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Abstract

This paper introduces an enhanced Smith-predictor-based control system (SPCS) for multi-
input multi-output (MIMO) time delay processes. A conventional SPCS for an MIMO
process is composed of a Smith predictor matrix providing predicted outputs and an
array of classical feedback controllers. These controllers act on predicted error signals,
calculated by subtracting the predicted output from the reference signal at the time of
operation. Two major shortcomings were idented for the underperformance of conventional
SPCSs for MIMO time-delay processes: (i) the employed classical feedback controllers are
designed based on trade-off. Moreover, their use may lead to a windup phenomenon, which
adversely influences the control performance of conventional SPCSs; (ii) a predicted output
generated by a Smith predictor corresponds to a future time and is therefore not concurrent
with the reference at the time of operation. Thus, in conventional SPCSs, the control error
is generated using two asynchronous signals. This article proposes two enhancements
to tackle the aforementioned dual shortcomings in SPCSs for MIMO time-delay systems.
The proposed control system is shown to distinctly outperform a conventional SPCS with
proportional-integral-derivative (PID) feedback controllers. The case study is a catalytic
stirred tank reactor (CSTR) with three inputs (feed and water flow rates and auxiliary
temperature), two outputs (output flow concentration and temperature) and three different
time delays. The presented CSTR model, used for the design and simulations, is more
comprehensive than any CSTR model reported in the literature.

Keywords: Smith predictor; time-delay system; CSTR; MIMO; feedforward; asynchrony

MSC: 93B45

1. Introduction
Several dynamic systems exhibit dead time or time delay and are consequently classi-

fied as time-delay systems [1–5]. These include chemical processes, vibrational systems,
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engines, manufacturing and telecommunication systems, etc. [6–13]. Time delay is largely
regarded as a source of instability and poor performance in control systems [14,15]. The
control of time-delay systems, witnessing a significant time delay, should be differentiated
from time-delay estimation (TDE) as a technique in control to estimate unknown/uncertain
system dynamics and disturbances using delayed measurements for systems that may not
witness a significant time delay [16].

There are two categories of time-delay systems, widely known as network-induced
and input-delay [17]. Network-induced delay, also known as communication de-
lay [18], is caused by the time required to exchange data between devices over electri-
cal/communication networks. In this category, the states of a system affect their time
derivatives with a delay. The control of systems with network-induced time delay is ad-
dressed using Lyapunov–Krasovskii and Razumikhin theorems [19,20] and is out of the
scope of process control and this paper. On the other hand, in the input-delay category,
the control inputs affect the time derivatives of the system states with a delay, i.e., the
actuator(s) affect the system after a non-negligible time [21,22]. This category of time delay
is a serious concern in process control [23,24] and is the focus of this paper.

Two main approaches have been employed to design model-based control systems for
processes with input delay: (i) integrating the delay into the model prior to control system
design and (ii) the use of predictors/predictive models. Recently, the first approach has been
used in the discrete/digital domain, but only for electromechanical systems with very short
(<10 ms) delays [25,26] and not yet for process control. Alternatively, the first approach
has long been used in the continuous domain, where the term exhibiting the delay in the
model (i.e., an exponential term in the Laplace domain) is replaced by its Pade approximate
transfer function, an all-pass filter in the Laplace domain. This approximate transfer
function is then integrated into the delay-free part of the model [24,27]. Subsequently,
the resultant model is employed for control system design. Pade approximation results
in model inaccuracy and converts a stable minimum-phase system to a non-minimum-
phase one with a higher order [24]. These disadvantages, however, do not exist in the
second approach or predictive methods, such as Smith predictors [28]. As a result, they are
anticipated to exhibit higher performance.

Smith predictors were originally developed for stable SISO systems, but their ap-
plication was later extended to MIMO systems with multiple delays [29,30], unstable
systems [31], long delays [32] and disturbance [33]. Consequently, Smith predictors were
proposed to be a part of control solution for any stable or unstable time-delay system [21,34]
and even branded as the “best approach to deal with time delays” [35].

However, a drawback recently emerged in SPCSs: despite all the mentioned advan-
tages and advances of SPCSs, some research works demonstrated that feedback-control
systems based on Pade approximation outperform SPCSs, for example in the control of lin-
ear systems with identifiable time-varying delays [36,37]. In response, design shortcomings
leading to such an unexpected underperformance of SPCSs were identified for single-input
single-output (SISO) systems in [17], and an enhanced SPCS, with improved performance,
was introduced, detailed in Section 2. The proposed method was, however, never extended
to MIMO systems. Also, no work in the literature was found by the authors addressing
or even recognizing the mentioned shortcomings in SPCSs designed for MIMO systems.
The paper fills this research gap and extends the enhanced SPCS to MIMO systems as its
main technical novelty. The case study of this paper is the full-scale tracking control of a
CSTR with three inputs, two outputs and three time delays. The employed CSTR model is
unprecedented in its inclusion of system details, to the best of the authors’ knowledge, as
detailed in the first paragraph of Section 4.
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This paper continues with an introduction to the enhanced SPCS for SISO systems in
Section 2, followed by the newly developed enhanced SPCS for MIMO systems, which is
the main methodology section of the paper, described in Section 3. Section 4 introduces the
case study, simultaneous affluent concentration and temperature control in an exothermic
nonlinear CSTR with three inputs and all possible time delays. This section includes a
stability analysis specific to the presented case study. Section 5 presents the results and
demonstrates how the proposed methodology led to the improvement in control behaviour.
The paper is concluded by Section 6.

2. Enhanced SISO Smith-Predictor-Based Control Systems—A Brief Review
Figure 1 shows a generic SISO SPCS, where G(s) and Ĝ(s) are the plant true and

approximated transfer functions without the delay, respectively:

y(s) = u(s) e−st1 G(s), (1)

where t1 is the time delay in a time unit, and e−st1 represents the delay in the Laplace
domain. u, y and yd are the input, output and its reference. In Figures 1–3, C(s) is a linear
classical controller designed for G(s), and hat ˆ indicates an approximation.

Figure 1. Schematics of a conventional Smith-predictor-based control system in Laplace domain.

Figure 2. A re-arranged presentation of Figure 1.

Figure 3. An enhanced Smith-predictor-based control system for a SISO problem.
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Figure 2 is the re-arranged form of Figure 1. As mentioned earlier, the control ar-
chitecture presented in Figure 1 has two inherent shortcomings: (i) the use of a classical
feedback controller, C(s), intrinsically designed based on trade-off, and (ii) the reference
yd is compared with the approximated output at a time in the future. Figure 2 clearly
demonstrates the asynchrony between signals generating the error in a conventional SPCS.

Detailed analysis in [17] concludes that the architecture presented in Figure 3 elimi-
nates both aforementioned shortcomings. If G(s) is a first-order transfer function, K and
u* will be real numbers and stabilize the system [14]. yd (s) est1 is the future value of the
reference t1 time units ahead of the current time.

3. Enhanced MIMO Smith-Predictor-Based Control Systems
This section reports the development of an enhanced SPCS for linear MIMO time-delay

processes, presented in Equation (2):⎡⎢⎢⎣
y1(s)

...
yny(s)

⎤⎥⎥⎦ =

⎡⎢⎢⎣
G11(s)e−st11 . . . G1nu(s)e

−st1nu

...
. . .

...
Gny1(s)e

−stny1 . . . Gnynu(s)e
−stnynu

⎤⎥⎥⎦
⎡⎢⎢⎣

u1(s)
...

un(s)

⎤⎥⎥⎦, (2)

where nu and ny are the number of inputs and outputs, respectively, and t stands for time
delay. As pioneers, Ogunnaike and Ray extended the original SPCS, based on classical
controllers, to MIMO linear systems [38]. Their works led to a control law of Equation (3)
for Equation (2):

uj(s) =
ny

∑
i=1

Cij(s)
(︁
ydi (s) − ypi (s)

)︁
, (3)

where all Cij controllers are classical controllers, and indices p and d stand for predicted
and desired. Either Equations (4) or (5) yield the predicted output components, ypi s:

ypi (s) =
nu

∑
j=1

Ĝij(s)uj(s)
(︂

1 − e−stij
)︂
+ yi(s), (4)

⎡⎢⎢⎣
yp1(s)

...
ypny(s)

⎤⎥⎥⎦ =

predictor matrix⏟ ⏞⏞ ⏟⎡⎢⎢⎣
Ĝ11(s)

(︁
1 − e−st11

)︁
. . . Ĝ1nu(s)

(︁
1 − e−st1nu

)︁
...

. . .
...

Ĝny1(z)
(︂

1 − e−stny1
)︂

. . . Ĝnynu(z)
(︂

1 − e−stnynu
)︂
⎤⎥⎥⎦
⎡⎢⎢⎣

u1(s)
...

unu(s)

⎤⎥⎥⎦+

⎡⎢⎢⎣
y1(s)

...
yny(s)

⎤⎥⎥⎦. (5)

The use of an array of classical controllers, similar to Cij(s)s in Equation (3), is still the
dominant approach to SPCS for MIMO systems [39–41]. For the system of Equation (2) and
the control law of Equation (3), ref. [38] showed that delays do not affect the closed loop
stability, if the discrepancy of Gij(s) and Ĝij(s) is negligible for all values of i and j. That is, if
Cij controllers can stabilize the delay-less system, they can stabilize Equation (2) too.

The control law of Equation (3), as a broadly accepted form of an MIMO SPCS, is of
the following shortcomings similar to its SISO counterpart:

(i) Classical controllers of Cij are subject to trade-off in design and/or windup. The
design of classical controllers entails a trade-off between achieving satisfactory control
performance and minimizing steady-state error. In addition, the windup phenomenon
(the effect of actuator’s saturation on integrals [42]) occurs in classical controllers. Both
the trade-off-based design and windup (including anti-windup components) may
adversely affect the control response and result in non-optimal behavior.
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(ii) ypi and ydi are asynchronous in Equation (3). In order to clarify this asynchrony,
Equation (4) can be extended as follows:

ypi(s) =
nu

∑
j=1

Ĝij(s)uj(s)
(︂

1 − e−stij
)︂
+

yi(s)⏟ ⏞⏞ ⏟
nu

∑
j=1

Gij(s)uj(s)e
−stij

Gij≈Ĝij⇒ ypi(s) ≈
nu

∑
j=1

ypij(s)⏟ ⏞⏞ ⏟
Ĝij(s)uj(s) =

nu

∑
j=1

ypij(s).

Therefore,
ypij(s) = Gij(s)uj(s), (6)

where ypij is a constituent of ypi influenced by uj. Moreover, from Equation (2),

yi(s) =
nu

∑
j=1

yij(s)⏟ ⏞⏞ ⏟
Gij(s)uj(s)e

−stij =
nu

∑
j=1

yij(s) ⇒ yij(s) = Gij(s)uj(s)e
−stij , (7)

where yij is the constituent of yi influenced by uj.
A comparison of Equations (6) and (7) shows that, in the conventional MIMO SPCS,

demonstrated by Equations (3) and (4), the constituents of predicted output (ypij s) are not
of the same time as the constituents of the output, yij. In fact, yij is tij time units behind ypij.
Therefore, in the conventional MIMO SPCS, two asynchronous variables (ydi and ypi) are
compared to find the control error, fed to the controller.

In order to address the aforementioned dual shortcomings, two enhancements are
proposed for SPCSs designed for MIMO time-delay systems. Enhancement 1 eliminates
the need for classical feedback controllers (shortcoming 1), and Enhancement 2 addresses
asynchrony (shortcoming 2).

Enhancement 1 MIMO: A feedback–feedforward control law of Equation (8) replaces
the array of the feedback controller of Cij s in Equation (3):

uj = uj
∗ +

nx

∑
ι=1

Kιj
(︁
xdι − xpι

)︁
, j = 1 : nu, (8)

where Kιj is an element of K determined through pole placement. xdι and xpι are the states
calculated based on ydi s and ypi s. u*

j is an input at the desired status.
Justification for Enhancement 1 MIMO: As in [38], providing that the discrepancy of Gi j

and Ĝij is negligible, a control system that stabilizes the delay-free process, i.e., Equation (2),
when ∀ rij = 0, also stabilizes the original time-delay process, i.e., Equation (2), with any
values of rij. Let us assume that Equation (9) is a continuous state space model of the
delay-free system: {︄ .

X = AX + BU
Y = CX

. (9)

With the desired status of Equation (10),{︄ .
Xd = AXd + BU∗

Yd = CXd
. (10)

By subtracting Equation (9) from Equation (10),{︄ .
Xd −

.
X = A(Xd − X) + B(U∗ − U)

Yd − Y = C(Xd − X)
. (11)

https://doi.org/10.3390/math14183416

https://doi.org/10.3390/math14183416


Mathematics 2026, 14, 3416 6 of 19

A state vector feedback control law of Equation (12), designed to place stable poles for
Equation (11), stabilizes Equation (9), the delay-free system [43].

U = K(Xd − X) + U∗. (12)

This pushes the error, Yd − Y, towards zero. Equation (12) is an equivalent of
Equation (8).

Enhancement 2 MIMO: ydi
(︁
t + max tij|j = 1 : nu

)︁
is used to derive xdι and uj for con-

trol law of Equation (8).
As explained in the shortcoming (ii), yij is tij time units behind ypij, or ypi is the

predicted output for a future time. However, in conventional MIMO SPCSs, ypi is compared
with the present time reference, ydi, to produce the control error. Enhancement 2 addresses
this issue with the use of future values of reference upfront to produce the control error.
This enhancement is usable only when the reference trajectory is known in advance or
the reference preview is possible. The reference preview, whereby future values of the
reference trajectory are available to the controller, has been long used in control [44] and is
widely applicable in process control [45].

4. Case Study, a MIMO CSTR
The case study is an exothermic continuous stirred tank reactor (CSTR) with two

control outputs, three control inputs and three distinct delays. This system is modeled as
Equation (13), composed of molar equilibrium and energy equilibrium equations. In fact,
Equation (13) is the combination of a single-delay two-output model presented in [46] and
a double-input model of [47]; it furthermore includes all possible time delays, overlooked
in previous research. Two outputs of the CSTR model of Equation (13) are the effluent
concentration CA(t) [mol/L] and temperature T(t) [K]. The control inputs are the feed flow
rate q f (t) [L/min], water flow rate qw(t) [L/min] and auxiliary temperature Tx (t) [K]. θ1,
θ2 and θ3 [min] represent time delays.⎧⎨⎩V dCA(t)

dt = q f (t − θ1)
(︂

C f − CA(t)
)︂
+ qw(t − θ1)(0 − CA(t))− Vκexp

(︂
−E

RT(t)

)︂
CA(t),

Vρc dT(t)
dt =

(︂
q f + qw

)︂
(t − θ2)ρc

(︂
Tf − T(t)

)︂
− VHκexp

(︂
−E

RT(t)

)︂
CA(t)− U(T(t)− Tx(t − θ3)).

(13)

V, Cf, κ, E, R, c, U, H and ρ stand for the reactor volume [L], feed concentration [mol/L],
reaction velocity constant [min−1], Arrhenius activation energy [J/mol], gas constant
[J/(mol.K)], specific heat capacitance [g/(L.K)], overall heat transfer coefficient [J/(min.K)],
heat of reaction [J/min] and density [g/L], respectively. The water and feed temperature
are assumed to be equal, Tf. All listed parameters are assumed to be time-invariant. In
order to find the parameters of the control system of Equations (8) or (12), according to
the methodology presented in Section 3, the system needs to be linearized first to match
Equation (2) or its state space equivalent; then, feedback and feedforward controllers and
the MIMO Smith predictor, as well as the maximum delays detailed in Enhancement 2, are
identified, as detailed in Section 4.2.

4.1. Linearization of the Model

This subsection elucidates how Equation (13), with three inputs, is converted into
dual models for control purposes, each with two inputs: (i) model Equation (14) when the
concentration is intended to increase and (ii) model Equation (15) when the concentration
is intended to decrease. These dual models were approximated using the linear state
equations of Equations (16) and (17) for state vector feedback control system design.

Plausibly, feed and water valves, which are utilized to increase and decrease the
concentration, should not function simultaneously. Therefore, two different models of
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Equations (14) and (15) are proposed for situations where the concentration is intended to
increase (water valve is closed) or to decrease (feed valve is closed), respectively:⎧⎨⎩ V dCA(t)

dt = q f (t − θ1)
(︂

C f − CA(t)
)︂
− Vκexp

(︂
−E

RT(t)

)︂
CA(t),

Vρc dT(t)
dt = q f (t − θ2)ρc

(︂
Tf − T(t)

)︂
− VHκexp

(︂
−E

RT(t)

)︂
CA(t)− U(T(t)− Tx(t − θ3)).

(14)

⎧⎨⎩ V dCA(t)
dt = −qw(t − θ1)CA(t)− Vκexp

(︂
−E

RT(t)

)︂
CA(t),

Vρc dT(t)
dt = qw(t − θ2)ρc

(︂
Tf − T(t)

)︂
− VHκexp

(︂
−E

RT(t)

)︂
CA(t)− U(T(t)− Tx(t − θ3)).

(15)

Compared to Equation (13), qw and q f equal zero in Equations (14) and (15), respectively.
Let us consider CA, T, q f , qw and Tx as y1, y2, u1, u2 and u3, respectively. With the use

of nominal values of parameters listed in [46] and Table 1, as well as reasonable delays,
Equations (14) and (15) are converted to Equations (16) and (17), respectively.⎧⎨⎩

.
y1(t) = u1(t − 0.05)(0.01 − 0.01y1(t))− 7.2 × 1010exp

(︂
−8750
y2(t)

)︂
y1(t),

.
y2(t) = u1(t − 0.1)(3.5 − 0.01y2(t)) + 1.506 × 1013y1(t)exp

(︂
−8750
y2(t)

)︂
− 2.092(y2(t)− u3(t − 0.2)).

(16)

⎧⎨⎩
.
y1(t) = −u2(t − 0.05)(0.01y1(t))− 7.2 × 1010exp

(︂
−8750
y2(t)

)︂
y1(t),

.
y2(t) = u2(t − 0.1)(3.5 − 0.01y2(t)) + 1.506 × 1013y1(t)exp

(︂
−8750
y2(t)

)︂
− 2.092(y2(t)− u3(t − 0.2)).

(17)

Table 1. Nominal values of model parameters.

Parameter Value Parameter Value

Cf 1 mol/L H 5 × 104 J/min

Tf 350 K E/R 8750 K

U 5 × 104 J/(min K) κ 7.2 × 1010 1/min

c 0.239 g/(L.K) ρ 1000 g/L

V 100 L

For control system design purposes, Equation (16) was linearized around the operating
point of ȳ1 = 0.2 mol/L and ȳ2 = 300 K, to produce an approximate linear model when the
concentration is intended to rise:[︄ .

y1(t).
y2(t)

]︄
=

[︄
−0.016 0
3.243 −2.102

]︄[︄
y1(t)
y2(t)

]︄
+

[︄
0.008e−0.05s 0
0.500e−0.1s 2.092e−0.2s

]︄[︄
u1(t)
u3(t)

]︄
. (18)

Similarly, if the concentration is intended to decline, the approximate linear model of
Equation (17) is[︄ .

y1(t).
y2(t)

]︄
=

[︄
−0.016 0
3.243 −2.102

]︄[︄
y1(t)
y2(t)

]︄
+

[︄
−0.002e−0.05s 0

0.500e−0.1s 2.092e−0.2s

]︄[︄
u2(t)
u3(t)

]︄
. (19)

All numbers in Equations (18) and (19) and future sections, which are the results of
calculations, have been rounded to keep the paper concise. Numbers with a precision of
15 decimal digits were used in simulations.

4.2. Control

In this research, the proposed enhanced MIMO SPCS of Equation (8) was employed to
simultaneously control the concentration and temperature in the presence of all possible
time delays. The sole control of temperature [48] or concentration [46] has been reported
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for CSTRs in the presence of a time delay. However, none of several double-input double-
output control solutions for CSTRs, e.g., [47,49–55], consider and address time-delay(s).

In order to develop the proposed enhanced SPCS, presented in Equation (8), the
following should be defined:

(i) feedback control gains, Kij s in Equation (8), which are the elements of K in Equation (12);
(ii) a feedforward control law defining uj* in Equation (8), or practically u1*, u2* and u3*

in this problem;
(iii) Smith predictor to estimate xpι s in (8) or practically predicted y1 and y2 in this

case study;
(iv) values of maximum tij, which are practically max (t11 and t12) to be used with u1, max

(t21 and t22) to be used with u2 and max (t31 and t32) to be used with u3.

4.2.1. Feedback Control Gains

In the investigated case study, the states, represented by x in Equation (8), are
the same as the outputs, represented by y. The delay-free form of state space models,
Equations (18) and (19), were used to obtain feedback control gains. Closed loop poles of
−5 and −2 were selected for the concentration and temperature, y1 and y2, respectively.
The pole associated with the concentration was selected further from zero due to the higher
importance of this output. The matrices of feedback control gains, when the concentration
is intended to increase or decrease, are shown as K in Equations (20) and (21), respectively:

[︄
u1

u3

]︄
=

K⏟ ⏞⏞ ⏟[︄
623.0622 0

−147.3616 − 0.0488

]︄[︄
yd1− y1
yd2− y2

]︄
+

[︄
u∗

1

u∗
3

]︄
. (20)

[︄
u2

u3

]︄
=

K⏟ ⏞⏞ ⏟[︄
−2492.2486 0
597.1977 − 0.0488

]︄[︄
yd1−y1
yd2−y2

]︄
+

[︄
u∗

2

u∗
3

]︄
. (21)

4.2.2. Feedforward Control Law Regardless of Time Delays

At the desired status of
.
y1
(︁
t) =

.
y2(t) = 0 , y1 = yd1 and y2 = yd2, the delay-free form

of Equations (16) and (17) leads to Equations (22) and (23):⎧⎨⎩ 0 = u∗
1(0.01 − 0.01yd1)− 7.2 × 1010yd1exp

(︂
−8750

yd2

)︂
,

0 = u∗
1(3.5 − 0.01yd2) + 1.506 × 1013yd1exp

(︂
−8750

yd2

)︂
− 2.092(yd2 − u∗

3).
(22)

⎧⎨⎩ 0 = −u∗
2(0.01yd1)− 7.2 × 1010yd1exp

(︂
−8750

yd2

)︂
,

0 = u∗
2(3.5 − 0.01yd2) + 1.506 × 1013yd1exp

(︂
−8750

yd2

)︂
− 2.092(yd2 − u∗

3).
(23)

The combination of the second equations in Equations (22) and (23) leads to Equation (24):

0 = 0.5(u∗
1 + u∗

2)(3.5 − 0.01yd2) + 1.506 × 1013yd1exp
(︃
−8750

yd2

)︃
− 2.092(yd2 − u∗

3) ⇒

u∗
3 =

1
−2.092

(︃
0.5(u∗

1 + u∗
2)(3.5 − 0.01yd2) + 1.506 × 1013yd1exp

(︃
−8750

yd2

)︃
− 2.092(yd2)

)︃
. (24)

The following feedforward control law is derived out of (22, 23 and 24):
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⎧⎪⎪⎪⎨⎪⎪⎪⎩
u∗

1 = yd1

(︂
1 + 7.2 × 1012exp

(︂
−8750

yd2

)︂)︂
, if concentration is set to increase, otherwise 0

u∗
2 = −7.2 × 1012exp

(︂
−8750

yd2

)︂
, if concentration is set to decrease, otherwise 0

u∗
3 = −0.2390(u∗

1 + u∗
2)(3.5 − 0.01yd2)− 7.2 × 1012yd1exp

(︂
−8750

yd2

)︂
+ yd2.

(25)

4.2.3. Smith Predictor

Equations (18) and (19) can be converted to Equations (26) and (27) to produce Gij (s)
e(−st

ij
)s of Equation (7):[︄

y1(s)
y2(s)

]︄
=

[︄
0.008 s + 0.0168

s2+ 2.118 s + 0.0326 e−0.05s 0
0.5 s + 0.0337

s2+ 2.118 s + 0.0326 e−0.1s 2.092 s + 0.0324
s2+ 2.118 s + 0.0326 e−0.2s

]︄[︄
u1(s)
u3(s)

]︄
. (26)

[︄
y1(s)
y2(s)

]︄
=

[︄
−0.002 s−0.0042

s2+2.118 s+0.0326 e−0.05s 0
0.5 s+0.0013

s2+2.118 s+0.0326 e−0.1s 2.092 s+0.0324
s2+2.118 s+0.0326 e−0.2s

]︄[︄
u2(s)
u3(s)

]︄
. (27)

4.2.4. Maximum tij

Equations (26) and (27) evidently show that max t1j is 0.05 min and max t2j is
0.2 min. With these delays, in the control law of Equation (8), xd1 = yd1(t + 0.05) and
xd2 = yd2(t + 0.2). Consequently, in practice, yd1(t + 0.05) and yd2(t + 0.2) were used
instead of yd1 and yd2 in Equations (20), (21) and (25).

4.2.5. Stability Remarks and Limitations

The provided methodology in Section 3 guarantees the stability of linear systems
presented by Equation (2) or its state space equivalent. As detailed in the Justification for
Enhancement 1 MIMO in Section 3, if the control system stabilizes the delay-free system
and the models used in the Smith predictor are highly accurate, the same control system
stabilizes the system with a time delay. The control law of Equation (12), also presented
as Equation (8), designed based on pole placement, easily stabilizes the linear delay-free
system, since closed loop poles with the negative real part are selected. However, the
case study is originally nonlinear, and the provided control law can only guarantee the
stability of its linearized approximate. This is an intrinsic limit of the provided methodology,
which is aligned with the fact that Smith predictors are essentially developed for linear
systems. This suggests that SPCS as a whole, including its proposed enhanced version, is
an undesirable choice for highly nonlinear systems.

However, for the case study and most processes, bounded-input bounded-output
(BIBO) stability can be demonstrated. In the case study presented in the paper, i.e.,
Equation (13), also presented in Equations (16) and (17), y1 or the affluent concentration is
evidently bounded. The following corollary shows, with a reference of yd2 = 350 K, that the
affluent temperature stops increasing after it reaches the reference, when the concentration
is intended to rise; 350 K is the maximum temperature of auxiliary flow in this case study,
which is the highest meaningful reference of the affluent temperature, y2 [56]. Since the
initial temperature value is plausibly below 350 K, the use of 350 K as the highest reference
of y2 is expected to lead to the largest error values and most severe control actions to
increase the temperature. The corollary shows, even in this case, that y2 does not exceed
350 K. Since the process is exothermic, system instability in terms of temperature can only
emerge as overheating, which is addressed by the corollary. A similar corollary can be
easily proven in the case that the concentration is intended to decline.

Two feedback control gains of −147.3616 and −0.0488 affect the temperature in the
conditions presented in the corollary; the second one has no effect in the proof of the corol-
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lary, and the proof remains valid for any negative real number instead of −147.3616. This
indicates the robustness of the control system against variation in feedback control gains.

Corollary. Let us assume that the concentration is intended to increase, u3 is limited between [280,
350] K, u1 and u2 are limited between [0, 60] L/min and yd2 is 350 K, then

.
y2 ≤ 0 at y2 = yd2 =

350 K.

Proof. Equation (28) is the second equation in Equations (16) and (17):

.
y2(t) =

T1⏟ ⏞⏞ ⏟
u1(t − 0.1)(3.5 − 0.01y2(t)) +

T2⏟ ⏞⏞ ⏟
1.506 × 1013y1(t)exp

(︃
−8750
y2(t)

)︃ T3⏟ ⏞⏞ ⏟
−2.092(y2(t)− u3(t − 0.2)). (28)

Evidently, T1 = 0 at y2 = 350 K and T1 < 0 for temperatures higher than 350 K. In
other words,

.
y2 ≤ T2 + T3. Thus, if

T2 + T3 ≤ 0, (29)

the corollary is proved. This leads to Equation (30) considering 4.2.4 or y2(t) ∼= yp2(t − 0.2),
where index p means predicted.

T3 = −2.092(y2(t)− u3(t − 0.2)) = −2.092y2(t) + 2.092u3(t − 0.2) ∼= −2.092yp2(t − 0.2) + 2.092u3(t − 0.2). (30)

Equations (20) and (25) and the corollary assumption of yd2= y2 = 350 K lead to
Equation (31), where all times are t − 0.2, and Section 4.2.4 is observed to assure synchrony.

u3 =

(︃
−147.3616(yd1−yp1)− 7.2 × 1012yd1exp

(︃
−8750

yd2

)︃
+ yd2

)︃
. (31)

Equations (30) and (31) result in Equation (32):

T3 = −2.092yp2 +

(︃
−308.2805

(︂
yd1−yp1

)︂
− 1.506 × 1013yd1exp

(︃
−8750

yd2

)︃
+ 2.092yd2(t)

)︃
. (32)

Then −2.092yp2 +
(︁
2.092yd2

)︁
= 2.092

(︂
yd2 − yp2

)︂
= 0. Furthermore, as the concen-

tration is intended to increase, yd1 − yp1 > 0, and, as a result, −308.2805
(︁
yd1 − yp1

)︁
< 0

and T3r ≤ T3, where T3r is the remaining part of T3 without −308.2805
(︁
yd1 − yp1

)︁
and

2.092
(︁
yd2 − yp2

)︁
, presented in Equation (34). Evidently,

.
y2 ≤ T2 + T3 ≤ T2 + T3r. There-

fore, the condition of Equation (33) can replace Equation (29), or if

T2 + T3r ≤ 0, (33)

then the corollary is proven, where

T3r = −1.506 × 1013yd1exp
(︃
−8750

yd2

)︃
. (34)

With the use of Equations (28) and (34), the condition of Equation (33) can be presented as

T2 + T3r =

T2⏟ ⏞⏞ ⏟
1.506 × 1013−yp1exp

(︃
−8750
y2(t)

)︃ T3r⏟ ⏞⏞ ⏟
−1.506 × 1013yd1exp

(︃
−8750

yd2

)︃
=

1.506 × 1013exp
(︂
−8750

yd2

)︂(︁
yp1 − yd1

)︁
≤ 0.

(35)
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Evidently, 1.506 × 1013exp
(︂
−8750

yd2

)︂
> 0. Moreover, as the concentration is intended

to increase, yp1 − yd1 < 0, or yp1 − yd1 ≤ 0, if the concentration reference is touched too.
Therefore, Equation (35) is true. □

4.2.6. Switching Remarks

Two models of Equations (14) and (15) are both equivalents of Equation (13) with qw

and q f equal to zero, respectively. In other words, Equation (14) is Equation (13) when
the concentration is intended to increase; thus, the water valve is closed or qw = u2 = 0,
and Equation (15) is Equation (13) when the concentration is intended to decrease; hence,
the feed valve is closed or q f = u1 = 0. Therefore, there is no real switching in system
dynamics. However, the control laws in the aforementioned dual situations are different.

In terms of concentration control, an increase or decrease in the concentration is
carried out with different actuators, a feed valve and water valve, respectively. As a result,
switching, in its usual form, does not occur, because the control law of each actuator remains
unchanged. Equation (20) only works on u1 and Equation (21) on u2. The feedforward
control law is the same when the concentration is intended to increase or decrease. In other
words, the water valve simply turns OFF when the concentration error becomes negative,
i.e., the concentration is smaller than its reference and needs to increase, and the feed valve
turns OFF when the concentration error becomes positive, or the concentration exceeds
its reference.

In temperature control, the single main input is the temperature of auxiliary flow, u3,
and switching occurs when the control law changes. However, at the point of switching,
where concentration error is zero or yd1= y1, both Equations (20) and (21) lead to the same
control law of Equation (36):

u3 = −0.0488(yd2−y2) + u∗
3. (36)

Therefore, there will be no sudden change in control input at the point of switching.
Please note that Equations (20), (21) and (36) are valid for a delay-free system. In order
to consider the time delays, Section 4.2.4 and prediction, predicted outputs yp1 and yp2

should replace y1 and y2.

5. Results and Discussion
Figures 4 and 5 compare the simulation results of the proposed enhanced SPCS with a

conventional SPCS with two arrays of PIDs, four each, carefully turned for the delay-less
form of transfer functions in Equations (26) and (27), as detailed in the Appendix A. PIDs
are still the dominant controller for SPCSs [39–41]. A conventional SPCS was also designed
for the case study with PIDs tuned using decentralized and centralized multivariable ap-
proaches. However, it failed to exhibit a presentable performance showing the challenging
nature of this control problem. The original nonlinear system of Equation (13) has been
used in simulations with a sampling frequency of 1 Hz, which is easily achievable in
practice. The range of auxiliary temperatures is [280, 350] K, and the maximum flow rate of
valves is 60 L/min. No measurement noise was considered in the simulations presented in
Figures 4 and 5.

The enhanced SPCS evidently outperforms conventional SPCS with PIDs in concen-
tration control and catches the temperature reference much faster. The results also show
that changes in the concentration reference affect the temperature control for the proposed
control system. The reason is that the proposed control system prioritizes concentration
control, as a design requirement, through the selection of a faster closed-loop pole for the
concentration. Interestingly, the upper graph of Figure 5 shows that the proposed control
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system uses the capacity of valves in full to compensate for the error where the reference
changes. The conventional SPCS with PIDs does not use this capacity and is consequently
slower. This behaviour is rooted in the inherent trade-off in the PID design that slows down
the system to avoid concentration overshoots. Moreover, the effect of integral windup is
evident in the bottom graph of Figure 5 as another weak point of the conventional SPCS
with PIDs. These are the same shortcomings predicted in Section 3, addressed with the
proposed Enhancement 1.

Figure 4. Control outputs for conventional SPCS with PIDs and the enhanced SPCS, without noise.

Figure 5. Control inputs for conventional SPCS with PIDs and enhanced SPCS without noise, related
to control outputs presented in Figure 4.
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Figure 5 also indicates that, in the proposed control system, significant and fast changes
in control inputs only occurred at the beginning of operation or in the case of a change
in the reference, while a conventional SPCS with PIDs turns water/feed valves ON/OFF
very frequently, e.g., in time periods of 3–10 min and 18–23 min, and struggles to maintain
the concentration based on the reference, after it is reached. This is a great advantage for
the proposed enhanced SPCS in terms of implementation and energy consumption. This
advantage is influenced by the feedforward component of the enhanced SPCS, proposed
by Enhancement 1. In order to elucidate such an influence, it should be noted that the
CSTR (like many other processes) matches the definition of the generalized type zero
(GTZ) systems proposed in [57]. In a GTZ system, the control equilibrium point (CEP)
of the system is maintained only via continuous exertion of a control input; CEP is the
situation where the error and its derivatives are zero [58]. The feedforward component in
Equation (8), u∗

j , suggested in the proposed Enhancement 1 and detailed in Equation (25)
for the case study, has been designed to maintain the desired status of Equation (10), when
it is reached. The desired status equals CEP in the case study of this paper, as detailed in
Section 4.2.2. In the absence of Enhancement 1 and such a feedforward component, in the
control systems merely relying on feedback controllers, when the reference is reached, the
control input drops to zero shortly, which cannot keep a GTZ on the reference; this leads to
a rise in the error and a jump in the control input to compensate for it, e.g., the jumps in the
middle graph of Figure 5.

The area outlined with an ellipse in Figure 5 shows the effect of Enhancement 2, where
output of the Smith predictors is compared with its asynchronous value of reference in the
future to produce the predicted error; please note that the reference changes at 10.05 min or
10 min and 3 s, not exactly at 10 min. The predicted error is fed into Equations (20) or (21)
for timely action and improved performance.

Figure 6 is similar to Figure 4 but with an addition: the influence of random measure-
ment noises of ±0.4 K and ±2% for the temperature and concentration, respectively. Such
noises are considered moderate for the case study [59,60]. Both control systems can handle
noises very well.

Figure 6. Simulation results with the proposed control system and conventional SPCS with PIDs.
Noises are added.
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In order to assess the sensitivity of the control system to the accurate estimation of
model parameters, some noise-free simulations were carried out, all with the reference
shown in Figures 4–6. In these simulations, control commands of u1 and u3 are multi-
plied by a variety of coefficients close to 1, u2 is mostly zero as the concentration is not
intended to decrease. The discrepancy in these coefficients with 1 represents errors in
estimation of the right control command due to model uncertainties, through errors both in
the identification of control law parameters and development of Smith predictor models
of Equations (26) and (27). Results are presented in Table 2. It is evident that the con-
centration, y1, control performance is not hurt with a change in the coefficients, while
the temperature, y2, is quite sensitive to u3. It may be rooted in the design process that
prioritizes the concentration.

Table 2. Mean of absolute error and maximum overshoot in the proposed enhanced SPCS when
control commands are multiplied by different coefficients.

u1 Coefficient u3 Coefficient MAE (Mean of Absolute Error) Maximum Overshoot

y1 [mol/L]
1 1

0.0038 0.0027

y2 [K] 0.3536 2.7297

y1 [mol/L]
08 1

0.0041 0.0004

y2 [K] 0.3594 2.7092

y1 [mol/L]
1.2 1

0.0038 0.0061

y2 [K] 0.3454 2.7439

y1 [mol/L]
0.9 0.9

0.0038 0.0014

y2 [K] 18.8041 1.4843

6. Conclusions
In this paper, initially, two shortcomings of conventional Smith-predictor-based con-

trol systems for MIMO time-delay processes were identified: (i) the use of classical feedback
controllers with their inherent limitations and (ii) asynchrony between the reference and the
predicted output. The latter particularly causes the response to lag behind the reference. Ac-
cordingly, two enhancements were proposed for SPCSs designed for MIMO time-delay pro-
cesses: (i) replacing the array of classical feedback controllers with a feedback–feedforward
arrangement, and (ii) providing the control system with some future reference value(s)
upfront. Section 3 presents the proposed control system in depth.

The proposed enhanced SPCS was examined to control a nonlinear exothermic MIMO
CSTR with multiple time delays and demonstrated clear superiority over a conventional
SPCS with PID feedback controllers. The employed CSTR model incorporates an excep-
tional level of details and thoroughness in terms of inputs, outputs, time-delays, actuators’
limitations and sensor noises, thereby ensuring that the results are realistic and the pro-
posed method is implementable. The proposed method not only presented excellent
tracking performance, but also, it witnessed much fewer undesirable rapid changes of
control inputs.
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Nomenclature

BW bandwidth
CEP control equilibrium point
CSTR catalytic stirred tank reactor
GTZ generalized type zero
MIMO multi-input multi-output
PID proportional integral derivative
PM phase margin
SISO single-input single-output
Latin Letters
c specific heat coefficient [g/(L.K)]
C concentration [mol/L]
C(s) controller transfer function
G(s) plant transfer function
e control error
E Arrhenius activation energy [J/mol]
H heat of reaction [J/min]
k counting index
n number
P pole
q flow rate [L/min]
r discrete delay
R gas constant [J/(mol.K)]
s Laplace variable
t time/ time delay without/with an index
T temperature [K]
u control input
V reactor volume [L]
x system state
y output
z Z-transform variable
Vectors and Matrices
A system matrix
B input matrix
C output matrix
K controller gain matrix
U control input vector
X state vector
Y output vector
Subscripts
A effluent
d desired
f feed
i,j index
p predicted
s sampling
u related to input
w water
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x auxiliary
y related to output
Superscripts
* related to the desired status
ˆ approximated
Greek Letters
β gain of a first order transfer function
κ reaction velocity constant [min−1]
ρ density [g/L]
τ time constant of a first order transfer function
ι index

Appendix A. PID Tuning for Conventional SPCS
The pidtune command of MATLAB Control System Toolbox, version 24.2, was used in

this research to tune PIDs for the conventional SPCS of Equation (5) [61], where centralized
and decentralized MIMO tuning of PIDs led to extremely poor tracking performance and
practically failed. The PID of C(s) is tuned for the plant of G(s):

C(s) = KP +
KI
s

+ KDs, (A1)

In the employed algorithm, a target crossover frequency, ωc, and PID controller
parameters, KP, KI and KD are picked; then, the condition of Equation (A2) and suitability
of bandwidth, BW, in Equation (A5), maximum sensitivity in Equation (A4) and phase
margin, PM in Equation (A3), are checked. Afterwards, the target crossover frequency and
PID parameters are numerically tuned in an iterative fashion until Equation (A2) is met
and Equations (A3)–(A5) lead to suitable values.

|C(jωc)G(jωc)| = 1, (A2)

PM = 120◦ +∠C(jωc) +∠G(jωc), (A3)

Maximin Sensitivity = max
⃓⃓⃓⃓

1
1 + C(jωc)G(jωc)

⃓⃓⃓⃓
, (A4)

BW =

{︃
ω :

⃓⃓⃓⃓
C(jω)G(jω)

1 + C(jω)G(jω)

⃓⃓⃓⃓
= 0.707

}︃
. (A5)

In Table A1, CI or Dij is a PID that connects input j to output i. Index I or D mean the
concentration is intended to increase or decrease, respectively.

Table A1. Parameters of different PIDs used to form an alternative to the proposed enhanced SPCS.

Controller KP KI KD

CI 11 2.82 0.08 0

CI21 0.50 0.06 0

CI 13 0 −1 0

CI 23 1.58 6.02 0

CD 12 −11.3 0.32 0

CD 22 0 0.05 0

CD 13 0 −1 0

CD 23 1.58 6.02 0
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