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Abstract

We studied flux—fractional compartment models with Caputo memory terms and their as-
sociated state sensitivity systems. The state, classical parameter sensitivities, and fractional-
order sensitivity are formulated within a unified linear Volterra framework. Using a
Sobolev-space formulation and an equivalent Bielecki norm, we establish existence and
uniqueness in W7 (0, T; H) on arbitrary finite time intervals. We further prove continuous
differentiability of the parameter-to-solution map and derive a dimensionally consistent
fractional-order sensitivity involving a dimensionless logarithmic kernel. The theory is
illustrated by a one-compartment model with explicit Mittag-Leffler representations and
relative sensitivity analysis.
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1. Introduction and Motivation

Classical pharmacokinetic models are commonly formulated as systems of first-order
ordinary differential equations and therefore generate exponential-type transfer and elimi-
nation profiles. However, experimental and clinical data may exhibit systematic deviations
from purely exponential behavior, including long-time tails and history-dependent trans-
port. Such effects are naturally associated with memory and anomalous transport and
are well documented in the theory of continuous-time random walks and anomalous
diffusion [1].

Fractional derivatives provide a natural mechanism for incorporating nonlocal tempo-
ral effects into pharmacokinetic and biological transport models. They have been used to
describe anomalous diffusion, tissue trapping, and non-exponential transport phenomena
that are not adequately captured by classical compartment equations [2—4]. In the present
work, the fractional operator is attached to the compartmental flux rather than used to
replace the entire state derivative.

Recent studies have developed fractional compartment models from phenomeno-
logical and stochastic-process viewpoints, with particular attention to dimensional con-
sistency, mass balance, numerical approximation, parameter estimation, and sensitiv-
ity analysis [5-11]. Fractional-order sensitivities have also been investigated numerically
through finite parameter perturbations [10]. The present work differs by proving contin-
uous differentiability of the parameter-to-solution map in W with respect to both the
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classical parameters and the fractional order, and by deriving the corresponding sensitivity
equations analytically.
We consider the forced flux—fractional compartment system

q(t) = A(6,a)q(t) + B(6,a) “Dy - *q(t) + b(t, 6, ),

together with its sensitivities with respect to the classical parameter vector 8 and the
fractional order «. The placement of the fractional operator on the flux is consistent with
compartmental fractionalization procedures designed to preserve the physical meaning of
transfer processes, dimensional consistency, and mass balance [5-7].

As a scalar specialization, we consider the one-compartment model [4,5]

A'(t) = kor — ko, “Dyg A(t).

A central mathematical issue is the differentiation of the solution with respect to
the fractional order. Differentiation with respect to a classical parameter modifies the
coefficients, forcing term, and initial data while leaving the fractional operator fixed. By
contrast, variation in « affects both the solution and the kernel defining the fractional
operator. Thus,

0 (CD(}:"q) — CDIeS, + <8§pCD01:")q, Su = 0ad,

where the operator derivative is taken with the state held fixed. This decomposition
produces a logarithmically weighted memory kernel that is absent from the classical
parameter sensitivities.

To retain dimensional consistency in the order derivative, we introduce a fixed refer-
ence time ¢, > 0. In the one-compartment model, the dimensionless quantity x = kyp ¢t5
is held fixed as a varies. The resulting logarithmic contribution is expressed through
In((t — 7)/ts), leading to the logarithmically weighted Caputo operator CDolJ:“’ln’t*. This
reference-time normalization is essential because a direct differentiation with respect to a
would otherwise introduce the logarithm of a dimensional quantity.

The analysis is carried out in the Sobolev space W7 (0, T; H), 1 < p < oo. In this space,
both the Caputo operator and the logarithmically weighted order-derivative operator act
continuously into L (0, T; H). Consequently, the state, the classical sensitivities, and the
fractional-order sensitivity can be studied within a common Sobolev—Volterra framework.

The well-posedness theory for linear Volterra equations with integrable and weakly
singular kernels is classical. Here, the augmented state—sensitivity system is reduced
to a Volterra equation for the velocity and analyzed in an exponentially weighted L7
norm. The Bielecki-weighted contraction argument yields existence and uniqueness on
arbitrary finite time intervals. The contribution is therefore not a new fixed-point principle,
but its application to the coupled flux—fractional state-sensitivity system, including the
logarithmically weighted fractional-order term.

More precisely, the main contributions are the formulation of a forced flux—fractional
compartment system including the derivatives of the forcing term and initial data, the
simultaneous derivation of the classical and fractional-order sensitivity equations, the
construction of a dimensionally consistent logarithmic order derivative, and the proof that

(6,2) — q(;6,a)

is continuously differentiable as a map into W7 (0, T; R™). Hence, the sensitivity variables
are genuine derivatives of the solution map rather than quantities introduced only by
formal differentiation.
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The one-compartment flux—fractional model is then used to illustrate the theory. Its
triangular state—sensitivity structure yields Mittag-Leffler and Volterra-resolvent represen-
tations and permits a direct comparison of the corresponding relative sensitivities.

The paper is organized as follows. Section 2 introduces the fractional operators and
the Sobolev-space preliminaries. Section 3 formulates the forced flux—fractional compart-
ment model and derives the classical and fractional-order sensitivity equations. Section 4
establishes well-posedness on arbitrary finite time intervals and proves continuous dif-
ferentiability of the parameter-to-solution map. Section 5 examines the one-compartment
model and its relative sensitivities.

2. Fractional Calculus

Fractional calculus provides a natural mathematical framework to describe processes
with memory and hereditary effects, which arise frequently in physics, biology, and phar-
macokinetics [2-4]. In contrast to classical differential equations, fractional-order models
account for the cumulative influence of the past evolution of the system, leading to nonlocal-
in-time operators [1,3].

Since several inequivalent notions of fractional differentiation coexist in the litera-
ture, it is essential to clearly state the definitions and conventions used throughout this
work [3,12]. We therefore briefly recall the Riemann-Liouville and Caputo fractional deriva-
tives, emphasize their structural differences, and clarify their respective roles in modeling
and analysis. This overview also serves to fix notation and to motivate the choice of the
Caputo derivative in the pharmacokinetic models studied later [4,10].

Riemann-Liouville (RL) fractional derivative: As a first notion of fractional differen-
tiation, we recall the Riemann-Liouville (RL) derivative. Derivatives of integer order n € N
for functions f: R — R belong to the classical theory of analysis. To extend differentiation
to noninteger orders & € R, we begin with the Riemann-Liouville (RL) fractional integral,
constructed from Cauchy’s iterated integrals:

o

t

(B0 = 57 [, -0 @, a>0 o
Here I' denotes Euler’s gamma function. We fix a finite time horizon T > 0 and consider
all fractional operators on the interval (0, T). Operator (1) is well defined, for example,
for f € L{ (0, T); for « € N it reduces to the usual a—fold integral. Throughout this work
we mainly consider orders 0 < a < 1. The subscript 0 indicates the lower limit of the
operator: in Iy, the integral runs from 0 up to the current time ¢. Consequently, only the
values of f(¢) with 0 < ¢ < t enter the integral, while data prior to time 0 are ignored.
This corresponds to assuming that the system starts evolving at t = 0. More generally one
writes I, with any a € R. Choosing a = —co yields Weyl-type fractional operators, whose
convolution integrals extend over the entire past (—co, ) and which are invariant under
time translations. Such operators are appropriate when the underlying process is assumed
to possess an infinitely long prehistory [2].

A left-sided RL fractional derivative is obtained by differentiating an integral of
complementary order. For 0 < & < 1 we define

(D8 £)(0) = 3 )0 = g o = 8 A (@) e @

The first equality in Equation (2) is the definition of the Riemann-Liouville fractional

derivative, while the second equality follows from inserting the explicit representation of
the fractional integral. The operator D, f is well defined whenever I&;"‘ is absolutely
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continuous on (0, T), for instance when I; 1 LfE W11(0, T). Throughout, the symbol *
denotes convolution in time, defined for locally integrable functions by

g+ NO:= [ gt-Df@dr, e

We work with functions in Lll0 C(0, T), so all integrals are understood on compact subin-
tervals of (0, T). Moreover, L{f}(s) = f(s) denotes the Laplace transform, following the
conventions in [13,14].

For & > 0, define the power law kernel

th*l

Su(t) := Ok t>0. )

With this notation, the Riemann-Liouville fractional integral can be written compactly as

Ig+f:8a*f-

Although integral Formula (1) is stated for « > 0, the family of Riemann-Liouville fractional
integrals { I, }«>0 admits a continuous extension to « = 0 on (0, T) in L? sense, for every
1 < p < co. This is made precise in the next lemma, where we show that I, f — f in
LP(0,T) asa — 07 forall f € L¥(0,T), and hence it is natural to set I, f := f.

Lemma 1 (LP—continuity at « = 0). Let 1 < p < coand T > 0. Then, for every « > 0, the
Riemann-Liouville fractional integral I§, maps LV (0, T) into itself and satisfies

15 Mtom < (] 86(00) flsom) = ragrs s

Moreover,
lim [|Ig, f = fllLror) =0 forall f € LF(0,T).
a—0*t

In particular, defining 18+ := Id yields a continuous extension of w +— I§, at a = 0in LF(0,T).

Proof. Let

and set
ka = 8 l(O,T) S Ll (R)

Given f € LP(0,T), extend f by zero to R, still denoted by f. Then, for almost every
€(0,T),

(Io. f)(t /ga (t—s)f(s)ds = /k ft—1)dt = (ko * f)(1).

By Young’s convolution inequality,

o4 fllLro1) < Nk fllr®) < lkallpmyllfllce )

Since
T T™
el = ) s = gy,
and

IAlr®) = I fllro,m)
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the stated boundedness estimate follows.
We now prove the convergence as « — 0. Define

T p T
My .—/O Qa(T) T—m.

Then
my — 1 (a —0™).

For x € R, we have

T
(ku £)(2) = £(2) = [ ga()f(x = )T = (x)

T
+ </0 8a(T) d'r—l)f(x)
T
= | 8a(0)(fx =) = f()) d + (e = 1/ ()
Fix € > 0. Since translations are continuous in L?(R), there exists § € (0, T) such that
If(-—7) = flllry <&  whenever |t] < 4.
Using the preceding decomposition and Minkowski’s integral inequality, we obtain
T
kot £ = Flire) < [ sa(DIFC=1) = Flli de
+ |ma = || fllLr (m)-

Splitting the integral at  and using

1FC=7) = fllerw) < 2l fllze ),

we obtain
1
kot f = Flliry < [ ga(m)dr
T
20 flle [ () dr
+ |ma = [ fll Lo (m)-
Now
) p o .
/o $a(T)dv = gy —
while . "
T _
/(5 Qu(T)dT = m — 0,
and
RTINS 0 (a—07")
|my — 1] = Tt 1) — o .
Therefore,

limsup [[ka * f — fllrw) <&

a—0F

https://doi.org/10.3390 /math14183301


https://doi.org/10.3390/math14183301

Mathematics 2026, 14, 3301

6 of 37

Since € > 0 is arbitrary,

ko f = fllry — 0 (& —07).
Restricting to (0, T) gives

1 f = fllrory — 0, a— 0T,

O

A non intuitive feature of the Riemann Liouville fractional derivative is that, for every
0 < a < 1, the derivative of a constant does not vanish. Indeed, for any C € R,

C
. !
Dy, C = T —a) t.
The case & = } is frequently discussed in the literature as a canonical example, for which
one obtains c c
Dy/2C = = — 12
0+ r(1/2) VT
This choice of & = } is emphasized only for illustrative purposes; the formula remains
valid forall 0 < & < 1.
The kernels g, satisfy the following elementary identities:

g1t) =1, (gu*gp)(t) = asp(t),

t
| esdr=gpn(,  &)=s", s>o0

In operator theoretic notation, the Riemann-Liouville fractional integral is thus repre-
sented as a convolution operator. For « > 0 we define

Doif :=gaxf=1Iosf )
and define derivatives of arbitrary positive order by composition with integer derivatives:

ar _
D8L+f:dt7n(Dg+nf), n—1<uwa<n. (5)

This Riemann-Liouville operator framework is used in [14]. In the present work, it
serves primarily as a convenient calculus based on the kernels g.
From the convolution identity

Su*8p = Sutps

it follows that
g5 F=17PF  ap>0,

whenever the corresponding fractional integrals are well defined.

A known drawback of Riemann-Liouville derivatives with lower limit 0 is that differ-
ential equations formulated in terms of Dy, typically require fractional-type initial data,
such as Ié:" (0), whose physical interpretation may be unclear. This motivates alternative
fractional derivatives that preserve classical initial conditions.
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Caputo derivative: A second notion of fractional differentiation, due to Caputo, is
frequently adopted in applications because it accommodates standard initial data at t = 0.
For f € C'[0,T] and 0 < a < 1, the Caputo fractional derivative is defined by

(D5 N0 = Fmy [ (=8 F@ de = (100 ©

Thus CDS‘ , is obtained by first taking the ordinary derivative D! and then applying the
fractional integral I, 1= - *; symbolically,

€Dy, =170 D}Y, (7)

which is the opposite composition to the Riemann-Liouville construction in Equation (2).
More generally, forn —1 < a < nand f € C"[0, T], one defines

DY, f = I ) = (gu—a * M), ®)

so that D§, is again obtained by first differentiating n times and then performing a
fractional integration of order n — «. This formulation aligns naturally with the operator
framework introduced in Equations (6) and (7) and ensures compatibility with classical
initial conditions at t = 0. A precise relation between the Riemann-Liouville and Caputo
fractional derivatives can be established under standard smoothness assumptions, as stated
in the following proposition.

Proposition 1 (RL-Caputo relation). Letn € Nandn —1 < a < n. Assume f € C"1[0, T]
and f (n=1) jg absolutely continuous on [0, T]. Then, for all t > 0,

o C 0+) k—uo
Doy f(t) = ~Do, f(t +Z k+1 )f - ©9)

Proof. Since f("~1) is absolutely continuous on [0, T}, it follows that f(*) € L(0,T). Us-
ing the previously defined causal convolution * and the kernel g4, as introduced in
Equations (4), (5) and (8), the Riemann-Liouville and Caputo fractional derivatives can
be written in the unified convolutional form

14 dn 4 n
Do, f = dt”(g” a*f), DY, f=gn-a*f", n—ac(0,1). (10)

In order to analyze the relation between the two derivatives, it is convenient to
decompose the function f into a polynomial part containing the initial data and a remainder
that vanishes together with its lower-order derivatives at t = 0. Specifically, we write

f = Pl’lfl + 7’,
where
n—=1 ¢(k) o+
Poi(t) =Y fki(,o) t,  rBotH=0k=0,...,n-1), " =f0"cLY0,T).
k=0 '
By linearity,
" ar dr
Do+f:ﬁ(gn—a* ) dtn(gn a* Py 1) (11)

Using Laplace transforms with s > 0 (real) and writing a hat for the transform,
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(Z;(g i r>> () = 5" Fu—a(s) 7(s) = 5" s~ (") 7(s) = 5" 7).

and

— —

(§n—a*rM)(s) = Fua(s) r(M(s) = s~ ("0 s"7(s) = s*7(s).
By uniqueness of the Laplace transform on (0, c0),

qn
ﬁ(gnfa *7’) :gnflx*r(n) =8%n—a *f(n) :CDngf. (12)

We also recall classical identities for convolution with powers and for integer-order deriva-
tives of power functions. Using the representation gg(t) = tP=1/T(B) and the change in
variables T = to, we obtain

fk+p

I'(p) I'(p)

The remaining integral is the Beta function, and Al-Gwaiz [15] shows that

(g/g*tk)(t) = /Ot(t—r)ﬁ_lrkdr = /01(1 —o)f~ 1ok do.

! - T(k+1I(B)
_ _ \B-1k _ -\t )P
B(k—o—l,ﬁ)—/o(l o)~ do Tk+1+8)
Combining these relations yields
(g5 * tk)(t) =T (k+1) tetp B >0, keNp. (13)

(k+1+B) ’

Moreover, for each integer n > 1 and yu > n — 1, taking the n-th derivative of the power
function t# and using the Gamma-function identity

R o et

we obtain .
i = F(V + 1) Hn

= i) ,  u>n-—1 (14)

Applying Equation (13) with f = n — a and then Equation (14) with y = k+n —«

yields
d" o Dk+1) 4y
dtn(g”“"*t)*r(kjtl—a)t ' (15)
Therefore,
d" = ot) an P = Aol (i NP
g @ Put) = 1 T g @ ) = L pmy g 9

Inserting Equations (12) and (16) into Equations (11) gives (9). O

Di. (1) = D8, ) + L e a7

Hence the two derivatives coincide precisely when the relevant integer-order initial deriva-
tives vanish; for 0 < & < 1 this reduces to f(0) = 0. This explains the modeling preference:
the Caputo derivative fits problems posed with classical values at t = 0, whereas the
Riemann-Liouville form is naturally paired with integral Volterra-type and fractional
initial data.

https://doi.org/10.3390 /math14183301
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Remarks on assumptions and units: All fractional integrals introduced above are
well defined under the usual regularity hypotheses: local integrability of f for the Riemann-
Liouville (RL) formulation and absolute continuity of f for the Caputo formulation. For
« € (0,1), both the RL and Caputo derivatives share the same physical dimension, given by

(D] = [f] 5]

Hence, the distinction between the two operators concerns only the treatment of initial data,
since the RL derivative involves fractional (integral-type) initial conditions, whereas the
Caputo derivative accommodates classical integer-order data at t = 0, and this difference
does not affect the associated SI units.

2.1. One-Compartment Fractional Model

The classical one-compartment elimination model is described by

4A()

T, = —kyo A(i’), A(O) = Ay,

whose solution,
A(t) = Age Fo!,

exhibits a purely exponential decay.
Replacing the first-order derivative with a Caputo fractional derivative of order
€ (0,1] yields the fractional counterpart

DY A(t) = —kig A(t),  A(0) = Ap. (18)
The solution of Equation (18) is expressed in terms of the Mittag-Leffler function E, as

A(t) = Ag Ex(—kqot"),

where
Eu(z) = EOO, =
: =T+ am)

In fact, by using the Caputo derivative in its convolution form and the Laplace transform
property, we have

c{CD5 A }(5) = £{(81-0 * A)(1)}(5) = F1a(s) A(s).
Since 31_a(s) =s* Land A/(s) = s A(s) — A(0T), it follows that
E{CD&A(t)}(s) = s%A(s) —s*1A(0T), O<a<l.

Hence,
s“ﬁ(s) —s* 1Ay = — klOA\(s),
which gives
R A Socfl
A(s) = ,
(S) s* + k1o

Using the series definition of the Mittag—Leffler function,

s> 0.

[ee]
Ex(—kqot")
10 2 T(1+am)’

m=0

https://doi.org/10.3390 /math14183301
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and applying the Laplace transform term by term, we obtain

(ki)™

o
L Eo(—kot") Z:: T'(1+am)

L{t*"}(s).

Since L{t"}(s) =T(v+1)/s"*! forv > —1, we have

£y () = A,

and therefore

atwry - £ S L ()

m=0 m=0 st
The last series is geometric and converges for s > k% “, s0
L{Ey(—k1ot")}(s) = - s > kife.
s + ko’ 10

By the uniqueness of the Laplace transform, it follows that
A(s) = Ag L{Eo(—k10t*) } (5),
so that the inverse Laplace transform yields
A(t) = Ap Ea(—kiot").

For short times, E,(—kjot*) exhibits non-exponential decay that may be approximated
by stretched-exponential behavior in suitable regimes, whereas for large times it decays
algebraically. This slower long-time decay is characteristic of fractional-order models with
memory effects. For « = 1, the Mittag—Leffler function reduces to the exponential function,

m

>,z
T(1+m) ZZ

m=0

MEB

Ei(z) =

m=0

Hence, in the classical case &« = 1, the solution of Equation (18) becomes
A(t) = Ag Ey(—kyot) = Age M0,

which coincides with the standard exponential decay law of the one-compartment pharma-
cokinetic model.

2.2. Dimensional Consistency

Let [A] denote the amount of drug and let [t] = T be the unit of time. Since the frac-
tional derivative satisfies [©D& ] = T7%, the left-hand side of Equation (18) has dimension
[A]T~*. Two dimensionally consistent options therefore exist:

(i) Retain the formulation in Equation (18) and assign the fractional rate constant the
dimension [kyg] = T~

(ii) In the presence of a constant (zero-order) input, fractionalize the elimination flux
rather than the accumulation term by prescribing a first-order balance with a fractional

Caputo flux:
dA

—r(6) =kor — ko, “Dg “A(t),  A(0) =0, (19)

https://doi.org/10.3390 /math14183301
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where ko; is a constant input rate with units [ky] = [A]T~! and €D * denotes
the Caputo derivative of order 1 — a. The left-hand side has dimension [A]T~!,
while [CDy*A] = [A]T~(17%), so consistency again requires [k1o f] = T~*. Thus,
Equation (19) preserves mass balance with a classical (non-fractional) input and a
fractional elimination process. The choice A(0) = 0 corresponds to an initially empty
compartment that is filled only by the constant infusion kg; starting at t = 0.
Applying 101;‘" to Equation (19) and using the relations
4 dA
e W)
I(};“CDOl:"A(t) = A(t) — A(0).

(20)

valid under the regularity assumptions stated above, we obtain the equivalent
Caputo problem
CD§, A(t) = I ko1 — ko p (A(t) — A(0)),  A(0) =0. (21)

Since ko is constant, the fractional integral can be evaluated explicitly as

tl*lx
117 %g1) () = kop ==—— 22
(0+ 01)() 01 F(Z*O{) ( )
so Equation (21) reduces to the inhomogeneous fractional equation
C 1—a
o _ —
D0+A(t) = ko1 m - klo,fA(t)r A(0) =0. (23)

In particular, since A(0) = 0, the Riemann-Liouville and Caputo derivatives of order
1 — a coincide (as recalled above), so the formulation in Equation (19) could equally
well be written with the Riemann-Liouville derivative of order 1 — « on the elimination
term. By contrast, in the flux—fractional formulation without input, which means
ko1 = 0, we had

CD8‘+U(t) = —kof0(t), v(0) =0,

a homogeneous problem whose unique solution is v = 0, and since v(t) = A(t) — A(0),
for A(0) = 0 this implies A(t) = 0. In the constant-rate input model (Equation (19)),
the nonzero forcing term generated by kg, in Equation (23) avoids this degeneracy
and yields a nontrivial solution.

Starting from the inhomogeneous fractional Equation (23), we determine A via the

Laplace transform. For real s > 0 we use

~

£{°Dg, AW o) = A, E{ntzl—aa)}@) - =

and obtain from Equation (23)

~ ~ ko1
SD‘A(S) +k10/fA(S) == 527_0‘,

hence

5“72

A(s) = ko T

s > 0.

To identify the inverse transform, we introduce the two-parameter Mittag—Leffler function

https://doi.org/10.3390/math14183301
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[e9) Zm
Eyp(z) = -, x>0, 8>0. (24)
In particular,
0 klO )mttxm+1
tEua(hnt) = 1 D

Applying the Laplace transform term by term and using £{t"}(s) = T'(v +1)/s"*! for
v > —1, we obtain

> (—kig)"™ 1 & [ —kior\"
ﬁ{fEa,z(—klo,fta)}(S) = Zowié =2 ). (Saf>

m= m=0
The last series is geometric and converges for s > k10 f/ 50

Sa—z

E{fEa,z(—km,ff“)}(S) = S+ kios s> k%o}

Comparing with the expression for A(s), we find

A(s) = ko C{t Ea,z(_klo,fta)}(s)/
and by the uniqueness of the Laplace transform it follows that
A(t) =kn l’Ea,z(*klorftlx), t>0. (25)

We now summarize the short- and long-time behavior of the solution and clarify the notion
of steady state in the flux—fractional setting. For short times, the series representation
E.o(—kig 1Y) = —— )y =1 t* t
w2 (—kig t") T(2) +O(t") +O(t") (t—0)
implies
A(t) = koy t Egp(—kig st*) = koy t + O ('),

so A(t) grows approximately linearly near t = 0, reflecting the dominance of the constant
input ko; over the elimination term.

In the classical ODE setting one defines a steady state as a time-independent solution
A(t) = Aw. If we adopt this definition for the flux—fractional Equation (19) and set
A(t) = A, then

dA _
(=0, CDy; " Ac =0,

since the Caputo derivative of a constant vanishes. Equation (19) then reduces to
0 = ko1 — kyq,f - 0 = ko1,

so a constant solution can exist only if kg; = 0. For a constant rate input kyp; > 0 there is
therefore no time-independent steady state in the usual ODE sense; looking for a root of
the right-hand side,

ko1 — klolfCDOl_;aA(f) =0,

does not lead to a constant A unless kg; = 0.
Instead, the appropriate notion of “steady behavior” is captured by the large-time
asymptotics. For 0 < a < 1, the Mittag—Leffler function satisfies
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1

klo,fl”(2—tx) t’x, t—>00,

E.x,z(—km,ff“) ~

and therefore

k01 tl—tx

—_— t — oo.
klO,f F(Z — 0()

A(t) = ko1 t Eqo(—kig pt") ~
Thus, for 0 < a < 1 the amount A(t) does not converge to a finite steady state; rather, it
grows sublinearly like ¢ =% This short- and long-time behavior is illustrated in Figure 1,
which displays the surface (t,a) — A(t, &) together with selected trajectories (for fixed «)
highlighted as red curves.

A(t, a) = k()l tE(yﬂ?(_klo’fta)

Figure 1. Solution A(t, &) = ko1 t Eq2(—kqp,¢t*) of the one-compartment model with constant input,
shown as a surface in (f,«) for 0 < a < 1. The red curves correspond to selected values of « and
illustrate the approximately linear growth of A(t) for small t and the sublinear long-time growth
A(t) ~ (ko1 /kyg,f) t17%/T(2 — ) for 0 < a < 1.

However, for the flux—fractional formulation (Equation (19)), it is more natural to focus
on the fractional flux and to seek an appropriate notion of fractional “steady balance”. The
fractional flux associated with Equation (19) is defined by

(fractional flux)() := CD(}:"A(t). (26)

Using the explicit solution of Equation (23), given by Equation (25), we therefore need to
compute the Caputo derivative ©Dy* of the function t — t Eq o (—k1p, ).
To this end we recall a standard identity for the Riemann-Liouville fractional deriva-
tive of Mittag—Leffler-type functions (see, e.g., Equation (1.82) [3]): for0 < u < 1,8 > u
and a > 0,
(Db [P E g(A)]) (1) = tPH T E gy (AFY), (27)

where Dg . denotes the Riemann-Liouville derivative of order p. In our case we have
A(0) = 0, and we use a derivative of order 0 < u = 1 — a < 1. Then the Riemann-Liouville
and Caputo derivatives coincide, so (D} LA = D} LA(t). In our case we take

]/121—0(, /3:2, /\:_klo,f/
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so that tP71E, g(At") = t Ey 5(—kig st*). Substituting these parameters into Equation (27)
yields

CDg [t Eap(—kioft")] = 27 E 0 (1 gy (“kig pt*) = t*Eq1a(—kio ).
Multiplying by the factor kg from Equation (25), we obtain the explicit expression
CDy " A(t) = kot t*Eg 1o (—k1o %), (28)

for the fractional flux in the flux—fractional formulation (Equation (19)).
Using the large-argument asymptotics of the Mittag—Leffler function, we recall that
for0 < o < 2,8 > aand x — oo one has (see, e.g., Section 1.3 [3], Section 1.3 [16])

© (-t

Eqp(—x) ~ Zl YT(B—am)’ (29)

In particular, for § = 1 + a the first term (m = 1) in Equation (29) gives

Eqpa(—7) 1L _ 1 1 e
#1+a xT(1+a—a) xT(1) ’
so that . .
Ea’1+,x(—x) = ; + O(xz), X — 0Q. (30)
Setting x = kyq st* in Equation (30), we obtain
E ko t*) = ! @) ! t
1x,1+a(_ 10,f ) = W + Erak — 00.
Multiplying by t* yields
FEqpya(—kigpt") = Lo~ T A
' g ko, £
and hence 1
t*Eq14a(—kio,pt") — o (t = o0).
10,f
and therefore '
DA — 2L (t— o).
k1o,

Equivalently, from Equation (19) one has
k01 — kl(],f CDtliaA(t) —0 (t — OO),

so the right-hand side tends to zero and the input and fractional elimination fluxes balance
asymptotically. In this sense the flux reaches a fractional “steady balance” even though the
state variable A(f) itself does not settle at a constant level.

This behavior is illustrated in Figure 2, which shows the surface

(ta) — SDg "A(t) = koy t*Eq14a(—kioft*), 0<a <1,

together with a horizontal plane at height ko; / k19, f. For each fixed «, the corresponding
trajectory (highlighted as a red curve on the surface) rises from zero and approaches this
plane, making the asymptotic flux limit ko / k1 ¢ visible across all fractional orders.
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C.DtliﬂA(t) = k()]taEml_;_(, (—kloyfta)

Figure 2. Fractional flux in the one-compartment model with constant input. The surface shows
the mapping (t, &) — CDol_;"‘A(t) = ko1 t*Eq14a(—kigpt") for 0 < a < 1, with ko = 1
and kjgy = 1. The horizontal plane at height ko1 /k1q s (grey) marks the asymptotic flux level
lim—ye0 CDolJ:”‘A (t) = ko1/kio,f, while the red curves correspond to selected values of « and illustrate
how the fractional flux approaches this limit for each order «.

In the classical case @ = 1 the situation changes qualitatively. One has

ec—1
Eip(z) = o

and the solution reduces to

ko1 (1— e kost),

A(t) = ko1t Evp(—kioft) = Koy

which coincides with the standard one-compartment model with first-order elimination
and constant rate input. Taking t — oo gives the usual steady state

A = lim A(t) = LU
t—o0 klO,f

and in this classical ODE setting flux balance and a constant steady state coincide.
In the opposite limit « — 07, using Equation (25) together with the Laplace-transform
formula for t“E,X,H,X(—klolft”‘), one finds that for each fixed t > 0,

1

t*E —kqg ,t*) — —— — ,
uc,l+tx( 10,f ) 1 klO,f (lX 0 )
and hence
k
Cphl—a o o 01 +
Dy “A(t) = E - —_— — .
0+ (t) kOlt tx,1+a( klO,ft ) 1 klO,f (“ 0 )

In other words, as « — 07 the fractional flux approaches the constant value

ko1
1+ klO,f,

and the state approaches the linear growth law
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ko1
A) = 5 o t, >0

This function solves the limiting first-order balance

dA
(1+ klO,f)E(t) = ko1, A(0) = 0.

Remark 1 (On the boundary case &« — 07). Our formulation is intended for 0 < a < 1, and
we do not regard « = 0 as an admissible model parameter. Nevertheless, the formal limit o« — 0"
is informative for the interpretation of the flux—fractional model. In this limit the order 1 — « of
the Caputo derivative in Equation (19) tends to 1, and the explicit flux expression (Equation (28))
shows that, for each fixed t > 0,

- k
Dy A(t) = kort*Eg 140 (—ko it*) — ﬁ (= 07).

Thus the family of fractional models connects continuously, at the boundary &« — 07, to a degenerate
classical first-order balance in which the flux is (approximately) constant and the amount grows

essentially linearly in time. This limiting case is best viewed as a consistency check on the fractional
formulation rather than as a physically meaningful choice of «.

In what follows, the flux—fractional formulation (Equation (19)) is adopted, as it
extends naturally to multi-compartment systems.

3. State Sensitivity System: Functional Setting
3.1. State Sensitivity System and Classical Relative Sensitivities

We consider the forced flux—fractional m-compartment model
4(t) = A(6,0) q(t) + B(0,0) Do *q(t) + b(t,0,0),  q(0) = qo(6,0),  (31)

where 0 < a« < 1,4: [0,T] - R™, and CD(}:" denotes the Caputo fractional derivative
acting componentwise. The parameter vector is

0 = (ej)fgjgpg € RPo.

The matrices
A=A(0,a), B =B(6,«)

belong to R"*", while
b(-,0,a): [0,T] = R"™

is a prescribed external input. When differentiating with respect to the classical parameter
vector 0, the fractional order « is regarded as fixed.

The mathematical assumptions used below are those required for the well-posedness
and differentiability analysis and are distinguished from the additional structural restric-
tions associated with a particular pharmacokinetic interpretation. In a compartmental
model, A represents classical intercompartmental transfer and elimination contributions,
B represents fluxes carrying fractional-memory effects, and b accounts for external input.
Further details concerning the pharmacokinetic interpretation, dimensional consistency,
and compartmental balance structure can be found in [5,6].
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The inclusion of the forcing term b is essential for compartment models with ex-
ternal input. In particular, the one-compartment flux—fractional model introduced in

Equation (19),
dA

dt
is recovered from Equation (31) by taking

(t) = kor — kiof CDg “A(t),  A(0) =0,

m=1, A(0,a) =0, B(6,a) = —k1o,f, b(t,0,a) = ko1,

with
0 = (ko1 k1o,5) -

For each parameter 6;, j = 1,. .., pg, we define the state sensitivity by
S](t) = agjq(i’, 9,0() c R™,

At this stage, the differentiation is understood formally; its rigorous justification as differ-
entiation of the solution map will be established below.
Differentiating Equation (31) with respect to 6]-, with « fixed, gives

$i(t) = A(6,a) Sj() + B(6,&) CDJ*S;(t)
+99,A(0,) g(t) + 99 B(6, ) "Dy “q(t) + 9g,b(t, 6, ), (32)

forj=1,...,pp.
The corresponding initial condition is

5i(0) =g, q0(6,2),  j=1,...,pe. (33)
We collect the classical parameter sensitivities into
so(t):= (S1(07,...,S,,()T) " e Ry,
and introduce the combined state-sensitivity vector
zo(t) == (9()7,81(H)7,...,Sp()T) | € RM(PoHD),

The Caputo derivative of zg is understood componentwise:

D3 20(t) = ((CDg*a(0) T, (CDGT*S1(1) T, (DTS (1))

Define the block matrices

A 0 0
JdpyA A - 0
AG - . . . . 7
89}49 A 0 A
and
B 0 0
Jdp,B B 0
By = i
8% B 0 B
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We also introduce the augmented forcing vector
b(t,0,u)
89 b(t, 9, 06)
bo():=| = . € R™(potl), (34)
agpg b(t, 0, (X)

Then the state equation and the classical parameter sensitivity equations can be written
as the single forced system

zo(t) = Apzg(t) + By "Dy “zo(t) + by(t). (35)
The initial condition is
20(0) = (q0(6,0), (9,90(6,)) 7, .., (3p,, 30(0,0)) ) . (36)
For the one-compartment model, with
61 =kor,  O2=kiy

we have
I, =1, akwb =0, %, B =0, E)km’fB =—1.

Consequently, Equation (32) gives

d (AN Y
df<3k01>_1 k105~ Doy <ako1)’

i A _ _Cpl-a _ Cphl—a A
dt <ak10,f> - D0+ A(t) klO,f D0+ akl(),f !

which are precisely the two classical parameter-sensitivity equations associated with the

and

one-compartment model.
We next define the relative sensitivities. Fix f > 0 and a nominal parameter vec-
tor § € R, and assume that §; # 0 and g;(t,6,&) # 0 for some i € {1,...,m} and

je {11---/P9}'
Let

S(t,0,a) = (aglq(t,G,tx) a,q(£,0,0) - agpgq(t,G,a))ERmx”f’

denote the state sensitivity matrix. Writing S;;(t,6,«) for its (i, j)-entry, we define the
relative sensitivity of g; with respect to 0; by

_ 9 _ 0; o
g0, (50,0) := ———S;(t,0,a) = .7181{0,9,“). (37)

The quantity in Equation (37) is dimensionless and therefore provides a natural scale-
independent measure for comparing the influence of the classical model parameters on
compartment amounts or concentrations.

In addition to the parameter vector 6, we consider the dependence of the state on the
fractional order « € (0,1). The differentiation with respect to a requires some care because
the order enters the Caputo kernel and, in flux—fractional models, also affects the physical
dimension of the corresponding fractional rate coefficient.
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To formulate the order sensitivity without changing the dimensional time variable,
we fix a reference time t. > 0, having the same physical unit as ¢. For a fractional coef-
ficient with dimension T™%, such as kqg ¢ in the one-compartment model, we regard the
dimensionless combination

K= klO,ftic
as fixed when « varies. Equivalently,
kiof(a) =t ko f(a) = —(Inty) kyg p(a).

Thus, the meaning of differentiation with respect to « is fixed independently of the particular
choice of time units.
We define the fractional-order sensitivity by

Sa(t) :==0aq(t,0,0) € R™.

For convenience, set
_Cphl—ua
D, := "D, il

When differentiating D,q, it is important to distinguish the dependence of the operator on
« from the dependence of the state g4 on a. We therefore define

0
(BZPD,X)q = a(Da’U) v:q,

where g is held fixed in the differentiation. Consequently,
Ju (Da‘]) = DySu + (agppzx)q- (38)
Using the representation

Dag(t) = g7 [, (6= O o),

differentiation of the operator with the state held fixed gives

@D = 1 (¢ =0 (e =) =y (o), )
where ()
P(a) = T ()

is the digamma function.

The expression in Equation (39) is the derivative of the fractional operator itself. In a
flux term whose coefficient has dimension T—*, the derivative of that coefficient combines
with Equation (39). Indeed, if

B(0,a) = K(0) £.%,

with IC(0) fixed when « varies, then

0:B(0,a) = —(Int,) B(6, a).
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Hence
9. (B(6,) “Dy, “q)
= B(6,a) Dy *Sq + B(6,a) Dy ™y, (40)
where we define the reference-time logarithmic Caputo-type operator by
D q(0) = s [ =0 () —v]aman @
I'(«x) Jo ty

The logarithm in Equation (41) is dimensionless, since (t — )/, is a ratio of two quantities
having the same physical unit.
Equivalently, introducing the kernel

K, (t) = ﬁt“—l [hl(t) — l[J((X)}, t>0, (42)

we have

CHl-alnt, .
Dy, q=kat, ¥4

We now differentiate the forced state Equation (31). In its most general form, allowing
A, B, and b to possess an explicit dependence on &, one obtains

Salt) = ASy(t) + B Dy “Su(t)
+ (daA) q(t) + (9+B) CDol:XQ(t)
+ B (92" Dy)q(t) + 0ub(t, 0, ). (43)

When A has no explicit #-dependence and
B(0,a) = K(0)t, ",

with IC(6) fixed when a varies, the two terms involving d,B and 0¥ D, combine according
to Equation (40). Therefore,

Sa(t) = ASy(t) + BEDI*Sa(t) + BCDy [ “!™q(t) + 3,b(t, 0, ). (44)

If the prescribed input does not depend explicitly on «, then 9,b = 0, and Equation (44)
reduces to

Salt) = ASa(t) + BED*Su(t) + BCDy “™q(t). (45)

If the initial condition qo(6, «) depends on «, then
Sa(0) = a0 (6, ).
In particular, when the initial condition is independent of «,
S«(0) = 0.

For the one-compartment model,

dA

_ CrHil-
e kor — kio,f "Dy " A,

we hold
K= klO,fti
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fixed when differentiating with respect to a. Since kg1 has the fixed physical dimension of
an input rate and is independent of «, the order sensitivity satisfies

dSa

— (1) = ki £ CDG " Sa(t) — ki, D MA(E),  Sa(0) =0, (46)

For the augmented formulation below, we specialize to the case in which A has no

explicit dependence on « and
B(0,a) = K(0)t, ",

with K(0) fixed when « varies.
We next combine the state and its sensitivities. Let

so(t) = (S1(07,...,8,,()T) " e R,

and define
2(t) = (q()T,s0() T, Su(t)T) | € RM (P02, (47)
The Caputo derivative of z is understood componentwise:
- - - - T
Dy *z(t) = ((“Dy;*q(t) ", (“Do;*se(t)) T, (“Do"Su(t)) ) -

With the notation introduced above, the state equation, the classical parameter-
sensitivity equations, and the fractional-order sensitivity equation may be collected into

2(t) = Apy42 2(£) + Bpyyo CDJ 2(t) + b(t) + C Dy ™= (1), (48)
where
A 0 0 0
Jdp,A A 0 0
Appra=1 R
d9,, A 0 A 0
0 0 0 A
B O 0 0
Jdp,B B 0 0
Bppra=1| :
dg,, B 0 B 0
0 0 0 B
The matrix C contains only the coupling of the state to the fractional-order sensitivity
equation:
00 --- 00
00 -~ 00
C= :
0 0 0 0
B 0 0 0

The prescribed forcing term is
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b(t,0,a)
9p,b(t,6, )
b(t) == : . (49)
a%b(t, 6,a)
dub(t,0,u)

The initial condition for Equation (48) is

2(0) = (40 (6,30) -~ (3, 30) " (ut0) ") |

Thus, the augmented formulation separates the prescribed forcing b from the logarith-
mic Volterra coupling represented by C. In particular, the logarithmic term is not treated as
an external forcing, since it depends on the unknown state itself. This formulation will be
used in the Sobolev-space analysis below.

3.2. Sobolev Setting and Volterra Formulation

FixT>0and 1 < p < co,and let (H, || - || ) be a finite-dimensional real Hilbert space.
We work with the Lebesgue and Sobolev spaces

LP(0,T; H) = {z :(0,T) = H: /OT z(8)||F; dt < oo},

and
WP (0,T;H) = {z € LP(0,T; H) : 2 € L¥(0, T; H) }.

equipped with the standard Sobolev norm

_ p :
||Z||€V1'V(O,T;H) - ||Z||LP(O/T;H) + ||ZH€P(O,T;H)' (50)
Since the time interval is one-dimensional and finite, every z € Wl'p(O, T; H) admits a

continuous representative, and the embedding
WYP(0,T; H) < C([0, T]; H)

is continuous. In particular, the initial trace z(0) € H is well defined.

For the augmented state-sensitivity system (Equation (48)), we take H = R™(re+2)
equipped with the Euclidean norm, and all fractional operators are understood component-
wise.

Lemma 2 (Caputo mapping from W into LP). Let 0 < a < 1,1 < p < oo, and
z € WYP(0,T; H). Then

B ] ) =1
CDO1+“Z =I5 2 =gu*Z, Sa(t) = T(a)’
for almost every t € (0, T). Moreover,
TIX
Crhl—a < .
H Doy "2 ’Lr’(o,T;H) “T(a+1) Il or)- (1)

In particular,
€Dy € L(WY(0,T; H),LP(0, T; H)).
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Proof. Since 0 < a < 1,

CHl- . .
D0+"‘z:15‘+z:g“*z, g'x(t)zl"(zx)'

Furthermore,
lsslisom = 7 ) 7 0= rry

Hence, by Young’s convolution 1nequa11ty,

14

HCDP"‘ < 18allo,m) 2l e 0,10y = WHZHU’(O,T;H)’

0+

‘LP(O,T;H)
which proves Equation (51). Since
12llLro,m) < Nzllwir 0,70/

the asserted boundedness follows. [

Lemma 3 (Logarithmically weighted Caputo operator). Let0 < a <1,t, > 0,1 < p < oo,
and z € WYP(0, T; H). Define

ot t
ka, (1) := @) {ln(t*> - l[J(tX):|, t>0. (52)
Then
ket € L'(0,T),
and
CDOl:X Ity — k, po*Z
belongs to L¥ (0, T; H). Moreover,
Crl-aln t* .
[Ds 2| g gy < Wt I IEllrio iy (53)

In particular,
- /l rbx ’ . .
€Dy ™ € £L(WYP(0,T; H),LP(0, T; H)).

Proof. By Equation (52),

a—1
|ka,t*(>| t( )<

()| + v ).
/OTt"‘—ldt: .

it remains to consider the logarithmic term. With the change in variables ¢ = t.r,
T T/t
/ ot ln( ) ‘dt = t"‘/ *inr|dr.
0 by 0

1 1
/ P inr|dr = = < oo,
0 o

Since

Now
2

whereas r*~!| Inr| is continuous on every compact subinterval of (0, o). Hence
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T/t
/ Y Inr|dr < oo,
0

and therefore
kus, € LY(0, T).

Young’s convolution inequality now gives

HCDl leIlt*

< ||k0¢/t*

’ DorH) = o) 12llr0,7:m),

which proves Equation (53). Since

12llLro,m) < Nzllwir o700/
the asserted boundedness follows. [

The preceding lemmas show that, for every
z € WY (0,T; H),

both
CD(}:"Z and CD&;“’h"t* z

belong to LP(0,T; H). Hence all fractional terms appearing in the augmented system
(Equation (48)) are well defined in L7 (0, T; H). We therefore work directly in the Sobolev
space W7 (0, T; H) throughout the subsequent analysis.

4. Well-Posedness on Arbitrary Finite Time Intervals

We consider the abstract augmented problem
2(t) = Az(t) + BED{*z(t) + CCDy ™z (t) + F(t),  z(0) =z, (54)

where
A,B,C € L(H), zo € H, Fe LP(0,T;H).

For the augmented state—sensitivity system (Equation (48)), the operators A, B, and C are
the block operators introduced above, while F = b. Thus, in that case, we assume

b € LP(0, T; H).

Set
u:=3z
Then
_z0+/ s)ds=zo+ (g xu)(t), @) =1.
Moreover,

CDOlJ:“ZZg’X*u' glx(t):r(a)/

and
Cpy1—a,lIn,t,
D0+

z =k, *u.
Hence, Equation (54) is equivalent to the Volterra equation

u=Azg+F+ A(g1 *u) + B(ga * u) + C(kgrt, *u) inLP(0,T; H). (55)
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For w > 0, we equip L¥(0, T; H) with the Bielecki norm

[[u

pao i= Hef‘”(‘)uHLp(O’T;H). (56)

Since T < oo, this norm is equivalent to the standard L¥ norm. Indeed,

e “Mullpporm) < ltllpew < Nl orm)- (57)

Leth € L'(0,T) and u € LP(0, T; H). For almost every t € (0, T),
t
e hxu)(t) = / et —5) e~ Su(s) ds.
0
Therefore, Young’s convolution inequality gives

[ ulpw < He‘w('m

11(0,T) 24l p,co- (58)

Applying Equation (58) to g1(f) = 1, we obtain

1
ll&1 *”Hp,w < EHUHp,wf (59)

since

/Tefwtdt_ et 1
0 T w ~w'
Similarly, for
toc—l
Sa(t) = T(a)’

we have

||guc *Ullpw < (UﬂXHu pws (60)

because
1 /T eotplgp < L /m el g = e,
T(a) Jo ~ I'(a) Jo

For the logarithmic kernel k, ¢, , define

Nat, (W) 1= He*“’(')ka,t* o) (61)
Then, Equation (58) yields
llka,t, *u peo < Mat, (w)lu pw- (62)
By Lemma 3,
kes, € L1(0, T).
Moreover,

ek, (8)] < [k, (2)] fort € (0,T),

and, for every t > 0,
e kgt ()] — 0 asw — co.

Hence, by the dominated convergence theorem,

Hap, (W) — 0 asw — oo.
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These estimates provide the contraction bound required to establish existence and
uniqueness on any prescribed finite time interval.

Theorem 1 (Well-posedness on arbitrary finite time intervals). Let1 < p < 00,0 < a <1,
T > 0, and let H be a finite-dimensional real Hilbert space. Assume

A,B,C € L(H), zp € H, FeLP(0,T;H).
Then the initial-value problem (Equation (54)) admits a unique solution
z € WY (0, T; H).

Proof. Define
T :LP(0,T;H) — LP(0,T; H)

by
Tu:= Az + F+ A(g1 % u) + B(ga * ) + CKap, * ).

The map 7 is well defined. Indeed, Az, viewed as a constant H-valued function on (0, T),
belongs to LV (0, T; H) since T < oo, and F € LP(0,T; H). Furthermore, the convolution
estimates established above imply

g1 %1, Qu * U, kot xu € LP(0,T; H)

forevery u € LP(0,T; H).
For u,v € LP(0, T; H), using Equations (59), (60) and (62), we obtain
[ Tu—=Tollpw < [|Allllg1 * (4 =) p + 1BIl|&a * (4 = 0)[[pew
+ ICl lkat, * (u =)

< p(w) [lu=2llpw,

pw

where
Al , [IB]]

p(w) := o + o +[Cllat. (w).

Since
Nat, (W) —> 0 as w — 0o,

it follows that
p(w) — 0  asw — oo.

Hence one may choose w > 0 such that
p(w) < 1.

Thus 7 is a strict contraction on L? (0, T; H) endowed with the equivalent Bielecki norm

- llp -
By the Banach contraction principle, there exists a unique u € L (0, T; H) satisfying

u="Tu.

Define ;
z(t) := zg +/ u(s)ds.
0

Then
z € WYP(0,T; H), z(0) = zp, Z=u
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almost everywhere on (0, T). Moreover,
CDol—:tJ(Z — ga * 1/[, CDol—:erll’l,t*Z — ktX,t* * U,
Since
z=2zp)+g1%U,

the fixed-point identity u = 7 u becomes
:=Az+ B Dy "z +C CD&;“’ln’t*z +F

almost everywhere on (0, T). Hence, z solves Equation (54).
Finally, if z € Wl'P(O, T; H) is another solution, then # := Z satisfies the same fixed-
point equation

u="Tiu.
The uniqueness of the fixed point gives i = u, and since 2(0) = z(0) = zo, it follows that

zZ=z.
Thus the solution is unique. O

Remark 2. Since the Bielecki norm is equivalent to the standard L¥ (0, T; H) norm on every finite
interval, it induces the same underlying function space. Its advantage is that the exponential weight
allows the Volterra operator to satisfy a contraction estimate for sufficiently large w. Thus the
fixed-point arqument can be carried out without imposing any smallness condition on T or any a
priori bound on the solution. Consequently, Theorem 1 yields existence and uniqueness on every
prescribed finite time interval.

By Theorem 1, for every admissible (6, a) the state equation admits a unique solution
q(-;0,a0) € WYP(0, T;R™).

We now study the dependence of this solution on the classical parameter vector § and the
fractional order «.
Let
© C RP

be open, let
O<a_ <ay <1,

and fix t, > 0. Write
B(0,a) = t;*B(6,x), (63)

where B is dimensionless. Assume
A,B € CY(O x (a_,ay); R™M),

qo € Cl(G) X (a—,ay);R™),

and
beC{O x (v_,ar);LF(0, T;R™)),

where differentiability of b is understood with respect to the L¥ (0, T; R™) norm.
For
(6,a) €O x (a_,ay),
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consider
4(t) = A(6,0)q(t) + B(6,0)“Dy - *q(t) +b(t,0,0),  q(0) = 4o(6, ). (64)
Set
u:=4q, Kiu:= g1 *u, q1(t) = 1.
Then
g =4qo + Kyu.
Define
_ L t*ﬂxtzxfl
gtx,t*(t) = t* gtx(t) = W, t> 0, (65)
and
Ko, 1t := G p, *U.
Using Equation (63), we have
B(G,oc)CDOlJ:”‘q = B(0,a)Ky s, u.
Hence, Equation (64) is equivalent to
u=F(,ua)+A(6,a)Kju+ ﬁ(ﬂ,a)fa,t*u, (66)
where
F(6,a) := A(6,a)q0(0,a) + b(-,0,a).
Lemma 4 (Parameter-dependent Volterra operator). The map
® Iza,t*
belongs to
Cl((a—, a4); L(LP(0, T;R™))),
with
~ ~ t
0. () = Bor. 0|1 £ ) = 9o &)

Moreover, for every compact N € © x (a_,ay), the fixed-point operator associated with
Equation (66) is uniformly contractive in a suitable Bielecki norm.

Proof. Let
N € 0O x (Déf,DL’,)

be compact. By continuity of A and B, there exist constants M4, M > 0 such that
1A0, )| < M4, [[B(O,a)] < Mg

forall (6,a) € N.
Set
M, := sup "
aela_,ni]
Then, for w > 1,

| Kyu pw < w_1||“Hp,<w
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and
||sz,t*u p.w < Miw - HMHP,W'
Consequently,
M -
Tt~ Toavllps < (P22 + MaMco~® ) s ol
Since

M
7’4 + MpM,w™* — 0 as w — 0o,

there exists wy > 0 such that, for every w > wy,

Hence the fixed-point operator associated with Equation (66) is a strict contraction in the

Bielecki norm, uniformly for (6,a) € N.

It remains to prove the C!-dependence of K, on a. By Equation (65),

_ t;rxttxfl
St (t) = T@)

and differentiation with respect to a gives

90, () = Gur. )i - ) ~ v,

which is Equation (67).
Let
(a1, 00] € (—, ).

Since T~ and 1 are continuous on [a1, @], there exists a constant C > 0 such that, for all

a € [ag,ap]and t € (0, T),

Gars (O] + 190G, (0] < Cr71 (1 n

(1))
o)) cvon

because a1 > 0. Therefore, by dominated convergence,

Moreover,
pa—l <1 +

& —>Qut, € Cl((oc_,oc+);Ll(O, T)).
Finally, for o, € (a—, a4 ), Young’s convolution inequality gives

|| K’X/t* - K/grt*

ey S 8wt — &potlliro1)

and similarly
||a"<K0¢/t* - aaKﬁ,t*

lc(ry < 19a8ut, — 9a8pt.llr1(0,1)-

Hence
a > Kyp, € CY(a—,ay); L(LF(0, T; R™))).
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For subsequent use, the sensitivities with respect to the classical parameters satisfy
- Cphl-
S;=AS;+B D0+“Sj + (ang)q
+(99,B) Dy “q+3b,  j=1,...,pp (68)
with
5;(0) = dg,40. (69)
The sensitivity with respect to the fractional order satisfies
Sa = ASy +BCDy Sy + (9:A)q
+1,%(3:B) Dy, g + BCDy ™ g + 3ub, (70)

with
S2(0) = dugo- (71)

Theorem 2 (Differentiability of the solution map). Under the assumptions above, the parameter-
to-solution map
(6,a) — q(-;6,a)

belongs to
CH(® x (a—, s ); W (0, T,R™) ).

Moreover, for each j = 1,...,pe, Sj = 9g,q is the unique solution of Equations (68) and (69),
whereas S, = 944 is the unique solution of Equations (70) and (71).

Proof. Set
X :=LP(0, T;R™).

Equation (66) is equivalent to the fixed-point problem
u = Tyqu.

By Lemma 4, the mapping
(9/ 0(, u) — 7’9,0{“

is of class C! from
Ox (v—,aq)xX

into X. Moreover, for every compact set
NeOx (a_,ay),
there exist w > 0 and x5 € (0,1) such that
1To.att = Ton0llpw < xxllu = llpw
forall (6,a) € N and u,v € X. Hence the parameter-dependent contraction theorem yields
(0,a0) —> u(6,a) € X

of class C1.

Now ,

q(6,0) = qo(6,a) + Ku(6,a),  (Kqu)(t) ::/0 u(s) ds.
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Since (Kqu)' = u almost everywhere and
Kl pro,rmm) < Tllulleo,rimmy,

we have
1
1Kyl o pmmy < (14 TPYYP [l oo, 7mm)-

Thus
K€ L(LP(O, T;R™), Wl (0, T;Rm)),

and consequently
(0,0) — q(-;0,a)

belongs to
CH(® x (a—,s); W (0, T,R™) ).

Differentiating Equation (64) with respect to 6; and differentiating the initial condition
yield Equations (68) and (69). Hence

S] = agjq.

Similarly, differentiating Equation (64) with respect to «, together with Equation (67),
yields Equations (70) and (71). Therefore,

SDC - alxq.
Uniqueness follows from Theorem 1. [

Corollary 1 (Identification of the augmented sensitivity system). Assume the hypotheses of
Theorem 2. Suppose, in addition, that A is independent of « and that

B(6,a) = K(0)t".

Then the vector
-
z=1(q",8/,...,8,,54)

4 pgl
belongs to
WLP((), T; R’"(Po+2))
and is the unique solution of the augmented system (Equation (48)), with the corresponding initial
condition.
Moreover,
S]:aelq, ]:11"'IP9/

and

Sa = 0.
Thus, the sensitivity variables appearing in the augmented formulation are precisely the derivatives

of the parameter-to-solution map established in Theorem 2.

5. Illustrative Example: Flux—Fractional One-Compartment Model

We now apply the preceding well-posedness and differentiability results to the one-
compartment flux—fractional model introduced in Equation (19). Its dimensional consis-
tency and explicit solution were established in Section 2.2 and Equation (25), respectively.

https://doi.org/10.3390 /math14183301


https://doi.org/10.3390/math14183301

Mathematics 2026, 14, 3301 32 of 37
5.1. Relative Sensitivities
We consider the model
dA _
() =kot — ki D" A(),  A(0) =0, (72)

where A(t) denotes the amount of drug in the compartment, k¢, is the constant zero-order
input rate, and kyg s is the fractional elimination coefficient. As shown in Section 2.2, all
terms in Equation (72) have the same physical dimension; see also [5,6].

Equation (72) retains the usual compartmental balance form

dA -
At = Jin — Jout, Jin = ko1, Jout = klO,fCDol_;,_aA-

Thus the rate of change in the compartment amount equals the external input flux minus
the fractional elimination flux. Since the system is open, the amount A(t) is not conserved;
rather, Equation (72) itself expresses the corresponding mass-balance relation.

For differentiation with respect to &, we use the reference-time convention introduced
above and keep x = kqp ¢t fixed as a varies. Accordingly, the derivative of the fractional
flux is given by Equation (40), with the logarithmically weighted operator defined in
Equation (41). In particular, the logarithmic term involves the dimensionless quantity
ln( tt_—f ) .

By Theorem 2, the parameter-to-solution map belongs to

cl(® X (a0 ); W0, T;]R)).
Consequently,
501 = akmA, SlO = Bkm’fA, S,x = B,XA

are well-defined state sensitivities. By Corollary 1, they coincide with the corresponding
components of the augmented sensitivity system; in particular, S, satisfies Equation (46).
Following Equation (37), we define

ko1 9A(t)
A ko (t) = m ko ’ UAfkl(l,f(t) = A(i’) aklolfl

and
a JA(F)

aA,a(t) = A(l’) du ’

whenever A(t) # 0. These quantities are dimensionless and therefore allow the influence

of parameters with different physical dimensions to be compared on a common scale.
From the explicit solution (Equation (25)),

A(t) = koy fEa,z(*km,ff“),

we obtain
0A(t)

9A(t) Alt)
dkon

= thx,Z(*klo,fta> = ko1’

and therefore
Taky () = 1. (73)

For the sensitivity with respect to the fractional elimination coefficient, introduce the
resolvent kernel
ra(t) i= t“—lEa,,x(—klo,ft“), t> 0. (74)

https://doi.org/10.3390 /math14183301


https://doi.org/10.3390/math14183301

Mathematics 2026, 14, 3301 33 of 37
Differentiating Equation (72) with respect to kyq r gives
St + ko164 S10 = — I+ A, 510(0) = 0.
The associated Volterra resolvent then yields
s() = W e ay, @
10,f
and hence r
Tty (1) = =4y (= A)0). (76)
For the fractional-order sensitivity, set
G := Dy "™ A = koy, % A, (77)
where k,, is defined in Equation (42). Equation (46) becomes
S +kio,f101Se = —k10,6Ga,  Su(0) =0.
Applying the same Volterra resolvent gives
Sy = —k10,6Ga + k120,f(”06 * Gy).
Since S4(0) = 0, integration yields
Sa(t) = —kio,7(g1% Ga) (1) + ki (g1 %7+ Gu) (D), g1(t) =1. (78)
Consequently,
Taalt) = g7 [ o (&1 Go)(0) + Ky (5170 2 Go) (1) (79)
Thus,

TA ko (t) =1,

whereas the sensitivities with respect to k1o s and « retain the nonlocal structure of the
flux—fractional model. In particular, 04 , contains the logarithmically weighted kernel k, ,
and measures the response of the state to variations in the fractional order, with x = kyq ¢£5
held fixed during differentiation with respect to .

Equations (73), (76) and (79) form the basis for the numerical comparison in the
following subsection.

5.2. Numerical Illustration

We next illustrate the relative sensitivity formulas (Equations (73)—(79)) for the one-
compartment flux—fractional model (Equation (72)). The purpose is to examine the depen-
dence of the fractional-order sensitivity on both time ¢ and the order «, and to compare its
magnitude with the relative sensitivities associated with kg1 and kyq s

For the numerical illustration, we take

koo =1[amountT™'],  kygp=2[T""], t.=1[T], T=20][T],

with nominal fractional order &« = 0.70. In the order-sensitivity analysis, the quantity
K = ko rt{ is kept fixed as « varies. Since A(0) = 0, the relative sensitivities are considered
fort > 0.
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To study the dependence on the fractional order, we vary

02<a<09, 0<t<20,

while maintaining « fixed. The behavior of |4 ,(t)| can be interpreted through the large-

time asymptotics of the state. From Equation (25),

Using

we obtain

Therefore,

and hence

In particular,

k01 tl—zx

klO,f = Kt*_a/

kot papl—a
A() ~ For BET
*) k T2—a)

1 0A(t) t
MV~—1n(—>+zp(2—uc), t — oo,

t — oo.

Tan(t) ~a [— ln<ti> +y2-— oc)} , t— oo. (80)

0an(t)] = O(Int), & — oo

Thus the relative sensitivity with respect to the fractional order varies logarithmically at

large times. Its dependence on t and « is illustrated in Figure 3.

[o4.a(t)]

Relative fractional-order sensitivity

Fractional order o

Figure 3. Three-dimensional representation of the relative fractional-order sensitivity magnitude
|44 (t)| as a function of t and « for 0.2 < a < 0.9.
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We next compare the fractional-order sensitivity with those associated with the classi-
cal parameters at the nominal value « = 0.70. From Equation (73), 04k, (f) = 1. Moreover,
the large-time asymptotics of the state yield

oA,k]O/f(t) — -1, t — oo,

and hence
Ak ()] — 1.

The negative sign reflects the inverse dependence of the state on the fractional elimination
coefficient. In contrast, Equation (80) gives

*

anlt) = ozln(:) +O(1), t— oo

Thus the three normalized sensitivities exhibit distinct asymptotic regimes: 04y, is con-
stant, 04, s asymptotically constant, whereas 04 , varies logarithmically at large times.
The corresponding numerical comparison is displayed in Figure 4.

RelatiYe sensitiv‘ities at o= 0.70

25 | |

Relative sensitivity magnitude

o4 k|
:l = = =0k,
] 740l

0 T T T T T T T T T

0 2 4 6 8 10 12 14 16 18 20
Time t

Figure 4. Comparison of the relative sensitivity magnitudes o x,, ()|, 04k, (1) |, and |04 o ()| for
a = 0.70.

6. Discussion and Conclusions

The analysis developed in this work shows that flux—fractional compartment models
and their associated sensitivity systems can be treated within a unified Sobolev—Volterra
framework. The use of W7 (0, T; H) is particularly natural, since both the Caputo memory
term and the logarithmically weighted term arising from differentiation with respect to the
fractional order are well defined as LP-valued Volterra operators.

A central feature of the approach is the reduction in the problem to a Volterra equation
for the velocity together with the use of an equivalent Bielecki norm. This makes it possible
to obtain existence and uniqueness on arbitrary finite time intervals without imposing a
smallness condition on the time horizon. The same formulation also provides a convenient
basis for studying the dependence of the solution on the model parameters.

The differentiability result is important for the interpretation of the sensitivity equa-
tions. The classical parameter sensitivities and the fractional-order sensitivity are not
merely formal auxiliary variables, but coincide with the corresponding derivatives of the
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parameter-to-solution map in W1?. In the fractional-order case, the introduction of the
reference time t, provides a dimensionally consistent interpretation of differentiation with
respect to « and leads naturally to the logarithmically weighted Caputo operator.

The one-compartment example illustrates several consequences of the general theory.
In particular, the normalized sensitivities with respect to the input rate, the fractional
elimination coefficient, and the fractional order exhibit qualitatively different long-time
behavior. The input-rate sensitivity remains constant, the elimination sensitivity approaches
a finite limit, whereas the fractional-order sensitivity retains a logarithmic dependence on
time. This distinction reflects the different ways in which the corresponding parameters
enter the flux—fractional dynamics.

The present results are restricted to linear flux—fractional systems. Nonlinear phar-
macokinetic models would require additional assumptions on the nonlinear terms. Local
well-posedness and differentiability may be expected under suitable local Lipschitz and
smoothness conditions, whereas global results would generally require further growth,
dissipativity, or a priori boundedness assumptions. Extending the present Sobolev—Volterra
approach to such nonlinear systems provides a natural direction for future work.
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