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Abstract

A Cayley graph I' = Cay(G,S) is a graphical regular representation (GRR) of G if
Aut(T') = G acts regularly. We call I a quantum rigid if its quantum automorphism
group also satisfies QAut(I') = G. We prove that a Cayley graph whose coherent (two-
dimensional Weisfeiler-Leman) closure is thin is quantum rigid. For Cayley graphs this
closure is exactly the S-ring generated by S. The direct in-group refinement algorithm
tests thinness in polynomial time; with comparison sorting of the refinement signatures,
one round costs O(|G|?log |G|) and at most |G| — 1 strict refinement rounds occur, giving
the explicit worst-case bound O(|G|? log |G|). Thus thinness supplies a polynomial-time
sufficient test for the absence of quantum symmetry, rather than a complexity-theoretic
certificate in the NP sense. We also prove that, for a GRR, thinness is equivalent to Schu-
rity of its coherent closure. Hence non-quantum-rigidity of a GRR forces a non-Schurian
coherent closure, although the converse is not asserted. Every GRR over a Schur group is
therefore quantum rigid. Moreover, a WL-thin Cayley graph is determined up to ordinary
isomorphism by its quantum-isomorphism class. Finally, an exact, reproducible census
of 193,694 connected labelled Cayley graph instances (one for each symmetric connection
set, without quotienting by graph isomorphism) in twenty-four finite groups finds no
GRR that fails WL-thinness. The accompanying Python 3.14 program contains the group
constructions, refinement procedure, exact GRR test and machine-readable output.

Keywords: graphical regular representation; quantum automorphism group; quantum
permutation group; Cayley graph; Weisfeiler-Leman algorithm; coherent algebra; Schur
ring; Schurity

MSC: Primary 20B25; 46L67; Secondary 05C25; 05E30; 20G42; 46L.89

1. Introduction
1.1. Two Rigidity Notions

Let G be a finite group and S C G\ {1} with S = S~L. The Cayley graph Cay(G, S)
has vertex set G and edges {x,y} with x "1y € S. Left translations are automorphisms,
so G < Aut(Cay(G,S)), and the graph is called a graphical regular representation (GRR)
of G when this containment is an equality. Which groups admit a GRR was settled by
Godsil [1], completing the work of Watkins, Imrich, Nowitz, Hetzel and Babai-Imrich [2-7]:
every finite group has one except the Abelian groups of exponent greater than two, the
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generalised dicyclic groups, and thirteen exceptions of order at most 32. More recently
Xia and Zheng [8] proved the Babai-Godsil-Imrich-Lovasz conjecture (see [9] for the
original programme and [10] for the directed analogue), so that for a group admitting a
GRR almost every Cayley graph is one. Classical rigidity of Cayley graphs is, in this sense,
both classified and generic.

Quantum symmetry is a different matter. Wang [11] introduced the quantum permu-
tation group Sy;, whose function algebra is generated by a magic unitary u = (ui) fj:l of
projections with all rows and columns summing to 1; Bichon [12] and Banica [13] attached
to a graph I' on N vertices its quantum automorphism group QAut(I'), the quotient of
C(Sy;) by the relations uAr = Aru. One always has Aut(I') < QAut(T), and T is said
to have no quantum symmetry when C(QAut(T')) is commutative, and equivalently, when
QAut(T) = Aut(T). The algebra C(Sy;) is infinite-dimensional for N > 4, so the contain-
ment is very often strict; determining when it is not has been the central problem of the
subject [14-18].

This paper concerns the interaction of the two notions.

Definition 1. A Cayley graph T = Cay(G,S) is quantum rigid if QAut(I') = G, i.e., if
C(QAut(T)) is commutative and T is a GRR.

1.2. Why the Question Is Not Routine

Two facts frame the problem. On one side, the best-known sufficient condition for the
presence of quantum symmetry is Schmidt’s disjointness criterion [16]: if Aut(I') contains
two non-trivial automorphisms with disjoint supports, then I' has quantum symmetry. For
a GRR this criterion is vacuous, since a regular permutation group has no non-identity
element with a fixed point, hence no two non-identity elements with disjoint supports;
every non-trivial automorphism of a GRR has full support. All standard constructions of
quantum symmetry for vertex-transitive graphs—hypercubes, Hamming graphs, folded
cubes, disjoint unions and wreath-type products—proceed through large automorphism
groups and are equally unavailable.

On the other side, one cannot conclude that small classical symmetry forces small
quantum symmetry. Van Dobben de Bruyn, Roberson and Schmidt [19] constructed asym-
metric graphs—Aut(I') = 1, the smallest classical symmetry possible—with non-trivial
quantum automorphism group, the first examples of any asymmetric space with quantum
symmetry. Their construction uses solution groups of linear systems and is genuinely
non-classical. So the implication “classically rigid = quantum rigid” is false in general,
and there is no formal reason for GRRs to behave better.

Question 1. Is every graphical regular representation quantum rigid?

1.3. Results

Our approach replaces the automorphism group by the coherent closure. Write WL(T)
for the coherent algebra produced by two-dimensional Weisfeiler-Leman refinement [20];
it is the smallest coherent algebra containing Ar. Quantum automorphisms preserve the
stable coherent colouring [21], and the corresponding quantum-isomorphism statement
is developed in [22]. For a Cayley graph, the coherent closure lies in the group algebra
and is precisely the S-ring generated by the connection set in the sense of Schur—Wielandt
theory [23,24]. We call I' WL-thin when all basic sets of this S-ring are singletons.

Theorem 2 (Theorem 5). Let I' = Cay(G, S) be WL-thin. Then C(QAut(T')) is commutative
and QAut(I') = Aut(T') = G. In particular, T is a quantum rigid GRR.
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The hypothesis is algorithmically checkable. The direct refinement procedure of
Remark 2 has worst-case running time O(|G|*log |G|) in the stated comparison model.
Consequently WL-thinness is a polynomial-time sufficient test for quantum rigidity. No
claim is made that a short witness for quantum rigidity has been characterised in the
complexity-theoretic sense of a polynomially verifiable certificate. This distinction is useful
because quantum isomorphism itself is undecidable [22].

The same hypothesis yields rigidity in the stronger relational sense.

Theorem 3 (Theorem 6). Let T = Cay(G, S) be WL-thin and let T be any graph quantum
isomorphic toT. Then T" = T.

For a GRR, WL-thinness is equivalent to Schurity of the coherent closure, but this does
not identify quantum rigidity with Schurity. The exact logical content is

Schurian coherent closure <= WL-thin = quantum rigid,
and therefore
not quantum rigid = non-Schurian coherent closure.

The reverse implication in the second display is neither used nor claimed. This yields a
classical obstruction: any counterexample to quantum rigidity among GRRs must generate
a non-Schurian S-ring.

Theorem 4 (Theorem 7). Let I = Cay(G,S) be a GRR. Then T is WL-thin if and only if its
coherent closure is Schurian. Consequently, if T is not quantum rigid, its coherent closure is
non-Schurian; in particular every GRR over a Schur group is quantum rigid.

The thinness hypothesis is genuinely restrictive. For the n-cube Q, = Cay(Z5, {ej, ..., en}),
the coherent closure is the Hamming scheme and hence is far from thin; its quantum automor-
phism group is the g = —1 orthogonal deformation O, ! [25]. Folded odd cubes similarly have
quantum automorphism group SO;; ! [16]. At the opposite extreme, the empty and complete
graphs on N vertices have quantum automorphism group Sy, because their adjacency matrices
are respectively 0 and | — I, both of which commute with every magic unitary [11].

Section 5 gives an exact, reproducible census for twenty-four finite groups. Enumer-
ating every symmetric connection set produces 193,694 connected labelled Cayley graph
instances; distinct connection sets are counted separately even when the resulting graphs
are isomorphic. In this census every GRR is WL-thin, so all 90,216 GRRs encountered are
quantum rigid by Theorem 5. The accompanying program uses no search node cap and
records per-instance timings and raw classifications in CSV form.

We do not resolve Question 1. Thinness of the S-ring generated by S is a genuinely
iterative Weisfeiler-Leman condition rather than a simple group-theoretic condition; in
particular, a one-step autocorrelation statistic need not separate the group elements.

1.4. Organisation

Section 2 fixes conventions and recalls the quantum and combinatorial input. Section 3
proves the main theorem and its quantum-isomorphism counterpart. Section 4 establishes
the Schurity criterion and records sharpness examples. Section 5 presents the reproducible
computations and their interpretation. Section 6 lists the remaining open problems.
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2. Preliminaries
2.1. Graphs and Quantum Automorphism Groups

All graphs are finite, simple and undirected. For a graph I with vertex set V, |[V| = N,
let Ar be its adjacency matrix.

Definition 2. A magic unitary of size N over a unital C*-algebra B is a matrix u = (u;;) €
M (B) whose entries are projections (u;; = uj; = u%j) with

Zui]' =1 (Vi), Zuij =1 (V])
j i

Wang's quantum permutation group Sy is the compact quantum group with C(Sy;), the universal
C*-algebra generated by the entries of a magic unitary, with A(u;j) = Yy ujx @ uyj. The quantum
automorphism group QAut(T') of a graph T is given by

C(QAut(T)) = C(Sy;)/{ uAr = Aru ).

Entries of a magic unitary in a fixed row are mutually orthogonal projections, and like-
wise in a fixed column; we use this constantly. Abelianising C(QAut(T)) returns C(Aut(T)),
so Aut(I') < QAut(I'), with equality precisely when C(QAut(T')) is commutative; in that
case one says I" has no quantum symmetry.

Two graphs I', I on N vertices are quantum isomorphic, written T' 2, T”, if there is a
non-zero unital C*-algebra B and a magic unitary u € My(B) (rows indexed by V(I”),
columns by V(T')) with uAr = Apu [21,22].

2.2. Coherent Algebras and Weisfeiler—Leman

A coherent algebra on V is a subalgebra W < My (C) containing I and ] (the all-
ones matrix), closed under conjugate transpose and under the Schur (entrywise) product.
Equivalently it is spanned by the 0/1 matrices of a partition of V x V satisfying the usual
coherent-configuration axioms; the classes of that partition are the basic relations and the
corresponding partition is the associated colouring.

The two-dimensional Weisfeiler-Leman algorithm [20] computes the coarsest stable
refinement of the initial colouring

0, x=y,
co(x,y) =141, xyeE),

2, otherwise,

by repeatedly replacing c(x,y) with the pair consisting of ¢(x,y) and the vector of counts
Nz :e(x,z) =i, c(zy) = j} ’i,j‘ The resulting stable colouring WL spans the smallest
coherent algebra containing Ar; we denote that algebra by WL(T') and call it the coherent
closure of T'. One has

Aut(T) = Aut(WL(T)), (1)

since automorphisms of I preserve the stable colouring, and conversely Ar € WL(T).

The following is the input on which everything rests. In the basic form—uAr =
Aru holds if and only if ., = 0 whenever the pairs (x,z) and (y, w) have different
adjacency type—it is an immediate consequence of the magic unitary relations and is used
throughout the literature; the refinement to the full stable Weisfeiler—Leman colouring is
([21], Corollary 3.13), and the corresponding statement for quantum isomorphism of two
graphs is ([22], §5).
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Lemma 1 (Lupini-Man¢inska—Roberson). Let I be a graph and let u be the fundamental magic
unitary of QAut(I'). If WLr(x,z) # WLr(y, w) then tyyitz = 0.

We shall also use the companion fact for quantum isomorphism: if I' 2, I”, then T
and I" are not distinguished by the Weisfeiler—Leman algorithm; more precisely there is
an algebraic isomorphism f: WL(T') — WL(I”), i.e., a colour-preserving bijection of basic
relations preserving all intersection numbers, mapping the edge colour of I to that of
I’ ([22], §5).

Remark 1 (Terminology). The phrase quantum Cayley graph has an established and different
meaning: the Cayley graph of a discrete or finite quantum group, in the sense of Vergnioux and,
more recently, of Brannan, Gromada, Matsuda, Skalski and Wasilewski [26], who prove a quantum
Frucht theorem in that setting and show that the dual of a non-Abelian finite group is quantum
rigid there. Our graphs are ordinary Cayley graphs of ordinary finite groups; only the symmetry
object is quantum. We use “quantum rigid” for the property QAut(I') = G, which is consistent
with the usage of [26] but applied to a classical graph.

2.3. Schur Rings

Let G be a finite group. A partition P of G is a Schur ring (S-ring) if {1} € P, P is
closed under T + T~!, and the C-span of the elements T = Y.t € C[G], T € P, isa
subalgebra of C[G]. The members of P are its basic sets. An S-ring is thin (equivalently,
trivial as a partition) if every basic set is a singleton, i.e., if P = {{g¢} : ¢ € G}.

Identify C[G] with the algebra of matrices M € Mg(C) such that My, depends only
on x~!z; this is exactly the centraliser algebra of the left regular representation of G, and it
is a coherent algebra whose basic relations are the |G| singleton relations Rg = {(x, xg) :
x € G}. Under this identification, S-rings over G are precisely the coherent subalgebras of
C[G], and thinness of an S-ring corresponds to equality with C[G].

A coherent algebra W on V is Schurian if VW = Orb(Aut()V)), the orbital algebra of its
automorphism group, or equivalently, if its basic relations are exactly the orbits of Aut(W)
on V x V. Since Orb(Aut(W/)) D W always, non-Schurian means the containment is strict.
A finite group G is called a Schur group if every S-ring over G is Schurian. It is not true that
every cyclic group is a Schur group. The cyclic Schur groups were classified by Evdokimoyv,
Kovacs and Ponomarenko: a cyclic group of order # is Schur exactly when n belongs to
one of the families p*, pg*, 2pg*, pqr, or 2pqr, where the displayed primes are distinct and
k > 0[27]. For elementary Abelian groups, C is Schur whereas C§ is not; more generally
the non-cyclic elementary Abelian Schur groups have orders 4, 8,9, 16,27, 32 [28].

3. Thin Cayley Graphs Are Quantum Rigid
Throughout this section G is a finite group and S = S™! C G\ {1}; we write
I' = Cay(G, S) and identify V(I') with G.
3.1. The Coherent Closure of a Cayley Graph
Proposition 1. Let I' = Cay(G, S) and let c = WL be its stable colouring. Then

(i) c(hx, hz) = c(x,z) forall h,x,z € G; consequently there is a function 7y: G — colours with
c(x,z) = y(x71z);

(i) WL(T') C C[G], and the partition Pg of G into the fibres of 7y is an S-ring over G containing
S as a union of basic sets;

(iii) Pg is the smallest S-ring over G having S as a union of basic sets.

Proof. (i) Left translation A, (x) = hx is an automorphism of T, and the Weisfeiler-Leman
colouring is invariant under graph automorphisms, being defined by an isomorphism-
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invariant refinement procedure. Hence c(hx, hz) = c(x,z). Taking h = x~! gives c(x,z) =
c(1,x71z),50 7(g) := ¢(1,g) works.

(i) By (i), every matrix in WL(T') has (x, z)-entry depending only on x~'z, and hence
lies in C[G]. Since WL(T') is a coherent algebra contained in C[G], its basic relations are
the sets {(x,xg) : g € T} for T ranging over the fibres of 7, and Ps is the corresponding
partition of G. We verify the three S-ring axioms. First, {1} € Pg, because the initial
colouring already separates the diagonal from everything else and refinement never merges
colour classes. Second, Ps is closed under inversion: the stable colouring satisfies c(x,z) =
c(x,2') = c(z,x) = (2, x’) (the transpose of a basic relation of a coherent algebra is again
a basic relation), and y(g™') = ¢(1,¢7!) = c(g,1), so the fibres of y are permuted by
inversion; since inversion is an involution preserving cardinalities and y(g) determines
v(g~1), each fibre is mapped onto a fibre, and T ++ T~! is a permutation of Ps. Third, the
span is an algebra: stability of the colouring says precisely that for basic relations Rt, Ry
the product RTRy is a non-negative integer combination of basic relations, and translating
to C[G] this reads

T = Y AT, AL =[{(Lt)eTx Tt =g}| (g€ T"),
T"ePg

the count on the right being independent of the choice of ¢ € T” exactly because the
colouring is stable. Finally S is a union of fibres of -y since <y refines 7.

(iii) If @ is an S-ring having S as a union of basic sets, then the corresponding coherent
algebra contains Ar = Y ;.5 Rs and hence contains WL(T'), so Q refines (we use “refines”
in the order of partitions: Q refines P means every block of Q is contained in a block of
P)Ps. O

Definition 3. The Cayley graph T = Cay(G, S) is WL-thin if Ps is the thin S-ring, i.e., if 7y is
injective, i.e., if WL(T') = C[G].

Remark 2. By Proposition 1 the whole computation can be carried out inside G. Starting with
70(1) =0, 70(g) = 1for g € S and yo(g) = 2 otherwise, define

Ye1(2) = (n(9), L), mlh'g)) s he G} ).

For each of the |G| values of g, constructing and comparison-sorting the multiset of |G| colour pairs
costs O(|G|1og |G|); hence one refinement round costs O(|G|?log |G|). Every non-stable round
strictly increases the number of colour classes, from at least 1 to at most |G|, so at most |G| — 1
strict rounds occur. The resulting explicit worst-case bound is therefore

O(|GP log |GI).

Hash-based implementations may be faster in practice, but are not needed for the stated guarantee.
Thus WL-thinness is decidable in polynomial time and, by Theorem 5, gives a polynomial-time
sufficient test for quantum rigidity.

Proposition 2. If Cay(G, S) is WL-thin then it is a GRR of G.

Proof. Let ¢ € Aut(I'). Composing with the left translation by ¢(1)~! we may assume

#(1) = 1. Automorphisms preserve the stable colouring, so for every x € G,

1(9(x)) = e(1, 9(x)) = c(p(1), 9(x)) = e(1,x) = 7(x),
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and injectivity of -y forces ¢(x) = x. Hence the stabiliser of 1 in Aut(T) is trivial, and since
G < Aut(T') acts transitively we get Aut(I') = G, acting regularly. [

3.2. The Main Theorem

Theorem 5. Let I' = Cay(G,S) be WL-thin. Then C(QAut(T)) is commutative; indeed the
entries of the fundamental magic unitary satisfy

Uxy = Uxgyg  forallx,y,g €G, @)

so that uyy = p,, where {pn = uniltnec is a family of mutually orthogonal projections
summing to 1. Consequently
QAut(T) = Aut(T') = G,

that is, I is a quantum rigid GRR.

Proof. By WL-thinness and Proposition 1(i), the stable colouring is c(x,z) = y(x~'z) with
7 injective, so that

1

c(x,z) = c(y,w) <= x lz=y lw. 3)

Lemma 1 therefore reads as follows: for all x,y,z, w € G,
xlz Ay = Uyy Uz = 0. 4)

Fix x,y,¢ € G. We first show 1y, = iy ye Uy,y. Since the row of u indexed by xg sums

tol,
Ury = ( Z ”Xg,w)”x,y = Z Uxg,w Ux,y-
weG weG

By (4) applied with the pair (xg, w) in the first slot and (x, y) in the second, the term indexed
by w vanishes unless (xg) 'x = w1y, i.e, unless ¢~! = w1y, i.e., unless w = yg. Hence

Uxy = Uxg,yg Uxy- (5)

Symmetrically, using that the row indexed by x sums to 1,

Uxg,yg = ( ZG Mx,v) Uxg,yg = ZG Uxp Uxg,ygs
ve ve

and the term indexed by v vanishes unless x~!(xg) = v~ 1(yg), i.e., unless ¢ = v~ lyg, i.e.,
unless v = y. Hence

Uxg,yg = Uxy Uxg,yg- (6)

All entries of a magic unitary are self-adjoint, so taking adjoints in (5) gives uyy = iy, Uxg,yq,
which combined with (6) yields uy; = uxgye. This is (2).

Setting ¢ = y~ ! in (2) gives Uy = Uy-11 = Py 1. The entries of the row of u indexed
by x are mutually orthogonal projections summing to 1; as y runs over G, xy ! runs over
G, s0 {pyn }nec is a family of |G| mutually orthogonal projections with Y, p;, = 1. Mutually
orthogonal projections commute, and by (2) they generate the whole algebra C(QAut(T));
hence that algebra is commutative, and is a quotient of C6.

A commutative C*-algebra of functions on a compact quantum group means the quan-
tum group is a classical compact group, acting faithfully on the N vertices and preserving
I'; therefore QAut(I') < Aut(T'), and with the standard inclusion Aut(I') < QAut(T') we

get QAut(T') = Aut(T'). By Proposition 2, Aut(I') = G. O
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Remark 3. Identity (2) is the precise quantum analogue of the classical statement that the automor-
phism group of a WL-thin Cayley graph consists of left translations: it says that the fundamental
representation of QAut(T') is invariant under the diagonal right-translation action on indices,
which for a classical permutation matrix means exactly that the permutation is a left translation.
The proof extracts this from the orthogonality relations alone; no representation theory of SY; is used.

Remark 4. The theorem gives no converse when I is not WL-thin. At one extreme, for S = @ the
adjacency matrix is 0, while for S = G \ {1} it is ] — I. Every magic unitary commutes with both
0and | — I because its row and column sums are 1; hence in either case the defining graph relation
imposes no additional relation on C(Sy;) and QAut(T) = Sy, [11].

3.3. Quantum Isomorphism Rigidity

Theorem 6. Let I' = Cay(G,S) be WL-thin and let T’ be a graph with T ==, T'. Then T" = T.
Equivalently, on the class of WL-thin Cayley graphs, quantum isomorphism coincides with isomorphism.

Proof. By ([22], §5), quantum isomorphic graphs are not distinguished by the Weisfeiler—
Leman algorithm: there is an algebraic isomorphism f: WL(I') — WL(I”), that is, a
bijection between basic relations preserving equality type and all intersection numbers,
which carries the edge relation of I to that of I”.

By hypothesis WL(I') = C[G] is thin; i.e., all its basic relations Ry (§ € G) have
valency 1. Since valency is determined by the intersection numbers, every basic relation
f(Rg) of WL(I") also has valency 1, and hence WL(I") is thin. We recall the standard thin-
scheme/group correspondence [29] in the form needed here. Because the configuration is
homogeneous, a valency-one basic relation R is the graph of a unique permutation of the
vertex set: every vertex has exactly one R-successor, and the same statement for R* makes
this map bijective. If R and T are two basic relations of valency one, then for each vertex
there is exactly one two-step walk first in R and then in T. Consequently there is a unique
basic relation U with intersection number pIL{I’T =1, while pl‘/{T = 0 for every other basic
relation W; equivalently, the relational product satisfies R o T = U. The diagonal relation
is the identity and transpose gives inverses. Thus the basic relations of a homogeneous
thin coherent configuration form a group under relational product, and the associated
permutations give a regular permutation group.

For the present configuration, Rg o Rj;, = Rgy,. Since an algebraic isomorphism pre-
serves all intersection numbers, the preceding characterisation gives

f(Rg)o f(Ry) = f(Rgn) (&1 €G).

Hence Ry — f(Ryg) is a group isomorphism from the relation group {R¢ : g € G} = G
onto the regular relation group of WL(I”). In particular, the group structure on the latter is
reconstructed solely from the intersection numbers; no additional choice of a permutation
group is being made.

Choose o' € V(I"). For each g € G, let ¢(g) be the unique vertex with (¢/,¢(g)) €
f(Rg). Regularity makes ¢: G — V(I”) a bijection. Moreover, for every s € G,

f(Rg) o f(Rs) = f(Rgs),

so the unique f(R;)-successor of ¢(g) is ¢(gs). Since the edge relation of T is [J;c5 Rs and
f carries it to the edge relation of I”, the basic relations being pairwise disjoint, we obtain
forallg,s € G

{¢(2),9(gs)} € E(I') <= se8.

Thus ¢ is a graph isomorphism Cay(G,S) — I'. O
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Corollary 1. A WL-thin Cayley graph is determined, among all graphs, by its homomorphism
counts from planar graphs.

Proof. By Mancinska—Roberson [30], two graphs are quantum isomorphic if and only
if they admit equally many homomorphisms from every planar graph. Combine with
Theorem 6. [

Proposition 3. Let T be an arbitrary finite graph. If the coherent closure of T is discrete, i.e., if
every ordered pair (x,z) forms a singleton basic relation, then QAut(T) is trivial.

Proof. Letu = (iy,) be the fundamental magic unitary. If x # y, then the diagonal ordered
pairs (x,x) and (y,y) are distinct singleton colour classes. Lemma 1, with (x,z) = (x, x)
and (y,w) = (y,y), yields

UyylUyy = 0.

Because Uy is a projection, Uyy = 0 whenever x # y. The row-sum relations then give
uyy = 1 for every x. Thus u = [ and the quantum automorphism group is trivial. [

3.4. Elementary Consequences

We record three easy but useful consequences of Theorem 5.

Proposition 4. Let I = Cay(G,S) with S # @ and S # G\ {1}, and let S = G\ (SU{1}).
Then T is WL-thin if and only if Cay(G, S) is WL-thin. Consequently quantum rigidity of Cayley
graphs is preserved under complementation.

Proof. The complement of T is Cay(G, S). The two initial Weisfeiler-Leman colourings
differ only by interchanging the two labels 1 and 2, so they generate the same coherent
algebra: WL(I') = WL(T'). Hence Ps = Pg and thinness holds for one if and only if it
holds for the other. Now apply Theorem 5. (Independently, QAut(I') = QAut(T') always,
since Ap = | — I — Ar and a magic unitary commutes with [ and J.) O

Proposition 5. The set of symmetric connection sets S for which Cay (G, S) is WL-thin is invariant
under Aut(G).

Proof. If « € Aut(G) then « is a graph isomorphism Cay(G, S) — Cay(G, «(S)) carrying

the stable colouring of one to that of the other and commuting with the identification

c(x,z) = y(x7'z); s0 Ya(s) = VS © a~1, which is injective if and only if y5is. O

Corollary 2. A WL-thin Cayley graph is a Cayley graph of exactly one group: if Cay(G,S) is
WL-thin and Cay(G, S) = Cay(H, T) for some group H, then H = G.

Proof. A regular subgroup of Aut(Cay(G, S)) isomorphic to H exists by hypothesis, and
Aut(Cay(G,S)) = G by Proposition 2; a regular subgroup of a regular group is the
whole group. O

3.5. A Worked Example

LetG =Dy = (r,s |1®=s2=1, srs =r!) and
S=1{r, 1, s, rs, s},

a symmetric generating set of size 5; this is the smallest WL-thin connection set in Dy,
as an exhaustive search shows. The refinement of Remark 2 runs as follows, writing the
colour of each group element.
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1 r 7’2 T3 7’4 1’5 S rs TZS 7’35 1’45 1"58
Yo 0 1 2 2 2 1 1 1 2 1 2 2
Y1 0 1 2 2 2 1 3 3 4 2 2
Y2 0 1 2 3 4 5 6 7 8 9 10 11

After two rounds the colouring is discrete and hence stable, so Ps is the thin S-ring.
By Theorem 5, Cay(Djy, S) is a quantum rigid GRR: QAut = Aut = Djy. (An independent
computation with the VF2 algorithm confirms | Aut | = 12.) It is worth noting what the
two rounds do. The first round separates the reflections in S from the rotations in S, and
splits the reflections according to the number of 2-paths joining them to the identity; the
second round then propagates this to a complete separation. No single count does the job:
the autocorrelation g — |S M ¢S| alone leaves several classes merged, and it is the iteration
that is essential—which is precisely the obstacle to proving thinness for infinite families
by hand.

4. Schurity Criterion, Obstruction, and Sharpness
4.1. The Schurity Criterion
Theorem 7. Let T = Cay(G, S) be a GRR of G. Then the following are equivalent:
(i) T is WL-thin;
(ii)  the coherent closure WL(T') is Schurian;
(iii) the S-ring Ps is Schurian.
In particular, if T is a GRR which is not quantum rigid, then Pg is a non-Schurian S-ring
over G whose automorphism group is the reqular group G.

Proof. (ii) and (iii) are the same statement under the identification of Proposition 1(ii).

()= (ii). If T' is WL-thin then WL(T') = C[G], whose basic relations R, = {(x, xg)}
are precisely the orbits of the regular group G acting by left translation on G x G. Hence
WL(T) = Orb(G). Moreover Aut(C[G]) = G: a permutation 7t of G preserving each R,
satisfies 7t(x) ~17t(xg) = g forall x, g, i.e., m(xg) = 7(x)g, so 7 is left translation by 7(1).
Thus WL(T') = Orb(Aut(WL(T))) and WL(T) is Schurian.

(ii)=(@i). Suppose WL(T) is Schurian, so WL(I') = Orb(Aut(WL(T))). By (1),
Aut(WL(T)) = Aut(T') = G because T is a GRR. Hence WL(T') = Orb(G) = C[G], which
is thin.

For the final statement, if I' is a GRR which is not quantum rigid then QAut(T') # G, so
by Theorem 5 I' is not WL-thin, so by the equivalence Pg is non-Schurian; its automorphism
groupis Aut(I') = G. O

Corollary 3. Let G be a Schur group; i.e., suppose every S-ring over G is Schurian. Then every
GRR of G is quantum rigid, and indeed WL-thin.

Proof. Immediate from Theorems 5and 7. O

Corollary 3 must be read together with the known structure of Schur groups. For
cyclic groups, the exact classification is given in [27]; most cyclic groups are not Schur,
and cyclic groups of order greater than 2 do not admit undirected GRRs because they are
Abelian of exponent greater than two. On the other hand, Cg is a Schur group [28] and does
admit GRRs. Therefore Corollary 3 yields an unconditional conclusion: every GRR of C3 is
WL-thin and quantum rigid. The elementary Abelian group C§ is not a Schur group, so it is
a natural first elementary-Abelian test case where Schurity itself no longer settles the issue.
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Proposition 6. Among elementary Abelian 2-groups, C5 simultaneously has the Schur property
and admits GRRs, whereas Cg with d < 4 admits no GRR and C‘zi with d > 6 is not a Schur group.

Proof. The Schur-group classification for elementary Abelian groups gives the 2-power
orders 4, 8,16, 32 and no larger elementary Abelian 2-group [28]. Godsil’s GRR classification
gives no GRR for C%, Cg’, C%, while Cg admits a GRR for 4 > 5 [1]. Combining the two
classifications gives the assertion. [J

Remark 5. Theorem 7 provides an obstruction, not an equivalence with quantum rigidity. If a
GRR fails quantum rigidity then its coherent closure is necessarily non-Schurian. A non-Schurian
coherent closure, however, is not proved to force quantum symmetry.

4.2. Sharpness of the Thinness Hypothesis

The following classical computations show that the hypothesis of Theorem 5 cannot
be weakened to “S generates G”, “I" is connected and vertex-transitive”, or anything of
that kind.

Example 1 (Hypercubes). Let G = Z5 and S = {ey, ..., e, }, the standard basis, so T = Q,
is the n-cube. Two vertices x, z satisfy WLq, (x,z) = WL, (y, w) as soon as x + z and y + w
have the same Hamming weight, and in fact WL(Qy,) is the Bose—Mesner algebra of the Hamming
scheme H(n,2), with basic sets the n + 1 weight classes. Thus Ps has n + 1 basic sets and is very
far from thin as soon as n > 2. Correspondingly, Banica, Bichon and Collins [25] proved

QAut(Q,) = 0,1},

the free complexification / anticommutative deformation of the orthogonal group, which is a genuinely
quantum object of unbounded dimension. Of course Aut(Q,,) = Z x Sy is much larger than G,
so Qy, is not a GRR either.

Example 2 (Folded cubes). For n odd the folded n-cube is again a Cayley graph of an elementary
Abelian 2-group, with WL closure the corresponding folded Hamming scheme, and Schmidt [16]
showed QAut = SO, !; the case n = 5 is the Clebsch graph, answering a question of [25].

Example 3 (Where thinness is what changes). Inside a single group both behaviours occur. For
G = Dy the exhaustive census of Table 1 contains 464 connected labelled Cayley graph instances,
of which exactly 48 are WL-thin; these are exactly the 48 GRRs. The worked example in Section 3.5
is one of the thin cases, while the standard connection sets producing extra dihedral symmetries are
non-thin. Thus the relevant distinction is not determined by the ambient group alone, but by the
S-ring generated by S.

Table 1. Exhaustive enumeration of symmetric connection sets/labelled Cayley graph instances. In
every row thin = GRR; counts are not quotiented by graph isomorphism.

G |G| k 2k conn thin GRR
Zg 6 3 8 5 0 0
Zsg 8 4 16 12 0 0
Dg = S3 6 4 16 11 0 0
Dg 8 6 64 48 0 0
Qg = DiC2 8 4 16 8 0 0
z3 8 7 128 92 0 0
Dy 10 7 128 119 0 0
D1y 12 9 512 464 48 48
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Table 1. Cont.

G |G| k 2k conn thin GRR
Ay 12 7 128 116 0 0
Dics 12 6 64 50 0 0
D1y 14 10 1024 1009 168 168
D1¢ 16 12 4096 3960 1024 1024
Q16 = Dicy 16 8 256 216 0 0
SD1q 16 10 1024 936 128 128
Mg 16 9 512 456 0 0
Z% 16 15 32,768 31,232 0 0
Zy x Dg 16 13 8192 7728 1536 1536
Dqg 18 13 8192 8134 3888 3888
Dyp 20 15 32,768 32,468 18,240 18,240
Dics 20 10 1024 982 0 0
Sy 24 16 65,536 65,196 45,600 45,600
SL(2,3) 24 12 4096 4056 1152 1152
Dicg 24 12 4096 3896 0 0
Ay X 7 24 15 32,768 32,500 18,432 18,432

5. Computations and Reproducibility
5.1. Exact Protocol

For a finite group G represented by its multiplication table, let the symmetric atoms
be the inverse-orbits in G \ {1}: an atom is {g, g~ '}, reduced to a singleton when g is an
involution. Every symmetric connection set is a union of these atoms, so if there are k
atoms there are exactly 2 candidates. Throughout this section, a “candidate” or “instance”
means one such connection set S on the labelled vertex set G; no quotient by Aut(G) or
by abstract graph isomorphism is taken. The accompanying file reproduce_census.py
constructs each group, enumerates all atom subsets, discards S with (S) # G, computes
the stable in-group WL partition of Remark 2, and tests thinness.

For a connected non-thin graph the program performs an independent exact GRR test
with NetworkX’s VF2 isomorphism engine. The stable colour of each vertex relative to the
identity is supplied as a necessary node constraint, and the search stops only after either
finding a non-identity automorphism fixing 1 or exhausting all possibilities. There is no
node cap. Thus no computational verdict depends on an unreported truncation parameter.
The program records the number of refinement rounds and the wall-clock time of every
instance in CSV output. The command-line option -self-test checks the group orders
and the worked D1, example.

The implementation is deterministic for exhaustive runs. Sampling is not used for
any numerical claim below; the script nevertheless provides an explicitly seeded sampling
mode for independent exploratory work. On the bundled validation run for Dy, all
2° = 512 symmetric connection sets were processed: 464 are connected, 48 are WL-thin
and exactly the same 48 are GRRs. This run reproduces the row in Table 1; the CSV file is
included with the source package. Absolute timings are machine-dependent and therefore
are emitted by the program rather than treated as mathematical invariants.

5.2. Exhaustive Census

Table 1 lists the twenty-four groups for which every symmetric connection set was
enumerated. The unit of enumeration is a symmetric connection set S on the fixed la-
belled vertex set G: two distinct sets S and T are counted as two census instances even
if Cay(G,S) = Cay(G,T) as abstract graphs. Thus the table does not report numbers
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of graph-isomorphism classes. Here conn counts the connected labelled Cayley graph
instances, thin the WL-thin instances, and GRR those with Aut(I') = G.

Summing the rows gives 193,694 connected labelled Cayley graph instances and
90,216 GRR instances. No connected instance in this census is a GRR without being WL-
thin. Therefore every GRR in the census is quantum rigid by Theorem 5. The groups with
zero GRR count agree with the relevant portion of the Godsil classification [1], providing a
classification-level consistency check that is logically independent of the thinness theorem.

5.3. A Concrete Near-Miss

A useful near-miss is the 4-cube Q4 = Cay(C‘Zl, {el, e, e3, 64}). It is connected but not
a GRR: its vertex stabiliser contains the coordinate-permutation group S4. Its coherent
closure has only the five Hamming-weight classes rather than 16 singleton classes. Thus it
fails the target property at two visible levels—classical regularity and WL-thinness—while
retaining the same Cayley /WL structure used in the main theorem. This example illustrates
concretely what the computation detects before one reaches the genuinely open case of a
GRR with non-thin closure.

5.4. Interpretation

The data suggest, but do not prove, a generic thinness phenomenon. A heuristic
comes from collision suppression in successive refinements. At a fixed refinement stage
two distinct ¢, ¢’ € G remain indistinguishable only if the entire empirical distribution of
colour pairs

(7k(h), me(h™'g))  (h€G)

matches the corresponding distribution for g’. For a random symmetric connection set
these are strongly dependent random variables, so a naive independence estimate would
be unjustified; nevertheless the number of simultaneous count equalities grows with the
number of colour pairs after each strict refinement. Once the colour palette itself grows
with |G|, satisfying all these equalities should become increasingly rare. This is only a
heuristic and is stated as such; a proof would require controlling the dependencies created
by inversion symmetry and group multiplication.

6. Open Problems

Question 8. Is every graphical regular representation quantum rigid?

Theorem 7 gives a one-way obstruction: a negative answer to Question 8 would
produce a GRR with non-Schurian coherent closure. The converse is not established;
consequently the quantum-rigidity question and the Schurity question below are distinct.

Question 9. Does there exist a GRR whose coherent closure is non-Schurian, or equivalently, a
GRR which is not WL-thin?

A positive answer to Question 9 would show that the sufficient criterion of Theorem 5
is not universal, but would not by itself prove the existence of quantum symmetry. The
exhaustive census of Section 5 finds no such example.

Conjecture 10. Let (Gy) be any sequence of finite groups admitting GRRs with |G| — co.
For each n, let T,, be the set of orbits of the involution g — ¢! on G, \ {1}. Choose a random
subcollection A, C Iy, by including each orbit independently with probability 1/2, and set

Sn - U O.

OeA,
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Equivalently, S, is sampled from the uniform counting measure on all symmetric subsets of
Gn \ {1}. Then
Pr(Cay(Gy, Su) is WL-thin) — 1.

The heuristic in Section 5 explains why this strengthening of asymptotic GRR genericity
is plausible, while also identifying the missing ingredient: one needs quantitative control
of the dependent collision events produced by successive WL refinements. Xia and Zheng
proved that almost all finite Cayley graphs have the minimal classical automorphism group
whenever a GRR is admissible [8]; Conjecture 10 asks whether the coherent closure is
typically minimal as well.

Question 11. Is there an infinite family of groups G, and connection sets Sy, for which WL-thinness
of Cay(Gy, Sn) can be proved in closed form?

The discrete-closure problem for arbitrary graphs is not open: Proposition 3 shows directly
from Lemma 1 that a graph with discrete coherent closure has a trivial quantum automorphism
group. What remains interesting beyond the Cayley setting is to identify substantially weaker
coherent-configuration hypotheses that still force trivial quantum symmetry.

7. Concluding Remarks

For Cayley graphs, the coherent closure supplies information that the classical auto-
morphism group alone does not contain. WL-thinness forces the translation identity (2),
which collapses the fundamental magic unitary to a partition of unity indexed by G and
hence makes the quantum automorphism algebra commutative. For a GRR, Schurity of the
coherent closure is equivalent to WL-thinness and is therefore sufficient for quantum rigid-
ity. The logical converse is deliberately left open: non-Schurity is a necessary obstruction to
a non-quantum-rigid GRR, not a proved source of quantum symmetry.

Algorithmically, the in-group refinement gives an explicit O(|G|? log |G|) worst-case
bound in the comparison model. The terminology “polynomial-time sufficient test” is used
to separate this decision procedure from the different notion of a polynomially verifiable
certificate. The reproducibility package implements the exact refinement and GRR tests,
contains no hidden search cap, and exports the raw classifications and timings.

The exhaustive census of symmetric connection sets (hence labelled Cayley graph
instances, not isomorphism classes) provides evidence in the range tested but is not used
as a substitute for proof. Its most useful role is diagnostic: it verifies the known GRR
exclusions, reproduces the worked Dj, example independently, and finds no GRR with
non-Schurian coherent closure. The remaining conceptual problems are therefore sharply
separated: determine whether every GRR is quantum rigid, determine whether every GRR
is WL-thin, and understand whether WL-thinness is asymptotically generic.

Author Contributions: Conceptualisation, S.R.M. and ].N.; Methodology, S.R. M. and ].N.; Writing—
original draft, S.R.M. and ]J.N.; Writing—review and editing, S.R.M. and J.N.; Visualisation, J.N.;
Supervision, S.R.M. All authors have read and agreed to the published version of the manuscript.

Funding: This work was supported by the Deanship of Scientific Research, Vice Presidency for Grad-
uate Studies and Scientific Research, King Faisal University, Saudi Arabia [Grant No. KFU265469]

Data Availability Statement: No new data were created or analyzed in this study. Data sharing is
not applicable to this article.

Conflicts of Interest: The authors declare no conflicts of interest.

https://doi.org/10.3390 /math14193513


https://doi.org/10.3390/math14193513

Mathematics 2026, 14, 3513 15 of 15

References

1.  Godsil, C.D. GRRs for nonsolvable groups. In Algebraic Methods in Graph Theory (Szeged, 1978); Colloq. Math. Soc. Janos Bolyai 25;
North-Holland: Amsterdam, The Netherlands, 1981; pp. 221-239.

2. Babai, L.; Imrich, W. Tournaments with given regular group. Aequ. Math. 1979, 19, 232-244. [CrossRef]

3. Babali, L. Finite digraphs with given regular automorphism groups. Period. Math. Hung. 1980, 11, 257-270. [CrossRef]

4. Godsil, C.D. On the full automorphism group of a graph. Combinatorica 1981, 1, 243-256. [CrossRef]

5. Hetzel, D. Uber Regulire Graphische Darstellungen von Auflosbaren Gruppen. Master’s thesis, Technische Universitt Berlin,
Berlin, Germany, 1976.

6.  Nowitz, L.A,; Watkins, M.E. Graphical regular representations of non-abelian groups, I, II. Can. J. Math. 1972, 24, 993-1008. 1009-1018.
[CrossRef]

7. Watkins, M.E. On the action of non-abelian groups on graphs. J. Comb. Theory Ser. B 1971, 11, 95-104. [CrossRef]

8.  Xia, B,; Zheng, S. Asymptotic enumeration of graphical regular representations. Proc. Lond. Math. Soc. 2023, 127, 1424-1450.
[CrossRef]

9. Babai, L.; Godsil, C.D. On the automorphism groups of almost all Cayley graphs. Eur. J. Comb. 1982, 3, 9-15. [CrossRef]

10. Morris, J.; Spiga, P. Asymptotic enumeration of Cayley digraphs. Isr. . Math. 2021, 242, 401-459. [CrossRef]

11.  Wang, S. Quantum symmetry groups of finite spaces. Commun. Math. Phys. 1998, 195, 195-211. [CrossRef]

12.  Bichon, J. Quantum automorphism groups of finite graphs. Proc. Am. Math. Soc. 2003, 131, 665-673. [CrossRef]

13.  Banica, T. Quantum automorphism groups of homogeneous graphs. J. Funct. Anal. 2005, 224, 243-280. [CrossRef]

14. Banica, T.; Bichon, ]. Quantum automorphism groups of vertex-transitive graphs of order < 11. J. Algebr. Comb. 2007, 26, 83-105.
[CrossRef]

15. Gromada, D. Quantum symmetries of Cayley graphs of abelian groups. Glasg. Math. ]. 2023, 65, 655-686. [CrossRef]

16.  Schmidt, S. Quantum automorphisms of folded cube graphs. Ann. Inst. Fourier 2020, 70, 949-970. [CrossRef]

17.  Schmidt, S. On the quantum symmetry of distance-transitive graphs. Adv. Math. 2020, 368, 107150. [CrossRef]

18.  Schmidt, S. Quantum Automorphism Groups of Finite Graphs. Ph.D. Thesis, Saarland University, Saarbriicken, Germany, 2020.

19. van Dobben de Bruyn, J.; Roberson, D.E.; Schmidt, S. Asymmetric graphs with quantum symmetry. Proc. Lond. Math. Soc. 2025,
131, €70098. [CrossRef]

20. Weisfeiler, B.; Leman, A.A. The reduction of a graph to canonical form and the algebra which appears therein. NTI Ser. 1968,
2, 12-16.

21. Lupini, M.; Man¢inska, L.; Roberson, D.E. Nonlocal games and quantum permutation groups. J. Funct. Anal. 2020, 279, 108592.
[CrossRef]

22.  Atserias, A.; Mancinska, L.; Roberson, D.E.; $d4mal, R.; Severini, S.; Varvitsiotis, A. Quantum and non-signalling graph isomor-
phisms. J. Comb. Theory Ser. B 2019, 136, 289-328. [CrossRef]

23.  Muzychuk, M.; Ponomarenko, I. Schur rings. Eur. J. Comb. 2009, 30, 1526-1539. [CrossRef]

24. Wielandt, H. Finite Permutation Groups; Academic Press: New York, NY, USA; London, UK, 1964.

25. Banica, T; Bichon, ].; Collins, B. The hyperoctahedral quantum group. J. Ramanujan Math. Soc. 2007, 22, 345-384.

26. Brannan, M.; Gromada, D.; Matsuda, J.; Skalski, A.; Wasilewski, M. A quantum Frucht’s theorem and quantum automorphisms
of quantum Cayley graphs. Proc. Lond. Math. Soc. 2025, 131, €70102. [CrossRef]

27. Evdokimov, S.; Kovdcs, I.; Ponomarenko, I. Characterization of cyclic Schur groups. St. Petersburg Math. ]. 2014, 25, 755-773.
[CrossRef]

28. Evdokimov, S.; Kovécs, I.; Ponomarenko, I. On schurity of finite abelian groups. Commun. Algebra 2016, 44, 101-117. [CrossRef]

29. Hanaki, A.; Yoshikawa, M. Thin coherent configurations and groupoids. J. Algebra Appl. 2015, 14, 1450074. [CrossRef]

30. Mancinska, L.; Roberson, D.E. Quantum isomorphism is equivalent to equality of homomorphism counts from planar graphs.

In Proceedings of the 61st Annual IEEE Symposium on Foundations of Computer Science (FOCS 2020), Durham, NC, USA,
16-19 November 2020; pp. 661-672. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390 /math14193513


http://dx.doi.org/10.1007/bf02189868
http://dx.doi.org/10.1007/bf02107568
http://dx.doi.org/10.1007/bf02579330
http://dx.doi.org/10.4153/cjm-1972-102-3
http://dx.doi.org/10.1016/0095-8956(71)90019-0
http://dx.doi.org/10.1112/plms.12563
http://dx.doi.org/10.1016/s0195-6698(82)80003-6
http://dx.doi.org/10.1007/s11856-021-2150-0
http://dx.doi.org/10.1007/s002200050385
http://dx.doi.org/10.1090/s0002-9939-02-06798-9
http://dx.doi.org/10.1016/j.jfa.2004.11.002
http://dx.doi.org/10.1007/s10801-006-0049-9
http://dx.doi.org/10.1017/s0017089523000198
http://dx.doi.org/10.5802/aif.3328
http://dx.doi.org/10.1016/j.aim.2020.107150
http://dx.doi.org/10.1112/plms.70098
http://dx.doi.org/10.1016/j.jfa.2020.108592
http://dx.doi.org/10.1016/j.jctb.2018.11.002
http://dx.doi.org/10.1016/j.ejc.2008.11.006
http://dx.doi.org/10.1112/plms.70102
http://dx.doi.org/10.1090/S1061-0022-2014-01315-5
http://dx.doi.org/10.1080/00927872.2014.958848
http://dx.doi.org/10.1142/S0219498814500741
http://dx.doi.org/10.1109/FOCS46700.2020.00067
https://doi.org/10.3390/math14193513

	Introduction
	Two Rigidity Notions
	Why the Question Is Not Routine
	Results
	Organisation

	Preliminaries
	Graphs and Quantum Automorphism Groups
	Coherent Algebras and Weisfeiler–Leman
	Schur Rings

	Thin Cayley Graphs Are Quantum Rigid
	The Coherent Closure of a Cayley Graph
	The Main Theorem
	Quantum Isomorphism Rigidity
	Elementary Consequences
	A Worked Example

	Schurity Criterion, Obstruction, and Sharpness
	The Schurity Criterion
	Sharpness of the Thinness Hypothesis

	Computations and Reproducibility
	Exact Protocol
	Exhaustive Census
	A Concrete Near-Miss
	Interpretation

	Open Problems
	Concluding Remarks
	References

