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Abstract

In this paper, we study the global well-posedness of a reaction-diffusion-advection system
with time-dependent coefficients that models the interaction of ATM and ApoE proteins in
cells under Alzheimer’s disease. We prove the existence and uniqueness of a non-negative
global solution to this system considering in particular a non-autonomous advective term
by demonstrating the existence of a local-in-time solution both with an autonomous and
non-autonomous approach. The non-negativity of the solution is proven in the non-
autonomous case and passed to the solution of the autonomous setting, and we compute
energy estimates that show that this solution is in fact global.

Keywords: reaction-diffusion-advection systems; non-autonomous; global well-posedness;
Alzheimer’s disease modeling; protein interaction dynamics; semigroup and evolution
systems; energy estimates
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1. Motivation and State of the Art

The study of global well-posedness for reaction—diffusion systems has been deeply
investigated in recent years for autonomous problems and even for non-autonomous
problems, but advection has often been neglected. In the case of autonomous reaction—
diffusion systems, the global existence of a unique solution up to dimension 2 under
quadratic growth in the reaction and satisfying non-negativity and entropy dissipation was
proved in [1,2]. In [3-5], the authors independently established between 2017 and 2019 that
a global solution exists for higher dimensions under entropy dissipation and mass control
for autonomous reaction—diffusion systems, and, moreover, in [6] it was demonstrated that
the solution is uniformly bounded instead of polynomially.

In the case of non-autonomous reaction—diffusion systems, there is a gap of 21 years
between [7], where it was proven that a global classical solution for a non-autonomous
system exists under strong constraints for the reaction, and 2021, where in [8], the authors
showed that a unique global weak solution for the reaction—diffusion system exists for
just measurable diffusion coefficients and a quadratic reaction, under mass control and
intermediate sum conditions.

Later, the main result of [5] was extended in [9] into a particular non-autonomous
system; in [10] it was shown that there exists a unique global classical solution in dimension
1 for a system with mass dissipation; and ref. [11] verifies the existence of a global weak
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For systems including advection, ref. [8] shows that a unique global weak solution
exists under quasi-positivity, mass control and an intermediate sum condition, meaning
that the partial sum of the reactions in each equation is bounded by a polynomial of degree
r,where 0 <r <1+ %, and 7 is the spatial dimension. This means that for n > 2, the
quadratic terms need to “cancel out” and at least one of the equations need to be at most
linear. Thus, for non-autonomous systems with advection, global well-posedness has so far
been restricted to cases where a cancellation condition controls the quadratic terms or to
one spatial dimension. In contrast, for the ATM—-ApoE model we prove global existence
and uniqueness up to dimension 4 without relying on any such cancellation. Figure 1
illustrates the developments in well-posedness results for reaction-diffusion systems.
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Figure 1. State of the art on well-posedness of reaction—diffusion systems, building upon the founda-
tional local/global classical solution results of Pazy [12]. For autonomous (blue) problems, the exis-
tence and uniqueness of a global solution have been proven in any dimension. For non-autonomous
(orange) systems, the results have been proven for either specific problems, systems satisfying the
intermediate sum condition, or problems without advection. The depicted works are, for autonomous

problems: [1-6]; and for non-autonomous problems: [7-11].

In this work, we show a proof for global existence and uniqueness of a non-negative
solution up to dimension 4 by a semigroup and evolution systems argument. This works
for our particular system with the quadratic polynomial reaction satisfying quasi-positivity,
with time-dependent coefficients and for time-dependent advection coefficients, which
is relevant in the context of ATM-ApoE interaction (Figure 2) and potential treatments
controlling stress and the advection coefficient. The quasi-positivity is a natural property
of the system, since the variables of the model represent protein concentrations. Even
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though we do not treat the long-term behavior of the solution in this work, it is worth
mentioning that our well-posedness result provides the foundation for subsequent stability
analyses, such as those for time-periodic traveling fronts [13], and for studies of asymptotic
symmetry of solutions [14].

ATM Monomerms

ATM Dimers

JFfe

ApoE
ATM-ApoE Complex

Figure 2. Diagram of spatial model interactions in a cell. Light blue shows the cytoplasm (Q¢),
yellow shows the area around the nucleus where the ApoE proteins are located ((2p), and pink shows
the nucleus (Qy).

We prove the well-posedness of a system that models the interaction between proteins
in cells affected by Alzheimer’s disease (AD). The importance of this model is that AD
is the leading cause of dementia worldwide and it affects over 55 million people, with
projections estimating a tripling of cases by 2050 [15]. Characterized by progressive neu-
rodegeneration, memory loss, and cognitive decline, AD remains incurable despite decades
of research. Current therapies focus on symptom management, since the cause of AD is
unknown. AD is traditionally attributed to the accumulation of amyloid-f (Ap) plaques,
tau protein neurofibrillary tangles, chronic neuroinflammation, and genetic factors such as
the apolipoprotein E (ApoE) €4 allele [16-21].

Recent radiobiological studies propose to focus on the Radiation-Induced ATM Nu-
cleoShuttling (RIANS) response [22]. This mechanism highlights the role of the Ataxia
Telangiectasia Mutated (ATM) protein, a key mediator of DNA repair, and its interaction
with ApoE (not necessarily 4 allele). Under oxidative stress, ATM dimers dissociate into
monomers that migrate to the nucleus to repair double-strand breaks (DSBs). However,
in AD, overexpression of ApoE leads to the formation of ATM-ApoE complexes, which
accumulate around the nucleus as a perinuclear crown (PC). This crown creates a barrier,
impeding ATM’s nuclear entry and perpetuating unrepaired DNA damage, ultimately
accelerating neuronal death [18].

2. Description of the Spatial Model

We study the well-posedness of a system that models the ATM-ApoE interaction. We
propose a semilinear partial differential system of reaction—diffusion-advection equations
that has four variables: M represents the concentration of ATM monomers while D denotes
the concentration of ATM dimers, the variable A represents ApoE protein, and C the
concentration of ATM-ApoE complexes. In this model, ATM monomers advect towards
the nucleus of the cell to detect double-strand breaks (DSBs) in the DNA and repair them,
due to an electrical signal sent by the nucleus. As mentioned before, DSBs may cause
mutations or even cell death, so ATM is responsible for the repair of this DNA break.
Oxidative stress monomerizes ATM dimers and ATM-ApoE complexes, allowing ATM
to cross the nucleus membrane. ATM and ApoE tend to form dimers and complexes
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depending on different rates induced by oxidative stress, irradiation, and the intake of
drugs. The complete interaction can be seen in Figure 2.
Consider ) = B(0,1) € R" and an interval [0, T|, T > 0. Fixa € (0,1).

OtM = ocAM + div(v(t, x) M) — kM? — dM
—kgaA-M+21p(H)D + 1 (t)C + A,
9;D = eAD + 0.5kM? — tp(t)D, (1)
0tA = eAA — k,A- M + 1¢(1)C,
0:C = eAC + koA - M — 1c(t)C.

Here, the coefficients and parameters are:

e 0,& > 0: diffusion coefficients.

e o(t,x) € C*([0,T];C*(Q)), zero at the boundary and divergence-free: transport of
monomers towards the nucleus.

* k> 0: rate of ATM dimer formation.

* d > 0: rate of ATM monomer degradation.

*  k; > 0: rate of ATM-ApoE complex formation.

e 1p(t) € C*([0, T]) strictly positive and bounded: rate of monomerization of ATM due
to oxidative stress.

e 1c(t) € C*(]0,T]) strictly positive and bounded: rate of monomerization of ATM-
ApoE complex due to oxidative stress.

* A > 0: rate of production of ATM monomers in the cell.

In order to simplify notation we write v := v(t,x),Tp := 1p(t), 7c = Tc(t). We
consider the following non-autonomous system of reaction-diffusion-advection equations
for (M, D, A,C):

OtM = cAM + div(vM) — kM? —dM — kA - M+ 2tpD + 1cC + A,
9:D = eAD + 0.5kM? — 1pD,
1A = eAA — kA M+ 1cC,
0;C = eAC + kyA-M — 1cC,

with boundary and initial conditions

VM-n=0, 9Qx][0,T],
VD-n=0, dQx|[0,T
VA-n=0, 9Qx|[0,T
VC-n=0, 9Qx|[0,T],
(M,D,A,C)(0,-) = (Mg, Dy, Ag, Cp) =: ug, Q x {0}.

The choice of boundary conditions are due to the fact that none of these proteins exit the
cell’s membrane; therefore, we consider homogeneous Neumann boundary conditions.
When convenient, we write the system in the general form:

ot = DAu+ V(t,x) - Vu+ F(t,u), 3)

with boundary and initial conditions

Vu-n=0, 9aQx][0,T],
u(0,-) =ug, Qx{0},
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where D is a diagonal matrix, V(t,x) := (v(t,x),0,0,0)T € C*([0, T];C*(Q)*) is the
advection coefficient and F(t,u) : RT x [H!]* — [L?]* is the reaction term.

3. Main Result

First, let us define what a solution is; we provide a definition of a global classical
solution for system (2, 3):

Definition 1 (Solution). Let X := L2(Q) be a Banach space and let Ay be the realization of
1
—A in L2(Q)) with homogeneous Neumann boundary conditions. Let X7 = D(A%) = HY(Q)

Banach with the graph norm ||x||% = ||Al%x||, where A; := AN + bl with b chosen such that
Re o (A1) > 0 (the choice of b produces equivalent norms). We say that a continuous function u :
[0, T) — X is a solution of system (3) in [0, T) if for F(t,u) + V(t,x) - Vu := F(t,u) : U — X,
UCRx X2, u satisfies the equation pointwise in (0, T), u is continuously differentiable on (0, T),
(t,u(t)) € Uand u(t) € DAy forevery t € (0, T) with u(t) — ugast — 0.

Remark 1. We say that the solution is global if there is a solution in [0, Ty ), where Tyay is
maximal and Typ = +o00.

The goal of this work is to prove the following well-posedness theorem:

Theorem 1. If ug € C'(Q) is non-negative, then there exists a unique global classical non-negative
solution of system (2).

In the following sections we prove the non-negativity and the existence of a unique
global classical solution to problems (2, 3). The proof for existence/uniqueness of a local-
in-time solution is addressed in Section 4, the proof of non-negativity in Section 5 follows
from [23] for a non-autonomous system and then passed to the solution of the autonomous
problem, and in Section 6 we give a bound for the solution which gains regularity by a
bootstrap argument, ensuring the solution is in fact global in time. The scheme of the proof
is represented in Figure 3.

—
Local solution Positivity =~ [=——> Bout?n(',]:d in
AT
Energy
estimates

Autonomous in

fractional space ——»

D((-A)%) ~ H'
Adaptation of
Haraux, 2016 a

o (4)
Same solution

Figure 3. Scheme of the proof numbered by section. We prove the existence of the local solution in

both settings (Section 4) and prove the positivity in the non-autonomous case by the argument in [23]

(Section 5). We pass this property to the solution of the autonomous setting and prove estimates

(Section 6) that show that the solution is global.

Non-autonomous
in Holder spaces
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4. Local in Time Solution

We consider the general form of the system, i.e.,
ot = DAu+ V(t,x) - Vu+ F(t,u),
with boundary and initial conditions

Vu-n=0, 9Qx|[0,T],
u(0,-) =ug, Qx{0}.

Since the advection coefficient depends on time, we consider it as part of the reaction term
to apply the semigroup theory for autonomous problems. The domain of the operator
needs to take into account that Vu must be well defined, so we define the problem over

1
D(AZ) ~ H!. To apply the existence result from [24] (p. 54, Theorem 3.3.3), we need the
reaction to be locally Lipschitz on u. We check that

F(t,u) = F(t,u) + V(t,x) - Vu,

defined from R* x H! — L?is locally Lipschitz in u, where H! := [H']* and L? := [L2]*.

Since F is quadratic in u, let us consider only the term 12,

[E(t,u) = F(t,0) |2 < [[u+ ol pal[u = lla,
since H! is embedded in L* for dimension d < 4 [Gagliardo-Nirenberg], then
[E(t,u) = F(t,0) [l < C([[ullgn + [0l go)l[u = ol -
For the advection term, since we assume v € C*([0, T]; C*(Q)),
IV - Vul g2 < [|VI[elu g

So F is locally Lipschitz from H! to L2. Since all the coefficients are locally Hélder continu-
ous in ¢, existence and uniqueness follow from [24] (p. 54, Theorem 3.3.3).

Local Solution in Non-Autonomous Setting

It is useful in the next section to consider the local solution in the context of a non-
autonomous problem defined in Holder spaces, i.e., the time-dependent advection coef-
ficient is considered as part of the operator instead of as part of the reaction term, so in

this section we consider X = C*(Q)). We provide the necessary conditions to have such
a solution.

Proposition 1. Consider the system:
o+ A(Hu = f(tu), u(s)=uy, Vu-n=0.

Let f : [s, T| x X — X be Holder continuous in t on [s, T| and uniformly Lipschitz continuous

(with constant L) on X. Let A(t) satisfy the following assumptions:

(Py)  The domain D(A(t)) = D of A(t),0 < t < T is dense in X and independent of t;

(P,)  Fort € [0, T], the resolvent R(A : A(t)) of A(t) exists for all A with Re A < 0 and there is
a constant M such that

M
Al +17

[R(A:A(t)] < forReA <0, tel0,T],

https://doi.org/10.3390 /math14183367
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(P3)  There exist constants L and 0 < o < 1 such that
I(A(t) — A(s)A(T) Y| < L|t —s|%, fors,t, T €[0,T],

And let U(t, s) be the associated evolution system [12] (p. 168, Theorem 7.1, Chapter 5). Then, the
initial value problem has a unique mild solution u € C([s, T]; X). Moreover, the mapping uy — u
is Lipschitz continuous from X into C([s, T|; X).

Remark 2. These are two classical results from [12] presented as one for simplicity.

Proof. For a given 1y € X we define a mapping
F:C([s, T];X) — C([s, T|; X),

by
(Fu)(£) = U(t, 8)p + /t U(t, ) f(ru(r))dr, s<t<T.

Denoting by ||u|| the norm of u as an element of C([s, T]; X), it follows readily from the
definition of F that
[(Fu)(£) = (Fo)(B)|| < CL(t = s)|u — v[|eo,

where C is abound of | U(¢,s)|| on [s, T] by [12] (Chapter 5). By induction on k it follows that

(CL(t —s))k

(B (e) — (Fo)(n) | < <=

[ = |0,

and so
(CLT)*

k k
[|[F*u — F*o|| < %

[ = leo.

k
For k large enough % < 1, F has a unique fixed point u in C([s, T]; X). This fixed point
is the desired solution of the system. The uniqueness of u and the Lipschitz continuity of
the map up — u are consequences of the following argument. Let v be a mild solution on
[s, T] with the initial value vy. Then,

Ju(t) — (0] < (e s)uo — Ut Yool + [ 1U(EA)(F () — f,2()))in
< Cllao — woll + CL [ 1u(r) — o(r) o,
which implies by Gronwall’s inequality that
lu(t) = o(D)]| < CeSHT Jlug — vy,

and therefore
[0 = 0]|oo < Ce“HT™) g — vy,

which yields both the uniqueness of u and the Lipschitz continuity of the map ug — u. O

In the previous proposition, the uniform Lipschitz condition on f assures the existence
of a global mild solution. If f is assumed to be locally Lipschitz continuous in its second
variable, then we have existence of a local mild solution. This proof is a classical result
from [12], where we have made explicit, for the convenience of the reader, the changes
made for evolution systems.
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Corollary 1. Let f : [0,+0c0) x X — X be continuous in t for t > 0 and locally Lipschitz
continuous in u, uniformly in t on bounded intervals. Consider the system and assumptions in
Proposition 1. Then, for every ug € X there is a tmax < +00 such that the initial value problem has
a unique mild solution u on [0, tmax ). Moreover, if tmax < 400, then

lim [Ju(t)[| = co.

1 tmax

Proof. Let L(c,t") be the Lipschitz constant of f in the ball of radius ¢ with ¢ € [0, ], i.e.,

1f(tu) — f(t,0)[| < L(c,t')lu — o],

for all u,v € X such that ||u|| < ¢, ||v|| < c. For every s > 0, uy € X, the initial value
problem has a unique mild solution u on an interval [s, t;], whose length is bounded
below by

— mi [[uol
55 fluoll) = mm{l' K(s)L(K(s),s+ 1)+ N(s) J*
where M(s) = sup{||U(t,s)|| : 0 < t < s+ 1}, K(s) = 2|lup||M(s) and N(s) =
sup{||f(t,0)]| : 0 < t < s+ 1}. Indeed, let ty = s+ (s, ||up||). The mapping F de-
fined in Proposition 1 maps the ball of radius K(s) centered at 0 of C([s, 1]; X) into itself.
This follows from the estimate

[(Fu)(B)[} < M(s) [[uol| +/ IUCE ) (L (ryulr)) = f(r, 0)[ + (1 f(r, 0)[)dr
M(s)l[uol| + M(s)K(s)L(K(s),s +1)(t =) + M(s)N(s)(t = s)

M(s)[[luoll + K(s)L(K(s),s +1)(t — ) + N(s)(t —5)]

< 2M(S)Huol\
K(s)

7

where the last inequality follows from the definition of 1. In this ball, F satisfies a uniform
Lipschitz condition with constant L = L(K(s),s + 1) and thus it possesses a unique fixed
point u in the ball. This fixed point is the mild solution of the initial value problem in the
interval [s, t1]. If u is a mild solution on the interval [0, 7], it can be extended to the interval
[0, T + 6] with 6 > 0 by defining on [7, T + ¢], u(t) = w(t), where w(t) is the solution of the
integral equation

w(t) =U(tT)u(t) + /t Ut r)f(r,w(r))dr, T<t<Tt+6.

Moreover, § depends only on ||u(7)||, K(T) and N(7).

Let [0, tmax) be the maximal interval of existence of the mild solution u. If fmax < +00
then limy  ||u(t)|| = oo since otherwise there is a sequence t; 1 fmax such that
|lue(tn)]| < C for all n. This would imply by what we have just proved that for each t,, near
enough to tmax, # defined on [0, t,] can be extended to [0, t, + J], where ¢ is independent of
t, and hence u can be extended beyond tmay, contradicting the definition of tmax. To prove
the uniqueness of the local mild solution u of the initial value problem, we note that if v is
another mild solution, then on every closed interval [0, s] on which both u and v exist, they
coincide by the uniqueness argument given at the end of Proposition 1. Therefore, both u
and v have the same tmax and on [0, tmax), # = v. O

In [12] (p. 227, Lemma 6.1, Chapter 7) and [12] (p. 228, Theorem 6.2, Chapter 7), the
author proves the existence of a solution in L? for a family of operators satisfying two
conditions that are easier to verify than (P1), (P2), and (P3). The following proposition
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gathers both results adapted to C*. For completeness, we prove it in the case of C* following
exactly the steps in [12] with the exception of one inequality which is proved in Lemma 1.

Proposition 2 (Alternative conditions). For X = C%, let the family of operators A(t),t € [0, T]
in C* be defined as the realization of

A(t,x) =Y, ag(x)DP+ Y ag(t x)DP,
|Bl=2m |Bl<2m

D(A(t)) = D(A) = {u € C™ () : Bi(x)u =00ndQ, j=0,...,m— 1},
with Bj(x) boundary differential operators derived from ag(t, x) and
A(t)u = A(t,x)u, foru € D(A).

If this family satisfies the following conditions:

(H1)  The operators A(t,x),t > 0 are uniformly elliptic in Q), i.e., there is a constant ¢ > 0
such that
(—1)"Re Y. ag(t,x)¢P > clgf,
|Bl=2m
forevery x € 0,0 <t < Tand & € RY,
(Hz)  The coefficients ag(t, x) are smooth functions of the variables x in Q forevery0 <t <T
and satisfy, for some constants C1 > 0and 0 < 6 <1,

\aﬁ(t,x) - a,g(s,x)| <Gt = s|‘5,

forx € Q,0<s<t<Tand|B| <2m,

then the family {Ap(t) 4 kI} satisfies (P1)~(P3). And if A(t,x) satisfies (H1), (H2) and
f € C¥(Q) satisfies

1£(t,x) = f(s,x)[lce < Clt —s[7,

or some constants C > 0and 0 < «y < 1, then for every ug(x) € C* the linear problem
Y Y p

M+ At =f,
u(0) = uy,

has a unique solution. Moreover, if f : [ty, T| x C* — C* is Holder continuous in t on [0, T] and
locally Lipschitz continuous on C*, uniformly in t on bounded intervals, then for every ug € C* the
nonlinear problem

@+ A(u = f(tu),
u(0) = u,

has a unique solution.

Proof. From the definition of the operators A(t), and since we assume ag(t, x) = ag(x) for
|B| = 2m, the boundary operators B; are independent of ¢. It follows that for every real k,
the domain of D(A(t) + kI) = D(A(t)) = D independent of t and therefore, for any choice
of k > 0, the family {A(t) + kI}c|o 1) satisfies the condition (P1). By Lemma 1 proven
below, we have

https://doi.org/10.3390 /math14183367
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Juflex < WII(MJrA(f))MIIca, @
for u € D and A satisfying Re A > 0 and |A| > R for some constant R > 0. Choosing k > R,
(4) implies that

[ullex < |||(M+ (A(E) +kI))ullcx

M,
A +k
M
A +1

[IAT+ A(t) + kI)u||ce,

holds for u € D and A satisfying Re A > 0. Using [25] (Theorem 3.1.32), A(t) + kI is
sectorial and therefore

M
R(A: A(t kl r < — o«
[R(A = A(t) + kul|ce < 1+|Mllu\lc,

for u € C*. Therefore, fixing k > R implies that the family { Ap(t) + kI};c(o 1) satisfies (P2).
Foru € C* and w = (A(t) + kI)~'u we have w € D and

I(A(t) +kDw — (A(s) + kD)wllce = |} (ap(t,x) — ap(s,x)) DPw]co
|B|<2m
<Glt=s” ¥ [IDPw|cs
|Bl<2m

< Goft — sl cae.
Then, from estimates (4) and (6),

[w]|can < C(JA(T)(A(T) + kD) utllcn + [|(A(T) + k1) il cn)
< C(1+ kM + M)]Ju]|ce.

Combining these inequalities yields
I(CA(E) +kI) = (A(s) +KD)(A(T) + kD) "Ml ce < Calt = 5| [ullcx,

for every u € C*, so the family {A,(t) + kI};c[o 1) also satisfies the condition (P3). Finally,
if f € C*(Q)) satisfies
ILf (£, x) = f(s,x)||cx < C|t—5]|7,

for some constants C > 0 and 0 < 7 < 1, then there exists C’ > 0 such that
le™ f(t,x) — e ™ f(s,x)[lcx < C'|t =], (5)

for any real k. That being said, since we chose k > R > 0, we take advantage of this to
simplify the computations. Indeed,

e*ktf(t,x) — e*ksf(s,x) = e*ktf(t,x) — e*ktf(s,x) + eiktf(s,x) — e*ksf(s,x),

SO

le™ f(t,x) = e f(s,x)llco < lle™ f(t,x) =M f(5,2)llea + [le ™ f (s, %) = e f (s, %) -
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The first term is bounded by

le ™™ f(t,x) — e f(s, x) e < e ™ F(t %) = f(5,%)llx
< Nf(t2) = £(5,%)llcs

< C|t—s]|7.
The second term is bounded by

le™ f(s,x) = e f(s,x)|cx < e = e[ £ (s, %)l co-
The norm || f(s, x)||c« can be bounded independently of s. Indeed,
1£(s,%) = £(0,x)[[cx < Cls|” < CT7.
Thus, for every s € [0, T},

1 (s, 0)llce < [1f(s,%) = £(0,x)[lcx + [ £ (0, x) | ce
< CTY + [ £(0, %) [ cx
= M.

Since h(t) = e~ is Lipschitz continuous with constant Ly := k, then

le™ f(s,x) — e f(s,x)[lex < kM]t —s|
< KMTY |t —s]7,

where the last inequality comes from the fact that
[t —s| =t —s|X|t—s|" < TVt —5|".
Taking C’ := C + kMT'~7 yields inequality (5). Given ug € C*, the initial value problem

{ do | (A(t) +kDu = ek f,
0(0) = uo,

kt

has a unique classical solution v by Proposition 1. Then, u := ¢ v is the unique solution of

the initial value problem

{%+Amu—ﬁ
u(0) = uy.

The same argument is used for the nonlinear initial value problem. O

Lemma 1. Let A(t) be the realization of A(t,x) := ) aﬁ(x)D/g + ) a/g(t,x)Dﬁ in
|B[=2m |Bl<2m

X := C* with Neumann boundary conditions, i.e.,

D(A(t)) := {u € C2"(Q)) : Bi(x)u = 00ndQ, j=0,...,m— 1},

with B; boundary differential operators derived from ag(t). For A sufficiently large in the ray arg
A=0andu € D(A(t)),

M
Juflen < WH(M +A(#))ullcx
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Proof. By [26] (Theorem 5), we have the estimate
[ull e < CUJAE)ul[ce + [lullce)- (6)

Let L:= A(t) +¢%97, T := {(x,t) : x € Q,t € R} and T, be the restriction of T to |¢| < .
By changing the norm of the estimate, we do not change the notion of ellipticity given
in [27], and since the operator L is the same as in [12] (Chapter 7.3), it is elliptic and satisfies,
like A(t), the same estimate (6). Let vy, := n(t)e#*u(x), where 5 (t) is a C* cutoff function
such that 77(t) = 0 for || > 1and 5(t) = 1 for |t| < 1, and p is to be chosen later. Then, by
applying L we obtain

Loy = i(t)e™ (A — p2e®)u(x) + e[y (1) + 2iy' (1) e u(x).
By definition of v, and by using estimate (6) on L,

H“(x)eiw||czlf¥(r1/2) < lloullc2e(ry),
< G[lI(A = ADul|ce + |p|[Jullce],

where A := |u|2¢®. Now, we check that ||u(x)ei”t\|cz,w(r1/2) > |‘u|2||u\|ca(5),

u(x)e flcaar,,,) = 3 IID”(uei’“)llcz(rl,z)+Tlglley;[Dﬁ(uei”t)]co,a(rl/z)/
[v]<2 -

> [ llulleo + e[ [ue™] cou ).
= |]’[|2Hu||°° + ‘y|2[u]co,a(ﬁ),
= 1] ooy

— (2l o -
Then, by combining the two inequalities,
[P llulles < flu(x)e™llcaar,y < Cull(A = ADulles + |l ullc],
and by reordering the terms,
(Iu? = luDllullcx < Cill(A = ADullcs.
We can choose y sufficiently large such that [u|> — || > 1|u|?, then
P llulles < C2ll(A = ADullcs,

and therefore c
2
lullca < WH(A — ADul|ce.

O

Since system (2) satisfies conditions (H1) and (H2), and we showed that these condi-
tions imply (P1), (P2), and (P3) in C*, then there exists a local-in-time solution in C*. This
solution in fact is also a solution in L2, since the system is the same. Therefore, by the
uniqueness of the solution in L? they are the same. These two ways of representing the
solution will help us in the next section to prove the non-negativity of the solution.
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5. Non-Negativity of the System and Boundedness

In this section, we establish that for non-negative initial conditions, the system remains
non-negative. To do this, we recall from [23] that for non-autonomous ODE systems, posi-
tive initial conditions give a positive solution. Then, we show that for a non-autonomous
semilinear system like (4), the positivity is also preserved. Finally, we prove that non-
negative initial conditions give a non-negative solution. We start by showing that system
(4) satisfies a quasi-positivity condition.

Lemma 2. System (3) satisfies the following quasi-positivity condition
Fi(u)|uy=0 >0, foranyu; > 0,j #1i, fori,j=1,...4.
Proof. Let us consider the reaction term
—kM? —dM — kzA - M +21tpD +1cC+ A
%Mz —1pD

= . 7
—ksA- M+ 1cC @

kaA~M—TCc

0> o=

We check for each equation,

:ZTDD—FTCc-l-AZO, Fp

N> 0o

O

We give the statement and proof that for ODE non-autonomous systems, a positive
initial condition gives a positive solution,

Proposition 3. Let F(t,u) = (Fi(t,u),...,F,(t,u)) be a continuous vector field on R", lo-
cally Lipschitz in the second variable. Assume that for all i = 1,...,n and for all t > O,
Fi(t,ug, ..., ui—1,0,ujsq,...,uy) > 0. Let u = (uy,...,uy) € CY([0, Tyax], R") be any max-
imal positive trajectory of the system u' = F(t,u). Then, if the initial vector u(0) has all its
components positive, the same property is true for the vector u(t) for all t € [Tpay).

Proof. Assuming the contrary, let i be one of the indices (there may be several) for which
u;(t) vanishes for the first time at T < Tj;;5x while the other components have remained
greater or equal than zero until time T. For all t € (0, T),

M:(t) = Fi(t/ulr"'/ui/"‘/un)/
:Fi(t,ul,...,ui,...,un) —Fi(t,ul,...,O,...,un)—i—Fi(t,ul,...,O,...,un),
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since F; is locally Lipschitz in the second variable with Lipschitz constant M and by applying
the assumption on F. Then, by continuity at T we obtain

u;(T) > exp(—MT)u;(0) >0,

which is a contradiction. [

We consider now the case of abstract semilinear systems. Let () be a bounded domain
of RY. Consider a diagonal operator L(t)u = (L(t)uy,...,L(t)u,) associated with an n-
vector (Li(t),...,Ly(t)) of (possibly unbounded) linear operators on X, which is a closed
subspace of C(Q)). We assume that the family of operators {—L;(t) };> satisfy conditions
(H1) and (H2), and consider F(t, 1) a continuous vector field, locally Lipschitz in the second
variable. Since the family {—L;(t)};>0 satisfies (H1) and (H2), it produces an evolution
system U;(t,s), and we assume that it satisfies that, for all ¢ € X such that¢ > 0 and ¢ # 0,

Vi>0,Yx e Q, [U(t0)¢](x) > 0.

We now state the positivity-preserving result for non-autonomous abstract semilinear
systems:

Theorem 2. Assuming the quasi-positivity condition that foralli =1,...,n and for all t > 0,
Fi(uy, ..., ui_1,0,u1,...,uy) >0, let u= (uy(t,x),..., un(t,x)) € C([0, Tynax|; X") be any
(maximal) positive trajectory of the system

ou = L(H)u + F(t, u).

Then, if the initial vector u(0) = uy = (up1(x),..., uon(x)) is such that foreachi =1,...,n,
we have Vx € Q,uq;(x) > 0and ug; # 0, then all components of the solution vector u(t, x) are
positive everywhere in Q) for all t € (0, Tyax].

Proof. Assuming the contrary, let i be one of the indices for which u;(t) vanishes for the
first time at T < Tmax and some point x € () while the other components have remained
positive (at least non-negative) until time T. For the i-th equation we have

o — Li(t)u; = Fi(t,uq, ..., un),
=F(t,uy, ..., uy) — F(t,uy,...,0,...,uy) + F(t,uy,...,0,...,uy),
Z _Mui/

ie.,
oru; — Li(t)u; + Mu; > 0.

Consider g; > 0 such that
o — Li(t)u; + Mu; = g;,

then by the variation of constants formula,
t
ui(t) = e MU (t,0)ug,; + / e MU=S)1Li(t, 5) gids.
0
Since g; > 0, then U;(t,s)g; > 0 by the weak maximum principle for parabolic problems,

and since e M(=5) > 0, then e=M(*=5)1J;(t,5)g; > 0. Since ugy; > 0 and is not identically
zero, then by the strong positivity hypothesis of evolution systems,

e MU (t,0)ug; > 0.
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Therefore, u;(t) > 0 for any t > 0. By continuity at T we conclude that u;(T, x) > 0, which
is a contradiction. [

For the particular case of system (4), we consider the general form
oty = DAu+V -Vu+ F(t,u), (8)

where D is a diagonal matrix of positive entries and V := (v,0,0, O)T is the advection
coefficient. One can easily check that the reaction term F is locally Lipschitz from R to
R. The family of operators { —d;A — V;(t, x) - V };> satisfies conditions (H1) and (H2) for
all i, since v(t, x) is smooth in x and Holder continuous in ¢, and so for each i there is an
evolution system U;(t,0) over the Banach space C*(Q); these evolution systems satisfy
(thanks to parabolic weak, strong maximum principles and Harnack inequality), for all
¢ € C*(Q) such that¢p > 0and ¢ # 0,

Vi>0,Yx e Q, [U(t0)¢](x) > 0.

To check that each evolution system U; satisfies the strong positivity hypothesis we no-
tice that for i, U;(t,s)up, is a solution of the parabolic equation o;w + L;(t)w = 0. By
the maximum principle for parabolic equations [28], up; > 0 and not identically zero
implies that

vVt >0, U(ts)ug; > 0.

The next result proves by using Theorem 2 that non-negative initial conditions give a
non-negative solution.

Proposition 4. Assuming the quasi-positivity condition stated in Lemma 2, let u(t,x) =
(u1(t, x), ..., un(t, x)) be any maximal positive trajectory of system (8) with homogeneous Neu-
mann boundary conditions. Then, if the initial vector u(0) = ug = (ug1(x), ..., ugu(x)) is such
that for eachi =1,...,n, we have Vx € Q,ug;(x) > 0, then all components of the solution vector
u(t, x) are non-negative everywhere in Q for all t € [0, Tyax). Finally, whenever j =1,...,n is
such that u;(0,-) # 0, we have

vt € (0, Tyax), iniuj(t, x) > 0.
xeQ)

Proof. We start by replacing uy = (uo1(x), ..., ugn(x)) by uf = (ug1(x) +¢,...,ug,(x) +
e) and consider the corresponding maximal solution,

u(t,x) = (g1 (%), -, U u(x)),

of system (8) with homogeneous Neumann boundary conditions. It is classical [29] that
the life time T§

max
sequence of vector functions u®(t, x) = (uj(t,x), ..., uj(t, x)) converges uniformly to u(t, x)

of u® overpasses any number T < Tnax for € small enough and the

in C([0, T] x Q) as ¢ tends to zero. Now, for any ¢ > 0, the solution (¢, x) has, by continuity,
all its components positive in Q for small t. Theorem 2 applied to u° now shows that the
solution u*(t, x) has all its components positive in () for all ¢+ € [0, T|. We conclude by
letting ¢ tend to zero. The last statement follows from the inequality

atu]‘ — d]'Au]' — V]Vu] = Fi(t,u) > —Mu]', in (0, T] x Q,

which implies u;(t, x) > exp(—Mt)U;(t,s)p(x) where (x) := u;(0,x). O
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We conclude that for system (4) the solution is non-negative given that the initial
condition is non-negative. For the variables A and C, we have even more, and we bound
them in L*, as seen in the following result:

Theorem 3. A, C are bounded in L*, and A,C < ||Ag + Co|| -

Proof. Consider S := A + C, then S satisfies the heat equation 0;S = €AS and therefore, by
the maximum principle, is bounded in L® by S in the parabolic boundary 0Q) x (0, T] U
Q x {0}. Since the boundary condition is Neumann homogeneous, by the strong maximum
principle it cannot achieve its maximum in 0Q) x (0, T] [28]. Therefore, its maximum is
reached in Q) x {0}, i.e., [|S(f)]|r~ < ||S(0)]|L~; since A and C are non-negative, we have
ACLSL ||A0+C0HL00. O

These results are true for the unique solution in C*(Q}). Now, we notice that since
this solution also lies in L2(Q)), then it must be equal to the unique solution given by
the autonomous problem in the domain defined by the fractional power of the laplacian.

1
Therefore, we have a unique solution in L? defined over the domain D(A N)~H 1 and it is
non-negative provided that the initial condition is non-negative.

6. A Priori Estimates

To be able to bound the energy of the system, we consider estimates in L**! and LA*!
for M and D respectively, and L? estimates (in fact estimates in L) for A and C. The result
is stated in the following lemma:

Lemma 3. Letting o, 3 > 1 be real numbers such that « = 2B, then M is bounded uniformly
in L1, D is uniformly bounded in LP*Y, and A, C are uniformly bounded in L2. Moreover,
A,C € L*(0,T; H') and

/VMV(M"‘) < too, /VDV(D/S) < to.

Proof. Let us multiply the first equation by M* and the second equation by DF, with
«, B > 1 real numbers to be determined, and the third and fourth equation by A and C
respectively. Then, notice that

0% - % y+1
[ w09 = g

so using integration by parts and the Holder inequality, we get

“ildtnmngﬁl 0 [ITMPaM 4+ k [ MR ML + ke [ AMe
:2TD/DM“+TC/CM"‘+A/M”‘+/UM“VM
gzrD/DM“+TC/M“+1%+1crh“+1 —|—A/M’sza?1u1?

+aflolls [(MF)(MT VM),

by Young’s inequality, the bound continues as follows:

n
<2 [ DM e IMIEE + S Isoli )

(2

1 _
4+ 100) + € [ Myl [ M0 TME,
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with # sufficiently small to absorb the last term by the diffusion,

ol [ MHVMPE <o [ [VMPaMe,

Also,
L d e - w1 _k
g1l +e [ IVDPEBDA T+l < 3 [ MPD,
1d, ) i
5 A1 +el VA = —k, /A M+TC/CA,
1d, ., , .
5 2 ICI2: + €l VIR, + wc|ICIE: = ki [ AMC.
We define the energy
E(H) = —— [MI%H, + —— IDIFH, + 2(1a)2, + Icl2,).
"“"1 L ,’3—1—1 LAt 9 L L

Adding the four equations and bounding the non-negative terms on the left hand side by
zero, and by using Cauchy-Schwarz and Young inequalities when convenient, we get

d ®
D4k [ M2 <2mp [ DME + e S IMIH + IS0l 0
dt a+1
a+1 1 2
+A( M + |Q’)+TC||50HL°°’Q|
oc+1
+ka( Mg + |Q|)
COoNlMIh + 5 [ MeDP.

The last terms to bound are 2tp [ DM* and k / M2DF. To that purpose, we apply the

Holder inequality. For the second one with p = 2+"‘, q= 2+"‘ ,and taking « = 2§,

K 218 2 k B / 2 /
_ — — < P+ B

2
< 752+a/ 24 /D‘[;Jr]
T 24w M +2+¢x

24w
2 2 [ k « ISJ,-]
< +“/ e = D[V g-
S2v40 IMT T (2(5> 1Dl

Doing the same with the term / DM"*, we bound it by

/DM“ /< )(5M”‘)

(), om ¥
/ §+1 +/(f5+1)/[5

1 D\ AL s(B+1)/B I
ﬁ+1/<5) T ol M

IN

IN
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Then, by choosing ¢ sufficiently small such that they are absorbed by k / ‘ M**2, we get

d 1 o
LB < 2w DI + e (S IMIEE + sl ol
@ (el =
1
+ AT IMISE + 100) + COoNIMIES +lsolfel
24a
a+1 4 k o 41
o M + S0l + 4 (55 ) T IDI

We get an inequality of the form

i E(t) < a+bE().

Then, we use Gronwall’s lemma to bound the solution by a constant dependent on T In
the following we consider T > 0, then we have

M € L®(0,T; L*"1(Q))), D e L®(0,T;LF(Q)),

A€ L®(0,T;L*(Q)), CeL®(0,T;L*(Q)).

We have in fact
A,C € L®(0,T; H'(O)),

but for M and D, they do not belong to H!(Q), only M € L**1(Q), D € LF+1(Q) and
/VMV(M“) < too, /VDV(D/S) < 4.

Finally, we can take «, § large enough such that Fy, Fp, Fa, Fc € L*(0,T; LZ). Then, we
classically obtain a supplementary regularity for the solution u, which is

M,D,A,C € L®(0,T; H(())),

assuming the initial datum is in C!(Q2); this is a bootstrap argument, thus showing that the
solution is bounded and therefore global. [

7. Conclusions

In this work, we proved the well-posedness of a non-autonomous system of reaction—
diffusion-advection with a time-dependent advection coefficient, relevant to modeling
protein interaction in Alzheimer’s disease. The main contributions are the proof of positivity
via considering the local solution both in an autonomous and non-autonomous setting
to pass the positivity property from one solution to the other, and second, exploiting the
structure of the nonlinearity to achieve estimates that show that the solution is global. The
time dependence of the coefficients, in particular the advection coefficient, serves as a
base to work on treatment strategies that control the pull of ATM monomers towards the
nucleus, ensuring that the solution remains well-posed.

8. Perspectives

We have established the global well-posedness of the system under homogeneous
Neumann boundary conditions. A natural and biologically relevant extension is to con-
sider more general boundary conditions, such as Robin or non-homogeneous Neumann
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conditions. These could model protein exchange with the nucleus and give a more accurate
representation of the interaction.

From a mathematical viewpoint, extending the analysis requires revisiting the func-
tional setting, as the domain of the Laplace operator must be adapted. The positivity
preservation, which relies on maximum principles, must also be verified under the new
boundary conditions. Furthermore, the energy estimates need to be rederived to control
any additional boundary terms.
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