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Abstract

The usual power series ∑ αnxn are generalized by the substitution x → g(x) to power
series built from a function ∑ angn(x). The key feature of our approach consists in using
functions g with free parameters g(x) = g({pi}, x); the resulting expansions thus keep the
Taylor-like behavior (i.e., they match derivatives at the expansion point), but can also be
tuned to adjust the far-away behavior. We present six specific cases gX, X ∈ {A, . . . , F},
each containing five free parameters. We use examples to show that the generalization can
improve convergence (rate and domain), mimic branch points and branch cuts, and exhibit
other interesting properties. Because the partial Bell polynomials are a necessary ingredient
in our method, our results can be interpreted as new formulas for specific values of the
Bell polynomials.

Keywords: derivative-matching expansions; parametric approximations; power expansions;
convergence rate; convergence domain; tunable parameters

MSC: 41A30; 41A10; 41A20; 41A25; 41A58

1. Introduction
Many approximations can be seen as “matching” procedures [1]: interpolations

match function values, (generalized) Fourier series and moment-problem solutions match
weighted integrals, and several expansions are based on matching derivatives. Besides
the Taylor series, these include a number of other approximations (Padé approximants,
Neumann series of Bessel functions, Lambert series, etc.). Thus, once the derivatives of a
function at some point are known, one can choose the approximation from a finite set of
existing possibilities. Since each reproduces the function well near the expansion point, we
can select the one that describes the function best when the argument becomes larger. For
example, it is well known that for some applications the Padé rational function provides a
better description than the Taylor series.

We adopt a similar strategy: We construct derivative-matching approximations with
tunable parameters, meaning that for each (well-defined, non-singular) parameter combi-
nation, the resulting approximation matches derivatives at the expansion point. One can
then use the parameters to tune the far-away behavior. We propose six formulas, each with
five free parameters. In this way, six infinite sets of adjustable approximations are built. By
manipulating the introduced parameters, one can enhance the convergence properties (rate
and domain), mimic branch points and branch cuts, and adjust other characteristics of the
resulting approximation. Alternatively, one can also interpret our results as new formulas
for special values of the Bell polynomials, since these are necessary for our purposes.

The expansions we present are of the form ∑∞
n=0 angn(x), where g is an appropriate

function. They are derived from the simple idea of a substitution into a power series; we do
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not see additional sources for our work that should imperatively be cited. After conducting
extensive literature and internet research, we firmly believe that our approach is original;
nevertheless, we acknowledge the existence of results with some degree of similarity that
deserve to be mentioned. Many of them have a higher mathematical complexity and are
often targeted at specific physics problems.

A well-known method for improving convergence of a power series is the Euler
transform [2]

f (x) =
∞

∑
n=0

αnxn =
1

1 − x

∞

∑
n=0

an

(
x

1 − x

)n
, (1)

where an are computed as the nth order forward difference from coefficients αj. The method
is well suited for summing alternating series and has a generalization to negative indices [3]
or to an approach dedicated to the summation of Rayleigh-Schrödinger series [4]. The
Formula (1) resembles what we present and can be seen as a special case of our approach,
which corresponds to expanding (1 − x) f (x) using the function gC with α = β = w = 1
and A = B = −1, see Formula (9) later.

Another mainstream approach for enhancing the convergence of series is Kummer’s
transformation [5]. Aiming to speed up the convergence of S = ∑∞

n=1 αnxn, one searches
for a similar series C = ∑∞

n=1 βnxn where C is known. Then S can be rewritten

S = γC +
∞

∑
n=1

(
1 − γ

βn

αn

)
αnxn ≡ γC +

∞

∑
n=1

λnαnxn

with γ = limn→∞ αn/βn. If {βn} and {αn} behave alike as n increases, then λn tends to
approach zero quickly.

A large number of publications stem from the seminal works of Aitken [6], Shanks [7],
and Levin [8]. These authors introduced non-linear sequence transformations aimed
at accelerating convergence by eliminating oscillations while preserving the underlying
trend. Numerous other transformations have since been proposed [9–11], some of which
incorporate free parameters. A nice overview is given in [12].

In fact, most of the methods mentioned above, as well as the method presented here,
can be interpreted as conformal mappings, basically meaning substitution (or variable
transformation), possibly with some term rearrangement. If done properly, it may move
the point of evaluation from a position close to a singularity to a position far away from
the singularity, thus accelerating convergence. Here, the essential texts to cite are by
Van Dyke [13] and Guttmann [14].

An important approximation scheme is the Padé approximant which, by construction,
is able to reproduce poles of the approximated function, thus possibly providing a good
approximation even beyond this type of singularity. Here again, large generalizations
exist: the authors of [15] propose a construction where polynomials are replaced by general
Chebyshev systems, thus possibly reproducing branch points and cuts. Another impor-
tant application is the Padé–Borel summation, successfully implemented, for example, in
quantum physics [16].

The latter citation is related to a topic many authors in physics and applied sciences
work on: to give meaning to divergent series and to provide a mechanism for formally
summing them up. Besides Borel summation, one can mention order-dependent mapping
methods [17], variational perturbation theory [18], or more unconventional frameworks
such as the self-similar approximation, a theory developed by Yukalov [19]. Nevertheless,
these topics lie at the edge of the scope of this text.

The text is organized as follows: in Section 2, we present the derivation of the method;
in Section 3, we discuss selected properties of our construction; and in Section 4 we list our
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results. Section 5 is then dedicated to illustrative examples, and the discussion and outlook
together with a summary table are presented in Section 6.

2. Method
The method of construction is not new and proceeds through a substitution into the

standard power series x → g(x), as described in [20]. Reassessing our results there, we
realized that some of them possess parametric freedom, and this inspired us to investigate
further. Adopting the notation

A f ≈ f ⇔ dn

dxn A
f (x)|x=0 =

dn

dxn f (x)|x=0, n ∈ N0

for an approximation A f , we assume, without loss of generality, that the expansion is
performed at x = 0. Writing A f as

A f (x) = f (0) +
∞

∑
n=1

an[g(x)]n, g(0) = 0, g′(0) ̸= 0, (2)

straightforward manipulations and Faà di Bruno’s formula give

an =
1
n!

dn

dxn f
(

g−1(x)
)
|x=0 =

1
n!

n

∑
k=1

d f
k Bn,k(d

g−1

1 , dg−1

2 , . . . , dg−1

n−k+1), (3)

where Bn,k are (incomplete) Bell polynomials and dh
n := dn

dxn h(x)|x=0. The existence of a
non-vanishing derivative of g at zero guarantees the existence of the inverse function g−1

in some neighborhood of the same point. Although Formulas (2) and (3) allow us to match
the derivatives of f by A f , they do not imply any type of convergence of A f to f .

Assuming we have a candidate function g(x) to be used in (2), the simplest way to find

Bn,k := Bn,k(d
g−1

1 , dg−1

2 , . . .) is to study higher-order derivatives of (g−1)k. Indeed, the latter
can be understood as u(v(x)) where v = g−1 and u(x) = xk. Rewriting Faà di Bruno’s
formula as

du◦v
n =

n

∑
j=0

du
j Bn,j(dv

1, dv
2, . . .),

one uses du
j = k!δj,k to get

dn

dxn

(
g−1(x)

)k
|x=0 = k!

n

∑
j=0

δj,kBn,j = k!Bn,k. (4)

So, if one is able to derive an expression for d(g−1)k

n in a way that does not rely on the Bell

polynomials, i.e., d(g−1)k

n = F(n, k), then

Bn,k =
1
k!

d(g−1)k

n =
1
k!

F(n, k). (5)

Thus, finding a formula for the nth derivative of (g−1)k for some proposed g is one of
the key concerns of this text. To implement parametric freedom, the free parameters are
introduced into the definition of the function g(x) = g({pi}; x).

We remark that, to simplify notation, we will often write ∑∞
n=0 angn(x) instead of the

expression in (2). In (2), we isolate the constant term to avoid ambiguity in the coefficient
formulas in Section 4. Thus, whenever coefficient formulas are involved, any sum of the
form ∑∞

n=0 angn(x) should be understood as in (2).
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3. Properties
3.1. Existing Freedom

The Bell polynomials follow a transformation rule that reflects properties of differentiation

Bn,k

(
wqc1, wq2c2, wq3c3, . . .

)
= qnwkBn,k(c1, c2, c3, . . .), (6)

where q and w can be seen as parameters, which gives new possibilities for approximations.
Indeed, if f (x) ≈ ∑∞

n=0
1
n!

(
∑n

k=0 d f
k B◦

n,k

)
gn(x), then

f (x) ≈
∞

∑
n=0

1
n!

(
n

∑
k=0

d f
k wkB◦

n,k

)
gn
( x

w

)
and

f (x) ≈
∞

∑
n=0

1
n!

(
n

∑
k=0

d f
k

qn B◦
n,k

)
[qg(x)]n,

where B◦
n,k := Bw=1,q=1

n,k . The latter expansion is trivial and does not represent a new
approximation: the compensating scaling factor is introduced into the coefficients, but
the summands remain identical. The former expansion is, however, non-trivial and we
understand w as our first free parameter.

3.2. Convergence

Let I be the maximal open interval containing zero where g can be inverted. The
question of convergence is then reduced to the convergence of the power series: the
expansion ∑ angn(x) converges for all x ∈ I such that |g(x)| < Ry, where Ry is the radius
of convergence of ∑ anyn. To determine Ry one uses standard power-series methods. In
general, the convergence to the function is lost outside I. If two different arguments
x1 ∈ I and x2 /∈ I give the same value g(x1) = g(x2) then, obviously, the correct value is
reconstructed for x1, and the same value (which is generally incorrect) is obtained for x2,
since the series ∑ angn(x) cannot distinguish between x1 and x2.

The point-wise convergence of A f to f in some neighborhood of x = 0 can also be
treated in this way. By assumption, both f and g−1 are smooth (C∞) at the origin. Since
g−1(0) = 0, the chain rule implies that the composition f ◦ g−1 is likewise smooth at the
origin, i.e., all its derivatives of every order exist. Consequently, the coefficients of the power

series ∑∞
n=0 anyn are well-defined: an = d f ◦g−1

n /n!. One can then study the convergence
of ∑∞

n=0 anyn to f ◦ g−1(y) by the usual methods of power-series theory (which we do not
detail here). Assume that this convergence holds on some interval I0 = (−y0, y0) with
y0 > 0, on which g−1 is bijective. Let I1 = g−1(I0). By the properties of g we know that
0 ∈ I1 and that I1 is nontrivial (I1 \ {0} ̸= ∅). Substituting y = g(x) we obtain, for every
x ∈ I1, f (x) = ∑∞

n=0 angn(x).
Although convergence properties can be straightforwardly related to power series,

the approximation properties are non-elementary: the expansion A f = ∑ angn of f may
converge more rapidly and on a larger domain than the Taylor series of f . Consider a trivial
example: with g(x) = ln(1 + x) and f (x) = ln(1 + x) the sum A f approximates f exactly
and very rapidly: just one term suffices. The Taylor series converges only at (−1, 1), and
its convergence is slow (alternating sum). For g(x) = ln(1 + x), see the function gE from
Definition 1 with c = 1, d = 0, B = 0, α = 1 and w = 1.
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4. List
The following list of parametric functions gX consists of three pairs of inverse functions:

whenever a formula for d(g−1
X )k

n was established, then also an expression for d(gX)
k

n was found;
the roles of gX and g−1

X can be swapped. It is unclear whether this is just a coincidence
or reflects a deeper underlying reason. Parameters are included in the function names
implicitly: gX(x) = gX(p1, p2, p3, p4, p5; x). Also, we define 00 := 1.

Definition 1.

gA(x) =
(

1 + at + t2

1 + bt + ct2

)α

− 1, with t =
x
w

(7)

gB(x) =
a − b t + sgn(b − a)

√
(b2 − 4c)t2 + [4(c + 1)− 2ab]t + (a2 − 4)

2[c t − 1]
,

with t =
(

1 +
x
w

)1/α
(8)

gC(x) =
[
(1 + t)β + A

]α − (1 + A)α

1 + B
[
(1 + t)β + A

]α , with t =
x
w

(9)

gD(x) =

{[
t + (1 + A)α

1 − Bt

]1/α

− A

}1/β

− 1, with t =
x
w

(10)

gE(x) =
[ln(c + t) + d]α − [ln(c) + d]α

1 + B[ln(c + t) + d]α
, with t =

x
w

(11)

gF(x) = exp

{[
t + (ln c + d)α

1 − Bt

]1/α

− d

}
− c, with t =

x
w

(12)

The Python 3.12.3 implementation of generalized expansions using these functions is
submitted as Supplementary Materials with this text.

What follows next are the coefficient formulas along with their proofs. In the proofs,
we work with expressions where the parameter w is missing (meaning w = 1), and we
replace x/w by x. Thanks to the Formula (6) w is specific; it can be introduced later, once
formulas with other parameters are established. As indicated by (4), the proofs are based
on finding the nth derivative of the kth power of the inverse function of g.

Proposition 1. Assume α ̸= 0, w ̸= 0, a ̸= b and c ̸= 1. Then f (x) ≈ ∑∞
n=0 angn

A(x), where an

are defined by (3) with

Bn,k = wk n!
k!

n

∑
m=k

βm

m

∑
l=0

(−1)m−l
(

m
l

)(
l/α

n

)
, (13)

where

βm =
k
m

m−k

∑
p=0

⌊p/2⌋

∑
j=0

(
m

p − j

)(
p − j

j

)(
2m − k − p − 1

m − 1

)
× bp−2jcj(a − b)p+k−2m(c − 1)m−k−p.

Formula (7) has a significant limit case without the quadratic term in the numerator

gA(x) = lim
a,b,c,w→∞

[
1 + a

w x + 1
w2 x2

1 + b
w x + c

w2 x2

]α

− 1,

https://doi.org/10.3390/math14183414
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where a/w, b/w and c/w2 tend to finite constants A, B, and C. Thus,

gA(x) =
[

1 + Ax
1 + Bx + Cx2

]α

− 1 =

[
1 + t

1 + K1t + K2t2

]α

− 1, t =
x
w

, (14)

with w = 1/A, K1 = B/A, K2 = C/A2, and one free parameter is lost. The corresponding
limit of the formula for C ̸= 0 affects only the βm term:

β∞
m =

k
m

m−k

∑
p=0

⌊p/2⌋

∑
j=0

(
m

p − j

)(
p − j

j

)(
2m − k − p − 1

m − 1

)
× Bp−2jCj+m−k−p(A − B)p+k−2m. (15)

Taking C = 0, one has

β∞,C
m =

(
m − 1
k − 1

)
Bm−k(A − B)−m. (16)

Before proceeding to the main proof, let us recall the following classical result, known as
the Lagrange–Bürmann formula.

Theorem 1. Let f be an analytic function and let h be its inverse near x = 0. Then for any analytic
function T

[xn]T[h(x)] =
1
n
[tn−1]

(
T′(t)

[
t

f (t)

]n)
,

where [xn]F(x) denotes the coefficient of xn in the Taylor expansion of F(x).

Using it, the proof of Formula (13) can be stated.

Proof. We assume α ̸= 0, a ̸= b and c ̸= 1 (w = 1, x/w → x). The inverse function to gA,
Formula (7), is, in the neighborhood of x = 0, the function gB, Formula (8), which can be
verified by direct calculation. The latter is written as

gB(x) =
a − bu + sgn(b − a)

√
∆u

2[cu − 1]
,

u = (1 + x)1/α, ∆u =
(

b2 − 4c
)

u2 + [4(c + 1)− 2ab]u +
(

a2 − 4
)

.

One has

x = gA[gB(x)] =

[
1 + agB + g2

B
1 + bgB + cg2

B

]α

− 1 ⇒ (x + 1)1/α =
1 + agB + g2

B
1 + bgB + cg2

B
.

Introducing
ω := (x + 1)1/α − 1, γ := a − b, δ := 1 − c

one has

ω(gB) =
γgB + δg2

B
1 + bgB + cg2

B
.

Let us work in the variable ω. We write gk
B(ω) = ∑∞

m=k βmωm where

βm =
k
m

[
tm−k

](1 + bt + ct2

γ + δt

)m

. (17)
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This follows from the Lagrange–Bürmann formula with T(t) = tk, h(ω) = gB(ω):

βm := [ωm][gB(ω)]k =
1
m

[
tm−1

](
ktk−1

[
t

ω(gB)gB=t

]m)
=

k
m

[
tm−k

](1 + bt + ct2

γ + δt

)m

.

We treat the numerator and denominator in (17) separately.

(
1 + bt + ct2

)m
= (1 + X)m =

m

∑
r=0

(
m
r

)
Xr =

m

∑
r=0

(
m
r

)(
bt + ct2

)r

=
m

∑
r=0

(
m
r

) r

∑
j=0

(
r
j

)
(bt)r−j(ct2)j

=
m

∑
r=0

(
m
r

) r

∑
j=0

(
r
j

)
br−jcjtr+j|p=r+j

=
2m

∑
p=0

⌊p/2⌋

∑
j=0

(
m

p − j

)(
p − j

j

)
bp−2jcjtp

for any m ∈ N. The original condition r < m (i.e., p − j < m) is taken care of automatically
by the binomial coefficient ( m

p−j). Next,

(γ + δt)−m = γ−m
∞

∑
q=0

(
m + q − 1

q

)(
− δ

γ

)q
tq,

which follows from the generalized binomial theorem for negative exponents. One extracts
the coefficient in front of the term tm−k

[
tm−k

](1 + bt + ct2

γ + δt

)m

=
[
tm−k

] 2m

∑
p=0

⌊p/2⌋

∑
j=0

δp+q=m−k

(
m

p − j

)(
p − j

j

)

×
(

m + q − 1
q

)
bp−2jcjγ−m

(
− δ

γ

)q
tp+q

=
2m

∑
p=0

⌊p/2⌋

∑
j=0

(
m

p − j

)(
p − j

j

)(
2m − k − p − 1

m − k − p

)
× bp−2jcjγp+k−2m(c − 1)m−k−p.

If m − k − p < 0 (i.e., p > m − k), then the last binomial coefficient is zero, so we can restrict
the summation limit over p to m − k. Next, for the same binomial coefficient we use the
identity (n

r) = ( n
n−r), thus getting

βm =
k
m

m−k

∑
p=0

⌊p/2⌋

∑
j=0

(
m

p − j

)(
p − j

j

)(
2m − k − p − 1

m − 1

)
(18)

× bp−2jcj(a − b)p+k−2m(c − 1)m−k−p.

Let us recall our aim: we seek a formula for d
(g−1

A )k

n . We have gk
B(ω) = ∑∞

m=k βmωm and
ω = (x + 1)1/α − 1. Thus,

https://doi.org/10.3390/math14183414
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d
(g−1

A )k

n =
dn

dxn gk
B(ω(x))|x=0

=
∞

∑
m=k

βm

m

∑
l=0

(
m
l

)
(−1)m−l dn

dxn (x + 1)l/α|x=0

= n!
∞

∑
m=k

βm

m

∑
l=0

(
m
l

)
(−1)m−l

(
l/α

n

)
.

Using (5), we reproduce Formula (13)

Bn,k =
n!
k!

∞

∑
m=k

βm

m

∑
l=0

(−1)m−l
(

m
l

)(
l/α

n

)
,

with βm given by (18). Special limit cases (15) and (16) are derived by applying the limit to
the previous procedure.

Proposition 2. Assume α ̸= 0, w ̸= 0, a ̸= b and c ̸= 1. Then f (x) ≈ ∑∞
n=0 angn

B(x), where an

are defined by (3) with

Bn,k = wk n!
k!

k

∑
j=1

(−1)k−j
(

k
j

) n

∑
p=0

⌊p/2⌋

∑
q=0

ap−2q
(

αj
p − q

)(
p − q

q

)

×
⌊(n−p)/2⌋

∑
s=0

bn−p−2scs
(

−αj
n − p − s

)(
n − p − s

s

)
. (19)

Proof. We assume α ̸= 0, a ̸= b and c ̸= 1 (w = 1, x/w → x). The inverse function to gB,
Formula (8), is, in the neighborhood of x = 0, the function gA, Formula (7), which can be
verified by direct calculation. The latter is written as

gA(x) =
(

1 + ax + x2

1 + bx + cx2

)α

− 1.

So,

[gA(x)]k =
[
(1 + ax + x2)α(1 + bx + cx2)−α − 1

]k

=
k

∑
j=0

(
k
j

)
(−1)k−j(1 + ax + x2)αj(1 + bx + cx2)−αj

≡
k

∑
j=1

(
k
j

)
(−1)k−jFj(x), (20)

where the lower limit can be set to j = 1 because j = 0 gives a constant which disappears in
the differentiation. Now we search for [xn]Fj(x) = [dnFj(0)/dxn]/n!. Using the generalized
binomial theorem, we get

(1 + ax + x2)αj =
∞

∑
p=0

(
αj
p

)
(ax + x2)p

=
∞

∑
p=0

(
αj
p

) p

∑
q=0

(
p
q

)
(ax)p−q(x2)q

=
∞

∑
p=0

p

∑
q=0

(
αj
p

)(
p
q

)
ap−qxp+q.
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To extract the coefficient in front of xr we introduce a new index r = p + q. Since p > q one
has q ≤ ⌊r/2⌋

[xr](1 + ax + x2)αj = [xr]
p

∑
q=0

∞

∑
p=0

δp+q=r

(
αj
p

)(
p
q

)
ap−qxp+q

=
⌊r/2⌋

∑
q=0

(
αj

r − q

)(
r − q

q

)
ar−2q.

Analogically,

[xt](1 + bx + cx2)−αj =
⌊t/2⌋

∑
s=0

(
−αj
t − s

)(
t − s

s

)
bt−2scs.

With Fj(x) being a product of two terms, its [xn] factor can be expressed as a convolution

[xn]Fj(x) =
n

∑
p=0

(⌊p/2⌋

∑
q=0

(
αj

p − q

)(
p − q

q

)
ap−2q

)

×
(⌊(n−p)/2⌋

∑
s=0

(
−αj

n − p − s

)(
n − p − s

s

)
bn−p−2scs

)
.

Substituting back to (20), we get

dn

dxn [gA(x)]k =
k

∑
j=1

(
k
j

)
(−1)k−j dn

dxn Fj(x) = n!
k

∑
j=1

(
k
j

)
(−1)k−j[xn]Fj(x).

This gives

Bn,k =
n!
k!

k

∑
j=1

(
k
j

)
(−1)k−j

n

∑
p=0

(⌊p/2⌋

∑
q=0

(
αj

p − q

)(
p − q

q

)
ap−2q

)

×
(⌊(n−p)/2⌋

∑
s=0

(
−αj

n − p − s

)(
n − p − s

s

)
bn−p−2scs

)
,

which is identical to (19).

Proposition 3. Assume α ̸= 0, β ̸= 0, w ̸= 0, A > −1 and B(1 + A)α ̸= −1. Then
f (x) ≈ ∑∞

n=0 angn
C(x), where an are defined by (3) with

Bn,k = wk n!
k!

k

∑
j=0

(
k
j

)
(−1)k−j

n

∑
p=0

(
j/β

p

) p

∑
q=0

(
p
q

)
(−1)p−q

×
n

∑
r=0

(
q/α

r

)(
−q/α

n − r

)
(1 + A)p−αr(−B)n−r. (21)

Proof. We assume α ̸= 0, β ̸= 0, A > −1 and B(1 + A)α ̸= −1 (w = 1, x/w → x). The
inverse function to gC, Formula (9), is, in the neighborhood of x = 0, the function gD,
Formula (10), which can be verified by direct calculation. The latter is written as

gD(x) =

{[
x + (1 + A)α

1 − Bx

]1/α

− A

}1/β

− 1.
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We define U(x) = gD(x) + 1, so gk
D(x) = [U(x)− 1]k and one has

dn

dxn [gD(x)]k|x=0 =
k

∑
j=0

(
k
j

)
(−1)k−j dn

dxn U j(x)|x=0.

Thus, we search for [xn]U(x). We define

U(x) = [Z(x)− A]1/β with Z(x) :=
[

x + (1 + A)α

1 − Bx

]1/α

.

We have Z(0) = 1 + A. So, introducing D := 1 + A, we have

U j(x) = [Z(x)− A]j/β = [(Z(x)− D) + (D − A)]j/β = [1 + (Z(x)− D)]j/β.

The generalized binomial theorem gives

U j(x) =
∞

∑
p=0

(
j/β

p

)
(Z(x)− D)p =

∞

∑
p=0

(
j/β

p

) p

∑
q=0

(
p
q

)
(−D)p−qZq(x).

Next, let us focus on Zq(x) = (x + Dα)q/α(1 − Bx)−q/α. We expand both parentheses

(x + Dα)q/α = Dq
(

1 +
x

Dα

)q/α
=

∞

∑
r=0

(
q/α

r

)
Dq−αrxr,

(1 − Bx)−q/α =
∞

∑
s=0

(
−q/α

s

)
(−B)sxs.

Again, we express [xn]Zq(x) as a convolution

[xn]Zq(x) = [xn]
∞

∑
r=0

∞

∑
s=0

δr+s=n

(
q/α

r

)
Dq−αr

(
−q/α

s

)
(−B)sxr+s

=
n

∑
r=0

(
q/α

r

)
Dq−αr

(
−q/α

n − r

)
(−B)n−r.

Using [dnZq(x)/dxn]x=0 = n![xn]Zq(x), we get

dn

dxn gk
D(x)|x=0 =

k

∑
j=0

(
k
j

)
(−1)k−j dn

dxn U j(x)|x=0

=
k

∑
j=0

(
k
j

)
(−1)k−j

∞

∑
p=0

(
j/β

p

) p

∑
q=0

(
p
q

)
(−D)p−q dn

dxn Zq(x)|x=0

= n!
k

∑
j=0

(
k
j

)
(−1)k−j

∞

∑
p=0

(
j/β

p

) p

∑
q=0

(
p
q

)
(−1)p−q

×
n

∑
r=0

(
q/α

r

)(
−q/α

n − r

)
Dp−αr(−B)n−r.

To complete the proof one needs to show that the upper summation index for p can be
changed to n. If, for a fixed q, we define

F(q) =
n

∑
r=0

(
q/α

r

)(
−q/α

n − r

)
Dp−αr(−B)n−r
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then
p

∑
q=0

(
p
q

)
(−1)p−qF(q) = ∆pF(0),

i.e., the sum over q represents pth finite forward difference. At the same time the expressions
(q/α

r ) and (−q/α
n−r ) are, as a function of q, polynomials of the order r and n − r respectively.

Thus, their product has order n. Summing polynomials (index r) does not change the
polynomial order. Therefore, if p > n, the expression becomes zero since any finite
difference operator with a degree higher than is the degree of the polynomial on which it

acts gives zero. So ∑∞
p=0 → ∑n

p=0. Then, using Bn,k = d(g−1)k

n /k!, we get Formula (21).

Proposition 4. Assume α ̸= 0, β ̸= 0, w ̸= 0, A > −1, B(1 + A)α ̸= −1 and B ̸= 0. Then
f (x) ≈ ∑∞

n=0 angn
D(x), where an are defined by (3) with

Bn,k = wk n!
k!

B−k
k

∑
j=0

(
k
j

)
(−1)j

n

∑
p=0

(
−j
p

)
ρp

p

∑
q=0

(
p
q

)
(−1)p−q

×
n

∑
s=0

(
αq
s

)
D−s

s

∑
t=0

(
s
t

)
(−1)s−t

(
βt
n

)
, (22)

where
D = 1 + A and ρ =

BDα

1 + BDα
.

Proof. We assume α ̸= 0, β ̸= 0, A > −1, B(1 + A)α ̸= −1 and B ̸= 0 (w = 1, x/w → x).
The inverse function to gD, Formula (10), is, in the neighborhood of x = 0, the function gC,
Formula (9), which can be verified by direct calculation. The latter is written as

gC(x) =
[
(1 + x)β + A

]α − (1 + A)α

1 + B
[
(1 + x)β + A

]α .

We start by defining

W(x) =
[
(1 + x)β + A

]α
, D = 1 + A

giving

gC(x) =
W(x)− Dα

1 + BW(x)
=

1
B

(
1 − 1 + BDα

1 + B W(x)

)
≡ 1

B

(
1 − M

1 + B W(x)

)
.

Then,

gk
C(x) = B−k

k

∑
j=0

(
k
j

)
(−1)j Mj[1 + B W(x)]−j.

We remark that W(0) = Dα and we introduce ∆(x): W(x) = Dα + ∆(x), where ∆(0) = 0.
We get

1 + B W(x) = 1 + BDα + B∆(x) = M + B∆(x) = M
[

1 +
B
M

∆(x)
]

.

Then, the generalized binomial theorem is used[
1 +

B
M

∆(x)
]−j

=
∞

∑
p=0

(
−j
p

)(
B
M

)p
∆p(x).

With ∆(0) = 0 one expands ∆(x) = 0 +O(x). We are interested in the nth derivative at
x = 0, i.e., in the nth coefficient of the power expansion. The expression ∆(x) = O(x)
implies that ∆p(x) contributes at order O(xp), not earlier. We can safely truncate the series
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[1 + B W(x)]−j = M−j
n

∑
p=0

(
−j
p

)(
B
M

)p
∆p(x) +O(xn+1)

= M−j
n

∑
p=0

(
−j
p

)(
B
M

)p p

∑
q=0

(
p
q

)
Wq(x)(−Dα)p−q +O(xn+1).

Now we focus solely on the W(x) term:

W(x) = Dα

[
1 +

(1 + x)β − 1
D

]α

≡ Dα[1 + T(x)]α, T(0) = 0,

so

Wq(x) = Dαq[1 + T(x)]αq = Dαq
∞

∑
s=0

(
αq
s

)
Ts(x).

Since T(x) = O(x), only terms s = 1, . . . , n contribute to the nth coefficient. One has

[xn]Wq(x) = [xn]Dαq
n

∑
s=0

(
αq
s

)
Ts(x)

= Dαq
n

∑
s=0

(
αq
s

)
D−s[xn]

[
(1 + x)β − 1

]s

= Dαq
n

∑
s=0

(
αq
s

)
D−s

s

∑
t=0

(
s
t

)
(−1)s−t[xn](1 + x)βt.

With (1 + x)βt = ∑∞
j=0 (

βt
j )xj obviously [xn](1 + x)βt = (βt

n ). This leads to

[xn]Wq(x) = Dαq
n

∑
s=0

(
αq
s

)
D−s

s

∑
t=0

(−1)s−t
(

s
t

)(
βt
n

)
.

Now we put everything together

dn

dxn gk
C(x)|x=0 = n![xn]gk

C(x)

= B−k
k

∑
j=0

(
k
j

)
(−1)j Mj[xn][1 + B W(x)]−j

= B−k
k

∑
j=0

(
k
j

)
(−1)j Mj M−j

n

∑
p=0

(
−j
p

)(
B
M

)p

×
p

∑
q=0

(
p
q

)
(−Dα)p−q[xn]Wq(x).

After back-substitutions, using [dn/dxn] = n![xn] for x = 0, Formula (22) is obtained

Bn,k =
n!
k!

B−k
k

∑
j=0

(−1)j
(

k
j

)

×
n

∑
p=0

(
−j
p

)(
BDα

1 + BDα

)p p

∑
q=0

(−1)p−q
(

p
q

)

×
n

∑
s=0

(
αq
s

)
D−s

s

∑
t=0

(−1)s−t
(

s
t

)(
βt
n

)
.
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Proposition 5. Assume c > 0, d + ln c > 0, α ̸= 0, w ̸= 0 and B(d + ln c)α ̸= −1. Then
f (x) ≈ ∑∞

n=0 angn
E(x), where an are defined by (3) with

Bn,k = wk n!
k!

ck
k

∑
j=0

(
k
j

)
(−1)k−j

n

∑
p=0

jp

p!

p

∑
q=0

(
p
q

)
(−L0)

p−q

×
n

∑
r=0

(
q/α

r

)(
−q/α

n − r

)
(−B)n−rLq−αr

0 , (23)

where
L0 = ln c + d.

Proof. We assume c > 0, d + ln c > 0, α ̸= 0 and B(d + ln c)α ̸= −1 (w = 1, x/w → x).
The inverse function to gE, Formula (11), is, in the neighborhood of x = 0, the function gF,
Formula (12), which can be verified by direct calculation. The latter is written as

gF(x) = exp

{[
x + (ln c + d)α

1 − Bx

]1/α

− d

}
− c = c

[
eZ(x)−L0 − 1

]
with

L0 = ln c + d and Z(x) =
(

x + Lα
0

1 − Bx

)1/α

.

Then
gk

F(x) = ck
[
eZ(x)−L0 − 1

]k
.

Setting W(x) = Z(x)− L0, we get

gk
F(x) = ck

[
eW(x) − 1

]k
= ck

k

∑
j=0

(
k
j

)
(−1)k−jejW(x).

We focus on the last term

ejW(x) =
∞

∑
p=0

jp

p!
[Z(x)− L0]

p.

One has Z(0) = L0 so Z(x)− L0 = O(x). Therefore, [Z(x)− L0]
p, when expanded, begins

at xp or higher. Therefore,

[xn]ejW(x) = [xn]
n

∑
p=0

jp

p!
[Z(x)− L0]

p

=
n

∑
p=0

jp

p!

p

∑
q=0

(
p
q

)
(−L0)

p−q[xn]Zq(x).

One has

Zq(x) =
(

x + Lα
0

1 − Bx

)q/α

= (x + Lα
0)

q/α(1 − Bx)−q/α

=
∞

∑
r=0

(
q/α

r

)
xrLq−αr

0

∞

∑
s=0

(
−q/α

s

)
(−B)sxs

=
∞

∑
r=0

∞

∑
s=0

(
q/α

r

)(
−q/α

s

)
Lq−αr

0 (−B)sxr+s.

https://doi.org/10.3390/math14183414

https://doi.org/10.3390/math14183414


Mathematics 2026, 14, 3414 14 of 26

The coefficient in front of xn is given by the convolution r + s = n (s = n − r)

[xn]Zq(x) =
n

∑
r=0

(
q/α

r

)(
−q/α

n − r

)
(−B)n−rLq−αr

0 .

This gives the final result

Bn,k =
1
k!

dn

dxn gk
F(x)|x=0 =

n!
k!
[xn]gk

F(x)

=
n!
k!

ck
k

∑
j=0

(
k
j

)
(−1)k−j[xn]

∞

∑
p=0

jp

p!
[Z(x)− L0]

p

=
n!
k!

ck
k

∑
j=0

(
k
j

)
(−1)k−j

n

∑
p=0

jp

p!

p

∑
q=0

(
p
q

)
(−L0)

p−q

×
n

∑
r=0

(
q/α

r

)(
−q/α

n − r

)
(−B)n−rLq−αr

0 ,

which is identical to (23).

Proposition 6. Assume c > 0, d + ln c > 0, α ̸= 0, w ̸= 0, B(d + ln c)α ̸= −1 and B ̸= 0.
Then f (x) ≈ ∑∞

n=0 angn
F(x), where an are defined by (3) with

Bn,k = wk B−k

k!cn

k

∑
j=0

(
k
j

)
(−1)j

n

∑
p=0

(
−j
p

)(
B
M

)p p

∑
q=0

(
p
q

)
(−Lα

0)
p−q

×
n

∑
s=1

s!
(

αq
s

)
Lαq−s

0 s(n, s), (24)

where
L0 = ln c + d, M = 1 + BLα

0

and s(n, s) are the Stirling numbers of the first kind.

Proof. We assume c > 0, d + ln c > 0, α ̸= 0, B(d + ln c)α ̸= −1 and B ̸= 0 (w = 1,
x/w → x). The inverse function to gF, Formula (12), is, in the neighborhood of x = 0,
the function gE, Formula (11), which can be verified by direct calculation. The latter is
written as

gE(x) =
[ln(c + x) + d]α − [ln(c) + d]α

1 + B[ln(c + x) + d]α
.

We define
V(x) = [ln(c + x) + d]α, L0 = ln c + d, M = 1 + BLα

0 .

Then,

gE(x) =
1
B

(
1 − M

1 + BV(x)

)
.

So,

gk
E(x) = B−k

k

∑
j=0

(
k
j

)
(−1)j Mj[1 + BV(x)]−j.

Writing V(x) as V(x) = Lα
0 + ∆(x) with ∆(0) = 0 one has

1 + BV(x) = M
(

1 +
B
M

∆(x)
)

.
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Raising to the power −j gives

[1 + BV(x)]−j = M−j
∞

∑
p=0

(
−j
p

)(
B
M

)p
∆p(x).

With ∆(x) = O(x), the power expansion of ∆p(x) starts at xp or higher. We are interested
in extracting the nth coefficient, so we write

[1 + BV(x)]−j = M−j
n

∑
p=0

(
−j
p

)(
B
M

)p
[V(x)− Lα

0 ]
p +O(xn+1),

[V(x)− Lα
0 ]

p =
p

∑
q=0

(
p
q

)
Vq(x)(−Lα

0)
p−q.

This leads to

[xn][1 + BV(x)]−j = M−j
n

∑
p=0

(
−j
p

)(
B
M

)p p

∑
q=0

(
p
q

)
(−Lα

0)
p−q[xn]Vq(x).

Again, the generalized binomial theorem is used for the last term

[xn]Vq(x) = [xn][ln(c + x) + d]αq

= [xn]
[

L0 + ln
(

1 +
x
c

)]αq

=
∞

∑
s=0

(
αq
s

)
Lαq−s

0 [xn]
[
ln
(

1 +
x
c

)]s
.

This can be related to the exponential generation function of the Stirling numbers of the
first kind s(n, k)

∞

∑
m=k

s(m, k)
xm

m!
=

[ln(1 + x)]k

k!
.

We have

[xn]
[
ln
(

1 +
x
c

)]s
= s!

∞

∑
m=s

s(m, s)
1

m!
[xn]

xm

cm =
s!

n!cn s(n, s).

Taking into the account the relation between power-expansion coefficients and derivatives,
one reproduces the Formula (24)

Bn,k =
1
k!

dn

dxn gk
E(x)|x=0 =

n!
k!
[xn]gk

E(x)

=
B−k

k!cn

k

∑
j=0

(
k
j

)
(−1)j

n

∑
p=0

(
−j
p

)(
B
M

)p p

∑
q=0

(
p
q

)
(−Lα

0)
p−q

×
n

∑
s=1

(
αq
s

)
s!Lαq−s

0 s(n, s).

where the innermost sum was truncated thanks to relations s(n, 0) = 0 and s(n, s) = 0 for
s > n.

5. Case Studies
This section focuses on illustrative examples where proposed expansions are applied.
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5.1. Increasing Convergence Rate and Domain of Power Series

In Section 3.2, we have demonstrated the convergence rate/domain enhancement
using a somewhat degenerate (yet formally valid) case, in which the function being approx-
imated was precisely the function used to build the series. Let us now provide a more “fair”
example: we chose to approximate f (x) = ln(1 + x) using gC(x) with parameters A = 0,
B = 1, α = 1/2, β = 1 and w = 1, thus obtaining

gC(x) =
√

1 + x − 1√
1 + x + 1

,

which is bijective on [−1,+∞). In addition to elementary algebraic operations, this formula
uses only the square root, which is evaluated very rapidly on a computer.

To investigate the behavior of the series

ln(1 + x) ?
=

∞

∑
n=0

angn
C(x) =

∞

∑
n=0

an

(√
1 + x − 1√
1 + x + 1

)n

,

the inverse function is found to be

x =

(
1 + gC
1 − gC

)2
− 1.

It gives

ln(1 + x) = ln

[(
1 + gC
1 − gC

)2
]
= 2 ln(1 + gC)− 2 ln(1 − gC).

Using the standard expansion

ln(1 + gC) = gC −
g2

C
2

+
g3

C
3

−
g4

C
4

+ · · ·

and |gC(x)| < 1 for all x > −1, one sees that the expressions for ln[1 ± gC(x)] converge for
all x > −1. One obtains

ln(1 + x) = 4

(
gC +

g3
C
3

+
g5

C
5

+
g7

C
7

· · ·
)

=
∞

∑
n=0

angn
C(x).

The summation no longer contains alternating signs, meaning that the expansion not only
converges on the whole domain (−1,+∞) but also converges more rapidly than the usual
power expansion on (−1, 1). In addition, the convergence rate is enhanced by the absence
of even powers.

In this studied example, we used specific properties of the logarithm to find
a2n+1 = 4/(2n + 1), which is, of course, also reproduced by the Formula (21). The formula
is, however, much more general and covers many additional cases in which an increase in
the convergence rate or domain may be achieved, and which are more difficult to analyze.

5.2. Reproducing Branch Points

Let us approximate the Lambert W function by constructing an expansion for its
principal branch W0 at x = 0. We use gA, Formulas (14) and (16), with parameters
B = C = 0, α = 1/2 and A = e, where e is the base of the natural logarithm. Then,

gA(x) = ϑ
√

1 + ex − 1, ϑ = 1. (25)
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This choice creates a branch point for gA situated at x = −1/e, i.e., at the exact same
position as the branch point between W0 and W−1. Doing this, one hopes to construct an
expansion that works beyond the branch cut and where the branch is chosen by selecting
the appropriate branch of the square root in (25), i.e., ϑ = −1 for W−1.

Figure 1 shows the description of both W0,−1 branches by ∑ angϑ=1
A and ∑ angϑ=−1

A .
One observes that the second branch is approximated as well, which can be justified
rigorously. Indeed, one can understand the two W branches as situated on the branch cut
which starts at x = −1/e and goes to +∞. W0 is then defined on its upper bank and W−1 on
the lower bank. Thus, W−1 values are reached by transporting the W0 values continuously
around the branch point, not crossing the cut. It is known that the branch point is of the
square-root type, so it can be removed by the substitution t = (x + 1/e)2 − 1/e. Under this
transformation, the upper bank remains unchanged (with a scaled argument), whereas the
lower bank is “rotated” around (−1/e, 0) and identified with (−∞,−1/e). Consequently,
the branch point is removed. Specifically, let us define

RW(x) =

W0
[
(x + 1/e)2 − 1/e

]
if x ≥ −1/e

W−1
[
(x + 1/e)2 − 1/e

]
if x < −1/e

.

From preceding arguments it follows that the function RW is analytic at x = −1/e and
the only (logarithmic) singularity of RW is situated at xL = −1/

√
e − 1/e ≈ −0.9744 . . . .

By the transformation, it corresponds to the singularity of W on all Riemann sheets, W0

excepted, at x = 0. What is the effect of the argument transformation on gA? One has

Rg(x) = gA(t) =
√

e
(

x +
1
e

)
− 1.

We see that after the substitution the function used for the expansion becomes a simple
linear function, gA → Rg, and the whole series ∑ angn

A becomes a derivative-matching
power expansion ∑ anRn

g , which is the Taylor series. This converges to the nearest sin-
gularity which, after removing the (−1/e,−1) branching, is the logarithmic singularity
at xL, see Figure 2. If ∑ anRn

g(t) converges to the unified branches W0,−1(t), then, by
back-substitution, ∑ angn

A(x)|ϑ=±1 converges to W0(x) and W−1(x), respectively. The back-
substitution in fact gives a shifted Puiseux series.

0.5 0.0 0.5 1.0 1.5 2.0
x

4

3

2

1

0

1

W
(x

) W0, 1
10

n = 0
an( 1 + ex 1)n

10

n = 0
an( 1 + ex 1)n

Branch point ( 1/e, 1)

Figure 1. Description of both branches of the Lambert W function by gA-series with different branches
of the square root; see Formula (25).
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1.0 0.5 0.0 0.5 1.0 1.5 2.0
x

4

3

2

1

0

1

W
(t)

W0, 1(t)
10

n = 0
an( 1 + et 1)n

10

n = 0
an( 1 + et 1)n

t = (x + 1/e)2 1/e

Figure 2. Branches W0,−1(t) become one analytic function at −1/e with the branch point removed.
Sum ∑ angn

A[t(x)] represents its Taylor series expanded at t(x = 0) = 1/e2 − 1/e ≈ −0.2325 . . .

Again, we have illustrated a feature of the approximations we propose on a simple
example where the convergence can be easily demonstrated. Nevertheless, other parameter
choices may also provide branch-point reconstruction (possibly with better convergence
properties). For example, the numerical computations suggest that using gA with b = c = 0,
α = 1/2, w = 2, a = 2e + 1/(2e)

gA(x) = ϑ

√
1 +

(
e +

1
4e

)
x +

1
4

x2 − 1, ϑ = 1, (26)

one gets series that converge to W in the neighborhood of the branch point for both branches
(see Figure 3), although this may be more difficult to prove.

0.5 0.0 0.5 1.0 1.5 2.0
x

5

4

3

2

1

0

1

W
(x

) W0, 1
10

n = 0
an(g = +1

A )n

10

n = 0
an(g = 1

A )n

Branch point ( 1/e, 1)

Figure 3. Branches W0,−1 approximated using the expansion with gA from (26).

5.3. Matching Value

Matching the function value at a point x0 ̸= 0, different from the expansion point, is
possible only in special situations.
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5.3.1. Scenario with f (0) = 0 and f (x0) = 0

The generalized power series ∑N
n=1 angn(x) takes the value zero at x0 whenever

g(x0) = 0, a condition that can be realized by suitable parameter tuning. However, such
an x0 necessarily lies outside the interval I containing 0, on which g is bijective (recall that
g(0) = 0 = g(x0) while g′(0) ̸= 0). Consequently, in any neighborhood of x0, the series
will generally fail to converge to f . Nevertheless, this property remains useful, as it can
still provide a rough approximation near specific points within the non-convergent region.

5.3.2. Scenario with f (0) = f (x0) = 0 and an Underlying Symmetry

In addition to f (0) = f (x0) = 0, let us also assume the following:

• The symmetry g(x1) = g(x2) ⇐⇒ f (x1) = f (x2);
• The convergence ∑ angn(x) → f (x) for x ∈ I, where I is an interval containing zero

on which g is bijective;
• The bound f (x) ∈ J for all x, where J is the image of I, i.e., J = f (I).

Proposition 7. Under these strong conditions, we can conclude that

∑
n

angn(x) → f (x)

for all x.

Proof. Indeed, for any x2, we have f (x2) ∈ J = f (I), so there exists x1 ∈ I such that
f (x1) = f (x2). Since x1 ∈ I, the assumed convergence gives f (x1) = ∑n angn(x1). By the
symmetry property, f (x1) = f (x2) implies g(x1) = g(x2). Consequently, ∑n angn(x1) =

∑n angn(x2), and hence

f (x2) = f (x1) = ∑
n

angn(x1) = ∑
n

angn(x2).

Since x2 was arbitrary, the desired convergence holds for all x.

Let us show how this property can be useful using an example that we investigate
only numerically. We chose f (x) = sin(πx) and gA with parameters c = b = 0, w = 1,
α = 1 and a = −1, deliberately such that

gA(x)|x=1 =
(

x2 − x
)
|x=1 = 0 = sin(πx)|x=1,

i.e., the approximation reproduces the value of sin(πx) at x = 1. The symmetry of the
functions with respect to x = 1/2

gA(1/2 − x) = gA(1/2 + x), sin[π(1/2 − x)] = sin[π(1/2 + x)],

implies that if ∑ angn
A(x) → sin(πx) for 0 ≤ x ≤ 1/2 then ∑ angn

A(x) → sin(πx) also
for 1/2 ≤ x ≤ 1. The imposed constraint ∑n angn

A(1) = 0 is expected to improve the
approximation, for example when compared to the Taylor polynomial of the same de-
gree. An objection can be made: because we add new information (about the symme-
try), the improvement is not a surprise. This is only partially true. We may include
the same information content also in an approximation based on a Taylor polynomial
TN(x) = ∑N

n=1 αnxn

τN(x) =

TN(x) if 0 ≤ x ≤ 1/2

TN(1 − x) if 1/2 < x ≤ 1
, (27)
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thereby explicitly taking the symmetry into account. The results are shown in Figure 4.
Clearly, the gA-based approximation outperforms τN significantly. This can be understood
as follows: in addition to the symmetry property, our expansion is analytic at x = 1/2
for any partial approximation A f

N = ∑N
n=1 angn

A. We therefore believe that in a similar
symmetry-backed situation the use of the value-matching procedure (value being zero) can
be very useful and may considerably improve the convergence.

0.0 0.5 1.0 1.5 2.0
x

1.0

0.5

0.0

0.5

1.0
y

f
4(x)

sin( x)
4(x)

0.0 0.5 1.0 1.5 2.0
x

10 7

10 6

10 5

10 4

10 3

10 2

10 1

100

Er
ro

r (
lo

g)

| f
4(x) sin( x)|

| 4(x) sin( x)|

Figure 4. The approximation of sin(πx) by A f
4 = ∑4

n=1 angn
A and by symmetrized Taylor polynomial

τ4, Formula (27), on the left, and the corresponding errors on the right.

5.3.3. Optimizing Parameters

In previous paragraphs we have used specific parameters to demonstrate interesting
features of new expansions without mentioning probably the most natural approach:
tuning the parameters in an optimization procedure to best describe a function on a given
interval. The aim would be to minimize the number of terms or the (computer) time to
reach a desired precision. This ought to work: standard power expansions represent a
single special case from the infinite set of parametric formulas we provide. There is no
a priori reason why the global optimum should occur with the standard power series.
Concerning computing time, they may win only if a small number of terms is taken into
account, because our method requires computing g(x) from x. For a larger number of
terms, one can expect the benefits of using g(x) (instead of x) to prevail. Let us also note
that our expansions can be evaluated, like polynomials, by Horner’s method. Of course,
for the generalized power series to be rapid, the coefficients need to be pre-computed,
since they are computationally expensive. Thus a typical use case is to approximate a fixed
function: compute the coefficients, store them, and use them repeatedly to evaluate the
function for different arguments. We have made an effort to search for a mathematical
function commonly implemented in numerical libraries (C, Java, Python, . . .) for which our
method could be competitive, at least on some reasonable interval. We did not succeed:
existing methods are fine-tuned over decades and use the power expansion (to be replaced
by ours) very rarely; instead, they resort to minimax polynomials and rational functions.
Thus we believe our approach is more suited for specific, occasional situations where a
solution to a problem is found as a non-standard (i.e., new, previously unknown) power
series; it can then be enhanced.

Rather than providing a fully-tuned example, let us focus on a specific optimization
aspect: the parameter w is universal (present in all gX) and computationally cheap. Tun-
ing it may be a quick and routine way to improve the convergence. It does not appear
deeply in Formulas (13)–(24) and if these are used to compute B◦

n,k := Bw=1
n,k for g(x) then

Bn,k = wkB◦
n,k, to be used with g(x/w), see Section 3.1. It is therefore sufficient to remember

a triangular array of numbers B◦
n,k and search for an optimal w. The following example

uses gF with c = 1, d = 1, B = 1/10 and α = 1, i.e.,
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gF(x) = exp
(

11x
10w − x

)
− 1.

The series ∑N
n=0 angn

F(x), with an given by (24), is meant to approximate the Airy
function Ai(x) and we use the first six terms (N = 5). In the optimization, we start with
the reference value w = 1 and tune it so that the approximation reproduces the first zero
of Ai(x), situated at x = −2.33811 . . . . We find wopt. = 4.034 . . . and present the results
in Figure 5. We observe a very significant improvement on roughly the interval [−2.5, 1],
and we see that on this interval the parameter tuning can hardly be compensated for by
increasing the number of terms in the w = 1 scenario. Outside this interval, all displayed
expansions become inappropriate and quickly depart from the approximated function. We
do not go beyond numerical observations in this example.

3 2 1 0 1 2
x

0.8

0.6

0.4

0.2

0.0

0.2

0.4

0.6

0.8

y Ai(x)
5

n = 0
angn

F , w = 1
10

n = 0
angn

F , w = 1
5

n = 0
angn

F , wopt 4.03

Figure 5. For the approximation of Ai(x) using ∑N
n=0 angn

F(x), tuning w to reproduce the zero at
x = −2.34 . . . improves the accuracy much more than increasing N.

5.4. Manipulating Singularities

Assume f has a pole at x0 and is analytic on a simply connected domain U\{x0}
which contains x = 0 and x0 ̸= 0. It may then seem natural to approximate it using a
function g that also has a pole at the same position. Unfortunately, this does not work well.

Proposition 8. Let U be a simply connected domain (i.e., an open connected set) containing 0 and
x0 ̸= 0. Let f be analytic on U \ {x0} and have a pole at x0. Let g be analytic on U \ {x0} and
have a pole at x0. Define

A f (x) = f (0) +
∞

∑
n=1

an[g(x)]n,

and assume that infinitely many an are nonzero. Assume that the series converges on U \ {x0}
to an analytic function. Then A f has an essential singularity at x0. Consequently, A f ̸= f on
U \ {x0}; in particular, there exists x1 ∈ U, x1 ̸= x0, such that A f (x1) ̸= f (x1).

Proof. Let

F(z) = f (0) +
∞

∑
n=1

anzn.

For x ∈ U \ {x0}, we have A f (x) = F(g(x)). Let m be the order of the pole of g at x0. Then,
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g(x) =
h(x)

(x − x0)m ,

where h is analytic in a neighborhood of x0 and h(x0) ̸= 0. First we show that F is entire.
For sufficiently large |ω|, the equation g(x) = ω has a solution x ∈ U \ {x0}. Indeed, this
equation is equivalent to

h(x)− ω(x − x0)
m = 0.

Choose r > 0 so small that the disk |x − x0| ≤ r is contained in U. On the circle |x − x0| = r,
the function h is bounded, say |h(x)| ≤ M. For |ω| > M/rm, we have

|ω(x − x0)
m| = |ω|rm > M ≥ |h(x)|.

By Rouché’s theorem, t(x) = −ω(x − x0)
m and t(x) + h(x) = h(x)− ω(x − x0)

m have the
same number of zeros inside |x − x0| < r, counting multiplicities. Since t has m zeros, t + h
also has m zeros. Thus there exists x with |x − x0| < r, x ̸= x0, such that g(x) = ω (x0 is
not a solution because h(x0) ̸= 0). Hence the series for F(ω) converges for all sufficiently
large |ω|. Therefore F has infinite radius of convergence and is entire. Now suppose A f

has a removable singularity or a pole at x0. Then there exist N ≥ 0 and C > 0 such that for
|x − x0| sufficiently small,

|A f (x)| ≤ C|x − x0|−N .

Since h(x0) ̸= 0, there is c > 0 such that |h(x)| ≥ c for |x − x0| sufficiently small. Then,

|g(x)| = |h(x)|
|x − x0|m

≥ c|x − x0|−m,

so
|x − x0|−N ≤ c−N/m|g(x)|N/m.

Therefore,
|F(g(x))| = |A f (x)| ≤ C|x − x0|−N ≤ Cc−N/m|g(x)|N/m.

Since g(x) takes all sufficiently large values ω, we get

|F(ω)| ≤ C′|ω|N/m

for all sufficiently large |ω|. An entire function that grows at most polynomially is a
polynomial. Hence, in the expansion F(z) = f (0) + ∑ anzn only finitely many an are
nonzero, contradicting the assumption. Thus A f cannot have a removable singularity or a
pole at x0. Since it is analytic on U \ {x0}, it must have an essential singularity at x0. Since f
has a pole at x0, the two functions have different types of singularities at x0, so they cannot
coincide on U \ {x0}. Therefore, there exists x1 ∈ U, x1 ̸= x0, with A f (x1) ̸= f (x1).

If f has an essential singularity in x0, then the convergence is possible. There are
simple examples; see e.g., Section 5.1 of [20].

Although poles cannot be directly approximated by the poles of g, one may use poles of
g to improve the convergence rate. For example, define g with a shape (concavity/convexity,
inflection point) similar to f . Let us give an example with f (x) = tan(x). We use

gA(x) = i
xx0

x2
0 − x2

, (28)

which corresponds to parameters α = 1, a = −1, b = 0, c = 1 and w = ix0 with
x0 = π(1 +

√
2)/2. Here i is the imaginary unit and ±x0 are pole positions. One notices

that gA(x) is purely imaginary on the real axis and its imaginary part is odd and similar to
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tan(x), meaning it is increasing and antisymmetric with an inflection point at the origin
(Figure 6). By careful consideration of singularities of tan(g−1), the parameter x0 is chosen
so as to guarantee the convergence of the g power series on (−π/2, π/2) (see Section 3.2).
By combining the odd powers of g (even ones are missing) with imaginary coefficients,
a real-valued function is constructed. Numerical inspection (Figure 7) suggests that the
approximation converges more rapidly than the Taylor series of the same length. One
notices that the Formula (28) is a very simple rational function that is fast to evaluate on
a computer.

3 2 1 0 1 2 3
x

4

2

0

2

4

g(
x)

Re(g(x))
Im(g(x))

Figure 6. The imaginary and real parts of gA(x), formula (28). From the perspective of the origin, the
poles are situated (quite) beyond those of tan(x), the latter denoted by dotted lines.
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Figure 7. Left picture: Approximation of tan(x) by Atan
8 (x) = ∑8

n=0 angn
A(x) and by the Taylor series

Ttan
8 (x) = ∑8

n=0 αnxn. Right picture: Comparison of errors by ratio.

6. Discussion, Outlook, Summary
Once we have demonstrated several applications of generalized power series, we may

compare them to various other methods we have listed in the Introduction. We believe our
construction surpasses them in several respects: the number and variety of both expansions
and parameters, as well as their simplicity. The list of six functions we have presented is
by no means exhaustive—one is free to invent his own g function, provided a formula for

d(g−1)k

n can be derived. The same applies to the number and meaning of the parameters; we
have focused on five-parameter formulas only for convenience, and one may attempt to
construct a g with an even larger number of adjustable parameters.

Apart from regularizing divergent series, our approximations can be used, as demon-
strated, for all the other purposes for which the competing methods are used. Yet the
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construction remains remarkably simple. In principle, Bell polynomials can be expressed
by a formula, but this formula is formal rather than explicit. It contains a summation
symbol where the sum runs over all sequences of indices subject to specific constraints;
in our view, this does not qualify as an explicit formulation. In contrast, the formulas we
provide are truly explicit: although lengthy, they rely solely on single summations with
explicit summation limits. Furthermore, we can easily determine the convergence of our
expansions via back-substitution into power series. None of the competing approaches
combines all these features.

We cannot foresee all possible applications of our construction, yet, given the sheer
size of the field dedicated to enhancing power expansions, we believe our method can
make a meaningful contribution. It remains for each researcher or scientist to adapt the
tools we propose to their own needs. Our experience shows that parameter tuning is not
always easy; in preparing the examples for this paper, we have explored many suboptimal
parameter regions and encountered problematic local minima during optimization. Still,
we have always succeeded in finding an expansion that met our requirements. We hope
this will likewise be the case in future applications.

As a future prospect, we plan to establish a diverse library of parametric functions
similar to gX to provide a broader range of options.

Very generally, extensions of existing mathematical definitions or constructions can
be useful; in the past, we [21,22] and others [23–25] have contributed to the concept of
differentiation by integration, which generalizes the ordinary derivative (extends the set
of differentiable functions, provides algorithms to differentiate noisy data, or can be used
for fractional derivatives) and is parameterized by an infinite (but not arbitrary) set of
kernel functions. We believe this is also a path to follow in the future: one may investigate
useful extensions of existing mathematical concepts, which, in relation to the present text,
may for example consist of considering expansions to other approximation forms (not only
power-based) and principles (not only derivative-matching).

To close our text, we add, for clarity, a summary Table 1.

Table 1. Summary table. For excluded parameter values, see Section 4.

f (x) ≈ f (0) + ∑∞
n=1 an[g(x)]n, an = 1

n! ∑n
k=1 d f

k Bn,k, with d f
k := dk

dxk f (x)|x=0, g(0) = 0, g′(0) ̸= 0

gA(x) =
(

1+at+t2

1+bt+ct2

)α
− 1, t = x

w

Bn,k = wk n!
k! ∑n

m=k βm ∑m
l=0(−1)m−l(m

l )(
l/α
n )

β = k
m ∑m−k

p=0 ∑
⌊p/2⌋
j=0 ( m

p−j)(
p−j

j )(2m−k−p−1
m−1 )bp−2jcj(a − b)p+k−2m(c − 1)m−k−p

gB(x) = a−b t+sgn(b−a)
√

(b2−4c)t2+[4(c+1)−2ab]t+(a2−4)
2[c t−1] , t =

(
1 + x

w
)1/α

Bn,k = wk n!
k! ∑k

j=1(−1)k−j(k
j)∑n

p=0 ∑
⌊p/2⌋
q=0 ap−2q( αj

p−q)(
p−q

q )∑
⌊(n−p)/2⌋
s=0 bn−p−2scs( −αj

n−p−s)(
n−p−s

s )

gC(x) = [(1+t)β+A]
α−(1+A)α

1+B[(1+t)β+A]
α , t = x

w

Bn,k = wk n!
k! ∑k

j=0 (
k
j)(−1)k−j ∑n

p=0 (
j/β

p )∑
p
q=0 (

p
q)(−1)p−q ∑n

r=0 (
q/α

r )(−q/α
n−r )(1 + A)p−αr(−B)n−r

gD(x) =
{[

t+(1+A)α

1−Bt

]1/α
− A

}1/β

− 1, t = x
w , D = 1 + A, ρ = BDα

1+BDα

Bn,k = wk n!
k! B−k ∑k

j=0 (
k
j)(−1)j ∑n

p=0 (
−j
p )ρ

p ∑
p
q=0 (

p
q)(−1)p−q ∑n

s=0 (
αq
s )D−s ∑s

t=0 (
s
t)(−1)s−t(βt

n )
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Table 1. Cont.

gE(x) = [ln(c+t)+d]α−[ln(c)+d]α

1+B[ln(c+t)+d]α , t = x
w , L0 = ln c + d

Bn,k = wk n!
k! ck ∑k

j=0 (
k
j)(−1)k−j ∑n

p=0
jp

p! ∑
p
q=0 (

p
q)(−L0)

p−q ∑n
r=0 (

q/α
r )(−q/α

n−r )(−B)n−rLq−αr
0

gF(x) = exp
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