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Abstract

Greenwashing distorts green markets and impedes sustainable development. This study
develops a four-party asymmetric evolutionary game model to examine the strategic in-
teractions among government, companies, social media, and consumers in greenwashing
governance. By formulating replicator dynamics and conducting a Jacobian-based local
stability analysis, the research identifies three representative locally asymptotically stable
boundary equilibria under specified parameter configurations: such as dual-oversight mar-
ket withdrawal, consumer-redress-driven governance, and social-media-absent regulation-
driven governance. Numerical simulations examine benchmark evolutionary trajectories
and selected parameter variations. The results indicate that system outcomes are sensitive
to adjustments in complaint compensation, consumer complaint cost, the additional cost of
genuine green production, and social media auditing costs. Specifically, high penalties for
lenient auditing can induce persistent systemic fluctuations, while strict auditing alone may
inadvertently stabilize a market-withdrawal outcome without prompting genuine green
behavior. Under the specified parameter conditions of the model, the findings suggest
that stable governance is associated with coordinated incentives for genuine production,
economically viable consumer redress, and appropriately calibrated auditing policies.

Keywords: evolutionary game theory; company greenwashing; local asymptotic stability;
social media auditing; numerical simulation
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1. Introduction

Global ESG-focused assets surpassed USD 30 trillion in 2022 and are projected to
exceed USD 40 trillion by 2030 (Bloomberg Intelligence, 2024) [1], alongside China’s labeled
green bond issuance surpassing RMB 1 trillion for the first time in 2025 (Climate Bonds Ini-
tiative, 2025) [2]. This rapid capital inflow amplifies the economic incentives for companies
to signal environmental responsibility. Consequently, some companies cultivate a green
image through exaggerated publicity or selective disclosure without corresponding reduc-
tions in environmental impact [3-5]. Such practices can weaken consumer trust and distort
market choices [6-8]. Addressing company greenwashing cannot rely solely on static
regulation; instead, it requires a dynamic game involving four types of agents characterized
by bounded rationality: the government, companies, social media, and consumers. In this
game, the government holds the power to impose mandatory penalties and provide fiscal
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subsidies, companies are the direct implementers of production strategies, social media
can amplify or question environmental claims in public discussion [9,10], and consumers
provide market rewards for genuine green behavior through purchasing decisions while
retaining access to post-purchase recourse mechanisms.

Existing evolutionary game research has progressively broadened the analysis of green-
washing governance. Early studies mainly examined bilateral interactions between gov-
ernment regulation and company compliance incentives [11-13]. Later studies introduced
investors, consumers, rating agencies, certifiers, supply-chain actors, or public-supervision
participants into tripartite settings [14-18]. Four-party models further extended the range
of actors involved in green governance [19,20]. However, expanding the number of actors
does not by itself capture the strategic interaction examined in this study. Existing models
do not jointly represent social media as an endogenous auditing population, consumers
as purchasers, and post-purchase redress as a contingent payoff mechanism. A four-party
framework is, therefore, needed to examine how regulatory incentives, company conduct,
social media information auditing, and consumer market participation interact. Accord-
ingly, this study investigates three questions: (1) How do social media auditing costs and
government penalties jointly influence evolutionary stability? (2) Under what conditions
can contingent post-purchase redress partially substitute for stringent regulation? (3) Given
varying parameter combinations, toward which governance equilibria will the four-agent
system converge?

This study employs evolutionary game theory (EGT) to build a four-party asymmetric
replicator dynamic system. EGT is a standard tool for analyzing how boundedly rational
populations adjust their strategies through payoff-based learning [21-23]. In this model,
social media auditing is formalized as a binary choice, strict or lenient. This specification
keeps the strategy space analytically tractable while still capturing the core economic trade-
off between traffic revenues and verification costs. Consumer complaint filing is modeled
as a contingent post-purchase event rather than an independent strategic choice. On the
one hand, when consumers purchase greenwashing products in a social media environ-
ment with lenient auditing, we directly incorporate the expected costs of complaints and
compensation into the payoffs for both consumers and companies. This allows the model
to capture the economic deterrent effect of post-purchase remedies while avoiding the
unrealistic assumption that every deceived consumer will actually file a formal complaint.
On the other hand, we avoid expanding the model to five strategic dimensions, as doing
so would increase the number of pure-strategy boundary configurations from 16 to 32,
significantly increasing the system’s complexity.

Based on this framework, the paper makes three distinct contributions. First, it endo-
genizes social media as an independent strategic player, allowing the model to identify
parameter conditions under which regulatory incentives and social media payoff dif-
ferences support strict rather than lenient auditing. Second, by embedding contingent
post-purchase redress within the consumer’s binary purchase decision, the model captures
the preemptive deterrent effect of anticipated compensation while preserving a tractable
four-dimensional state space. Third, local asymptotic stability conditions for the boundary
equilibria are derived from the Jacobian matrix. The analysis identifies how parameter
changes can alter local stability conditions, including those associated with auditing costs
and expected redress.

The remainder of this paper proceeds as follows. Following a review of the relevant
literature in Section 2, Section 3 establishes the model assumptions and payoff matrices.
Section 4 derives the replicator dynamics and analyzes the local asymptotic stability of
the system. These analytical results are then visualized through numerical simulations in

https://doi.org/10.3390 /math14183288


https://doi.org/10.3390/math14183288

Mathematics 2026, 14, 3288

3 0f 35

Section 5. Section 6 discusses the broader theoretical and policy implications, and Section 7
concludes the study.

2. Literature Review
2.1. Dynamic Multi-Agent Interactions in Greenwashing Governance

Company greenwashing persists because the information structure of environmental
claims systematically favors the disclosing company. Companies know their own pro-
duction processes and environmental performance, whereas consumers, investors, and
regulators face substantial verification costs [24-26].

Early analytical frameworks often treated penalty standards and disclosure require-
ments as exogenous policy settings. Recent evolutionary studies instead show that com-
panies adapt their strategies to incentives, enforcement, and the conduct of other partici-
pants [23-25].

Much of the early literature focuses on bilateral government—company interactions.
Later studies introduce consumers, certifiers, media-related intermediaries, or public-
supervision actors, although the extent to which these actors are modeled as endogenous
populations differs across studies [26-28].

2.2. Strategic Coupling and Stability Analysis in Evolutionary Game Models

Evolutionary game theory is appropriate for greenwashing governance because gov-
ernment, companies, social media, and consumers revise strategies through payoff-based
learning under incomplete information [17-19,29]. In the present setting, the relevant
payoff differences are jointly affected by government regulation, company conduct, so-
cial media auditing, and consumer purchase decisions. The method is used to identify
parameter conditions under which particular governance configurations are locally stable.

Bilateral models primarily examine how penalties and subsidies affect companies’
green production incentives, whereas tripartite models introduce either consumer response
or an information intermediary. Existing models differ not only in the number of par-
ticipants but also in whether information auditing is endogenous, whether consumers
are modeled as purchasers or supervisory actors, whether post-purchase redress enters
the payoff structure, and whether the analysis is limited to boundary equilibria or also
considers non-pure stationary points. These differences are discussed below through
the development of the literature. The present framework jointly treats social media au-
diting and the post-purchase redress component as payoff-relevant channels within a
four-population system.

The four-population formulation yields a nonlinear dynamic system in which stability
cannot be inferred from static payoff comparisons alone. Local stability, therefore, requires a
Jacobian-based analysis at candidate equilibria. Studies of nonlinear evolutionary systems
also caution that local stability does not establish global convergence or rule out path-
dependent outcomes [30-34].

2.3. Research Gaps and Foundations of the Model Parameterization
2.3.1. Structural Limitations in Existing EGT Frameworks

Among the studies reviewed here, social media is commonly treated as an exogenous
information condition or represented by a different intermediary, despite its role in filtering
and amplifying environmental information. Empirical studies show that media attention
and online discussion can affect greenwashing scrutiny and reputational exposure [35-37].
Treating media influence as a fixed environmental parameter nevertheless obscures social
media’s own trade-off between credibility, verification costs, and traffic-oriented returns.
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A related structural gap lies in the modeling of consumer redress. While previous
literature generally restricts consumer responses to purchasing choices, public supervision,
or exogenous complaint probabilities [15,18,20], these approaches do not jointly model
strategic social media auditing, consumer purchase, and a contingent post-purchase redress
channel within a single four-population system. The present model represents expected
post-purchase economic exposure as a contingent payoff component and does not treat
complaint filing as an autonomous or automatic strategy choice.

Payoff comparisons and numerical trajectories are informative, but they do not by
themselves characterize the stability of a high-dimensional evolutionary system. Relevant
mathematical work, therefore, emphasizes eigenvalue analysis, possible non-hyperbolic
cases, and sensitivity to initial conditions [30-34,38].

2.3.2. Comparative Review and Model Positioning

Evolutionary game research on greenwashing governance has gradually moved be-
yond direct regulator-company interactions toward more differentiated arrangements of
monitoring, information, and market response. Early bilateral models frame governance
primarily as a reward—penalty problem, examining how regulatory incentives alter compa-
nies’ relative payoffs from genuine green production and greenwashing [11,12]. A related
bilateral stream shifts the verification function to certification institutions and considers
collusion and behavioral assumptions derived from prospect theory [13]. These models
clarify compliance and certification incentives, yet consumers do not enter the strategy
space, and post-purchase redress is absent.

Later studies expand the governance chain in several directions. Some introduce in-
vestors and rating agencies, thereby linking corporate disclosure to external evaluation [14].
Others allow consumers to choose whether to purchase and incorporate complaint-related
costs and compensation into consumer payoffs [15]. Further extensions address certification
verification, supply-chain incentives, or public reporting and supervision [16-18]. These
developments show that the substantive difference among multi-actor models lies in the
payoff channels assigned to each actor. A consumer purchase decision, public reporting,
and information identification represent distinct mechanisms. None of the above formula-
tions jointly captures an endogenous information intermediary, consumer purchase, and a
contingent post-purchase redress channel.

Existing four-party models further illustrate this distinction. One formulation includes
environmental organizations as supervisory actors but does not model social media or
consumer redress [19]. Another incorporates media, public information identification,
a complaint probability, and compensation [20]. Its public strategy, however, concerns
the assessment of information rather than a product purchase decision. Although these
representative studies generally employ replicator dynamics and local stability analysis,
their payoff structures generate different strategic dependencies. The present model treats
social media auditing as an endogenous strategic choice and incorporates expected post-
purchase redress into consumer purchasing payoffs. Because consumers cannot directly
observe product greenness, social media auditing affects whether misleading claims remain
available in the market. Table 1 provides a compact reference for the players, strategy sets,
information structures, redress representations, stability methods, and policy instruments
discussed above.
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Table 1. Analytical features of representative studies discussed in the narrative review.

Author(s) Game Structure and Information Key Parameters and Equilibrium Policy Instruments
Strategic Actors Structure Complaint/Redress Analysis Method y
Environmental benefits, . .
Two-party: government . Replicator dynamics;
i, . - rewards, fines, regulatory . . Rewards and graded
(positive/negative No explicit Jacobian analysis; - . -
. . . . . and abatement costs, fines; peer-incentive
Lietal. [11] regulation); companies information four boundary and
” . market returns, and peer A fund and
(positive/negative carbon structure. . . one interior .
. incentives; no consumer [ matching support.
reduction). equilibrium.
redress.
Two—pa.rt.y: government Production and Replicator dynamics;
(positive/passive - gy . . . .
N . No explicit supervision costs; Jacobian analysis; Static/dynamic
Chen et al. supervision); construction . . . . U
. information static/dynamic subsidies four boundary and reward-penalty
[12] companies . . . LT
structure. and penaltles; no one interior combinations.
(green/non-green o
. consumer redress. equilibrium.
construction).
Two-party under prospect
theory: bullhdmg material CerFlflcaFlon Production and collusion Rephca.tor dynan}lcs; Fines, Cer’flflcatlon
companies (green/ verification; e Jacobian analysis; oversight,
. . L costs, certification fees,

Lietal. [13] greenwashing); certification consumer . . four boundary and procurement, and
o - a1 . fines, and risk-preference S PR
institutions (non-collusion/ willingness is one interior qualification

S parameters; no redress. e .
collusion); government excluded. equilibrium. revocation.
external.
Three-party: companies Disclosure and Mandatory
(faithful reporting/ evaluation costs, Replicator dynamics; disclosure;
. . ESG reports and . . . .
Hao et al. greenwashing); investors . . market/reputational Jacobian analysis; rating-agency
. K ratings; investor . A R
[14] (trust/distrust); rating e, returns, and penalties; no eight pure-strategy oversight; market
. . > trust decision. . e . .
agencies (strict/non-strict consumer complaint equilibria. and reputational in-
evaluation). or redress. centives.
Three-party: government Information Prlcgs 4 h ealth Vfilue’ Replicator dynamics; Subsidies,
. subsidies and fines; . . .
(strong/weak regulation); asymmetry . phase diagrams; greenwashing fines,
Xue et al. . complaint cost, company ) .
companies (true between . Jacobian analysis of consumer
[15] . . compensation, and .
green/greenwashing); companies and . eight pure-strategy rewards, and
government handling e . .
consumers (buy/not buy). consumers. cost equilibria. complaint protection.
Three-party: government
(supervise/not supervise); Product quality Green quality threshold,  Replicator dynamics; Quality standards,
EV manufacturers (no standards and nonlinear subsidies/fines, phase diagrams; nonlinear subsidies
Liu et al. [16] greenwash- certification certification and collusion ~ Jacobian analysis of and penalties, and
ing/greenwashing); verification; no costs; no consumer eight pure and one non-collusion
certifiers (non- consumer strategy. redress. mixed equilibrium. rewards.
collusion/collusion).
Three-party suppl.y chain: Market response ESG and greenwashing . . .
component suppliers and Replicator dynamics;  Staged penalties and

after exposure and

costs /returns, collusion

Gao et al. manufacturers (ESG . . o . Jacobian analysis; incentives; R&D
. L reputational gains, subsidies, fines, g
[17] practice/greenwashing); ; . eight pure-strategy support and market
. < spillovers; no and reputation; no e R
government (strict/lenient equilibria. guidance.
. consumer strategy. redress.
regulation).
Three-party: manufacturing Green credit, certification ~ Replicator dynamics; . .
. . . . . Static/dynamic green
companies (green Public concern, revocation, public probability volume credit and
Zeng et al. innovation/greenwashing); reporting, and supervision costs, analysis; Jacobian certification
[18] government (strict/lenient); supervisory support, and resistance; analysis of eight revocation: public
public (participate/ feedback. no explicit complaint or pure-strategy reportin in,c Sntives
not participate). compensation parameter. equilibria. P & '
Four-party: government Supervision, carbon
(strict/loose); CEPOs P 7 Replicator dynamics;
K . .. reduction, and . . . 1.
(active/negative); CEPO supervision urchasin Jacobian analysis; Multi-actor subsidies,
Xu et al. [19] companies and information purcnasmg - sixteen pure-strategy corporate penalties,
X . . costs /benefits; subsidies o & N .
(active/negative); disclosure. equilibria; numerical and CEPO fines.

consumers (low-carbon/
traditional purchase).

and fines; no complaint
or compensation.

simulation.
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Table 1. Cont.

Author(s) Game Structure and Information Key Parameters and Equilibrium Policy Instruments
Strategic Actors Structure Complaint/Redress Analysis Method y
Four-party: companies
(green Green M&A and Replicator dynamics; Subsidies,
. Incomplete . . ) .
M&A /greenwashing); . LE . greenwashing payoffs, phase diagrams; corporate/media
Sun et al. . information; public X . . N . .
media (truthful/false); . media bribery, and fines; Jacobian analysis of penalties,
[20] . . assesses media . o - S .
government (strict/lenient); reports complaint probability sixteen pure- anti-bribery, public
public (objective ports. and public compensation. strategy equilibria. complaint protection.
identification/direct belief).
Four-party: government . . L .
(strict/lenient regulation); Asymme't e Fines, subsidies, Rephgator dynamics; Company agd social
. . information: . . Jacobian-based local media fines;
companies (genuine traffic/reputation and s .
reen/ greenwashing); consumers cannot oo o te: contingent stability analysis producer, consumer,
This Study & & &) observe product & ¢ & of sixteen and auditing

social media (strict/lenient

auditing); consumers
(purchase/
non-purchase).

greenness; social
media audits
claims.

expected post-purchase
redress in purchase
payoffs.

boundary equilibria;
numerical simula-
tion.

subsidies; social
media auditing and
consumer redress.

2.3.3. Institutional Context of Auditing and Consumer Redress

Existing studies provide institutional support for the main payoff channels used in the
model. External verification, disclosure quality, media attention, and regulatory pressure
can shape the credibility and consequences of environmental claims [39-42]. Consumer
redress is more plausible where compensation is enforceable and procedural frictions
are manageable [43,44]. These findings support the context-dependent parameterization
specified in Section 3 rather than universal behavioral regularities.

Accordingly, the model developed in Section 3 treats social media auditing as an
endogenous strategy and represents post-purchase redress as a contingent payoff com-
ponent within consumer purchase. The four-population formulation permits a common
Jacobian-based analysis of the local stability implications of these interacting channels.

3. Assumptions and Model Construction
3.1. Theoretical Grounding and Game Subjects

Following the structural requirements identified in Section 2, this model incorporates
social media and consumers as active strategic participants based on the attention econ-
omy and consumer deterrence theories. In the attention economy, social media control
the dissemination of environmental information. Their auditing behavior is shaped by a
straightforward trade-off involving auditing expenses, traffic-driven revenue, and regula-
tory penalties. Similarly, deterrence theory suggests that anticipated post-purchase redress
can affect consumer purchase payoffs and companies’ expected costs. The present model
represents this channel as a deterministic payoff component activated when a consumer
purchases a greenwashing product under lenient auditing. It does not assume that every
consumer who discovers deception files a complaint. The institutional interpretation of the
payoff terms is specified in Assumptions 1-5 below [26,27].

This study constructs a four-party evolutionary game model for the regulation of
greenwashing by companies, with participating stakeholders including the government,
companies, social media, and consumers, as shown in Figure 1.
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Figure 1. Theoretical modeling framework of company greenwashing regulation.

For mathematical clarity, the dynamic state of the four-party system is represented by
the vector S(t) = (x(t), y(t), z(t), w(t)), where x(t), y(t), z(t), and w(t) denote the probabilities
that the government chooses strict regulation, companies choose genuine green behavior, so-
cial media adopts strict auditing, and consumers choose purchase, respectively. The feasible
strategy space is, therefore, defined as Q = {(x,y,z,w) € R}0 < x,y,z,w <1} = [0,1]%.
The resulting model is a four-dimensional asymmetric nonlinear dynamical system in
which each population updates its strategy according to the payoff difference between its
two available strategies.

The set of strategies for the government is {strict regulation, lenient regulation}, with
the probability of choosing “strict regulation” being x and the probability of choosing
“lenient regulation” being 1 — x. Strict regulation implies that the government implements a
system of incentives and penalties targeting company greenwashing, social media auditing
mechanisms, and consumer purchasing behavior. Specifically, the government provides
subsidies to companies that produce genuinely green products, social media that conduct
strict auditing, and consumers who purchase green products. Conversely, it imposes
penalties on companies that engage in greenwashing and on social media that adopt
lenient auditing. Together, these incentives and penalties encourage companies to produce
genuinely green products, social media to strengthen information auditing, and consumers
to purchase green products. Lenient regulation indicates that the government refrains from
direct intervention in the behavior of companies and social media, relying solely on market
mechanisms and social supervision for adjustment.

The set of strategies for companies is {genuine green, greenwashing}, with the prob-
ability of choosing genuine green being y and the probability of choosing greenwashing
being 1 — y. Choosing genuine green implies that companies comply with environmental
protection standards throughout all stages—from raw material procurement to the pro-
duction process—and truthfully disclose the environmental attributes of their products.
Choosing greenwashing implies that companies disguise non-green products as green
ones, capturing a green premium through false advertising without bearing the actual
environmental costs, where 0 <y < 1.
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The set of strategies for social media is {strict auditing, lenient auditing}, with the
probability of choosing strict auditing being z and the probability of choosing lenient
auditing being 1 — z. Choosing strict auditing implies that social media actively identifies,
labels, or restricts the false promotional information of companies. Choosing lenient
auditing implies that social media tacitly permits company greenwashing, where 0 < z < 1.
The strategic choice of social media is strongly influenced by government regulation and
companies’ greenwashing behavior. When the government enforces strict regulation and
imposes severe penalties on greenwashing, lenient auditing by social media will result in
substantial fines; conversely, when the government adopts lenient regulation, social media
is inclined to choose lenient auditing to maximize traffic-driven revenues.

The set of strategies for consumers is {purchase, non-purchase}, with the probability
of choosing purchase being w and the probability of choosing non-purchase being 1 — w.
Choosing purchase implies that the consumer buys the product based on the subjective
evaluation of the information disclosed by companies on social media. Choosing non-
purchase implies that the consumer refrains from buying the product, where 0 < w < 1.

The evolutionary game model is built on the following assumptions:

Unless otherwise specified, all parameters are assumed to be non-negative. The
inequalities introduced in the subsequent assumptions are formulated to establish the
economic premises under which the payoff comparisons become practically meaningful.
Furthermore, these constraints rigorously define the admissible parameter domain for the
subsequent equilibrium and local stability analysis.

Assumption 1. The cost of strict government requlation is Gg, while generating reputational
benefits R, a fine Fy for company greenwashing, and a fine Fg for lenient auditing by social media.
Meanwhile, the government needs to pay subsidies Tt to genuine green companies, subsidies T to
consumers purchasing green products, and auditing subsidies Ts to social media, while also bearing
the cost G¢ of handling consumer complaints. The cost of lenient government regulation is Gy,
under which the government does not provide subsidies or rewards and does not impose fines,
satisfying Gg > Gyy.

To retain a tractable four-population system, R is treated as a constant baseline reputational
benefit of strict regulation. This is a modeling simplification rather than an assumption that
governmental reputation is independent of company behavior or media exposure. In practice,
regulatory reputation may evolve with the detection of greenwashing, public attention, and the
credibility of enforcement. Endogenizing this feedback would require an additional state variable
and a dynamic reputation function. This extension is beyond the scope of the present local stability
analysis and is identified as a direction for future research.

Assumption 2. The cost for companies to produce non-green products is Cy, the additional cost of
producing green products is Ct, and product sales revenue is Pr. If companies choose genuine green
behavior, they can obtain subsidy income Tt under strict government regulation. If companies choose
greenwashing, they are fined Fn under strict government regulation and pay compensation I when
reported by consumers (which only occurs if social media adopts lenient auditing and fails to
intercept the false claims). The compensation liability Ic triggered by post-purchase consumer
redress is designed to be a severe market deterrent. The model inherently assumes Ct < Ic. The
additional cost of producing green products exceeds the sum of the government subsidy and the fine
under strict regulation, i.e., Ct > Tr + Fy. Meanwhile, this additional cost is lower than the sum
of the penalty and compensation faced by companies, i.e., Cr < Tt + Fy + Ic.

Assumption 3. When social media chooses strict auditing, the auditing cost is Cg, and the repu-
tational benefit is Rg1; if the government implements strict requlation, it can receive subsidies Tg.
When choosing lenient auditing, social media can obtain traffic and advertising revenues Rgp but
suffer reputational losses Lg. Under strict government regulation, when a company engages in
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greenwashing, social media adopts lenient auditing, and a consumer purchases the product under
the modeled post-purchase redress contingency, the government imposes an additional fine Fg on
social media. No such fine is imposed when social media adopts strict auditing or when no complaint-
triggering purchase occurs.

Without external regulatory intervention, the net commercial return from lenient auditing
(driven by user traffic and advertising, minus potential reputational loss) naturally outweighs the
net return from strict auditing (reputational benefit minus verification resource costs). Therefore,
the model inherently assumes Rgy — Ls > Rgy — Cg. This structural market failure necessitates
government intervention (i.e., auditing subsidies Tg and fines Fg) to realign the social media
incentive structure, Rg1 + Tg + Fg > Rgp + Cg — Lg.

Assumption 4. The cost for consumers to purchase the product is Pr, and consumers obtain use
value Uc; if the product is green, they also obtain health value Uy. Before purchase, consumers
cannot determine whether the product is genuinely green, and their decisions depend on social media
information. If consumers purchase a greenwashing product under lenient social media auditing,
consumer complaint cost is M and compensation is Ic, satisfying Ic > Mg. This condition
establishes a theoretical baseline for how a functioning redress mechanism operates. Rather than
reflecting every friction in reality, it allows us to examine the intended function of post-purchase
compensation when institutional support is sufficient. It serves as a starting point to see how market-
based deterrence can theoretically emerge before introducing real-world barriers like high transaction
costs. Consumers’ net utility from purchasing non-green products is negative without government
subsidies, but it becomes positive when companies are genuinely green and the government is
strict and provides subsidies. Meanwhile, the complaint compensation can cover the cost, i.e.,
Uc < Pr, Uc + Uy + Te > Pr,and Uc + Ic — Mg > Pr.

Assumption 5. If companies adopt genuine green behavior, consumers do not encounter greenwash-
ing, and no complaint compensation consequence arises. If companies engage in greenwashing and
social media adopts lenient auditing, misleading information can reach consumers. To retain a four-
population framework, the model treats complaint compensation as a deterministic post-purchase
contingency rather than as an independent consumer strategy. This mechanism is a reduced-form
representation of expected consumer redress. Conditional on greenwashing, lenient auditing, and
consumer purchase, it incorporates the anticipated net redress exposure into the relevant payoffs
without modeling complaint filing as a separate stochastic event. When consumers purchase a
greenwashing product under lenient auditing, the compensation Ic enters the company payoff
and the net redress component Ic — Mg enters the consumer payoff. Under strict government
requlation, the government imposes the fine Fn on greenwashing companies.

Treating complaint filing as a fifth independent strategic dimension would expand the number
of pure-strategy boundary combinations from 16 to 32. The present specification captures how
consumer complaint costs affect expected post-purchase redress and consumer purchasing incentives,
but it does not determine whether a consumer who has already purchased will file a complaint.
Extending the model to allow complaint filing with an uncertain probability p, or as an independent
strategic choice, remains a direction for future research.

Assumption 6. For any initial state S(0) € ), the trajectory generated by the replicator dynamic
system remains in (2 for all t > 0. This follows from the multiplicative terms x(1 — x), y(1 — y),
2(1 — z), and w(1 — w) in the four dynamic equations. When one state variable reaches the boundary
value 0 or 1, its derivative becomes zero, so the trajectory cannot cross the boundary of (. Hence,
the evolutionary system is well defined on the economically meaningful probability space [0, 1]%.

The definitions and specific meanings of all parameters used in the model are summa-
rized in Table 2.
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Table 2. Parameters in the evolutionary game model.

Parameter = Meaning Notes
Gs Cost of strict government regulation
Gw Cost of lenient government regulation Gs > Gw
Rg Reputational benefit of strict government regulation
IaN Penalty imposed by the government on company greenwashing
Fs Penalty imposed by the government on lenient auditing by social media
Tr Subsidy paid by the government to companies engaging in genuine green behavior
Tc Government subsidy for consumers purchasing green products
Ts Government subsidy for social media auditing
Gc Cost incurred by the government in handling consumer complaints
Cn Cost for companies to produce non-green products
Cr Additional cost for companies to produce green products
Ic Compensation paid by companies when greenwashing is reported by consumers
Rgsp Reputational benefit when social media conducts strict auditing
Rgp Traffic benefit when social media conducts lenient auditing
Cs Auditing cost of social media
Lg Reputational loss under lenient social media auditing
Pr Selling price of green products
Uc Use value obtained by consumers from purchasing products
Uy Health value perceived by consumers when companies engage in genuine green behavior
Mg Consumer complaint cost Ic > Mg
x Probability that the government chooses strict regulation x €[0,1]
y Probability that companies choose genuine green behavior y €[0,1]
Probability that social media chooses strict auditing z €[0,1]
w Probability that consumers choose to purchase w e [0,1]
3.2. Model Construction
Based on the model assumptions above, this study constructs an evolutionary game
model for regulating company greenwashing that involves the government, companies,
social media, and consumers. The payoff matrix is presented in Table 3.
Table 3. Payoff matrix of the government-companies—social media—consumers game.
Social Media Strict Auditing (z) Social Media Lenient Auditing (1—z)
Government Companies Consumers Consumers Consumers Consumers
Purchase (w) Non-Purchase (1—w) Purchase (w) Non-Purchase (1—w)
—Gs—Tr—Tc—Ts+Rg —Gs—Tr—Ts+Rg —Gs —Tr —Te + R —Gs — Tr + Rg
Genuine green Pr—Cn—Cr+Tr —-Cn—-Cr+Tr Pr—Cn—Cr+Tr —Cn—-Cr+Tr
W —Cs +Rs1 +Ts —Cs+Rs1 + T Rs; — Ls Rs; — Ls
Strict Uc + Uy — Pr+ Tc 0 Uc + Uy — Pr+ Tc 0
regulation
() —Gs+Ev—Ts+Rg —Gs+FEv—Ts+Rg —Gs+F+F—Ge+Rg —Gs + En + Rg
Greenwashing Pr—Cny—H —Cnv— K Pr—Cy—Hh-Ic —Cn— N
(1=y) —Cs+Rs1 + T —Cs +Rs1 + Ts Rs — Fs — Ls Rsy — Ls
Uc — Pr 0 Uc — Pr — Mg + Ic 0
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Table 3. Cont.

Social Media Strict Auditing (z) Social Media Lenient Auditing (1—z)
Government Companies Consumers Consumers Consumers Consumers
Purchase (w) Non-Purchase (1—w) Purchase (w) Non-Purchase (1—w)
— GW — GW - GW - GW
Genuine green Pr—Cy—Cr —Cv-Cr Pr—Cy—Cr —Cn-Cr
(J/) —Cs + Rg1 —Cs + Rg Rgp — Lg Rgy — Lg
Leniept Uc + Uy — Pr 0 Uc + Uy — Pr 0
regulation
(1-x) —Gw —Gw —Gw — Gc —Gw
Greenwashing Pr—Cn —Cn Pr—Cn-Ic —Cn
(1- y) —Cs + Rg; —Cs + Rgy Rgp — Lg Rsy — Lg
Uc — Pr 0 Uc — Pr — Mg + Ic 0

3.3. Replicator Dynamic System

Let g1 = x, g2 = ¥, 93 = z, and g4 = w denote the probabilities that the government
adopts strict regulation, companies adopt genuine green behavior, social media adopts
strict auditing, and consumers purchase, respectively. Let E;; denote the expected payoff
of population i when it adopts strategy j. In this subsection, i = 1,2, 3,4 represent the
government, companies, social media, and consumers, respectively. For the government,
j = 1and j = 2 denote strict and lenient regulation; for companies, genuine green behavior
and greenwashing; for social media, strict and lenient auditing; for consumers, purchase
and non-purchase. This payoff notation is used only in the present subsection. The
boundary equilibrium points in Section 4 are denoted by Ey together with their coordinates.

For a population with a binary strategy, the standard continuous-time replicator
dynamic is given by g; = % =qi(1—9q;))(Eqn —Ep),i=1,2,3,4.

The expected payoff when the government chooses strict regulation is:

E11 = ]/(_GS — TT — ZTS — ZUTC + RG)

1
+(1—y)[-Gs + Fxy —zTs —w(1 — z)G¢c + (1 — z)wFs + Rg]. @

The expected payoff when the government chooses lenient regulation is:
Eia = y(=Gw) + (1 = y)[~Gw —w(1 —2)Gc]. 0

The expected payoffs of companies choosing genuine green behavior and greenwash-
ing are:
F1 =wPr —Cy — Cr +xTr, ©)

P12 = wPT—CN—xFN—w(l *Z)Ic. (4)

The expected payoffs of social media choosing strict and lenient auditing are:
G = Rs1 — Cs + xTs, (5)

G2 = Rsp — Ls — x(1 — y)wFs. (6)

The expected payoffs of consumers choosing purchase and non-purchase are:
Hy =Uc — Pr+yUyg +xyTe + (1 —y)(1 —z)(Ic — Mg), 7)

Hpp = 0. 8)
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E(x)

_dx
Cdt

Accordingly, the payoff differences between the two strategies of the four popula-
tions are:

Enn —Ep=Gw —Gs+ (1 —y)(1 —z)wFs + (1 —y)Fy
—yTr —ywTc — zTs + R,
Fi1 — Fp=x(Tr + Fn) + w(1 — z)Ic — Cr, )
G11 — Gi2= Rs1 — Rsp + Ls — Cs + xTs + x(1 — y)wFs,
Hy — Hip=Uc — Pr +yUy + xyTc + (1 —y)(1 — z)(Ic — ME).

Accordingly, the replicator dynamic equation for the government is:

— =x(1—x)(En1 — Epp)

(10)

=x(1—x)[Gw — Gs + (1 = y)(1 — z)wFs + (1 —y)Fx — yTr — ywTc — zTs + Rg]-

_dz

G(z) = T
E(x) =x(1
F(y) =y(1
G(z)=z(1
H(w) = w(

The replicator dynamic equation for companies is:

F(y) = % =y(1—y)(F1 — F2) =y(1 —y)[x(Tr + Fy) +w(1 —z)Ic = C7]. ~ (11)

The replicator dynamic equation for social media is:

Z(l — Z)(Gll — G12) = Z(l — Z)[R51 —Rgp+ Lg — Cg + xTs + x(l — y)wFS]. (12)

The replicator dynamic equation for consumers is:

H(w) = %’ =w(l—w)(Hy; — Hi2)

— (1~ w)[Uc Py + yUp + xyTe + (1 - y)(1 - 2) (I — Mg)]. )

Based on the replicator dynamics in Equations (10)—(13), the four-party game replicator
dynamic system for company greenwashing behavior is constructed as follows:

—x)[Gw — Gs + (1 —y)(1 = z)wFs + (1 — y)Fy — yTr — ywTc — zTs + Rg]
—y)[x(Tr + Fn) + w(1 — z)Ic — Cr]

14
—z)[Rs1 — Rgp + Ls — Cs + xTs + x(1 — y)wFs] (14

1 —w)[Uc = Pr+yUpn +xyTc + (1 = y)(1 = 2)(Ic — Mg)]

Theorem 1. Positive invariance of the strategy space. For any initial state S(0) € Q, the trajectory
generated by the replicator dynamic system remains in (2 for all t > 0. This follows from the
multiplicative terms x(1 — x), y(1 — y), z(1 — z), and w(1 — w) in the four dynamic equations.
When one state variable reaches the boundary value 0 or 1, its derivative becomes zero, so the
trajectory cannot cross the boundary of (2. Hence, the evolutionary system is well defined on the
economically meaningful probability space |0, 1]%.

4. Model Solution and Stability Analysis
4.1. Stability Analysis of Participants

Notational convention: In the stability analysis that follows, the symbol = (identically
equal to zero) is used when the bracket term in the replicator dynamic equation vanishes
for all strategy probabilities, making every point in [0, 1] an equilibrium. The ordinary
equality symbol = is used when solving the replicator dynamic equation yields discrete
equilibrium points (0 and 1). This convention applies uniformly to Sections 4.1.1-4.1.4.
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4.1.1. Strategy Choices of the Government

According to the stability theorem of differential equations, the government’s evolu-
tionary equilibrium strategy satisfies E(x) = 0 and E’(x) < 0. Let E(x) = 0, then:

. (1—z)wFs+ Fy + Gw — Gs —zTs + Rg

= 1
Y (1—z)wFs + Fy + Tr + wT¢ (15)

The interior threshold y* is relevant only when (1 — z)wFs + Fy + Tr + wT¢c > 0,
0< (1—-2z)wFs+ Fy+ Gw — Gg —zTs + Rg < (1 —z)wFs + Fx + Tr + wTc. These con-
ditions are equivalent to 0 < y* < 1. If they are not satisfied, the government payoff difference
does not change sign within the feasible interval y € [0,1], and no threshold-based region
partition is applicable. When y = y*, the government replicator satisfies E(x) = 0, for any
x € [0,1]. Hence, y = y* defines a nullcline of the government subdynamic rather than a
full-system equilibrium. A full-system equilibrium requires E(x) = F(y) = G(z) = H(w) =0
simultaneously. When y # y*, solving E(x) = 0 yields the equilibrium points x = 0
and x = 1, indicating that either lenient regulation or strict regulation can serve as the
government’s evolutionary equilibrium strategy.

Lemma 1. When 0 < y < y*, the government’s evolutionary equilibrium strategy is strict regula-
tion; when y* <y <1, the government’s evolutionary equilibrium strategy is lenient regulation.

Proof. Taking the first-order partial derivative of E(x) with respect to x gives:

(1-2x)[Gw —Gs + (1 —y)(1 — z)wFs + (1 — y)Fy — yTr — ywTc — zTs + Rg]. (16)

When 0 < y < y*, since E(x)[y=1 = 0 and E'(x)|,_
equilibrium point. This indicates that when the probability that companies choose genuine

1 < 0, x = 1is an evolutionary

green behavior is lower than y”, the government eventually chooses strict regulation. When
y* <y <1,since E(x)|y=0 = 0 and E'(x)],_
point. This indicates that when the probability that companies choose genuine green

o < 0, x = 0is an evolutionary equilibrium
behavior is greater than y’, the government eventually chooses lenient regulation. [J

Proposition 1. The probability that the government chooses strict requlation increases with the
penalty imposed by the government on company greenwashing Fy and the penalty imposed on
lenient auditing by social media Fs, and decreases with the subsidy paid by the government to
genuinely green companies Tr, the government subsidy for consumers purchasing green products
Tc, and the government subsidy for social media auditing Ts.

Proof. Based on the analysis above, the phase diagram of the government’s strategy
selection is shown in Figure 2. The strategy space is divided by the curve y = y* into
Regions I and II, whose volumes are denoted by Vi, and Vy,, respectively, representing
the probabilities that the government chooses lenient regulation and strict regulation.
Region I satisfies 0 < y < y*. According to Lemma 1, if the initial state lies in this region,
the government’s final strategy is strict regulation. If the initial state lies in Region II,
the government’s final strategy is lenient regulation. Holding other variables constant,
increases in Fy and Fs expand the volume of Vy,, thereby increasing the probability that
the government chooses strict regulation. Increases in Tt, T¢, and Ts reduce the volume of
V%,, thereby decreasing the probability of strict regulation. [
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Figure 2. Phase diagram of the government’s strategy selection, conditional on 0 < y* < 1, with z and
w held fixed.

4.1.2. Strategy Choices of Companies

According to the stability theorem of differential equations, the evolutionary equilib-
rium strategy of companies satisfies F(y) = 0 and F'(y) < 0. Let F(y) = 0, then:
_ Cr—x(Tr + Fy)

=1 . 17
z wlc (17)

The interior threshold z* is defined only when wlc > 0and 0 < Ct — x(Tr + Fy) <
wlc. These conditions are equivalent to 0 < z* < 1. If they are not satisfied, the company
payoff difference does not change sign within the feasible interval z € [0,1], and no
threshold-based region partition is applicable. When z = z*, the company replicator
satisfies F(y) = 0, for any y € [0,1]. Hence, z = z* defines a nullcline of the company
subdynamic rather than a full-system equilibrium. A full-system equilibrium requires
E(x) = F(y) = G(z) = H(w) = 0 simultaneously. When z # z*, solving F(y) = 0 yields the
equilibrium points ¥ = 0 and y = 1, indicating that either greenwashing or genuine green
behavior can serve as the evolutionary equilibrium strategy of companies.

Lemma 2. When 0 < z < z*, the evolutionary equilibrium strategy of companies is genuine green
behavior; when z* < z < 1, the evolutionary equilibrium strategy of companies is greenwashing.

Proof. Taking the first-order partial derivative of F(y) with respect to y gives

dl;;y) = (1-2y)[x(Tr + Fy) + w(1 — z)Ic — Cr]. (18)
When 0 < z < z*, since F(y)|,—1 = 0 and F'(y) ‘y:l < 0, y = 1is an evolutionary
equilibrium point. This indicates that when the probability that social media chooses strict
auditing is lower than z*, companies eventually choose genuine green behavior. When
z* <z < 1,since F(y)|y—0 = 0 and F (y)|y:0 < 0,y = 01is an evolutionary equilibrium
point. This indicates that when the probability that social media chooses strict auditing is
greater than z*, companies eventually choose greenwashing. [

When z exceeds the threshold 7", the equilibrium strategy switches from genuine
green to greenwashing. This result may appear counterintuitive because stricter auditing
is generally assumed to deter misconduct. The direction follows from the compensation
structure in Equation (18). The deterrent effect of I¢ enters the company payoff through the
factor (1 — z), which captures a specific institutional logic. When social media audits strictly,
greenwashing claims are intercepted by social media before consumers encounter them.
Fewer misleading green claims reach consumers, so the post-purchase redress channel is
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not activated. The modeled post-purchase redress contingency is, therefore, not activated.
The anticipated compensation that would otherwise deter greenwashing is, therefore,
muted. When social media audits leniently, greenwashing products reach consumers, the
contingent redress exposure becomes payoff-relevant, and the full deterrent pressure of
Ic operates. For the full company replicator dynamic, the partial derivative with respect
ag—(zy) = —y(1 — y)wlc. Itis negative only for 0 <y < 1, w > 0, and Ic > 0. Thus,

within the interior of the strategy space, a higher probability of strict auditing reduces the

tozis

contribution of anticipated complaint compensation to companies’ incentives for genuine
green behavior. This effect reflects a model-specific substitution channel between strict
auditing and complaint-based deterrence. It is generated by the payoff specification and
does not imply that the two instruments are universally substitutable in practice. The net
system-wide effect of strict auditing depends on the local stability conditions and on the
strategies adopted by the other populations.

Proposition 2. The probability that companies choose genuine green behavior decreases as the
additional cost of producing green products Ct increases, and it increases as the compensation paid
by companies after consumer complaints about greenwashing I increases.

Proof. Based on the analysis above, the phase diagram of companies’ strategy selection is
shown in Figure 3. The strategy space is divided by the curve z = z* into Regions I and II,
whose volumes are denoted by V;,; and V), respectively, representing the probabilities that
companies choose genuine green behavior and greenwashing. Region I satisfies 0 < z < z*.
According to Lemma 2, if the initial state lies in this region, companies’ final strategy is
genuine green behavior. If the initial state lies in Region II, companies’ final strategy is
greenwashing. Holding other variables constant, an increase in Cr reduces the volume of
Vi, thereby decreasing the probability that companies choose genuine green behavior. An
increase in Ic expands the volume of V,,, thereby increasing the probability that companies
choose genuine green behavior. O

Figure 3. Phase diagram of companies’ strategy selection, conditional on wlc > 0 and 0 < z* < 1, with
x and w held fixed. The diagram is not applicable outside this admissible parameter regime.

4.1.3. Strategy Choices of Social Media

According to the stability theorem of differential equations, the evolutionary equilib-
rium strategy of social media satisfies G(z) = 0 and G'(z) < 0. Let G(z) = 0, then:
* _RSl—R52+L5—C5+XT5

v x(1—y)Fs ' 1)

The interior threshold w* is defined only when x(1 —y)Fs > 0 and —x(1 —y)Fs <
Rg1 — Rgp + Ls — Cs + xTs < 0. These conditions are equivalent to 0 < w* < 1. If they are
not satisfied, the social media payoff difference does not change sign within the feasible
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interval w € [0,1], and no threshold-based region partition is applicable. When w = w*,
the social media replicator satisfies G(z) = 0, for any z € [0,1]. Hence, w = w* defines
a nullcline of the social media subdynamic rather than a full-system equilibrium. A full-
system equilibrium requires E(x) = F(y) = G(z) = H(w) = 0 simultaneously. When w # w*,
solving G(z) = 0 yields the equilibrium points z = 0 and z = 1, indicating that either
lenient auditing or strict auditing can serve as the evolutionary equilibrium strategy of
social media.

Lemma 3. When 0 < w < w*, the evolutionary equilibrium strategy of social media is lenient
auditing; when w* < w < 1, the evolutionary equilibrium strategy of social media is strict auditing.

Proof. Taking the first-order partial derivative of G(z) with respect to z gives:

dG(z)
dz

= (1—22)[Rs1 — Rsp + Ls — Cs + xTs + x(1 — y)wFs]. (20)

When 0 < w < w*, since G(z)|,—0 = 0 and G'(z)|,_, < 0,z = 0is an evolutionary equilib-
rium point. This indicates that when the probability that consumers choose to purchase is
lower than w", social media eventually choose lenient auditing. When w* < w < 1, since
G(z)|;=1 = 0and G'(z)|,_; <0,z = 1is an evolutionary equilibrium point. This indicates
that when the probability that consumers choose to purchase is greater than w*, social
media eventually chooses strict auditing. [

Proposition 3. The probability that social media chooses strict auditing increases with the reputa-
tional loss under lenient auditing Lg, the government subsidy for social media auditing Ts, and
the penalty imposed by the government on lenient auditing by social media Fs, and decreases as the
auditing cost of social media Cg increases.

Proof. Based on the analysis above, the phase diagram of social media’s strategy selection
is shown in Figure 4. The strategy space is divided by the curve w = w™* into Regions I and
II, whose volumes are denoted by V;, and V;,, respectively, representing the probabilities
that social media chooses lenient auditing and strict auditing. Region I satisfies 0 < w < w*.
According to Lemma 3, if the initial state lies in this region, the final strategy of social media
is lenient auditing. If the initial state lies in Region II, the final strategy is strict auditing.
Holding other variables constant, increases in Lg, Ts, and Fg expand the volume of V;,
thereby increasing the probability that social media chooses strict auditing. An increase in
Cs reduces the volume of V,, thereby decreasing the probability of strict auditing. [

Figure 4. Phase diagram of social media’s strategy selection, conditional on x(1 —y)Fs > 0 and
0<wt <1
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4.1.4. Strategy Choices of Consumers

According to the stability theorem of differential equations, the evolutionary equilib-
rium strategy of consumers satisfies H(w) = 0 and H'(w) < 0. Let H(w) = 0, then:

o Pr—Uc—yU, — (1= y)(1—2)(Ic - M)

. 21
yTc =

The interior threshold x* is defined only when yT- > 0and 0 < Pr — Uc —yUy—
(1 -y)(1—2z)(Ic — Mg) < yT(. These conditions are equivalent to 0 < x* < 1. If x* <0,
purchase is favored throughout the feasible interval. If x* > 1, non-purchase is favored
throughout the feasible interval. When yT¢ = 0, no threshold in x exists. When x = x*¥,
the consumer replicator satisfies H(w) = 0, for any w € [0,1]. Hence, x = x* defines a
nullcline of the consumer subdynamic rather than a full-system equilibrium. A full-system
equilibrium requires E(x) = F(y) = G(z) = H(w) = 0 simultaneously. When x # x*, solving
H(w) = 0 yields the two boundary stationary states w = 0 and w = 1, corresponding to
non-purchase and purchase, respectively.

Lemma 4. When 0 < x < x*, the evolutionary equilibrium strategy of consumers is non-purchase;
when x* < x < 1, the evolutionary equilibrium strategy of consumers is purchase.

Proof. Taking the first-order partial derivative of H(w) with respect to w gives:

dH(w)
dw

= (1 —2w)[Uc — Pr +yUp +xyTc + (1 —y)(1 — z)(Ic — Mg)]. (22)

When 0 < x < x*, since H(w)|y—0 = 0 and H'(w)
equilibrium point. This indicates that when the probability that the government chooses

lweo < 0, w = 0 is an evolutionary
strict regulation is lower than x*, consumers eventually choose non-purchase. When
x* < x <1,since H(w)|p—1 = 0and H'(w)|,_; <0, w = 1is an evolutionary equilibrium
point. This indicates that when the probability that the government chooses strict regulation
is greater than x*, consumers eventually choose purchase. [

Proposition 4. The probability that consumers choose to purchase increases with the govern-
ment subsidy for consumers purchasing green products Tc and the compensation paid by com-
panies after consumer complaints about greenwashing I, and decreases as consumer complaint
cost Mg increases.

Proof. Based on the analysis above, the phase diagram of consumers’ strategy selection
is shown in Figure 5. The strategy space is divided by the curve x = x* into Regions I
and II, whose volumes are denoted by Vy,, and V,, respectively, representing the proba-
bilities that consumers choose non-purchase and purchase. Region I satisfies 0 < x < x*.
According to Lemma 4, if the initial state lies in this region, the final strategy of consumers
is non-purchase. If the initial state lies in Region II, consumers’ final strategy is purchase.
Holding other variables constant, increases in T and I expand the volume of V;,,, thereby
increasing the probability that consumers choose to purchase. An increase in M reduces
the volume of V;,,, thereby decreasing the probability of purchase. [
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Figure 5. Phase diagram of consumers’ strategy selection in the (w, x, z) strategy space, conditional
onyT->0and 0 < x* < 1.

4.2. Stability Analysis of the Game System

This paper employs Lyapunov’s first method and Jacobian matrix analysis to evaluate
the local stability of the replicator dynamics system. For continuous nonlinear systems,
Lyapunov’s first method states that an equilibrium point is locally asymptotically stable if
the real parts of all eigenvalues of the Jacobian matrix evaluated at that point are strictly
negative. Conversely, if at least one eigenvalue has a positive real part, the equilibrium is
unstable. If one or more eigenvalues have zero real parts, the first-order linearization is
inconclusive and higher-order nonlinear analysis is required. Accordingly, the stability of
each candidate equilibrium in the four-party evolutionary game is determined by substitut-
ing the equilibrium coordinates into the Jacobian matrix of the system and examining the
signs of the real parts of the corresponding eigenvalues. Throughout this study, equilib-
ria satisfying this criterion are termed locally asymptotically stable boundary equilibria.
According to Lyapunov’s first method, a boundary equilibrium in our replicator system
is classified as locally asymptotically stable (LAS) if all four eigenvalues of the evaluated
Jacobian matrix have strictly negative real parts. To maintain mathematical precision,
we adopt this dynamic stability classification (LAS) rather than the static game-theoretic
concept of an evolutionarily stable strategy (ESS). From Equation (14), the Jacobian matrix
of the game replicator dynamic system is obtained as:

ag(x) g( ) ( ) ag(x) T s ]
oy ofly)  oFy)  oFly) oI
] _ ox ay dz w _ I21 ]22 ]23 ]24 , (23)
a(;)(f) (;( ) ai ) a%;;z) Js1 T2 J33 Jaa
9H (w) H( ) OH(w) oH(w) Jun Joo Ji Ju
ox ay 0z ow
Jin = (1-2x)[Gw — Gs + (1 —y)(1 — z)wFs + (1 — y)Fn — yTr — ywTc — zTs + Rg], (24)
Jio = —x(1—x)[(1 — z)wFs + Fy + Tr + wTc], (25)
Ji3 = —x(1—x)[(1 —y)wFs + Ts], (26)
Jis = x(1=x)[(1 —y)(1 —z)Fs —yTc], (27)
Jo1 =y(1 —y)[Tr + Fn], (28)
]22 = (1 —2y)[x(TT+PN) -l-ZU(l—Z)Ic—CT], (29)
Joz = —y(1 —y)wlc, (30)
Joa=y(1—y)(1—-2)Ic, (31)
Ja1 = z(1 —z)[Ts + (1 — y)wFs], (32)
J32 = —z(1 — z)xwFs, (33)
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Jas = (1 —2z)[Rs1 — Rs2 + Ls — Cs + xTs + x(1 — y)wks], (34)

Jas = z(1 = z)x(1 —y)Fs, (35)

Jun =w(l—w)yTe, (36)

Jao = w(l —w)[Ug + xTc — (1 —z)(Ic — MEg)], (37)

Jaz = —w(l —w)(1—y)(Ic — Mg), (38)

Jas = (1 —=2w)[Uc — Pr+yUn + xyTe + (1 —y)(1 — z)(Ic — Mg)]. (39)

The equilibrium points of an evolutionary game may lie at the vertices, on the bound-
aries, or in the interior of the strategy space. Previous studies have shown that interior
stationary points may take forms such as centers or saddle points [45,46]. The local stability
of any admissible interior or boundary stationary point must, therefore, be determined
from the Jacobian matrix evaluated at that point. Besides the 16 pure-strategy vertices, the
system may admit non-pure stationary candidates on the boundaries. For these candidates
to exist, their corresponding expected payoff differences must equal zero. However, under
specific parameter degeneracies, this condition can generate non-isolated stationary sets
along the edges or faces of the strategy space. Such sets cannot be classified as locally
asymptotically stable isolated equilibria in the present analysis, because local asymptotic
stability requires an isolated equilibrium and strictly negative real parts for all Jacobian
eigenvalues. These discrete vertices offer governance interpretations and establish the
analytical framework for Table 4.

Table 4. Stability analysis of the Jacobian matrix at each equilibrium point.

Equilibrium . Signs of the Real B
Points igenvalues I’.arts of the Stability
Eigenvalues
E1(0,0,0,0) Gw — Gs + Fy + Rg, —C7,Rs1 — Rsp + Ls — Cs, Uc — Pr + Ic — Mg (x,—, —,+) Unstable
E»(1,0,0,0) —Gw + Gs — Fy — Rg,Tr + Fy — Cr,Rs1 — Rsp + Ls — Cs + Ts,Uc — Pr + Ic — Mg (%, =, %,+) Unstable
E5(0,1,0,0) Gw — Gs — Tr + Rg,Cr,Rg1 — Rgp + Ls — Cs,Uc — Pr + Uy (%, 4, %, X) Unstable
E4(0,0,1,0) Gw — Gs + Fy — Ts + Rg,—Cr,—Rsq + Rgy — Ls + Cs,Uc — Py (%, —,+,—) Unstable
E5(0,0,0,1) Gw — Gs + Fs + Ey + Rg,Ic — Cr,Rs1 — Rgp + Ls — Cs,—Uc + Pr — Ic + Mg (x,4,—,—) Unstable
Ee(1,1,0,0) —Gyw + Gs + Tr — Rg,Cr — Tr — Ex,Rs1 — Rsp + Lg — Cs + Ts,Uc — Pr + Uy + Tc (%, 4, %,+) Unstable
E(1,0,1,0) —Gw + Gs — Fy + Ts — Rg,Tr + Fy — Cr,—Rs; + Rgy — Lg + Cs — Ts,Uc — Pr (%, —, %, —) Case 1: LAS
Es(1,0,0,1) ~Gw+Cs —Fs—Ev = ReTr + FNPJ; I,CI; iﬁ?gl ~Rs2+ls—Cst+Ts+ Folc+ (x,+,+,—) Unstable
Ey(0,1,1,0) Gw — Gs — Tt — Ts + Rg,Ct,—Rs1 + Rgp — Lg + Cs,Uc — Pr + Uy (%, +,+, %) Unstable
F10(0,1,0,1) Gw — Gs — Tr — Te + Rg,Cr — Ice,Rs; — Rep + Ls — Cs,—Uc + Pr — Uy (x,—, —, %) Case 2: LAS
E11(0,0,1,1) Gw — Gs + Fy — Ts + Rg,—Cr,—Rs1 + Rgp — Ls + Cs,—Uc + Pr (%, —,+,+) Unstable
Epn(1,1,1,0) —Gw +Gs+Tr+Ts — Rg,Cr — Tr — FN/;CR51 +Rgp — Lg+ Cs — Tg,Uc — Pr + Up + (%, 4+, %, +) Unstable
Exa(1,1,0,1) *GW+GS+TT+TC*RG/CT*TT*5N :1791%1*R52+L5*C5+Ts,fllc+PT* (%, =, %,—) Case 3 LAS
H—Tc
E14(1,0,1,1) —Gw + Gs — Fy + Ts — Rg,Tr + Fy — Cr,—Rg1 + Rgp — Lg + Cs — Ts — Fs,—Uc + Pr (x,—, —,+) Unstable
E15(0,1,1,1) Gw — Gs —Tr —Tc — Ts + Rg,Cr,—Rg1 + Rgy — Ls + Cs,—Uc + Pr — Uy (%, 4,4, %) Unstable
Ere(1,1,1,1) —Gw +Gs +Tr + Tc +Ts — Rg,Cr — Tt — Fn,—Rs1 + Rsp — Ls + Cs — Ts,—Uc + (%, 4+, —,—) Unstable

Pr— Uy — Tc

Note: +, —, and X indicate a positive value, a negative value, and an uncertain value, respectively.
LAS denotes a locally asymptotically stable boundary equilibrium under the replicator dynamics.

After establishing the screening conditions for non-pure candidates, the follow-
ing parameter-dependent stability classification focuses on the 16 pure-strategy bound-
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ary equilibria. These points have clear governance interpretations and constitute the
comparison framework in Table 4. This focus does not imply that non-pure equilib-
ria are absent for all parameter configurations. The four-party game involving the
government, companies, social media, and consumers, therefore, has 16 boundary
equilibrium candidates. Setting E(x) = 0, F(y) = 0, G(z) = 0, and H(w) = 0,
the boundary equilibrium points are obtained as E;(0,0,0,0), E»(1,0,0,0), E3(0,1,0,0),
E4(0,0,1,0), E5(0,0,0,1), E6(1,1,0,0), E7(1,0,1,0), Eg(1,0,0,1), E9(0,1,1,0), E1¢(0,1,0,1), E11(0,0,1,1),
E12(1,1,1,0), E13(1,1,0,1), E14(1,0,1,1), E15(0,1,1,1), and E16(1,1,1,1). For each pOil’lt Ei, lo-
cal asymptotic stability is determined by whether the four eigenvalues of J(E;) all have
negative real parts. Then, substituting the evolutionary equilibrium solutions into the
Jacobian matrix | yields the corresponding eigenvalues. For example, substituting the
equilibrium solution E;(1,0,1,0), in which the government chooses strict regulation (x = 1),
companies choose greenwashing (y = 0), social media chooses strict auditing (z = 1), and
consumers choose not to purchase (w = 0), into the Jacobian matrix | yields the eigenvalues
—Gw+Gs—Fy+Ts—Rg, Tt + Fy — Cr, —Rg1 + Rgp — Ls + Cs — Ts, and Uc — Pr. The
stability analysis of the equilibrium points is shown in Table 4.

Table 4 summarizes three representative boundary equilibria that achieve local asymp-
totic stability under the conditions outlined in Cases 1-3. These selected outcomes illustrate
key governance regimes, but do not exhaust all possible long-run configurations of the
four-party system. Depending on alternative parameter settings, the system may also
exhibit other stationary states or path-dependent dynamics.

Case 1: Dual-oversight market withdrawal. When the conditions Gy — Gs + Fy —
Ts 4+ Rg > 0and Rg; — Rgp + Lg — Cs + Ts > 0 are satisfied, the sum of the additional
cost of government strict regulation and the subsidy provided to the social media exceeds
the benefits obtained through fines and reputation, while the net benefit of social media
strict auditing is higher than that of lenient auditing. Under these conditions, E;(1,0,1,0)
is a representative locally asymptotically stable boundary equilibrium under the replicator
dynamics, meaning that the evolutionary equilibrium strategies of the government, compa-
nies, social media, and consumers are strict regulation, greenwashing, strict auditing, and
non-purchase, respectively. Although the government incurs relatively high regulatory
costs and provides subsidies to social media, the fines imposed on company greenwashing
are rather limited, and subsidies for truly green projects are insufficient to cover the addi-
tional costs incurred by companies in producing genuinely green products. Consequently,
companies still choose greenwashing to save costs. Driven by auditing subsidies and repu-
tational benefits, social media has an incentive to conduct strict auditing, thereby effectively
identifying and restricting companies’ greenwashing publicity. However, consumers’ basic
utility from purchasing the product is lower than the price, and the government subsidy
for consumer purchases is insufficient, leading consumers to choose not to purchase.

Case 2: Consumer-redress-driven governance. When Gy — Gs — Tt — Tc + Rg < 0
and —Uc + Pr — Uy < 0 are satisfied, the net benefits of government strict regulation and
social media strict auditing are both negative, and the compensation paid by companies for
consumer complaints regarding greenwashing exceeds the additional cost of genuine green
production. Under these conditions, E19(0,1,0,1) is a representative locally asymptotically
stable boundary equilibrium under the replicator dynamics, meaning that the strategy
profiles of the government, companies, social media, and consumers are lenient regulation,
genuine green behavior, lenient auditing, and purchase, respectively. Although the gov-
ernment adopts lenient regulation, companies choose genuine green behavior to avoid the
compensation risk associated with the contingent post-purchase redress channel. Social
media lenient auditing does not affect consumer decisions. This equilibrium reflects the
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deterrent effect of post-purchase redress embedded in consumer purchasing payoffs and is
applicable to social environments with well-developed laws for consumer rights protection.

Case 3: Social-media-absent regulation-driven governance. When the conditions
—Gw +Gs+T1r+ Tc — Rg < 0and Rg1 — Rgp + Ls — Cs + Ts < 0 are satisfied, the repu-
tational benefits of strict government regulation exceed its incremental regulatory costs and
subsidy expenditures, and the combined regulatory incentives and potential compensation
risks outweigh the additional cost of genuine green production. Meanwhile, the net com-
mercial return from lenient auditing remains higher than that of strict auditing, and the
total consumer utility, including subsidies, exceeds the purchase price. Under these condi-
tions, E13(1,1,0,1) is a representative locally asymptotically stable boundary equilibrium
under the replicator dynamics, meaning that the evolutionary equilibrium strategies of the
government, companies, social media, and consumers are strict regulation, genuine green
behavior, lenient auditing, and purchase, respectively. Because the reputational benefits
obtained by the government fully cover the fiscal burden of subsidies, the government is
motivated to maintain strict regulation. Aided by government subsidies and deterred by
both regulatory fines and the severe compensation risks triggered by consumer complaints
under lenient social media auditing, the net benefits of company genuine green behavior
outweigh the costs. Consequently, companies choose genuine green behavior. Driven
by lucrative traffic and advertising revenues, the net benefit of lenient auditing for social
media heavily outweighs that of strict auditing, even with government auditing subsidies,
leading social media to save costs and adopt lenient auditing. However, because companies
actually provide genuinely green products, the lack of strict social media auditing does
not harm the market. Boosted by the product’s health value and government purchase
subsidies, the total utility for consumers exceeds the purchase price, leading consumers to
confidently choose to purchase.

4.3. Parameter-Dependent Local Stability Conditions

Let E; denote a boundary equilibrium of system (14) and let A¢(J(E;)) be the k-th
eigenvalue of the Jacobian matrix evaluated at E;. According to Lyapunov’s first method,
E; is locally asymptotically stable only when Re[A(J(E;))] < O for all k =1,2,3,4. Since
the eigenvalues depend on model parameters, the subsequent analysis focuses on how
parameter variations shape the local stability conditions of the candidate equilibria.

The Jacobian eigenvalue conditions in Table 4 show how key parameters enter the
local stability analysis of different governance equilibria. Penalties, subsidies, auditing
costs, consumer complaint costs, and compensation levels affect payoff differences among
alternative strategies and may, therefore, change the sign pattern of the eigenvalues under
specific parameter settings. In this sense, the model explains why different parameter
configurations may correspond to different stable governance outcomes.

In particular, a higher penalty for company greenwashing, Fy, can increase the payoff
advantage of genuine green behavior when strict government regulation is adopted. The
penalty Fg affects the government and social media payoff differences only when green-
washing, lenient auditing, consumer purchase, and strict government regulation jointly
activate the penalty mechanism. Consumer complaint cost Mg does not enter the local
eigenvalues at the consumer-redress-driven equilibrium Ejj, because greenwashing is
absent at that equilibrium and the complaint term is inactive. It can nevertheless affect
off-equilibrium trajectories by changing consumers’ expected payoff from purchase when
greenwashing and lenient auditing may occur. Similarly, changes in the social media audit-
ing cost Cg can alter the local stability of equilibria involving strict auditing. The model,
therefore, characterizes how parameter configurations shape local boundary stability and
the evolutionary trajectories of the four-population system.
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5. Numerical Simulation Analysis
5.1. Benchmark Parameter Settings and Initial Conditions

Numerical simulations were conducted in MATLAB 2022 to examine how the strate-
gies of the government, companies, social media, and consumers evolve over time, and
how key factors affect the evolutionary trajectories and equilibrium outcomes. The results
provide a reference for designing effective measures to control company greenwashing.
According to the stability analysis in Section 4, the strategy combination E10(0,1,0,1) is
one of the main equilibrium solutions of the game. Drawing on the parameter settings in
Battisti et al. (2025) [39], and considering real cases of company greenwashing regulation,
the initial parameters are set, as shown in Table 5. Figure 6 reports trajectories from selected
initial strategy profiles under the benchmark parameter setting. For the cases examined,
the strategies of all four populations converge to the same locally asymptotically stable
boundary equilibrium. Thus, the benchmark trajectories demonstrate robustness for the
specific initial conditions considered. Importantly, this numerical comparison does not
establish global convergence, rule out alternative attraction basins, or characterize the
system’s behavior from all possible initial states.
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Figure 6. Evolutionary trajectories from selected initial strategy profiles under the benchmark
parameter setting. The comparison is limited to these selected profiles and does not establish
global convergence.
Table 5. Initial parameter values.

Parameters Initial Values Parameters Initial Values Parameters Initial Values
Gs 10 Ts 4 Cs 4
Gw Gc 1 Ls 2
Rg Cn 2 Pr 5
N 0.5 Cr 3 Uc 4
Fs Ic 5 Uy 3
Tr Rg; 5 Mg 2
Ic Rsp 6
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5.2. Sensitivity Analysis of Key Parameters

This section presents a mechanism-oriented scenario analysis. The parameters were
selected using two criteria. First, each selected parameter enters the payoff difference
term of at least one replicator dynamic and, therefore, directly affects an actor’s strategic
incentive. Second, the selected parameters comprehensively reflect the core strategic trade-
offs of the four participating agents: the government’s regulatory instruments Fy, Fs,
and Tr, the companies’ direct payoff constraints (the additional cost of genuine green
production Ct and the compensation liability Ic), the social media operational auditing
cost Cg, and the consumers’ complaint cost M. For each scenario, the focal parameter is
varied while the remaining parameters are held at their benchmark values in Table 5.

5.2.1. Impact of Government Incentive and Penalty Mechanisms

To examine the effect of the government penalty mechanism on evolutionary trajec-
tories and equilibrium outcomes, the penalty imposed by the government on company
greenwashing Fy and the penalty imposed on lenient auditing by social media Fs are
selected as key variables. The evolutionary processes of the strategies adopted by the
government, companies, social media, and consumers are then simulated.

The government penalty for company greenwashing Fy has a clear effect on the
government’s regulatory strategy and companies’ choice of genuine green behavior.

As ag;F(;) =x(1-x)(1—y) > 0and BBPT(I%) = xy(1 —y) > 0, the probabilities of the
government choosing strict regulation and of companies choosing genuine green behavior

are non-decreasing in the penalty Fy imposed on company greenwashing. Holding the
other threshold-regime parameters constant, Fy is set to 2.4 and 2.8, and the results are
shown in Figure 7. When Fy = 2.4, the system converges to E1((0,1,0,1): government
regulation and social media auditing become lenient, while companies choose genuine
green behavior and consumers purchase. When Fy increases to 2.8, the system converges to
E7(1,0,1,0): government regulation and social media auditing become strict, but companies
choose greenwashing and consumers eventually withdraw from the market. This result
shows that the effect of Fy is conditional. Therefore, raising the penalty alone does not
necessarily sustain genuine green behavior or consumer participation.

As agﬁ:) =x(1-x)(1-y)(1-2z)w > 0and ag;F(Sz) = x(1-y)z(1—z)w > 0, the
probabilities of the government choosing strict regulation and of social media choosing

strict auditing are non-decreasing with the penalty Fs imposed on lenient auditing by
social media. The penalty imposed by the government on lenient auditing by social media
Fs positively affects social media’s choice of strict auditing. Holding other parameters
constant, Fs is set to 2 and 7 for numerical simulation, and the results are shown in
Figure 8. When Fs = 2, the probabilities of strict regulation and strict auditing gradually
decline, while companies converge to genuine green behavior and consumers converge
to purchase. The system eventually reaches the consumer-redress-driven equilibrium
E10(0,1,0,1). When Fs increases to 7, companies gradually converge to greenwashing,
whereas consumers continue to purchase. The government and social media strategies
exhibit sustained fluctuations over the simulated horizon rather than converging to a stable
boundary equilibrium. This result indicates that a high penalty for lenient auditing does not
necessarily stabilize strict auditing. Its effect depends on the joint evolution of regulatory
incentives, company behavior, and the consumer-redress channel.
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Figure 7. Evolutionary trajectories under different government penalties Fy for company greenwashing.
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Figure 8. Evolutionary trajectories under different government penalties Fs for lenient auditing by
social media.

As ?}” =—x(1—x)y <0and Eipr(y) = xy(1 —y) > 0, the probability of the govern-

T T

ment choosing strict regulation is non-increasing with the subsidy Tt paid to genuinely
green companies, whereas the probability of a company choosing genuine green behavior
is non-decreasing with T7. Using the subsidy paid by the government to genuinely green
companies Tt as an example, this study examines how the government subsidy mechanism
affects the evolutionary trajectories and strategy choices of the government, companies,
social media, and consumers. Holding the other parameters constant, Tt is set to 0.5 and

1.5, and the results are shown in Figure 9.
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Figure 9. Evolutionary trajectories under different government subsidies Tt to genuinely

green companies.

When Tt = 0.5, the government and companies gradually converge to strict regulation
and genuine green behavior, respectively, while social media adopts lenient auditing and
consumers purchase. The system converges to E13(1,1,0,1). When Tt increases to 1.5, the
probability of strict government regulation gradually declines to zero, whereas companies
continue to choose genuine green behavior and consumers continue to purchase. The
system then converges to E10(0,1,0,1). For the government, a higher production subsidy
increases the fiscal burden of strict regulation and, therefore, makes lenient regulation more
attractive. For companies, the subsidy improves the payoff from genuine green production
during the evolutionary process. In the simulated parameter regime, both subsidy levels
sustain genuine green behavior and consumer purchasing, while the increase in Tt shifts
the government from strict to lenient regulation. This result suggests that fiscal subsidies
should be calibrated with the consumer-redress mechanism, since excessive reliance on
strict regulation may be unnecessary once corporate compliance and consumer participation

are maintained.

5.2.2. Impact of the Cost of Genuine Green Production

Companies’ choice of genuine green behavior is affected by the additional cost incurred
in producing green products, Cr, and by the compensation paid by companies when
greenwashing is reported by consumers, Ic. As aa%(? = —y(1 —y) <0, the probability of a
company choosing genuine green behavior is non-increasing with the additional cost Ct of
a company choosing genuine green production. Holding other parameters constant, Cr is
set to 1.5 and 4.5 for the numerical simulation, and the results are shown in Figure 10.

When C7 = 1.5, companies gradually converge to genuine green behavior and con-
sumers continue to purchase. Government regulation and social media auditing subse-
quently become lenient, and the system converges to E1(0,1,0,1). When Cr increases
to 4.5, companies gradually shift toward greenwashing. Consumer purchasing then de-
clines, while the government and social media converge to strict regulation and strict
auditing, respectively. The system converges to E7(1,0,1,0). Thus, within this parameter
regime, a higher genuine green production cost shifts the trajectory from the attraction

https://doi.org/10.3390 /math14183288


https://doi.org/10.3390/math14183288

Mathematics 2026, 14, 3288

26 of 35

Probabilit

region of the consumer-redress-driven equilibrium to that of the dual-oversight market-
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Figure 10. Evolutionary trajectories under different additional costs Ct of genuine green production.

As agT(g) = y(1—-y)w(l—z) > 0and % = w(l-w)(1-y)(1—-2z) > 0, the
probability of a company choosing genuine green behavior is non-decreasing with the com-
pensation Ic paid by the company to a consumer who file complaints about greenwashing,
and the probability of consumers choosing to purchase is also non-decreasing with Ic.
Figure 11 examines this joint mechanism in a threshold-regime scenario. All parameters
are held constant across the two panels, except for Ic. When Ic = 5.4, the probabilities
of genuine green production and consumer purchasing gradually approach zero. Gov-
ernment regulation and social media auditing remain in sustained oscillation after the
consumer and company strategies have moved to the boundary. Thus, the trajectory does
not converge to the consumer-redress-driven equilibrium from the specified initial state. In
this low-compensation regime, the prospective liability associated with greenwashing is
insufficient to sustain either genuine green production or consumer participation. When
compensation increases to Ic = 14.5, the evolutionary trajectory changes markedly. The
probabilities of genuine green production and consumer purchasing both converge to
one, while strict government regulation and strict auditing converge to zero. The system
consequently reaches E10(0,1,0,1). Although compensation is not paid at this equilibrium
because companies choose genuine green production, its anticipated payment changes the
incentives along the evolutionary path and prevents the system from remaining on the low-
compensation oscillatory boundary. This comparison shows that compensation can operate
as a conditional market deterrent. Its effect is jointly determined by the cost of genuine
green production, complaint costs, consumer utility, and the auditing environment. The re-
sult should, therefore, be interpreted as a threshold-regime finding rather than as evidence
that raising compensation alone will always produce a stable governance outcome.
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Figure 11. Evolutionary trajectories under different compensation levels I¢ paid by companies for

greenwashing complaints.

5.2.3. Impact of Social Media Auditing

Since aac—c(;) = —z(1 —z) < 0, the probability that social media chooses the strict

auditing strategy is non-increasing as the auditing cost Cg increases. The auditing cost
of social media Cg negatively affects their choice of strict auditing. Figure 12 examines
the effect of the social media strict auditing cost, Cg, in a threshold-regime scenario. Both
Cs =02 and Cg = 4.2 satisfy the media payoff conditions in Assumption 3, while all
remaining parameters and initial conditions are held constant. When Cg = 0.2, the system
converges to E7(1,0,1,0). Low auditing costs support strict government regulation and
strict social media auditing, but companies do not choose genuine green production,
and consumers eventually withdraw from the market. When Cg = 4.2, the system no
longer converges to the audit-only equilibrium. Government regulation remains strict
and companies continue greenwashing, whereas social media auditing and consumer
purchasing exhibit sustained large-amplitude fluctuations. This result suggests that high
auditing costs can destabilize the feedback between social media auditing and consumer
participation. Accordingly, social media should combine accountability requirements with
measures that reduce the operational cost of credible auditing, such as verification support

and auditing technologies.
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Figure 12. Evolutionary trajectories under different social media auditing costs Cg.
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5.2.4. Impact of Post-Purchase Consumer Complaint Cost

As a? AS;;’) =—w(1—-y)(1—-2)(1—w) <0, the probability that consumers choose the
purchase strategy is non-increasing as the consumer complaint cost Mg increases. Holding
other parameters constant, Mg is set to 0.5 and 3 for numerical simulation, and the results
are shown in Figure 13. When the complaint cost is low, Mg = 0.5, consumers remain will-
ing to purchase, and the anticipated compensation associated with greenwashing provides
a meaningful deterrent for companies. The system gradually converges to E1(0,1,0,1),
where companies choose genuine green production and consumers continue to purchase.
When the complaint cost increases to Mg = 3, although it remains lower than the compen-
sation level, consumers become less willing to purchase when greenwashing and lenient
auditing are present. This weakens the compensation-based deterrent faced by companies
during the evolutionary process. The trajectory subsequently shifts to Ey(1,0,1,0), where
government regulation and social media auditing are strict, but companies do not adopt
genuine green production, and consumers withdraw from the market. The result indi-
cates that consumer complaint costs affect equilibrium selection through the evolutionary
path. Lowering complaint frictions can help preserve consumer participation and support
the transition toward a consumer-redress-driven governance outcome. However, this
effect remains conditional on the incentives for genuine green production and the broader

auditing environment.
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Figure 13. Evolutionary trajectories under different consumer complaint costs M.

6. Discussion
6.1. Synthesis of Findings

This study formulates greenwashing governance as a four-population asymmetric
replicator dynamic system. Among the 16 pure-strategy boundary candidates, Section 4
highlights three representative boundary equilibria that can be locally asymptotically sta-
ble under different parameter conditions: dual-oversight market withdrawal E;(1,0,1,0),
consumer-redress-driven governance E1((0,1,0,1), and social-media-absent regulation-
driven governance E13(1,1,0,1). The dual-oversight market withdrawal equilibrium E; is
locally stable when the net commercial return of strict auditing is positive, but consumer
utility remains negative and government fines fail to offset green production costs. The
consumer-redress-driven equilibrium Ey is locally stable when complaint compensation
strictly exceeds the additional cost of genuine green production. The social-media-absent
regulation-driven equilibrium E3 requires government reputational benefits to cover subsi-
dies, while combined fines and compensation risks outweigh green production costs. While
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these three equilibria effectively illustrate representative local stability regimes, they do not
exhaust all possible stationary or long-run configurations of the full nonlinear system.

Three findings from the eigenvalue analysis and numerical simulations warrant em-
phasis here.

First, the Jacobian eigenvalue analysis reveals that equilibrium stability strictly de-
pends on the joint configuration of policy instruments, characterized by inherent structural
trade-offs. For instance, while providing subsidies for genuine production Tt and con-
sumer purchases Tc incentivizes market compliance, the stability conditions in Table 4
demonstrate that these instruments simultaneously inflate the fiscal burden of strict govern-
ment regulation. When this combined subsidy burden strictly outweighs the reputational
benefits of regulation R, the government is driven to adopt a lenient regulatory strategy;,
a condition that is explicitly required for the consumer-redress-driven equilibrium Ej
to stabilize. Furthermore, the mathematical derivations prove that administrative fines
(Fn, Fs) lack universal deterrence. Their impact on the evolutionary trajectory is strictly
conditional on their specific triggering profiles—fines only alter the payoff matrices when
companies actually greenwash, social media audit leniently, and the government enforces
strictly. Therefore, isolated interventions, such as endlessly increasing subsidies without
considering fiscal constraints, cannot unilaterally guarantee a stable optimal governance
outcome [47].

Second, the locally stable equilibria do not form a simple hierarchy from low to high
governance quality. The consumer-redress-driven equilibrium Eqj is a desirable outcome
because companies adopt genuine green behavior even when government regulation
and social media auditing are lenient. E; is an incomplete governance outcome. In Ey,
strict auditing coexists with consumer non-purchase and continued greenwashing. This
equilibrium shows that information gatekeeping alone does not guarantee genuine green
behavior. The effectiveness of strict auditing depends on its coordination with company
incentives and the consumer-redress mechanism.

Third, the numerical simulations reveal parameter changes that generate different
evolutionary trajectories. Specifically, enhancing production subsidies Tt or raising the
post-purchase compensation Ic successfully breaks the system out of low-level or fluc-
tuating states, stabilizing it at the consumer-redress-driven equilibrium Eqy. Conversely,
high compliance and participation costs systematically dismantle governance. When the
additional cost of genuine green production C7 becomes excessively high, subsidies fail to
offset the financial burden, forcing companies to revert to greenwashing and driving the
system into an inefficient market-withdrawal state. Similarly, exorbitant consumer com-
plaint costs Mg force consumers to abandon purchasing entirely, which directly neutralizes
the post-purchase deterrence mechanism. On the social media side, high auditing costs Cg
compel social media to abandon strict auditing, plunging the green market into persistent
fluctuations. Attempting to correct this social media failure by imposing extremely high
penalties on lenient auditing Fg only exacerbates systemic oscillations rather than restoring
steady governance.

These results refine earlier evolutionary game studies of greenwashing governance.
While previous research (e.g., Xue et al. [14], Liu et al. [16], and Gao et al. [17]) emphasizes
the importance of jointly configuring multi-actor incentives, the present model highlights a
specific structural dependency: the deterrent effect of post-purchase compensation relies
on both consumer market participation and lenient social media auditing. Consequently,
if consumers withdraw from the market, or if strict auditing intercepts misleading claims
prior to a transaction, this redress channel is largely neutralized. This conditional interaction
helps explain the dual-oversight market withdrawal equilibrium Ey, illustrating how strict
social media auditing can coincide with persistent company greenwashing. Such cross-
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population dynamics are typically difficult to capture in frameworks that treat third-party
monitoring as an exogenous probability or do not explicitly link post-purchase redress to
intermediary auditing.

6.2. Theoretical Implications
6.2.1. Strategic Coupling in Multi-Agent Governance

Conventional bilateral frameworks are useful for identifying the static penalty and
subsidy thresholds that make compliance rational for a representative company [29,30].
However, these models may not fully capture how compliance dynamics evolve when
external stakeholders alter the payoff environment [48-50]. By treating social media and
consumers as strategic actors, the four-party model extends the collaborative governance
perspective of Wang et al. [32] by showing how compensation incentives interact with
the government, company, social media, and consumer strategies. The analysis suggests
that company greenwashing is not merely a reaction to direct government sanctions but is
embedded in a broader network of gatekeeping and market responses. Specifically, a regu-
latory deficit might be partially offset by the combined influence of social media scrutiny
and consumer deterrence. In this way, the four-population framework shifts the analytical
focus from isolated state—company compliance toward systemic multi-agent interactions,
bringing attention to dynamics that are generally less apparent in bilateral settings.

6.2.2. Endogenizing Social Media Auditing

While recent tripartite models recognize social media as important information con-
duits, treating media attention primarily as an exogenous pressure variable [51,52] tends to
overlook social media’s internal trade-off between verification costs and traffic revenues.
By endogenizing social media’s auditing choice, this study points to a potential substitution
effect: when strict social media auditing intercepts misleading claims before they reach
the market, it can inadvertently reduce the deterrent threat of post-purchase consumer
complaints. This observation helps explain situations where strict auditing might coincide
with continuous greenwashing and market withdrawal (such as in equilibrium E7). This
demonstrates that mere visibility is insufficient for genuine compliance. Rather, informa-
tion gatekeeping acts as a strategic variable that must operate in tandem with company
incentives and consumer redress.

6.2.3. Embedding Contingent Complaint Compensation

Existing evolutionary frameworks often represent public supervision as a deterministic
consequence [14] or an exogenous probability [20]. By modeling post-purchase complaint
compensation as a contingent component of consumer purchasing payoffs, the current
analysis highlights the conditionality of market-based deterrence. This structural design
illustrates that the deterrent power of compensation can be substantially diminished if
consumers withdraw from the market due to high complaint costs, or if strict social media
auditing preempts the transaction. This formulation conceptually links the viability of
consumer redress to the broader issue of company exploitation of social trust [53]. It
implies that anticipated post-purchase liability can serve as a meaningful complement or
alternative to direct administrative regulation (as observed in Ejg) primarily when market
participation remains active. Consequently, the model contributes to deterrence theory
by framing consumer redress not as a universal constant, but as a situational governance
channel that depends on the concurrent strategies of social media and consumers.

6.3. Practical Implications and Parameter-Conditional Policy Design

The policy implications derived from this study are conditional on the model’s struc-
tural assumptions, such as complete payoff information and the absence of explicit stochas-
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tic detection probabilities. Rather than offering generic recommendations, the evolutionary
dynamics suggest that regulatory instruments should be strictly calibrated to specific
parameter regimes. These policy recommendations are derived directly from the represen-
tative boundary outcomes analyzed above, providing targeted guidance for these specific
governance scenarios.

Feasibility threshold for consumer redress. The model demonstrates that post-
purchase redress can only function as a market deterrent if it remains economically viable
for consumers to participate. In scenarios where greenwashing and lenient auditing
co-occur, the expected payoff for a consumer is determined by Uc — Pr + Ic — Mg. Ac-
cordingly, Uc — Pr + Ic — Mg > 0 is the feasibility condition for consumer participation
through the redress channel in this particular greenwashing-lenient auditing scenario.
Lower procedural complaint costs Mg can help satisfy this condition, but they are nei-
ther sufficient for governance success nor relevant when the redress contingency is not
activated. However, as illustrated in the numerical simulation (Figure 13), lowering Mg
alone does not inherently guarantee equilibrium stabilization if basic consumer utility or
company compliance incentives remain insufficient. Within the modeled complaint-based
governance setting, this result suggests that reducing complaint friction may be a necessary
supporting condition, although it is not sufficient to ensure a stable governance outcome.

Redress as a complement under fiscal constraints. Under conditions where strict
administrative regulation imposes an unsustainable fiscal burden (e.g., —Gw + Gs + Tt +
Tc > Rg), the strict regulation direction is locally unattractive to the government. In this
specific fiscal constraint regime, establishing a robust compensation standard I can elevate
the anticipated cost for companies deviating from genuine green behavior. As observed
in the consumer-redress-driven equilibrium Ej, this market-based liability can partially
reduce the reliance on direct regulatory subsidies. Nevertheless, this complementary
mechanism is highly conditional—its success strictly depends on whether consumers
derive sufficient baseline utility Uc + Uy > Pr to remain in the market.

Coordinated calibration of social media penalties. The analytical results indicate that
the administrative penalty for lenient auditing Fg is only activated when strict regulation,
company greenwashing, lenient auditing, and consumer purchase occur simultaneously.
Numerical simulations (Figure 8) reveal that imposing high penalties (e.g., Fs = 7) does not
necessarily stabilize social media auditing. In the selected simulation with Fg = 7, the gov-
ernment and social media strategies fluctuate throughout the simulated horizon, while the
company trajectory moves toward greenwashing. Thus, the evolutionary dynamics suggest
that regulators should pursue a coordinated calibration of penalties, rather than assuming
a universal optimal fine applies across all conditions. Furthermore, the deterministic payoff
matrix does not capture several operational consequences of real-world enforcement. Any
practical inference from these results should, therefore, account for potential frictions, such
as strategic censorship delays or false positives affecting genuine green companies.

Regulatory fallback under lenient auditing. In market environments where social me-
dia face overwhelming traffic revenue incentives to audit leniently, the social-media-absent
regulation-driven equilibrium E;3 identifies a regulatory fallback mechanism. Under these
specified conditions, the model indicates that the combined effects of strict government
regulation and anticipated compensation liability can sustain genuine green behavior and
consumer purchasing. It is critical to note that the emergence of E;3 is not an endorsement
of lenient auditing, nor does it imply that continuous consumer complaints occur in equi-
librium (since companies act genuinely, the redress contingency is not triggered). Rather, it
illustrates that a well-structured preemptive deterrence cost can safeguard market integrity
even when the intermediary does not provide strict auditing.
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6.4. Limitations and Future Research

This study explores the dynamics of greenwashing governance through a four-
population replicator system. Although the Jacobian analysis confirms the local stability of
the three boundary equilibria in Table 4, the system’s high-dimensional nonlinear structure
allows for other long-run behaviors under varying parameter settings, including interior
equilibria, non-hyperbolic cases, path-dependent trajectories, and complex oscillations.
The numerical simulations in Section 5 examine selected threshold regimes rather than
providing a global analysis of attraction basins. The initial condition comparison in Figure 6
is strictly limited to the benchmark trajectories and does not establish global insensitivity to
initial conditions. Systematic sensitivity analysis and bifurcation mapping remain necessary
steps for future research to characterize the system’s global evolution.

Several simplifying assumptions also warrant caution in practical application. First,
the model assumes deterministic enforcement and payoffs; however, in practice, the deter-
rent effect of penalties is limited by enforcement capacity and the probability of detection.
Future studies could incorporate stochastic detection, explicit fiscal constraints, and dy-
namic reputation formation to reflect the uncertainties of actual regulatory environments.

The treatment of stakeholder behaviors is stylized. The complaint compensation mech-
anism is represented as a deterministic post-purchase payoff, ignoring the heterogeneity in
consumers’ ability to verify claims or pursue redress. Similarly, social media auditing is
modeled as a binary strategic choice, abstracting away the reality of social media hetero-
geneity, verification errors, and operational frictions, such as false positives or censorship
costs. These operational nuances are beyond the current model’s scope and should be
treated as practical caveats. Future research, perhaps utilizing agent-based modeling, could
integrate these complexities to provide a more granular view of multi-agent governance in
digital markets.

7. Conclusions

This study develops a four-party evolutionary game model of greenwashing gov-
ernance that endogenizes social media auditing and embeds post-purchase complaint
compensation in consumer purchasing payoffs. The local stability analysis shows that
governance outcomes depend on joint parameter configurations. Under the benchmark
parameter setting, the selected initial strategy profiles examined in Figure 6 converge to
the consumer-redress-driven equilibrium. This finding is limited to the initial profiles ex-
amined and does not establish global convergence or exclude alternative attraction basins.
Compensation and the additional cost of genuine green production enter the local stability
conditions of the green production regimes. Consumer complaint costs affect consumer
participation and off-equilibrium trajectories when the post-purchase redress contingency
is activated. Under the joint conditions for Ey, strict regulation and strict auditing coexist
with company greenwashing and consumer non-purchase. This dual-oversight market-
withdrawal regime shows that information gatekeeping alone does not ensure genuine
green behavior. The analysis also identifies E;3, a conditional regime in which strict reg-
ulation, genuine green behavior, lenient auditing, and consumer purchase coexist. This
outcome is a regulatory fallback under specific payoff conditions, not an endorsement of
lenient auditing.

The contribution of the study is to reveal the coupling among auditing, consumer
redress, and company incentives. Strict auditing can block misleading claims while also
reducing the complaint-triggered compensation channel. Its governance effect is, therefore,
conditional on the incentives for genuine production and on the economic viability of
consumer redress.
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The policy implications are correspondingly conditional and jointly calibrated rather
than sequential. Within the framework of this model, post-purchase redress deters green-
washing only when complaint frictions and compensation levels make the redress channel
economically viable. Similarly, the reported governance outcomes rely on genuine produc-
tion remaining sufficiently attractive relative to greenwashing, with auditing support and
regulatory penalties strictly aligned with the prevailing fiscal, social media, and consumer
payoff conditions.
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