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Abstract

We study two coupled two-sided quaternion matrix equations sharing an unknown. Be-
cause the map X ↦→ AXB is real-linear but not generally quaternion-linear, an order-
preserving real representation converts the problem into one real system. It yields an
exact augmented-rank solvability criterion, a reduced shared-unknown criterion, and the
complete Moore–Penrose solution. We also obtain fourteen necessary quaternion block-
rank screening conditions and counterexamples proving that they are not jointly sufficient.
For a side-information-assisted dual-watermarking application at embedding strength
0.05, the stored 8-bit image gives a peak signal-to-noise ratio (PSNR) of 35.99 dB and a
global structural-similarity estimate of 0.9987; the no-further-processing normalized cor-
relations are 0.3921 and 0.7179, respectively. The ideal path recovers to floating-point
roundoff, whereas the stored-image results quantify sensitivity to clipping, quantization,
and subsequent processing.

Keywords: quaternion matrix equation; real representation; rank criterion; coupled system;
generalized inverse; color image watermarking

MSC: 15A03; 15A24; 15A09

1. Introduction
Matrix decomposition is a central tool in matrix theory. The singular value decom-

position (SVD), for example, is fundamental in data analysis, inverse problems, image
processing, and control. Generalized decompositions such as the generalized singular value
decomposition (GSVD) and restricted SVD extend the object of decomposition from one
matrix to several mutually related matrices [1–4]. This multi-matrix viewpoint is especially
relevant when several equations share coefficients or unknowns.

Over a division ring, simultaneous decomposition is more delicate because multipli-
cation is not commutative. Wang et al. [5] studied the equivalence canonical form of a
matrix triplet with a common number of columns. A simultaneous decomposition of a
matrix quaternity was subsequently obtained in [6]. More recently, equivalence canonical
forms for two five-matrix arrays and their applications were presented in [7]. These results
provide useful structural information about coefficient arrays, but a decomposition-based
consistency proof must still preserve every ordered left–right coefficient pair associated
with a shared unknown.
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Sylvester-type matrix equations play an important role in control theory [8]. Their
consistency, simultaneous equivalence, and solution methods have been studied from sev-
eral viewpoints [9–12]. For quaternion coefficients, representative work includes Cramer’s
rules for Sylvester equations and determinantal representations for systems of two-sided
equations [13,14]. Using the product singular value decomposition for multiple quaternion
matrices, He et al. [15] derived solvability conditions and general solutions for a general
chain of coupled Sylvester-type quaternion matrix equations and applied the framework
to color-video encryption. A related system with three coupled equations was applied to
color-image encryption in [16].

Quaternion matrix decompositions and equations also arise naturally in color-image
processing. The quaternion algebra encodes the three red–green–blue (RGB) channels as
the imaginary components of one matrix and thereby retains inter-channel relations [17,18].
Structure-preserving quaternion algorithms have consequently been developed for sin-
gular value decomposition, Krylov iteration, factorization, recognition, and transmis-
sion [4,19–23]. The discrete wavelet transform (DWT) provides a complementary mecha-
nism for embedding payloads into selected frequency sub-bands [24].

Despite these developments, three issues remain insufficiently resolved for coupled
two-sided quaternion equations with a shared unknown. First, separate decompositions
of left and right coefficient arrays may lose the ordered pairing in each product AXB.
Second, compact quaternion block-rank equalities may provide useful inconsistency screens
without characterizing the complete real-linear compatibility of the shared variable. Third,
applications often report an ideal algebraic recovery without separating it from the clipping
and quantization errors introduced by an actually stored image. The present work addresses
these gaps for the system below and states explicitly which conclusions are exact, which
are only necessary screens, and which belong to the numerical case study.

We consider the coupled system⎧⎨⎩A1X1 A2 + B1X2B2 = Ω1,

C1X2C2 + D1X3D2 + E1X4E2 = Ω2,
(1)

where all coefficients and right-hand sides are given quaternion matrices and X1, . . . , X4 are
unknown. The mathematical difficulty is not merely the number of summands. The same
X2 occurs with two different ordered pairs of left and right factors, and quaternion mul-
tiplication is noncommutative. Consequently, concatenating left factors and right factors
independently can lose the pairing between B1X2B2 and C1X2C2.

In the general theory the coefficient matrices in (1) are prescribed model data; no
probabilistic construction or invertibility assumption is imposed unless stated. The terms
describe ordered two-sided actions: a left coefficient acts on row coordinates, a right
coefficient acts on column coordinates, and the two occurrences of X2 couple the equations.
Their application-specific interpretation and construction are given in Section 8.

The contributions of this paper are as follows.

(i) We introduce an explicit order-preserving real representation of every map
X ↦→ AXB and thereby obtain an exact augmented-rank criterion for (1), with-
out commutativity or artificial equal-size assumptions.

(ii) We eliminate X1, X3, X4 at the operator level and derive a smaller exact criterion
for the shared variable X2.

(iii) We prove fourteen quaternion block-rank equalities useful as necessary screening
tests, characterize when they are jointly sufficient for fixed coefficients, and give
checkable full-rank and zero-pattern regimes in which sufficiency follows. All subset
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combinations of the summands are included, together with two genuinely coupled
conditions. A counterexample proves that these tests are not jointly sufficient.

(iv) We give the complete Moore–Penrose solution in real coordinates and clarify
the uniqueness, noninvertible, and error-propagation statements used in a repro-
ducible dual-watermarking application that separates ideal floating-point recovery
from 8-bit storage.

The rest of the paper is organized as follows. Section 2 fixes dimensions and notation.
Section 3 explains how the coefficient arrays are related to equivalence canonical forms
and clarifies the role and limitation of such reductions. Section 4 constructs the order-
preserving real representation. Exact and screening rank conditions are proved in Section 5,
followed by computational remarks and examples in Sections 6 and 7. Section 8 presents
the complete watermarking model and experiments. Section 9 discusses the principal
findings, limitations, and future directions, and Section 10 concludes the paper.

2. Problem Formulation and Notation
Let H = {q0 + q1i + q2j + q3k : qs ∈ R}, where i2 = j2 = k2 = ijk = −1. Throughout

the paper the sizes in (1) are

A1 ∈ Hm1×p1 , B1 ∈ Hm1×p2 , C1 ∈ Hm2×p2 , D1 ∈ Hm2×p3 , E1 ∈ Hm2×p4 ,

A2 ∈ Hq1×n1 , B2 ∈ Hq2×n1 , C2 ∈ Hq2×n2 , D2 ∈ Hq3×n2 , E2 ∈ Hq4×n2 ,

Xs ∈ Hps×qs (s = 1, 2, 3, 4), Ω1 ∈ Hm1×n1 , Ω2 ∈ Hm2×n2 .

No equality between the row or column sizes of Ω1 and Ω2 is assumed. For a quaternion
matrix, rankH denotes its rank over the division ring H. For a real matrix, rankR denotes its
ordinary real rank. Empty block rows or columns appearing below are omitted in the usual
way. The conjugate transpose of M is denoted by M∗ = M T ; unlike ordinary transpose, it
satisfies (MN)∗ = N∗M∗ over H. For equally sized quaternion matrices, the real Frobenius
inner product and its induced norm are

⟨X, Y⟩R = Re tr(X∗Y), ∥X∥F =
√︂
⟨X, X⟩R.

3. Coefficient Arrays and Equivalence Reductions
The coefficient incidence pattern of (1) is described by the two arrays

L =

(︄
A1 B1 0 0
0 C1 D1 E1

)︄
, R =

⎛⎜⎜⎜⎝
A2 0
B2 C2

0 D2

0 E2

⎞⎟⎟⎟⎠. (2)

The zero blocks in these arrays record which unknown occurs in which equation. Equiva-
lence canonical forms for related five-matrix arrays were developed in [7]; the following
result summarizes the reduction used on the right coefficient family.

Theorem 1 ([7], Theorem 2). Let A ∈ Hp×m, B ∈ Hr×m, C ∈ Hr×n, D ∈ Hs×n, and E ∈ Ht×n.
There exist invertible matrices ˜︁P1, . . . , ˜︁P4, ˜︁Q1, ˜︁Q2 of compatible sizes such that

˜︁P1 A ˜︁Q1 = S′a, ˜︁P2B ˜︁Q1 = S′b, ˜︁P2C ˜︁Q2 = S′c, ˜︁P3D ˜︁Q2 = S′d, ˜︁P4E ˜︁Q2 = S′e, (3)

where the canonical blocks and their dimensions are determined by ranks of subarrays of
A, B, C, D, E.
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The block-incidence transpose of this array also has an equivalence reduction. Be-
cause H is noncommutative, it must be derived with conjugate transpose rather than
ordinary transpose.

Lemma 1 (Adjoint-dual canonical form). Let A ∈ Hm×p, B ∈ Hm×r, C ∈ Hn×r, D ∈ Hn×s,
and E ∈ Hn×t. There exist invertible matrices P1, P2, Q1, Q2, Q3, Q4 such that

P1 AQ1 = Sa, P1BQ2 = Sb, P2CQ2 = Sc, P2DQ3 = Sd, P2EQ4 = Se, (4)

where Sa, . . . , Se are the conjugate transposes of the corresponding canonical matrices in Theorem 1;
explicitly,

Sa = (S′a)
∗, Sb = (S′b)

∗, Sc = (S′c)
∗, Sd = (S′d)

∗, Se = (S′e)
∗.

Proof. Apply Theorem 1 to A∗, B∗, C∗, D∗, E∗. For example, ˜︁P1A∗ ˜︁Q1 = S′a and ˜︁P2B∗ ˜︁Q1 = S′b.
Taking conjugate transposes gives

˜︁Q∗1 A˜︁P∗1 = (S′a)
∗, ˜︁Q∗1 B˜︁P∗2 = (S′b)

∗.

The remaining three relations follow identically. Setting P1 = ˜︁Q∗1 , P2 = ˜︁Q∗2 , and Qj = ˜︁P∗j
gives (4). In the explicit form of ([7], Formula (13)), the canonical matrices consist of zero and
identity blocks, so conjugate transpose reduces to the corresponding block transpose.

Theorem 1 is valuable for exposing zeros, identity blocks, and common row or column
transformations. In the present coupled problem, however, the left and right families must
be transformed coherently. The next elementary proposition states precisely what a valid
reduction has to preserve. It is formulated independently of the detailed block sizes in a
particular canonical form.

Proposition 1 (Coordinated equivalence reduction). Suppose there are invertible matrices
P1, P2, Q1, Q2, Q3, Q4 and ˜︁P1, ˜︁P2, ˜︁P3, ˜︁P4, ˜︁Q1, ˜︁Q2 such that

P1 A1Q1 = Sa, P1B1Q2 = Sb, P2C1Q2 = Sc, P2D1Q3 = Sd, P2E1Q4 = Se, (5)˜︁P1 A2 ˜︁Q1 = S′a, ˜︁P2B2 ˜︁Q1 = S′b, ˜︁P2C2 ˜︁Q2 = S′c, ˜︁P3D2 ˜︁Q2 = S′d, ˜︁P4E2 ˜︁Q2 = S′e. (6)

Define

ˆ︁Xs = Q−1
s Xs ˜︁P−1

s (s = 1, 2, 3, 4), (7)ˆ︁Ω1 = P1Ω1 ˜︁Q1, ˆ︁Ω2 = P2Ω2 ˜︁Q2. (8)

Then (1) is solvable if and only if the transformed system⎧⎨⎩Sa ˆ︁X1S′a + Sb ˆ︁X2S′b = ˆ︁Ω1,

Sc ˆ︁X2S′c + Sd ˆ︁X3S′d + Se ˆ︁X4S′e = ˆ︁Ω2
(9)

is solvable. The correspondence between their solution sets is bijective.

Proof. Premultiplying the first equation of (1) by P1 and postmultiplying it by ˜︁Q1, then
inserting (5)–(7), gives the first equation of (9). The second equation follows in the same
way. All change-of-basis matrices are invertible, so the substitutions can be reversed
uniquely.
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Two points are essential. First, the transformations associated with B1 and C1 must
share the same Q2, while those associated with B2 and C2 must share the same ˜︁P2; otherwise
they would define two unrelated transformed versions of X2. Second, even a correct canon-
ical reduction does not permit the pairs (B1, B2) and (C1, C2) to be separated. The same ˆ︁X2

must satisfy both ordered products in (9). The real representation in the next section retains
this pairing automatically and supplies the definitive consistency test. Canonical forms
remain useful for structural interpretation and for reducing zero and identity blocks, but
they are not used as a substitute for that test. The operator composition law and a proof
that the exact rank criterion is invariant under every coordinated equivalence reduction are
given in Appendix A.

4. Order-Preserving Real Representation
For q = q0 + q1i + q2j + q3k, define ρ(q) = (q0, q1, q2, q3)

T . Left and right multiplica-
tion by q are represented by

L(q) =

⎛⎜⎜⎜⎝
q0 −q1 −q2 −q3

q1 q0 −q3 q2

q2 q3 q0 −q1

q3 −q2 q1 q0

⎞⎟⎟⎟⎠, R(q) =

⎛⎜⎜⎜⎝
q0 −q1 −q2 −q3

q1 q0 q3 −q2

q2 −q3 q0 q1

q3 q2 −q1 q0

⎞⎟⎟⎟⎠. (10)

Thus ρ(qx) = L(q)ρ(x) and ρ(xq) = R(q)ρ(x).
For X = (xαβ) ∈ Hp×q, let rvec(X) be the real vector obtained by stacking ρ(xαβ)

column by column. Given A = (auα) ∈ Hm×p and B = (bβv) ∈ Hq×n, define the real block
matrix T (A, B) ∈ R4mn×4pq by[︁

T (A, B)
]︁
(u,v),(α,β) = L(auα)R(bβv), (11)

where both pairs of indices are ordered columnwise.

Lemma 2. For every conformable A, X, B,

rvec(AXB) = T (A, B) rvec(X). (12)

Proof. The (u, v) entry of AXB is ∑
p
α=1 ∑

q
β=1 auαxαβbβv. By associativity and (10),

ρ(auαxαβbβv) = L(auα)R(bβv)ρ(xαβ).

Stacking these identities in the prescribed order gives (12).

Set

A = T (A1, A2), B = T (B1, B2), C = T (C1, C2), D = T (D1, D2), E = T (E1, E2), (13)

and define

M =

(︄
A B 0 0
0 C D E

)︄
. (14)

In addition, let

x = col
(︁
rvec X1, rvec X2, rvec X3, rvec X4

)︁
, ω = col

(︁
rvec Ω1, rvec Ω2

)︁
. (15)

Lemma 2 shows that (1) is exactly the real linear systemMx = ω.
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For reference, Table 1 records the dimensions of all real operators. Besides making the
construction directly implementable, this dimension audit prevents the row and column
partitions of the two coupled equations from being conflated.

Table 1. Dimensions of the real coefficient operators.

Operator Dimension

A 4m1n1 × 4p1q1
B 4m1n1 × 4p2q2
C 4m2n2 × 4p2q2
D 4m2n2 × 4p3q3
E 4m2n2 × 4p4q4

M 4(m1n1 + m2n2)× 4
4

∑
s=1

psqs

5. Solvability and Rank Conditions
5.1. Exact Criteria and the General Solution

Theorem 2 (Exact augmented-rank criterion). System (1) is solvable if and only if

rankRM = rankR
(︂
M ω

)︂
. (16)

Proof. By Lemma 2, quaternion solutions of (1) are in one-to-one correspondence with real
solutions ofMx = ω. The real Rouché–Capelli theorem now gives (16).

Criterion (16) retains every ordered coefficient pair and therefore does not require
commutativity or artificial equal-size assumptions. A smaller exact test can be obtained by
eliminating the variables that are not shared.

Let N = (D E). Choose real matrices ΛA and ΛN satisfying

ker ΛA = ImA, ker ΛN = ImN . (17)

For instance, their rows may be chosen as bases of the corresponding left nullspaces. Define

G =

(︄
ΛAB
ΛN C

)︄
, g =

(︄
ΛA rvec(Ω1)

ΛN rvec(Ω2)

)︄
. (18)

When the annihilators are chosen with full row rank, let

ℓA = 4m1n1 − rankRA, ℓN = 4m2n2 − rankRN .

Then ΛA ∈ RℓA×4m1n1 , ΛN ∈ RℓN×4m2n2 , and G ∈ R(ℓA+ℓN )×4p2q2 .

Theorem 3 (Reduced shared-variable criterion). System (1) is solvable if and only if

rankR G = rankR
(︂
G g

)︂
. (19)

Proof. For a fixed real vector x2 = rvec(X2), the first equation is solvable in x1 precisely
when rvec(Ω1) − Bx2 ∈ ImA. By (17), this is equivalent to ΛABx2 = ΛA rvec(Ω1).
Likewise, the second equation is solvable in (x3, x4) precisely when ΛN Cx2 = ΛN rvec(Ω2).
The two requirements form Gx2 = g, whose consistency is equivalent to (19).
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The annihilator test also has a basis-free projector form. Define the orthogonal projec-
tors onto the left nullspaces of A and N by

P⊥A = I4m1n1 −AA
†, P⊥N = I4m2n2 −NN

†, (20)

and set

H =

(︄
P⊥AB
P⊥N C

)︄
, h =

(︄
P⊥A rvec(Ω1)

P⊥N rvec(Ω2)

)︄
. (21)

Corollary 1 (Projector form of the reduced criterion). System (1) is solvable if and only if

rankRH = rankR
(︂
H h

)︂
. (22)

This condition is equivalent to Theorem 3 and does not depend on a particular choice of left-
nullspace bases.

Proof. For every real matrix K, the matrix KK† is the orthogonal projector onto Im K. Hence
y ∈ Im K if and only if (I − KK†)y = 0. Applying this observation first to K = A and
then to K = N shows that, for a fixed x2, the two remaining systems are consistent exactly
when Hx2 = h. The real Rouché–Capelli theorem gives (22). Since both this system and
Gx2 = g describe the same admissible set of shared variables, their consistency criteria are
equivalent.

Corollary 2 (Sequential parametrization). Assume that (19) holds, and write

ω1 = rvec(Ω1), ω2 = rvec(Ω2), u = col
(︁
rvec(X3), rvec(X4)

)︁
.

Then every solution is obtained from

x2 = G†g +
(︁

I − G†G
)︁
y2, (23)

x1 = A†(ω1 −Bx2) +
(︁

I −A†A
)︁
y1, (24)

u = N †(ω2 − Cx2) +
(︁

I −N †N
)︁
y34, (25)

where y2, y1, y34 are arbitrary real vectors of the corresponding dimensions. The solution quadruple
is unique if and only if

G, A, N all have full column rank. (26)

Proof. Theorem 3 reduces compatibility to Gx2 = g, whose complete solution is (23).
For every such x2, the two defining annihilator relations ensure that ω1 − Bx2 ∈ ImA
and ω2 − Cx2 ∈ ImN . The standard Moore–Penrose formula therefore gives (24) and (25),
and every solution of the original system arises in this way.

If the three matrices in (26) have full column rank, the three nullspace terms vanish
and the sequential solution is unique. Conversely, a nonzero vector in kerA or kerN
changes x1 or u without changing the right-hand sides. If 0 ̸= v ∈ kerG, then Bv ∈ ImA
and Cv ∈ ImN . Hence x2 can be replaced by x2 + v while compensating with suitable
changes in x1 and u, again producing a distinct solution. Thus uniqueness implies all three
full-column-rank conditions.

The projector criterion provides a compatibility test independent of the chosen left-
nullspace basis, whereas Corollary 2 gives a constructive blockwise parametrization.
For compactness, the same complete solution set can also be written directly in terms
of the full operatorM, as follows.
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Corollary 3 (Complete solution). If (16) holds, all solutions in real coordinates are

x =M†ω +
(︁

I −M†M
)︁
z, z ∈ R4 ∑4

s=1 psqs , (27)

whereM† is the real Moore–Penrose inverse. The quaternion matrices Xs are obtained by applying
rvec−1 to the four blocks of x. The solution is unique if and only ifM has full column rank. When
the system is consistent, its real affine solution dimension is

4
4

∑
s=1

psqs − rankRM.

Proof. Equation (27) is the standard complete solution of a consistent real linear system.
Full column rank is equivalent to kerM = {0}.

5.2. Fourteen Quaternion Block-Rank Screening Conditions

The exact test (16) may be large. The following block-rank equalities can be computa-
tionally cheaper necessary tests and are also useful for diagnosing which part of a system
fails. In every display below the rank is taken over H.

Proposition 2. If system (1) is solvable, then all of the following equalities hold:

rankH(A1 B1 Ω1) = rankH(A1 B1), (28)

rankH

⎛⎜⎝A2

B2

Ω1

⎞⎟⎠ = rankH

(︄
A2

B2

)︄
, (29)

rankH

(︄
0 A2

B1 Ω1

)︄
= rankH

(︄
0 A2

B1 0

)︄
, (30)

rankH

(︄
0 B2

A1 Ω1

)︄
= rankH

(︄
0 B2

A1 0

)︄
. (31)

For the three summands in the second equation, all eight subset conditions hold:

rankH(C1 D1 E1 Ω2) = rankH(C1 D1 E1), (32)

rankH

⎛⎜⎜⎜⎝
C2

D2

E2

Ω2

⎞⎟⎟⎟⎠ = rankH

⎛⎜⎝C2

D2

E2

⎞⎟⎠, (33)

rankH

(︄
0 0 C2

D1 E1 Ω2

)︄
= rankH

(︄
0 0 C2

D1 E1 0

)︄
, (34)

rankH

⎛⎜⎝ 0 D2

0 E2

C1 Ω2

⎞⎟⎠ = rankH

⎛⎜⎝ 0 D2

0 E2

C1 0

⎞⎟⎠, (35)

rankH

(︄
0 0 D2

C1 E1 Ω2

)︄
= rankH

(︄
0 0 D2

C1 E1 0

)︄
, (36)

rankH

(︄
0 0 E2

C1 D1 Ω2

)︄
= rankH

(︄
0 0 E2

C1 D1 0

)︄
, (37)
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rankH

⎛⎜⎝ 0 C2

0 D2

E1 Ω2

⎞⎟⎠ = rankH

⎛⎜⎝ 0 C2

0 D2

E1 0

⎞⎟⎠, (38)

rankH

⎛⎜⎝ 0 C2

0 E2

D1 Ω2

⎞⎟⎠ = rankH

⎛⎜⎝ 0 C2

0 E2

D1 0

⎞⎟⎠. (39)

Two additional conditions are obtained by coupled eliminations using the same X2 and retain some,
but not all, cross-equation information:

rankH

⎛⎜⎝ 0 0 0 0 B2 C2

A1 B1 0 0 −Ω1 0
0 C1 D1 E1 0 Ω2

⎞⎟⎠ = rankH(B2 C2) + rankH

(︄
A1 B1 0 0
0 C1 D1 E1

)︄
, (40)

rankH

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 A2 0
0 B2 C2

0 0 D2

0 0 E2

B1 −Ω1 0
C1 0 Ω2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
= rankH

⎛⎜⎜⎜⎝
A2 0
B2 C2

0 D2

0 E2

⎞⎟⎟⎟⎠+ rankH

(︄
B1

C1

)︄
. (41)

Proof. We first record a general elimination identity. Suppose T = ∑t
s=1 LsYsRs. For a

subset S ⊆ {1, . . . , t}, put RS = col(Rs : s ∈ S) and LSc = (Ls : s /∈ S). Quaternion
elementary block row and column operations give

rankH

(︄
0 RS

LSc T

)︄
= rankH RS + rankH LSc . (42)

Indeed, for s ∈ S apply the lower block-row operation

lower block row ← lower block row− (LsYs)(sth upper block row),

whereas for s /∈ S apply the last block-column operation

last block column ← last block column− (sth left block column)(YsRs).

The order of the factors is unchanged in both operations. Together they change the lower-
right block from T to zero. A block permutation then gives the rank sum in (42).

Applying (42) to the two summands in the first equation gives (28)–(31). Applying it
to the three summands in the second equation for all 23 subsets gives (32)–(39).

It remains to verify the coupled tests. Substitute a solution into the matrix on the left
of (40). If its block columns are denoted by C1, . . . ,C6 and its block rows by R1,R2,R3,
perform the invertible shear operations

C5 ← C5 + C1X1 A2 + C2X2B2,

C6 ← C6 − C2X2C2 − C3X3D2 − C4X4E2,

R2 ← R2 + B1X2R1, C5 ← C5 − C2X2B2.

They transform the matrix to⎛⎜⎝ 0 0 0 0 B2 C2

A1 B1 0 0 0 0
0 C1 D1 E1 0 0

⎞⎟⎠,
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whose rank is the right-hand side of (40).
For (41), denote the six block rows by R1, . . . ,R6 and the three block columns by

C1,C2,C3. The operations

R5 ← R5 + A1X1R1 + B1X2R2,

R6 ← R6 − C1X2R2 − D1X3R3 − E1X4R4,

C2 ← C2 + C1X2B2, R5 ← R5 − B1X2R2

annihilate the two right-hand-side blocks in the last two block rows. After a block permuta-
tion, the remaining matrix is ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 A2 0
0 B2 C2

0 0 D2

0 0 E2

B1 0 0
C1 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

which is permutation-equivalent to a block diagonal matrix with the two blocks on the
right of (41). This proves the result.

Remark 1. Conditions (28)–(41) are deliberately stated only as necessary conditions. They are
not a substitute for (16): quaternion block-rank tests can remove individual summands and some
coupled combinations, but they need not preserve the complete real-linear compatibility imposed on
the shared X2.

The following statement characterizes precisely when the screening conditions become
sufficient and records two readily verifiable coefficient regimes. For fixed coefficient
matrices, let S14 denote the set of pairs (Ω1, Ω2) satisfying (28)–(41).

Proposition 3 (Regimes of joint sufficiency). For fixed coefficients, conditions (28)–(41) are
jointly sufficient if and only if

h(Ω1, Ω2) ∈ ImH for every (Ω1, Ω2) ∈ S14, (43)

where H and h are defined in (21). In particular, joint sufficiency holds in either of the following
checkable regimes:

(a) G in (18), constructed from full-row-rank annihilators, has full row rank; in this case every
prescribed right-hand-side pair is compatible.

(b) B1 = B2 = C1 = C2 = D1 = D2 = 0. In this zero-pattern regime the system consists of
the independent equations A1X1 A2 = Ω1 and E1X4E2 = Ω2.

The automatic-consistency condition in Proposition 4 is another sufficient regime, because it makes
both blocks of h identically zero.

Proof. By Corollary 1, a right-hand-side pair is compatible exactly when h ∈ ImH. Re-
stricting this equivalence to S14 proves (43). If G has full row rank, its image is its entire
codomain, so Gx2 = g is consistent for every g. The equivalence in Theorem 3 then gives
the stated conclusion.

In regime (b), the two equations are independent. The equation AXB = Ω is solvable if
and only if col(Ω) ⊆ col(A) and row(Ω) ⊆ row(B); equivalently, rankH(A Ω) = rankH A
and rankH (B

Ω) = rankH B. Conditions (28), (29), (32), and (33) reduce exactly to these four
tests for the two independent equations. Hence all fourteen conditions imply solvability in
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this regime. Finally, if A and N have full row rank, the projectors in (20) vanish, so h = 0
and compatibility is automatic.

6. Computation and Special Cases
6.1. A Rank-Revealing Computational Procedure

The real formulation gives a direct algorithm that applies to arbitrary rectangular
coefficients and does not require constructing a canonical block partition. A practical
implementation consists of the following steps.

Step 1. Check the dimensions in Section 2 and assemble A, . . . , E from the 4× 4 blocks
in (11).

Step 2. FormM and ω in (14)–(15). Optionally test (28)–(41) first; failure of any one of
them certifies inconsistency.

Step 3. Compute a rank-revealing SVD or an orthogonal–triangular (QR) factorization
of M and (M ω) using the same numerical tolerance. Equality of the two
numerical ranks is the consistency decision at the stated tolerance.

Step 4. If the system is consistent, evaluate (27). If only one solution is needed, use
x0 =M†ω and recover the quaternion entries by groups of four real coordinates.

For a real matrix K ∈ Ra×b with singular values σ1 ≥ · · · ≥ σmin(a,b), a common
numerical convention is

rankτ(K) = #{j : σj(K) > τσ1(K)}, τ = max(a, b)εmach. (44)

When data are measured or noisy, τ should instead reflect the estimated noise level. Re-
porting the tolerance is essential because exact algebraic rank is discontinuous under
perturbations.

The reduced test in Theorem 3 can be substantially smaller when p2q2 is small relative
to the total number of unknown entries. Numerically, ΛA and ΛN may be obtained from
the left singular vectors corresponding to zero singular values of A and N = (D E). More
explicitly, if the columns of UA,0 and UN ,0 are orthonormal bases of the corresponding left
nullspaces, one may take

ΛA = UT
A,0, ΛN = UT

N ,0.

Different orthonormal bases of the same left nullspaces yield row-equivalent reduced
systems and hence the same consistency decision.

Let

r = 4(m1n1 + m2n2), c = 4
4

∑
s=1

psqs.

A naive dense realization ofM stores rc real numbers, and a dense SVD has arithmetic
cost O(rc min{r, c}). In the square N = 64 four-unknown image configuration, r = 32,768
and c = 65,536; the dense coefficient array would contain 231 double-precision entries,
approximately 16 GiB. This storage is unnecessary. The action ofM can be evaluated by
forming A1X1 A2, B1X2B2, C1X2C2, D1X3D2, and E1X4E2, followed by addition and rvec.
Its transpose action follows from the real Frobenius-adjoint identity

T (A, B)T rvec(Y) = rvec(A∗YB∗). (45)

Indeed, ⟨X, Y⟩R = rvec(X)T rvec(Y) and Re tr(UV) = Re tr(VU) for conformable quater-
nion matrices. Therefore

⟨AXB, Y⟩R = Re tr(B∗X∗A∗Y) = Re tr(X∗A∗YB∗) = ⟨X, A∗YB∗⟩R,
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which proves (45). Thus iterative least-squares solvers such as LSQR or LSMR can be im-
plemented without formingM. Such iterations are appropriate for approximate recovery;
an exact or tolerance-dependent rank decision still requires a rank-revealing factorization
or additional exploitable structure. In the diagonal watermarking specialization below,
the operator decomposes entrywise and no dense real coefficient matrix is formed.

6.2. Least-Squares Recovery for Inconsistent Data

In applications, the observed right-hand sides may be contaminated by quantization,
channel noise, or an imperfect inverse transform. Even when (16) fails exactly, the real
formulation still gives a well-defined approximation. All least-squares solutions are

xLS =M†ω + (I −M†M)z, z arbitrary, (46)

and the minimum attainable residual is

min
x
∥Mx−ω∥2 = ∥(I −MM†)ω∥2. (47)

The vectorM†ω is the unique minimum-norm least-squares solution. Equations (46) and (47)
distinguish exact consistency from approximate reconstruction and provide a natural
residual measure for noisy payloads.

6.3. Coefficient Regimes with Automatic Consistency

The exact criterion also identifies simple cases in which no compatibility restriction
is needed.

Proposition 4. Let N = (D E). If A and N both have full row rank, then system (1) is solvable
for every pair (Ω1, Ω2) of the prescribed sizes.

Proof. Set x2 = 0. Full row rank of Amakes Ax1 = rvec(Ω1) solvable. Full row rank ofN
makes N col(x3, x4) = rvec(Ω2) solvable independently. The corresponding quaternion
matrices solve (1).

If only one of these operators has full row rank, the corresponding block of Theorem 3
disappears, leaving compatibility constraints solely from the other equation. At the opposite
extreme, if A = 0 and N = 0, consistency reduces entirely to the requirement that the two
affine conditions Bx2 = rvec(Ω1) and Cx2 = rvec(Ω2) admit the same x2. Example 2 is
an explicit 3× 3 instance in which the two individual equations are consistent but these
requirements conflict.

7. Numerical Examples
Example 1 (A consistent third-order system). For system (1), let all coefficient and unknown
matrices be of order three. Take

A1 =

⎛⎜⎝i 0 0
0 j 0
0 0 k

⎞⎟⎠, B1 =

⎛⎜⎝1 i 0
j 0 k
0 1 −i

⎞⎟⎠, C1 =

⎛⎜⎝ 2j −k k
0 i i
−k 0 j

⎞⎟⎠,

D1 =

⎛⎜⎝−j 0 0
0 k 0
0 0 −k

⎞⎟⎠, E1 =

⎛⎜⎝0 0 i
0 i 0
j 0 k

⎞⎟⎠, A2 =

⎛⎜⎝j 0 0
0 k 0
0 0 i

⎞⎟⎠,
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B2 =

⎛⎜⎝0 1 0
k −i j
i 0 k

⎞⎟⎠, C2 =

⎛⎜⎝i −j 0
1 k i
0 j j

⎞⎟⎠, D2 =

⎛⎜⎝i 0 0
0 1 0
0 0 k

⎞⎟⎠,

E2 =

⎛⎜⎝k 0 0
0 j 0
0 0 i

⎞⎟⎠.

Choose the four unknowns as

X1 =

⎛⎜⎝2j 0 0
0 i 0
0 0 −k

⎞⎟⎠, X2 =

⎛⎜⎝ i −k 0
0 j 1
k 0 −i

⎞⎟⎠,

X3 =

⎛⎜⎝−2 + 2i 0 j
0 k 0
1 0 −i

⎞⎟⎠, X4 =

⎛⎜⎝0 i 0
j 0 k
0 1 0

⎞⎟⎠.

Direct quaternion multiplication gives

Ω1 = A1X1 A2 + B1X2B2 =

⎛⎜⎝−1− 2i i − j
j + k −1− k −i− k

i j + k −1 + i

⎞⎟⎠,

Ω2 = C1X2C2 + D1X3D2 + E1X4E2

=

⎛⎜⎝ −2i− 2k 1− i + 2j + k 2 + i + k
−1 + 2k −3 + j + k 2j + 2 k
−2− j + k −1− i− 2k −i

⎞⎟⎠.

Thus the displayed X1, X2, X3, X4 form a particular solution. The corresponding real operator has
72 rows, and row reduction gives

rankRM = rankR(M ω) = 72.

Hence the exact criterion (16) independently confirms consistency.

Example 2 (An inconsistent third-order system). Let

A1 = A2 = D1 = E2 =

⎛⎜⎝0 0 0
0 0 0
0 0 0

⎞⎟⎠,

B1 =

⎛⎜⎝1 i j
0 j k
0 0 1

⎞⎟⎠, B2 =

⎛⎜⎝i 1 0
0 1 k
0 0 j

⎞⎟⎠,

C1 =

⎛⎜⎝j 1 i
0 k j
0 0 1

⎞⎟⎠, C2 =

⎛⎜⎝k i 1
0 j k
0 0 i

⎞⎟⎠,

D2 =

⎛⎜⎝1 j 0
0 i k
0 0 k

⎞⎟⎠, E1 =

⎛⎜⎝i 1 0
0 k j
0 0 1

⎞⎟⎠,

Ω1 =

⎛⎜⎝0 0 0
0 0 0
0 0 0

⎞⎟⎠, Ω2 =

⎛⎜⎝ i + k −1 + i− 2j + k i− 2 k
−1 + j− k −1 + j− k j + k

1 + i 0 −2k

⎞⎟⎠.
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The six nonzero coefficient matrices displayed above are nonsingular. The first equation therefore
requires X2 = 0. On the other hand, direct multiplication verifies that

Ω2 = C1YC2, Y =

⎛⎜⎝ i j k
1 i + j − k

j− k 1 + i 2j

⎞⎟⎠ ̸= 0.

Since D1 = 0 and E2 = 0, the second equation requires X2 = Y, which contradicts the first
equation. Equivalently,

rankRM = 36 < 37 = rankR(M ω).

Each equation separately is solvable, so (28)–(39) hold. Direct quaternion row reduction gives
rank 9 = 3 + 6 on both sides of (40) and rank 9 = 6 + 3 on both sides of (41). Thus all fourteen
screening conditions hold, whereas the exact condition (16) fails.

Example 3 (Why independent aggregate ranks fail). Let

A1 = A2 = D1 = D2 = E1 = E2 =

⎛⎜⎝0 0 0
0 0 0
0 0 0

⎞⎟⎠,

B1 = C1 =

⎛⎜⎝1 i j
0 j k
0 0 1

⎞⎟⎠, B2 =

⎛⎜⎝i 1 0
0 1 k
0 0 j

⎞⎟⎠,

C2 =

⎛⎜⎝2i 2 0
0 2 2k
0 0 2j

⎞⎟⎠, X2 =

⎛⎜⎝i 1 j
0 j k
0 0 k

⎞⎟⎠,

Ω1 =

⎛⎜⎝−1 1 + i + k −1 + 2 k
0 −1 − j
0 0 −i

⎞⎟⎠,

Ω2 =

⎛⎜⎝−2 2 + 2i + 2k −2 + 4 k
0 −2 −2 j
0 0 −2i

⎞⎟⎠.

A direct calculation gives
B1X2B2 = Ω1, C1X2C2 = Ω2,

so the displayed X2 solves both equations. Nevertheless,

rankH

(︄
A1 B1 0 0
0 C1 D1 E1

)︄
= 3, rankH

(︄
A1 B1 0 0 Ω1

0 C1 D1 E1 Ω2

)︄
= 6.

Therefore an independent aggregate rank equality can fail even for a consistent third-order system:
it does not retain the ordered pairs (B1, B2) and (C1, C2) attached to the common X2.

8. Application to Color-Image Dual-Watermarking
8.1. Quaternion Image Model and Diagonal Keys

Following the standard quaternion color-image representation [17], an N × N RGB
image is represented by the pure quaternion matrix

F = Ri + Gj + Bk, (48)
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where the three real matrices contain normalized red, green, and blue channels. Let X1

and X2 be two watermark images and let X3, X4 be auxiliary arrays. Choose real diagonal
key matrices

As = diag(as), Bs = diag(bs), Cs = diag(cs),

Ds = diag(ds), Es = diag(es), s = 1, 2,

with positive diagonal entries. This is the specialization of system (1) used to form the two
payloads; the equations are not repeated here. In this interpretation, X1 and X2 are the two
target watermarks, X3 and X4 are independent auxiliary arrays, and Ω1 and Ω2 are the
algebraic payloads embedded into two wavelet sub-bands. Because the coefficients are real
and diagonal, a term such as A1X1 A2 multiplies entry (u, v) by the separable row–column
gain a1,ua2,v; it does not mix different pixels. The repeated occurrence of X2 creates the
sequential dependence between the two payloads.

The coefficient matrices are not estimated from the host or watermark images. In the
reported experiment, their ten diagonal vectors are generated independently by NumPy’s
MT19937 RandomState with seeds 1, . . . , 10, in the order listed in Table 2; every entry is
sampled uniformly from [0.5, 3.0). The strictly positive interval makes all ten diagonal
matrices nonsingular and fixes the coefficient construction completely for reproduction.
Other prescribed quaternion coefficients are permitted by the general theory, but would
require the exact consistency and recovery formulas of Sections 5 and 6.

Proposition 5 (Pure-quaternion preservation). If X1, X2, X3, X4 are pure quaternion matrices
and all key matrices are real, then Ω1 and Ω2 in (1) are pure quaternion matrices.

Proof. Real scalars commute with quaternion units and do not create a real component.
Every term in (1), and hence each sum, is therefore pure quaternion.

Remark 2 (Pure-image coordinate reduction). The four-component real representation in
Section 4 is required for arbitrary quaternion coefficients: a general two-sided product need not map
the pure-quaternion subspace into itself. Proposition 5 shows that the real diagonal specialization
does preserve this subspace. Consequently, the application may be represented by stacking only
the three imaginary components, reducing the algebraic coordinate dimension from 4N2 to 3N2.
The reported implementation already evaluates the diagonal quaternion formulas componentwise
and never assembles the four-component dense operator; its dominant cost is the image-sized wavelet
transform. We therefore retain the uniform four-component notation for the general theory and use
direct three-channel arrays in the implementation.

Once X3, X4 are fixed and A1, A2, C1, C2 are invertible, sequential recovery is unique:

X2 = C−1
1 (Ω2 − D1X3D2 − E1X4E2)C−1

2 , (49)

X1 = A−1
1 (Ω1 − B1X2B2)A−1

2 . (50)

This is uniqueness of (X1, X2) under fixed auxiliary data, not uniqueness of the original four-
unknown system. The latter is governed by the full-column-rank condition in Corollary 3.

If any of A1, A2, C1, C2 is singular, Proposition 5 remains valid, but the inverse
Formulas (49) and (50) do not. In that case consistency must be checked with Theorem 3
(or Corollary 1), and all solutions are obtained from Corollary 2 by Moore–Penrose inverses
and nullspace parameters. Thus a solution may fail to exist or may be nonunique. For diagonal
coefficients, zero diagonal products identify the entries that cannot be recovered uniquely;
their corresponding payload entries must satisfy the projector compatibility conditions.
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Table 2. Implementation parameters and deterministic reproduction settings.

Item Version or Setting

Software Python 3.9.6; NumPy 2.0.2; SciPy 1.13.1; Matplotlib 3.9.4; Pillow 11.3.0; scikit-image 0.24.0;
PyWavelets 1.6.0

Image sources skimage.data.astronaut(), chelsea(), and coffee(); direct square resizing by Pillow LANCZOS

Quaternion encoding RGB assigned to the i, j, k components; real component set to zero

Coefficient seeds Independent RandomState(j) draws for j = 1, . . . , 10 in the order a1, b1, c1, d1, e1, a2, b2, c2, d2, e2

Auxiliary arrays Independent pure quaternion arrays generated by seeds 101 and 102

Wavelet convention Haar, level 2, symmetric extension; (cH2, cV2, cD2) = (HL2, LH2, HH2) in the PyWavelets tuple order

Embedding strengths 0.02, 0.05, 0.08, 0.10, 0.15, 0.20, 0.25, 0.30; selected setting α = 0.05

Randomized processing Global NumPy seed 2024 set once before the ordered processing list

Descriptive scatter plots A fixed sample of 600 horizontal-neighbor pairs selected with RandomState(0); the correlation analysis
uses all valid neighbor pairs

Data and storage path float64 calculation; Q8 in (64) for the stored branch; ideal branch evaluated separately

Proposition 6 (Diagonal structure and recovery stability). Let A = diag(a1, . . . , aN) and
B = diag(b1, . . . , bN) be real diagonal matrices. With the columnwise ordering used in Section 4,

T (A, B) = diagv=1,...,N; u=1,...,N
(︁
(aubv)I4

)︁
. (51)

If all diagonal entries are nonzero, then

κ2
(︁
T (A, B)

)︁
=

maxu |au| maxv |bv|
minu |au| minv |bv|

. (52)

Assume further that A1, A2, C1, C2 are nonsingular real diagonal matrices, that the keys and
auxiliary arrays are exact, and define ∆Ωs = ˆ︁Ωs −Ωs. The sequential recovery errors satisfy

∆X2 = C−1
1 ∆Ω2C−1

2 , (53)

∆X1 = A−1
1
(︁
∆Ω1 − B1∆X2B2

)︁
A−1

2 . (54)

Consequently,

∥∆X2∥F ≤ γ2∥∆Ω2∥F, (55)

∥∆X1∥F ≤ γ1∥∆Ω1∥F + γ1βγ2∥∆Ω2∥F, (56)

where
γ1 = ∥A−1

1 ∥2∥A−1
2 ∥2, γ2 = ∥C−1

1 ∥2∥C−1
2 ∥2, β = ∥B1∥2∥B2∥2.

Proof. For every entry, (AXB)uv = auxuvbv. Since au and bv are real, the corresponding
4× 4 real block is (aubv)I4, which proves (51); its largest and smallest singular values
give (52). Subtracting (49) and (50) from their perturbed counterparts gives (53) and (54).
The bounds then follow from the submultiplicativity of the quaternion Frobenius norm
with respect to the spectral norms of the real diagonal factors.

8.2. Watermark Embedding

Let F ∈ HM×M be the host image, X1, X2 ∈ HN×N the watermark images, and X3, X4 ∈
HN×N fixed auxiliary arrays that are independent of the watermark images. In the repro-
ducible experiment they are regenerated from two declared seeds rather than stored as
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full arrays. We choose N = M/4, so the second-level detail sub-bands of a two-level Haar
DWT have the same dimensions as the payloads. The embedding procedure is as follows.

Step 1: Algebraic payload generation. Using the diagonal key vectors, compute

Ω1 = diag(a1)X1 diag(a2) + diag(b1)X2 diag(b2), (57)

Ω2 = diag(c1)X2 diag(c2) + diag(d1)X3 diag(d2) + diag(e1)X4 diag(e2). (58)

By Proposition 5, the payloads have three imaginary color components and no real component.
Step 2: Frequency decomposition. Apply a two-level Haar DWT to each RGB channel
of F. Denote the unmodified second-level horizontal and vertical detail sub-bands by
T(0)

HL and T(0)
LH . These reference sub-bands are retained as side information, so the present

construction is a non-blind watermarking method.
Step 3: Payload insertion. After applying a fixed invertible normalization independently
to the three imaginary components, insert the payloads with strength α ∈ (0, 1):

THL ← (1− α)T(0)
HL + α rescale(Im Ω1), (59)

TLH ← (1− α)T(0)
LH + α rescale(Im Ω2). (60)

Here the operations are performed componentwise on the RGB arrays represented by
the pure quaternion payloads. More precisely, for one payload component with range
[omin, omax] and its target reference sub-band with range [smin, smax], the experiment uses
the affine map

ϕ(t) = smin +
smax − smin

omax − omin
(t− omin), ϕ−1(z) = omin +

omax − omin

smax − smin
(z− smin). (61)

For r ∈ {1, 2} and c ∈ {R, G, B}, let

Θr,c =
(︁
o−r,c, o+r,c, s−r,c, s+r,c

)︁
(62)

denote the source and target endpoints used by the corresponding map. Hence Θ = {Θr,c :
r = 1, 2, c = R, G, B} contains 24 real scalars. All ranges in the reported experiment are
nonzero; a constant payload or reference component must be rejected or handled by a
separately specified convention because (61) would otherwise be noninvertible. For a
fixed pair (r, c), if the selected sub-band component is perturbed by ∆Tr,c after insertion,
the corresponding payload-component perturbation is related exactly through the inverse
affine slope:

∥∆Ωr,c∥F =
omax − omin

α(smax − smin)
∥∆Tr,c∥F. (63)

Thus decreasing α improves imperceptibility but amplifies extraction errors in proportion
to 1/α.
Step 4: Reconstruction and key storage. Apply the inverse DWT to obtain the unquantized
watermarked array Ffloat

w . The stored RGB image and its decoder are defined by

Q8(z) = uint8(clip(255z, 0, 255)), D8(y) =
float64(y)

255
. (64)

Conversion to uint8 truncates toward zero after clipping. Thus F(8)
w = Q8(Ffloat

w ) is distinct
from the ideal floating-point branch. Define the public transform record
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P = {M, N, haar, L = 2, symmetric, (cH2, cV2, cD2) = (HL2, LH2, HH2),Q8}. (65)

Store

K = {a1, b1, c1, d1, e1, a2, b2, c2, d2, e2,

s3, s4, T(0)
HL , T(0)

LH , Θ, α,P}, (66)

where s3, s4 regenerate X3, X4 using the fixed auxiliary-array generator specified below.
The two reference sub-bands in (66) each contain three color components.

8.3. Watermark Extraction

Given a possibly processed watermarked image F′w and the key set K, apply the
decoder D8 when the input is an 8-bit RGB image, regenerate X3 = Aux(N, s3) and X4 =

Aux(N, s4), and apply the same two-level DWT. Approximate payloads are recovered from

ˆ︁Ω1 = rescale−1

(︄ ˆ︁THL − (1− α)T(0)
HL

α

)︄
, (67)

ˆ︁Ω2 = rescale−1

(︄ ˆ︁TLH − (1− α)T(0)
LH

α

)︄
. (68)

The recovered watermarks are then computed sequentially:

ˆ︁X2 = C−1
1 (ˆ︁Ω2 − D1X3D2 − E1X4E2)C−1

2 , (69)ˆ︁X1 = A−1
1 (ˆ︁Ω1 − B1 ˆ︁X2B2)A−1

2 . (70)

There is an important limitation. With fixed X3, X4 and invertible A1, A2, C1, C2, For-
mula (69) are defined for every extracted pair (ˆ︁Ω1, ˆ︁Ω2). Algebraic consistency is therefore
automatic in this particular implementation and cannot by itself serve as a tamper detector.
The screening conditions (28)–(41) also add no authentication in this full-rank regime. At-
tack effects must be assessed by reconstruction measures, or an independent authentication
code must be added if tamper detection is required.

Algorithms 1 and 2 give an implementation-level summary. They explicitly separate
the ideal floating-point path from the clipped and quantized storage path and do not
introduce a rank condition as an authentication test.

Figure 1 summarizes both data paths and distinguishes stored side information from
ordinary data flow.

F8, X1, X2; seeds
and diagonal keys

Generate X3, X4
and Ω1, Ω2

Haar DWT;
maps ϕr,c ;

mix into HL2, LH2

Inverse DWT
Ffloat

w

Q8

stored F(8)
w

K: seeds, keys, reference
sub-bands, Θ, α,P

(a) Embedding

F′w or
Ffloat

w

D8 if needed;
same Haar DWT

Undo mixtures and
apply ϕ−1

r,c
ˆ︁Ω1, ˆ︁Ω2

Recoverˆ︁X2

Recoverˆ︁X1

Stored decoder record K

(b) Extraction

Figure 1. Algorithmic workflow for the reproducible non-blind construction. Solid arrows represent
data flow, and dashed orange arrows represent decoder side information. The ideal floating-point
branch is distinct from the clipped and quantized 8-bit branch.
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Algorithm 1: Quaternion payload generation and non-blind DWT embedding

Input :RGB host F8 ∈ {0, . . . , 255}M×M×3; RGB watermarks
W1,8, W2,8 ∈ {0, . . . , 255}N×N×3; strength α; coefficient and auxiliary
seeds; transform record P

Output : Ffloat
w , stored image F(8)

w , and decoder record K
Encode W1,8, W2,8 as pure quaternion arrays X1, X2 by (48)
Generate the ten real diagonal vectors and independently generate

X3 = Aux(N, s3) and X4 = Aux(N, s4)

Compute Ω1, Ω2 from (57)
foreach c ∈ {R, G, B} do

Compute the two-level Haar DWT of color component F(c)
8 /255 using

symmetric extension

Retain S1,c = HL(0)
2,c and S2,c = LH(0)

2,c

Form Θ1,c, Θ2,c by (62) and require nonzero source and target ranges

Replace HL(0)
2,c and LH(0)

2,c by the two mixtures in (59)

Apply the inverse DWT, crop to M×M, and assign the result to Ffloat,(c)
w

Set F(8)
w ← Q8(Ffloat

w ) and assemble K as in (66)

return Ffloat
w , F(8)

w ,K

Algorithm 2: Side-information-assisted payload extraction and sequential wa-
termark recovery

Input :A stored/processed RGB image F′w, or the ideal array Ffloat
w ; decoder

record K
Output :Unclipped floating-point estimates ˆ︁X1, ˆ︁X2

For the stored path set Y ← D8(F′w); for the ideal path set Y ← Ffloat
w

Regenerate X3, X4 from s3, s4 and initialize ˆ︁Ω1, ˆ︁Ω2 with zero real components
foreach c ∈ {R, G, B} do

Compute the same two-level Haar DWT of Y(c) and read ˆ︁THL,c, ˆ︁TLH,c

Undo the two mixtures in (67) and apply the inverse affine maps recorded in
Θ1,c, Θ2,c

Assign the results to the c components of ˆ︁Ω1, ˆ︁Ω2

Recover ˆ︁X2 first and then ˆ︁X1 using (69)
return ˆ︁X1, ˆ︁X2; clip only copies used for RGB display

8.4. Experimental Setup and Imperceptibility

The numerical case study was implemented in Python using NumPy, PyWavelets,
Pillow, SciPy, and scikit-image. For a seed s, Aux(N, s) denotes the pure quaternion array
whose real part is zero and whose three imaginary components are the N× N× 3 output of
an independent NumPy RandomState(s) (MT19937) uniform draw on [0, 1). Its principal
parameters are:

• Host image: 256× 256 “astronaut” from scikit-image;
• Watermark X1: 64× 64 “chelsea”, and watermark X2: 64× 64 “coffee”;
• Independent auxiliary arrays: X3 = Aux(64, 101) and X4 = Aux(64, 102);
• Ten real diagonal vectors with entries sampled from [0.5, 3.0) using seeds 1–10;
• Two-level Haar DWT and primary embedding strength α = 0.05.
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The three standard images were obtained from the skimage.data module [25]. According
to the scikit-image dataset metadata, astronaut is a NASA image with no known copyright
restrictions and was released into the public domain; chelsea was released under CC0
by the photographer Stefan van der Walt; and coffee, photographed by Rachel Michetti
and provided courtesy of Pikolo Espresso Bar, was released under CC0. Accordingly,
no additional permission is required for their use in the derived experimental figures.
The auxiliary arrays contain no samples from either watermark and are regenerated by
the decoder from their seeds. All fixed seeds are reproduction metadata, not claims of
secret entropy.

Table 2 records the software environment and the remaining deterministic settings
used to regenerate every figure and numerical table.

Supplementary Code S1 implements this deterministic pipeline. Running python3
watermark_experiment_revised.py from the code directory regenerates all experimental
figures and numerical values, up to platform-dependent floating-point rounding. Because
the coefficients are diagonal, payload formation requires O(N2) arithmetic, while each
separable DWT or inverse DWT requires O(M2) operations. The specialized embedding
and extraction procedures are therefore O(M2 + N2) in time and do not form the dense
real operatorM.

Watermark recovery is evaluated by normalized cross-correlation (NC), defined ex-
plicitly in (75); host-image imperceptibility is evaluated by the two measures below.

Imperceptibility is measured after clipping the inverse-DWT output to [0, 1] and
converting it to an 8-bit RGB image. For images F and Fw of size H ×W, we use

PSNR(F, Fw) = 10 log10
2552 · 3HW

∑c∈{R,G,B} ∥F(c) − F(c)
w ∥2

F

dB, (71)

together with the following global, mean-channel structural similarity (SSIM) estimate:

Sglob(F, Fw) =
1
3 ∑

c∈{R,G,B}

(2µcˆ︁µc + K1)(2σcˆ︁c + K2)

(µ2
c + ˆ︁µ2

c + K1)(σ2
c + ˆ︁σ2

c + K2)
, (72)

where µc, ˆ︁µc are whole-channel means, σ2
c ,ˆ︁σ2

c are whole-channel population variances, σcˆ︁c
is their population covariance, and K1 = (0.01 · 255)2, K2 = (0.03 · 255)2. Equation (72) is
stated explicitly because it is a global estimate rather than the standard local-window SSIM
implementation; the two should not be compared as if they were identical metrics. Table 3
reports both measures over the tested embedding strengths.

Figure 2 presents the inputs, payloads, stored image, and recovered outputs at the
primary setting; the algorithmic data flow itself is shown in Figure 1.

Table 3. PSNR and the global SSIM estimate in (72) after clipping and 8-bit conversion at different
embedding strengths.

α PSNR (dB) Global SSIM

0.02 43.56 0.9998
0.05 35.99 0.9987
0.08 31.98 0.9966
0.10 30.07 0.9947
0.15 26.60 0.9882
0.20 24.15 0.9793
0.25 22.26 0.9681
0.30 20.72 0.9547

Note: Bold values indicate the operating point used in the subsequent experiments.
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Figure 3 combines the values in Table 3 with the storage-baseline recovery trends as
α varies.

Figure 3 represents a three-way tradeoff rather than a universally optimal choice of α.
Increasing α raises the payload contribution relative to transform and quantization errors,
but also increases host-image distortion and clipping. Conversely, a small α improves im-
perceptibility while (63) amplifies sub-band perturbations in proportion to 1/α. At α = 0.05,
PSNR = 35.99 dB and the global structural-similarity estimate is 0.9987. The corresponding
storage-baseline NC values are reported below.

Host image F
(astronaut, 256×256)

Watermark X1
(chelsea, 64×64)

Watermark X2
(coffee, 64×64)

Encrypted 1
(normalised for display)

Encrypted 2
(normalised for display)

PSNR=35.87 dB,  SSIM=0.9986

Watermarked Fw

Difference map
(amplified)

NC=1.0000

Recovered X1

NC=1.0000

Recovered X2

Parameters

Host:  256×256
WM:    64×64
DWT:   Haar, 2-level
 = 0.05

PSNR = 35.87 dB
SSIM = 0.9986
NC(X1) = 1.0000
NC(X2) = 1.0000

Quaternion Matrix Equation Dual-Watermarking: Embedding and Extraction

Figure 2. Embedding and extraction overview at α = 0.05, regenerated using the clipped and
quantized 8-bit image as the no-attack storage baseline.
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Figure 3. Influence of the embedding strength α on PSNR, the global structural-similarity estimate
in (72), and storage-baseline NC. Every point is computed after clipping and 8-bit conversion.
The horizontal lines are visual reference levels, and the vertical line identifies the selected setting
α = 0.05.

8.5. Ideal Floating-Point Recovery and the Storage Baseline

Before clipping and quantization, applying extraction directly to the in-memory
floating-point inverse-DWT array gives

∥ˆ︁Ω1 −Ω1∥∞ ≈ 7.73× 10−14, ∥ˆ︁Ω2 −Ω2∥∞ ≈ 1.19× 10−13, (73)

and NC equal to 1.0000 for both recovered watermarks. This is an ideal transform round
trip with the original sub-bands and normalization parameters stored as side information;
it is not recovery from a saved 8-bit watermarked image.

In fact, at α = 0.05 the unquantized array contains 13,652 channel values outside [0, 1]
out of 196,608 values in total. After clipping, 8-bit conversion, and immediate re-extraction
without any further attack, the reproduced NC values are approximately

NC(X1, ˆ︁X1) = 0.3921, NC(X2, ˆ︁X2) = 0.7179. (74)
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These values are produced by the following fixed path: inverse DWT reconstruction, clip-
ping to [0, 1], conversion byQ8, decoding byD8, a second two-level DWT, inverse sub-band
mixing and affine rescaling, sequential recovery of ˆ︁X2 and then ˆ︁X1, and finally evaluation
of (75). NC is the cosine of the angle between the stacked three-component watermark
arrays: 1 means perfect directional agreement, whereas values closer to zero indicate weak
agreement. Thus 0.3921 for X1 and 0.7179 for X2 show substantial storage-induced degrada-
tion rather than robust recovery. The lower value for X1 is consistent with (56), because the
error in ˆ︁X2 propagates into the subsequent recovery of ˆ︁X1. Accordingly, the ideal and
storage baselines must be reported separately. The discrepancy also motivates a bounded
or quantization-aware embedding design.

8.6. Attack-Sensitivity Tests

We next evaluate the storage baseline and 13 post-processing operations, including
Joint Photographic Experts Group (JPEG) compression, on the clipped and quantized image.
All rows, including the no-further-processing storage baseline, use the same 8-bit data path.
Normalized cross-correlation is defined by

NC(X, ˆ︁X) =

⟨︂
vec(Im X), vec(Im ˆ︁X)

⟩︂
∥ vec(Im X)∥2 ∥ vec(Im ˆ︁X)∥2

, (75)

where vec(Im X) stacks all three imaginary components. NC is evaluated from the un-
clipped floating-point estimates; clipping is used only for display. If either norm in (75)
is zero, the implementation returns zero by convention; this case does not occur in the
reported experiment.

Table 4 specifies every operation. Randomized operations use the single seeded
sequence stated in Table 2; deterministic operations use the listed interpolation and bound-
ary conventions.

The operations in Table 4 are applied independently to the same stored baseline. Thus,
differences between rows below reflect the stated operation under one common extraction
pipeline, not a cryptographic security evaluation.

Figure 4 places the original watermarks beside six representative processed configura-
tions so that visual degradation can be assessed directly. The complete set of numerical
comparisons remains in Table 5 and Figure 5. Figure 6 compares the level-two sub-bands
before interpreting their differences.

Table 4. Definitions of the post-processing operations applied to the stored 8-bit image.

Operation Parameter Implementation

Storage baseline None Direct extraction after clipping and Q8,
without additional processing

Gaussian noise σ = 2, 5
Independent samples in 8-bit intensity units
added to every pixel and channel, followed by
clipping and conversion to uint8

Salt-and-pepper Probability
0.01

Each spatial location selected independently with
probability 0.01; each selected RGB triplet
replaced jointly by black or white with equal
probability

JPEG Q = 90, 70, 50
In-memory Pillow encode/decode, 4:4:4 chroma
(subsampling = 0), without optimization or
progressive coding
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Table 4. Cont.

Operation Parameter Implementation

Border removal Width 0.10 Strips of ⌊0.1M⌋ = 25 pixels set to zero on all four
edges, with canvas size unchanged

Rotation 5◦ Counterclockwise about the center; bilinear
interpolation, fixed canvas, and black fill

Median filtering 3× 3 Applied independently to each channel with
reflected boundary handling

Gamma correction γ = 1.5 z ↦→ 255(z/255)1.5, followed by clipping and
8-bit conversion

Sharpening Gain 0.5
Per-channel I + 0.5(I −U3 I), where U3 is a 3× 3
uniform filter with reflected boundaries; followed
by clipping and conversion to uint8

Histogram
equalization

Per channel Pillow equalization applied independently
to RGB

Scaling Factor 0.5 Resize 256→ 128→ 256 with bilinear
interpolation in both steps

Table 5. NC values for the common 8-bit storage baseline and 13 post-processing operations at
α = 0.05.

Configuration NC for X1 NC for X2

8-bit storage, no further processing 0.3921 0.7179
Gaussian noise (σ = 2) 0.2229 0.5843
Gaussian noise (σ = 5) 0.1236 0.3953
Salt-and-pepper noise (1%) 0.0703 0.1249
JPEG compression (Q = 90) 0.1617 0.4612
JPEG compression (Q = 70) 0.0788 0.3186
JPEG compression (Q = 50) 0.0091 0.2930
Zeroing a 10%-wide border −0.0345 0.1161
Rotation by 5◦ −0.0210 0.1062
Median filtering (3× 3) −0.0628 0.3789
Gamma correction (γ = 1.5) 0.0488 0.1955
Sharpening 0.1972 0.0663
Histogram equalization 0.0912 −0.0359
Scaling by 0.5 and restoring size −0.0672 0.2988
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Figure 4. Representative processed images and recovered watermark estimates at α = 0.05. The left
column gives the original host and watermarks. Solid blue and dashed orange frames distinguish X1

and X2, respectively; the NC badges use the common continuous color scale shown below the panels.

Figure 5 combines the data in Table 5 with process-category bands and a direct visual
comparison of the two recovered watermarks. The storage baseline already includes clip-
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ping and quantization and is distinct from the ideal floating-point result. Each additional
operation reduces at least one NC value relative to that baseline, and none reaches the
displayed visual reference value of 0.9. Within the noise group, increasing the Gaussian
standard deviation from 2 to 5 produces a further decrease for both watermarks; the JPEG
group likewise shows an overall loss as quality is reduced from 90 to 50. Geometric changes
lead to near-zero or negative NC for X1, whereas the scaling operation retains an NC of
0.2988 for X2. The estimates of X2 are better than those of X1 in most rows. This agrees
with the sequential decoder, because an error in ˆ︁X2 also enters the subsequent formula forˆ︁X1. These observations characterize the stated experiment and should not be interpreted as
evidence of “double protection”, authentication, or cryptographic security.
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Figure 5. NC values from Table 5, grouped by operation type. Blue diagonally hatched bars represent
X1, and orange dotted bars represent X2. The dashed line at NC = 0.9 is a visual reference only, not a
universal robustness criterion; negative values denote anticorrelation under (75).

Host: LL2 Host: HL2 (embed 1) Host: LH2 (embed 2) Host: HH2

WM: LL2
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WM: HL2 (embed 1)
=0.1314

WM: LH2 (embed 2)
=0.1123
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2-Level Haar DWT Subbands: Host vs. Watermarked (R channel)

Figure 6. Two-level Haar DWT sub-bands of the host and the clipped, 8-bit watermarked image
for the red channel. The largest intended changes occur in HL2 and LH2; clipping and quantization
introduce smaller changes outside those two sub-bands.

8.7. DWT Sub-Band Inspection

Before clipping and quantization, the construction changes only the selected HL2 and
LH2 coefficient arrays up to floating-point roundoff. Figure 6 instead uses the stored-image
path and therefore reflects the additional perturbation introduced by mapping the inverse-
DWT result to a valid 8-bit image. This inspection verifies which frequency bands carry the
payload but does not establish resistance to signal-processing attacks.
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8.8. Descriptive Payload Statistics

Table 6 reports genuine horizontal, vertical, and diagonal neighbor correlations, calcu-
lated using all valid neighboring pixel pairs. The payload values are analyzed before the
DWT normalization because an affine rescaling does not change a correlation coefficient.

Table 6. Spatial neighbor correlations of watermark X1 and payload Ω1.

Array and Component Horizontal Vertical Diagonal

X1 (R) 0.7701 0.8695 0.7008
X1 (G) 0.7879 0.8818 0.7278
X1 (B) 0.8477 0.9181 0.8080
Ω1 (i) 0.6309 0.4358 0.1383
Ω1 (j) 0.6677 0.4707 0.2214
Ω1 (k) 0.6820 0.5212 0.2919

Figure 7 complements the numerical correlations with the marginal histograms and
correctly sampled horizontal-neighbor scatter plots.
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Figure 7. Channel histograms and horizontal-neighbor scatter plots for X1 and the algebraic payload
Ω1. Each scatter plot uses the same fixed sample of 600 pairs (seed 0), whereas Table 6 uses all
valid pairs.

For this example, forming Ω1 changes the marginal distributions and reduces some
spatial correlations, particularly diagonal correlations. Substantial correlations remain,
and the payload histograms are not uniform. These descriptive statistics therefore do not
establish cryptographic security.

8.9. Key Material, Side Information, and Security Limitations

The decoder stores ten real diagonal vectors, two auxiliary-array seeds, the original
HL2 and LH2 sub-bands for three color channels, the 24 normalization endpoints, and α.
Counting the stored double-precision quantities while excluding the two integer seeds and
the small transform record P , this is

Nstore = 10N + 6N2 + 25 (76)

double-precision values. Here 10N counts the ten diagonal vectors, 6N2 counts the two
three-channel reference sub-bands, and 25 = 24+ 1 counts the normalization endpoints and
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embedding strength. Equation (76) is a storage count, not a measure of secret entropy. IEEE-
754 representation bits cannot all be treated as independent key bits; in this reproducible
experiment all coefficient and auxiliary generators use disclosed fixed seeds. Crucially, X3

and X4 are generated independently of X1 and X2; the decoder record therefore no longer
contains either target watermark or a deterministic transform of it.

Moreover, the present coefficients are real diagonal matrices. Their action is com-
ponentwise real scaling and addition, so quaternion noncommutativity does not supply
an additional cryptographic barrier in this implementation. The prototype should be
understood as a deterministic, non-blind, side-information-assisted numerical encoding ex-
periment. No claim of semantic security or resistance to known-plaintext, chosen-plaintext,
or key-recovery attacks is made.

8.10. Relation to Existing Quaternion Image Models

Table 7 compares only the algebraic structures and application roles of the selected models.

Table 7. Structural comparison with selected quaternion matrix-equation image models. This is not a
controlled performance benchmark.

Study Algebraic Structure Image Task Shared-Variable Pattern

He et al. [23] one Sylvester-type equation data transmission none
Qi et al. [16] three coupled equations color-image encryption Y in three equations
Present case study two coupled equations dual watermarking X2 in two equations

The table compares model structures only. Datasets, image sizes, embedding strengths,
side-information assumptions, and metric implementations differ, so PSNR or NC values
from separate studies should not be interpreted as a head-to-head ranking. In the present
model, the shared variable produces a sequential decoding dependence; it does not provide
an independent consistency or authentication check in the diagonal full-rank implementation.

9. Discussion: Key Findings, Limitations, and Future Directions
9.1. Key Findings

The central theoretical finding is that the shared-variable compatibility is an ordinary
real linear constraint only after every ordered two-sided product has been represented
intact. The augmented-rank test (16) and the reduced criterion (19) are exact, whereas
conditions (28)–(41) are computationally useful rejection screens. Proposition 3 separates
these roles: it characterizes joint sufficiency through the image of the reduced operator
and identifies full-rank and zero-pattern regimes in which the screens are sufficient. The
explicit 3× 3 counterexamples verify the stated failures of the aggregate and screening
tests at third order.

The application illustrates a second distinction. With fixed auxiliary arrays and
nonsingular diagonal coefficients, the algebraic payloads are recovered to floating-point
roundoff in the ideal in-memory path. The stored-image path is materially different:
clipping and 8-bit quantization reduce the baseline NC values to 0.3921 and 0.7179. This
gap is consistent with the error-propagation bounds in Proposition 6 and shows why an
exact algebraic solution does not by itself imply robust image storage.

9.2. Limitations

The numerical study is a deterministic proof of concept using one host image, two
payload images, one principal embedding strength, and disclosed fixed seeds. The reported
global mean-channel SSIM estimate is not the standard local-window SSIM. The decoder is
non-blind and requires the side information counted in (76); the diagonal real coefficients
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provide separable scaling rather than a noncommutative cryptographic barrier. The tested
post-processing results therefore characterize sensitivity under the stated pipeline and do
not establish security, authentication, or population-level robustness.

The theoretical and experimental scopes must also remain separate. The rank results
allow general rectangular quaternion coefficients and do not depend on the image experi-
ment. Conversely, the successful ideal round trip verifies one implementation but is not
evidence for the general theorem. The four-component real representation is necessary
at that level of generality, although the pure-quaternion diagonal application permits the
three-component restriction discussed after Proposition 5.

9.3. Future Directions and Reproducibility

Future work should investigate structured or matrix-free exact solvers, additional coef-
ficient classes in which the screening conditions are sufficient, and regularized recovery for
singular or noisy systems. For watermarking, priorities include bounded or quantization-
aware sub-band insertion, experiments over multiple host and payload datasets, repeated
independent keys, standard local-window SSIM, and controlled comparisons under identi-
cal attacks. A deployable authentication method would additionally need an explicit threat
model and an independent integrity mechanism.

Supplementary Code S1 reproduces the figures and numerical tables using the soft-
ware versions, random seeds, image sources, transform conventions, and storage path
reported here. The same clipped 8-bit baseline is used for the unprocessed and processed
cases, the full NC range is displayed, and spatial correlations use genuine neighboring
pairs. OpenAI Codex was used during revision to assist with LaTeX restructuring, language
editing, and consistency checks; all formulae, proofs, code outputs, and interpretations
were reviewed by the authors.

10. Conclusions
This paper established an order-preserving real representation for a coupled system

of two-sided quaternion matrix equations with a shared unknown. It yields an exact
augmented-rank criterion, an equivalent reduced criterion, the complete Moore–Penrose
solution, and fourteen quaternion block-rank screening conditions. The added sufficiency
characterization and the 3× 3 counterexamples delineate when those compact screens can
and cannot replace the exact real compatibility test.

The dual-watermarking example demonstrates the resulting sequential recovery
model while also showing its present limits. At embedding strength 0.05, the stored
image attains PSNR 35.99 dB and a global structural-similarity estimate of 0.9987, but clip-
ping and 8-bit quantization reduce the storage-baseline NC values to 0.3921 and 0.7179.
The application is therefore an algebraically exact, reproducible non-blind prototype rather
than a claim of robust or cryptographically secure watermarking.

Supplementary Materials: The following supporting information can be downloaded at https://www.
mdpi.com/article/10.3390/math14183259/s1: Supplementary Code S1, watermark_experiment_
revised.py, is provided with the revised manuscript and contains the Python source code used to
reproduce the dual-watermarking experiment, parameter sweep, post-processing tests, numerical
results, and experimental figures. It records the software versions, random seeds, image sources,
transform conventions, and storage path used in the reported calculations.
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Appendix A. Real-Operator Identities and Equivalence Invariance
This appendix gives two identities that connect the coordinated canonical reductions

in Section 3 with the exact real-rank theory. They also provide independent checks on the
order of every noncommutative factor in the construction ofM.

Lemma A1 (Composition law). Let all products below be conformable. Then

T (A, B)T (C, D) = T (AC, DB). (A1)

In particular, if P and Q are square and invertible, then

T (P, Q)−1 = T (P−1, Q−1). (A2)

Proof. For an arbitrary quaternion matrix X, Lemma 2 gives

T (A, B)T (C, D) rvec(X) = rvec
(︁

A(CXD)B
)︁
= rvec

(︁
(AC)X(DB)

)︁
.

Since this identity holds for every X, it proves (A1). Applying the composition law in both
orders to (P, Q) and (P−1, Q−1) gives (A2). Notice that the right factors occur as DB, not
BD; this reversal is forced by the nesting of the two right multiplications.

Proposition A1 (Invariance under coordinated equivalence). Under the transformations in
Proposition 1, define

U = diag
(︁
T (P1, ˜︁Q1), T (P2, ˜︁Q2)

)︁
, (A3)

V = diag
(︁
T (Q1, ˜︁P1), T (Q2, ˜︁P2), T (Q3, ˜︁P3), T (Q4, ˜︁P4)

)︁
. (A4)

Let ˆ︂M and ˆ︁ω be the real coefficient matrix and right-hand side obtained from the canonical system (9).
Then ˆ︂M = UMV , ˆ︁ω = Uω, x = V ˆ︁x. (A5)

Consequently,

rankR ˆ︂M = rankRM, rankR
(︂ ˆ︂M ˆ︁ω)︂ = rankR

(︂
M ω

)︂
. (A6)

Thus the exact condition (16), the nullity of the coefficient operator, and the affine dimension of every
consistent solution set are invariant under coordinated equivalence reduction.

https://doi.org/10.3390/math14183259

https://scikit-image.org/docs/0.24.x/api/skimage.data.html
https://doi.org/10.3390/math14183259


Mathematics 2026, 14, 3259 29 of 30

Proof. The variable relation in (7) is equivalent to Xs = Qs ˆ︁Xs ˜︁Ps, so Lemma 2 gives x = V ˆ︁x.
For a nonzero term in the ith equation involving the sth unknown, denote its ordered left
and right coefficients by (Lis, Ris). Lemma A1 yields

T (Pi, ˜︁Qi) T (Lis, Ris) T (Qs, ˜︁Ps) = T (PiLisQs, ˜︁PsRis ˜︁Qi).

This is precisely the real operator associated with the corresponding canonical term. Apply-
ing the same identity blockwise proves the first two relations in (A5). All diagonal blocks
in U and V are invertible by (A2). Finally,

(︂ ˆ︂M ˆ︁ω)︂ = U
(︂
M ω

)︂(︄V 0
0 1

)︄
,

and left or right multiplication by an invertible real matrix preserves rank. This proves (A6);
invariance of nullity and affine dimension follows from rank–nullity.
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