into Equation (14) gives
X¢ II
Ro eRog
+ =X
S X0 L

Using Xg = I1/ug and solving for )~<L/ we obtain

_ usX2(Ro —1)
e1Ro ’

>

L

Thus, Equation (15) follows. Finally, substituting this expression for X, into Equations (9)—(11)
yields the remaining endemic-equilibrium components given in Equations (16)—(18).

. X2 X:ysxg(mo—n

Xg = =5, 15
> R - e1Ro (15)
. -1 - XMy — 1
% — eypisw(Ro — 1) | Ko- qLpusXg(MRo — 1) 16)
weyA 1 + KjwAT + aegAp e1e3Rp
o= Fapsw®o-1) g pseea(Mo—1) 17)
wegAr + KjwAT + aegAp wegAr + KrwAT + aegAp
o Hsw(MRo —1)(e2eaqryg + €3k kYT — PKI9LYQ)
XR = . (18)

HRre3KL (wegh] + KjwAT + aegAp)

The TB-endemic equilibrium 7 * will dominate the system if g > 1, meaning that the infec-
tion will persist in the population for a considerable amount of time (becoming endemic).

We now prove that 79 € Qr and 7* € Qf. Clearly 7y € Qr. According to
Equations (la—g) at equilibrium state, we have

}45)~(s + VLXL + ‘Z/l[)N(I + yQ)N(Q + ‘Z/IT)N(T + ]JRXR =11 (19)

Since Ry > 1, then Xs, X, X, Xq, X1 and X are all positive and

I IT
‘Z/lSXs<H:>XS<f§*,
Hs M
- - IT I
“LlLXL<H:>XL<f§f,
L M
- - 11 11
uXi<Ill= X < — < —,
Hro M
- - 11 I
yQXQ<H:>XQ<7S*,
o H
11 I
urXr <l = Xr < — < —,
HT M
- IT II
“MRXR<H:>XR<f§f.
HrR M
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From Equation (1f), we have

oI M adl
wkp = Xy < = = Kp < — < =
HI wpp Wi

It follows that 7* € QF. O

3.3. Global Stability Analysis

In this part, we use LaSalle’s invariance principle and the direct Lyapunov technique
to investigate the global stability of the two equilibria of model (1). Throughout the article,
the following function will be used. H : (0, c0) — [0, 00) as:

H(g) =g—1-Ing. (20)

It is clear that H(g) > 0 for any ¢ > 0 and H(g) = 0 if and only if ¢ = 1, where g = g(t)
for any ¢ € (Xs,XL,XI,XQ,XT,Xp,XR).

3.3.1. Global Stability for the TB-Free Equilibrium Point 7

Theorem 1. The TB-free equilibrium point Ty is globally asymptotically stable (GAS) in Qr if
Ro < 1, and otherwise unstable.

Proof. Suppose the function of Lyapunov is

Xs

Uy = X3H (x SXp, (21)

€4K],

R KL XA T + e )LpX
) X, + & OX < LAg per O>XT
S

where ey, e, €3, and ¢4 are defined in (5). Differentiating Uy with respect to time gives

dUy XO e1R0 KLXg)tT +¢e1NRp \ )\pxg .
1— 22| Xs+ X X X Xp. 22
dt ( Xg s+ + Kr 1t e4Kg, T+ w P 22)

Substituting the governing equations for Xg, X, X, Xt and Xp yields

dly

Xg
Tl 1- X (IT — (A1 Xy + ArXt + ApXp)Xs — psXg)

S

R
+ (/\IXI + ArXt + APXP)XS — e XL+ &% (KLXL + ¢XT — €2X1)
L

XO
P2S (X[ — wXp). (23)

n KLXg)\T + ¢e1NRg
e4Ky

) (k1 X1 — esXt) +

By substituting IT = psX2 and simplifying the resulting expression, we obtain

dlp _ —ps(Xs — X 2)2

ar Xs +e1(Ro— 1)XL (24)

Since ddto < 0 whenever Ry < 1 for all Xg, X, > 0, it follows that dto = 0 if and only if
XS = X andXL = 0. Define the setT = {(XSIXLIXIIXQIXT/XPIXR) S QT : XS = XS,XL = 0}
From the model equations, if Xp = 0, then X = 0, and from Equation (1b) we have
0 = A;Xp + ArXt + ApXp. Since X; > 0, Xt > 0 and Xp > 0, it follows that X; = Xt =

= 0. Finally, Xg = —e3Xg and Xg = —p,Xg it follows that Xo — 0 and Xg — 0 as
t — o0. Hence, the largest compact invariant set of I is the singleton set {7y}, by LaSalle’s
Invariance Principle [24], the TB-free equilibrium point 7y is globally asymptotically stable
whenever g < 1. O
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The above result indicates that the disease can be eliminated from the population if
and only if Ry < 1.

3.3.2. Global Stability for TB-Endemic Equilibrium Point 7*

Theorem 2. The TB-endemic equilibrium point T is globally asymptotically stable (GAS) in Q0%
if Ro > 1, and otherwise unstable.

Proof. To show that the endemic equilibrium is GAS, we consider the following Lyapunov
function:

Xg XL X1 XT Xp
U, = XcH XiH AX{H BXTH CXpH
s (Xs> e (XL> A% <X1> R (XT> A <XP>

where A, B and C are positive constants to be determined later, and ej, ey, €3, and e4 are
defined in (5). We compute d{% along the model’s trajectories as

— = (1 — ) (H — ()\IXI + ArXT + )\PXP)XS - ‘u5XS)

+ (1 - X) ((ArXp 4+ ArXT 4+ ApXp)Xs — e1X1,)
L

X
+ A <1 — XI> (KLXL + (PXT — €2XI)
1

+B <1 — XT> (KIXI - €4XT) +C <1 — X> (OCXI wXP) (25)
Xt Xp

Furthermore, the endemic equilibrium 7* = (Xs, X, X;, X1, Xp) satisfies

II = (/\[XI + ATXT + /\PXP)XS + ]/ls)zs,
e1Xp = (AXp + ArXr + ApXp)Xs,

exXy = kL X, + X7, (26)
34XT = K1>~<1,
w)~(p = 0(5(1.

Substituting the conditions given in (26) into the above equation and simplifying, we obtain

dll1 “Lls ~ ~( Xs X5XI>~(L>

oy Xe (Xs = Xs)? + ArXsXq X XX X0
o XS XSXTXL> Ty ( XS XSXPXL>
AXgXrp(2—22 - 2821 °L ApXgXp(2 -8 - 22 2P 2L
ATt T( Xs  Xg X1 Xp AR Xs  Xs Xp XL

+ XI()\IXS —epA+xB+aC) + XT()LTXS +PA — e4B) + Xp(kL A —e7)

+ Xp(ApXs — wC) + k AXL <1 — >~(LXI> + pAXr (1 — XTXI)

XX X1 X1

) X; X7 xlxp>
BXil1— =—— aCX[1- 2= 27
T I< X1XT>+ I( Xi Xp @7)

The positive constants A, B, and C are selected so that

AXg —ep A +x1B+aC =0,
ArXs + pA —esB =0,

kA —el =0,

ApXg — wC = 0.

(28)
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The solution of the above equations gives

A=,
KL,
Roer¢ + XA
g o 19 + XgAr L 29)
esk Ro
0
C:%'
wRo
Hence, Equation (27) takes the form
dU1 Us o \2 S O >~(S XsXIXL
pr Xs( s — Xs)™ + A1XsX; X XXXt
Xs XSXTXL> . ( Xs XSXPXL)
FA XX |2 —F — e | +ApXsXp|2— 2 — == =—
TXS T( Xs ~ Ko Xp X1 PASAP Xs ~ X Xp X1
+ Ax Xy (1 - ~IL) + ApXp <1 - XTXI)
1 XL Xt X
B Xi(1— =—— CaXi|1—=——. 30
o I( XIXT>+ I( Xy Xp (30)

Using the equations in (26) together with those in (28), we obtain

au . . X X
T; = —%(XS _XS)2+A1XSXI(3— > T T T < — ~>

+A4>>~<T(2—>~(TXI—M>~(’>. 31)

Since Ry > 1, the endemic-equilibrium components satisfy Xg, X;, X1, X1, Xp > 0. We now
verify the non-positivity of the bracketed expressions in Equation (31) using the arithmetic—
geometric mean inequality. Consider first the bracket containing three ratios. Let

)~<S XSXIXL XLXI
=22, up=et, uy= ot
Xs XXXy, XL X1

U

The product of these three positive quantities is

X XsXiXp X X1 _
Xs XsXiXp Xp X

Uiuouz =

Therefore, by the arithmetic-geometric mean inequality,

uy +up +uz > 3Yujuouz =3,

which implies that
3—1/{1—1/[2—1/!3 <0.

Similarly, since the product of the positive ratios in each of the remaining bracketed expres-
sions is equal to one, the arithmetic-geometric mean inequality gives

~ Xs XeXrXp  XpXp o XeXp <0
Xs  XeXtXp XX XpXp ©
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B & B XsXpXL B XPXI B XLXI <0
Xs  XeXpXL XpXp XpXp ~

7

and _ _

XrXr XXy _

XrXp  XrXp ~
Hence, all the bracketed expressions in Equation (31) are non-positive. Since their coefficients
are positive, it follows that d{% < 0,VXg, XL, X, X7, Xp > 0. Hence, U; is a Lyapunov
function for the system of equations governing the state variables Xg, X, Xy, X1, and Xp
in model (1). From Equation (31), % = 0 requires Xs = Xg. Moreover, equality in the
arithmetic-geometric mean inequalities requires a common ratio, denoted by

0.

XXX X
XL Xi Xr Xpl

Thus,

XI = 1’)~(I, XT = 7’)~(T, Xp = T’Xp.

For a solution to remain in the equality set, we must have Xg = Xg and X5 = 0. Hence, the
susceptible equation becomes

0 =1IT— r(A X+ ArXy + ApXp) Xs — psXs. (32)
On the other hand, the susceptible equilibrium relation in Equation (4a) is
0=1II— (AX;p+ ArXr + ApXp)Xg — psXs. (33)
Subtract Equation (33) from Equation (32) gives
(1 —7)(AXg + ArXr 4+ ApXp)Xg = 0.

Since
()\15(1 + ArXp + )\pf(p)f(g >0,

when Ry > 1, we obtain 1 — r = 0, and therefore r = 1. Consequently,
XS = 5(5, XL = XL/ XI = )~(I/ XT = )~(T1 and Xp = )~<P'

Thus, the largest invariant subset of {% = } is {(XS,XL,XI,XT,XP)}. Therefore,
LaSalle’s Invariance Principle [24] implies that

(Xs,XL,XI,XT,XP) — (XS/XL/XI/XTIXP) ast — oo.

It follows that lim;_,. X = Xi.. Thus, for every sufficiently small e > 0, there exists a
N; > 0 such that X;, < Xp +e7,Vt > Nj. From model (1)’s fourth equation, for t > Nj
we have

XQ =q: Xy —e3Xg < QL(XL +er) — e3Xq.

Therefore, by the Comparison Theorem [25],

Xg’ = limsup Xg < qL(Xi: er)

t—o0

https://doi.org/10.3390 /math14193618


https://doi.org/10.3390/math14193618

Mathematics 2026, 14, 3618

16 of 29

Letting er — 0, we obtain

X N
X°Q° = limsup Xg < L _ Xo-
t—o0 €3
Similarly, using lim inf;_,co X, = X, it follows that
X, .
Xo.. = liminfXg > T2 = X,
Qe = liminfXg > 7= = Xg

Consequently,
XQo = Xo > X3

Therefore, lim; ;00 Xg = XQ. By the same argument, we can show that lim; .o Xg = XR.
Hence, ast — o

(XS/ XL/ XI/ XQ/ XT/ XP/ XR) — (XS/ )~(L/ >~<I/ )~(Q/ )~(T/ XP/ XR) .

Consequently, for Ry > 1, all solutions of model (1) with initial conditions in ()7 converge
to 7% ast — co. Hence, whenever 5}y > 1, the endemic equilibrium 7* is globally
asymptotically stable in Q7. [

4. Sensitivity and Threshold Analysis
4.1. Local Sensitivity Analysis

Analysis of local sensitivity is a crucial method for computing the factors that have the
most impact on the spread of the illness and for directing successful TB control measures.
We may measure each parameter’s proportionate contribution to the disease’s spread by
assessing the sensitivity of the basic reproduction number (9Rg) with regard to the model
parameters. In order to plan and optimize control strategies, including vaccines, early
identification, treatment, and environmental interventions, we assess the sensitivity of 93y
to each model’s parameter with the normalized sensitivity index. In relation to a parameter
(v), the normalization sensitivity index of (fRp) is defined as follows:

% v

Ry _ v
0, = 5 XS)%'

(34)
We can thus determine the effect of changing each parameter on 93y by utilizing the
formula (34) to calculate all partial derivatives of the parameters with regard to 9y. For ex-
ample, a positive sensitivity index indicates that increasing the relevant parameter increases
the critical reproduction number, Ry, whereas a negative index indicates that increasing the
parameter decreases Ry. The effect of parameters on Ry is shown in Table 3 and, for clarity,
these values are specified in the flowchart (see Figure 2). Based on the sensitivity analysis
presented in Table 3, the largest effects on the R are associated with the recruitment rate
I, with sensitivity index @?0 = +1, and the mortality rate of susceptible individuals yg,
with sensitivity index @220 = —1. This implies that a 10% increase in yg reduces %Ry by 10%,
whereas a 10% increase (or decrease) in I1 increases (or decreases) 93p by 10%. However,
Us is a demographic parameter and should not be interpreted as a practical intervention
target. Among the TB-related parameters, the environmental pathogen-clearance rate w
has the largest negative sensitivity index, @0 = —0.77. Thus, measures that enhance
the removal or inactivation of viable Mycobacterium tuberculosis from the air, such as im-
proved ventilation and ultraviolet germicidal irradiation, may substantially reduce disease
transmission [3,26]. The sensitivity indices for the preventive-treatment initiation rate, g1,
and the treatment initiation rate, xj, are quite large and negative, with @gzo = —0.68 and
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@?}0 = —0.58, respectively. Therefore, a 10% increase in g1 or x; reduces Ry by approxi-
mately 6.8% or 5.8%, respectively. These findings demonstrate the importance of expanding
preventive treatment among latently infected individuals and ensuring timely treatment
initiation among infectious individuals. The mortality rate of infectious individuals, yj,
has a negative sensitivity index, @;20 = —0.41. In contrast, the MTB shedding rate &« and
the environmental transmission coefficient Ap have comparatively large positive sensitiv-
ity indices, with 0% = +0.78 and @i‘] = 40.77, respectively. In this observation we
stress the role of the environmental route in maintaining TB transmission and the need
for proper ventilation, airborne infection control measures, and approaches to lower the
concentration of viable Mycobacterium tuberculosis in the environment. The progression
rate from latent infection to active infectious tuberculosis, «, also has a relatively large
positive sensitivity index, @Z}O = +40.71. The direct transmission coefficient, A;, has a
moderate positive sensitivity index, 6?10 = 40.23. Finally, the treatment failure rate, ¢,

has a comparatively small positive sensitivity index, @3}0 = 40.06. Although this local
effect is relatively small, treatment failure remains epidemiologically important because
it returns individuals undergoing treatment to the infectious class. Overall, effective con-
trol of TB transmission requires a comprehensive strategy that combines reductions in
direct and environmental transmission, prevention of progression from latent infection
to active tuberculosis, expansion of preventive treatment, timely initiation of active-TB
treatment, reduction of treatment failure, and improved clearance of the environmental
pathogen burden.

Table 3. The basic reproduction number 9y’s normalized forward sensitivity indices in relation to
the model (1). The sensitivity indices were computed using the baseline parameter values listed in
Table 2.

Parameter I Al KL Ap o ¢ n -
Sensitivity index 1.00 0.23 0.71 0.77 0.78 0.06 0.005 -

Parameter Us Ur w Ky qL UL UT YT
Sensitivity index —1.00 —0.41 —-0.77 —0.58 —0.68 —0.03 —0.002 —0.06

Model parameters
T

1 1 1
-0.2 0 0.2 0.4 0.6 0.8 1
Normalized sensitivity index of R

-1 ~:)48 7‘0.6 ~I0.4
Figure 2. Bar graph showing the normalized forward sensitivity indices of JRy with respect to the
parameters of model (1). Red bars indicate positive sensitivity: increasing the corresponding param-
eter increases PRy. Blue bars indicate negative sensitivity: increasing the corresponding parameter
decreases Ry. Larger absolute indices indicate greater local sensitivity. For the baseline parameter

values used here, the indices range from —1 to +1, with IT and g having the largest absolute indices.
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Furthermore, Figure 3 illustrates the combined effects of selected parameter pairs on
R, while all other parameters are fixed at their baseline values. The transition from blue
to red represents an increase in Ry. In panels (a), (b), and (d), Ry increases with the direct
and environmental transmission coefficients (A}, Ap), the recruitment and treatment failure
rates (I, ¢), and the progression and MTB shedding rates (x,«), respectively. These
relationships demonstrate that direct transmission, environmental exposure, treatment
failure, progression to active TB, and pathogen shedding promote disease transmission.
Conversely, panels (c), (e), and (f) show that %Ry decreases with increasing latent mortality
and environmental pathogen-clearance rates (.1, w), the preventive-treatment initiation
and infectious mortality rates (qr, 1), and the susceptible mortality and treatment initiation
rates (g, k1), respectively. In particular, increasing w reduces the persistence of viable
Mycobacterium tuberculosis in the environment, increasing q;, limits progression to active
TB, and increasing x| shortens the duration of untreated infectiousness. Although yg, y1,
and p; have negative mathematical effects on 93y, mortality is not considered a practical
intervention mechanism. Overall, the response surfaces are consistent with the normalized
local sensitivity indices reported in Table 3 and Figure 2.

High Ry

055 03
BT ") )
ol 7YY o Low Ry

1 4

Figure 3. The influence of altering modeling parameters on fRy: (a) Ry compared to Aj and Ap; (b) Ry
compared to ¢ and IT; (c) Ry compared to y; and w; (d) Ry compared to x; and «; (e) Ry compared
to qp and up; (f) R compared to g and x;. Blue and red regions represent lower and higher values
of Ry, respectively.

4.2. Global Sensitivity Analysis

The global sensitivity analysis examines the impact of simultaneous variations of the
model parameters within their prescribed ranges. In contrast, local sensitivity analysis stud-
ies the effect of varying one parameter around the baseline point while holding the other
parameters constant. In this subsection, we used the Latin hypercube sampling (LHS) and
partial rank correlation coefficients (PRCCs) to assess parameter uncertainty and to identify
the parameters that have the strongest influence on the basic reproduction number %Ry [27].
A total of 5000 parameter sets were generated, and 9y was calculated for each set. Positive
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and negative PRCC values indicate positive and negative monotonic associations with
Ro, respectively, while p < 0.05 indicates statistical significance. The baseline value was
Ro = 0.864. Across the sampled parameter sets, SRy ranged from 0.371 to 2.059, with 70.60%
of the sampled values satisfying Ry < 1 and 29.40% satisfying Ry > 1. Thus, parameter
uncertainty may shift the system from the elimination region to the persistence region. The
results of PRCC are presented in Table 4 and Figure 4. As shown in Table 4 and Figure 4, I'1
has the strongest positive association with 5y (PRCC = 0.9000), followed by « (0.8470), Ap
(0.8438), and «, (0.8219). The effects of A (0.4120) and ¢ (0.1257) are positive but less strong.
Conversely, ys has the strongest negative association (—0.8986), followed by w (—0.8432),
g1 (—0.8061), x; (—0.7626), and p (—0.6446). The findings emphasize the significance of the
environmental transmission route and indicate a large decrease in transmission with better
pathogen elimination, preventive measures, and early start of active-TB therapy. Although
o1 and | exhibit weak but statistically significant negative associations with 9y, the asso-
ciations of yr and 1 with Ry are not statistically significant because their p-values exceed
0.05. Overall, the PRCC results are consistent with the local sensitivity indices in Table 3 and
support interventions targeting direct and environmental transmission, pathogen shedding,
preventive treatment, treatment initiation, and treatment failure.

Table 4. Partial rank correlation coefficients (PRCCs) and corresponding p-values of the 53y with
respect to the parameters of model (1). The PRCC values were computed using 5000 parameter sets
generated by Latin hypercube sampling over the prescribed parameter ranges.

Parameter 11 Al KL Ap o -
PRCC 0.9000 0.4120 0.8219 0.8438 0.8470 0.1257 0.0106 -
p-value < 0.001 < 0.001 < 0.001 < 0.001 < 0.001 < 0.001 0.4556 -
Parameter HUs Ui w Kr qL UL Uur YT
PRCC —0.8986 —0.6446 —0.8432 —0.7626 —0.8061 —0.0851 —0.0121 —0.1216
p-value < 0.001 < 0.001 < 0.001 < 0.001 < 0.001 < 0.001 0.3928 < 0.001
mr- J
ar -
A F J
HL - -
A J
E :
g
gl ’
=L :
Sonf |
s .
HI - -
q - J
b .

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4

Partial rank correlation coefficient (PRCC)

0.6 0.8 1

Figure 4. Partial rank correlation coefficients (PRCCs) between the model parameters and the basic
reproduction number Ry, calculated from 5000 Latin hypercube samples. Positive PRCC values
(red) indicate that increasing the corresponding parameter tends to increase 9y, whereas negative
values (blue) indicate an inverse relationship. Larger absolute PRCC values represent stronger global
parameter influence.
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4.3. Threshold Analysis in the (¢, n)-Plane

Although local and global sensitivity analyses quantify the individual influence of
model parameters on iy, they do not identify combinations of parameter values that main-
tain Ry < 1. Both analyses indicate that ¢ has a weak positive influence on %Ry, whereas
the influence of # is negligible at the adopted baseline values and over the prescribed
parameter ranges. Nevertheless, ¢ and # were selected for the threshold analysis because
they represent two complementary treatment-related mechanisms that are central to the
model. The parameter ¢ governs the return of treated individuals to the infectious class,
whereas 77 measures their residual infectiousness during treatment. Examining these pa-
rameters jointly therefore reveals whether sufficiently low residual infectiousness can offset
the adverse effect of increased treatment failure and maintain 9y < 1, a relationship that
cannot be identified from their individual sensitivity measures alone. Thus, we undertake a
threshold analysis in the (¢, 77)-plane to examine their combined effect. The biologically vi-
able parameter space is divided into TB-elimination (R¢ < 1) and TB-persistence (Ry > 1)
areas by solving the threshold equation Ry = 1, which yields the key connection between
¢ and 7. Since the relative infectiousness of treated individuals satisfies

0<ny <1

We solve the threshold equation with respect to 7 to get its critical value, the %Ry can be
rewritten in terms of A}, using the relation A = Ay, as follows:

_ KLXg()\Iw&; + Amqwxr + lX)Lp64)

R
0 weq (exeq — K1)

7

where e, e, €3, and ey are defined in (5). Let
M = yr +ur, Z = aAp+ Ajw,

so that
€4 — (P + M.

The basic reproduction number can therefore be expressed as

g XIKL((P+ M)Z + Appjeo)
erw((¢p+ M)ex — x1¢)

Solving Ry = 1 for 7 yields the critical value of #* as a function of ¢, which gives

erw(eaM+ puy) — XgKL((P +M)Z
XgKL)\IKICU ’

n(¢) =
Therefore, the TB disease can be controlled whenever

0<n<n*(¢),

provided that 0 < n*(¢) < 1. Therefore, for a particular treatment-failure rate, 7*(¢)
indicates the highest acceptable relative infectiousness of treated persons needed to avoid
prolonged TB transmission. If the infectiousness of treated individuals is greater than this
critical level, medication alone is inadequate to stop the transmission of tuberculosis. Hence,
the threshold value 77*(¢) partitions the biologically feasible parameter space as follows:
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Ro <1, if0<y<y*(e),
Ro=1, ifn=13"(¢),
Ro > 1, ify >n*(p).

Figure 5 illustrates the threshold connection in the (¢, 77)-plane to further explore the com-
bined impact of treatment failure and the residual infectiousness of treated persons. The
threshold curve 7 = 17*(¢) (or equivalently %Ry = 1) separates the biologically feasible pa-
rameter space into two different regions. The area below the threshold curve represents the
set of parameter combinations for which 5}y < 1, implying that, on average, each infectious
individual causes less than one secondary infection, and the disease will eventually be
eliminated. In contrast, the area above the threshold curve, or Ry > 1, is the state where the
population continues spreading across the population. Figure 5 further illustrates the trade-
off between the relative infectiousness of treated individuals, #, and the treatment-failure
rate, ¢. As ¢ increases, the range of values of # for which %y < 1 becomes progressively
narrower. Therefore, higher treatment-failure rates require substantially lower infectious-
ness among treated individuals to maintain $p < 1 and prevent sustained TB transmission.
The analytical threshold obtained in this subsection is numerically verified in Section 5.2
using the same fixed parameter values and two (¢, 77) combinations selected from opposite
sides of the threshold curve.

1
0.9

0.8

e
9

4
N

Residual infectiousness, 7
o o
- wn

e
1Y

0.2

0.1

0 0.1 02 03 0.4 05 0.6 0.7 0.8 0.9
Treatment failure, ¢
Figure 5. The (¢, 17)-plane threshold areas. The TB-elimination region (R < 1) and the TB-persistence
region (Mg > 1) are separated by the curve SRy = 1, which defines the significant correlation between
the treatment-failure rate (¢) and the relative infectiousness of treated persons (#). For this threshold
illustration, only Ap was increased to 1.15 x 10~5, whereas all other parameter values were set to the
baseline values shown in Table 2.

5. Numerical Simulations

The numerical simulations of model (1) were performed in MATLAB R2021a (ver-
sion 9.10.0.1602886) using the built-in solver ode45, an explicit Runge-Kutta method of
orders four and five with adaptive step-size control. The numerical simulations are per-
formed to demonstrate the qualitative behavior of the model under the selected parameter
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values. The model has not been calibrated or validated using data from a specific geograph-
ical setting; therefore, the results should not be interpreted as quantitative predictions or
direct policy recommendations.

5.1. Model Dynamics

To demonstrate the suggested TB model’s qualitative behavior, numerical simulations
are first performed using a representative initial condition. Two scenarios are considered,
corresponding to Ry < 1 and Rg > 1, while all model parameters are fixed as listed
in Table 2. The resulting trajectories of state variables are presented to demonstrate the
long-term dynamics of the system under the two epidemiological regimes:

Scenario 1: Dynamics under a representative initial condition.

A typical starting point situation is initially used to show the qualitative dynam-
ics of the model (1). The initial conditions are (Xs(0), Xt.(0),X;(0), Xq(0), X1(0), Xp(0),
Xr(0)) = (5000,100,50,5,5,10,500). The asymptotic convergence of the state variables
toward the TB-free equilibrium (7y) and TB-endemic equilibrium (7 *) established in
Section 3.3 is demonstrated through numerical simulations for the two epidemiological
regimes, Ry < 1 and Ry > 1. Figure 6 consists of two subpanels: (a) shows the conver-
gence to the TB-free equilibrium (9Ry = 0.864 < 1), and (b) shows the convergence to the
TB-endemic equilibrium (g = 6.888 > 1). The parameters of the baseline shown in Table 2
are used here. We will choose the parameter Ap in the following;:

Case (a): \p < 1. Setting Ap = 1 x 1072, its baseline value listed in Table 2, gives
Ro = 0.864 < 1. Theorem 1 states that 7 is GAS. The theoretical and numerical results of
Theorem 1 are similar, as shown in Figure 6a. The susceptible population grows and tends to
its TB-free equilibrium value, X0 = ;THS = 10, 000. Meanwhile, the populations in the latent
(Xp), infectious (Xg), preventive treated (Xq), active treated (X1), environmental pathogen
(Xp), and recovered (Xr) decline over time and eventually vanish, converging to zero.
Case (b): i > 1. Let us take Ap = 1 x 1074, We then obtain Ry = 6.888. As shown in
Figure 6b, T* is GAS, and the numerical results are consistent with the theoretical results
in Theorem 2. The solutions of the model (1) approach 7* = (Xg, X1, X1, Xq, X1, Xp, XR) =
(1451.81,275.48,46.45,27.42,10.15,817.41,7177.85).
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Figure 6. Dynamics of model (1) under two distinct threshold regimes. In (a), Ap = 1 x 10~ and
R = 0.86 < 1, and the trajectories converge to the TB-free equilibrium 7. In (b), Ap =1 x 1074
and Ry = 6.88 > 1, and the trajectories converge to the endemic equilibrium 7 *. Panels (i) show the
dynamics of Xs(t) and Xg (), whereas panels (ii) show the dynamics of Xy (t), X; (), Xo(t), Xr(t),
and Xp(t). The same initial conditions are used in both cases, and all other parameter values are
listed in Table 2.

Scenario 2: Dynamics under different initial conditions.

To provide numerical support for the global stability findings developed in Theorems 1
and 2, the proposed model is simulated using three different initial conditions while all
parameter values are kept unchanged. The dynamics of the susceptible, latent, infectious,
and environmental pathogen variables are presented for two epidemiological regimes:
Ro = 0.864 < 1, obtained using the baseline value Ap = 1 X 107" listed in Table 2, and
PRy = 6.888 > 1, obtained using Ap = 1 x 10~*. The corresponding trajectories are shown
in Figure 7a—d. The following initial conditions are considered, in the order

IC; = (9340,100, 50,5, 5,10,500),
IC, = (8000,500, 100, 50, 50, 25, 1300),
IC3 = (6000, 1500, 300, 100, 100, 50, 2000).

Case (I): For ¢ = 0.864 < 1, all trajectories originating from the three initial conditions
converge to the TB-free equilibrium 7y = (10000, 0,0,0,0,0,0). In particular, the susceptible
population approaches its TB-free equilibrium value, whereas the latent, infectious, and
environmental pathogen variables asymptotically approach zero. This numerical behavior
is in agreement with the global asymptotic stability of the TB-free equilibrium proved in
Theorem 1 for Ry < 1.

Case (II): For Ry = 6.888 > 1, trajectories originating from the three different initial con-
ditions converge to the same positive endemic equilibrium. In particular, the susceptible,
latent, infectious, and environmental pathogen variables approach their corresponding
endemic equilibrium values. The convergence of the trajectories toward the same endemic
state, independently of the selected initial conditions, provides numerical support for the
global asymptotic stability result established in Theorem 2. Overall, these simulations illus-
trate that the long-term behavior of model (1) is governed by the basic reproduction number
MRp: the disease is eliminated when 93y < 1 and persists at an endemic level when %3y > 1.
Thus, the numerical results are consistent with the theoretical global stability analysis.
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Figure 7. Numerical illustration of the global stability results using three different initial conditions.
Panels (a-d) show the dynamics of the susceptible population Xs(t), latent population X (), in-
fectious population X;(t), and environmental pathogen concentration Xp(t), respectively. Case (I),
represented by dashed curves, corresponds to the TB-free regime with 53y = 0.864 < 1, whereas
Case (II), represented by solid curves, corresponds to the endemic regime with Ry = 6.888 > 1. The
blue, red, and orange curves correspond to the first, second, and third initial conditions specified in
the text, respectively. All other parameter values are listed in Table 2.

5.2. Threshold Verification in the (¢, 1)-Plane

This subsection provides a numerical verification of the analytical threshold derived
in Section 4.3. To ensure consistency with the threshold analysis, the same fixed param-
eter values are used. In particular, Ap is increased from 1 x 107> to 1.15 x 10—, while
all remaining parameters are fixed at their baseline values listed in Table 2. Two repre-
sentative (¢, 77) combinations are selected from opposite sides of the threshold curve in
Figure 5. The corresponding temporal dynamics of the infectious population X;(t) and
the environmental pathogen concentration Xp(t) are presented in Figure 8. For Case 1,
(¢,n7) = (0.05,0.10), the basic reproduction number satisfies Ry = 0.920 < 1. Both X;(#)
and Xp(t) decrease monotonically toward zero, which is consistent with the global asymp-
totic stability of the TB-free equilibrium established analytically for 5}y < 1. By contrast,
for Case 2, (¢, 77) = (0.50,0.70), the basic reproduction number satisfies Ry = 1.052 > 1. In
this case, the infectious population and the environmental pathogen concentration initially
increase and subsequently converge to positive steady-state levels, indicating persistent
TB transmission and the continued presence of the environmental reservoir. Overall, the
numerical simulations agree with the analytical threshold analysis. The parameter com-
bination below the threshold curve leads to convergence toward the TB-free equilibrium,
whereas the combination above the curve leads to convergence toward an endemic equilib-
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rium. Therefore, the simulations verify that the threshold curve # = #*(¢) separates the
TB-elimination and TB-persistence regions of the proposed SLIQTPR model.

T T
se 1: (¢,7) = (0.05,0.10), Ry = 0.920 < 1
2: (6,7) = (0.50,0.70), Ry = 1.052 > 1
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Figure 8. Numerical verification of the threshold in the (¢, 7)-plane shown in Figure 5. Temporal
dynamics of (a) the infectious population X;(¢) and (b) the environmental pathogen concentration
Xp(t). The blue solid curves correspond to Case 1, (¢, 1) = (0.05,0.10), for which Ry = 0.920 < 1,
whereas the red dashed curves correspond to Case 2, (¢, 1) = (0.50,0.70), for which Ry = 1.052 > 1.
The simulations were conducted using the same fixed parameter values as those employed in the
threshold analysis in Section 4.3, including Ap = 1.15 x 1072,

5.3. Impact of Intervention Strategies

The effectiveness of the proposed intervention options is evaluated by numerical
simulations varying one control parameter at a time while keeping fixed the baseline values
of all other parameters. The effect of the primary control-related factors on TB transmission
is shown in Figure 9. In panel (a), the infectious population X;(t) is significantly decreased
by raising the preventive treatment rate q;, from 0.10 to 0.30 and 0.50. This implies that the
total disease burden is reduced by preventing latent individuals from becoming infected
with an infectious disease. Panel (b) shows the effect of increasing the treatment rate ;.
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The infected population drops significantly with increasing «; from 0.20 to 0.50 to 0.80.
This implies that rapid treatment of infected patients reduces infectiousness and prevents
transmission. Finally, panel (c) shows the effect of the environmental pathogen clearance
rate, w. The load of the environmental pathogen Xp(t) decreases as w varies from 0.50 to 1.0
to 2.0. This points out the importance of environmental control strategies such as improved
ventilation and pathogen removal in limiting indirect transmission. To summarize, the
models provide evidence that improvements in environmental clearing, active treatment,
and preventive treatment can reduce substantially the transmission of TB. These results
underscore the importance of combining individual-based treatments with environmental
control techniques and are consistent with the sensitivity analysis.
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Figure 9. The impact of control-related elements on tuberculosis transmission. Panels (a,b) present
the impact of raising the initiate prevention TB treatmen rate gy, and active TB treatment rate x;
on the infectious population X (#), while panel (c) shows the effect of increasing the environmental
pathogen clearance rate w on the environmental pathogen concentration Xp(t). All unspecified
parameters are fixed at their baseline values in Table 2, and the initial conditions are the same that
they were in the previous simulations Section 5.1.

6. Conclusions and Future Work

In this work, an SLIQTPR model was formulated and studied to incorporate direct
TB transmission by infectious persons, reduced transmission by individuals under active
treatment, indirect transmission through an environmental pathogen reservoir, preven-
tative treatment of latent infection and treatment failure. The principal contribution of
the model lies in combining these mechanisms within a single framework to investigate
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how treatment outcomes and environmental transmission jointly affect TB elimination
and persistence. The basic reproduction number, iy, determines the long-term behavior
of the model. When %3y < 1, the TB-free equilibrium is globally asymptotically stable,
which means that TB cannot be sustained in the population. When %Ry > 1, there is a
unique endemic equilibrium, which is globally asymptotically stable, corresponding to
ongoing transmission. Biologically, these results show that sustained TB control requires
interventions capable of reducing the average number of secondary infections generated
by an infectious individual to no more than one. The local and global sensitivity analy-
ses produced broadly consistent findings, identifying recruitment, progression to active
infection, environmental exposure, and pathogen shedding as important drivers of TB
transmission. In contrast, susceptible mortality, preventive treatment, active treatment,
and environmental pathogen clearance reduced the transmission potential. These findings
emphasize the importance of strengthening preventive and active treatment programs and
reducing environmental pathogen persistence.

Another important analytical result is the critical threshold relationship between treat-
ment failure and the relative infectiousness of treated individuals. The resulting threshold
curve separates the biologically feasible parameter space into disease-elimination and
disease-persistence regions. This result demonstrates that treatment effectiveness cannot be
evaluated solely by treatment initiation; successful control also requires reducing treatment
failure and limiting residual transmission during treatment. Thus, a higher treatment fail-
ure rate requires a greater reduction in the infectiousness of treated individuals to maintain
the disease below the elimination threshold. The numerical simulations are consistent with
the analytical results and converged to the appropriate equilibrium with different initial
conditions. The numerical simulations showed that increasing the level of preventative
treatment, improving access to active treatment, and increasing the rate of removal of
environmental pathogens would lead to a reduction in both the infectious population and
the levels of environmental pathogens. These findings support an integrated control strat-
egy for the management of latent TB infection, rapid and effective treatment of active TB,
improved treatment outcomes, and environmental infection-control measures [3]. Never-
theless, the present results identify potential intervention mechanisms rather than provide
location-specific policy recommendations. Before the model can be used to inform policy
decisions, its parameters must be estimated using epidemiological and environmental data
from a defined geographical setting, its initial conditions must be specified from local data,
and its predictions must be validated against independent observations.

The proposed model has some limitations, which suggest directions for future research.
Its parameters are assumed to be constant, and the population is considered homogeneous.
Consequently, the model does not explicitly account for population movement or spatial
heterogeneity. When applied to a small, approximately closed population, its quantitative
outcomes would depend on local population density, contact patterns, treatment coverage,
ventilation, and environmental pathogen clearance. The framework can be extended in
future studies to drug-resistant TB [13], vaccination [28], reinfection [17], treatment inter-
ruption or abandonment [7,14], and spatially structured transmission [29]. Biologically
reasonable delays for latent progression, diagnosis, treatment initiation, bacteriological
conversion or treatment response could also be included. The analytic techniques devel-
oped for other delayed infectious disease models [30,31] could be adapted to study the
effects of such delays on the persistence and stability of TB. Further extensions may include
stochasticity, coinfection [32], or fractional-order dynamics [33]. Finally, optimal-control
techniques may be used to find successful combinations of active treatment, preventive
treatment, and environmental modifications [34,35].
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