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Abstract

Fatigue is widely recognized as one of the primary failure mechanisms affecting metallic
structures. Consequently, reliable prediction of fatigue-induced failure is essential for the
safe design and lifetime prediction of engineering structures and components. In this con-
text, the present work provides an overview of some of the main approaches employed for
fatigue modeling in metals. First, the classical total-life methods, namely the stress-life and
strain-life approaches, are reviewed. Subsequently, fracture-based approaches to fatigue
are presented, including formulations grounded in fracture mechanics, continuum damage
mechanics, and phase-field theory. The finite element method and the extended finite
element method are also discussed as representative numerical frameworks for the imple-
mentation of these formulations. The reviewed approaches are then critically compared in
terms of their applicability, capabilities, limitations and calibration requirements. Finally,
relevant directions for future research are identified.

Keywords: fatigue modeling; total-life methods; fracture mechanics; continuum
damage mechanics; phase-field formulations; fracture-based models; finite element method;

extended finite element method

MSC: 74R99

1. Introduction

Beginning in the mid-19th century, the study of fatigue in metals has become, over
the years, a field of major interest for materials scientists and structural engineers, mainly
because it represents one of the principal failure mechanisms in metallic engineering struc-
tures. Accordingly, early fatigue assessment was largely based on empirical approaches, no-
tably the stress amplitude-life (5-N) curves derived from Wohler’s pioneering studies [1,2]
and the strain-life (e-N) diagrams emerging from the works of Coffin [3] and Manson [4].
Commonly classified as total-life approaches, these methodologies were originally intended
for fatigue life estimation and remain widely employed to predict the service life of metal-
lic components. Since the emergence of these pioneering approaches, fatigue prediction
capabilities have advanced considerably, culminating in the development of sophisticated
numerical models capable of predicting not only fatigue life but also the progressive degra-
dation of material properties associated with the fatigue damage, including crack initiation
and propagation processes that ultimately lead to complete structural failure [5].
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Approaches exhibiting these characteristics are commonly referred to as fracture-based
fatigue models. Over the years, several classes of models encompassing such features have
been developed. Their diversity and breadth make it impractical to provide a compre-
hensive treatment of all existing formulations within a single work. Nevertheless, since
the introduction of the energy-based fracture theory proposed by Griffith in 1921 [6],
three classes of models have gained sufficient relevance to deserve a comparative review,
namely those grounded in frameworks of fracture mechanics [7,8] and continuum damage
mechanics [9,10], and phase-field formulations [11,12]. Although originally developed to
describe fracture under monotonic loading conditions, many formulations belonging to
these classes have subsequently been extended to account for fatigue loading scenarios.
Accordingly, in addition to the total-life approaches, this work presents a review of relevant
fracture formulations within these classes of models and their extension to fatigue, followed
by a general comparison among the presented approaches. Furthermore, the finite element
method (FEM) and the extended finite element method (XFEM) are considered to frame
the discussion from a numerical perspective, as they are among the most widely employed
discretization strategies for modeling fracture and fatigue.

The literature considered ranges from the foundational contributions underlying these
approaches to recent developments in the field. Sources were selected according to their
theoretical relevance, influence on the development of the respective frameworks, and
application to fatigue modeling in metals. Other relevant approaches, including cohesive-
zone, crystal-plasticity, multiaxial, short-crack, probabilistic, and data-driven models, are
not examined in detail within the present review.

The remainder of this paper is organized as follows. Section 1 reviews the classical
total-life approaches, namely the stress-life and strain-life methods. Section 2 presents
fracture-based modeling approaches grounded in fracture mechanics, continuum dam-
age mechanics, and phase-field formulations, together with their extensions to fatigue.
A comparative assessment of the reviewed approaches is provided in Section 3 and their
advantages and limitations are comparatively summarized in a table. Finally, Section 4
highlights the main features of each class of model discussed in this work.

2. Total-Life Approaches

Total-life approaches constitute classical methods employed in fatigue analysis and
design. With a focus on failure rather than the evolution of fatigue cracks, they are funda-
mentally characterized by life curves described in terms of cyclic stress or strain ranges,
which correspond to the so-called stress- and strain-based methods, respectively. These
curves are often obtained through standard fatigue tests conducted on polished coupon
specimens under either constant amplitude stress- or strain-controlled regimes [13,14]. As a
result, the number of cycles to nucleate and propagate a dominant crack until the complete
failure of the specimen is measured. A general description of the main features of each
method is presented in the following.

2.1. Stress—Life Method

Grounded on the premise of global elastic response of the material under sub-critical
stresses, the stress-life method has been traditionally applied in high-cycle fatigue (HCF)
analysis, i.e., in cases in which fatigue failure occurs after a high number of load cycles,
often more than 10*. This analysis is commonly performed using Wohler curves obtained
by fitting experimental S-N data. Accordingly, different approaches have been proposed to
mathematically describe these curves [15,16]. Among them, the equation introduced by
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Basquin [17] has become particularly popular due to its simplicity. In the logarithmic form,
it reads

log(Ny) = log(C) — k- log(cu), (1)

where 0, is the stress amplitude expressed and Ny is the number of cycles to failure. The
parameters C and k are fitted to the experimental S-N data using the least-squares method.
The Basquin exponent k is dimensionless, whereas C has units of cycles-MPa¥ when o, is
expressed in MPa. The stress amplitude, in turn, may be defined as

Omax — Omin

! @

0; =

with 03,4y and oy,,;, being the maximum and minimum stresses, respectively.

Figure 1 schematically illustrates the main features of typical S-N curves resulting
from such a fitting procedure. As can be seen, these curves exhibit distinct patterns for
ferrous and non-ferrous metallic materials. In the case of ferrous alloys, they often exhibit
a knee point followed by a plateau called fatigue limit. Beyond this point, a structure
submitted to cyclic loads is assumed to withstand an infinite number of cycles, as far
as the corresponding stress amplitude remains below this limit. In real applications,
however, it is difficult to clearly define this knee point due to the scatter inherent to the
fatigue phenomenon, as shown in the graphic by the range in which finite and infinite life
regimes overlap. Despite that, it is a common practice to adopt values between ~10° and
2 x 10° cycles for this point [18,19], avoiding—whenever possible—stress amplitudes close
to the fatigue limit in infinite-life designs. Contrarily to ferrous metals, non-ferrous alloys
do not exhibit a clear plateau, as illustrated in the graphic. Cutoff values are usually set for
infinite-life designs though. For aluminum grades, for instance, values between 107 and
5 x 108 are typically assumed for this purpose [19,20].
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= 8 o] ) .
=] )
= .2 \\' M .
2 N
g E N\ g 0
S N °
= "N Knee
ZI-1)] E > .
g o . N . . point
= ' .
wnn -\‘
\l\ . ¢ 2 ° . >
Non-ferrous metals \}\ . ¢ e o>
\\ n
=g
=L = .
[ ] T

~10°-10*  Number of cyclesto ~ ~10° - 10’
failure, N; (logarithmic scale)

Figure 1. Schematic log-log representation of typical S-N curves for ferrous and non-ferrous metals.
The circular markers and solid line correspond to ferrous metals, whereas the square markers and
dashed line correspond to non-ferrous metals. The marked knee point identifies the onset of the
fatigue-limit region for ferrous alloys exhibiting a distinct plateau, while the indicated low-cycle
fatigue (LCF)-HCEF transition and knee or cutoff ranges are approximate and material-dependent.
Runout points are indicated by arrows.

S-N curves can be determined not only for coupon specimens but also for mechanical
component and engineering structures in general. However, large-scale fatigue tests are
extremely costly and, as a result, the use of specimen fatigue data—often assumed as
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material properties—obtained under controlled conditions is preferred whenever possible.
Thus, when the design and life assessment of actual components are concerned, material S—
N curves are modified in an attempt to adapt this specimen-level data to the part in-service
conditions. This is commonly done by modifying the material nominal fatigue limit by the
so-called Marin reduction factors to account for the influence of aspects such as surface
condition, part size, load type, reliability, among others [21]. In its general form, the fatigue
limit of the actual component is estimated through

Se = kakpkckakek 5L, 3)

where S/, is the material nominal fatigue limit and kg, ky, k¢, kg, ke, k ¢ represent surface, size,
loading, temperature, reliability and miscellaneous-effect factors.

In addition, the effect of stress concentrations induced by geometrical discontinuities
such as grooves, holes, and notches is also considered in this type of analysis. For this
purpose, fatigue notch factors are applied to the nominal stress, onom, calculated using
elasticity-based formulas to determine the fatigue-effective stress, oo [22,23], i.e.,

Ueff :Kfanom. (4)
According to Peterson [23], for instance, this factor is given by
Kf = 1+4g(Ky—1), (5)

where K; is the classical elastic stress concentration factor and g is the so-called notch
sensitivity. Typically depending on geometrical features, material properties, and loading
conditions (e.g., axial, bending, and torsional), g is defined between 0 and 1, assuming
values close to unity for large notch radii. Accordingly, in many practical cases, full notch
sensitivity is assumed (i.e., § = 1 and K = K};) as a conservative measure, given the
common scatter in the data used to estimate 4. In addition to the classical approaches, alter-
native methods such as those based on stress gradients [24], highly stressed volumes [25],
and the theory of critical distances [26] have also been proposed to incorporate the notch
effect into fatigue analyses. Figure 2 schematically illustrates the notch effect on the stress
field of an axially loaded notched specimen and how the stress concentration and fatigue
notch factors are employed to estimate the elastic peak stress, 0peak, and the fatigue-effective
stress, O.¢f, respectively, from the nominal stress, 0rom.
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.
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Oeff = Kf Onom Gpeak = Kt Onom

Figure 2. Schematic representation of the nominal stress, elastic peak stress, and fatigue-effective
stress associated with the elastic stress concentration and fatigue notch factors.
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Standardized fatigue tests are typically conducted under a fully reversed load regime
such that, the stress ratio o
R — min (6)

Omax

is equal to —1. In addition, a mean stress

O = Omax ‘2“ Omin )
equal to zero naturally follows from this load condition. However, load regimes leading
to non-zero mean stresses are often found in real world applications. Since such mean
stresses may have a significant influence in the material fatigue response, many different
approaches have been proposed to account for their effects in fatigue analysis [27-29]. In
practical terms, these approaches provide a way to calculate an equivalent stress amplitude
at R = —1, given a stress amplitude and a mean stress at R # —1, which may be then
confronted with the S-N data from fully reversed tests. Table 1 summarizes some of the
most relevant mean stress correction models and their dependence on specific material
parameters. Among them, the classical Gerber [30], Goodman [31], Soderberg [32] and
Morrow [33] models are also graphically shown in Figure 3.

Table 1. Mean stress correction models. Stress amplitudes at R = —1 (0, —1) and at a given R (0, r),
mean stress (07;), ultimate tensile strength (S,), yield stress (Sy), true fracture strength (S f), Walker’s
model parameter (), Kowfie’s model parameter («) and Sekercioglu’s model parameter (k).

Model Equation Material Parameters
o\ 2
Gerber [30] Og—1 = UH’R/ll — (Sm> ] Sy
u
Om
Goodman [31] Oag—1 = O'H/R/<1 — S) Sy
u
Smith [34] Sy [ Su
’ ’ Su+om
Soderberg [32] Oa—1 = OgR / ( - ?;) Sy

2
Marin [35] Og—1 = Ua,R/ 1- (?") Sy
u
Om
Morrow [33] Op_1= 0, R/(l — ) S¢
’ 7 Sf

2 Y
Walker [36] Uﬂ,—l — UH’R/<H) ’)’
. 2
Smith-Watson-Topper [37] Oa—1= OgR / 1-R -
. Om
Dietmann [38] Oa—1= OgR / 1-— 5 Sy
u
. Om
Kwofie [39] Oq—1 = U,Z,R/exp<—as> Sy, o
u

2
Sekercioglu [40] Oa—1= OgR / ll — (?;) ] Sy, k

Widely known as SWT mean stress correction model.
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Figure 3. Schematic representation of the Gerber, Goodman, Soderberg and Morrow mean
correction models.

Alternatively to the models presented in Table 1, Haigh [41] proposed an approach
in which the mean stress correction is carried out according to four different stress ratio
regimes (i.e, R > 1, —oo < R < 0,0 < R < 05and R > 0.5), as detailed in the
FKM-Guideline [42].

Real fatigue load histories often exhibit varying amplitudes. Accordingly, numerous
damage accumulation models have been proposed to handle the effect of cyclic load blocks
of different stress amplitudes in fatigue calculations [43]. These models rely on damage
parameters that cumulatively compute the contribution of each block to the overall material
fatigue damage, acting ultimately as remaining life estimators. Among the existing models,
the Palmgren—-Miner linear accumulation rule

k
Nc-
D = : (8)
; Nf,

i=

is widely used, mainly due to its simplicity [44,45]. Here N, is the number of cycles applied
at a certain stress amplitude, 05, and Ny, the corresponding number of cycles to failure. D, in
turn, represents the accumulated damage, which indicates failure when it reaches a critical
value—typically equal to 1. Despite its wide practical use, this rule assumes that the damage
accumulation is independent of the load block application order. As a consequence, it fails
to capture non-linear load sequences and overload effects [46,47]. The appropriate use of
damage accumulation rules requires an efficient cycle-counting procedure, particularly for
highly irregular load histories. Accordingly, the rainflow method is one of the most widely
used approaches for this purpose [46,48]. In this procedure, the load history is first reduced
to an ordered sequence of turning points, consisting of local maxima and minima, with
the endpoints retained for a finite open record. Successive stress ranges are then examined
to identify closed hysteresis loops. An inner excursion bounded on both sides by ranges
of equal or greater magnitude forms a closed loop and is counted as one full cycle. For
a finite, nonperiodic open record, the unclosed ranges remaining after this procedure are
counted as half cycles. Each counted cycle is characterized by its stress range, amplitude,
and mean stress. For example, considering the first four turning points shown in Figure 4a,
—50 — 20 — —30 — 40 MPa, the inner excursion between 20 and —30 MPa is bounded by
two larger ranges and, therefore, forms one full cycle. This cycle has a stress range of 50 MPa,
a stress amplitude of 25 MPa, and a mean stress of —5 MPa. After extracting this closed

https://doi.org/10.3390 /math14193566


https://doi.org/10.3390/math14193566

Mathematics 2026, 14, 3566

7 of 59

loop, the outer excursion from —50 to 40 MPa remains and is counted as a half cycle for the
considered open sequence, with a stress range of 90 MPa. The percentage damage associated
with the resulting load-cycle blocks is presented in Figure 4b.

Loadings (Stress , Strain cycle) 36.31
-50 -40-30-20-10 0 10 20 30 40 50

~
\§\
~N
\§ NG Y
[ S =
- 27.24 ||
/j.; = g
—<\ :-.
T~
L \\\\ =
— /:—/> 7
— — t
= :
———
S — §S,— 1816 || (I
| — by
S
\\ m
T~ _\‘ g
e B
r b —_ s.08

——— Original Loading cycle
- Equivalent Loading cycle
(Rain flow counting) 0.00

(@) (b)
Figure 4. Fatigue analysis of variable stress amplitude: (a) rainflow cycle procedure and (b) the
corresponding percentage damage accumulated in each block of cyclic load [49].

The analytical solution of elasticity problems is usually limited to specific, idealized
cases. For this reason, linear elastic finite element analyses (FEAs) are commonly employed
to compute the stress field, particularly for complex geometries. The multiaxial stress
histories resulting from these analyses may be proportional, when the stress components
vary in phase and the principal stress directions remain fixed, or non-proportional, when
phase differences between the components generally cause the principal directions to rotate.
Under proportional loading, a von Mises-type equivalent stress may be employed as a
convenient scalar fatigue parameter, particularly for ductile metals and when calibrated
against appropriate fatigue data. Stress-invariant criteria constitute another possibility
when the influence of the hydrostatic or mean stress is relevant.

For non-proportional loading, critical-plane criteria may be adopted to evaluate the
normal and shear stress or strain histories on different material planes and identify the plane
associated with fatigue-damage initiation. Energy-based criteria provide another possibility
by relating fatigue damage to the elastic, plastic, or total strain energy associated with the
loading cycle and may be particularly useful when loading-path effects are relevant [50-53].
These categories are not mutually exclusive, and the appropriate criterion depends on the
material, loading path, and expected fatigue-damage mechanism.

Once the relevant fatigue parameter has been determined, the stress-life method can
be applied as a post-processing operation. The results are usually represented as maps of
the number of cycles to failure or the accumulated damage resulting from predefined load
blocks. In addition, a map of the safety factor, n—conceptually obtained by substituting
oa,r and oy, with no, g and noy, in the equations of Table 1—can be plotted for design
and verification purposes. Figure 5 illustrates the results of stress-life fatigue analyses
performed in conjunction with linear elastic FEA.
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Figure 5. Examples of fatigue plot results obtained as a post-processing operation of a linear elastic
FEA: (a) accumulated damage [54], (b) number of cycles [49] and (c) safety factor [55].

2.2. Strain-Life Method

In contrast to the stress-life approach, the strain-life method explicitly accounts for
plasticity, providing a more robust foundation for fatigue problems in the low-cycle domain,
where macroscopic plastic strains become relevant. It constitutes a local approach in which
fatigue life, typically expressed as the number of reversals to failure, 2Ny, is related to the
total strain amplitude, Ae/2, through the Coffin-Manson-Basquin relationship [3,4,17]

Ae  Ae, Agyp B U} b , c
5 =5 t5 = E(ZNJ‘) + €4 (2Ny)", )

where Ny is the number of cycles to failure, such that 2Ny is the corresponding number
of reversals. The quantities Ae¢, Ae,, and Ag¢, denote the total, elastic, and plastic strain
ranges, respectively, while their corresponding amplitudes are obtained by dividing these
quantities by two. Moreover, E is Young’s modulus, aj’f and S} are the fatigue strength
and fatigue ductility coefficients, and b and c are the corresponding exponents. As an
alternative to the classical Coffin-Manson approach, numerous strain-based methods
have been proposed as fatigue life estimators. Examples include the modified universal
slopes [56], uniform materials [57], Roessle-Fatemi’s hardness [58], modified Mitchell [59]
and medians methods [60]. For a more comprehensive survey on them, the reader is
referred to [61,62].

The fatigue constants of Equation (9) are usually determined by fitting experimental
data from fully reversed strain-controlled fatigue tests. Stable stress—strain hysteresis
loops—commonly recorded near the half of the specimen fatigue life—are employed for
this purpose [63]. Figure 6 schematically represents a typical hysteresis loop used in
this procedure, highlighting the stress range, Ao, and the total, elastic, and plastic strain
ranges—Ag, A, and Ae,—associated with this type of curve.

The fatigue-life predictions obtained from Equation (9) and the corresponding experi-
mental data are usually represented in terms of the number of reversals to failure, 2Ny, and
the total strain amplitude, Ae/2, as shown in Figure 7.

Despite the usual calibration through data from fully reversed tests, Equation (9) can
be modified to account for the mean stress effect in fatigue analyses involving strain ratios,
R, different from —1. This can be done by correcting the number of cycles to failure, N £, in
this expression as follows

o ~1/b
Ny re =N [f(”argm)] ' (1

where f (0, 0y,) can be any mean stress correction model depending on the stress amplitude
and the mean stress such as those presented in Table 1 [63].
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Figure 6. Schematic representation of a stable stress—strain hysteresis loop, showing the stress range,
Ac, and the total, elastic, and plastic strain ranges, Ae, Ae,, and Ae), respectively. The corresponding
strain amplitudes are obtained by dividing these ranges by two.

0
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3%
N = Total strain
'qg) § amplitude, 4&/2
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_; §° amplitude, e, /2
g2
)
Elastic strain S
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10* >
10° Number of reversals, 2V; 107

(logarithmic scale)

Figure 7. Schematic strain-amplitude-life representation showing the total, elastic, and plastic strain-
amplitude curves and the slopes b and ¢ as functions of the number of reversals to failure, 2N¢.
Adapted from [20].

Analogous to the stress-life approach, damage accumulation rules and the rainflow
cycle counting procedure are commonly employed to handle variable amplitude load
scenarios in fatigue analyses using the strain-life method. However, special care should
be taken when analyzing highly irregular load histories in the low cycle regime, where
plastic strains may play a critical role in the fatigue failure. This is particularly important
because plasticity is a path-dependent phenomenon and Equation (9) assumes independent,
stabilized cycles for the fatigue life estimation. Furthermore, an additional source of error
may be introduced if the Palmgren—-Miner rule is adopted as the damage accumulation
model, since it does not distinguish the sequence of the applied load blocks, as previously
discussed. Consequently, the application of the strain-life method in these scenarios may
lead to significant inaccuracies in fatigue life estimations.

As a local approach, the application of the strain-life method at the component level
requires the determination of the total strain at the part critical locations—a task that
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is hardly feasible through analytical solutions, particularly when dealing with intricate
geometries. Thus, nonlinear FEA, incorporating a suitable plasticity material model (e.g.,
with isotropic or kinematic hardening), may be employed to obtain stable hysteresis stress—
strain loops at the component critical points. These loops can then be used in a post-
processing step to estimate the fatigue life through the Coffin-Manson relationship. For
complex, lengthy load histories, however, plasticity models may lead to computationally
highly expensive simulations, hampering their application in such scenarios. Alternatively,
linear elastic FEA have been employed in conjunction with notch correction factors to
estimate the elastic—plastic stresses and strains in the part hot spots [64,65].

3. Modeling Approaches for Fracture and Their Extension to Fatigue

Unlike total-life methods, fracture models, when applied to fatigue analysis, not only
serve as life indicators but also describe the crack-growth process. Classical examples in-
clude approaches based on fracture mechanics (FMs). Beyond modeling crack propagation,
some classes of fracture models, such as those grounded in continuum damage mechanics
(CDMs) and the phase-field (PF) method, are conceived to capture the entire degradation
process, from the intact material state to final failure. Since these three are among the most
relevant classes of fracture models, a general overview of the principles underlying each is
presented in the following.

3.1. Models Based on Fracture Mechanics

Relying on the premise that engineering components are inherently flawed, classical
fracture models formulated within the framework of the FM are often referred to as defect-
tolerant approaches. Accordingly, these models focus on the growth of a pre-existing crack
such that, in the context of fatigue, the corresponding life is defined as the number of cycles
required to propagate this crack from its initial size up to a certain critical dimension.

Crack-growth models within the framework of FMs are generally classified into two
main categories: linear elastic fracture mechanics (LEFMs) and elastic—plastic fracture
mechanics (EPFMs). The primary distinction between them lies in the extent of the plastic
zone ahead of the crack tip. In LEFMs, this zone is assumed to be negligible, allowing linear
elastic assumptions to hold. In contrast, EPFMs account for significant plastic deformation
in the crack-tip region.

Under the LEFM assumption, the stress singularity at the crack tip is handled by the
scalar-valued intensity factor

K = Boy/ma, (11)

where o represents the nominal stress and a the crack size, whereas g is a dimensionless
correction factor depending on the component geometry, size, shape of the crack and
loading type. Polynomials and curves defining 8 for basic configurations can be found in
various handbooks [66—69].

The expression in Equation (11) serves as a general formulation, but it is important to
note that crack propagation can occur in three fundamental modes, or a combination of
them (see Figure 8), each associated with a distinct type of loading and a corresponding
stress intensity factor (SIF):

*  Mode I: Opening (tensile) mode, characterized by Kp;
*  Mode II: Sliding (in-plane shear) mode, characterized by Kjj;
*  Mode III: Tearing (anti-plane shear) mode, characterized by Kjj;.
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7

-«

Mode I Mode II Mode I1I
Figure 8. Schematic representation of the fundamental crack-deformation modes: Mode I open-
ing, Mode II in-plane sliding, and Mode III anti-plane tearing. The arrows indicate the relative
displacement directions of the crack faces.

In general terms, K provides a measure of crack severity. Under monotonic loading,
unstable crack propagation occurs when K reaches a critical value associated with the
material fracture toughness. Under cyclic loading, however, cracks may propagate even
when the maximum SIF remains well below the fracture toughness. Accordingly, the
fatigue crack-growth rate per cycle, da/dN, is commonly related to the SIF range, AK, as
first proposed by Paris et al. [70] through the following empirical law

da
dN,

where C and m are scaling constants. The SIF range, in turn, is given by

= CAK™, (12)

AK = Kinax — Kiin, (13)

with Kj;ax and Ky, being the SIF corresponding to the maximum and minimum stresses
(i.e., Omax and o0y,) within a given load cycle, respectively. Figure 9 illustrates, on a
log-log scale, a typical crack-growth curve, which is usually divided into three distinct
regions, namely near-threshold crack growth (Region I), stable crack growth (Region II),
and unstable crack growth (Region III). Accordingly, crack propagation occurs for AK
values larger than the threshold AKy, shown in Region I. Beyond the near-threshold region,
the crack-growth curve follows the approximately linear trend described by the Paris law,
which applies to Region IL. Finally, rapid and unstable crack growth occurs in Region IIL

A
Region | Region II Region III
Near-threshold Stable Unstable
crack growth crack growth crack growth
Increasing

stress ratio, R
m

Crack growth ratio, da/dN
(logarithmic scale)

K,
(4K, l l

Stress intensity factor range, 4K log’AK
(logarithmic scale)

N,

Figure 9. Schematic representation of a typical fatigue crack-growth curve. Adapted from [20].
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Despite its conceptual importance, the applicability of the Paris law is rather limited
because it is restricted to AK values in the region II of Figure 9 at constant amplitudes.
In addition, the constant C and m are influenced by the stress ratio, R. Other important
effects such as crack closure and environmental influences are also neglected. To address
these limitations, several crack propagation models considering different factors have been
proposed [36,71-77] within the LEFM and EPFM frameworks, respectively.

Among them, the so-called NASGRO equation [78]

MKy
dﬁcc[M.AK]m.M (14)

has become widely used because it provides a comprehensive description of crack-growth

behavior across the three regions shown in Figure 9, while accounting for stress-ratio and
crack-closure effects. All quantities and parameters appearing in Equation (14), together
with their units, character, and determination or calibration procedures, are summarized
in Table 2.

Table 2. Quantities and parameters appearing in the NASGRO fatigue crack-growth equation.

Symbol

Meaning

Unit Character, Source, and Determination

da
dN,

Crack-growth rate; a is the crack length and N, is

the number of cycles

Physical response quantity measured from
Length/cycle crack-length-versus-cycle data or predicted using
Equation (14).

Crack-growth coefficient Unit-system dependent !

Empirical Region-II parameter fitted together with
m using stable crack-growth data.

Crack-growth exponent -

Empirical Region-II parameter fitted together with
C using stable crack-growth data.

AK

SIF range, Kmax — Kmin

Calculated crack-driving quantity obtained from
MPa/m the maximum and minimum SIFs of the applied
load cycle.

AKin

Threshold SIF range

Experimental near-threshold quantity determined
MPa/m for the relevant stress ratio and
environmental conditions.

Kmax

Maximum SIF during the load cycle MPay/m

Calculated from the maximum applied load, crack
size, and component geometry.

Stress ratio, Kmin / Kmax

Physical loading quantity calculated from the
- minimum and maximum SIFs of the applied
load cycle.

Crack-opening function, Kop / Kmax -

Semi-empirical closure quantity obtained from the
NASGRO closure model or calibrated using closure
measurements or multi-R crack-growth data.

K.

Experimental, constraint-dependent fracture

Critical stress intensity factor MPa/m parameter obtained from fracture-toughness or

failure tests for the relevant geometry.

Near-threshold curvature exponent -

Empirical Region-I parameter fitted to the
crack-growth response close to AKy,.

High-growth-rate curvature exponent -

Empirical Region-III parameter fitted to the
accelerated crack-growth response approaching
unstable fracture.

1 The units of C depend on the units adopted for crack length and SIF range: [C] = [4] cycle '[AK] .

Once the crack-growth model is set, the fatigue life can be determined by its integra-
tion from the initial to the final crack length. Since the SIF range, AK, is usually a function
of the crack advance, and also the structure geometry through the correction factor  in
Equation (11), the analytical integration of these models is rarely possible so that numerical
methods are commonly used for this purpose. Thus, the integration procedure is incremen-
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tally performed in a way that, in each step, the crack is advanced by an incremental length,
and then the corresponding number of cycles is computed using the propagation model.
Within a numerical framework, this procedure is typically broken down into the following
workflow [79,80]:

(i) Determination of the displacement field and the maximum and minimum stress
norms ahead of the crack front during the current load cycle;

(ii) Evaluation of the corresponding maximum and minimum stress intensity factors;

(iii) Identification of the crack-propagation direction;

(iv) Representation of the updated crack geometry.

This process is recursively repeated until K4y reaches the critical value K. and then
the number of cycles to failure is obtained through the summation of the respective fractions
at each step. As the most widely adopted numerical methods in these cases, the FEM and
its variation the XFEM are framed in more detail in the remainder of this section.

3.1.1. Determination of the Stress Intensity Factor

When considering an FEM setting, different methods may be employed to compute
the SIF after determining the displacement, strain and stress fields of the structure. Among
them, the stress, displacement and energy release rate methods are of common use. For
mode I, the stress method prediction is given by

Ki = lim oy, (r,0 = 0)V27r, (15)
r—0

where 7 is the radial distance from the crack tip and 0, the stress normal to the crack plane.
Similarly, the displacement approach yields
E 2w

K=y (16)

where u, is the displacement perpendicular to the crack and E’ the effective elastic modulus
which is given by
E for plane stress,

E = E ) 17)
1.2 for plane strain,

with E being the Young’s modulus and v the Poisson’s ratio.

In the common practice, K; values are computed at mesh nodes as a function of
and then extrapolated to » = 0. Accordingly, the inability of standard finite elements to
accurately capture the stress field in the vicinity of the crack tip makes the stress method
highly sensitive to the mesh arrangement, which often renders it as the least accurate
approach. Although originally applied for mode I by Chan et al. [81], the stress and
displacement methods are also extendable to modes II and III upon the consideration of
the appropriate stress components and mode-specific displacement field equations.

Energy release rate methods, in turn, are based on the notion that the potential energy
of a body decreases per unit of crack extension, as originally proposed by Griffith [6].
Accordingly, the energy release rate, G, may be computed by means of a path-independent
integral as proposed by Rice [82]. For two-dimensional problems this integral reads

Ju
J= /c Wy —t- 5" ds, (18)
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where C is an arbitrary curve surrounding the crack tip, W the strain energy density, t the
traction vector associated with the outward normal to C, u the displacement vector and ds
is an incremental arc length along C. Following this, the mode I SIF can be obtained by

K; = VGE = \/JE, (19)

as demonstrated by Chan et al. [81]. Here ] is computed through the numerical integration
of Equation (18). It is important to note that Equation (19) is only valid under the LEFM
assumption, i.e., under small-scale yielding at the crack tip—condition in which the plastic
energy dissipation is negligible.

Despite its improved accuracy, this method is rarely directly applicable in three-
dimensional problems because the integration of Equation (18) must be numerically carried
out over a surface which is often difficult to define. As an alternative, the divergence
theorem is used to convert it into a volume domain integral, which is computed through
Gaussian quadrature [83]. In addition, virtual extension crack methods have also been
proposed to overcome this limitation [84-86].

The standard ] integral can provide the total energy release rate, G, for all fracture
modes. However, while it is effective for pure mode I, II, or III, it does not inherently
separate the individual mode contributions in mixed-mode fracture. To overcome this
limitation, approaches such as the virtual crack closure technique (VCCT) [87] and the inter-
action integral (also known as the M integral) [88] have been developed to independently
compute the energy release rates and, consequently, the stress intensity factors associated
with each fracture mode.

3.1.2. Determination of the Crack-Growth Direction

The direction of the crack propagation is reasonably well-defined when dealing with
benchmark cases under pure load modes. Under mixed modes, however, the propagation
direction is not known a priori. Since the FM does not inherently account for the crack
path, an additional criterion must be incorporated to address this limitation [47]. Based on
the notion that crack advances in the direction of least resistance, numerous approaches
have been proposed for this purpose. Examples include the criteria of maximum tangential
stress [89], maximum energy release rate [90], minimum strain energy [91], maximum
dilatational strain energy density [92] and the minimum accumulated elastic strain energy
in the crack tip vicinity [93]. In the FEM context, the maximum tangential stress criterion
is often used in fatigue analysis as it offers an explicit approximate solution for the crack
growth as a function of K; and Kj;, which is easy to implement.

3.1.3. Representation of the Crack Growth

Numerical models grounded in the FM framework are often categorized as discontinuity-
based approaches, since the topology of a crack is represented as a sharp discontinuity over
the domain (see Figure 10). This discontinuous representation is arguably challenging from
the numerical standpoint, particularly when using standard finite elements.

In practical terms, after the computation of the SIF and the determination of the
propagation direction, a predefined crack increment, Ag, is represented in the numerical
model and the corresponding number of cycles computed through the integration of the
selected propagation law. In particular, to represent this crack increment in a standard FEM
setting, the model mesh must be accordingly updated. Since the SIF usually depends on
the crack current length, this update is commonly followed by the SIF recalculation in the
subsequent propagation step. Variations of two main approaches are typically employed
to perform the mesh update: one based on locally refined fixed meshes and the other on
remeshing techniques.
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Figure 10. Sharp-discontinuity representation: (a) domain containing the discontinuity I" and its local

2l

normal and tangential coordinates, ¢ and #, (b) displacement jump across I' and (c) corresponding
localized strain field.

In the locally refined approach, a global mesh is generated with a sufficiently high
level of refinement in the region where the crack is expected to propagate. Then techniques
such as node debonding [85], element removal at the crack front [94] or even cohesive zone
elements (zero-thickness elements following a traction-separation law) [95] are employed
to represent the crack advance, Ag, in each propagation step. While effective to solve simple
benchmark problems, the mesh generation procedure in this approach requires a priori
knowledge of the crack path to ensure accurate results, making its application in more
complex cases particularly challenging. Furthermore, it suffers from mesh dependency,
as the crack path is constrained to follow the mesh, regardless of the refinement level.
Nevertheless, this approach is frequently used in ductile fracture simulations to avoid the
high computational cost and accuracy loss associated with the mapping of the plastic strain
history between different meshes during remeshing.

To address the limitations of the discretization scheme based on locally refined fixed
meshes, remeshing techniques have been employed. Accordingly, the remeshing procedure
can be performed at the global level [96-98], when the entire domain is remeshed, and at
the local one [99,100], cases in which a new mesh is generated only in the region around the
crack. Although global remeshing techniques may be required in cases involving complex
crack paths that the other alternatives are unable to capture, local approaches are often
preferred due to their lower computational cost. As illustrated in Figure 11, the mesh
generation procedure in the local approaches commonly rely on the four following steps:
(i) removal of the elements in the vicinity of the crack; (ii) advance of the crack increment,
Aag; (iii) creation of quarter-point elements [101,102] in a rosette pattern at the crack tip and;
(iv) remeshing of the area where the elements have been previously removed.

[ ] [ ] ||
(@) ®) (© @

Figure 11. Typical local-remeshing sequence: (a) original mesh and crack-tip region, (b) removal
of the elements surrounding the crack tip and prescribed crack advance, Ag, (c) generation of a

quarter-point-element rosette around the updated crack tip and (d) regeneration of the mesh within
the previously removed region [80].

Following a similar rationale, Colombo and Giglio [79] have recently proposed a
remeshing methodology in which only the elements intersected by the crack increment, Ag,
are removed. The resulting open region is then remeshed using a triangulation algorithm
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that duplicates the nodes along the crack faces, which are subsequently debonded (see,
Figure 12). This technique can reduce the remeshing effort relative to global or broader
local-remeshing procedures because only the elements intersected by the crack increment
are regenerated. The reconstructed mesh also allows the crack to follow the prescribed
propagation direction with less dependence on the original mesh topology, although the
results remain sensitive to the mesh resolution and element quality near the crack tip.
Colombo and Giglio [79] reported satisfactory crack-path and SIF predictions for relatively
coarse background meshes. Nevertheless, the triangular elements created at the crack
tip may become distorted, reducing the accuracy of the SIF, particularly when stress- or
displacement-based methods are employed. For this reason, the authors recommend
combining this methodology with a submodeling approach [103], in which a specialized
mesh employing quarter-point elements is generated around the crack tip to accurately
compute the SIF.

/A

N G

crack %%\s

Figure 12. Steps of an optimized local-remeshing technique: (a) hatched elements intersected by
the prescribed crack increment, Ag, in the original mesh, (b) removal of the intersected elements,
(c) generation of the new triangulation, with the black points indicating the nodes associated with
the updated crack path and (d) duplication and debonding of the corresponding node pairs to form
the two crack faces. Adapted from [79].

Supported by the advances in computational power achieved over recent decades,
the study of three-dimensional fatigue problems has gained increasing traction within
the FM community. Although based on some of the same principles underlying the two-
dimensional approaches previously discussed, the application of remeshing techniques
to three-dimensional problems may present significantly greater complexity. As a conse-
quence, this topic has evolved into a research field of its own and will not be addressed
in detail here. Thus, for a broader overview of existing three-dimensional remeshing
techniques, the reader is referred to [104].

3.1.4. Crack Modeling Using the Extended Finite Element Method

As mentioned earlier, FM simulations using the standard FEM usually rely on either
models with fixed meshes that are locally refined to properly represent the crack or on
remeshing techniques. Although these approaches can handle a wide range of FM problems,
each has notable shortcomings: the first, requires the a priori knowledge of the crack path
and is plagued by mesh dependency, while the second can lead to significant computational
cost in large-scale fracture problems, as at least part of the mesh must be recreated at each
crack increment. To address these limitations, Belytschko and Black [105] proposed a
method in which the crack geometry can be represented independently of the element
boundaries, with only limited remeshing. Then, this approach was further developed
by Moés, Dolbow and Belytschko [106] to eliminate the need for mesh recreation. This
method eventually became widely known as extended finite element method (XFEM).
A comprehensive review of it can be found in [107]. In this approach, the standard finite
element formulation is enriched by additional nodal degrees of freedom to enable the
representation of discontinuities with non-conforming meshes, as shown in Figure 13. As
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such, the XFEM has been successfully applied not only to solve crack-growth problems
but also to the modeling of material interfaces, as those found in two-phase flow and
fluid-structure interaction cases [107].

] ™~
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/ e \
e (e
= ,/ i
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\ 1 /
Y T
tip ~ L —

Figure 13. Crack representation in an XFEM setting. The thick black curve represents the crack

path, with its tips explicitly indicated. Blue squares and red circles denote Heaviside-enriched and
crack-tip-enriched nodes, respectively [108].

In practice, nodes associated with elements crossed by the crack away from its tip
are enriched with a Heaviside function to represent the displacement jump between the
crack faces. Nodes located near the crack tip are instead enriched with branch functions
that reproduce the asymptotic near-tip displacement field. Using a shifted enrichment, the
XFEM displacement approximation can be written as [106,107]

u'(x) = Y Ni(x)wi+ Y Nj(x)[Hr(x) - Hr(x;)]a

ieT jeTH
\ (20)
+ Y Ne() Y [Fs(x) — Fs(x)]bg,
keZtp s=1

where 7 is the set of all finite element nodes, ZH is the subset of nodes enriched with the
Heaviside function, and ZUP is the subset enriched with the crack-tip branch functions.
Nodes belonging to Z!P are generally excluded from Z/. Moreover, N;, N;, and Ny are
the standard finite element shape functions, while u; contains the conventional nodal
displacement degrees of freedom. The vectors a; are the additional degrees of freedom
associated with the displacement jump, whereas b; are the additional degrees of freedom
associated with the sth crack-tip branch function. Each of these vectors has two components
in two-dimensional problems and three components in three-dimensional problems. The
shifted terms make the enrichment contributions vanish at their respective nodes while
retaining the enrichment content of the original XFEM approximation.
The Heaviside enrichment is defined as

Hp() = 4 T 0 =0 (21)

-1, ¢r(x) <0,

where ¢r(x) is the signed-distance function that identifies the side of the crack on which x
lies, with its time dependence omitted for notational simplicity. The four LEFM crack-tip
branch functions are
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{Fs(r, )}, = \/?{sin(z),cos(z>,sin(z> sine,cos@) sin9}. (22)

Here, r and 6 are local polar coordinates centered at the crack tip, with 6 = 0 aligned with
the crack-extension direction. In three-dimensional problems, these coordinates are defined
locally in the plane normal to the crack front. The Heaviside term represents the displacement
discontinuity behind the crack tip, whereas the branch functions reproduce the leading-order
LEFM asymptotic field around the crack tip. Alternative branch functions for cases involving
significant crack-tip plasticity have been proposed by Elgued; et al. [109].

Nevertheless, XFEM enrichments introduce additional numerical challenges. Blending
elements at the transition between enriched and standard regions may generate parasitic
terms and reduce the convergence rate unless corrected or ramped enrichments are em-
ployed. Moreover, because the Heaviside and crack-tip functions are discontinuous or
non-polynomial within cut elements, conventional Gauss quadrature is generally insuffi-
cient, requiring element subdivision or specialized integration schemes. The additional
enriched degrees of freedom may also deteriorate the conditioning of the global system, par-
ticularly when a crack passes close to a node or element edge and the associated enrichment
functions have only small support [107].

Upon determination of the displacement, strain, and stress fields, the SIFs are usually
extracted in the XFEM using the domain form of the interaction integral [105,106,109-111].
Energy-release methods are generally preferred to displacement-based approaches because
evaluation of the displacement field at the crack front is less straightforward in an XFEM
setting. The crack-advance direction is typically determined using the maximum tangential
stress criterion [105,106,111,112]. Although the crack geometry is not constrained to follow
element boundaries, the accuracy of the displacement field, SIFs, and predicted crack
path remains sensitive to the mesh resolution, enrichment radius, crack-tip position, and
numerical integration scheme. Mesh-convergence studies, therefore, remain necessary.

Finally, a mathematical formulation is required to represent the crack independently
of the finite element boundaries. The level-set method is commonly employed for this
purpose. Accordingly, two functions are used to describe the crack surface I'(¢): a normal
level-set function, gr, which defines a smooth extension I'(t) of the crack surface beyond
its front, and a tangential level-set function, ¢, which locates the crack front oT' (). For an
arbitrary point x, x; denotes its closest projection onto ['(t). The normal level-set function
is then locally defined as

or(xt) = (x —xg) -nr, (23)

where nr is the local unit normal to the extended crack surface at Xf- Thus, r = 0 defines
the extended crack surface, while its sign distinguishes its two sides.

To locate the crack front, let x; be the closest point to x on dI'(t), t the local unit
tangent to the crack front, and m f =1ty xnr the in-surface unit direction normal to the
front. The tangential level-set function is locally defined as

Yr(x,t) = (x — xf> -my, (24)

with the orientation of my chosen such that ¢r < 0 behind the crack front and yr > 0
ahead of it. The crack surface and its front can, therefore, be represented as

[(t) ={x:er(x,t) =0 A yr(x,t) <0},
AT(1) = {x: gr(x,1) =0 A pr(x,t) =0},

where A denotes logical conjunction.

(25)
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At each propagation step, the crack front is advanced according to the computed
growth increment and direction, after which the level-set functions are transported with
the corresponding front-velocity field or reconstructed from the updated crack geometry.
Because repeated updates may cause the functions to lose their signed-distance and mutual-
orthogonality properties, they are commonly reinitialized locally using closest-point or fast-
marching procedures. This reinitialization approximately restores ||Vor| ~ 1, || Vyr| ~ 1,
and Vor - Vyr ~ 0 near the crack front while preserving their zero contours [110,113],
where V denotes the spatial gradient.

Figure 14 schematically illustrates the level-set representation for a two-dimensional crack.
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@ (b) (©)
Figure 14. Schematic level-set representation of a two-dimensional crack: (a) normal level-set
function ¢r defining the extended crack surface, (b) tangential level-set function ¢ locating the crack
front, and (c) resulting crack representation. Adapted from [80].

For curved three-dimensional crack fronts, nr, t 7 and m rare evaluated locally along
the front, and the propagation increments may vary from point to point. Highly curved
fronts and non-unique closest-point projections generally require a piecewise front repre-
sentation and local smoothing or interpolation of the propagation direction. More complex
topological changes, including crack branching, merging, and interacting fronts, may re-
quire multiple level-set pairs or additional topology-management procedures. In addition
to these geometric considerations, three-dimensional XFEM crack-growth analyses require
the integration of complex cut elements and the extraction of mixed-mode SIFs along the
crack front. For this reason, crack branching, merging, and multiple interacting cracks may
significantly increase the implementation and computational complexity [110,113].

3.2. Models Based on the Continuum Damage Mechanics

Emerging from the broader field of continuum mechanics, the CDM has been primarily
conceived to describe the effects of distributed microdefects, such as microcracks and
microvoids, on the progressive deterioration of materials. As such, it provides a continuum-
level framework that captures the evolution of these diffuse microdefects up to the initiation
of macrocracks and their impact on the material response—typically manifested as a
reduction in one or more material properties, including strength, stiffness, toughness or
residual life. Figure 15 schematically illustrates the domain originally covered by the CDM
theory, emphasizing its complementarity with the FM.
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Figure 15. Schematic evolution from dislocation activity and diffuse microdefects to macrocrack initi-
ation and propagation, identifying the original continuum damage mechanics domain, its transition
to a macroscopic crack, and the subsequent fracture-mechanics idealization. Adapted from [114].

Building on the popularization of numerical methods, the CDM domain of applicabil-
ity has been gradually extended to model not only the diffuse damage phase but also the
localization stage, characterized by macrocrack propagation leading to the material com-
plete failure. One of the earliest contributions in this direction was made by Lemaitre [115]
who discussed the notion of structural crack in the context of the local approach to fracture.
This approach assumes that an elementary volume of material governed by a certain con-
stitutive response (e.g., elastic, plastic, viscoplastic, etc.) may be damaged to a critical state
that triggers the initiation of a local macrocrack. Accordingly, the successive fulfillment of
this initiation condition in adjacent elementary volumes gives rise to a structural crack.

Despite its conceptual importance, the local CDM theory leads to ill-posed bound-
ary value problems (BVPs) when modeling the strain-softening behavior typically ob-
served in damaged materials. This ill-posedness creates difficulties in solving these prob-
lems with computational methods such as the FEM. In fact, Bazant and Belytschko [116]
proved that, in a local strain-softening formulation, damage localizes in a region of zero
volume—collapsing to a point in one-dimensional problems, to a line in two-dimensional
and to a surface in three-dimensional. They further demonstrated that the corresponding
dissipated energy tends to zero under increasing mesh refinement, which lacks physi-
cal meaning.

To address these inconsistencies, regularization techniques—most notably non-local
formulations [117,118] and gradient-enhanced [119,120] approaches—have been employed,
ensuring that the dissipated energy remains finite and consistent with the fracture energy
of Griffith’s theory. In these regularized settings, a crack is no longer represented as a
sharp discontinuity but rather through a strain-softening response that is either spatially
averaged over a finite neighborhood (nonlocal integral) or regularized via higher-order
differential operators (gradient damage), both delimited by a characteristic length scale, I,
(see Figure 16). This localized region is commonly interpreted as the fracture process zone,
while the crack itself may be idealized as the locus where the damage reaches a certain
critical value, d. [121]. Here it is important to point out that the following specific notation
is adopted to distinguish the damage variables used in the formulations reviewed in this
work. The uppercase letter D denotes the diffuse damage variable in the classical CDM
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formulations, whereas the lowercase letter d is employed to describe the localized damage
variable in regularized approaches, including the initiation and propagation of macrocracks
leading to complete material failure. This distinction based on letter case is adopted solely
for clarity within the present work and should not be interpreted as a general or universally
accepted theoretical convention.
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Figure 16. Regularized representation of a discontinuity: (a) domain containing the fracture-process
zone, shown in yellow, with the crack idealized as the locus where the damage variable reaches the
critical value d., (b) displacement field, u, along the local normal coordinate, ¢, and (c) corresponding
localized strain field, e. The parameter I, denotes the characteristic regularization length controlling
the fracture process zone.

Since these approaches introduce a length-scale parameter at the continuum level, in
an FEM setting, the discretization scheme needs to have enough resolution to resolve the
strain localization occurring in the region delimited by this parameter. This often requires
highly refined meshes in this zone, leading to computationally costly FE models.

As an alternative, discrete-level regularization has been widely adopted through
smeared crack formulations. Based on the crack band theory (CBT) introduced by Bazant
and Oh [122], these approaches smear the fracture process zone across the intersecting
elements. Accordingly, the effective bandwidth of the localization zone is linked to the
characteristic length of these elements, while consistency with FM predictions is ensured
by enforcing energy equivalence between the constitutive softening law and Griffith’s
fracture energy.

This direct link between softening laws and fracture energy highlights that the post-
peak degradation response plays a central role in regularized formulations. As a conse-
quence, the choice of a softening law tailored to the material behavior is a key requirement
for consistent energy dissipation. For instance, in the case of semi-brittle and brittle ma-
terials, two widely adopted choices are the linear and exponential softening curves, as
schematically shown in Figure 17. These laws define how stress decays after the peak
load and are typically calibrated such that, for a given characteristic length, the energy
dissipated within the fracture process zone is consistent with the fracture energy.

© A © A
] —— Loading path ] —— Loading path
g —— Unloading/reloading g —»— Unloading/reloading
Oy f------------- Opf-----=-=-=----4
Linear softening Exponential softening
€o in e éo -
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Figure 17. Uniaxial stress—strain response with (a) linear and (b) exponential damage softening. Black
arrows indicate the loading and softening paths, while the red lines indicate unloading/reloading
with degraded secant stiffness. Adapted from [123].
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When properly calibrated, both continuum-regularized and smeared models are able
to reproduce the well-known BaZant size effect. This capability stems from their energetic
consistency with fracture mechanics and from the strength criterion naturally embedded in
the constitutive law. Accordingly, this effect can be expressed as

—-1/2
Sy =BS, (1 + ) , (26)
Lo

where Sy denotes the nominal strength, S, the material ultimate strength, L the character-
istic structural size, and L a reference structural size. The parameter B is a dimensionless
constant that depends on the structure geometry and loading conditions.

Equation (26) evidences that, for small characteristic lengths (L < Lp), the nominal
strength approaches the material ultimate strength, and failure follows the predictions
of the limit analysis. Conversely, for large structures (L > L), a significant reduction in
the nominal strength is observed, with the collapse governed by the material’s fracture
toughness, as predicted by the LEFM. For intermediate structural sizes, L, the fracture
behavior is influenced by both mechanisms. Figure 18 schematically describes the Bazant
size effect in a log-log scale.

A |

Strength

Nominal strength, log (Sn)

Ly Structural size, log (L)
Figure 18. Schematic representation of the BaZant size effect on logarithmic axes. The green horizontal
line denotes the strength-controlled asymptote with slope zero, while the red line denotes the LEFM
asymptote with slope —1/2. The parameter L is the transitional structural size governing the change
between the strength- and fracture-controlled regimes.

Although this benchmark concerns concrete rather than metals, it is included solely as
a well-established numerical illustration of the general relationship among characteristic
length, fracture-energy regularization, and structural size effect. It should not be interpreted
as a direct validation of fatigue or fracture size effects in metals.

Finally, the numerical reproduction of Grégoire’s three-point bending tests [124] is
presented in Figure 19 to illustrate the capability of smeared crack models to capture the
Bazant size effect.
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Figure 19. Force-CMODresponses for fifth-notched concrete beams with depths D = 50, 100, 200,
and 400 mm. Colored curves represent the numerical predictions, while the gray regions indicate the
experimental ranges. The benchmark is included to illustrate the structural size effect reproduced by
regularized smeared-damage models [125].

3.2.1. Early Approaches and Basic Concepts

The foundation of the CDM was laid by Kachanov [126] in 1958 through his pioneering
work on creep in metals. In this context, he introduced a scalar damage variable ¢ to
represent the growth of voids and the corresponding load-carrying net area of tensile
bars over time. Accordingly, ¢ was defined to range from 1 in the material undamaged
state to 0 in the fully damaged condition. Although Kachanov did not provide a detailed
discussion on the physical description of ¢, this variable can be interpreted as the ratio of
the load-carrying net area to the corresponding nominal one, i.e.,

b A
An )
This concept was later further developed by Rabotnov [127], who introduced the

(27)

alternative form
D=1-¢, (28)

for the damage variable, which varies from 0 to 1 instead and accounts for the reduction
in the load-carrying net area. In addition, he incorporated into the original theory a
coupling that accounts for the influence of the damage state on the creep rate, enabling the
description of the tertiary creep observed in experiments under constant pressure.

The change of load-carrying net area described by these damage variables naturally
leads to a magnification of the stresses in the corresponding area. This gives rise to the
fundamental CDM concept of effective stress, which is expressed as

o Lo

This effective stress concept is usually accompanied by a corresponding hypothe-
sis of equivalent strains, which ensures a consistent relationship between the effective
(undamaged) and real (damaged) spaces—i.e., same strain, ¢, in both configurations —, as
schematically represented in Figure 20. In addition, it assumes isotropic damage, such
that the scalar variable D represents the same reduction in load-carrying capacity in ev-
ery material direction. It is, therefore, applicable when the distribution of microdefects
can be considered macroscopically isotropic. In its basic form, however, it does not dis-
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tinguish between tensile and compressive damage or account for the stiffness recovery
associated with crack closure under compression. These effects may be incorporated
through tension—compression decompositions and damage-deactivation functions [128].
Anisotropic metallic damage requires directional extensions of the scalar formulation,
including the tensorial and vectorial models, as discussed later in this section.

Real space

&

(@)

N

Effective space

il

I,

(b)

Figure 20. Schematic representation of the effective-stress concept: (a) damaged configuration,
subjected to the nominal stress o and (b) undamaged configuration, subjected to the effective stress
0 = ¢/(1 — D). Under the strain-equivalence assumption, the strain ¢ is the same in both spaces.
Adapted from [129].

Following these pioneering works, the CDM became a very active research field
from the early 1970s, with mathematical formulations being proposed to model not only
creep damage, but also elastic [128,130-134], elastic—plastic [123,130,133,135-143], fatigue
damage [123,128,130,135,144-159] and corrosion [130,133,135,139,160], to name a few. The
classification presented in Table 3 summarizes some of these damage mechanisms and their
associated microstructural characteristics, as originally compiled by Murakami [161] and
extended here to incorporate other relevant as well as more recent works.

Table 3. Classification of material damage, microscopic mechanisms, and characteristic features.

Damage

Microscopic Mechanisms and Characteristic Features

Elastic damage [128,130-134]

Nucleation and growth of microscopic cracks caused by the elastic deformation of
the matrix. Rocks, concrete, composites, and metals.

Elastic—plastic damage [123,130,133,135-143]

Nucleation and growth of microscopic voids caused by elastic—plastic deformation
of the matrix. Intersection of slips, particle decohesion, and particle cracking.
Metals, composites, and polymers.

Spall damage [162-166]

Elastic and elastic—plastic damage due to impulsive loads. Uniform distribution of
microscopic voids and cracks. Coupling between void growth and stress waves.

Fatigue damage [128,130,135,145,156-159]

Surface or subsurface crack initiation under cyclic loading, followed by
transgranular and/or intergranular propagation. Initiation may occur at persistent
slip bands, grain boundaries, nonmetallic inclusions, pores, or other
microstructural defects and may be accelerated by corrosive or oxidizing
environments. In the very-high-cycle fatigue regime, failure may be governed by
internal initiation at inclusions or microstructural facets, often associated with
fine-granular areas and fish-eye fracture morphologies.

Creep damage [167-172]

Nucleation and growth of microscopic intergranular voids and cracks caused by
creep, mainly due to grain-boundary sliding and diffusion.

Creep—fatigue damage [128,169,173-177]

Damage induced by repeated loading at high temperature. Nonlinear coupling
between intergranular voids and transgranular cracks.

Corrosion damage [130,133,135,139,160]

Pitting corrosion, intergranular corrosion, and development of microcracks under
stress in corrosive environments.

Irradiation damage [135,168,174]

Damage caused by neutron, particle, and a-ray irradiation. Knock-on of atoms,
nucleation of voids and bubbles, and swelling.
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For damage states characterized by microdefects with significant geometrical direc-
tionality or nonuniformly oriented void distributions, tensor-valued damage variables are
required. Murakami and Ohno [178] represented such anisotropic damage states through
the second-rank symmetric damage tensor

Q:

3
Qn; @mn;, (30)

i=1

where (); and n; are the principal values and the respective principal directions of Q,
respectively. Accordingly, the corresponding effective stress tensor is given by
1 -1 -1
70=5 I-Q) oc+oc(I-Q) | (31)
Many other second-rank tensorial models [161,179-183], as well as higher-rank for-
mulations [184,185], have been proposed to address these directional effects. In addition
to these tensor-based approaches, some models relying on vectorial variables have also
been proposed, primarily to describe damage states characterized by in-plane microdefect
distributions [132,186-189].

3.2.2. Particular Models

Among the various approaches that followed the initial concepts on creep problems,
two major formulations emerged in the context of ductile fracture and became the back-
bone of subsequent CDM developments. The first, introduced by Gurson [137] and later
extended by Tvergaard and Needleman [190], is based on micromechanical considerations.
It employs the void volume fraction f as a physically measurable scalar damage variable
(void volume fraction), which evolves from f = 0 in the undamaged state to a critical value
fc at the void coalescence onset. Within this framework, the yield surface is modified to
account for the influence of void growth on the material degradation, assuming the form

2
Fo, f) = (‘;j) +2aqif cosh(33§3h> - (1 +q3f2) -0, 32)

where 0,; denotes the von Mises equivalent stress, 0, the mean (hydrostatic) stress and

Sy the current yield stress of the matrix material. The parameters g1, g2, and g3, in turn,

were introduced by Tvergaard [191] to improve the agreement with results of numerical

cell models. In this formulation, the material elastic properties remain unaffected, since the

damage variable, f, governing the void evolution, is coupled solely with the yield surface.
Later, the modified volume fraction

f for f < £,

=N, fi-te (38)
fc+ff*fc (f = fe), forf> fe

was introduced by Tvergaard and Needleman [190] to account for the void coalescence

phase and final failure. Here ff is the void volume fraction at the final fracture and
fi = 1/4q1 represents the ultimate void volume fraction.

The second approach, due to Lemaitre [138,192], relies on a thermodynamically con-
sistent phenomenological framework in which damage is coupled with plasticity through
the effective stress concept described in Equation (29). In this formulation, a scalar damage
variable D € [0,1] is defined to represent the progressive reduction of the load-carrying net
area, while the yield function is given by

F(oo,x) = 0eqg — Sy(K) =0, (34)
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where 0¢q is the von Mises equivalent stress evaluated from the effective stress a0, Sy(x) is
the current yield stress, and « is the isotropic hardening variable.

Following the thermodynamic framework based on internal variables, the thermody-
namic force conjugate to damage is defined, under isothermal conditions, as

~ d¥.(e%, D)
oD '’
where ¥, (&%, D) is the elastic Helmholtz free-energy density. The negative sign is adopted

Y = (35)

so that Y > 0 when an increase in damage reduces the stored elastic energy.
Restricting the present description to the plastic and damage contributions, the local
Clausius-Duhem inequality under small-strain and isothermal conditions can be expressed as

Dy =0c:8" +YD >0, (36)

where Dj,, is the irreversible mechanical dissipation and &7 is the plastic strain rate. Accord-
ingly, thermodynamic admissibility requires a plastic evolution law satisfying o : &# > 0
and a damage evolution law satisfying YD > 0. The latter condition is fulfilled when Y > 0
and damage is irreversible, such that D> 0.

In the Lemaitre damage model, damage evolution begins when the accumulated
plastic strain reaches the threshold EPD. The evolution law is, therefore, written as [128,192]

0, & <,
D= Y\? (37)
<S> &, & >eh,

where ?:773 is the accumulated plastic-strain threshold for damage initiation, S > 0 is the
damage-strength parameter, s > 0 is the damage exponent, and €’ > 0 is the accumulated
plastic-strain rate. Consequently, for Y > 0, the evolution law ensures D > 0 and hence
non-negative damage dissipation.

Finally, the damage internal variable affects the material elastic property such that

E=(1-D)-E, (38)

where E and Ej represent the elastic modulus in the damaged and undamaged states,
respectively.

Other Relevant Plastic-Damage Models

Building on this thermodynamic foundation, Simo and Ju [140,141] developed strain-
and stress-based CDM formulations that provided a rigorous variational framework for
integrating plasticity and damage within an FEM setting. Their work showed that strain-
and stress-driven descriptions could be derived within a single thermodynamically consis-
tent structure, while also introducing consistent tangent operators essential for robust finite
element implementation. Other important contributions include the energy-based coupled
elastic—plastic-damage theory by Ju [193], which reinforced the thermodynamic structure
of CDM, the plastic-damage model by Lubliner et al. [142] and the coupled thermo-plastic-
damage formulation by Luccioni et al. [143], both of which extended Lemaitre-type models
to quasi-brittle materials.

Pure-Damage Models

In contrast to these plastic-damage formulations, Krajcinovic [132,188] demonstrated
that Lemaitre-type models can be particularized, by neglecting plasticity-related effects,
to describe the response of semi-brittle and brittle materials, such as concrete, rocks and
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glass. More specifically, he showed that the theory remains thermodynamically consistent
when the plasticity-related terms are eliminated and the inelastic response becomes pri-
marily governed by distributed microcracks rather than plastic deformation. This led to
constitutive models in which the damage variable directly controls the material stiffness
degradation and crack initiation.

Following this line, Oliver et al. [134] proposed an isotropic damage model for
concrete that, while building on the variational structure of Simo and Ju [140,141] and
incorporating aspects of Lubliner’s formulation [142], also neglects plasticity effects. In
their approach, concrete degradation and crack localization are represented exclusively
through the evolution of the damage internal variable, further consolidating the role of
pure-damage formulations as an alternative to coupled plastic-damage approaches for
modeling the response of semi-brittle and brittle materials.

3.2.3. Extension to Fatigue

One of the earliest fatigue models formulated within the CDM framework was pro-
posed by Chaboche in 1974 [144]. Originally derived for uniaxial stress states, this approach
was later extended to multiaxial loading conditions [194]. In this formulation, the damage
evolution, expressed in terms of the number of cycles,

dD = f(Omax, 0m, D)dN, (39)

was defined to describe the progressive deterioration of the material resulting from the
application of cyclic loads. Here f(0yax, 0w, D) is a function depending on the maximum
stress, Oy, the mean stress, 0, and the previously accumulated damage, D. The in-
tegration of Equation (39) yields a nonlinear damage accumulation law, which can be
incorporated into the CDM framework either through total-life approaches or the effective
stress concept of Equation (29). The respective constants of integration, in turn, are obtained
from conventional material data, including S-N curves.

Following a similar line, Lemaitre and Plumtree [173] proposed a formulation to model
creep—fatigue interactions. Their approach introduced strain-based damage evolution equa-
tions to describe pure fatigue processes (time-independent), fatigue-creep (time-dependent),
and cases in which both mechanisms act either simultaneously, i.e., in a combined fatigue-
sustained loading setting, or in sequence, as in separate phases of fatigue and creep.

Chaboche-Type Thermodynamically Consistent Pure-Damage Models for Fatigue

Although grounded in the CDM principles, the two classical approaches discussed
above were not explicitly derived within a rigorous thermodynamically consistent frame-
work. This step was later taken by Paas et al. [146], Peerlings [195] and Xiao et al. [148] (the
latter focusing on the high cycle domain), who formulated rate-form damage evolution
equations, with the cycle-wise increment obtained through time integration over a cycle
period, under the assumption that damage remains constant within each cycle. As such,
damage is primarily defined as an internal variable, making these models naturally com-
patible with the principles of the thermodynamics of irreversible processes. More recently,
Fu et al. [155] presented a formulation that follows the same rationale but employs a tenso-
rial damage internal variable to capture the anisotropy effects of additively manufactured
Ti-6Al-4V coupon specimens in the high cycle and very high cycle regimes.

Lemaitre-Type Plastic-Damage Models for Fatigue

Based on pure-damage formulations, these approaches do not account for plasticity
effects that are characteristic of metal fatigue in the low cycle domain. Thus, fatigue in
this regime is often addressed by plastic-damage formulations such as the one presented
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by Dufailly and Lemaitre [147], who adapted the Lemaitre’s type model to describe very
low cycle thermomechanical fatigue. The same damage law was later associated with
viscoplasticity using kinematic hardening to describe creep—fatigue interaction in the low
cycle domain [177]. Building on this foundation, Lemaitre [149] proposed in 1999 a two
scale plastic-damage formulation to also model fatigue in the high cycle domain. In this
approach, plasticity and damage are accounted for at the microscale while the mesoscale
is considered to be elastic. More recently, Liu et al. [153] extended this formulation by
incorporating a probabilistic method to account for the scatter typically found in the HCF
life of metals.

The applicability, loading capabilities, advantages, and limitations of the reviewed
CDM fatigue formulations are compared in Table 4, while their calibration requirements and
reported validation are summarized in Table 5. Regarding variable-amplitude loading, the
comparison distinguishes capabilities demonstrated in the cited studies from those that are
only theoretically possible through incremental application. To preserve the readability of the
main text, the corresponding damage evolution equations are collected in Appendix A.

Table 4. Applicability, loading capabilities, advantages, and limitations of the reviewed CDM

fatigue formulations.

Model

Fatigue Regime and Formulation

Loading Capabilities

Principal Advantages and
Limitations

Chaboche and Lesne [194]

Primarily HCF; scalar stress- and
cycle-based damage.

Multiaxial extension proposed;
two-level and block-program
loading demonstrated.

Describes mean-stress effects,
loading-sequence effects, and
nonlinear accumulation. Its
empirical character and
stress-based formulation limit its
direct application to
plasticity-dominated LCE.

Lemaitre and Plumtree [173]

LCF and creep—fatigue; combined
cycle- and time-dependent
scalar damage.

Original applications are primarily
uniaxial; pure fatigue,
creep—fatigue, and sequential
fatigue—creep histories can

be represented.

Accounts for the interaction
between time-dependent and
cycle-dependent damage, but
requires frequency-, temperature-,
and creep-dependent material data.

Paas et al. [146]

Elastic or brittle fatigue, primarily
in the HCF regime; scalar
strain-driven damage.

Multiaxial use is possible through
an equivalent-strain measure.
Variable amplitudes can be applied
cycle-wise, although load
interactions are represented only
through the current damage state.

Provides a relatively simple
thermodynamic formulation with
few parameters. Plasticity and
mean-stress effects require
additional modeling, and
localization remains mesh-sensitive
without regularization.

Peerlings [195]

Primarily HCF; scalar strain-driven
damage with exponential
dependence on the current damage.

Applicable through an
equivalent-strain measure.
Variable-amplitude histories can be
applied incrementally, but overload
and retardation effects are only
indirectly represented.

Suitable for fatigue crack-initiation
analyses and straightforward
constitutive integration. Spatial
regularization is required when
damage localization and crack
growth are considered.

Xiao et al. [148]

HCF under elastic-strain-dominant
conditions; scalar stress- and
energy-based damage.

Derived for proportional loading;
the cited validation is based on
constant-amplitude uniaxial
loading at different mean stresses.

Includes the mean-stress effect with
relatively few parameters. It is not
intended for plasticity-dominated
LCF or creep—fatigue conditions.

Fuetal. [155]

HCEF; tensorial damage formulation
for anisotropic fatigue behavior.

The tensorial formulation supports
three-dimensional anisotropy.
Validation covers several stress
ratios, whereas general
variable-amplitude histories were
not examined.

Captures anisotropic fatigue
properties and nonlinear
mean-stress effects, but requires
direction- and
stress-ratio-dependent
calibration data.
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Table 4. Cont.

Model

Fatigue Regime and Formulation

Loading Capabilities

Principal Advantages and
Limitations

Dufailly and Lemaitre [147]

LCF; plastic-strain-driven damage
coupled with elastoplasticity.

Three-dimensional formulation;
general variable-amplitude
histories were not investigated in
the cited application.

Accounts for plastic strain and
stress triaxiality. It requires cyclic
elastic—plastic stress—strain
histories, increasing the constitutive
effort when fully coupled, although

it may also be applied as a
post-processor.

HC
Lemaitre et al. [149]

damage coupled with an elastic
mesoscopic response.

Three-dimensional formulation
capable of representing nonlinear
accumulation and non-proportional

F; microscopic plasticity and

biaxial loading.

Describes mean-stress,
microplasticity, and loading-path
effects, but requires additional
microscale parameters and a more
elaborate two-scale

integration procedure.

Table 5. Calibration requirements and reported validation of the reviewed CDM fatigue formulations.

Model

Parameters and Calibration Data

Reported Validation or Demonstration

Chaboche and Lesne [194]

B, My, by, a, and o7p; calibrated from S-N
curves at different mean stresses and
two-level or block-loading tests.

Validated for different steels under
constant-amplitude, two-level, and
block-program loading.

Lemaitre and Plumtree [173]

p,q,r, and A; high- and low-frequency
fatigue-life data together with creep or
creep—fatigue data.

Compared with creep—fatigue data
involving pure, combined, and sequential
damage processes.

Paas et al. [146]

C, a, and B; strain-life,
stiffness-degradation, or
damage-evolution data.

Numerical simulations and comparisons
with selected experimental results; direct
validation for metallic fatigue

remains limited.

Peerlings [195]

C, a, and B; strain-life and fatigue
crack-initiation data. Additional
length-scale data are required if gradient
regularization is employed.

Primarily numerical HCF crack-initiation
and damage-localization examples;
limited direct experimental validation in
the cited report.

Xiao et al. [148]

p, g, and C(+); a fully reversed S-N curve
and fatigue-limit data at different
mean stresses.

Validated against constant-amplitude
S5-N data for aluminum alloy 7075-T6 at
different mean stresses.

Fu et al. [155]

A, p, p, and k(-); direction- and
stress-ratio-dependent S-N data.

Validated for L-PBF Ti-6Al-4V over
several stress ratios and compared with
additional titanium-alloy datasets.

Dufailly and Lemaitre [147]

s and S, in addition to the elastic—plastic
parameters; calibrated from cyclic
stress—strain and LCF data.

Validated for Inconel 718 at 630 °C and
applied to an axisymmetric
structural problem.

Lemaitre et al. [149]

C, k, 5, and S, together with microscale
plasticity and fatigue-threshold data;
calibrated from HCF data at different
mean stresses and loading paths.

Demonstrated for mean-stress effects,
nonlinear accumulation, and
non-proportional biaxial HCF; direct
experimental validation in the cited study
is comparatively limited.

Chaboche-Type Plastic-Damage Models for Fatigue

Another class of relevant fatigue plastic-damage models builds on plasticity formula-

tions, most often employing kinematic hardening, coupled with the Chaboche-type damage

evolution law. In these approaches, the coupling is established through the effective stress

concept, as described by Lemaitre and Chaboche [128]. Models of this class have already

been applied to evaluate fatigue damage in both low and high cycle regimes under a variety
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of strain controlled load paths [196], as well as to assess fatigue in weld joints considering
the inherent porosity [197], metallic bolted joints in the high cycle domain [198] and the
influence of additive manufacturing (AM) on the fatigue performance of commonly used
aerospace alloys [199]. More recently, such models have also been integrated with machine
learning (ML) approaches to analyze fatigue in the AM context [152,154].

Residual Strength-Based Isotropic Thermo—Plastic-Damage Model for Fatigue

As discussed earlier, Chaboche- and Lemaitre-type fatigue models rely on damage
evolution laws that are either phenomenologically defined in terms of cycle increments
or derived from rate equations that are subsequently integrated over a cycle, yielding
cycle-wise incremental expressions. In contrast to these approaches, an alternative CDM
treatment was proposed by Oller et al. [151], based on the isotropic thermo—plastic-damage
formulation of Luccioni et al. [143]. Rather than introducing an explicitly cycle-wise
damage evolution law, the formulation retains a rate-form structure and represents fatigue
as a progressive reduction in the material strength. This reduction is governed by a
fatigue state function that depends on the number of cycles, N, stress ratio, R, maximum
stress, Omax, and temperature, 6, and is calibrated using S-N data. The function modifies the
plasticity and damage thresholds, while the coupling between these processes is established
through the dissipated energy. Under the assumptions of infinitesimal strains and negligible
plasticity, the approach can be particularized as a pure-damage formulation based on the
model of Oliver et al. [134]. To improve computational efficiency in HCF simulations, the
formulation may additionally be combined with cycle-acceleration strategies [200,201].

An independent application of the formulation was presented by Bednarek and Sos-
nowski [202] for the fatigue assessment of hydraulic cylinders. The predicted crack location
and propagation direction were consistent with the experimental observations, while nu-
merical leakage was obtained after approximately 360,000 cycles, within the experimentally
observed range of 347,427-598,798 cycles. Nevertheless, the authors noted that the lim-
ited number of experimental tests prevented a comprehensive validation and that the
damage-based simulation required greater computational effort than the classical S-N
assessment. Subsequent applications have considered rapid fatigue testing [203], railway
structures [204] and automotive components [205], thermomechanical fatigue [206] and
manufacturing-induced effects [207].

3.3. Phase-Field Models

Dating back to the late 1990s, phase-field (PF) models for fracture originated in the
context of brittle materials (elastic solids) and have since received increasing attention due
to their ability to represent crack initiation, propagation, and complex patterns such as
merging and branching, without the need for any ad-hoc techniques. In these approaches, an
additional scalar field—the phase field—is introduced to represent the crack in a regularized
manner within a finite region of the domain. Analogously to the internal variable used in
regularized damage models, the order parameter associated with the phase field describes
the transition between the intact and fully broken states of the material in a continuous
way. In addition to this characteristic, PF models inherently include a gradient term in
their formulation and, therefore, exhibit many features in common with gradient-enhanced
damage models [11].

Since the early formulations, PF models for fracture have been developed in parallel
and largely independently within the physics and mechanics communities. Phase-field
approaches emerging from the physics community, such as those proposed in [208-210], are
grounded in Landau-Ginzburg phase-transition theory [211]. In these specific formulations,
fracture energy is not generally introduced as an explicit independent material parameter.
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Nevertheless, gradient coefficients or diffuse-interface parameters define a characteristic
length associated with the transition between the intact and broken states. Therefore, the
absence of an explicitly prescribed regularization length in some of these formulations
should not be interpreted as the absence of any characteristic length scale.

On the other hand, PF models developed within mechanics community stem from the
variational formulation of brittle fracture proposed by Francfort and Marigo [212]. In this
framework, the processes of crack initiation, propagation, and branching are formulated as
a minimization problem of the total energy functional

E(u,T) = /Q Yo(e)dV + /r Geds, (40)

where ¥ denotes the strain energy density of the undamaged solid occupying the domain
), G, is the material fracture energy, I' represents the crack surface, and u is the displace-
ment field. From a computational standpoint, however, the direct evaluation of the surface
integral over I' is not feasible, since the crack geometry and its evolution are generally
unknown a priori. To overcome this limitation, Bourdin [213] introduced a regularized
formulation of the total energy functional, which in its general form can be expressed as

I, — /Q 2(¢) Fo(e) AV + /Q Ge (¢, 0)dV, 41)

where ¢ is the phase-field order parameter—taking the value 0 for the intact material and 1
for the fully broken state—, ¢ denotes the length-scale parameter that governs the fracture
process zone width, g(¢) is a degradation function and (¢, ¢) represents the so-called
crack surface density function. Alternatively, PF formulations grounded on thermodynamic
principles [214,215] and employing a higher-order regularization [216] have also been
proposed within the mechanics community. Figure 21 schematically compares the sharp
crack discontinuity with its corresponding PF approximation.

o=1
e
$=0
(a) (b)

Figure 21. Schematic representation of the body Q2 with: (a) a sharp discontinuity I' and (b) its phase-
field approximation. In the phase-field representation, ¢ = 0 denotes intact material, ¢ = 1 denotes
fully broken material, and intermediate values define a diffuse transition zone with a characteristic
width of order /. Adapted from [216].

Following the regularized energy functional of Equation (41), the constitutive stress
response is obtained by differentiation of the strain energy density with respect to the strain.
This yields the stress tensor

¥ (&)
= . 42
=3 (42)
For linear elasticity, the elastic strain energy density is
1
Fe(e) = 8(¢)¥o(e) =8(¢)5¢:Co: g (43)

2
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where Cy represents the constitutive tensor of the material in the undamaged state. Thus,
the constitutive law of Equation (42) reduces to

o =8(¢)(Co:e), (44)

so that the elastic stiffness progressively degrades as the phase-field order parameter
evolves from ¢ = 0 (undamaged) to ¢ = 1 (fully broken).

For the variational, quasi-static brittle-fracture setting of Francfort and Marigo [212],
the Ambrosio—Tortorelli-type elliptic regularizations introduced above are established
to T-converge to the corresponding Griffith sharp-crack functional as ¢ — 0", under
the required assumptions on the elastic energy, degradation function, and crack-density
function [213,217,218]. This convergence result is restricted to the regularized elastic-brittle
setting and cannot be transferred automatically to fatigue-degradation, ductile-fracture,
or elastic—plastic phase-field formulations. These extensions introduce additional history
variables, dissipative mechanisms, or constitutive couplings and, therefore, require separate
convergence analyses.

Within this regularized framework, the formulations proposed by Ambrosio and
Tortorelli (AT) [218]—originally developed as an approximation of the Mumford-Shah
functional for image segmentation [219]—are among the most commonly employed choices
for the crack-surface density and degradation functions. In their general form, they read

/chdSz/ny@))dV:/()461w£(w(4>)+£2\v¢|2>dv, (45)

where w(¢) = ¢? with ¢, = 1/2 corresponds to the so-called standard or AT2 model,
while w(¢) = ¢ with ¢, = 2/3 defines the AT1. Accordingly, the following quadratic
degradation function is used with both

g(¢) = (1—¢)>. (46)

For a homogeneous one-dimensional response (V¢ = 0), the standard AT1 and AT2
formulations exhibit different crack-nucleation behaviors. In AT1, the linear crack-density
function w(¢) = ¢ has a nonzero derivative at the intact state and introduces a finite
elastic threshold. Consequently, ¢ = 0 remains unchanged until the crack-driving energy
reaches a critical value. By contrast, the quadratic AT2 function w(¢) = ¢ has no strict
elastic threshold in the homogeneous setting. The phase field, therefore, begins to evolve
progressively as soon as a nonzero tensile crack-driving energy is applied, producing a
gradual deviation from the undamaged elastic response. The AT1 nucleation threshold and
the maximum stress attained by the homogeneous AT2 response are, respectively [220],

3EG
AT1 _ 4
O-C - 8£ 7 (47)
and
27EG
AT2 __ c
¢V 2560 (48)

The responses compared in Figure 22 show that a finite value of ¢ introduces a finite
apparent material strength. Increasing ¢ reduces this strength and broadens the diffuse crack
zone, whereas decreasing it has the opposite effect. Depending on the specific formulation
and modeling objective, £/ may represent an intrinsic material length, a regularization
parameter, or a calibrated numerical parameter. As a direct consequence, these PF models
combine stress- and toughness-based fracture criteria, enabling them to capture structural
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size effects, as illustrated in Figure 23 for a single-edge-notched specimen of width W and
initial crack length a.
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ele,

Figure 22. Normalized uniaxial stress—strain responses predicted by the AT1 and AT2 formulations.
The AT1 elastic threshold coincides with its peak stress, whereas AT2 progressively deviates from the
elastic response before reaching its peak. The descending branches represent the post-peak responses.
Adapted from [220].

[ ] ) P N 0=0,
® ¢
L I
[ N
107 F e
o, (2 \
—_r PR EFHTE] \
o,
G=G,
102 w E
La- AT1
. sym.
1073 . :
1073 1072 oW 107! 1
(a)
1[ ——y T ]
¢, - o=o0,
o .
(e} \.~
o, FEFFETHTETD 4
o, 107 -
W G=G,
La_
S AT2
) 1 1
10703 102 aw 107 1
(b)

Figure 23. Normalized failure stress as a function of the normalized initial crack length, a/W, for:
(a) AT1 and (b) AT2. The solid gray lines represent the theoretical strength and Griffith limits, whereas
the markers denote the corresponding phase-field results. Both axes are dimensionless, and the
phase-field and mesh parameters used are //W = 0.03 and 1/¢ = 0.1, respectively [220].

Up to this point, the PF formulation presented here assumes an isotropic degradation
of the strain energy density, meaning that the crack-driving mechanism does not distinguish
between tension and compression. This assumption, however, may lead to nonphysical
crack growth under compressive loading, since compressed regions may still contribute to
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the degradation of the material. Moreover, the contact between crack faces under closure
conditions is not naturally enforced in this type of formulation.

To overcome these limitations, several tension—compression splits of the strain energy
density have been proposed, giving rise to the so-called anisotropic PF fracture models.
One of the earliest split schemes was introduced by Amor et al. [221], who decomposed ¥y
into volumetric and deviatoric contributions. In this approach, the positive (active) and
negative (inactive) parts of the strain energy density are defined as

1 2
Y (e) = 5 <)L + 3]4) (tr(e))2 + y(ede" : sdev),
(49)
¥y (e) = 5 (A+2p ) (tx(e))?,
2 3
where A and y are the Lamé constants of linear elasticity and (e)+ denote the Macaulay
brackets, defined as ()4 = 1(0 + |0|). In addition, the deviatoric strain is given by

gdev — ¢ — %tr(e) I, (50)

with I being the identity matrix. While this split provides physically meaningful results for
most loading conditions, it still permits spurious crack growth under states in which all
three principal strains are negative.

As an alternative to this approach, Miehe [215] proposed a tension—compression split
based on the spectral decomposition of the elastic strain tensor. Accordingly, the positive
and negative parts of the strain energy density read

¥ () = M r(e)d + e R, 6

where the strain tensor is spectrally decomposed as

e+ =) (g)+mn; @n;. (52)

Mo

i=1

Here ¢; and n; denote the principal strains and their associated eigenvectors, respectively. It
is noteworthy that this split leads to a strongly nonlinear stress—strain relationship, typically
resulting in a higher computational cost when compared with the volumetric-deviatoric
split of Amor et al. [221].

Another tension—compression split employed in PF fracture models is the no-tension
scheme proposed by Freddi et al. [222]. In this formulation, the positive and negative parts
of the strain energy density render

Yi(e) = %)\ tr?(es) + p tr(szi), (53)

where the split of the strain tensor is obtained through the projection on its symmetric
positive and negative parts,

e+ =sym, (g). (54)

Here sym (@) denote the positive and negative projections of a symmetric tensor, ensuring
that only tensile stress states contribute to the phase-field evolution.

Upon the tension-compression split choice, the elastic strain energy density in the
anisotropic formulations is commonly rewritten such that only the positive part is affected
by the degradation function g(¢). Thus, it reads
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(e, ¢) = g(¢) ¥y () +¥q (e)- (55)

Following this, the stress tensor is given by

oY oY,
oc=g(p)- ‘Pge(s) + ‘Paoe(g)' (56)

Figure 24 illustrates how these formulations effectively separate tensile (active) and

compressive (inactive) contributions under fatigue loading.

02 02 02
oot Yy ‘Volumetric/Deviatoric et Y Spectral e No-tension
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st =% { ousp—=% 015+ =%

0.05
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@ (b) (©
Figure 24. Tension—compression splits of the elastic strain energy density under fatigue loading using
the (a) volumetric—deviatoric [221], (b) spectral [215] and (c) no-tension [222] formulations [223].

Under quasi-static conditions, and neglecting inertia and body forces, the total poten-
tial energy is obtained by supplementing the internal and fracture energies of Equation (41)
with the external work of the prescribed tractions. Accordingly, application of the varia-
tional principle gives the balance equations

V-oc=0,
V-i—w=0

in O, (57)

where w and ¢ are the microstress quantities work-conjugate to the phase-field order
parameter ¢ and its gradient V¢, respectively. The mechanical and phase-field boundary
conditions are

u=u onl,,

c-n=t only
_ (58)

p=¢ only,

¢-n=0 onlg,

withdQ) =T, UT; =Ty U e, IyNTy = @, and Iy NIz = &. Here, u and t denote the
prescribed displacement and traction, respectively, ¢ is a prescribed phase-field value, and
n is the outward unit normal to the boundary. When no phase-field value is prescribed on
the external boundary, I'y = & and the homogeneous microtraction condition applies over
the entire boundary. An initial phase-field distribution ¢(x,0) = ¢ (x) may additionally be
used to represent pre-existing cracks.

The second balance equation in Equation (57) governs the phase-field evolution. Using
the history-field approach introduced by Miehe et al. [215], it may be written as

Ge [W'(¢) 22 / _
where
H(x,t) = max ¥ (x,7). (60)
T€(0,4]

https://doi.org/10.3390 /math14193566


https://doi.org/10.3390/math14193566

Mathematics 2026, 14, 3566

36 of 59

Here, H is a history-field variable used to enforce crack irreversibility under loading—
unloading and cyclic conditions. Although commonly adopted, this treatment is not unique.
Alternatively, the condition $ >0 may be enforced through constrained minimization,
penalty methods, or augmented Lagrangian schemes [11].

Within an FEM framework, two main numerical strategies have been tradition-
ally employed to solve the system composed of Equations (57); and (57);. In the so-
called monolithic approach, the displacement and phase-field sub-problems are solved
simultaneously, while in the staggered scheme, a sequential solution procedure is
adopted [220].

Monolithic schemes solve the coupled displacement and phase-field system simulta-
neously and may permit larger load or time increments when combined with consistent
linearization and robust Newton or quasi-Newton solvers. Nevertheless, the non-convexity
of the coupled energy functional, stiffness degradation, and additional material nonlin-
earities may lead to ill-conditioning and convergence difficulties. Their performance may;,
therefore, depend strongly on the increment size, linearization, line-search or trust-region
procedure, and solver tolerances. Staggered schemes solve the displacement and phase-
field sub-problems sequentially and are often robust because each individual sub-problem
is generally easier to solve. However, they may require smaller increments or numerous
coupling iterations, particularly during rapid crack propagation. Their convergence and effi-
ciency also depend on the adopted splitting strategy, stopping criteria, relaxation procedure,
and material formulation. Quasi-Newton methods such as the Broyden-Fletcher-Goldfarb—
Shanno (BFGS) algorithm have been shown to improve the performance of monolithic
schemes in specific phase-field fatigue implementations [224]; however, this does not
establish a general superiority over staggered approaches.

Efficient solution schemes are particularly important when extending PF formulations
to fatigue, since resolving long cyclic loading histories typically leads to a significant
increase in computational cost. In this context, some of the main developments of PF
models for fatigue are discussed in the following [220].

Extension to Fatigue

PF models for fatigue are relatively recent, with most developments emerging over
the last decade. Despite this, a substantial research effort has been devoted to the topic due
to the engineering relevance of fatigue-induced fracture. Most formulations proposed in
this period can be broadly classified into two model classes [225].

In the first class, the material fracture energy (toughness), G, is progressively reduced
as a result of the application of cyclic loads. In practical terms, this is achieved by introduc-
ing a fatigue degradation function, f(«), into the phase-field evolution law of Equation (59),
so that it becomes

f(@)Ge {w’(@

22 / _
20 > €V¢:| +<'(¢)H =0, (61)

where & denotes a fatigue history variable which can be taken as the accumulation of any
scalar quantity that can describe the cyclic history of the material. Here it is important to
mention that f() is a dimensionless function and varies from 1 to 0 as it progressively
degrades the material toughness.

In contrast, the second class of models relies on an additional energy term, Hr (%),
which adds the fatigue contribution to the crack driving force. The phase-field evolution
law is then written in this case as
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Ge [w - _
2 [ 4 g @) @M@ =, (62)
2cl 2

where ¢'(¢) is a degradation function (potentially chosen equal to g'(¢)) acting on the
additional energy term. Unlike f (@), the term () is an energy quantity that has no
upper bound and its order of magnitude is defined upon parametric calibration.

First Class of Models: Based on a Fatigue Degradation Function

The first class of models originates from the work by Alessi et al. [226], who
proposed—for the one-dimensional setting—four different fatigue functions using the
accumulated strain, &, as fatigue history variable. Later, Carrara et al. [47] extended this
framework to handle three-dimensional problems and reformulated the fatigue functions
such that they may take any scalar quantity representative of the material cyclic history
(chosen in their work as the strain energy density). Accordingly, these functions read

1 if&(t) <ar,
2 (Asymptotic) (63)
> lfﬁ(t) > T,

and

1 1fR(t) S ar,

— 2
fl@(t) = [1 s 10g<“at)>} ifap < a(t) <ap10V/r,  (Logarithmic)  (64)
T

0 if&(t) > ar 1017,

where a7 is a fatigue threshold parameter and «; governs the slope of the logarithmic
degradation function. The essential difference between them is that the asymptotic function
in Equation (63) decreases smoothly toward zero for @(t) — oo, whereas the logarithmic
function in Equation (64) reaches zero at a finite value of a(t), as illustrated in Figure 25.

1 1%
}\\\‘ -B8-x=0.50
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oo, log(a/oL;)
(a) (b)

Figure 25. Fatigue degradation functions (a) asymptotic and (b) logarithmic for different x [47].

Carrara et al. [47] further proposed two accumulation strategies for the fatigue history
variable &(t). The first, defined as

T(xt) = /O ' H(ad) |4] dr, (65)

is independent of the mean load. The second, which accounts for mean load effects, is
expressed as
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T b) = ai /0 " H(ad) aidr, (66)

where H(ad) is the Heaviside function, defined as

1 during loading (a& > 0),
H(wir) = (67)
0 during unloading (a& < 0).

The parameter a;, in Equation (66) is a normalization constant introduced to ensure dimen-
sional consistency.

As evidenced by the Heaviside function in Equation (67), the fatigue history variable
accumulates only during the loading phase in these approaches, which leads to nonphysical
accumulation under monotonic loads. To overcome this limitation, Sele$ et al. [227]
proposed an alternative strategy in which the accumulation occurs in the unloading phase.
However, it has been found that this method may introduce artificial increases in the fatigue
history variable particularly behind the crack tip, because material points in this region
may experience local unloading as the crack propagates.

More recently, Golahmar et al. [223] proposed a cycle-wise, reversal-based accumula-
tion strategy in which the fatigue-history increment is evaluated once per cycle from amax
and R (see Figure 26). This approach not only eliminates the nonphysical accumulation
issues of previous methods but also significantly improves the computational efficiency,
as the fatigue variable is updated only once per cycle rather than at every intermediate
time step of the loading or unloading phases. In this formulation, the increment in fatigue
history variable is expressed as

n - 2yn 1-R 2y
Ax = (“m”x> <1R> H< max ®max <> — uce> , (68)
o 2 €[04 2

where the exponent n and the term (aqx /)" are introduced to provide the model with

flexibility to properly capture the slope of the resulting S-N curves. As in Carrara’s model,
the parameter &, is included to ensure dimensional consistency. The constant a, is a fatigue
threshold introduced in the model to allow the representation of the material endurance
limit below which fatigue does not occur. The Heaviside function H is equal to one for
positive arguments and zero otherwise, ensuring that the fatigue variable does not increase
when the driving force is below a,. When the strain energy density is adopted as the fatigue
variable, one may estimate this constant as &, = S?/(2E). The parameter, v € [0,1] is
the Walker mean stress parameter, characterizing the material’s sensitivity to the stress
ratio. Because this approach incorporates the stress ratio R in its formulation, it explicitly
accounts for mean-stress effects.

o

01,max; ®max

valley T Oq .
LA S

O01,miny ®min

Figure 26. Constant-amplitude cyclic stress history, with &max and ap,i, denoting the maximum and
minimum values of the fatigue-driving variable evaluated at the cycle peak and valley, respectively [223].

Following a different rationale, several accumulation strategies have been formulated
directly in the cycle domain, rather than in the physical time domain, so that the fatigue
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process is described continuously with respect to the cycle variable instead of relying
on each loading and unloading phase. As a consequence, these approaches employ a
representative (often constant) loading cycle—characterized by a stress amplitude and
stress ratio—rather than a fully time-varying load history, which considerably improves
computational efficiency. On the other hand, since the accumulation variables are based on
empirical total-life concept, these models typically require experimental data such as S-N
curves or Paris-law parameters as input.
A representative example of cycle-dependent accumulation strategy is the Miner-rule-
based formulation adopted by Seiler [228], which is expressed as
_ Ne 1
a(N) = | ﬁde’ (69)
where Ny denotes the number of cycles to failure associated with the current loading state.
Alternatively to the Miner-type approach, Grossman-Ponemon et al. [229] presented
an energy-based accumulation strategy of the form

- 1 Ne ‘anin
B(N)=1- E/o <1 S OE ) >+ dN, (70)

vol,+

which stems from the lifetime formulation originally introduced by Mesgarnejad et al. [230].
Here Y°¢

min

load cycle, ¥

denotes the minimum elastic strain energy attained within a representative
¢l + (N) is the tensile volumetric elastic strain energy at cycle N, and ay,
is a normalization constant ensuring dimensional consistency. In addition, the upper

integration limit is defined as

Ny =min{ N;; N suchthat ¢ =05 A a =a }, (71)

so that the accumulated fatigue variable « is evaluated only up to the point where the
phase-field order parameter, ¢, reaches 0.5, which the authors use as the criterion for the

onset of failure. Finally, the Macaulay bracket (-) ensures that accumulation takes place
fnin‘
The PF fatigue formulations presented so far are all grounded in elastic material

only when the fatigue driving quantity, g(¢) ¥;,, , (N), exceeds ¥'

models. With the exception of the approach proposed by Seiler [228], which relies on the
Neuber rule combined with the local strain method to capture the transition between the
LCF and HCF regimes, these models are primarily intended for the high cycle domain.

Nevertheless, PF formulations have also been extended to model fatigue in the low
cycle regime, which is typically characterized by significant plastic strain development near
the crack tip. To account for this effect, the crack driving force term, ¢’(¢) H in Equation (61)
is usually supplemented by the plastic energy contribution, ¥ .

Following this approach, Seles$ et al. [227] proposed a PF fatigue model that includes
an elastic—plastic constitutive law with isotropic and kinematic Chaboche-type hardening.
Besides capturing the low cycle regime, this model degenerates to an elastic response under
small stress amplitudes, thus, also capturing the high-cycle fatigue essential features. In
addition, it can reproduce the mean stress effect. In their work, the accumulation of the
fatigue history variable is chosen to depend only on the tensile elastic strain energy, ¥,

Another formulation in which the crack-driving force is supplemented by the plastic
energy was proposed by Ulloa et al. [231]. Accordingly, their model features gradient-
enhanced isotropic and multi-surface kinematic hardening, softening, and an explicit
ratcheting strain variable. In addition, they employed Carrara’s logarithmic expressions as
fatigue function and—unlike in Sele$ et al. [227]—the fatigue history variable accumulates
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according to the combined contribution of the tensile elastic and plastic energy densities,
ie, ¥} and ¥,.

Different from these two previous approaches, the model proposed by Khalil et al. [224]
does not include the plastic energy in the crack-driving force term. Instead, this formulation
extends Carrara’s model by implementing a Chaboche-type constitutive law with isotropic
and nonlinear kinematic hardening to describe the material response. In this case, the
accumulation of the fatigue history depends on the maximum temporal tensile elastic and
(t) and Y.

plastic energy densities, ¥,

Second Class of Models: Based on an Additional Energy Term

As mentioned earlier, when it comes to the second class of models, the energy-based
term, Hr(w) added to the crack-driving force represents the central mechanism by which
fatigue effects are incorporated. Accordingly, several formulations have been proposed for
Hr (), each coupled with a specific accumulation model for the fatigue history variable.
For example, in the work by Schreiber et al. [232], this term is defined as

He(®) 0 for Hp < Hp,, 72)
Fl&) =
Ky (Hp — HE,)? for Hp > Hp,,

where Hp, acts as a fatigue threshold, k7, is a material scaling parameter, b controls the
nonlinearity of the fatigue contribution and (-) denotes the Macaulay bracket. Since this
approach relies on S-N curves and the representative-cycle concept, the corresponding
fatigue accumulation variable is expressed in the cycle domain as

o(N)(1-1)]™
A-DF 1 dN, (73)

N ‘Ne 1
o( )—.0 ﬁf

where N is the number of cycles to failure under the current representative loading, &(N)
is the equivalent stress amplitude, L the load ratio and Ay and f material constants derived
from S-N data.

As Schreiber’s model is grounded in an elastic constitutive law, it is applicable only
to HCF problems. A more comprehensive formulation in this class was presented by
Haveroth et al. [233] who incorporated an elastic—plastic constitutive framework including
non-isothermal processes, rate dependence and inertia effects in a thermodynamically
consistent manner. In this formulation, the additional energy term takes the form

H@(t) = - ;a(1), 74)

where / is the internal length scale and @(t) represents the fatigue history variable. Accord-
ingly, this variable is defined in the physical time domain as

at) = /Ot Wq;dr, (75)

where 7 is a material parameter controlling the rate of fatigue damage, 6 is the absolute
temperature and |/¢|| is the norm of the strain-rate tensor.

Other Models

Some PF fatigue models do not fit clearly into either the first or the second class.
One example is the ductile PF model proposed by Aygiin et al. [234] which employs
the Armstrong-Frederick elastic—plastic constitutive law to describe the material cyclic
response without introducing an explicit fatigue history variable or an additional energy-
based fatigue term. In this formulation, the fatigue crack growth is governed solely by the
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accumulation of the plastic strain energy density, ¥, which is included in the crack-driving
force term of the PF evolution law. Owing to these characteristics, this model is primarily
intended for LCF problems, where significant plastic strains develop at the crack tip.

Another example outside the two main classes is the formulation proposed by
Lo et al. [235], who introduced a viscous term, 77¢, on the right-hand side of the evolution
law in Equation (59) to account for fatigue crack growth. In this approach, the Paris law is
used as model input and the load is applied statically so that no cycle-wise simulation is
carried out.

Response Under Non-Stationary Loading

The accumulation strategies presented in this section were primarily developed for
constant-amplitude or representative-cycle loading. Physical-time strategies may be ap-
plied to variable-amplitude histories, although scalar irreversible history variables do not,
by themselves, fully reproduce overload-induced retardation, load-sequence effects, or
non-proportional loading unless coupled with an appropriate path-dependent constitutive
model. The reversal-based strategy may account for cycle-to-cycle changes in amplitude
and stress ratio by updating a#max and R, whereas representative-cycle approaches can be
applied blockwise using the corresponding fatigue-life and loading parameters. Neverthe-
less, Miner-type accumulation remains sequence-independent, and these approaches are
generally most suitable for stationary or piecewise-stationary proportional loading.

Simulation Acceleration Strategies

PF fatigue formulations are usually computationally demanding, particularly when
elastic—plastic constitutive laws are included. This poses a major challenge for cycle-by-
cycle simulations in the HCF regime, especially for components of engineering-relevant
scales. Representative-load formulations reduce this cost by avoiding the resolution of the
complete loading history [228,232].

In addition, acceleration strategies based on numerical considerations have been
developed. Kristensen et al. [236], for example, proposed a modified Newton method to
reduce the number of matrix factorizations and a constant-load accumulation strategy in
which several physical cycles may be represented by a single increment. For the investigated
single-edge-notched specimen, the individual and combined strategies provided speed-up
factors between approximately 2.4 and 7.4. When 16 cycles were represented by each
increment, the speed-up factor increased to approximately 32, while deviations in the final
crack extension remained below 3% for the cases considering up to 32 cycles per increment.

Another acceleration approach was presented by Yang and Shen [237]. Based on time-
scale homogenization, their adaptive time-stepping scheme provided speed-up factors of
up to 16 relative to the corresponding direct simulations. In general, accelerated solutions
remain consistent with cycle-by-cycle simulations when the fatigue-history variable evolves
smoothly over the skipped cycles. The cycle jump should, therefore, be reduced near fatigue
onset, rapid crack propagation, or abrupt loading changes, and its accuracy should be
verified using smaller jumps.

Figure 27a schematically illustrates the load-application procedure in representative-
load and cycle-jump approaches, while Figure 27b shows the corresponding accumulation
of the fatigue-history variable.

The practical differences among the PF fatigue formulations reviewed here are summa-
rized in Tables 6 and 7. The first comparison focuses on their fatigue-degradation mecha-
nisms, history variables, constitutive responses, applicable fatigue regimes, and mean-stress
treatments, while the second summarizes their calibration inputs, cycle-acceleration strate-
gies, and principal limitations.
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Figure 27. Fatigue simulation acceleration strategies: (a) load application approaches and (b) fatigue
history variable accumulation schemes. Adapted from [225].

Table 6. Physical and constitutive characteristics of the reviewed phase-field fatigue formulations.

Model

Degradation Mechanism and
Fatigue-History Variable

Constitutive Response and
Fatigue Regime

Mean-Stress Treatment

Alessi—Carrara [47,226]

Degradation of G, through f(x);
loading-phase accumulation
based on strain or tensile

elastic energy.

Linear-elastic PF formulation;
primarily HCE.

Mean-load-independent and
mean-load-sensitive accumulation
alternatives are available.

Seles et al. [227]

Degradation of G, using tensile
elastic-energy accumulation
during unloading; plastic energy
contributes to the crack-driving
force in the ductile formulation.

Elastic—plastic response with
isotropic and kinematic
Chaboche-type hardening; HCF
and LCE.

Represented implicitly through
the cyclic elastic—plastic response.

Golahmar et al. [223]

Degradation of G using a
reversal-based history increment
containing a fatigue threshold,
stress ratio R, and

Walker parameter.

Linear-elastic PF
formulation; HCFE.

Included explicitly through R and
the Walker mean-stress parameter.

Seiler et al. [228]

Degradation of G, using
Miner-type cycle-domain
accumulation, with N obtained
from a local fatigue assessment.

Elastic PF response combined
with Neuber’s rule and the
local-strain method; HCF-LCF
transition.

Introduced through the adopted
local fatigue-life relation and the
initial residual-stress field.

Grossman-Ponemon et al.

[229,230]

Degradation of G, through an
energy-based cycle-domain
history variable evaluated from a
representative load cycle.

Linear-elastic PF
formulation; HCF.

Represented implicitly through
the minimum and tensile elastic
energies of the representative
cycle.

Ulloa et al. [231]

Logarithmic degradation of G;
accumulation based on tensile
elastic and plastic energy
densities, with plastic energy also
contributing to crack growth.

Gradient-enhanced isotropic and
multi-surface kinematic
hardening with softening and
ratchetting; primarily LCE.

Represented implicitly through
cyclic plasticity and ratchetting.

Khalil et al. [224]

Degradation of G, using
maximum tensile elastic and
plastic energy measures; plastic
energy is not added directly to the
crack-driving force.

Elastic-plastic formulation with
isotropic and nonlinear kinematic
hardening; HCF and LCE.

Represented implicitly through
the cyclic constitutive response
and energy history.

Schreiber et al. [232]

Additional fatigue-energy term
‘Hr driven by an S-N-based
cycle-domain history variable.

Linear-elastic PF
formulation; HCF.

Included explicitly through the
load ratio used in the
fatigue-history evolution.

Haveroth et al. [233]

Additional fatigue-energy term
based on a physical-time history
variable involving the strain rate,
phase field, and temperature.

Non-isothermal, rate-dependent
elastic—plastic formulation
including inertia; most directly
suited to LCF and
thermomechanical-fatigue
applications.

Represented implicitly through
the complete
stress—strain—temperature history.
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Table 6. Cont.

Model

Degradation Mechanism and
Fatigue-History Variable

Constitutive Response and
Fatigue Regime

Mean-Stress Treatment

Aygiin et al. [234]

Plastic strain-energy
accumulation directly drives crack
evolution; no separate
fatigue-history variable or
toughness-degradation function.

Armstrong-Frederick
elastic—plastic response; LCE.

Represented implicitly through
the cyclic plasticity response.

Lo et al. [235]

Viscous phase-field evolution
calibrated using the Paris law; no
explicit cumulative
fatigue-history variable.

Elastic fracture formulation for
fatigue crack propagation in the
Paris regime.

Introduced through the selected
Paris-law calibration and loading
conditions rather than an
intrinsic correction.

Table 7. Calibration inputs, acceleration strategies, and limitations of the reviewed phase-field fatigue

formulations.

Model

Experimental/Calibration
Inputs

Cycle-Acceleration
Strategy

Principal Limitations

Alessi—Carrara [47,226]

Elastic and fracture
properties together with
5-N or crack-growth data
for calibrating at and ;.

Cycle-resolved in the
original formulation;
adaptive temporal
homogenization was
subsequently
proposed [237].

Elastic response;
loading-phase
accumulation may produce
fatigue degradation under
monotonic loading.

Seles et al. [227]

Cyclic stress—strain and
hardening data,
fatigue-life data, G, and /.

Two-part cycle-skipping
procedure combining a
direct jump to fatigue onset
with extrapolation-based
jumps during the
subsequent

degradation stage.

Unloading-based
accumulation may increase
artificially behind an
advancing crack;
comparatively extensive
calibration.

Golahmar et al. [223]

5-N data, fatigue limit,
Walker parameter, elastic
properties, G, and 4.

One history update per
cycle, evaluated from wmax
and R; compatible with the
cycle-jump strategy of
Kristensen et al. [236].

Restricted to
elastic-dominant HCF and
does not represent cyclic
plasticity.

Seiler et al. [228]

Local strain-life and cyclic
stress—strain data,
crack-growth data, and
residual-stress information.

Representative-cycle and
cycle-domain
accumulation.

Inherits the load-sequence
limitations of Miner’s rule
and represents plasticity

through a local correction.

Grossman—Ponemon
et al. [229,230]

Fatigue-life or
crack-growth data, elastic
and fracture properties,
and energy-history
calibration parameters.

Representative-cycle
accumulation directly in
the cycle domain.

Elastic HCF formulation;
depends on a
representative cycle and a
prescribed phase-field
failure criterion.

Ulloa et al. [231]

Cyclic hardening,
softening, and ratchetting
data, fatigue-life data, G,
and /.

No dedicated
cycle-acceleration
procedure; generally
cycle-resolved.

High computational and
calibration requirements
due to gradient-enhanced
cyclic plasticity.

Khalil et al. [224]

Cyclic stress—strain and
hardening data,
fatigue-life or
crack-growth data, G,
and /.

Monolithic
quasi-Newton/BFGS
solution reduces
nonlinear-solver cost but
does not skip cycles.

Cycle-resolved simulations
remain demanding; several
plasticity and fatigue
parameters require
calibration.
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Table 7. Cont.

Model

Experimental/Calibration
Inputs

Cycle-Acceleration
Strategy

Principal Limitations

Schreiber et al. [232]

5-N parameters, fatigue
threshold and scaling
parameters, elastic
properties, G., and /.

Representative-cycle
accumulation in the
cycle domain.

Elastic and empirical
S—N-based formulation;
limited for
plasticity-dominated LCF
and complex loading
sequences.

Haveroth et al. [233]

Thermomechanical cyclic
data, rate- and
temperature-dependent

No dedicated cycle
acceleration; physical-time

High computational and
calibration cost,

Aygiin et al. [234]

$1§stlc1ty parameters, integration. partllcule.arly for HCF
atigue parameters, G, applications.
and /.

Applicable mainly when

Cyclic plasticity and
hardening data together
with plastic-work and
ductile-fracture properties.

No dedicated
cycle-acceleration
procedure.

significant cyclic plasticity
develops; no explicit HCF
history variable or fatigue
threshold.

Lo et al. [235]

Paris-law parameters,
elastic and fracture
properties, and the
phase-field viscosity

Static representative
loading; no cycle-by-cycle
simulation.

Primarily a crack-growth
model for the Paris regime;
does not provide a general
total-life or LCF

parameter. description.

4. Comparative Assessment of the Reviewed Approaches

As classical methods for fatigue analysis, the total-life approaches presented in
Section 2 are often employed in practical applications due to their simplicity. Relying
on empirical data such as Wohler and strain-number of reversal curves, these meth-
ods act, however, as purely life-estimation tools and do not provide information about
the progressive degradation of the material properties and the corresponding crack
propagation process.

In contrast, the classes of fracture models discussed in Section 3 encompass formula-
tions designed to describe at least the crack-growth phase, as in the case of FM, or even the
entire material degradation process—from its intact to fully broken state—as captured by
some CDM approaches and PF models. Accordingly, the monotonic concrete beam test of
Arrea and Ingraffea [238] is retained to illustrate the different crack-representation capabili-
ties of these formulations. Comparative numerical results are shown in Figure 28a—c for an
FM XFEM-based model, a CDM formulation using mixed finite elements, and a PF model,
respectively, as reported in [239]. Its role is limited to illustrating crack representation and
not to validating fatigue predictions in metals.

As discussed in Section 3.3, suitable elliptic regularizations of the Francfort-Marigo
variational formulation for quasi-static brittle fracture I'-converge to the Griffith sharp-crack
functional as ¢ — 07" [212,213,218]. However, this result does not automatically extend to
fatigue-degradation, ductile-fracture, or elastic—plastic phase-field formulations. At the
same time, a strength-based response can be incorporated through an appropriate choice
of the degradation and crack-density functions, as demonstrated for the AT1 and AT2
formulations by Kristensen et al. [220].

Regularized CDM models—often formulated within a thermodynamically consistent
framework—can, in turn, be made compatible with FM by tailoring the post-peak softening
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behavior such that the energy dissipated within the fracture process zone matches the
material fracture energy. In these approaches, the strength criterion is naturally embedded
in the constitutive response.

()

Figure 28. Numerical reproduction of the Arrea and Ingraffea beam test using: (a) the FM with XFEM,
(b) the CDM with a mixed finite element formulation and (c) PF model. Adapted from [239].

The ability of both model families to consistently reconcile the energy-based criterion
of the FM with a strength-based failure response enables them to capture the well-known
size effect, as discussed in Sections 3.2 and 3.3.

From a numerical standpoint, FM models require the definition of an ad hoc criterion to
determine the crack-propagation direction under mixed-mode loading. Since, in such cases,
the crack path is generally not known a priori, its accurate representation often demands
either the use of remeshing procedures or XFEM formulations. Moreover, the extension of
these models to three-dimensional problems is usually not straightforward. As a result,
FM approaches exhibit a limited capability to model phenomena such as multiple cracking,
branching, and merging under complex geometrical configurations or loading conditions.

When applied to fatigue problems, the fact that FM approaches focus solely on crack
growth poses a significant limitation for life-estimation purposes, since the initiation phase
preceding the macrocrack nucleation may account for up to 90% of the total fatigue life of a
component [225], particularly in the high cycle regime. This limitation makes CDM and
PF models potentially suitable for life-estimation analyses that encompass both fatigue-
damage initiation and subsequent crack propagation. Their ability to predict these stages is
not automatic, however, and depends on the adopted constitutive evolution law, definition
of the fatigue-history variable, regularization strategy and associated characteristic length,
parameter-calibration procedure, and criterion used to identify crack initiation or final
failure. When these elements are appropriately formulated and calibrated, CDM and
PF models can also represent complex phenomena such as multiple cracking, branching,
and merging.

Nevertheless, FM-based approaches generally exhibit a reduced computational cost
when compared to both PF and CDM counterparts. In particular, PF models typically
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require highly refined meshes in the vicinity of the crack (on the order of 4-10 finite
elements across the regularization bandwidth) to accurately resolve the length scale ¢,
which is introduced through a continuum-level regularization scheme, as discussed in
Section 3.3. This often leads to prohibitive computational costs, especially for high-cycle
fatigue simulations in large-scale three dimensional geometries.

In this sense, CDM smeared approaches emerge as more computationally affordable
alternatives, since the regularization is introduced at the discrete level rather than at the
continuum scale, typically requiring only one to two elements across the localization band
to ensure objective energy dissipation. However, when standard finite element formulations
are employed, mesh-objective results are not generally guaranteed. This limitation can be
overcome through the use of mixed finite element formulations, in which an independent
strain field is introduced and its continuity is enforced [239]. Although this strategy entails
an additional computational cost, it remains considerably more affordable than phase-field
formulations in most practical applications.

The main physical characteristics of the reviewed fracture-based formulations are
summarized in Table 8, while Table 9 distinguishes the numerical techniques employed
for their implementation. The relationships between the physical formulations and these
numerical approaches are presented in Table 10. Total-life approaches are not included in

these comparisons because they do not describe crack-propagation phenomena.

Table 8. Qualitative comparison of the fracture-based physical formulations reviewed.

Feature

Fracture Mechanics

Continuum Damage
Mechanics

Phase-Field Models

Crack representation

Sharp discontinuity

Smeared material
degradation

Regularized diffuse crack

Primary governing
description

Fracture parameters and
crack-growth laws

Evolution of internal
damage variables

Energy functional and
phase-field evolution

Fracture-energy
consistency

Built into Griffith- or
LEFM-based fracture
criteria

Model-dependent;
localized softening requires
regularization and
fracture-energy

calibration !

Built into Griffith-type

variational formulations !

Strength control and crack
initiation

Requires a complementary
initiation or strength
criterion

Model-dependent;
governed by the adopted
damage threshold and
evolution law

Model-dependent;
depends on the
formulation, length scale,
and strength treatment

Crack initiation modeling

Not generally included in
classical crack-growth
formulations

Model-dependent;
determined by the adopted
damage law and
calibration 2

Model-dependent;
determined by the adopted
phase-field formulation
and calibration 2

Crack propagation
modeling

Requires an initial crack
and an appropriate
propagation law and
criterion

Model-dependent; requires
localized and appropriately
regularized damage
evolution

Model-dependent;
governed by the
phase-field evolution law
and length-scale resolution
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Table 8. Cont.

Continuum Damage

Feature Fracture Mechanics . Phase-Field Models
Mechanics
Requires an appropriate Depends on the adopted Requires an appropriate
Mixed-mode fracture mixed-mode propagation =~ multiaxial constitutive energy decomposition or
criterion formulation mixed-mode criterion

Multiple crack nucleation

Requires explicit
representation and
tracking of the cracks

Model-dependent; possible
through localized damage
evolution

Model-dependent; possible
without explicit crack
tracking

Crack branching and
merging

Requires explicit
crack-path and topology
treatment

Model-dependent; may be
represented through
localized damage
evolution

Model-dependent; may be
represented without
explicit topology tracking

Strength-to-toughness
structural size-effect
transition

Toughness-controlled
asymptotic behavior is
represented; the transition
requires an additional
strength criterion 3

Model-dependent; may be
reproduced by regularized
and energy-calibrated
formulations 3

Model-dependent;
depends on the
crack-density functional,
length scale, and strength
treatment 3

Mesh objectivity and
crack-path sensitivity

Discretization-dependent;
conforming FEM generally
requires crack-path
updates and remeshing,
whereas XFEM avoids
crack-conforming
remeshing but remains
sensitive to mesh
resolution, enrichment,
and integration 4

Requires an appropriate
regularization; objectivity
and crack-path prediction
remain model- and
discretization-dependent *

Mesh-convergent when the
phase-field length scale is
adequately resolved *

Extension to fatigue °

Through a fatigue
crack-growth law

Through
fatigue-dependent damage
or constitutive evolution

Through a fatigue-history
variable, degradation
function, or additional
fatigue-energy term

Life-estimation scope

Primarily the
crack-propagation phase

Potentially initiation and
propagation;
model-dependent 2

Potentially initiation and
propagation;
model-dependent 2

! In localized CDM formulations, the softening law and regularization must be calibrated so that the dissi-
pated energy reproduces the material fracture energy. Griffith-type phase-field formulations introduce frac-
ture energy directly through the regularized energy functional [11,119,239]. 2 The capability to describe ini-
tiation and propagation depends on the adopted fatigue formulation, evolution law, failure criterion, and
calibration [47,194,227]. 3 Classical fracture mechanics represents the toughness-controlled asymptotic size effect,
but an additional strength criterion is needed to describe the transition from strength-controlled failure. In CDM
and phase-field formulations, this transition depends on the adopted regularization, energy calibration, and
characteristic-length treatment [117,118,220]. * Mesh objectivity refers to convergence under mesh refinement
rather than complete independence from the spatial discretization. Regularized CDM and phase-field formula-
tions require meshes sufficiently fine to resolve their characteristic length scales and should become approximately
insensitive to further refinement once spatial convergence is achieved. XFEM predictions may additionally depend
on the crack-tip position, enrichment radius, and integration scheme [11,106,107,119]. 5 Each entry describes
the fatigue-specific treatment generally required beyond the corresponding monotonic fracture formulation. Its
precise form depends on the particular model.
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Table 9. Classification and primary roles of the numerical approaches discussed in the manuscript.

Spatial Discretization Schemes

Scheme Main Characteristic Application Discussed in the Manuscript
Discretization of conforming sharp cracks, with
Standard FEM Conforming finite element discretization mesh updating When an evolv1.ng crack must
remain conforming, as well as in the CDM and
phase-field formulations
Enriched finite element discretization in which  Representation of evolving sharp cracks in
XFEM the crack need not conform to element fracture-mechanics simulations without
boundaries general crack-conforming remeshing [105-107]
Crack-Representation and Update Procedures
Procedure Classification Application discussed in the manuscript
. Independent discretization of displacement Regt.llarlzatlon of strain local} zation n the .
Mixed FEM e continuum damage formulations considered in
and strain fields .
the manuscript
Local or global regeneration of a conforming
Remeshing Mesh-update procedure mesh during sharp-crack propagation with the

standard FEM [97,99]

Level-set method

Implicit geometry-representation and tracking Representation and updating of crack geometry

method

in XFEM-based simulations [106,107]

Table 10. Relationship between the reviewed physical formulations and numerical approaches.

Physical Formulation Spatial Discretization Schemes Crack-Representation and Update Procedures
Standard FEM XFEM Mixed FEM ! Remeshing Level-Set Method
. . . Used with the . 3
Fracture mechanics Primary Primary - conforming FEM 2 Used with the XFEM
Contmu'um damage Primary - Regularizing role T _ -
mechanics
Phase-field models Primary - -4 - -

1 Mixed FEM refers specifically to the independent strain-displacement formulation considered for the regu-
larization of continuum damage mechanics. > Remeshing is used when an evolving sharp crack must remain
conforming to a standard finite element mesh. It is not generally required by the XFEM, where the crack is repre-
sented independently of the element boundaries [105-107]. 3 The level-set method is employed with the XFEM
for the implicit representation and tracking of crack geometry [106,107]. 4 Although phase-field formulations
involve coupled displacement and phase fields, they are not classified as the mixed strain—displacement FEM
formulation considered for the CDM. “Primary” denotes a spatial discretization scheme directly employed with
the corresponding physical formulation. “Regularizing role” identifies the particular role assigned to the mixed
FEM in the CDM discussion, while “Used with” identifies a procedure coupled with a spatial discretization
indicates an association not considered in the manuscript and does not necessarily imply

”

scheme. The symbol “~
general incompatibility.

5. Conclusions

In this work, classical total-life methods and fracture-based fatigue formulations
grounded in the FM, CDM, and PF theory have been reviewed and compared. Stress-life
methods remain efficient for elastic-dominant HCF, while strain-life methods are appropri-
ate for total-life estimates in LCE. For pre-existing long cracks, the FM provides the most
direct prediction of propagation life. Dedicated short-crack formulations, which are not
reviewed in detail here, may be required when long-crack assumptions are not valid. CDM
and PF approaches are particularly useful when progressive degradation, crack initiation,
and propagation must be resolved, but generally require greater computational effort. Under
variable-amplitude loading, rainflow counting combined with linear damage accumulation
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remains useful for preliminary assessments, whereas overload, retardation, and load-sequence
effects require suitable closure, retardation, or history-dependent formulations.

The minimum calibration requirements depend on the selected approach. Total-
life methods require representative S-N or strain-life data, with strain-based analyses
additionally requiring the cyclic stress—strain response. FM models require crack-growth
data, fatigue thresholds, fracture toughness, and an initial crack or defect size. CDM
formulations require constitutive and fatigue-evolution parameters and, when localized
cracking is modeled, fracture-energy and regularization parameters. PF formulations
additionally require fracture energy, a phase-field length scale, and fatigue-history or
degradation parameters. Mesh-convergence analyses remain necessary for both spatially
resolved approaches.

The review is limited to total-life methods, the FM, the CDM, and PF formulations
and does not cover cohesive-zone, crystal-plasticity, probabilistic, data-driven, or dedicated
microstructurally short-crack models in detail. Because the available studies employ different
materials, loading conditions, and validation procedures, no universal ranking of accuracy or
computational cost is provided. Within the literature considered in this review, no common
metallic-fatigue benchmark was identified in which the reviewed formulations are compared
under consistent material, geometry, loading, calibration, and validation conditions. Develop-
ing such a benchmark would enable more objective comparisons and constitutes an important
direction for future research. Other priorities include unified descriptions of fatigue initiation
and short- and long-crack growth, realistic loading histories, uncertainty quantification, ef-
ficient three-dimensional solvers and cycle-acceleration strategies, and the incorporation of
manufacturing-induced, environmental, and microstructural effects.
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Abbreviations

The following abbreviations are used in this manuscript:

AM Additive manufacturing

AT Ambrosio and Tortorelli

BFGS Broyden—Fletcher—Goldfarb—Shanno
BVP Boundary value problem

CDM Continuum damage mechanics

CBT Crack band theory
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EPFM Elastic—plastic fracture mechanics
FEA Finite element analysis

FEM Finite element method

M Fracture mechanics

HCF High-cycle fatigue

LCF Low-cycle fatigue

LEFM Linear elastic fracture mechanics
ML Machine learning

PF Phase-field

SIF Stress intensity factor

VCCT Virtual crack closure technique
XFEM Extended finite element method

Appendix A. Fatigue Damage Evolution Laws

The evolution equations corresponding to the CDM fatigue formulations compared in
Tables 4 and 5 are collected in Tables A1 and A2 of this appendix. The common quantities
are Young’s modulus E, Poisson’s ratio v, current yield stress Sy, ultimate tensile strength
Su, material fatigue limit Sy, fully reversed fatigue limit S, uniaxial stress ¢, maximum and
minimum stresses 0y, and 0, mean stress oy, hydrostatic stress 0y,, von Mises equivalent
stress 0q, strain range Ag, plastic strain range Ag), stress triaxiality Ry, stress ratio R, and
number of cycles N. Moreover, N; and N;, denote the numbers of cycles to failure at
low and high frequencies, while D; and Dj, denote the corresponding creep—fatigue and
pure-fatigue damage variables.

In the tensorial formulation of Fu et al. [155], Dj;is the damage tensor, Yijisits thermo-
dynamically conjugate force, Y is the corresponding scalar equivalent force, and () denotes
the loading path over one cycle. In the two-scale formulation of Lemaitre et al. [149], RY
is the microscopic stress-triaxiality function and oy is the microscopic fatigue threshold.
Symbols appearing in different models but sharing the same letter retain the model-specific
definitions given in the corresponding references.

Table A1l. Scalar cycle-based fatigue damage evolution laws.

Model Damage Evolution Law
dD ﬂ‘(g'rrmxrg'm) d; — O 'B
42 _[1-(1—-D)pt! _ Jmax —Tm__
an = (1 (=) {M(am)(l—D)} ‘
Chaboche and Lesne [194] &Gy ) = 1 — a< (Omax — (7;1) 7:;10(1 — boom) >,
u — Vmax
M(om) = Mo(1 — boom ).
dD (Ag)PH1
P tal. [146 — = x .
aas et al. [146] N CD B+1
. dD (Ag)PH1
Peerl 195 —— =CeP .
eerlings [195] N Ce 541
dD _ (1 — D)pC(o’m, Se, Su) 2q 2q
N gaopp (st o), R<O,
Xiao et al. [148]
b _ (1= D)PC(am, Se,Su) (o’zq — o ) 0<R<1
AN q(l _ D)Zq max min )’ —= :
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Table A2. Time-dependent, tensorial, plastic-damage, and two-scale fatigue damage evolution laws.

Model Damage Evolution Law
dD, (1-D)7F

AN (p+1)N,’
dD; _ (1-D)"
dN — (g+1)N;’

- [ () o-or
dD;;

ij p—2
AN —A—zApk(Ul],Dl]) Ys YZ]dYS

2Ry \°
dE — v Y Agp,
AN 2ES

72 oy 2
Ro = 2(1+v)+3(1 2”)(%)'

Lemaitre and Plumtree [173]

Fuetal. [155]

Dufailly and Lemaitre [147]

dD Z(Rg)s{((fmax + kSth)ZSH — [g-f(l + k)]Zs-i—l}
AN~ C1+k)(2s+1)[2ES(1+ k21— D) ’

Lemaitre et al. [149] 2
R~ 2(14v) +3(1 —2v) L];
3 3 (1 n k”‘)
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