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Abstract

This paper studies the valuation of continuously monitored geometric Asian options under
a two-factor stochastic volatility model with stochastic long-term variance levels. We
derive the joint characteristic function required for continuous geometric averaging and
obtain analytical pricing formulas for fixed-strike call and put options through Fourier
inversion. The analytical formulas are verified by comparison with Monte Carlo simulation.
Numerical experiments show that option values are particularly sensitive to the initial
variance levels, while changes in the trends of the stochastic long-term means and leverage
correlations also affect prices across strikes. The proposed approach extends double Heston
Asian option pricing while maintaining computational tractability, and it provides a flexible
method for examining the impact of time-varying long-term volatility expectations.

Keywords: asian option; stochastic volatility; stochastic long-term mean; characteristic
function

MSC: 91G20; 91G40

1. Introduction

Asian options are path-dependent derivatives whose payoff is determined by an
average of the underlying asset price over a specified monitoring period. Averaging
reduces the influence of temporary price fluctuations and limits exposure to manipulation
at a single fixing date. These features make Asian options useful for hedging commodity,
foreign-exchange, and other accumulated price exposures. They are also generally less
expensive than otherwise comparable plain-vanilla options. Their practical advantages
come at the cost of a more difficult valuation problem because the payoff depends on the
price history rather than only on the price observed at maturity. Among the principal
contract types, geometric Asian options are especially important because they provide
analytically tractable benchmarks and useful control variates for the numerical valuation
of arithmetic Asian options [1].

The Black-Scholes framework provides a convenient starting point for option valua-
tion, but its constant-volatility assumption is inconsistent with the volatility smiles, skews,
clustering, and maturity effects observed in financial markets. The Heston model addresses
this limitation by introducing a mean-reverting stochastic variance process while retaining
analytical tractability [2]. This tractability has made the model a natural foundation for the
valuation of path-dependent derivatives. Kim and Wee [3], for example, obtained explicit
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valuation formulas for geometric Asian options under Heston stochastic volatility. Their
analysis demonstrates that transform approaches can successfully incorporate continuous
averaging while maintaining analytical valuation.

A single variance factor may nevertheless be too restrictive when short- and long-
horizon volatility risks behave differently. Christoffersen, Heston, and Jacobs [4] demon-
strated that multifactor stochastic-volatility models provide a substantially richer descrip-
tion of the shape and term structure of the index-option smirk. The additional variance
factor allows the model to distinguish persistent movements in the general volatility level
from faster changes in the slope of the implied-volatility surface. This empirical motivation
is particularly relevant for Asian options because averaging makes their values sensitive to
volatility over the entire contract period rather than only near maturity.

The multifactor approach has already been applied to Asian option valuation. Zhong
and Deng [5] combined two Heston variance factors with a stochastic interest rate and
derived explicit pricing formulas for continuously monitored geometric Asian options.
Their study established that a double-Heston structure can remain tractable even for path-
dependent claims. However, the long-term mean of each variance factor is assumed to be
constant. Consequently, the model allows current variance to fluctuate but does not permit
the levels toward which the variance factors revert to change over time.

Recent studies have extended Asian option pricing in several other directions.
Wang [6] examined defaultable Asian options under correlated time-varying variance
and default intensity using GARCH models, which are frequently used in deep learning
applications for time series forecasting [7-9]. Wang and Deng [10] considered geometric
Asian extremum options in a model incorporating long-range dependence and jumps.
Yin and Jia [11] obtained geometric and arithmetic Asian option prices in an uncertain
mean-reverting market. More recently, Wang and Zhang [12] developed a framework for
vulnerable geometric Asian options that incorporates multiple volatility factors, jumps,
stochastic interest rates, and counterparty default. These studies demonstrate the continu-
ing development of Asian option models and the importance of accounting for multiple
sources of uncertainty. They do not, however, investigate the effect of time-varying long-
term variance levels in a two-factor stochastic-volatility setting.

The assumption of a constant long-term variance level can be restrictive when the
volatility term structure changes across market regimes. He and Chen [13] addressed this
issue by allowing the long-term mean of Heston variance to evolve stochastically. Their
model preserves analytical tractability and provides an analytical valuation formula for
European options. Subsequent research has shown that this specification can be incorpo-
rated into more elaborate derivative pricing environments. Cho and Kim [14] combined
stochastic long-term variance levels with multifactor volatility, counterparty credit risk,
and stochastic liquidity. Jeon and Kim [15] likewise demonstrated that a multifactor state
structure can remain analytically manageable when stochastic volatility and stochastic inter-
est rates are considered together. These developments confirm the usefulness of stochastic
long-term means, but the existing analytical results mainly concern European payoffs rather
than continuously averaged prices.

This paper connects the multifactor Asian option literature with the stochastic long-
term mean literature. We consider continuously monitored fixed-strike geometric Asian
options under a two-factor stochastic volatility model in which each variance factor reverts
toward its own stochastic long-term level. The two variance factors may have different
adjustment speeds, leverage effects, volatilities, and long-term-mean dynamics. As a result,
the model can distinguish between changes in current market volatility and changes in the
longer-term volatility environment that market participants predict.
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The closest benchmark to the present study is Zhong and Deng [5], who price continu-
ously monitored geometric Asian options under a double-Heston model with a stochastic
interest rate. Their two variance factors, however, revert to fixed long-term levels. Our anal-
ysis instead allows each factor to revert to its own stochastic long-term target and derives
the joint transform required for continuous averaging in the resulting enlarged state space.
Compared with He and Chen [13], who consider a one-factor stochastic-long-term-mean
model for European options, the present framework introduces two volatility horizons
and a path-dependent payoff. Recent Asian-option models have incorporated long-range
dependence, jumps, multi-asset dynamics, stochastic interest rates, and counterparty de-
fault [10,16-18]. These extensions address different sources of risk but do not isolate how
time-varying long-term variance targets propagate through a two-factor mean-reversion
structure into a continuously averaged payoff. We therefore view the contribution as an
analytically tractable integration of established ingredients.

The contributions of this paper are as follows. First, we formulate a tractable two-
factor stochastic-volatility model with stochastic long-term variance levels for geometric
Asian option valuation. The framework includes several important benchmark models
as special cases, including the standard Heston model, the constant-mean double-Heston
model, and the one-factor stochastic-long-term-mean model. Second, we derive the joint
characteristic function needed for continuously monitored geometric averaging and use
it to obtain explicit valuation formulas for fixed-strike call and put options. Third, we
validate the analytical prices against Monte Carlo simulation and examine the effects of the
initial asset price, trends in the stochastic long-term means, leverage correlations, initial
variance levels, strike, and maturity. The numerical results demonstrate how changes in
long-term volatility expectations are gradually reflected in Asian option prices through the
mean-reversion mechanism and how their effects differ from changes in current variance.

The remainder of the paper is organized as follows. Section 2 introduces the risk-
neutral model and defines the continuously monitored geometric average. Section 3 derives
the joint characteristic function and the option pricing formulas. Section 4 presents the
numerical analysis and Monte Carlo validation. Section 5 concludes the paper.

2. Model Formulation

Let (), F, (Ft)1>0, Q) be a filtered probability space satisfying the usual conditions,
where Q is the risk-neutral measure. We consider a two-factor stochastic volatility model.
Then, the underlying asset under the measure Q is given by

ds;

< = rdt+ Vi dWy g+ / Vo dWay, 1)
t

where v > 0 is risk-free interest rate. Following He and Chen [13], for j = 1, 2, the variance
factor and its stochastic long-term mean follow

dVj; = xj(@;; — Vjy) dt + 0,/ Vi1 dZ;,, )
d®j,t = )\] dt + 1; dB]‘/t. 3)
Forj=1,2, W;;, Z;; and B;; are the standard Brownian motions, and the instanta-

neous Correlations are
d<W], Zj>t = pj dt, —-1< pj < 1, 4)

and all other Brownian motions are independent. In particular, each B; is independent of
all other Brownian motions.

https://doi.org/10.3390 /math14183393


https://doi.org/10.3390/math14183393

Mathematics 2026, 14, 3393

4of 16

Remark 1 (Finite-horizon admissibility). Equation (3) implies
®j,t = ®j,0 + A]'t + ﬂij,t,

so that the stochastic long-term mean has Gaussian support and is not globally constrained to be
nonnegative. Consequently, the model does not guarantee the non-negativity of V; ; for arbitrary
parameter values and arbitrarily long horizons. We therefore interpret the specification as a finite-
horizon affine approximation and restrict the numerical analysis to parameter sets for which the
probability that ©; ; reaches zero over the option horizon is negligible. For ; > 0 and ©; > 0,

IP’( inf ®]-,s§0> = —L——1
0<s<T VT
210 —©ig+ AT
J=50 0 ]
+exp| — ® .
( U ) < VT )

Under the baseline parameters and T = 2, these probabilities are approximately 1.10 x 10~4

and 1.45 x 10~* for Factors 1 and 2, respectively. When the long-term-mean path remains nonnega-
tive, the square-root variance equation retains its usual nonnegative boundary behavior. Nevertheless,
the Gaussian support of ©, ; is a limitation of the analytically tractable specification. A positivity-
preserving stochastic long-term mean would lead to a different transform system and is left for
future research.

Let X; = log S;. Itd’s formula gives

1 2 2
dX; = (1’ -3 Zl V]»,t> dt + 21 v/ Vi AW . (5)
= =

For maturity T > 0, let us define

L—l/th Gr = el7 = l/Tl S.d ©6)
t—TOsS, T=¢ —eXpToogss.

Then, the fixed-strike call and put payoffs are (Gr — K)™ and (K — G7)™, and their
prices are given by

Chix = e_rTEQ[(GT - K)I{LT>logK}}

Py = eirTEQ[(K - GT)I{LTﬁlogK}} ’

where 1 () isan indicator function.

3. Pricing of Asian Options

In this section, we study the pricing of Asian options under the proposed model.
To price the options, we adopt the characteristic function approach. The joint characteristic
function for the underlying asset is defined as

i(u, w) = e (TR eXrivir | ], 7)

where (1, w) € C2and0 <t < T.
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Theorem 1. Let T =T — t and
b(t) = iu + iw% ®)
Then
2
¥i(u,w) = exp| A(T) +b(1)X; +iwL; + ) _{Ci(T)Vj; + D;(1)0;,} |, )
j=1
where A(0) = C;(0) = Dj(0) = 0and
o=t L b —1)C; + 22 10
=5t — b+ (pjoib —x;)Cj + 507 CF, (10)
D]’. = ;Cj (11)
/ 2 1 212
Al=rb—1)+ Z%(Aij+2177D7>' (12)
]:

All coefficient functions on the right-hand sides are evaluated at T. The coefficients admit the

following explicit representation. Set

. 1
p=in,  q=-5,  b(s)=ptas,  a=507
and define
Bjo = pjoip —x;, Bir = pjoiq,
_ 1o (-1 _1p
10 =5(P" =) 71—q<r) 2>, T2 =54
Further, put

1 1
wjo = ajyo + 5Pj1 — Zﬁ]zm

1
wji = aj71 — 5BjBj1,

1o 1, 2\ 2
wjp = ajy2 = 1 Bjn = 707 (L= p7)q"

Suppose that g # 0. Since |p;| < 1, wjp # 0. Define

2
@ s h
7 260]'2, U 460]'2/
aj = (—4wp)/* 1/-:ﬁ—1 zi(s) = ai(s + hj)
i j2) =2y i j i
j

Let 1 Fy denote Kummer’s confluent hypergeometric function and set

} vi 1 zi(s)?
Fis) = o274 g | _ 2. 2. %0
](S) e 141 2/2/ 2 ’

_ /e (1Y 3 7(s)?
Gi(s) = zj(s)e5) 15( 4,350,

(13)

(14)

(15)

(16)
(17)

(18)

(19)

(20)

(21)
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With primes denoting derivatives with respect to s, define

W; = F;(0)G;(0) — F{(0)G;(0), (22)
G/(0) + 3BjoG;(0) F{(0) + 3B;oF;(0)
— _J 200~ j 2107
vj(s) = W, Fi(s) — W Gj(s), (23)
1 1.,
yj(s) = exp| 5 Bjos + 1 Bjus” | vj(s). (24)
If g = 0, the corresponding expression is
dj =/ 5]20 — 4a;o, (25)
_ dis Bio dis
(g) = ePios/2 7 - Bl ginn( 22
yi(s) = e [cosh( 5 ) dj smh< 5 )1, (26)

where the continuous limit is used when d]- = 0. In both cases choose the continuous logarithm

ti(s) =logy;(s),  ¢;(0) =0, (27)
which is well defined. Then
2 ¥i(s)
Ci(s) = —-= , 28
](S) 0’]2]/](5) ( )
ZK]'
D](S) = —?6](5), (29)
]
_ 12\ 24 e
A(s)—r((p—l)s+2qs)—]; = /Oe,(a)da
2 2172;(2 s
N ]/€~(a)2da. (30)
B b
Consequently, (9) can be written explicitly as
1
Yi(u,w) = exp {ith +(p+g91)Xi + r((p -+ zqrz>
2 2V vi(T) 2¢O, 2Mik; [T
+ _ SNt T ) — ]]/E-ada
]; of yi(t)  o? i) a? Jo i
2n%k2 v
] ] 2
+ o /0 li(a) da]}. (31)

Proof. Set
Yi = (Xt, Lt, Vi, Vo, ©14, o)

and write a candidate transform as F(7,y), where y = (x, £, v1,v2,601,6). The generator of
Yis L = L4 + Lg, with

1 2 x 2 2
ﬁd = (7’ — E le)]> Jdy + Tag + ElK](GJ — v]-)avj + ;A]'agj,
= = =

1 2 1 2 ) 1 2 5 2
Lq = 2 Zl 0j0xx + ) Zia] vfavjvi + 2 Z{nf 39].9]. + Z{pjovjv]’axvf.
j= j= = =
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No mixed derivative involving a target variable occurs because every B; is independent
of the return and variance drivers. In time to maturity, the Feynman—Kac equation is

0.F=LF—rF,  F(0,x,¢,0,0) =" (32)
Consider
2
f= exp(A + bx +iwl + Z(C]'v]’ + Djej)> . (33)
j=1

Dividing the required derivatives by f gives

2
kg e, Eon fop b
j=1

f f f
fo fopo; fo, fop, fr,
70 =g, %:Dj, %sz, =G

Substitution into (32) produces the identity

_ : 2
Lf=rf _ r(b—1)+ %x +) <A]D]- + ;nsz]Z>
j=1

f
Z 1, 1 1,02] v
- Ziv]- b = 50 = KCj + pjoibC + 507 CH| + 21 %;C;. (34)
= =
Equating the coefficients of the linearly independent functions 1, x, v1, v, 01,62 in fr/ f
and (34) yields
,_iw
b= T

together with (10)~(12). The terminal condition in (32) gives b(0) = iu and A(0) = C;(0) =
D;(0) = 0. Integrating the equation for b proves (8). The Riccati right-hand side is
continuous in T.

It remains to prove the explicit representation. With the notation in (13)—(15), set

195(8)

— . 35
a; y;(s) (39)

C](S) =

Since C;(0) = 0, the normalization may be chosen as y;(0) = 1 and y;(O) = 0.
Differentiating (35) and substituting it into (10) cancels the quadratic term and gives the
linear equation

yi(s) = (Bjo + Bs)yj(s) +aj(vo+ 1is + 725%)yj(s) = 0. (36)

Thus, the apparent nonlinear obstruction is only a Riccati representation of a second-
order linear equation.
Write

1 1
yjls) = eXP(Z.BjOS + 4/3]'152> 0j(s)- (37)
Direct differentiation of (37), followed by use of (36), yields

o} () + (wjo + wiis + wpps)vj(s) = 0, (38)
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where the coefficients are exactly (16)—(18). When g # 0, complete the square and use

z = zj(s) from (19). Since at =

P = —4wjp, Equation (38) becomes

d?v 1 2z
d2’+< +2—4>v]-—0. (39)

This is Weber’s equation. Its even and odd Kummer solutions are precisely (20) and
(21); hence their Wronskian is nonzero. The initial conditions for (37) are

0(0) =1, o(0)=—2pp.

Solving the resulting two-by-two linear system for the coefficients of F; and G; gives
(23). This proves (24). When q = 0, Equation (36) has constant coefficients. Its solution
with the same initial conditions is (26).

Equation (28) follows from (35). Integrating D]’. = «;C; and using the continuous
logarithm with £;(0) = 0 gives (29). Finally, substitution of b = p + gs and (29) into (12)
gives (30). Inserting (28)—(30) into (9) proves (31). O

Using Theorem 1, we can derive the explicit pricing formulae of Asian options in the
proposed model. More specifically, by inverting the characteristic function of the logarithm
of the average prices, we can obtain the price of Asian options.

Write ¥ (1, w) = ¥o(u, w) and define

Mg =Y¥(0,—i) = e "TEQ[Gy], Py=e"T. (40)

For a characteristic function ¢ with ¢(0) =1, let

(ko) = ,_|_ / Re

_IZkg"(Z)] dz. 41)

1z

Equation (41) is the Gil-Pelaez inversion formula [19]. Based on these notations,
the fixed-strike Asian option prices are given in the following Theorem.

Theorem 2 (Fixed-strike Asian options). For K > 0 and k = log K, define

_Y(0,z—1) _ Y(0,2)
q)l (Z) - m/ 4)2(2) - \F(OIO)/ zZ c IR/ (42)
and
_1. 1 e gy (2)
n1_§+;/ Re| “— 12 dz, (43)
1zk )
=5 + dz. (44)
Then the fixed-strike geometric Asian call and put prices are
Crix = ¥(0, —i)IT; — K¥(0,0)I1y, (45)
Py = K¥(0,0)(1 — ITp) — ¥(0, —i)(1 — ITy), (46)
and hence
Chix — Prx = ¥(0, —i) — K¥(0,0). (47)
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Proof. Define measures on F7 by
dQG B e—rTGT dQO B e T (48)
dQ ~ ¥(0,—i)’ dQ _ ¥(0,0)
Theorem 1 gives ¥ (0, —i) = e "TE[Gr] > 0 and ¥(0,0) = e~'T. For real z,
EQ° [ei2LT] = i]}g@[e(ﬂ-iz)h] = ¢1(2) (49)
¥(0,—i) e
B [oitr] = & EQeET] = go(2) 50)
¥(0,0) 2

Thus, Equations (43) and (44) and Gil-Pelaez inversion give
Q%(Lr >k) =15,  Q%Ly >k) =IL.
Since {Gr > K} = {Lt > k},

Ciix = ¢ TEY(Gr — K) 11,19
=¥(0,-1)Q°(Lt > k) — K¥(0,0)Q°(Lr > k),

which proves (45). Decomposition over the complementary event gives

Py = E_VTEQ{(K - GT)I{LTSk}}
— K¥(0,0)(1 — ITp) — ¥(0, —i)(1 — ITy),

which proves (46). Subtraction gives (47). O

Theorem 2 requires only one-dimensional Fourier integration. All model dependence
is contained in the explicit joint characteristic function of Theorem 1.

4. Numerical Examples

In this section, we present numerical experiments to illustrate the analytical pricing
formula derived in the previous section and to conduct sensitivity analyses with respect to
key model parameters. In addition, we validate the accuracy and computational efficiency
of our proposed Fourier inversion method by comparing the analytical results with Monte
Carlo (MC) simulations.

Unless specified otherwise, the baseline parameter values used throughout the numer-
ical illustrations are summarized in Table 1. We consider a two-factor stochastic volatility
model with stochastic long-term mean levels, where Factor 1 represents a fast-reverting,
highly volatile component (x; = 3.00,07 = 0.35, 01 = —0.70), and Factor 2 captures a slow-
reverting, persistent variance component (x; = 0.60,0, = 0.18,p, = —0.25). The initial
asset price is set to So = 100, and the risk-free interest rate is r = 0.03.

Table 1. Baseline parameters.

i S r Vio 0j,0 K 0j Pj Aj 1j
1 0o 003 0030 0040 300 035 070 0002 0008
2 : 0020 0025 060 018 —025 0001  0.005

Figure 1 shows the fixed-strike geometric Asian call price as a function of the strike K
for three maturities, T = 0.5, 1, and 2. As expected, the price is decreasing and convex in K
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for every maturity, and increasing in T for each fixed strike, reflecting the added time value
of the additional averaging period. The maturity effect is markedly stronger for larger
strikes than for smaller ones: at K = 110 the price rises roughly six-fold between T = 0.5
and T = 2 (from 0.7198 to 4.3357; Table 2), whereas at K = 90 it increases by only about
30% (from 11.0258 to 14.3479), since deep in-the-money options are already close to their
intrinsic value and are comparatively insensitive to the extra volatility accumulated over a
longer averaging horizon.

25 T T T T T T T

— — [\ ]
(=} W S

W

Fixed-strike geometric Asian call price

80 85 90 95 100 105 110 115 120
Strike

Figure 1. Fixed-strike geometric Asian call prices across strikes and maturities.

Figure 2 illustrates the effect of the initial asset price Sy € {90,100,110} on the fixed-
strike call price, with all other parameters held at baseline. The price is monotonically
increasing in Sy at every strike, and the three curves are close to vertical translates of one
another, consistent with the approximate log-linear dependence of the geometric average
Gt on Sp. The sensitivity to Sy is largest for low strikes, where the option is deep in-the-
money and its delta is close to one, and it narrows as the strike increases and the options
move out-of-the-money.

35 T T T T T T T
—e— 5 =90
—g— Sy = 100

304

[oe]
W

Fixed-strike geometric Asian call price

W

0 1 1 1 1
80 85 90 95 100 105 110 115 120
Strike

Figure 2. Fixed-strike geometric Asian call prices across strikes and initial underlying asset prices.
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Figure 3 examines the factor-specific effects of the drift parameters of the stochastic
long-term variance levels. In Figure 3a, A1 is varied, while A; is fixed at its baseline value;
on the other hand, Figure 3b varies A, while keeping A; fixed. In both cases, a larger
drift parameter increases the option price because it raises the expected future level of the
corresponding long-term variance target. Through the mean-reversion mechanism in the
variance process, this higher target is gradually transmitted to the current variance and
increases the variance accumulated over the averaging period. The resulting price effect
is more visible for higher strikes, where option value depends more strongly on future
volatility, while the curves remain relatively close for low strikes.

25 T T T T T T T

—e— \; = 0.000
—g— \; = 0.100
—le— \; = 0.200

820 .

S

(=9

=

131

=]

B

72} -

Z 15

2

bl

154

g

5

en 10 [

o

4

=

¢

o]

2

£ sf

0
80 85 90 95 100 105 110 115 120
Strike
(a)
25 T T T T T T T

—0— )\ = 0.000
—f— Xy = 0.100
e )y = 0.200

Fixed-strike geometric Asian call price

80 85 90 95 100 105 110 115 120
Strike

(b)

Figure 3. Fixed-strike geometric Asian call prices across strikes and long-term-mean drift parameters.
(a) Sensitivity to A1 with A, fixed at its baseline value. (b) Sensitivity to Ay with A; fixed at its
baseline value.
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The comparison of the two panels also reveals an important difference between the
two variance factors. The effect of A; is noticeably stronger than that of A,. This is
consistent with the different mean-reversion speeds of the two factors. Since Factor 1 is fast
reverting (x; = 3.00), changes in its long-term target are transmitted relatively quickly to
V1,+. By contrast, Factor 2 is much more persistent (x; = 0.60), so changes in its long-term
target affect V, ; more gradually over the option horizon. Thus, the two long-term-mean
drift parameters play economically distinct roles even though they enter the model through
the same stochastic-target specification. The parameter values used in this sensitivity
exercise are intended to illustrate these factor-specific effects rather than to represent a
calibrated range.

Figure 4 investigates the factor-specific effects of the leverage correlations. Figure 4a
varies p; over the range {—0.90,0,0.90}, while p; is fixed at its baseline value, and Figure 4b
performs the corresponding experiment for po while holding p; fixed. Unlike the long-
term-mean drift parameters, the leverage correlations do not generate an approximately
parallel shift in the option price curve. Instead, they mainly change its shape across strikes.

25 . . . . . . .
—e— /1= 090

—m—py = 0.00
—b—py = 0.90

—_ —_ o
[e=l W f=1
T T

1

Fixed-strike geometric Asian call price

w
T

80 85 90 95 100 105 110 115 120
Strike

(a)
25 T T T T T T T
—— py = —0.90
it Py = (.00
e py = 0.90

Fixed-strike geometric Asian call price

80 85 90 95 100 105 110 115 120
Strike

(b)

Figure 4. Fixed-strike geometric Asian call prices across strikes and leverage correlations. (a) Sensitivity
to p1 with p; fixed at its baseline value. (b) Sensitivity to p, with p; fixed at its baseline value.
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In Figure 4a, the price curves are very close around the at-the-money region but sepa-
rate more clearly toward the tails. A larger p; slightly lowers the prices of low-strike calls
and raises the prices of high-strike calls. This pattern reflects the role of the return—variance
correlation in shaping the skewness of the distribution of the underlying asset and, con-
sequently, the distribution of its geometric average. A more negative leverage correlation
places relatively more weight on adverse return—volatility comovements, whereas a more
positive correlation shifts the relative tail behavior in the opposite direction. The effect
therefore appears primarily as a change in the strike profile rather than as a uniform change
in the overall price level.

Figure 4b shows the same qualitative mechanism for p,, but the price differences are
considerably smaller. This weaker sensitivity is consistent with the parameterization of the
second variance factor: Factor 2 has a lower volatility-of-variance coefficient and evolves
more persistently than Factor 1. Consequently, changing its instantaneous return—variance
correlation has a more limited effect on the distribution of the continuously averaged price
over the horizon considered. Taken together, Figure 4a,b show that the leverage effect is
mainly transmitted through the first, faster volatility factor, while the second factor plays a
more gradual role in shaping the volatility environment.

Figure 5 varies the common initial variance level while holding all other parameters
at their baseline values. The option price increases monotonically with initial variance at
every strike. Within the parameter ranges considered, changes in initial variance produce
larger price shifts than changes in the long-term-mean drifts or leverage correlations.
Economically, current variance immediately affects the uncertainty accumulated over
the averaging period, whereas changes in the long-term mean are transmitted gradually
through mean reversion. The leverage correlations mainly affect the shape of the price
curve across strikes rather than generating a uniform change in its level.

25 T T T T T T T

——Vip=V30=0.1
—f— Vi = Vo =0.2
e V19 = Vo9 = 0.3

— — [553
(=) W (=)
T T T

Fixed-strike geometric Asian call price

W
T

0 I I I I I I I
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Figure 5. Fixed-strike geometric Asian call prices across strikes and initial volatility values.
For independent validation, we simulate 60,000 paths with 500 time steps per year.
The stochastic long-term mean processes are simulated exactly at each time step, while the

variance factors are approximated using the full-truncation Euler scheme [20]. The running
log average is calculated using the trapezoidal rule.
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Table 2 compares the Fourier-based prices Cy; obtained from Theorem 2 with the Monte
Carlo estimates Cyjc for nine combinations of maturity and strike. All Fourier-based prices
lie within the corresponding 95% Monte Carlo confidence intervals, and the maximum
absolute relative difference is approximately 0.52%. In addition, the Fourier prices are
stable to six decimal places with 64 quadrature nodes. For a one-year maturity, the Monte
Carlo method requires 30 million path-time-step updates, whereas the Fourier method
involves only one-dimensional numerical integration and does not suffer from sampling
error. These results confirm the accuracy and computational efficiency of the proposed
pricing formula.

Table 2. Prices and Monte Carlo validation.

T K Price Monte Carlo 95% Interval Rel. Diff. (%)
0.5 90 11.0258 11.0013 [10.9361, 11.0665] 0.223

0.5 100 3.9543 3.9500 [3.9061, 3.9939] 0.110

0.5 110 0.7198 0.7207 [0.7022,0.7392] —0.127
1.0 90 12.2784 12.2591 [12.1724,12.3458] 0.158

1.0 100 5.7646 5.7346 [5.6704,5.7987) 0.523

1.0 110 1.9890 1.9828 [1.9446,2.0210] 0.311

2.0 90 14.3479 14.3581 [14.2398, 14.4764] —0.071
2.0 100 8.4077 8.4117 [8.3162,8.5072] —0.048
2.0 110 4.3357 4.3402 [4.2699,4.4105] —0.104

Table 3 separates the effects of the stochastic long-term means and the second variance
factor. Under the baseline parameters, eliminating the diffusion terms of the long-term
means has only a small effect on prices. However, the difference between the full model and
the constant-target model increases with maturity and is more visible for out-of-the-money
options. At K = 110, this difference increases from approximately 0.21% at T = 0.5 to
0.75% at T = 2, showing that changes in long-term volatility expectations are transmitted
gradually over the averaging period.

Table 3. Comparison with nested benchmark models.

T K FullModel #1=#2=0 A;=#%; =0 One-Factor SLM Heston
0.5 90 11.0258 11.0258 11.0254 10.8176  10.8174
0.5 100 3.9543 3.9544 3.9525 3.2078 3.2056
0.5 110 0.7198 0.7198 0.7183 0.2178 0.2165
1.0 90 12.2784 12.2784 12.2757 11.8442  11.8420
1.0 100 5.7646 5.7649 5.7568 4.7693 4.7604
1.0 110 1.9890 1.9892 1.9808 1.0050 0.9959
2.0 90 14.3479 14.3484 14.3367 13.6254 13.6144
2.0 100 8.4077 8.4096 8.3815 7.1293 7.0998
2.0 110 4.3357 4.3379 4.3035 2.8791 2.8424

The second variance factor has a considerably larger effect. At T = 2 and K = 110,
the full-model price is 4.3357, compared with 2.8791 under the one-factor stochastic-long-
term-mean model and 2.8424 under the Heston model. Thus, the full-model price is
approximately 52.5% higher than the Heston price in this case. Under the parameter setting
considered, omitting the second volatility horizon can therefore produce materially lower
prices for longer-maturity out-of-the-money Asian options. This finding is relevant to the
pricing and risk management of contracts exposed to both short-term volatility shocks and
persistent changes in the volatility environment.
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5. Concluding Remarks

This paper developed a tractable framework for continuously monitored fixed-strike
geometric Asian options under two-factor stochastic volatility with stochastic long-term
variance levels. By allowing the long-term target of each variance factor to evolve over time,
the model captures both current volatility conditions and changes in longer-term volatility
expectations. Despite this richer structure and the path dependence of the payoff, we de-
rived the required joint characteristic function and obtained analytical pricing formulas for
call and put options through Fourier inversion. The resulting formulas are straightforward
to implement and avoid computationally demanding multidimensional methods.

The analytical prices were reasonably close to Monte Carlo estimates across the tested
strikes and maturities. The numerical results show that the initial variance levels have a
pronounced effect on option values, while trends in the stochastic long-term means and
leverage correlations generate additional and economically meaningful price variation
across strikes. The proposed model therefore provides analytical tractability, computational
efficiency, and more flexibility in representing the volatility dynamics relevant to Asian
option valuation.
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