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Abstract

The usual power series }_a,x" are generalized by the substitution x — g(x) to power
series built from a function ) a,¢" (x). The key feature of our approach consists in using
functions g with free parameters g¢(x) = g({p;}, x); the resulting expansions thus keep the
Taylor-like behavior (i.e., they match derivatives at the expansion point), but can also be
tuned to adjust the far-away behavior. We present six specific cases gx, X € {A,. .., F },
each containing five free parameters. We use examples to show that the generalization can
improve convergence (rate and domain), mimic branch points and branch cuts, and exhibit
other interesting properties. Because the partial Bell polynomials are a necessary ingredient
in our method, our results can be interpreted as new formulas for specific values of the
Bell polynomials.

Keywords: derivative-matching expansions; parametric approximations; power expansions;
convergence rate; convergence domain; tunable parameters
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1. Introduction

Many approximations can be seen as “matching” procedures [1]: interpolations
match function values, (generalized) Fourier series and moment-problem solutions match
weighted integrals, and several expansions are based on matching derivatives. Besides
the Taylor series, these include a number of other approximations (Padé approximants,
Neumann series of Bessel functions, Lambert series, etc.). Thus, once the derivatives of a
function at some point are known, one can choose the approximation from a finite set of
existing possibilities. Since each reproduces the function well near the expansion point, we
can select the one that describes the function best when the argument becomes larger. For
example, it is well known that for some applications the Padé rational function provides a
better description than the Taylor series.

We adopt a similar strategy: We construct derivative-matching approximations with
tunable parameters, meaning that for each (well-defined, non-singular) parameter combi-
nation, the resulting approximation matches derivatives at the expansion point. One can
then use the parameters to tune the far-away behavior. We propose six formulas, each with
five free parameters. In this way, six infinite sets of adjustable approximations are built. By
manipulating the introduced parameters, one can enhance the convergence properties (rate
and domain), mimic branch points and branch cuts, and adjust other characteristics of the
resulting approximation. Alternatively, one can also interpret our results as new formulas
for special values of the Bell polynomials, since these are necessary for our purposes.

The expansions we present are of the form ) > ;4,8" (x), where g is an appropriate
function. They are derived from the simple idea of a substitution into a power series; we do
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not see additional sources for our work that should imperatively be cited. After conducting
extensive literature and internet research, we firmly believe that our approach is original;
nevertheless, we acknowledge the existence of results with some degree of similarity that
deserve to be mentioned. Many of them have a higher mathematical complexity and are
often targeted at specific physics problems.

A well-known method for improving convergence of a power series is the Euler
transform [2]

&%) - 1 e} x n
f(x):ng‘bzxnx _1x2a"<1x)' 1)

n=0

where a,, are computed as the nth order forward difference from coefficients «;. The method
is well suited for summing alternating series and has a generalization to negative indices [3]
or to an approach dedicated to the summation of Rayleigh-Schrodinger series [4]. The
Formula (1) resembles what we present and can be seen as a special case of our approach,
which corresponds to expanding (1 — x) f(x) using the function gc witha = g =w =1
and A = B = —1, see Formula (9) later.

Another mainstream approach for enhancing the convergence of series is Kummer’s
transformation [5]. Aiming to speed up the convergence of S = }_)° ; a,x", one searches
for a similar series C = }_)° ; B, x" where C is known. Then S can be rewritten

S=9C+ Z <1 — 7'?)0(,135” =9C+ Z Aty x"

n=1 n n=1

with v = limy—ye0 &/ Bn- If {Bn} and {a,} behave alike as n increases, then A, tends to
approach zero quickly.

A large number of publications stem from the seminal works of Aitken [6], Shanks [7],
and Levin [8]. These authors introduced non-linear sequence transformations aimed
at accelerating convergence by eliminating oscillations while preserving the underlying
trend. Numerous other transformations have since been proposed [9-11], some of which
incorporate free parameters. A nice overview is given in [12].

In fact, most of the methods mentioned above, as well as the method presented here,
can be interpreted as conformal mappings, basically meaning substitution (or variable
transformation), possibly with some term rearrangement. If done properly, it may move
the point of evaluation from a position close to a singularity to a position far away from
the singularity, thus accelerating convergence. Here, the essential texts to cite are by
Van Dyke [13] and Guttmann [14].

An important approximation scheme is the Padé approximant which, by construction,
is able to reproduce poles of the approximated function, thus possibly providing a good
approximation even beyond this type of singularity. Here again, large generalizations
exist: the authors of [15] propose a construction where polynomials are replaced by general
Chebyshev systems, thus possibly reproducing branch points and cuts. Another impor-
tant application is the Padé-Borel summation, successfully implemented, for example, in
quantum physics [16].

The latter citation is related to a topic many authors in physics and applied sciences
work on: to give meaning to divergent series and to provide a mechanism for formally
summing them up. Besides Borel summation, one can mention order-dependent mapping
methods [17], variational perturbation theory [18], or more unconventional frameworks
such as the self-similar approximation, a theory developed by Yukalov [19]. Nevertheless,
these topics lie at the edge of the scope of this text.

The text is organized as follows: in Section 2, we present the derivation of the method;
in Section 3, we discuss selected properties of our construction; and in Section 4 we list our
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results. Section 5 is then dedicated to illustrative examples, and the discussion and outlook
together with a summary table are presented in Section 6.

2. Method

The method of construction is not new and proceeds through a substitution into the
standard power series x — g(x), as described in [20]. Reassessing our results there, we
realized that some of them possess parametric freedom, and this inspired us to investigate
further. Adopting the notation

f q” 4f a"
A= f o A ()= = 75 f(*)]x=0, 1 €No
for an approximation Af, we assume, without loss of generality, that the expansion is
performed at x = 0. Writing A/ as

A (x) = f(0) + ) an[g(2)]", g(0) =0, ¢'(0)#0, )

straightforward manipulations and Faa di Bruno’s formula give

1 dn 1 1 n f g—l g—] g—]
iy = — == f (871 (%)) lx=0 = ak;dk]an,k(dl (S ) 3)
where B, ; are (incomplete) Bell polynomials and dh .= %h(x) lx=0- The existence of a

non-vanishing derivative of g at zero guarantees the existence of the inverse function g~
in some neighborhood of the same point. Although Formulas (2) and (3) allow us to match
the derivatives of f by A/, they do not imply any type of convergence of A/ to f.

Assuming we have a candidate function g(x) to be used in (2), the simplest way to find
B,k = Bn,k(d(% 71, dgil, ...) is to study higher-order derivatives of (¢~ 1)¥. Indeed, the latter
can be understood as u(v(x)) where v = ¢~! and u(x) = x*. Rewriting Faa di Bruno’s
formula as

n
dy® = Zd}‘BnJ( 7,d5,...),
j=0
one uses d = k!; . to get

dn . k n
= (871)) Txmo = KUY 834Buj = KBy )
j=0

~1yk
So, if one is able to derive an expression for d,gg “ina way that does not rely on the Bell

lynomials, i.e, d¥ ) = F(n,k
polynomials, i.e., d;; = F(n, k), then

Bui= zd ) = ZF(n k). (5)
Thus, finding a formula for the nth derivative of (¢~!)* for some proposed g is one of
the key concerns of this text. To implement parametric freedom, the free parameters are
introduced into the definition of the function g(x) = g({p;}; x).

We remark that, to simplify notation, we will often write }_;” ; 4,8" (x) instead of the
expression in (2). In (2), we isolate the constant term to avoid ambiguity in the coefficient
formulas in Section 4. Thus, whenever coefficient formulas are involved, any sum of the
form Y ya,g" (x) should be understood as in (2).
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3. Properties
3.1. Existing Freedom

The Bell polynomials follow a transformation rule that reflects properties of differentiation

B,k (wqcl, wqtcr, wqcs, .. ) = q”kan,k(cl, €2,C3,...), (6)

where g and w can be seen as parameters, which gives new possibilities for approximations.
Indeed, if £(x) ~ Y50 & (L4_o d[B5 ) 8" (x), then

n,

fa)~ Y. ,i(édiw" z,k>g"(j;)

n=0
and
[} 1 n d.lf o "
flo)=), ] Y —<Bp |lag(x)]",
n=0"" \k=0 1
where B} | = BZ)k:l’q:l. The latter expansion is trivial and does not represent a new

approximation: the compensating scaling factor is introduced into the coefficients, but
the summands remain identical. The former expansion is, however, non-trivial and we
understand w as our first free parameter.

3.2. Convergence

Let I be the maximal open interval containing zero where g can be inverted. The
question of convergence is then reduced to the convergence of the power series: the
expansion }_a,g" (x) converges for all x € I such that [g(x)| < R,, where Ry, is the radius
of convergence of } a,y". To determine R, one uses standard power-series methods. In
general, the convergence to the function is lost outside I. If two different arguments
x1 € I'and x; ¢ I give the same value g(x1) = g(x2) then, obviously, the correct value is
reconstructed for x, and the same value (which is generally incorrect) is obtained for x5,
since the series ) a,8" (x) cannot distinguish between x; and x5.

The point-wise convergence of .Af to f in some neighborhood of x = 0 can also be
treated in this way. By assumption, both f and g~! are smooth (C*) at the origin. Since
¢ 1(0) = 0, the chain rule implies that the composition f o ¢! is likewise smooth at the
origin, i.e., all its derivatives of every order exist. Consequently, the coefficients of the power

series Y " o a,y" are well-defined: a, = d]ntog o /n!. One can then study the convergence
of Y00 o any™ to f o g~ 1(y) by the usual methods of power-series theory (which we do not
detail here). Assume that this convergence holds on some interval Iy = (—yo, yo) with
¥o > 0, on which g~ is bijective. Let I; = ¢~ !(Iy). By the properties of ¢ we know that
0 € I; and that I; is nontrivial (I; \ {0} # @). Substituting y = g(x) we obtain, for every
x € I, f(x) = Liloang" (x).

Although convergence properties can be straightforwardly related to power series,
the approximation properties are non-elementary: the expansion Af = Y a,¢" of f may
converge more rapidly and on a larger domain than the Taylor series of f. Consider a trivial
example: with g(x) = In(1 + x) and f(x) = In(1 + x) the sum A/ approximates f exactly
and very rapidly: just one term sulffices. The Taylor series converges only at (—1,1), and
its convergence is slow (alternating sum). For ¢(x) = In(1 + x), see the function g¢ from
Definition 1withc=1,d =0,B=0,a=1and w = 1.
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4. List

The following list of parametric functions gx consists of three pairs of inverse functions:

—1\k k
whenever a formula for d,(lgx ) was established, then also an expression for dﬁng)

was found;
the roles of gx and g;(l can be swapped. It is unclear whether this is just a coincidence
or reflects a deeper underlying reason. Parameters are included in the function names

implicitly: gx(x) = ¢x(p1, P2, P3, Pa, P5; x). Also, we define 0° := 1.

Definition 1.
1 2\"

ga(x) = (%) ~1, witht =2 @)
_a—bt+sgn(b—a)\/(b2 —4c)t2 + [4(c + 1) — 2ab]t + (a% — 4)

gB(X)— 2[Ct71] 7

with t = (1+ %)W 8)

A+ nP+ A -1+ A X

gc(x) = TE B[+ 0P Al with t = - )

14 A Ve e 4

gp(x) = { [Hl(——;t)] - A} -1, with t = % (10)
_ [In(c+t) +4d])* — [In(c) +d]" L, X

ge(x) = — Bin(crt) rat 0 =g (11)

a1l/a
gr(x) = exp{ [W} - d} -, with t = % (12)

The Python 3.12.3 implementation of generalized expansions using these functions is
submitted as Supplementary Materials with this text.

What follows next are the coefficient formulas along with their proofs. In the proofs,
we work with expressions where the parameter w is missing (meaning w = 1), and we
replace x/w by x. Thanks to the Formula (6) w is specific; it can be introduced later, once
formulas with other parameters are established. As indicated by (4), the proofs are based
on finding the nth derivative of the kth power of the inverse function of g.

Proposition 1. Assumea # 0, w # 0,a # band c # 1. Then f(x) ~ Y.7" o ang" (x), where a,
are defined by (3) with

Bux =0k Y fj(l)'”" (’7) (l ff‘) (13)

where

B ()OI
mu,=0 =0 \P—J1/\ ] m—1
x bP~2cl (g — b)PHR=2m (o — )mk=p,

Formula (7) has a significant limit case without the quadratic term in the numerator

ga(x) =

a,b,c,w— 00

1+ 2x4 L2 ! )
1+ 2x+ 522 '

w?
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where a/w, b/w and ¢/w? tend to finite constants A, B, and C. Thus,
1+Ax  ]° 1+t “ X
= —_—m — 1 = S ——— — 1, t - —y ].4
84 (%) {1+Bx+Cx2} {1+K1t+K2t2] w 14

withw =1/A, K; = B/ A, K, = C/ A2, and one free parameter is lost. The corresponding
limit of the formula for C # 0 affects only the B, term:

w-LEE ()00
m 0 =0 p—j j m—1
x BP-2Citm—k=p (4 — gypri=2m, (15)
Taking C = 0, one has
o _ (M=1\ Lk g py—m
0 _(k1>B (A—B)™™. (16)

Before proceeding to the main proof, let us recall the following classical result, known as
the Lagrange-Biirmann formula.

Theorem 1. Let f be an analytic function and let h be its inverse near x = 0. Then for any analytic

function T )
o] = (10| 75] ).

where [x"|F(x) denotes the coefficient of x" in the Taylor expansion of F(x).

Using it, the proof of Formula (13) can be stated.

Proof. We assume a« # 0,2 #bandc # 1 (w = 1, x/w — x). The inverse function to g4,
Formula (7), is, in the neighborhood of x = 0, the function gp, Formula (8), which can be
verified by direct calculation. The latter is written as

B a—bu—i—sgn(b—a)\/ﬂ
ge(x) = 2[cu — 1] ,

= (1+2)"%, du= (82— 4c)u?+ [4(c+1) — 2abJu+ (o — 4).

One has
14
1 1 2
v=galgn(n)] = | TS| g gy - DH RS,
B B B B
Introducing
OJZ:(X—}—]_)l/“—l, 'y::a—b, 0:=1—c¢
one has

w(gs) = 188 + 083
1+ bgp +cg3’

Let us work in the variable w. We write gk (w) = ¥0_, B,«w™ where

ok [k] (1 BE 2\
B =t }<7+(5t> A7)
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This follows from the Lagrange-Biirmann formula with T(t) = t*, h(w) = gp(w):

1 t "
i3] )
B = " [ga(w)] = — "] T Fr—
_k [t'”_k] 1+ bt 4 ct?\"
m v+ ot
We treat the numerator and denominator in (17) separately.

(eteed) v exm = (7= K (7) (reet)

r=0

r=0 >]—O(j

. (1))
= VI,
() %]

for any m € N. The original condition r < m (i.e., p — j < m) is taken care of automatically
by the binomial coefficient ( ;ff j)‘ Next,

(v 480 =9y (m+q - 1) (—5)qtq,

q:() q r)/

which follows from the generalized binomial theorem for negative exponents. One extracts
the coefficient in front of the term "~

k] (140t 4P q 2 k2l p—ij
[tm]( v + ot ) [tm}zz‘sl’ﬂm"p i/

p=0 j=0

% (m T4 1) pP~2icly (_‘5> qtp+q
q Y
EE L)
=0 | —i/\ m—k—p
« pP~ ZJC]’)/p+k_2m(C _ 1)m—k—p'

Ifm—k—p<O0(e.,p>m—k), then the last binomial coefficient is zero, so we can restrict
the summation limit over p to m — k. Next, for the same binomial coefficient we use the
identity (7)) = (,,",), thus getting

k m=klp/2] < m )(p—j) <2m—k—p—1>
m P;J ]gt:) p—j j m—1
X bP=2icl (g — b)PTR=2m (o — 1)ym—k=p,

(84)F

Let us recall our aim: we seek a formula for d;;
w=(x+1)"% —1. Thus,

. We have gh(w) = ¥, Buw™ and

https:/ /doi.org/10.3390/math14183414
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af = 2 (w(x) e
= L (7)o e 0
_ '°° mm m 1 1/
n L ()

Using (5), we reproduce Formula (13)
n' ad n | 1/
o= 2 £ o () (1),

with B, given by (18). Special limit cases (15) and (16) are derived by applying the limit to
the previous procedure. O

Proposition 2. Assumea # 0, w # 0,a # band c # 1. Then f(x) ~ Y37 o angp(x), where a,
are defined by (3) with

= 20 () 5 e (1) (7))
TR A = 5 p—a)\ q
-y

n—p—2s s _D‘j n—p-—=s
X Z p"P C(nps)( s ) (19)

s=0

Proof. We assume & # 0,a # band c # 1 (w = 1, x/w — x). The inverse function to gg,
Formula (8), is, in the neighborhood of x = 0, the function g4, Formula (7), which can be
verified by direct calculation. The latter is written as

(x)— 1+ ax + x? “_1
3a\t) = 1+ bx + cx? '

So,

g ()] (1+ax + x2)%(1 + bx + cx?) ™ —1]k

—

<) DT (1 + ax + x2) (1 + bx + cx?) ™%

i() 1! TF(x), (20)

where the lower limit can be set to j = 1 because j = 0 gives a constant which disappears in
the differentiation. Now we search for [x"]Fj(x) = [d"F;(0)/dx"]/n!. Using the generalized
binomial theorem, we get

(1+ax+x*)% = i (“j) (ax + x2)P

https:/ /doi.org/10.3390/math14183414
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To extract the coefficient in front of x” we introduce a new index v = p + g. Since p > g one
has g < [r/2]

p=0 1

‘Xj ) <1’ - q) ar72q.
-9 q

[t](l—l-b + 2)—0(]'7\}/2ZJ _D‘j t—s bt—ZsCs
X X T CX = P s .

s=0

)14 ax + 22)% qfo 5 spiaer (1) (7)o e
r/Z(

q=0

Analogically,

With Fj(x) being a product of two terms, its [x"] factor can be expressed as a convolution
Lp/2] i
x) = Z( D ( Y )(”“Qawq)
— 2 .
’ (“"2”” (7 )(n—p—s)bnmscs)
= n—p-—s s

Substituting back to (20), we get

n k . An k .
A lgal]f = X (§) -t i = "y (§) 0 bmo

This gives

which is identical to (19). O

Proposition 3. Assume o« # 0, p # 0, w # 0, A > —1and B(1+ A)* # —1. Then
f(x) = Yoo angt(x), where ay are defined by (3) with

=g 1 (5) 0 £ () 1 () v
<y (qi“)( ‘7/”‘>(1 + AP (BT (21)

r=0 n-—

Proof. We assume a # 0,8 #0, A > —land B(1+ A)* # —1(w =1, x/w — x). The
inverse function to gc, Formula (9), is, in the neighborhood of x = 0, the function gp,
Formula (10), which can be verified by direct calculation. The latter is written as

w11/ 1/p
go(x)z{{xi(i;:) } —A} 1

https:/ /doi.org/10.3390/math14183414
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We define U(x) = gp(x) + 1, s0 g5 (x) = [U(x) — 1]F and one has

n k Can '
ddxn [gn(x)]lx=0 = Y (k) (—1)’<—J;?u1(x)|x:0_

=0\
Thus, we search for [x"|U(x). We define

x—i—(l—l—A)”‘]l/“

U(x) = [Z(x) — A]VP with Z(x) := { L

We have Z(0) = 1+ A. So, introducing D := 1+ A, we have
W(x) = [Z(x) = AVP = [(Z(x) = D) + (D = 4)) P = [1+ (Z(x) - D)}"*.

The generalized binomial theorem gives

v ()07~ £ () ()

p=o \ P q=0

Next, let us focus on Z7(x) = (x + D*)7/%(1 — Bx)~7/%. We expand both parentheses

[e9)

(x+ D)% = D7(1+ i)w ) ("”‘) DIy,

(1— Bx)~9/* = i (_‘7/“> (—B)*x°.

s=0 s

Again, we express [x"]Z9(x) as a convolution

("] VI3 L b (1 )0 (T )y

r=0s=
_ - q/IX —ar _Q/DC _p\h—r
e
Using [d"Z9(x)/dx"],_, = n![x"]Z(x), we get

dn
dxn gD

ar .
ﬁw(xﬂx:o

)
> k]Z(Vﬁ)i(P) pq%Zq( o
¢

=% ()
% (0)

=0

.

- = \q

Yo E (R ()
(m) Cq_/ic) DP-ar(_ By,

To complete the proof one needs to show that the upper summation index for p can be

-

I
2

£ ()
g”

changed to n. If, for a fixed g, we define

F(q) = i (qiw) (;q_/f) DP~%7 ()"~

https:/ /doi.org/10.3390/math14183414
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then

- (7)1 9rig) = 00,
g=0 \1

i.e., the sum over g represents pth finite forward difference. At the same time the expressions
(‘74"‘) and (_n'l/r‘") are, as a function of g, polynomials of the order r and n — r respectively.
Thus, their product has order n. Summing polynomials (index r) does not change the
polynomial order. Therefore, if p > n, the expression becomes zero since any finite
difference operator with a degree higher than is the degree of the polynomial on which it
acts gives zero. So };" o — Yo Then, using B, x = d,(f el /k!, we get Formula (21). [
Proposition 4. Assumea # 0, # 0, w # 0, A > —1, B(14+ A)* # —1and B # 0. Then
f(x) = Yo ang] (x), where ay are defined by (3) with

g B E I EC)

i=0
n
< (o y (5) o (B @2)
s=0 \ 5 t=0 h
where 8D

Proof. We assumewa # 0,8 #0,A> —1,B(1+ A)*# —land B# 0 (w =1, x/w — x).
The inverse function to gp, Formula (10), is, in the neighborhood of x = 0, the function g¢,
Formula (9), which can be verified by direct calculation. The latter is written as

[(1+x)P +A]" — (1+ A"
1+ B[(1+x)f+ A]"

8c(x) =
We start by defining
o
W) =[1+xFf+4], D=1+4
giving

_ W) -D* 1 1+BD* \_1 M
gc(x)—lJrBW(x)—B( msw(@)‘B(lHBW(x))‘

Then,

) =By (§) o+ B we
=0\

We remark that W(0) = D* and we introduce A(x): W(x) = D* + A(x), where A(0) = 0.
We get

1+BW(x) =1+ BD" +BA(x) = M+ BA(x) = M{l + ;A(x)} .
Then, the generalized binomial theorem is used
B T =\ / B\’
- = — p
[1+MA(X)] ;;0<p>(M> AP (x).

With A(0) = 0 one expands A(x) = 0+ O(x). We are interested in the nth derivative at
x = 0, i.e,, in the nth coefficient of the power expansion. The expression A(x) = O(x)
implies that AP (x) contributes at order O(x*), not earlier. We can safely truncate the series
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[1+BW()] 7 =M ;} (;]) (z\i) pAP(x) +O(x")

n

B G E (o

q=0
Now we focus solely on the W(x) term

W(x):D“[1+(1+38ﬁ—1r

=D*[1+T(x)]*, T(0)=0,
S0 .
Wix) = DL+ T =D 3 () 7o),
s=0
Since T(x) = O(x), only termss = 1 n contribute to the nth coefficient. One has
o paa y- (%
() = (1o 3 (%))
n
_ Z “q)DS 1+x)/3—1]
=\s
n « S
=y (V) & (3 coena
With (1 + x)P* =210 ( "/ obviously [x"](1 + x)Pt = (éf) This leads to
Lo lag\ o S _¢(s\ (Bt
n q — Dag s _1\s—t
[x"]W7(x) = D E)(S)D t;)( 1) <t><n>
Now we put everything together

d" k n
ﬁgc(xﬂx:o = n![x"]g

o

~~
=

~—

~1) M/ [x"][1+ BW(x)]

V(—1)MiM ];;J(P) (z\i)p

] (=D)PI[x" WA ().
After back-substitutions, using [d" /dx"] = n!|

~.

Il

oo}

L

{ygle

TN\

-~ X

S~ ~—
/\

Il
S

Il
ool
L
01~
R
~

X
=
1§ ng
N

<
~

| for x = 0, Formula (22) is obtained
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Proposition 5. Assumec > 0,d+1Inc > 0, &« # 0, w # 0and B(d +Inc)* # —1. Then
f(x) = Yo ang}(x), where a, are defined by (3) with

By = wkz!lck]é (f) (—1)% pi_o ZZ;} (Z) (—Lo)P~1
x ) (qia> <_q/“> (=B)""Lg ", (23)

=0 n—r

where
Lo =Inc+d.

Proof. We assume ¢ > 0,d+1Inc > 0,a # 0and B(d +1In¢c)* # -1 (w =1, x/w — x).
The inverse function to gr, Formula (11), is, in the neighborhood of x = 0, the function gr,
Formula (12), which can be verified by direct calculation. The latter is written as

® 1/06
gF(x) = exp{ {W] — d} —Cc= C|:eZ(x)—L0 _ 1i|

with

x+Lg>1/“

Ly=Inc+dand Z(x) = (1—Bx

Then .
g’ﬁ(x) =ck {ez(")_LO - 1} .

Setting W(x) = Z(x) — Lo, we get

We focus on the last term .
VW = Y I 1z(x) — Lo]".

P
One has Z(0) = Lg so Z(x) — Ly = O(x). Therefore, [Z(x) — Ly]”, when expanded, begins
at x? or higher. Therefore,

p=0
BRI SN A o
=L oL (§) oz
One has
a g/
- (128)

= (x+ LHY*(1 — Bx) 9"

_ i} (%”‘) LY (Z/’")(—B)st

s=0

B (Vs

r=0s=0
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The coefficient in front of x” is given by the convolutionr +s =n (s = n —r)

1 - - (99) () o g

n—r

1 4" n!
Buk = 1 7z 8F(¥)|x=0 = 15 ["1gE(x)
n & [k it e JP
— 4t L () 0 © Dz - Lo
=R, pzop

|
Lo BEE ()
|

which is identical to (23). O

Proposition 6. Assumec > 0,d+1Inc > 0,a 20, w # 0, B(d+1Inc)* # —1and B # 0.
Then f(x) =~ Yo ang}(x), where a, are defined by (3) with

- BB B

p=0

x Y sl <0;q> Ly "s(n,s), (24)

s=1

where
Ly =Inc+d, M =1+ BLj

and s(n, s) are the Stirling numbers of the first kind.
Proof. We assume ¢ > 0, d+1Inc > 0, « # 0, B{d+1Inc)* # —1land B # 0 (w = 1,
x/w — x). The inverse function to gr, Formula (12), is, in the neighborhood of x = 0,

the function gr, Formula (11), which can be verified by direct calculation. The latter is

written as

(x) = [In(c + x) +d]* — [In(c) +d]*
SEV = 14 B[In(c+x)+d*
We define
V(x) =[In(c+x)+d]", Lo=Inc+d, M=1+BL§.
Then,
1 M
w20 =5 (1 - 55vm )
So,

) =B~ kz( > 1)/M/[1 + BV (x)]
Writing V(x) as V(x) = L§ + A(x) with A(0) = 0 one has

14 BV(x) = M(l 4 f;IA(x)).
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Raising to the power —j gives

[1+BV(x J—MJE( )()pAP(x).

With A(x) = O(x), the power expansion of A?(x) starts at x” or higher. We are interested
in extracting the nth coefficient, so we write

[14+BV(x ]—M]Z( )( )p[V(x)—Lg]p—i-(’)(x”“),

[V(x f ( ) (—L§)P~

q=0

This leads to

[x"][1+BV(x)] /= M~ J2< )<M>pi<P>(—L6‘)pq[x”]Vq(x).

g=0 \1

Again, the generalized binomial theorem is used for the last term

[x"]V4(x) = [x"][In(c + x) +d]*

= [x"] [Lo + ln(l + %)}M
=5 ()se )

This can be related to the exponential generation function of the Stirling numbers of the
first kind s(n, k)

© X" [In(1+x)]F
mZ::ks(m,k)ﬁ =g
We have . '
[x"] {ln(l + %)} =s! Z s(m,s) im = nins(n,s).

Taking into the account the relation between power-expansion coefficients and derivatives,
one reproduces the Formula (24)

1 4" n'' .,
By = [l dxngE( X)|x=0 = H[x F369)

5 () EC)E) L (e
X i (“Sq) sILy" °s(n, ).

where the innermost sum was truncated thanks to relations s(1,0) = 0 and s(n,s) = 0 for
s>n. O

5. Case Studies

This section focuses on illustrative examples where proposed expansions are applied.
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5.1. Increasing Convergence Rate and Domain of Power Series

In Section 3.2, we have demonstrated the convergence rate/domain enhancement
using a somewhat degenerate (yet formally valid) case, in which the function being approx-
imated was precisely the function used to build the series. Let us now provide a more “fair”
example: we chose to approximate f(x) = In(1 + x) using gc(x) with parameters A = 0,
B=1,a4=1/2,=1and w = 1, thus obtaining

V1i+x—1
gc(x) = ———,
vVi+x+1

which is bijective on [—1, +c0). In addition to elementary algebraic operations, this formula
uses only the square root, which is evaluated very rapidly on a computer.
To investigate the behavior of the series

0 Vitxr—1\"
n(1+ %) Za”gc Z <\/1+x+1 ’

the inverse function is found to be
_ <1 + gc)z o
1-gc

It gives

In(1+x)=1In

2
(ch) 1 =2In(1+gc) —2In(1 — go).
1-gc

Using the standard expansion

2 3 4
oo 8c 8 8, .
In(1+gc) = gc > + 3 4 +
and |gc(x)| < 1forall x > —1, one sees that the expressions for In[1 & g¢(x)] converge for
all x > —1. One obtains

PR o0
In(1+ x) :4<gc+3c+5c+7c~~> = Zangg(x)
n=0

The summation no longer contains alternating signs, meaning that the expansion not only
converges on the whole domain (—1, +o0) but also converges more rapidly than the usual
power expansion on (—1,1). In addition, the convergence rate is enhanced by the absence
of even powers.

In this studied example, we used specific properties of the logarithm to find
ayy+1 = 4/(2n + 1), which is, of course, also reproduced by the Formula (21). The formula
is, however, much more general and covers many additional cases in which an increase in
the convergence rate or domain may be achieved, and which are more difficult to analyze.

5.2. Reproducing Branch Points

Let us approximate the Lambert W function by constructing an expansion for its
principal branch Wy at x = 0. We use g4, Formulas (14) and (16), with parameters
B=C=0,a=1/2and A = e, where ¢ is the base of the natural logarithm. Then,

ga(x) =0V1+ex—1, 0=1 (25)
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This choice creates a branch point for g4 situated at x = —1/¢, i.e., at the exact same
position as the branch point between Wy and W_;. Doing this, one hopes to construct an
expansion that works beyond the branch cut and where the branch is chosen by selecting
the appropriate branch of the square root in (25), i.e., ¢ = —1 for W_;.

Figure 1 shows the description of both Wy _; branches by ¥ 4,¢%~! and Y4, gf\:_l.
One observes that the second branch is approximated as well, which can be justified
rigorously. Indeed, one can understand the two W branches as situated on the branch cut
which starts at x = —1/e and goes to 4-c0. Wy is then defined on its upper bank and W_; on
the lower bank. Thus, W_; values are reached by transporting the Wy values continuously
around the branch point, not crossing the cut. It is known that the branch point is of the
square-root type, so it can be removed by the substitution t = (x + 1/¢)? — 1/e. Under this
transformation, the upper bank remains unchanged (with a scaled argument), whereas the
lower bank is “rotated” around (—1/e,0) and identified with (—oo, —1/¢). Consequently,
the branch point is removed. Specifically, let us define

Wol(x+1/e)>—1/e]  ifx>—1/e
Ry(x) = ) , :
W_q[(x+1/e)*—1/e] ifx<—1/e

From preceding arguments it follows that the function Ryy is analytic at x = —1/¢ and
the only (logarithmic) singularity of Ry is situated at x, = —1/+y/e —1/e ~ —0.9744....
By the transformation, it corresponds to the singularity of W on all Riemann sheets, W
excepted, at x = 0. What is the effect of the argument transformation on g4? One has

Ry(x) = galt) = \/E(Hi) 1

We see that after the substitution the function used for the expansion becomes a simple
linear function, g4 — Ry, and the whole series }_a,¢"} becomes a derivative-matching
power expansion }_a,Rg, which is the Taylor series. This converges to the nearest sin-
gularity which, after removing the (—1/e, —1) branching, is the logarithmic singularity
at x, see Figure 2. If }_a,R}(t) converges to the unified branches Wy, 1(t), then, by
back-substitution, )~ a,g8"; (x)|9—+1 converges to Wy(x) and W_;(x), respectively. The back-
substitution in fact gives a shifted Puiseux series.

1
0.
-1 — Wo, -1
ke’ 10
= 5 —— > ap(Vl+ex—1)
—4] n=0
10
—— > ap(—V1+ex —1)"
=3 n=0
B Branch point (-1/e, — 1)
-4 ) r r r
-0.5 0.0 0.5 1.0 1.5 2.0

X

Figure 1. Description of both branches of the Lambert W function by g 4-series with different branches
of the square root; see Formula (25).
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L _
0.
= —11 — Wo, —1(t)
~ 10
= —— Y a,(V1+et—1)
-2 n=0
10
—— D ap(—V1+et—1)"
=31 n=0
t=(x+1/e)2—1/e
-4

210 -05 0.0 0.5 1.0 1.5 2.0
X

Figure 2. Branches W _1 (t) become one analytic function at —1/e with the branch point removed.
Sum Y a,g" [t(x)] represents its Taylor series expanded at t(x = 0) = 1/¢> —1/e ~ —0.2325.....

Again, we have illustrated a feature of the approximations we propose on a simple
example where the convergence can be easily demonstrated. Nevertheless, other parameter
choices may also provide branch-point reconstruction (possibly with better convergence
properties). For example, the numerical computations suggest that using g4 withb =c¢ =0,
x=1/2,w=2a=2e+1/(2e)

1 1
= 2
gA(x) 19\/1—|—<e+ e>x+ X 1, 9=1, (26)

one gets series that converge to W in the neighborhood of the branch point for both branches
(see Figure 3), although this may be more difficult to prove.

1
O-
_1-
. — Wy, -1
Z 2
= — Zan(g‘A?:“)”
_3-
° z an(ggz_l)n
_4-
Branch point (—-1/e, — 1)
-5 , , . .
-0.5 0.0 0.5 1.0 1.5 2.0

X

Figure 3. Branches Wy _; approximated using the expansion with g4 from (26).

5.3. Matching Value

Matching the function value at a point xy # 0, different from the expansion point, is
possible only in special situations.
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5.3.1. Scenario with f(0) = 0 and f(xp) =0

The generalized power series YN _; a,¢" (x) takes the value zero at xo whenever
<(x0) = 0, a condition that can be realized by suitable parameter tuning. However, such
an x( necessarily lies outside the interval I containing 0, on which g is bijective (recall that
¢(0) = 0 = g(xg) while ¢’(0) # 0). Consequently, in any neighborhood of xy, the series
will generally fail to converge to f. Nevertheless, this property remains useful, as it can
still provide a rough approximation near specific points within the non-convergent region.

5.3.2. Scenario with f(0) = f(xp) = 0 and an Underlying Symmetry
In addition to f(0) = f(xp) = 0, let us also assume the following:

e The symmetry ¢(x1) = g(x2) < f(x1) = f(x2);

e The convergence }_a,8"(x) — f(x) for x € I, where [ is an interval containing zero
on which g is bijective;

e Thebound f(x) € J for all x, where ] is the image of I, i.e., ] = f(I).

Proposition 7. Under these strong conditions, we can conclude that
Y ang" (x) = f(x)
n

forall x.

Proof. Indeed, for any x,, we have f(xp) € | = f(I), so there exists x; € I such that
f(x1) = f(x2). Since x1 € I, the assumed convergence gives f(x1) = Y, 4,8" (x1). By the
symmetry property, f(x1) = f(xy) implies g(x1) = g(x2). Consequently, ¥, a,8" (x1) =
Y. an8" (x2), and hence

flx2) = f(x1) =Y ang"(x1) = Y ang" (x2).

Since x, was arbitrary, the desired convergence holds for all x. [

Let us show how this property can be useful using an example that we investigate
only numerically. We chose f(x) = sin(7x) and g4 with parametersc =b =0, w = 1,
« = 1and a = —1, deliberately such that

ga(¥)xm1 = (¥ = x) o1 = 0 = sin(7x) 1,

i.e., the approximation reproduces the value of sin(7tx) at x = 1. The symmetry of the
functions with respect to x = 1/2

94(1/2—x) =ga(1/2+x), sin[n(1/2—x)] =sin[(1/2+ x)],

implies that if }a,8" (x) — sin(mx) for 0 < x < 1/2 then Y a,8% (x) — sin(mx) also
for 1/2 < x < 1. The imposed constraint ), a,8" (1) = 0 is expected to improve the
approximation, for example when compared to the Taylor polynomial of the same de-
gree. An objection can be made: because we add new information (about the symme-
try), the improvement is not a surprise. This is only partially true. We may include
the same information content also in an approximation based on a Taylor polynomial

Tn(x) = ZnNzl o, x"

(27)

() = Tn(x) if0<x<1/2
Tn(l—x) if1/2<x<1
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thereby explicitly taking the symmetry into account. The results are shown in Figure 4.
Clearly, the g 4-based approximation outperforms Ty significantly. This can be understood
as follows: in addition to the symmetry property, our expansion is analytic at x = 1/2
for any partial approximation Ay, = 25:1 ang'y. We therefore believe that in a similar
symmetry-backed situation the use of the value-matching procedure (value being zero) can
be very useful and may considerably improve the convergence.

10°
1.01
-1
10 g
0.5 /] 1072 ,/ \\\
./ > / N
© 1073 / \
> 0.01 ~ ,I \‘
10744 / \ !
0 II ‘\ II
—0.5{|— ALx) 1075 / A
—-= sin(nx) 10-5 ! Vo 14500 = sin(mx)|
Y | s T4(x) ,' ‘| ,' === |T4(x) — sin(mx)|
o - - - - 10-7 H - Ll - -
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0

X

x

Figure 4. The approximation of sin(7rx) by A; = Yo an §" and by symmetrized Taylor polynomial
74, Formula (27), on the left, and the corresponding errors on the right.

5.3.3. Optimizing Parameters

In previous paragraphs we have used specific parameters to demonstrate interesting
features of new expansions without mentioning probably the most natural approach:
tuning the parameters in an optimization procedure to best describe a function on a given
interval. The aim would be to minimize the number of terms or the (computer) time to
reach a desired precision. This ought to work: standard power expansions represent a
single special case from the infinite set of parametric formulas we provide. There is no
a priori reason why the global optimum should occur with the standard power series.
Concerning computing time, they may win only if a small number of terms is taken into
account, because our method requires computing g(x) from x. For a larger number of
terms, one can expect the benefits of using g(x) (instead of x) to prevail. Let us also note
that our expansions can be evaluated, like polynomials, by Horner’s method. Of course,
for the generalized power series to be rapid, the coefficients need to be pre-computed,
since they are computationally expensive. Thus a typical use case is to approximate a fixed
function: compute the coefficients, store them, and use them repeatedly to evaluate the
function for different arguments. We have made an effort to search for a mathematical
function commonly implemented in numerical libraries (C, Java, Python, . ..) for which our
method could be competitive, at least on some reasonable interval. We did not succeed:
existing methods are fine-tuned over decades and use the power expansion (to be replaced
by ours) very rarely; instead, they resort to minimax polynomials and rational functions.
Thus we believe our approach is more suited for specific, occasional situations where a
solution to a problem is found as a non-standard (i.e., new, previously unknown) power
series; it can then be enhanced.

Rather than providing a fully-tuned example, let us focus on a specific optimization
aspect: the parameter w is universal (present in all gx) and computationally cheap. Tun-
ing it may be a quick and routine way to improve the convergence. It does not appear
deeply in Formulas (13)—(24) and if these are used to compute B} | := B;‘ikzl for g(x) then
B = wF B, i, to be used with ¢(x/w), see Section 3.1. It is therefore sufficient to remember
a triangular array of numbers B} , and search for an optimal w. The following example
uses gr withc=1,d=1,B=1/10anda =1, i.e.,
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The series YN ay, gF(x), with a,, given by (24), is meant to approximate the Airy
function Ai(x) and we use the first six terms (N = 5). In the optimization, we start with
the reference value w = 1 and tune it so that the approximation reproduces the first zero
of Ai(x), situated at x = —2.33811.... We find wepr. = 4.034... and present the results
in Figure 5. We observe a very significant improvement on roughly the interval [-2.5,1],
and we see that on this interval the parameter tuning can hardly be compensated for by
increasing the number of terms in the w = 1 scenario. Outside this interval, all displayed
expansions become inappropriate and quickly depart from the approximated function. We
do not go beyond numerical observations in this example.

0.8

0.6 1

0.4

0.2

> 0.0 — Ak

5
—— 2 angfw=1
—-0.21 n=0
10
~0.41 —— 2 angr,w=1
’ n=0

(S}

—0.61 —— > 3,90, Wopt = 4.03 ...
n=0

-0.8 T T ' .
-3 -2 -1 0 1 2

X

Figure 5. For the approximation of Ai(x) using Y\ a,g/t(x), tuning w to reproduce the zero at
x = —2.34... improves the accuracy much more than increasing N.
5.4. Manipulating Singularities

Assume f has a pole at xy and is analytic on a simply connected domain U\{xo}
which contains x = 0 and xg # 0. It may then seem natural to approximate it using a
function g that also has a pole at the same position. Unfortunately, this does not work well.

Proposition 8. Let U be a simply connected domain (i.e., an open connected set) containing 0 and
xo # 0. Let f be analytic on U \ {x¢} and have a pole at xy. Let g be analytic on U \ {xo} and
have a pole at xg. Define

A (x) = £(0) + il aulg()]",

and assume that infinitely many a, are nonzero. Assume that the series converges on U \ {xo}
to an analytic function. Then A has an essential singularity at xo. Consequently, Af # f on
U\ {xo}; in particular, there exists x; € U, x1 # xq, such that A (x1) # f(x1).

Proof. Let

F(z) = f(0) + ianz”.

For x € U\ {xq}, we have Af (x) = F(g(x)). Let m be the order of the pole of g at xo. Then,
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h(x)
S o
where /1 is analytic in a neighborhood of xy and h(x() # 0. First we show that F is entire.
For sufficiently large |w|, the equation g(x) = w has a solution x € U \ {xp}. Indeed, this
equation is equivalent to
h(x) —w(x—x9)" =0.

Choose r > 0 so small that the disk |x — x| < 7 is contained in U. On the circle |x — xg| =7,
the function /4 is bounded, say |h(x)| < M. For |w| > M/r™, we have

|w(x = x0)"| = |w[r™ > M = |h(x)].

By Rouché’s theorem, t(x) = —w(x — xg)™ and t(x) + h(x) = h(x) — w(x — x9)™ have the
same number of zeros inside |x — x¢| < r, counting multiplicities. Since ¢ has m zeros, t + h
also has m zeros. Thus there exists x with |x — xo| < r, x # x¢, such that g(x) = w (xg is
not a solution because 11(xg) # 0). Hence the series for F(w) converges for all sufficiently
large |w|. Therefore F has infinite radius of convergence and is entire. Now suppose Af
has a removable singularity or a pole at xg. Then there exist N > 0 and C > 0 such that for
|x — x| sufficiently small,
A ()] < Cla — x| M.

Since h(xg) # 0, there is ¢ > 0 such that |h(x)| > ¢ for |x — x| sufficiently small. Then,

801 = 2 > e,
SO
= xpl N < N g ) N
Therefore,

IF(g(x))| = |A/ (x)] < Clx — x| 7N < Ce™N/"g(x) N/,

Since g(x) takes all sufficiently large values w, we get
[F(w)] < C'lew|N/™

for all sufficiently large |w|. An entire function that grows at most polynomially is a
polynomial. Hence, in the expansion F(z) = f(0) + Y_a,z" only finitely many a, are
nonzero, contradicting the assumption. Thus A/ cannot have a removable singularity or a
pole at xj. Since it is analyticon U \ {xp}, it must have an essential singularity at xg. Since f
has a pole at x, the two functions have different types of singularities at x¢, so they cannot
coincide on U \ {xo}. Therefore, there exists x; € U, x; # xo, with Af (x1) # f(x1). O

If f has an essential singularity in x(, then the convergence is possible. There are
simple examples; see e.g., Section 5.1 of [20].

Although poles cannot be directly approximated by the poles of g, one may use poles of
g to improve the convergence rate. For example, define g with a shape (concavity/convexity,
inflection point) similar to f. Let us give an example with f(x) = tan(x). We use

XX0

ga(x) =i (28)

2 427
X0 X

which corresponds to parameters « = 1,4 = =1, b = 0, ¢ = 1 and w = ixy with
xg = (14 +/2)/2. Here i is the imaginary unit and +x are pole positions. One notices
that g4 (x) is purely imaginary on the real axis and its imaginary part is odd and similar to
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tan(x), meaning it is increasing and antisymmetric with an inflection point at the origin
(Figure 6). By careful consideration of singularities of tan(g~!), the parameter xj is chosen
so as to guarantee the convergence of the ¢ power series on (—7/2, 1/2) (see Section 3.2).
By combining the odd powers of g (even ones are missing) with imaginary coefficients,
a real-valued function is constructed. Numerical inspection (Figure 7) suggests that the
approximation converges more rapidly than the Taylor series of the same length. One
notices that the Formula (28) is a very simple rational function that is fast to evaluate on

a computer.
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Figure 6. The imaginary and real parts of g4 (x), formula (28). From the perspective of the origin, the
poles are situated (quite) beyond those of tan(x), the latter denoted by dotted lines.
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Figure 7. Left picture: Approximation of tan(x) by A" (x) = Y8 _ a,¢" (x) and by the Taylor series
TN (x) = ¥ _ anx™. Right picture: Comparison of errors by ratio.

6. Discussion, Outlook, Summary

Once we have demonstrated several applications of generalized power series, we may
compare them to various other methods we have listed in the Introduction. We believe our
construction surpasses them in several respects: the number and variety of both expansions
and parameters, as well as their simplicity. The list of six functions we have presented is
by no means exhaustive—one is free to invent his own g function, provided a formula for
d,(qg R can be derived. The same applies to the number and meaning of the parameters; we
have focused on five-parameter formulas only for convenience, and one may attempt to
construct a ¢ with an even larger number of adjustable parameters.

Apart from regularizing divergent series, our approximations can be used, as demon-
strated, for all the other purposes for which the competing methods are used. Yet the
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construction remains remarkably simple. In principle, Bell polynomials can be expressed
by a formula, but this formula is formal rather than explicit. It contains a summation
symbol where the sum runs over all sequences of indices subject to specific constraints;
in our view, this does not qualify as an explicit formulation. In contrast, the formulas we
provide are truly explicit: although lengthy, they rely solely on single summations with
explicit summation limits. Furthermore, we can easily determine the convergence of our
expansions via back-substitution into power series. None of the competing approaches
combines all these features.

We cannot foresee all possible applications of our construction, yet, given the sheer
size of the field dedicated to enhancing power expansions, we believe our method can
make a meaningful contribution. It remains for each researcher or scientist to adapt the
tools we propose to their own needs. Our experience shows that parameter tuning is not
always easy; in preparing the examples for this paper, we have explored many suboptimal
parameter regions and encountered problematic local minima during optimization. Still,
we have always succeeded in finding an expansion that met our requirements. We hope
this will likewise be the case in future applications.

As a future prospect, we plan to establish a diverse library of parametric functions
similar to gx to provide a broader range of options.

Very generally, extensions of existing mathematical definitions or constructions can
be useful; in the past, we [21,22] and others [23-25] have contributed to the concept of
differentiation by integration, which generalizes the ordinary derivative (extends the set
of differentiable functions, provides algorithms to differentiate noisy data, or can be used
for fractional derivatives) and is parameterized by an infinite (but not arbitrary) set of
kernel functions. We believe this is also a path to follow in the future: one may investigate
useful extensions of existing mathematical concepts, which, in relation to the present text,
may for example consist of considering expansions to other approximation forms (not only
power-based) and principles (not only derivative-matching).

To close our text, we add, for clarity, a summary Table 1.

Table 1. Summary table. For excluded parameter values, see Section 4.
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Table 1. Cont.
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