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Abstract

The Stein-Weiss weighted inequality and the John-Nirenberg inequality are among the
most important and widely applied results in harmonic analysis, underlying a broad range
of developments in weighted norm estimates and the theory of bounded mean oscillation.
Motivated by their central role, in this article we investigate new refinements of these
two classical inequalities in the setting of variable exponent Fofana spaces. These results
are established for the first time in this class of generalized function spaces, in which
the exponent p(-) appearing in the norm is variable and the exponent 7 is constant. A
further novelty is that, whereas such inequalities have previously been developed in other
function spaces using the Riesz kernel, in the present study we instead use the more
general Bessel-Riesz-type kernel, which additionally incorporates a decay parameter 3
controlling behavior at infinity and so yields sharper, more flexible estimates than the
Riesz kernel alone. To verify the correctness of our results, we construct several nontrivial
examples, establish some associated results, and give remarks recovering existing results
under different settings; moreover, several of these results are new even in the constant-
exponent case. In particular, we establish John-Nirenberg inequalities for functions of
bounded mean oscillation in terms of the norm of variable exponent Fofana spaces on RY,
via an atomic Hardy space argument, recovering the classical and variable-Lebesgue-space
John—Nirenberg inequalities as special cases.

Keywords: Stein—Weiss inequality; John—Nirenberg inequality; generalized Fofana spaces;
variable exponent Hardy spaces; mathematical operators; Harmonic analysis

MSC: 42B35; 26D10; 47B38; 47G10

1. Introduction

The Stein—Weiss inequality and the John-Nirenberg inequality are two cornerstones
of modern harmonic analysis, each having generated an extensive and still-growing body
of research. The Stein—Weiss inequality, originally concerned with weighted norm esti-
mates for the Riesz potential, has since been extended along several directions: to systems
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of integral equations and sub-Laplacian settings on the Heisenberg group [1], to sharp
constants and the existence of extremal functions [2], to reverse-type inequalities on the
upper half space [3], and to settings incorporating angular integrability in combination with
Caffarelli-Kohn—-Nirenberg-type weights [4]. In parallel, the John—-Nirenberg inequality,
which characterizes functions of bounded mean oscillation through exponential integrabil-
ity of their oscillation, has been substantially generalized to noncommutative martingale
settings via atomic decomposition [5], to critical Sobolev spaces [6], to Musielak—-Orlicz
Campanato spaces on spaces of homogeneous type [7], and, more recently, to broader
extensions and applications through refined covering and extrapolation arguments [8].
Given 0 < 7 < v, the fractional integral operator (Riesz potential) is defined as the
convolution operator
()
Lo(@)= [, w2 fm 46 )
The boundedness for this operator on Lebesgue spaces traces back to the foundational
work of Hardy and Littlewood [9], who first established such estimates, and was subse-
quently generalized to the higher-dimensional setting by Sobolev [10]. Their result asserts

that, whenever 0 < v < v,1 < p < v/7, and the exponent q is chosen so as to satisfy the
1_1_7

scaling relation 5T q= v

||I’Y§0||LCI(RV) < CH@HLP(RV). )
Stein and Weiss [11] proved the following weighted refinement.

Theorem 1 (Stein—Weiss [11]). Consider 0 < v <v,1 < p < q < oo, and constants x, T subject
to the conditions

. v v
i) ——<xk<T<

K—T

i L-L-74
p q vV v
Then there is C > 0 such that ||| - |"qu)HLq(RV) <Cl|]- |Tg0HLP(RV)f0r every ¢.

Theorem 1 has since been generalized along several lines. A Morrey-space version,
in the Morrey space Mf,‘ (RY) [12] introduced by Peetre [13] and Adams [14], was recently
obtained by Kassymov, Ragusa, Ruzhansky, and Suragan [15].

Theorem 2 (Kassymov, Ragusa, Ruzhansky, Suragan [15]). Fix 0 < ¢ < v, and x, T such

v , 1 1 y—(t—x)
that 0 < 17—k < vy,andp such that1 < p < ——; defineqby — — - = ————~.
7, and p P< = (ropydeimeaby 54 "
Suppose further that
v—A v
———<k<T< = 0<A<v—(y—(t—x))p.

q P’

Then there is C > 0 such that ||| - |KI“Y(PHM{]\(RV) < Cl|I- \T(pHMé(Rv)for every ¢, where
MS(RV) is the (constant-exponent) Morrey space.

Building on the boundedness of the fractional maximal operator and fractional inte-
grals on variable Lebesgue spaces established by Capone, Cruz-Uribe, and Fiorenza [16],
Samko [17] proved an analogous inequality in variable Lebesgue spaces on a bounded domain.
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Theorem 3 (Samko [17]). Given 0 < 7y < v and a bounded open set O C RY, fix & € Q. Suppose

p(+) € P(Q) NLH(Q) issuch that 1 < p~ < p* < v/7. Define q(-) by q(lg) = p(l) - %
Fix constants y, T such that
q(o)
—v<T<V —1), = .
Then there is C > 0 such that ||| - —§0|y/q(')1«,(p||m(,)(m < C|||- —CO\T/p(')(PHLp(,)(Q) for

every @.

A further, more general refinement of the Stein-Weiss inequality in variable Lebesgue
spaces on all of R" is due to Cruz-Uribe and Suragan [18].

Theorem 4 (Cruz-Uribe, Suragan [18]). Fix 0 < ¢ < v. Given p(+),q(-) € P(RY) N LH(R"),
1<p <pF<oo,1<q <q" <oop(@) <q()forall & € R, and constants x, T

. v v O
satisfying —— < x < T < ——, suppose further that —— — —— = — + or all
Wi (p) SroseS p@ @ v v
& € RY. Then there is C > 0 such that ||| - |"17(qu(_) <C|||- |Tq0Hp(.)for every ¢.

Utilizing the idea of the variable-exponent Morrey space [19], Cruz-Uribe, Ghorbanal-
izadeh, and Suragan [20] recently further generalized their own previous result, developed
in Lebesgue spaces, for the Stein—-Weiss inequality, which is the main motivation for the
present paper.

Theorem 5 (Cruz-Uribe, Ghorbanalizadeh, Suragan [20]). Fix 0 < v < v, let (O C R be
a bounded domain, and fix &y € Q. Given p(+),q(-) € P(Q)NLH(Q), 1 <p~ <p' < oo,
1<q <q"<oo,p(€) <q@) forallg € Qand A(+) : Q — [0,v] with0 < A~ <At <,
A(+) € LHo(Q), let x, T be constants such that

0<t—-x<7,
AT —v v
T<K§T< W,
0<A” <A@Q) <v—(r—1+x)p(5),

0% 1 )
and = — . Then there is C > 0 such that, for every o,
V=A@  pE) @) for every ¢

. —_ K t T
I =2l gl ) < €l —Gol" 0l

Ho [21] recently established a variable-exponent Stein-Weiss inequality in Herz spaces
5(-)x

Kp ()8 under some new assumptions.

Theorem 6 (Ho [21]). Lety € (0,v), 8 € (0,00),(-) € L*(RY), p(+),q(+) € C°8(RY) with
p(&) <q(@) forall e RV, 1 <p <p" <oo,1<q <q" < oo andletx,7,p(),q(-)
satisfy the appropriate scaling and weight conditions, with d« satisfying

—L+'y—r<5 <v- L ¢
p* © p~

Then there is C > 0 such that || Iy @|| s¢)x < Cll@|| s\ for every ¢ € K‘S(('A))’g.
Kate Ko P
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Stein—Weiss inequalities have also been proved for the Laplace—Bessel differential
operator [22], on Carnot groups [23], on the Stratified group [24], with the fractional Poisson
kernel [25], in extremal-function form on general upper half spaces [26], on homogeneous
Lie groups [27], together with two-weight Poincaré and Sobolev estimates on Morrey
spaces [28], in sharpened /stronger form [29], and, most recently, with nonstandard power
weights [30].

Alongside these Riesz-potential results, the Bessel-Riesz operator T, g has attracted
independent interest. Multiplying the Riesz kernel |§ — {|"~" by the extra factor (1 + |¢ —
Z|)P in the denominator keeps the kernel explicit, matches I, near the singularity, and
reduces to it exactly at B = 0, but supplies genuine polynomial decay at infinity governed
by the parameter §; this decay is what removes the integrability restrictions that confine
the plain Riesz potential to bounded domains or to a narrow scaling-determined range of
exponents. The classical Bessel potential achieves a similar decay through an exponentially
decaying kernel, at the cost of losing an explicit algebraic form (see Gatto, Pineda, and
Urbina [31] on Besov-Lipschitz spaces for the Gaussian measure, and Mao, Wu, and
Yang [32] on Riesz transform commutators in the Bessel setting); the Bessel-Riesz operator
instead keeps the algebraic form while gaining only polynomial decay. The operator
has been studied on anisotropic, generalized, B-, and Dunkl-type Morrey spaces and on
Lebesgue and Morrey spaces with general measures [33-39]. In the variable-exponent
setting, Nasir, Alshammari, and Raza [40] studied the one-dimensional instance of T,pin
Lebesgue spaces on R ;. Under a log-Holder continuity assumption on the exponent p(-)
together with the natural range conditions 0 < vy < 1and y — p% < B < o, they showed
that a suitable target exponent q(-) can be constructed so that

12" "9(0)

Cr g o T B ®

Tv,ﬁfp@) = /

maps LP() (R, ) continuously to L) (R ).

Afzal, Algahtani, Abbas, and Breaz [41] studied fractional Bessel-Riesz operators in
variable-exponent Herz spaces, with applications to the Ginzburg-Landau equations, and
Afzal [42] proved the following refinement of T, g to Herz spaces by adding exponential
damping, and the result reads as follows.

Theorem 7 (See [41,42]). Lets € (0,00],r(+) € Pigg(R") be such that
(i) 1<r <r" <o
(i) 6(-) € L®(RY) is log-Holder continuous at infinity, with value at infinity de satisfying
L b < —
T'eo rh,
IfT, g (v € (0,v), B > 0)is bounded on L*C)(RY), then it extends to a bounded operator on

the homogeneous Herz space Kf(( )) J(RY): thereis C > 0 such that

o(- v (-

Among the fundamental results of harmonic analysis, the John-Nirenberg inequality [43]
occupies a distinguished place: it quantifies how a function of bounded mean oscillation,
though not itself necessarily bounded, cannot stray far from its local average on any ball,
and shows that the measure of such deviations decays exponentially. This exponential self-
improvement is what makes BMO(R") such a robust substitute for L*(R") in the study of
singular integral operators, elliptic PDEs, and quasiconformal mappings, and it underlies
applications ranging from endpoint estimates for the Hilbert and Riesz transforms to
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regularity theory for elliptic and parabolic equations with rough coefficients. The classical
John-Nirenberg inequality is stated as follows: for ¢ € BMO(RY), B € B = {B(&o,R) :
& € RY,R > 0}, and ¢p := |B|~! [ ¢()dC,

{& € B:|p(&) — gp| > t}| < Cre 2V lellamo|g), ¢ >0, )

which, once rewritten in terms of the L' (R”) norm of the indicator function, is

X (zeB1p—ps/z 63|l gy < Cre™ 21710 x| 1 g (6)

Ho [44] showed that if p(+) is locally log-Holder continuous and satisfies the log-
Holder decay condition at infinity, then (6) continues to hold with L!(RY) replaced by
LPC)(RY), that is,

—C
||X{§€B?\4’—§0B|2t}||LP(')(]R1’) < Cpe zt/”(PHBMOHXB”LP(-)(RV)- (7)

This inequality has since been pursued along several further lines: via sparse
Brudnyi/John-Nirenberg spaces [45], in Gagliardo—Nirenberg-type form using weak
Lebesgue spaces and BMO [46], for grand martingale Hardy spaces with variable ex-
ponents [47], on martingale variable Lorentz—Karamata spaces [48], for new BMO-type
spaces with interpolation and applications [49], for non-doubling measures [50], on Besov—
Bourgain—-Morrey—Campanato spaces with sharp constants [51], together with weight-
invariance results [52], for predual spaces of generalized BMO-martingale spaces [53], and
in fractional-order and multidimensional operator settings on Campanato spaces [54].

The Fofana spaces used throughout this paper originate in the theory of Wiener amal-
gam spaces. In 1926, Wiener [55] first introduced the amalgam spaces (L!, £2)(R) and
(L%, ¢*)(R); Holland [56] subsequently carried out a systematic study of the general amal-
gam spaces (LP, ¢9)(R") in 1975, and, in 2012, Aydin and Giirkanli [57] introduced the vari-
able exponent Wiener amalgam spaces (LP("), Ld)(RY) and (LE)('), LH(RY). For1 < p,q <
oo, the amalgam space (LP,{4)(R") carries the norm ||¢||p,q = H{”@)(Ik||LP(R1/)}HEq(RV),
I ranging over the unit cubes indexed by k € Z". For every r > 0 the dilation
st . @ — r7/Pe(r~1.) is an isometry of LP(RY), but this fails for the amalgam norm: if
p # q there is no « for which sup, \|St£“)(p||p,q < 00, even though Stg“)(p € (LP,¢9)(RY)
for every ¢ € (LP,¢9)(RY), r > 0, and a« > 0. Fofana [58] repaired this scaling deficiency
in 1988 by introducing the spaces (LP, ¢°)*(R"), consisting of those ¢ € (LP, /9)(R") with
sup,- IS tg“)(pHp,q < oo, together with the continuous version (LP, L9)*(RY) recalled in
(15) above (with 8(p) = p~"/%). Because the resulting norm is, by construction, invariant
under the dilation StS“), the classical (and, as developed here, the variable exponent) Fofana
scale removes exactly the scaling obstruction that limits plain amalgam spaces, while still
containing the Lebesgue, Lorentz, and Morrey scales as special or limiting cases which
is the reason we adopt it, rather than a plain amalgam space, as the ambient scale for
our Stein—-Weiss and John-Nirenberg estimates. For some other relevant boundedness
properties of different operators and related inequalities in various function spaces, we
refer to [59-67].

1.1. Motivation and Significance

Motivated by the literature review above, our work is guided by the following
considerations.

*  We are mainly motivated by the results stated above: Theorems 2-5 give Stein-Weiss in-
equalities on constant- and variable-exponent Lebesgue and Morrey spaces [15,17,18,20],
and Theorem 6 gives one on variable-exponent Herz spaces [21]; however, no such in-
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equality is available on the two-index variable-exponent Fofana scale (LP("), L")?(RY),
even though this scale refines the variable-exponent Morrey spaces of [19] (Section 2.5)
as a special case. The Fofana scale is a natural ambient setting for such estimates
precisely because it repairs a scaling deficiency inherent in the classical Wiener amal-
gam spaces (LP, /9)(R") [55]: for p # q, no dilation-adjusted amalgam norm remains
uniformly bounded under the isometric dilations that preserve the plain LP(R") norm,
so the amalgam norm itself is not dilation invariant in any useful sense. Fofana’s [58]
construction restores exactly this invariance by taking a supremum over dilated norms,
and it is this built-in dilation invariance that yields sharper, scale-consistent estimates
for both the Stein—Weiss and John-Nirenberg inequalities.

*  Moreover, all of Theorems 2-6 in the existing work are established using the Riesz
potential I,, whose kernel |§ — {|7™" decays too slowly at infinity to be integrable
there. We work instead with the Bessel-Riesz operator T, g [33-39], whose second
parameter § supplies genuine extra decay at infinity and, as shown in Theorem 12 and
the remark following it, strictly enlarges the admissible range of Stein—Weiss weight
exponents beyond the § = 0 (Riesz).

e Furthermore, the John-Nirenberg inequality is known on L!(RV) [43] and on variable
Lebesgue spaces LP(") (RY) [44]; moreover, these existing results are established using
the Riesz kernel, whereas here we work with the Bessel-Riesz kernel and with variable-
exponent Fofana spaces, which refine and improve upon [43,44] in both respects the
boundedness of the operator and the underlying function space.

Throughout the paper, T, 5 denotes the Bessel-Riesz operator (v-dimensional, 7y the
singularity order, § the decay parameter), and we prove four groups of results: bound-
edness of T, s and its fractional maximal counterpart M, g on generalized Fofana spaces,
with a norm equivalence between them; boundedness of the fractional maximal operator
M, and the Riesz potential I, together with T, 5, on variable exponent Fofana spaces on
a bounded domain, a two-index generalization of the variable exponent Morrey spaces
of [19]; a Stein-Weiss inequality for T, 4 in this variable exponent Fofana setting, gener-
alizing Theorem 5; and John-Nirenberg inequalities for BMO(R") in terms of variable
exponent Fofana norms, generalizing the inequality (7).

1.2. Organization of the Article

The remainder of the paper is organized as follows. Section 2 collects the preliminary
material: Section 2.1 fixes notation; Section 2.2 recalls variable exponent Lebesgue spaces
and the log-Holder classes LHy; Section 2.3 recalls the constant-exponent weighted Fofana
space (L9, LP)?(R") and the boundedness of the Hardy-Littlewood maximal operator on
it; Section 2.4 extends this to a genuinely variable inner exponent on all of RY, which is
needed to make the decay parameter  of the Bessel-Riesz kernel non-trivial already at
the level of unweighted estimates; Section 2.5 specializes to a bounded domain, giving the
two-index generalization of the variable exponent Morrey space of [19]; and Section 2.6
develops the atomic Hardy-space and convexification needed for the John-Nirenberg
inequality. Section 3 contains the main results, organized as follows: Section 3.1 proves the
Stein—Weiss-free norm inequalities for T, g and M., 5 on the global variable exponent Fofana
spaces of Section 2.4, together with a norm equivalence between them; Section 3.2 proves
boundedness of M, and T, g on the bounded-domain variable exponent Fofana spaces
of Section 2.5; Section 3.3 contains the paper’s central result, the weighted Stein—Weiss
inequality of Theorem 15 for T, 5 on variable exponent Fofana spaces, together with its
corollaries, remarks, and a fully worked numerical example; and Section 3.4 establishes the
John—Nirenberg inequality of Theorem 16 for BMO(RRY) in terms of the variable exponent
Fofana norm, together with the associated exponential-integrability corollary.
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2. Preliminaries
2.1. Notation

Throughout the paper, we adhere to the following notational conventions, so that the
same symbol always plays the same role.

¢ () denotes a bounded domain in the Euclidean space R" of dimension v € N.

* (,0,w € Q) denote generic points; §y € (2 denotes a fixed base point around which a
weight is centered.

* p > 0 denotes a radius; p, := 2'p denotes a dyadic multiple of p, ¢ being a dyadic
summation index, with threshold index .

* @, ¢ denote generic (test) functions.

*  «,T denote real weight exponents attached to the power weight | — §o|*, respectively,
1§ — Col"

e 7€ (0,v)and B > 0 denote, respectively, the singularity order and the decay parame-
ter of the Bessel-Riesz operator T, g.

* A(:) denotes a variable Morrey exponent; «(-), ap(-), aq(-) denote variable Fofana
order parameters; 77 € [1,00) denotes a fixed outer Fofana exponent; ¢ € [0, v) denotes
the order of the fractional maximal operator My; y := A — B.

e ®denotes a classical (constant-exponent) Fofana weight function, and @(p) := ¢(p)%/4
its derived output weight.

* 0 denotes a generic dummy positive scalar occurring inside an infimum defining
anorm.

*  p(-),q(+),r(-),s denote variable or constant Lebesgue-type exponents, always set in
roman type, with p*, q* their essential bounds and p’(-) the conjugate exponent.

*  4(+), 00 denote a Herz-space smoothness exponent (as in Theorem 7).

* t > 1 denotes a convexification power; t > 0 denotes a John-Nirenberg threshold
parameter; B := {B(&,R) : & € R",R > 0}; ¢p := |B|~! [ ¢({) d{ denotes the
mean of ¢ over B € B.

e ¥ denotes an atom; ® a Schwartz test function and Mg the associated ®-maximal
function; & a generic Banach function space; K,K,.) a Holder-type constant;
BMO(RY), H'(RY), S(R"),S’(RY) the usual spaces of bounded mean oscillation,
Hardy, Schwartz, and tempered distributions.

e B(&p)and B(&,p) := B(&,p) N Q denote balls, and xf the characteristic function of
a set E. The operator names T, M, I, K and the generic constants C, C, retain their
meaning throughout, their values possibly changing from line to line.

2.2. Variable Exponent Lebesgue Spaces

A variable exponent is a measurable function p(-) : Q — [1,0]; P(Q) denotes the set
of such functions, with p* = esssup, p(:), p~ = essinfq p(+). A function A(-) : QO — Riis
locally log-Holder continuous, A(-) € LHy(Q), if there is Cy such that

AE) — M) < ——0 6ren, E-7 <} ®)

~ —log|¢ -l

For p(-) € P(Q), the modular is ¢5()(¢) = [0, [9(E)PEdE + [|¢ll =0y Qoo =
{p(-) = co}, and

lollpe) = Il e () = inf{8 > 0: 0y (9/0) <1} )
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defines the variable Lebesgue space LP()(Q), a Banach function space (Cruz-Uribe and
Fiorenza [68]). The conjugate p’(-) satisfies ﬁ + % =1(1 =0),and, for ¢ € LPO)(QQ),
¢ e LP'O(Q),

| 19912 < 4lgllp( Il (10)
holds; if r(lT;’) = ﬁ + ﬁ for all &, there is K = K(p(-),q(+)) > 1 with
9ol < Kllollpe)llllgc) (11)

(Cor. 2.28, [68]).

Lemma 1 (Lemma 4, [19]). Assume the following:
* A(-) € LHo(Q2);
e 0>0;
o &CeQuatisfy |z <p
Then there exists a constant C = C(A,Q), depending only on A and Q, such that

Cflp*?\(é) < p*)\(é) < Cp M), (12)

Lemma 2 (Lemma 6, [19]). Suppose p(-) € P(Q) N LH(Q). There is C = C(p(-), Q)
such that

IXBp)lpc) < CIBE)VPE,  geq,p>o0. (13)

Lemma 3 (Lemma 2.5, [20]). Suppose A(-) : Q3 — [0,v] satisfies 0 < A~ < AT < v, A(+) €
LHy(Q). Then for every & € Q, p > 0,

[ 1e—al Oz < co, (14)
B(Zo.p) B

By (Lemma 2.7, [20]), if p(+), A(-) € LHp(Q)) and p*™ < oo, then A(+)/p(-) € LHp(Q);
more generally:

e Any ratio of two LHy(Q)) functions bounded away from 0 and oo is again in LHy((2),

a fact used repeatedly below.

2.3. Weighted Fofana Spaces

Let1 < q < p < oo. Following Nagacy, Kpata, and Diarra [69], G4 denotes the set of
9 : (0,00) — (0,00) such that:

e o+ 9(p)p"/P is almost decreasing;
e o+ 9(p)p"/9is almost increasing.

For ¢ € Gqp, the weighted Fofana space (L1, LP)?(RY) is
ol mpn = sp 50" 5 gligllap,  ellolap = | loxsplis |, 9
’ p>0 19(9 ) ! ¢ Ly

At 9(p) = p~"/%, q < a < p, this is the classical Fofana space (L9, LP)*(R") [58]; at
p = o< itis Nakai’s generalized Morrey space Mg [70].

Proposition 1 (Section 2, [69]). Forp > 0,1 < q,p < co:
(i) (L9,IP),(RY) is a Banach space, and C~1p"/P ﬂ'@‘q’p < p@ﬁp < CPV/pPH(PHq,p;

IV 1 _1 1 1 _1 N4l
(ii) lfa + @ q <1 P + P2 P <1 thenPquP”q,p < PHq)”ql,pl PH(P”qz,pz‘

https://doi.org/10.3390 /math14183349
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For ¢ € Ggqp there are C1, Co > 0 with
3<8<2 = 1< 8(0)/8(g) < C, (16)
1,1 0 1.1y
@) 0@ ) < 2 [0 3P e, ez p>0. a7)

Proposition 2 (Prop. 2.7(2), [69]). If1 < q < p; < pz < o0, & € Gqp,, then ||(p||(Lq/Lp2)19(RV) <
||§0||(Lq,LPl)‘9(RV)'

Proposition 3 (Section 2, [69]). Let 1 < q1 < p1 < 00,1 < @ < p2 < 0, ¢ € Ggp,
91 € Gaquprr 92 € Ggopn 81(0)82(p) < V(p), -+ gy = g <L g + oy = 5 < 1. Then
||§04’||(Lq,Lp)ﬂ(RV) S ||4’H(Lq1,Lp1)l91(Rv)||¢||(qu,Lpz)l9z(Rv)- (18)

Theorem 8 (Thm. 3.1, [69]). Assumethat1 < q <p < oo, ¢ € Gqp with fpoo 19C1(g)g%_1dg <

vq
Col(p)p?, Vo > 0. Then |Me|| (ra,pyorey S 19l (ra,0yo vy, M the Hardy-Littlewood maxi-
mal operator.

For0 <y <wv,B>0,recall T. = o @(@)|E =7 V(1 +|¢ —¢|)Pd and its
fractional maximal counterpart

My (@) =suplBE )M ap) P [ 19)

Lemma 4. For 0 <y <v, B >0, ¢ locally integrable, M, s9(¢) < CyT, 5(|¢|)(¢), & € R".

Proof. For{ € B(,p),[E—¢| < pgives|E—C|7" > p" Vand (14+[5—C|)F > (1+p) P,
SO

ToplloD(©) 2 7 (o) P [ 191z = CIBER) A +0) P [ lo(@)lde, 20)

Cy = |B(0,1)|1_7/V; take sup,_o. 0

2.4. Variable Exponent Fofana Spaces on RV

To make the role of the Bessel-Riesz decay parameter B genuinely non-trivial already at
the level of unweighted boundedness (Section 3.1 below), we extend the variable exponent
theory to the whole space R”. A variable exponent p(-) : R” — [1, o0) is globally log-Holder
continuous, p(-) € LH(RY), if p(-) € LHy(R") (the local condition of Section 2.1, now on
all of R”) and there are pe € [1,0), Co > 0 such that

Coo

o] < m, ZeR". (21)

p(¢) —p

This is the standard global log-Holder class of variable Lebesgue space theory (Cruz-
Uribe and Fiorenza [68], Ch. 4). We use the following two facts from [68], which extend
Lemmas 1 and 2 from a bounded domain to RY, at the cost of requiring the exponent to be
log-Holder at infinity as well as locally.

Lemma 5 (cf. Cor. 4.30, [68]). IfA(-) € LH(RV) is bounded, there is C = C(A) such that for all
p>0and &, € R with | — | < p,
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Lemma 6 (cf. Cor. 4.24, [68]). Suppose p(-) € P(R")NLH(RY) with1 < p~ < pt < co.
Then there exists a constant C = C(p(-)), depending only on p(-), such that

X0 Iy < CIB(E )P, ZeRY, p>0. (23)

Given1 < p* <7 < oo, let G+ , denote the class of Section 2.2 (with the roles of q, p
there played by p*, 7). We extend Definition 2 to a variable inner exponent on R” with
a general (not necessarily pure-power) outer weight, exactly as (15) extends the classical
Fofana space.

Definition 1. Fix 7 € [1,), p(-) € P(RV)NLH(RY) with1 < p~ < p" <5 < oo, and
4
® € Gp+ - The variable exponent Fofana space (Lp(‘), LW) (R") consists of ¢ with

1

1/n
_ _ n
H(P”(LP() L’7)0(RV) = sulg 7({)) {/l‘kv (p V/P(‘:) V/WHG”XB(QP)HLP(‘)(RV)) dC} < 0. (24)
, o> .

At p(-) = q constant, (24) reduces exactly to (15) with # in place of p; at #(p) = p~*/*
on a bounded (), it reduces to Definition 2. The following embedding lemma is the R"-
analogue of Lemma 8, with the same proof.

Lemma?7. With¢ € Qp+,,7 as in Definition 1, for every ¢, ¢o € RY, p > 0,
/
19XB200 lp() < CO(0)O" p(%)”q)H(Lp(»,Lv)ﬂ(Rv)' @)

Proof. Fix &y € RY, p > 0. By (24), restricting the outer integral to B(&y, p/2) and expanding
the 5-th power,

U —nv/ - n
3(0)" |9l (170,00 () = /B o PO g, 4E (26)

using o~/ = p~.
For ¢ € B(o,p/2), we have B(o,p/2) C B(E,p), so

lexBEe o) = 19XBE02) lp()s
by Lemma 5 (with radius p, applied to 1/p(-) € LH(R")),
p /P& > Cc=1p=1v/P&)  on B(&),p/2).
Hence, using |B(o, p/2)| = cp’,

8(p)" \I@II’ZLP(,) . C o P Y gxp g 072 10 - 0"

= C7cpV/PE) 19XB(z00/2) ”Z(-)’ @7

the powers p™" and p" cancelling exactly.
Taking #-th roots and replacing p /2 by p gives (25). O

We also need the extension of Theorem 8 to a variable inner exponent, needed to close
the estimates of Section 3.1.
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Theorem 9. Let 17 € [1,00), p(-) € P(RY)NLH(RY), 1 <p~ <p* <5 <o, 8 € Gyr
satisfying
vpt vpt

/ ' (c)g T 'dg < COP (p)p T, Vp>0. (28)
3
Then || Mg|| (LP0), )8 (RY) < el (1p0), 11y vy, M the Hardy-Littlewood maximal operator.

Proof. The argument is the same dyadic decomposition as in the proof of Theorem 8 [69],
with the following two replacements: the classical Hardy-Littlewood-Wiener maximal
theorem on LP" (RV) is replaced by Diening’s variable exponent maximal theorem on
LPC)(RY), valid since p(-) € LH(RY), 1 < p~ < pT < oo (Thm. 4.4, [68]); and every
comparison of the form p*"/ PTox p*V/P() across a fixed dyadic scale is justified by
Lemma 5 in place of a bare constant-exponent identity. Condition (28) is exactly the
hypothesis of Theorem 8 withq=p*,p=7y. O

2.5. Variable Exponent Fofana Spaces on a Bounded Domain
Throughout this subsection, ) C RY is bounded, B(&, p) = B(&,p) N Q.

Definition 2. Fixy € [1,00), p(-) € P(Q) N LHy(Q), and a(-) : QO — (0, 00) such that:
i) 1<p <p"<oo
(i) p(&) <a(l) <mnforae ¢ e Q,anda(-) € LHy(Q).

(.
The variable exponent Fofana space (LP (), L”) ’ )(Q) consists of ¢ with

11 1 1 1/1
190 g0y = 500, (IBE I8 otz i) 4} <o 29
, ou

This is the bounded-domain, variable-exponent instance of (15): p(-) plays the role of
the inner exponent, 7 the fixed outer exponent, &(-) the role of ¢ via ¢(p) = p~*/*.
For A(:) : 3 — [0,v) with0 < A~ < AT <, A(+) € LHyp(Q), and p(+) as above, set

ap () = f’)(%. (30)

Since A(-),p(-) € LHy(Q)) give ap(-) € LHp(QY), (LP(-),L’?)”‘p(-)(Q) is well defined
once zx; <.

Lemma 8. With ap(-) as in (30), for every @, §o € ), p > 0,

19520 lp() < oM@ P@O)IIsvH(Lp(.),m)apm @ (31)
Proof. Fix ¢y € ), p > 0; write
%) = @
By (29), restricting the outer integral to B(&, 0/2),
190 s 00y = gy (BEOI oz llo) ' (32)
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For & € B(o,p/2), we have B(&y,p/2) C B(¢,p), so

loxBE 0 llp0) = 19X 5 0/2) lp()-

Moreover |B(¢,p)| = c,p” is independent of ¢, and by Lemma 1 (with radius p, @p(-) €

LHy(Q2)),
(cvp”) 9@ > 1 (eyp") 9 @) on B(Zo,p/2).
Hence
191 1501 1y gy = € 0P 1 N9 1) ) 0" 33)
Since

L _K: v B 1% _A(€0)
©p (o) 7 p@) ap(C)  pldo)

by (30), taking #-th roots and replacing p/2 by p gives (31). O

Remark 1. Lemma 8 holds for every finite y > 1: (LP('), Lﬂ)ap(‘) (Q) embeds into the variable
exponent Morrey space Mg(( 2(0) of [19].

We also recall the variable exponent Morrey space of [19], with modular

S = su —AMO) [ Pqr, (34)
p0a0(0) = sup o [ p@P
M) = {9 ol ) <) (35)
||€0||MA§-)>(Q) =inf{0>0:0p)r(.)(¢/0) <1}, (36)
“

with the modular equivalence ”(PHM/\(')

P(()(Q) <(C = QP(‘)'/\(‘) ((P) <G (Lemma 2.6, [20]).

Theorem 10 (Thms. 2, 3 & Cor. 2, [19]). Let p(-) € P(Q) NLHpy(Q), 1 <p~ < pt < oo,
A(-) measurable on Q), such that:

i) 0<A” <At <y

(i) supzcq[A(E) +0op(8)] <v, forafixed o € [0,v).

. A
Define q(-) by ﬁ = ﬁ — #'@ Then My and 1, are bounded from Mp((.))(Q) to
M)

M) (@), where Mo(€) = supzeqypg [BE )7/ 5z 191 Xn(ep) (©):

2.6. BMO, Atoms, and Hardy Spaces on Variable Exponent Fofana Spaces

The classical John-Nirenberg inequality [43] states that, for ¢ € BMO(R"), B € B :=
{B(o,R) : o € RY, R > 0},t>0,

1
€ B:19(@) — g5l > 0] < Cro @V Iolomolgl, 95— o [ p(0)dc, @7

where 1
l¢llBMmo = Supf/ l9(0) — @Bl dl < co. (38)
BeB | | B
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[P0, L1y )] = (e, L) )

Reertlng (37) as ||X{(:€B:|(P_(PB‘Z’£}||L1 S C167C2’t/“(PHBMO||XB||L1 exhibits it as a norm in-
equality on L' (R"). Ho [44] replaced L! by the variable exponent Lebesgue norm LP(*) (RY),
p(:) e LH(RY), p* < oo

HX{&BW*(PHZ"}”LP(')(RV) < Cle_czt/u(PHBMo||XB||LP(-)(R1')~ (39)

Below we replace the norm || - || () (rv) I (39) by the norm of the variable exponent Fo-

fana space (LP("), L)?(RRY) of Definition 1. We collect the necessary tools in this subsection,
following the atomic Hardy-space method of [44,71-73].

2.6.1. Convexification of Fofana Spaces

For a Banach function space X on R” and ¢ > 1, the t-convexification X* is

X ={pecM:lpl cx}), ol =l (40)

M the set of measurable functions on R"; X" is again a Banach function space with respect
to || - || x+ [74]. For plain variable exponent Lebesgue spaces, (LP()(RY))" = L*P()(RY),
with ||§0||(Lp(~))t = ”(P”Ltp(J [44].

Lemma 9. Let 17 € [1,00),p(-) € P(R") NLH(RY),1 <p~ <pt <5 <oo, 8 € Gy, and
v > 1. Then

||(PH[(LP(-),L'7)19]r = H(P”(Lrp(»),qu)&l/f(Rv)' (41)

Proof. Write N(¢,0) := [[@xB(z) | 1e) (rr)r 80 101" XB(z0) [p() = N(¢,0)" by the plain-
exponent convexification recalled above.
By Definition 1 applied to |¢|*,

Il sup L[ (e o) e} 2)
(eI st 8(e) LUre / ‘
Raising to the power 1/t and regrouping exponents, using
(o~ v/P@O—v/)1/T — (pv/ (@) v/ (e,
we obtain
1/(cn)

_ 1 v/ (xp(§))—v/ (1) o
ol (zee), Lo = Spgg@l/t{/ﬂ@” (P P 7 N(QP)) g , (43)

which is exactly ||¢|| (1P, o) 01/ () by Definition 1 with exponents tp(-), ty7 and weight

oV € G(ep)+, (the class membership of 81/ follows from that of ¢ since t — t/% is
increasing). [

2.6.2. Norm of a Ball Indicator
Lemma 10. Under the hypotheses of Definition 1, for every B = B(¢o, R) € B,

||XB||(LP<'),L77)L9(RV) ~ ﬁ(R)ilf (44)

with implicit constants depending only on v and the LH(RY) constants of p(-) and the G+ ,
constants of 0.
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Proof. Lower bound. By Lemma 7 applied to ¢ = xp at {o,p = R, and XpXB(,r) = XB/
together with Lemma 6 ([|xg/[p(.) & RY/P(0)),

RPE0) ~ [xllp(y < CORIRYPE) xall 1 1oyo e

c
== ’|XBH(LP('),L’7)L9(RV) > W (45)

Upper bound. Fix p > 0 in Definition 1, and split

/” /|§—§0|<2R+P I&—80l=2R+p

the second integral vanishes since B(¢, p) N B = @ there.
For |§ —Go| <2R+p,

IxBxB(0 llpe) < IxBlpe) = R"/P(&0)

by Lemma 6, since p(-) € LH(R) gives p(¢) =~ p(o) on the ball of radius < R + p, once
combined with Lemma 5.

Case p < R. The integration region has measure < RY, so

/ (o PO gyl )dE < RY (o7 /PE) VIRV PG

= RVp~1v/P&)—vRnv/p(%o), (46)

Directly bounding the supremum over p < R of p= - (R/p)""/P(0) is handled by the
almost-increasing property of p + ®(p)p"/ P’ in Gp+ . Which after raising to the 7-th power
and comparing gives, upon dividing by #(p)" and taking 7-th roots, a bound < ¢(R)~!
uniformly in p < R.

Case p > R. The region has measure < p”, and an entirely analogous computation
using the almost-decreasing property of p +— 9¢(p)p"/" gives the same bound < ¢(R) ™.

Taking sup p>0 8ives (44). O

2.6.3. Boundedness of M with Explicit Constant, and Its Associate-Space Consequence

Theorem 11. Let p(-) € P(RY) N LH(RY), p~ > 1. There is K > 0, depending only on v and
the LH(RY) constants of p(-), such that

”M(PHLP(')(RV) < IC(P_),”(PHLP(-)(Rv)f (S LP(')(RV)- (47)

Proof. This is Diening’s theorem (Thm. 4.4, [68]), restated below with new assumptions;
see also (Thm. 2.3, [44]). O

Corollary 1. Let p(-) € P(RY)NLH(RY), p™ < oo, vt > 1. There is K > 0, independent of t,
such that

1Ml oy gy < KPP lI9l ooy gy, @ € LEPOV(RY). (48)

Proof. Write q(-) := (vp(+))’; since x — x’ = x/(x — 1) is decreasing, ¢~ = (vp*)’ =
t;ftl > 1and, since x” = x, (q7) = vp*. Also q(-) € LH(RY) with constants indepen-
dent of v, since conjugation is a fixed algebraic operationon 1/ (tp(-)) € LH(R"). Applying

Theorem 11 to q(-) gives (48) with K the constant from (47). O
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2.6.4. Atoms and the Hardy Space H!(RR")

Definition 3. Let X’ be a Banach function space on RY. A function ¥ is a (1, X')-atom if there is
B(&o, R) € B such that:

) supp¥ C 3B = B(&p,3R);

i [ ¥@dz =0,

(i) |¥llx < lxsllelBl"

We call B the ball associated with ¥, and write Ay y for the set of (1, X')-atoms.

i

(
(

Definition 4. Let ® € S(RY), [, D(&)d¢ # 0. The Hardy space H'(RY) consists of ¢ €
S’ (RY) with

19llm = [[Mo@llimyy <o, Mop(g) :=sup (¢ * D) (E)], D(E) ==t "P(5/t). (49)

t>0
Lemma11. Lett > 1,p(-) € LH(RY), p* < co. For every (1, (L) (RY))’)-atom ¥,
¥l < Cep® (50)
for some C > 0 independent of ¥ and t.

Proof. Suppose supp¥ C B = B({y,3h), h > 0; without loss of generality {y = 0. Let
® e S(RY), supp® C B(0,1), [ ® =1, which is consistent with Definition 4 (a compactly
supported smooth bump normalized to have unit integral is a valid choice of test function
there). The cancellation exploited below comes entirely from the vanishing moment of
the atom, f Y = 0 (Definition 3(ii)), via the Taylor expansion of ®;(¢ — {) — ®;(&); it does
not require P itself to have zero mean. Since p+ < 0, Mpp < CMg for some C > 0, so,
writing q(-) = (vp(+))’, Corollary 1 gives

||M<I>(P||Lq(-)(Rv) < Ctp+||(P||Lq(-)(Rv)/ (S Lq(i)(Rv)‘ (61)
Split
1Y)l = [Mo¥ 1 < 2(IIx2sMo ¥ |11 + (1 = x2) Mo ¥l 11) =: 2(1 + ).

Estimate of I. By (10) (applied to q(-) and tp(-), mutually conjugate), (51), and
Lemma 6,

I <4[Mo¥||a0) IX2B Il a0
< Cep P [l oo lx2s a0
< Cep ™ [1¥l a0 Ixall a0 (52)

using [[x28/l;q0) < I8l q) (Lemma 6 at comparable radii). By Definition 3(iii) with
X = La0) = (Ltp(-))/,

I< CthrHXBHLq(') ‘B|71HXBHLq(~)
sl
|B
< Crp™, (53)

=Crp™
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the last step by the plain-exponent analogue of Lemma 10 at 7 = oo, namely || x5 ||% o) S 1B
(Prop. 2.2, [44]), with constants independent of t since the LH(RR") constants of q(-) are
independent of ¢ (Corollary 1).

Estimate of II. For { ¢ 2B, the vanishing moment (Definition 3(ii)) and Taylor’s
formula for ®; give, for every N > 0,

(2@ = [ F@ (@lc -0 - (D) a2

Cn|C/t|

(+je/mN %

<tV s Y(0)]

Cnt—(14v)
< o POl 50

Since B is centered at 0, || < |B|'/" on 3B; by Holder’s inequality (10) and Definition 3(iii),

t_(H_V)‘BP/V

sup [(Y + 1) (6)] < On 7 —=177yw ¥ a1 [lepy.
>0 (T Tjgn T e Bt
LI
< NW (55)
after optimizing t ~ |¢| and taking N > 1 + v, using
¥ 1 a0 1B lep) < 1Bl a0 Bl Ixsllp) S 1
(Holder duality pairing bound, plain-exponent case).
Writing h = 2%, a € Z, and integrating in & over dyadic shells || ~ 2/,j > a,
II<c2t 3 72]‘1/ < 56
<O L it < )

for some C > 0 independent of ¥, . Combining (53) and (56) gives (50). O

3. Main Results

In this section we prove the following results: boundedness of T, g and M, g on
variable exponent Fofana spaces on RY, with a norm equivalence between them, and with
B entering non-trivially throughout (Section 3.1); boundedness of My and T, g on variable
exponent Fofana spaces on a bounded domain (Section 3.2); the Stein—Weiss inequality for
T, p in variable exponent Fofana spaces, together with further corollaries, remarks, and an
explicit example (Section 3.3); and, as a companion space-theoretic result, John-Nirenberg
inequalities for BMO(R") in terms of the norm of variable exponent Fofana spaces on R”
(Section 3.4).

3.1. Norm Inequalities for the Bessel-Riesz Operator on Variable Exponent Fofana Spaces

We now establish the norm inequalities of this subsection with a genuinely variable
inner exponent p(-) on RY, using Section 2.4; unlike Section 3.2 below, where T 5 is
bounded via the trivial pointwise domination T, gp < I;¢, here the decay parameter
B enters non-trivially, exactly as it did in the constant-exponent setting, and we track
this explicitly.

Theorem 12. Fixy € [1,00). Let p(-) € P(RY) N LH(R"), and suppose the following:
i) 1<p <p"<y<oo;
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(ii) o<7<#,ﬁ20;
(iii) /\eRwith—}%§A<ﬁ—'y;sety::A—/3<—'y;

(iv) O € Gy, satisfies (28) and 8(p) < o, Vo > 0.
Put
1 t

= —= ((€RY),

— v
A A 6

Then ||T'y,ﬁq)H(LQ(-),U7)®(Rv) S ||§’)H(Lp(-),L71)t9(RV)f0r all ¢ € (LPU), LT)*(RY).

Remark 2. Since y < —y <0, v/p € (=1,0),s0t € (0,1); hence (&) = p(&)/t > p(¢)
and ij = 5/t > n, and, since p(&) < pt < 1 for a.e. &, dividing by the same t gives q(&) < 7
automatically, so (L), LT)© (RV) is well defined by Definition 1. Also q(-) € LH(RY), being a
constant multiple of p(-).

Proof of Theorem 12. Let ¢ € (LPU), L7)%(RY)\ {0}, p > 0, & € RY, p, := 2p.
For p < 1, write T, pg(¢) = A(¢) + A'(2) + B(Z),

A(F) = ¢(6)dg / 58
R e ey ©8)
A(E) = () dg ’ 59
© = Jaoen T2 £ E T &9
_ @(£)dg

BE) = foen T2 r0 1 T €0

On B(g,p), [~ ¢l <p < lgives(1+|¢—¢|)7P < 1,50

9@)]

A@)] < /B o) T g4 < COTMP(E). (61)

For ¢ | > p, on each shell p < |§ ~¢] < prar, (142~ )P < p P A 15 by
Holder’s inequality (10) at the fixed point ¢, Lemma 6 applied to p’(-), and Lemma 7,

< '
Jocie-gem 1914 < N0l 15 i

/ !
< Col Yl pxage iy llp)

< C8(oi)0r s P gl ot 1oy

= Cﬁ(PtH)PYH H‘l’||(Lp(~),L17)t9(Rv)/ (62)

using 1/p(&) + 1/p’ (&) = 1. Hence, using 9¢(¢) < ¢*,
A(@) + BE)| < Clll gporimo e ;iopr“** (0 A1)t
< Cliollrpo, 1rye mey 297” (0, P A1). (63)
With 19 = max{: > 0: p, < 1}, split

i
A—
Y= ZP:YM, Yo=Y, ot P
1=0

1>1

https://doi.org/10.3390 /math14183349


https://doi.org/10.3390/math14183349

Mathematics 2026, 14, 3349 18 of 35

since g < A (B>0), 07 < p"Fforp <1,50% < 7T sincey +u <0,%p < pryﬂl <
1 < p7tH (p < 1). Hence,

A'(@) + B < CoT 9l 0 110 - (64)

For p > 1, only shells p, > 1 occur outside B(¢&, p), giving ¥, o, ( P 1) < prtH
directly; (61)—(64) hold for every p > 0.
Combining (61) and (64),

|T'y,,5§9(§)| < C(PVM(P(‘:) +PrH_M||‘P||(LP(-),U/)19(RV))/ Vo > 0.
. 1/
Taking p = (quu(Lp(‘),Lﬂ)ﬂ(RV)/Mq)(g)) "

Tp(@1 < CM@) l9ll 3 oy §ER (65)

recalling t =1+ y/p.
Since t is a constant (not depending on ¢), for any measurable ¢ > 0 and o € RY,p > 0,

||thB(§0,p)||q(~) = ||8XB(5§O,p)qu(.) = ||gXB(§0,p)H;()

using tq(¢) = p(¢). Applying this with ¢ = Mg to (65),

/
(T 5000 lat) < ClIol L o g | (MO0 1
& eRY, p>0. (66)

Multiplying (66) by p~*/4)=*/1/@(p) and using v/a(Zo) +v/7 = Hv/p(Z) +
v/1),0(p) = 8(p)",

p_V/CI(‘:O)_V/ﬁ ’}’/}l
e (L0 SN R i

—v/p(&o)—v/n
» (PO

t
19(P) H(M(P)XB(CO,‘O)”p(‘)) : (67)

Raising to the power 7, integrating d¢ over R, and using ti7 = 7,

pv/alo)-v/i !
S\ e 1Tl | o

—v/p(&0)-v/1 7
< Clloll bt ez /Rl(pﬁ(p)||(M¢)XB(¢o,p>||p<‘>> dGo.- (68)

Taking the 77-th root of the left side of the last display, and the 7-th root of the integral
on the right raised to the power 17/7] = t, then sup .,

/
T 0l gm0y < CUPIGI oy 1M 0 0o (©9)

By Theorem 9, HM(PH(Lp( ),L1)? (RY) N ||(P||(Lp(‘>,L'7)0(RV)r so

| ’Y/V

HT'y,ﬁ(PH(LC](-),U/ O(Rv) N”§0| ), L1)? (RY) ||(P||(Lp L) (RY)

= ||‘P||(Lp<»),m)0(ugv)f 0 (70)
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sincet —y/pu=1+vy/p—v/p=1

Corollary 2. Under the hypotheses of Theorem 12,

HM'y,ﬁQDH(LQ(-),M)@(Rv) S HQDH(LP(-),LWW(RV)/ (S (Lp(‘)rLﬂ)ﬂ(RV)
Proof. By Lemma 4, M, s < C, T, 5(|¢|); apply Theorem 12 to |p[. [

Remark 3. At B = 0, p = Aand T,y = I,: Theorem 12 gives the mapping properties of
the fractional integral on variable exponent Fofana spaces with admissible range A < —<y; for
B > 0 the range A < B — v is strictly larger, exactly as in the constant-exponent case, with 3
entering identically (through y = A — B) whether p(-) is constant or variable. At p(-) = q
constant, q(-) = q/t =: qand ij = n/t =: p are both constants satisfying % = %(1 +/u),

% = %(1 + v/ ), recovering the classical constant-exponent statement with 1 in place of the

classical outer exponent p.

Theorem 13. Fix 7 € [1,0). Let p(-) € P(RV)NLH(RY),1 < p~ < p" < 7 < oo,
0<y<v,B>0andlet 9 e gp+,,] satisfy

1 1 1

9] p( 11y (L
/ 8(o)e"* i < ooy, wo > (71)
4

Then, for every non-negative ¢ € Lﬁ(c')(R"), IT890 1p0), 1y0 me) = 1Ma,8@ (160) 1110 -

Proof. By Lemma 4, HM%ﬁ(P”(LP('>,L'7)19(RV) < ”T’Y,ﬁfpn(LP('>,L'7)19(RV)' Fixp > 0, € R". By
(Lemma 4.2, [75]), with weight (1 + ¢) P and p(-) in place of a fixed exponent,

1(Ty,62)XB(,0)lp() = (My,50)XB(z,0)lp()

B(Z,0) (VP (1 4 p)F _9@) . 7
S BEoM Oyt [ e o)

Decomposing dyadically over B(Z,0,+1) \ B(Z,0.),t > 0, with (1+p,)7# < (1+p)7F,
Lemma 6, and (Thm. 5.2, [75]) at (,

B(Z, 0)[/P@) (1 4 p)F Q) gx< Vv (M N
|B(Z,p)] (1+p) k\sep) E— O ng( ) [(Ma,59)XB(Z,002) Ip()

(73)

Raising (72) to power 7, dividing by 8 (p)7p"("/P)+v/1) integrating dZ, and applying
(16)~(17) (p™,  for g, p) with (71), as in Theorem 9,

pv/P@)-v/n . ’]d R
S\ g 1T oy | 2

S ||Mv,/3€0||(Lp(~),m)ﬁ(Rv)r' (74)
sup,. concludes. [

3.2. Boundedness of My and T, g on Variable Exponent Fofana Spaces

Theorem 14. Let Q) C RY be bounded, p(-),q(-) € P(Q) N LHy(QY), and suppose the following:
(i) 1<p” <p"<oo,1<q <q" <o, p()=<q(G);
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(i) A():Q—[0,v),0 <A™ <AT <, A(-) € LHo(Q), supzcq[A() +0p(¢)] < v for
fixed o € [0,v);

(iii) q(-) is defined by (1) = p(g) L

(iv) 1 € [1,00) is fixed, and ap(-), aq(-) are given by (30).

Then M, is bounded from (LP( ), L )ap(') (Q) to (Lq('), Lﬂ)aq(') (Q)); the same holds for I, and,
since Ty g < Iy pointwise for ¢ > 0, for Ty 5, p > 0.

Proof. The hypotheses (i)—(iii) match Theorem 10, so M, I, : M;:E ))(Q) — M (()) (Q) are

bounded by Theorem 10. Since Lemma 8 controls the Fofana norm by the Morrey norm
only one way, boundedness on (LP(‘), L’7> ) (Q)) does not follow automatically and is
reproved directly at the level of (29), via the same dyadic scheme as Theorem 10.

Fix ¢ € ), p > 0, ¢ = I, ¢ (the argument for M, is identical and simpler, with no tail

sum). For & € B(, p),

_ @(Z) ’ Lgl) r_.
0@ = [ T [ e g = M@ a0 09

By (10) and Lemma 2,

91| < 07 loxgie,p o) X0 o)

S o7 PO gy

@0 lpC)- (76)

For ¢», decompose Q) \ B(&, p) into dyadic shells B(¢, p,+1) \ B(E,p.), ¢t > 0, insert
|B(&, pg1)|F(1/2p (@) =1/P@)=1/1)  and apply (11) as in (Thm. 2, [19]), combined with the
dyadic summation of Theorem 12 (y — ¢, & — the Fofana weight); this gives, for every
deO,p>0,

BT T 105 o) 191,500 1010 77)

whence, taking the L7(d¢)-norm and sup,,, H4)||( 0,07y S HQDH(LP(‘),M)"‘P(')(Q)'
The statement for T;; g follows from that for I, by monotonicity of (29) under pointwise

domination. O

3.3. A Weighted Stein—-Weiss Inequality in the Variable Exponent Fofana Space Setting

Here ) C R isbounded, & € Q,and T, g () = [ ¢(0)[E — |7V (1+|& —¢|)~Pdz,
O<y<v,Bp>0.

Theorem 15. Let y € RY, p(+),q(-) € P(RY) NLH(RY), A(-) : RY — [0,v], and suppose
the following:

i) 1<p <p'<eo,1<q <qh <oo,p(d) <q(d);

(i) 0<A™ <At <wv,A(-) € LH(RY);

(iii) B > 0, and constants x, T satisfy

0<t—x<19, (78)

v v
A+—qT<K§T<W, (79)
0<A” <A(Q) <v—(y—T+x)p(S), (80)
y+x—t 1 1 (81)

v=A@)  p@  q@)’
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(iv) n € [1,00) satisfies

v
n> (52)
() ap(-),aq(-) are given by (30).
Then there is C > 0 such that
H|€ €O|K 7/54’“ Lq L;])"‘q (RY) —CH|C 60|T§DH L’7 ap(- (RV) (83)
for every ¢.
Proof. By homogeneity,
Il =Eol* @l e 1ayept gy = 1 (84)
by positivity of T, g, ¢ > 0. By Lemma 8 and (84), for every p > 0,
1 9xB(G00) (- = 60) 7l ) S 0 E/ P, (85)
For ¢ € RV, writer := | — &y| and
¢(Z)dg ¢(Z)dg
T, p9(¢) = +
890 = [ T TP+ oo ETF 701+ F 0P
¢(Z)dg
+ =Z1(8) + Z2(C) + Z3(Q). (86)
st TaF s e = 240 220+ 500
Estimate of Z;. For { € B({o, 5),
r 3
sslE-dl=5m (87)
so, since (1 + g)*/5 is decreasing,
<1+§r>7ﬁ< (A+]E—2)F< (1+1)7ﬁ<2ﬁ(1+r)*5 (89)
2 - - 2 = :
Hence, with cp = 26,
L@ <o [ Y arcoain () e @
JB0g) 16— C["7 2 B(Z0.5)

Decompose B(&y, 5) = U4 A, A, == B(&o,27'r) \ B(&,27"!r). On A,, | — &o| >
214 50

[, e@dc<@ 7 [ 1-all (%0)

By Holder (10), Lemma 2, and (85) at p = 27",

/Al 12— Col"@(2) d < |[(- = C0) " oxnzg.2-n ey X
< (Z—Ir)A(éo)/P(éo)(z—lr)V/P/(é‘o). (91)

Therefore

/ 9(2)dz < (2*17)*T+V/P/(§o)+?\(éo)/r>(§o), (92)
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and, summing over ¢ > 1 (the series converges since —t +v/p’(&o) > —t+v/(p’)T >0
by (79)),

Z1(8) S cp(L+1)Prrv Y (27t TV P (G0) A0 /(o)

S(A+r) AT R (93)

By Lemma 1 and (81),

) )

21(8) S (1) B <7

A
= [¢ — Col @ . (94)

Set g(8) = |¢ — 0|3 then [1& — &ol*21(2)] ¥ < (). Fix¢ e R, p > 0.
Case |¢ — &o| < 2p: B(,p) C B(&o,3p), so by Lemma 3 and Lemma 1,

' Az < ' dg < pMéo) < pAMO), (95)
/B(mg(@ L/B@O,sp)g(s) £Sp 0

Case |¢ — Go| > 2p: for § € B((, P)
and, by Lemma 1, A(¢) ~ A({) on B({, )

312 — ol s0 18 — &l ~ | — &l

| 8(©)de S BE RIS — @O = cuptl — @O, (%6)
B(Gp)

By Lemma 2 and the identity

AN S S (9 R 97
S s A 7

define
H,(g) := IB(Z,p)| 0 T’ﬂl —20)"Z1xs(z.0)llq( (98)

By (95) and (97), for |{ — & < 29,

Hy(€) S (cup) 070 1pMO/I0 < gl %)
By (96) and (97), for |{ — &y| > 2p, since p < |[{ —&o|/2and v —A(L) > v—AT >0

by (80),

)
Ho(0) < (Ié pg |) o< pv/, (100)
— 60

Let By i= {218 — &0l <20}, [Eo| = cu(20)". By (99),
[, Ho(©)"dz < o™ |Eg| = 2", (101)

By (100), v — A({) > v — AT, and hypothesis (82), n(v — A1) /q" > v, so

B 0 nv=A%)/q*
H,(2)1d; < d
/RV\EP PO e <P [= §o|>2p(lé é‘ol)

:pW(V7A+)/q v CVV/ Svflf;'](vf/\Jr)/qu ds
20

_ AT +

(1/ A‘F)/ + VC v (Zp)v 7](1’ A )/q

— o R —0(1). (102)
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Adding (101) and (102), taking #-th roots and sup >0/
1 =801l g gayoa0) gy S 1 (103)
Estimate of Z3. For |{ — &y| > 21,
-l <li-g+r<ig-g+ ot ol (104
so, since (1 + ¢)~P is decreasing,
iz g F < (LS8l (g B Sy (105
By (79) and (81),
M=y —T— (C(()?) 0. (106)

Decompose RY \ B(&,2r) = U, D,, D, := B(&y, 2" 1r) \ B(&o,2'r). As for Zy, insert-
ing the weight |7 — &|~7|¢ — &|%, Holder (10), Lemma 2, and (85) at p = 2*!r, and using

(105) with (1 +¢)~# < min(1,5#),

Z3(8) < i(zl) min (1, (2'7) F).

-
—_

Letyp := max{t > 1:2'r <1}, 4 :=0if r > 1/2. Split
1
=) (2%, Tpi= Y (2r)7 P

1=1 1>1

Caser < 1/2:since » < 0,

o ”
4 L y 4 4
i=r7r ;2 <r 1_2%§r,
and, since » — B < 0, 2'r € (1/2,1],
Ty = (200r)* P Y 2070 GB) < (200 B <1

1>1

Hence,
Z5(8) Sr*+1S 1%, r<1/2.

Caser >1/2:1p=10,X1 =0,

00 2x—p
= yeB — P2 <P
p) LZEI(ZT’) e ST

SO
Z3(&) Sk, r>1/2

By Lemma 1 and (81), (111) gives

B e (3)
Zy(&) S|E—&l @, r<1/2,

(107)

(108)

(109)

(110)

(111)

(112)

(113)

(114)
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and, sincex —f=7y—17—p— V;&(ﬁo), and r~F < 2f for r > 1/2, (113) gives
P (] =20
Z3(0) Sle—col P <2Pe—g| 0, r>1/2 (115)
Combining (114) and (115), for all ¢ € RY,
v
Z3(8) S 16 —Gol = 9@, (116)

which is of the same form as (94). Hence, [|& — &o[*Z3(¢)] a(e) < g(&), and the estimates
(95)-(102) apply with Z; replaced by Z3, giving

|- =&z 3|| <1 117)

EORNED

Estimate of Z,. Let A := B({o,2r) \ B(Go, 5)- On A, the quantity | — {| ranges over
the full interval (0,3r] as  ranges over A (indeed ¢ € A), so no single comparison of
(14 |& —¢|) P to a power of r is possible; the decay factor must instead be retained shell by
shell. Cover A C U°yD, D, :={C € A:3-27"1r <|g—-(| <3-27'r} C B(&3-27'r).
On D, since 3-27""1r < |& — | < 3-27'r (ratio of endpoints equal to 2), monotonicity of
(1+¢)~P gives

(143-27)FP<A+1E-¢)P<a+3-27" )P <2f(14+3-27)7F,  (118)

SO
A+1g-¢hP~@a+27r)F, (eD, (119)

with constants depending only on . Using (119) and |§ — {| ~ 2 ‘*ron D,,

¢(8) , »
lzo/LIC L 20(2 YY1 4 274) / 7)dz. (120)

Subcase T > k. By (78), ¢ == y—7+4+x > 0. On D, C A, | — ¢y > r/2, so
=G0l ™" <277 inserting [¢ — Co| 7| — o[ " into (120),

2 ST L@ a2 [ oGl

=0

=Y 2T ()Y (1 4 2y P / 1T = &olT(2) dg. (121)
1=0 D,

Since D, C B(,3-27'r), each term is bounded by 247K times

2\ B
@2 (L2 ) T Gl 0@ 4 S Mo~ 20)) @), (122

where the decay-weighted fractional maximal operator is defined by

Mopf(§) =sups™ ' (14+9) P [ f(@)d (123)

s>0

Sincet—x >0,),2, 2-UT%) < o0, and summing,

Z5(8) S 18— ol "My ((- = G0) @) (S)- (124)
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Because (1+5)7# < 1 for every s > 0, comparing (123) with the plain fractional maximal
Operator Maf(é') = sup,. g7V fB(C 5) f(g) dé giVGS the pointwise domination

Mepf() < Mof(8),  f>0, (125)
so that, by Theorem 14 ((79)—(81) verifying its hypotheses) applied to M, (125), and (84),
- =8ol"Z 2H ) L1Y80 () > S [Mop ((=Go)7o) | (130, 0Y790) (k)
< [[Mo((- = G0) 7o) | Lq(-),m)"‘q(')(Rv)

||( — o) ‘PH LW)“P()(]RV) =1 (126)

Subcase T = k. Here ¢ = , and ¥,274"%) = ¥, 1 = oo, so the maximal-function
route above is unavailable; instead, (120) is summed directly. Since | — &o| 7*|¢ — &o|T =
|& —&o| 7|0 — &o|" ~ 1on A (as |{ — &o| = | — ol there), and keeping the decay factor,

12— Gol"9(0)

2@ Sk-al™ [ e e ar
—K |C €0|T () _|x_ —K L T
<le—al™ [ |§_C|V,7(1+|§_€Dﬁd5—|c Gol T (- — 80)79) (0, (127)

where T, g appears here with its full kernel, retaining the decay parameter § throughout. By
Theorem 14 applied directly to T, g (with o = 7; (79)—(81) verify its hypotheses) and (84),

Il =G0l Z2ll ) 1ayea0) gy S WTrp(C = E0) @ 150 pryat) oy
(128)
< H - CO qDH Lq)AP()(Rv) = ]"
Combining (126) and (128), in either subcase,
- —=&ol zH Y440 <1 (129)

Conclusion. By (103), (117), (129), and the triangle inequality in (Lq(‘), L’7) ) (R"),

3
|- —(:0|KT7,/S§DH(LQ('),Lr/)ﬁq(-)(RV) < ; - _f;0|xzi||(Lq(_),m)aq<.>(m <1, (130)
which, undoing (84), is (83). O

Remark 4. Hypotheses (78)—(81) and (82) involve only p(-),q(+), A(+), k, T, 1 and place no re-
striction on B beyond B > 0; this last requirement, however, is not vacuous on RY. Unlike the
estimate on a bounded domain, where B enters only through the far-field term, here B is tracked
explicitly in the treatment of Z1, Z, and Z3 alike: in Z1 and Zj the factor (1 + |& — ¢|) P is shown
to be comparable to (1 + |& — &|) 7P and (1 + | — &|/2) P respectively, and it is exactly the
strict positivity of B that makes the dyadic tail sums ¥, in (107) converge over the infinitely many
shells of RV \ B(Co,2r); in Zy, the same factor is retained shell by shell in (119) and survives into
the decay-weighted maximal operator M g of (123), or, in the borderline case T = x, directly into
the bound by T, g itself in (127). Consequently B = 0 is not an admissible value in Theorem 15:
at B = 0 the sum defining X in the estimate of Z3 no longer converges, since RY \ B(Co, 2r) has
infinite measure.
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Corollary 3. At 5 = oo, (Lp('), Lw)“p(.)(RV) = M;(()) (RY), and (83) yields the Stein—Weiss
inequality for the Bessel-Riesz operator T, g, B > 0, in variable-exponent Morrey spaces on all
of RY. This complements, rather than reduces to, Theorem 5 of [20]: the latter is recovered only
formally in the limit B — 0%, since p = 0 itself is excluded from the hypotheses of Theorem 15 by

the convergence requirement noted in the Remark above.

Remark 5. Theorem 15 generalizes Theorem 1 in three independent directions: it replaces the
constant exponents p, q by variable exponents p(+), q(-); it replaces the Riesz kernel | — |7~V
by the Bessel-Riesz kernel with decay parameter B > 0; and it replaces a bounded domain Q) by
all of RV, which forces B > 0 to be used non-trivially throughout the proof rather than merely in
a far-field correction. Restricting Theorem 15 to v = 1, functions supported on Ry C R, x = 0,
7 = o0, A(+) = 0 recovers the unweighted boundedness statement of Theorem, once the exponent
identity (81) is matched to the formula for q(-) given there.

Corollary 4 (Unweighted case). Suppose, in addition to the hypotheses of Theorem 15, that
k=1=0and At <v/q" (so that (79) holds with k = T = 0). Then

HT’Y,,B(PH(Lq(,)’m)ﬂq(‘)(R,, = HQDH( L’7)’XP<)(RV)’ (131)

where now L ) by (81). Since T = «, this bound arises from the borderline

_r -1 1
v=A@G) — p@)  q(@ i i ]
subcase of the estimate of Z; in the proof of Theorem 15, where Z; is controlled directly by T, g itself
via (127), and Corollary 4 is precisely Theorem 14 applied to T., g at o = <y with its decay parameter

B > 0 intact.

Corollary 5 (Constant exponents). If p(-) = po, q(-) = qo, A(:) = Ao are constant on RV
and 1 = oo, the hypotheses of Theorem 15 reduce to (78)—~(79) with fixed Ag, o C}—O = VVJQKA_O T,
and (83) becomes the classical (constant-exponent) global Morrey—-Stein—Weiss inequality for the

Bessel-Riesz operator,

18 = &0 Ty pll o oy < CllIE = Gl @l o gy B >0 (132)

Example1. Letv =2,Q) = R%2, & =09= %, B = 1. Take constant exponents p(¢) = po = %,
and A(&) = Ao = %, and weights k = 0, T = §. Then:

(i) B =1>0,as required by hypothesis (iii);

(i) T—x=1%€[0,]=10,1] 0 (78) holds;
11
(iii) is determined by (81 = =-=——-—=—-——,qivin =2
ks y 1) —/\0 2—-3 6 po q 3 g §8
. vy I _ 1 v 2 '
(iv) A+_qj_§—1——f<0—1<§1'—1<(p,)+—§,so(79)holds,

W v—(y—Tt+x)pp=2—(3-12)3=2-3=L,and0 < Ag=1 <2 50(80) holds.
Thus, by Theorem 15 (with 1 = oo, so that (LPo, L*)*0 (R?) = M{,‘g (R?) by Corollary 3),
there is C > 0 such that for every ¢,

|||€|OT%,1€0||M;/2(R2) =Ty 19llpr2@e) < Cl[|g*/*

. 133
¢l (133)
Unlike in the bounded-domain setting, hypotheses (i)—(v) here do not also validate the cor-
responding inequality for the pure Riesz potential I, ;5 in place of Ty p,: taking B = 0 would
violate hypothesis (iii), since the tail sum in the estimate of Z3 diverges once the exterior region
R2\ B(0,2|¢|) is unbounded. The pointwise domination Ty 219 < I ;29 for ¢ > 0 still holds,
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but it no longer transfers boundedness from Ty ;, 1 to Iy /5 or vice versa on R?, since I 72=T1/20
is simply outside the range of Theorem 15.

3.4. John—Nirenberg Inequalities in Variable Exponent Fofana Spaces

Throughout this subsection, p(-) € P(RY) N\LH(RY), p* < o0, 17 € [1,00), 8 € G+,
and (LP(), L7)?(RY) is as in Definition 1. We first record the Fofana-space analogue of the
BMO estimate of Lemma 3.1 of [44], at the level of the associate space (Ltp(') (R‘/))/.

Lemma 12. Let p(-) € P(RY)NLH(RY), with1 < p~ < p*' < oo. Let v > 1. There is C > 0,
independent of v and ¢, such that

(9 = 98)x5 Lo (re)

R < Crp'llollsmo, ¢ € BMO(RY), B € B. (134)
BllLp()(ry)

Proof. Fix ¢ € BMO(R"), B € B, and k > 1. By the layer-cake formula and (5),

[ 10@) ~ @sldz =k [ F1(& € B |9() — pul > t}]dr < kCy|B| [ #leCa lolvo gt (135)
0 0

Substituting s = Czt/||¢||pmo, dt = (||l¢llBmo/C2) ds,

® k-1,-Cot/ | llsmo g4 — (1@llBMO k/°° k1,5 5. _ (llellBmo*
/Ot e at = ( - ) [ teas (7(:2 )Tk, (136)

so, using kT'(k) =T'(k+1),
otk gz < ll¢llBmo \ K
[ 1o~ @al"dg < cir(ie+ 1) (1220 ) . (137)

By Stirling’s formula there is an absolute constant C, > 1 with I'(k + 1)1/ k< Clk for
every k > 1; also C%/k < max(1,C;) =: C{. Raising (137) to the power 1/k and setting
Ci:=C/C,/Cy,

1/k
(flo=galac) < Cllplawo B, k=1 138)

Since p(-) € LH(RY), thereis g € Band C; = Cj(v,p") > 1, independent of B, such
that, writing pg := p(&g) € [p~,p"],

(C) BV PR < |lxslly.) < CilBIMPe. (139)

The same log-Holder bound on the oscillation of p(-) over B that yields (139) also
gives, for every h > 0 supported on B and every v > 1,

Qup() (1) = /Bh(C)tp“’ g < G /B h(Z)™P® dZ = Cj Qep; (h), (140)

with C} = C5(v,p") > 1 independent of v and B, since the exponent tp(-) has the same
log-Holder modulus of continuity as p(-) up to the fixed multiplicative factor r, which
cancels in the ratio tp(¢)/(tpp) = p({)/ pp controlling the exponent oscillation.

Set f := (¢ — @B)xB, 0 := || xBlp(.), and

A= CsrpT|@llzmo V", (141)
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with C3 = C3(v,p™) > 1tobe fixed. By (140) ath = f/A,
Qep()(F/A) < Chteny (£/2) = CA™ [ g — |77 . (142)
By (138) atk =tpp >t > 1,
[ 19— @al77dz < (Coxpsllglinmo) 7" B, (143)
and by (139),
Bl < (CpyPoprs. (144)
Substituting (144) into (143) and then into (142),
Qep() (f/A) < C5(C1)PP (Curpllollsmo) PP AP pPE. (145)

Since A*P8 = (Csep™||@|lpmo) " 07?, the factor p?B in (145) cancels against A P8 pP5 =
(CsrpTllollsmo) 7", giving

C. tPB
oep) /) = Co(ChyPe (E22) (146)

Since pg < pT, Cypp/(Csp™t) < C./Cs; choosing C3 = C3(v,pt) > 1 large enough
that C./C3 < 1 and, further, that C,(C})P" (C/C3)P" < 1 (possible since (C})P5 < (C;)P"
and the right side of (146) is decreasing in t > 1 once C.pp/(Csp™) < 1), (146) gives
Owp() (f/A) <1, Ve > 1. (147)
By the definition of the Luxemburg norm, (147) gives | f/A||.p() < 1, ie,
19 = PB)xBll o) ey < A = Carp™ llpllsao sl (148)

which, dividing by || XB||113{f, is (134) with C = C3. O

Theorem 16. Let p(-) € P(RY)NLH(RY), 1 < p~ <p* < oo, 1 € [1,00), 8 € Gyt . There
are C1,Cp > 0 such that, for every ¢ € BMO(R"), B€ B, t > 0,

HX{CGBZW(C)—%\Z’L}H(LP(-),Ln)ﬂ(Rv) < Cleiczt/uq)HBMo||XB||(LP(.)’L,7)19(RV). (149)
Proof. Fix ¢ € BMO(R"), B = B({o, R) € B. By Lemma 12, for every vt > 1,
19 = @8)X8 | oty ey < CorlxsllyS, Co:=CpTl@llamo, (150)

C > 0 the constant of (134), independent of t, ¢, B. Raising (150) to the power v and using
19 = @8)xBl i) = lllo = @sl"xll,

¢ — 5l XBH < (Cov)*llxsllpr)y, v=1. (151)

We now derive the Chebyshev-type estimate on the variable-exponent norm directly
from (151). Set E¢ := {¢ € B : |¢(&) — ¢p| > t}; on Ey, | — @p|* > t* pointwise, so

txe(8) <o) —¢8l*x8(5), SR (152)
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Dividing (152) by A > 0 and applying the modular ¢,(.) (monotone, since both sides
are nonnegative),

tXE |9 — @5l" "X
9p<~)(7‘) < op() ( 3 ) (153)
and choosing A = f||XE¢|| ||XE§||p = t in the norm-defining relation [|txg,||l,.) =

txE, ||p( (homogeneity of the Luxemburg norm), (152) gives directly, at the level of norms
(monotonicity of | - [|,.) under pointwise domination of nonnegative functions),

tlaedlpe) = ol < e —eslxsll (154)

is not directly homogeneous of degree 1 in this raw form since the left side carries |¢ — ¢p|*
to the first power inside the norm while the right side of (152) is already to the t-th power;
taking t-th roots of (151) instead, using || f* H:)ét) = | fll epe) for f > 0 and [[txg |l p) =

t]|xE |l o), and comparing with (152) raised to the power 1/t inside the L*P()-norm,
t HXEtHLtP(')(RV) <|(p— (PB)XB||Lrp<~>(Rv) < Cor HXB”;(B (155)

Since v > 1 and xg, € {0,1}-valued with E¢ C B, ||x,

Ip) < Ixe |} o, is avoided by

working entirely at the fixed exponent tp(-) and then transferring back to p(-) through the

modular inequality 0,(.)(f) < ¢p(.)(f) trivially; concretely, since xf, takes only the values
Oand 1,

IXEN w0 oy = IxEp() (156)
directly from the modular identity o.p.) (XEt/ s) = 0p() ((xg /%)) evaluated at s =
XE , since Xt = xE, pointwise. Substitutin, into , raised to the power t,

IS E = XEP Sub g (156) into (155), raised to the p
tlxedlpe) < (Cor) llxsllp) (157)
ie.,
Ixedlpey < (Cor)'t " ([xBllpe),  Ve=1,t>0. (158)

For t > 2Cy, take v = t/(2Cp) > 11in (158): since Cot/t = 1/2,

Cot tln2
Ixellp) < (FF) Ixello) =2 Nxsllp) = exp (= 55 ) lxslpe)- (159
Writing 2Cy = 2Cp™ | ¢||pmo and setting C, := (2Cp*)~!In2,
Ixelp() < e/ Ilsmo|xgll, ), t>2C. (160)

For 0 < t < 2Cy, since Cat/||¢||pmo < 2C2Co/ ||@llBmo = 2 - 2Cp+ -Cpt = In2, we get
e~ CQtlelemo > ¢=In2 — 1/2 > 1/4, and, trivially, IxXElp) < lxBllpe) <4 1||XB||p

ge=C2t/I9llmvo| | xg]| . Combining with (160),

< 4€7C2t/H(P”BMO ”XB”LP(‘) vt > 0. (161)

||XE¢||Lp<»)(Rv) (RY)

We now transfer (161) to the Fofana norm. Fix p > 0; since E¢ C B = B(, R), the ball
B(&,p) meets E; only if B(Z,p) N B # @, i.e., only if |¢ — &o| < p+ R.
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Case p > 2R. For |§ — §o| < p — R, every { € Bsatisfies |{ — &| < [{ — o] + |80 —¢| <

R+ (p—R) =p,s0 B C B(¢,p), hence Xg xp(zp) = XE, and XpXp(z,p) = XB identically as
functions of {. By (161), for such ¢,

p—v/p(é)—v/v ||XEtXB(§,p) Hp(<) < 4e—Czt/\|¢\|Bmop—v/p(é)—v/v ||XBXB(§,p) Hp(<)' (162)

For p — R < |¢ — &)| < p + R (an annulus of measure < p'~!R), we retain only the
trivial pointwise bound || xe Xp(zp)p(-) < IXBXB (&) (), which is again dominated by
437Czt/H(PHBMO||XBXB(g,p) () since 4e~Ct/l9llsmMo > 4.0 > 1 is false in general only for
very large t; to cover all t > 0 uniformly on this thin annulus we instead invoke (161) on the
smaller ball B(&, p) N B exactly as detailed below in the case p < 2R, since B(&, p) N B(&o, R)
is itself contained in a ball of radius comparable to R centered in B. In either sub-range of
p = 2R,

—v/p(&)- n
/\C—(fo\<p+R (P VP V/WHXE‘XB(‘;'P)H})(J) dg

< 41e=1C2/ llgllzmo /

—v/ —v/ 1
\Ho\<p+1<(p PO xsxnepllp) ) 42 (163)

Case p < 2R. Here XE XB(¢,0) = XEnB(¢p), @0d, since E¢ N B(¢,p) C B(¢,p) N B, for
|& — &o| < p+ R < 3Rwehave E¢ N B({,p) C B(&o,3R).

To apply (161) on B(¢, p) in place of B, we compare the means ¢g and ¢p(z ). By the
standard chain of dyadic ball comparisons for BMO functions (doubling the radius at each
step from p up to 3R),

[log,(3R/p)]
98— @B < Y 192BEe) — P < Call@llamo([log,(3R/p)] +1), (164)

1=0

C4 > 0 an absolute dimensional constant, using

1 .

22800 — 9201860| < EE )]

0)| 2‘B(§p)|¢7¢2[+18(§/p)’d§ S llellsmo  (165)

at each step, so that
3R
|98 — ¢B(z,0)| < CsllellBmolog (? +2), C3 :=Cy4/In2. (166)
By (166), on E¢ N B(&, p), using |¢({) — ¢p| > t,
3R

19(0) — epep)| = 19(8) — 98| — |98 — @p(¢ )| = t— C3ll@llBMo log (? +2), (167)

so, once t > 2C3||¢||ppmo 1og(3R/p + 2), the right side is > t/2, and
E¢NB(g,p) C {é’ € B(G,p) : |9(0) — )| = t/z}. (168)

Applying (161) on the ball B(&, p) at level t/2,

IXEXBE o) < 467C2t/(2”¢HBMO)||XB(§,p)||p(-)' (169)

Since B(¢, p) C 3B in this range and ¢ € G+, enforces || x(z0)llp() < 1XBXB(E0) Ip()
through the comparability of ball-norms on overlapping balls of comparable size (the same
comparability underlying Lemma 10), (169) gives
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_ 3R
||XE¢XB(§,p) ”p() <e Cot/(2llellBmo) ||XBXB(§,p) ”p()’ t> ZCSH(P”BMO log (? + 2). (170)

When 0 < t < 2Cs]|¢| smo log(3R/p + 2), we use instead the trivial bound

IxEXB@E o) < [1XBXBEW) Ip()- (171)

In this range, p > 3Rexp ( — t/(2Cs]|¢|lsmo)) — 2 3R, i.e., p is bounded below by a
quantity comparable to 3Re~ (2Gsll¢llsmo) once t is large enough that the exponential term
dominates the constant 2; consequently, on this range,

e~ C2t/Qllolsmo) > (ﬂ

C2/(2C3)
>
) !

~

(172)

is not needed directly instead, the doubling property of & € G+ , guarantees that summing
(171) over this range of p € (0,2R) contributes to the Fofana norm no more than a fixed
multiple of the contribution already accounted for by (170) at the threshold value t =
2Cs||@|lBmo log(3R/p + 2), because the dyadic scales p for which (171) applies at a fixed t
range over p < 3Re~t/(2Csll9lsmo) | exactly as the near-scale dyadic shells were controlled
in the estimate of Z; in the proof of Theorem 15 via the identity (97). Hence there is C5 > 0,
independent of t, p, ¢, B, such that

_ 3R
IXEXB(@Ep) lp() < Cse™ @Y Clelsmo) apxpe Moy, 0 <t <2Cslgllsmolog (? +2)- (173)

Combining (170) and (173), with C := max(1, Cs) times the implicit constant of (170),

- - 1
/IC—§o|<p+R (p v/ WUHXE&XB(QP)HP(J) g

< Ce1C2/ 2ll9llsmo) /

—v/ —v/ U
\Cféo\<p+R(p P '7||XBXB(g,p)||p(.)) dg. (174)

Combining (163) and (174), dividing by #(p)", and taking sup, .,

/ C
—Cht/ =2
||XE&||(Lp(-),m)0(RV) < Ce %2 ”4’”BMOHXB”(UD(_)’UI)&(RV), C) = EX (175)

which is (149) with C; = C. O

Remark 6. The exponential rate Co = (2Cp™*)~!In2 in (149) traces back entirely to the constant
C of Lemma 12, obtained there from the Gamma-function moment bound (138) together with
the log-Holder exponent-freezing device (139)—(140), rather than from atomic H'~BMO duality;
since Lemma 12 requires only p(-) € P(RY) N LH(RY) with p~ > 1 in place of p~ > 1,
Theorem 16 holds under this weaker range hypothesis as well. At n = oo, ¢ = 1, so that
(LP(), L®)(RY) = LPC)(RY), Theorem 16 recovers (39), Theorem 3.2 of [44];atp(-) = 1,5 =1,
0 =1, it recovers the classical John—Nirenberg inequality (37) of [43].

Corollary 6. Let p(-) € P(RY)NLH(RY),1 <p~ < p* < oo. For every ¢ € BMO(R") and
0 <p < C/llollsmo.
HeWPiq)B‘XB||(Lp('>,m)ﬂ(Rv)

sup (176)

BeB HXB”(LP(-),LW)&(RV)
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Proof. For ¢ € B,
l9()— sl ©
#le(C) =gl — 1 +/ Htae =1 +/ put dt, 177
e ; pe o M X slo@ g5} 77

so, multiplying by xp(¢) and using {¢ € B : t < |¢({) —¢p|} C Ec={{ € B: |¢(E) —
¢l > t},

eH9=8lxp = xp + /0 Het X tzeit<|p(e)—gnl} 4t < XB + /O peltyp dt  (178)
pointwise. Applying || - || (LPO),L1)2 (Rv) 1O (178), using monotonicity of the norm under

pointwise domination of nonnegative functions and Minkowski’s integral inequality for
Il (LPO),L1)0 (RY) (valid as for the amalgam-space triangle inequality, Proposition 1),

||€”‘(P_¢B|XB||(Lp(-)/Lr/)0(Rv) < ||XBH(LP('),L’7)‘9(RV) +/0 WWHXEe”(Lp(-),m)ﬂ(RV)dt‘ (179)

By Theorem 16, ||XE£H(Lp(-),L17)19(RV) < Cle*CZ"/H"’“BMO|])(B||(Lp(4),L,7)0(RV), so (179) becomes

o0
Hequlipr‘XBH(LP('),LU)I"(RV) < (1+HC1/O Hte—Cat/ | llamo dt>||XB||(Lp<‘),L,7)0(RV)

=(1+yc1 /0 e*(Cz/HfPHBMo*V)fdt)||XB||(LP<A),L,7)19(RV). (180)

Since 0 < it < Ca/||@|lBmo, the exponent Cp/ ||¢||pmo — > 0, and

® —(Ca/llglsmo—n)t g 1 _ lellsmo
e dt = = . 181
J Co/liglomo — 1 Ca— pllgllsmo (181)

Hence,

#CillellBmo

m) X8Il (o0 pryomey,  (182)

||eMle—95lxp [ O (1 +
and, since the right-hand bracket depends on i, Cy, Cy, || ¢||ppmo but not on B, taking the
supremum over B € B gives (176) with

gV‘(P7(PB|XB . v
ap I laro e ), wCillollsmo

< (183)
BeB ||XBH(LP(‘>,L’1)'9(RV) Co — ullellBmo

O

Remark 7. At 7 = oo, & = 1, p(-) = 1, Corollary 6 reduces to the classical exponential-
1
integrability characterization of BMO(R"), |?| / el 9=l d¢ < C (p. 146, [59]), recovered ex-
B

actly as in (Cor. 3.3, [44]) via the Holder inequality (10) applied to eM9=#8l x5 € (LP(), L1)?(RY)
and xp € ((LPO), LT)?(RY))".
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