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Abstract

(1) Background: Hom-type algebras, proposed by Yau, generalize classical algebras via
twisting maps. Dendriform and tridendriform algebras, introduced by Loday and Vallette,
decompose associative multiplications and play significant roles in algebraic K-theory and
operad theory. Rota—Baxter operators, originating from analysis and probability, have
become a vital bridge connecting multiple disciplines. The 7r-graded structure, a classi-
cal tool in algebra, decomposes algebraic objects into direct sums indexed by a monoid
7. (2) Methods: We systematically investigate constructive approaches for Rota-Baxter
operators on Hom-rr-algebras, establish the stepwise structural derivation chain among
Hom-tridendriform, Hom-dendriform, and Hom-associative rr-algebras, and characterize
the equivalence between generalized Rota—Baxter systems and dendriform structures in
the Hom-7r framework. (3) Results: We present several systematic constructive methods
for Rota—Baxter Hom-7r-algebras, including Yau twists, iterative endomorphism twist-
ing, centroid element modifications, and monoid tensor lifting. We prove the structural
equivalence between Rota—Baxter Hom-7-systems and Hom-dendriform 7r-algebras, and
further extend the study to Hom-quadri-7r-algebras with corresponding induction results.
(4) Conclusions: The established structural equivalence and derivation relations provide a
unified framework for these 77-graded Hom-type algebraic structures, covering Rota—Baxter
operators and various dendriform-derived algebras.

Keywords: tridendriform 7r-algebra; dendriform 7r-algebra; Rota—Baxter system; Rota—Baxter
mt-algebra

MSC: 16W99

1. Introduction

Hom-type algebras, proposed by Yau, are important noncommutative algebras that
generalize classical algebras via twisting maps [1]. Their core idea is to replace the identity
map with a compatible linear endomorphism. The construction of twisted tensor products
for Hom-type algebras has broadened their applications in mathematical physics, represen-
tation theory, and other fields [2]. Dendriform algebras and tridendriform algebras were
introduced by Loday and Vallette [3,4]. By decomposing the associative multiplication,
they reveal the internal rules of algebras and play a significant role in algebraic K-theory,
operad theory, and combinatorics [5].

Originating from problems in analysis and probability theory, Rota—Baxter operators
were formally defined and systematically developed by Rota and Baxter [6,7]. They have
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become a vital bridge connecting multiple disciplines. The relations between Rota—Baxter
operators and dendriform algebras have been thoroughly investigated [8], and relevant
theories are widely applied in quantum field theory and the characterization of Hopf
algebras. Recently, the interdisciplinary research on Rota—Baxter operators and Hom-
type algebras has gradually emerged, giving rise to new structures such as Rota—Baxter
Hom-algebras [9].

The 7-graded structure is a classical tool in algebra research. It decomposes algebraic
objects into direct sums of subspaces indexed by a monoid 7t while preserving the homo-
geneity of operations, and is widely used in algebraic geometry, topology and homological
algebra [10]. Combining 7r-gradation with Rota—Baxter algebras, dendriform algebras and
tridendriform algebras yields new structures including Rota—Baxter 7r-algebras, dendriform
rt-algebras and tridendriform sr-algebras [11], which inherit the essential properties of the
two kinds of fundamental algebraic structures.

This paper investigates the structural constructions and interrelations of these 7r-graded
Hom-type algebras. Section 2 fixes unified notation conventions for six families of graded
algebraic structures, streamlining the presentation of definitions and proofs throughout
the paper.

Section 3 systematically develops multiple constructive approaches for Rota—Baxter
Hom-7t-algebras, ranging from Yau twists and iterative endomorphism twisting to centroid
element modifications and monoid tensor lifting. We also extend the notion of Rota—Baxter
pairs to the 71-graded Hom framework, and illustrate all constructions with explicit exam-
ples on low-dimensional associative algebras.

Turning to dendriform structures, Section 4 formally defines Hom-tridendriform and
Hom-dendriform rr-algebras, verifies their Yau twist constructions, and establishes the
stepwise derivation chain from tridendriform to dendriform and further to associative
Hom-rr-algebras. A core result is that all these dendriform structures are naturally induced
by Rota-Baxter Hom-rr-algebras.

Section 5 is devoted to the generalized framework of Rota—Baxter Hom-77-systems. We
characterize decomposable systems via operator zero-product conditions, and prove the
structural equivalence between these systems and Hom-dendriform 7r-algebras. The study
is further extended to Hom-quadri-7r-algebras, including their Yau twist construction.

2. Notations

Throughout the paper, we take K as our ground field and consider it to be of charac-
teristic zero unless otherwise stated. In general, 7 is taken to be an arbitrary monoid unless
otherwise stated, but note that some results remain valid if we take it to be an arbitrary
group, and elements p, g, r will be assumed to be arbitrary elements of 7r. For a family of
linear spaces {V} } per, let id, denote the identity map on V,. We also have the following
specified notation for the corresponding families of algebras used throughout the paper.
(a) Hom-rr-algebras Ay = ({Ap}pen, {mpg}paen{ap tpern) and By == ({Bp}pen,

{mg,q} pagen {zxrlf }per), where “H” goes for “Hom”, and when Hom-type structures

are not involved, then we just have the rr-algebras [12] A := ({Ap}per, {5y} pgen)

and B := ({Bp}pen, {m} 4} pgen)-

(b) Rota-Baxter Hom-7r-algebras R Ay := ({Ap}pen, {mio}pgen, {R} Ypen, {7 }pen)
and RBy = ({Bp}per {mpqtpgen, {Rj}pen, {ap}per), where “H” goes for
“Hom” and “R” goes for the Rota—Baxter operator, and when Hom-type struc-
tures are not involved, then we just have the Rota—Baxter rr-algebras [11] RA =
({Ap}pen, {mﬁq}mem {Rﬁ}Peﬂ) and *B := ({Bp}pem {m?,q}p,qem {Rﬁ}pen),
where “R” goes for the Rota—Baxter operator.
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(c) Hom-tridendriform 7r-algebras 79 Ay := ({Ap}pen, {%ﬁq}p,qen, {>ﬁ,q}p,qem {oﬁq}wem
{Déﬁ}pEn) and TdBH = ({Bp}pEm{{;l?,q}p,qu{*5,q}p,q€m{’5,q}p,q6m {“g}pEH),
where “H” stands for “Hom” and “Td” stands for tridendriform. When Hom-type
structures are not involved, we simply have the tridendriform 7r-algebras [11] T9A :=
({Ap}tper (=gt paer {=patpacm {#hg}paen) and 9B = ({Bp}pen, {=<}4}paers
{=paYpaen {®hq pacn)-

(d) Hom-dendriform rr-algebras YAy := ({Ap}pen, {%Qq}p,qgn, {*?,q}p,qem {a?}pen)
and By = ({Bp}pen,{<§,q}p,qen, {>§,q}p,qgn, {zxg}pen), where “H” goes for
“Hom” and “d” goes for dendriform, and when Hom-type structures are not involved,
then we just have the dendriform rr-algebras [11] YA := ({A,}pen, {=<7a}paens
{>§,q}rbq€ﬂ) and 'B := ({BP}PEN/{'<5,q}P,qE7Ir {*,13,,7};:,,7671)-

(e) Rota—Baxter Hom-7t-systems R A3, := ({Ap}pen, {mﬁq}p,qgn, {R;‘}pen, {S?}pen,
{zx‘;}pen) and RB?_I = ({Bp}pen,{mg,q}p,qen, {Rg}pen, {Sg}pen/ {zxg}pen),where

7o

“H” goes for “Hom”, “s” goes for system, and “R” goes for the Rota—Baxter operator.

(f) Hom-quadri-rr-algebras 1Ag == ({Ap}per, {Nigtpaern { patpacn £ pa} pacr
{\?,q}p,qem {D‘? }pen) and 1By = ({Bp}pem {\5,q}p,q€m {/glq}p,qETL'/ {/g,q}p,qen/
{\5,[,} paens {zxg }per), where “H” stands for “Hom” and “g” stands for quadri. When
Hom-type structures are not involved, we simply have the quadri m-algebras
1A = ({Ap}pEm {’\ﬁq}p,géﬂr {\/ﬁq}p,qu {/‘ﬁ,q}p,qu {\lﬁ,q}p,l]&ﬂ) and 18 :=
({BP}P’E”' {,\g,q}lﬂ/q'ém {\/5,11}]0,!167'[/ {/‘5,‘1};7,47671/ {\rg,q}p,qEn)-

3. Constructive Approaches to Rota—Baxter Hom-7r Algebras

The m-graded algebraic structures studied in this paper originate from Turaev’s 7-
algebras, which were originally introduced in homotopy quantum field theory [12]. Hom-
rt-algebras are natural Hom-type generalizations of these classical graded structures.

Following the basic definitions and notation conventions in Section 2, we present sev-
eral constructive approaches for Rota-Baxter Hom-7t-algebras in this section. We establish
three systematic constructive methods based on Yau twists, iterative endomorphism actions
and centroid elements, and supplement them with explicit examples on low dimensional
associative algebras.

Definition 1. A Hom-rt-algebra Ay consists of a family of linear spaces { Ap } per and two families
of bilinear and linear operators {m;,“,q Ay @A — Apg, zx;,f‘ : Ap — Ap}pgen such that for
all p,q,r € T, the equality mp,qr(zx;,“ ® mj;}r) = m{}q,,(m;?,q ® a) holds.

A Hom-rt-algebra homomorphism from Ay to By is a family of linear operators {f, : Ay —
By} per such that for all p,q,r € 7t,we have qum;j‘,q = mg,q (fr® fg), fpoc;,f‘ = ocgfp.

A Hom-rt-subalgebra of a Hom-m-algebra Ay is a Hom-rt-algebra By that satisfies the
following conditions:

(a) By is a subspace of Ap forall p € 7;
(b) mAq(Bp ® By) C Bpg forall p,q € m;

/!

p
(c) tX‘;‘(Bp) C By forall p € 7.

Remark 1. (a) A Hom-rt-algebra Ay is called weakly non-degenerate if for any linear operators
f,8:Ap — Ap, the condition my 5(f ®idy) = my (g ®idy) forall g € 7 implies f = g, and
similarly, for any linear operators g, h : Ay — Ag, the condition my,(idp ® g) = myp4(idy ®
h) forall p € mtimplies g = h.

(b) A Hom-rt-algebra Ay is called strongly non-degenerate if for any linear operators f, g :
Ap — Ay, the condition mpq(f @ af') = myq(g @ ag') forallq € m implies f = g, and
similarly, for any linear operators g,h : A; — Ay, the condition mp,q(tx;;l ®g) = mp,q(oc;;1 ®
h)  forall p € mimplies ¢ = h.
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(c) If each Dé;;‘ is surjective, then the strongly non-degeneracy of Ap implies the weakly
non-degeneracy of its underlying Hom-rt-algebra Ap.

(d) Please note that non-degeneracy is a very important feature for an algebra in its applications
in quantum mathematics, and for this reason, later on we will see some results that involve
this feature.

Hom-7r-algebras arise naturally from 7r-algebras under the Yau twist.

Lemma 1. I_f{ﬂé?}pg;-[ is a rr-algebra endomorphism on A, then ({Ap}pen, {mﬁ; = ocﬁqm;j‘,q}
paen, {&p }pen) is a Hom-rr-algebra.

If {fpy + Ay — Bplpen is a m-algebra homomorphism from A to B and satisfies
ocg fr = fpoc;;‘ for all p € m, then {fp}per is a Hom-m-algebra homomorphism from

A, B,
({Ap}pem {mp,q*}p,qETL’r {D‘?}pen) to ({Bp}pem {mp,;}p,qem {D‘S}pen) .
Proof. For any p,q,r € 7r, we have

mﬁ/’q*r (ap ®m;;‘,;*) =ad ma

and
A _ A_A _ B A _ BB _ B
Frapy = FoqlpgMpg = apg fpqty g = apgmy o (fp @ fo) = mya (fp @ fo)-
O

Definition 2. A Rota—Baxter operator of weight A on a Hom-rt-algebra Ay is a family of linear
operators {R;,f‘ : Ay — Ap}pen such that for all p,q € 7, we have
A (RPA o RAY — RA A (DA o - A - -
My (R @ RYY) = Riymy o (R @1idg +idp @ R + Aidp ®@idy).
In this case, R Ay is called a Rota—Baxter Hom-rt-algebra of weight A. (Unless otherwise
specified, the weight of all Rota—Baxter Hom-rt-algebras below is taken to be A).

A Rota—Baxter Hom-rt-algebra homomorphism from R Ay to R By is a Hom-rt-algebra homo-
morphism {fy : Ay — By} per such that pr;;‘ = Ry fp forall p € 7.

Remark 2. Since the definition of Rota—Baxter operators on Ay is independent of the Hom-
operator, it is easy to verify that many properties of R A given in Reference [11] also hold for R Ay:
If {R{}} pen is a Rota—Baxter operator of weight Ay on a Hom-7t-algebra, then

(@) {—M\id, — Rﬁ}pgn is a Rota—Baxter operator of weight A1, {/\ZR‘;‘}pen is a Rota—Baxter
operator of weight AqA;.

(b) Let {Ry: Ay = Ap}pen be a family of linear operators on a Hom-rt-algebra, and let A € K
to not be a zero divisor on Apy. Then {R}per is a Rota—Baxter operator of weight A on
Ay if and only if for any p,q € 7, a € Ap, b € Ay, there exists d € Ap, such that
Ry(a)Ry(b) = Rpy(d), (—Aidy — Rp)(a)(—=Aidg — Ry)(b) = (—Aidpg — Rpg)(d).

(c) Let{Ry: Ay = Ap}pen beafamily of left Ay-linear operators on a unital Hom-rt-algebra
Ap. Then {Rp}per is a Rota—Baxter operator of weight A on Ay if and only if {Rp} per is
rt-quasi idempotent with respect to A.
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(d) Let{Rp:Ap — Ap}pen bea r-idempotent Rota—Baxter operator on a unital Hom-rr-algebra
App. Then (14 A)Rpgipq(idy @ Rp) = (14 A)Rpgipq(Rp ®idp), (14 A)(mpq(Rp @
Rg) = ARpgmmp ) = 0.

We begin with the most fundamental construction, which builds a two-way corre-
spondence between Rota—Baxter rr-algebras and Rota—Baxter Hom-7r-algebras via the
Yau twist.

Theorem 1. (a)  Let {oc‘;1 : Ay — Ap}pen be an endomorphism of the Rota—Baxter 7t-
algebra RA such that uc;;‘R;‘ RAacA forall p € m. Then ({Ap}pen, {mpq
oc;;‘qm;‘,q}p,qem {R;‘}pen , {uc }pen) is a Rota—Baxter Hom-rt-algebra.

(b)  Let R Ay be a Rota—Baxter Hom- n—algebm such that each oc;‘ 1 Ap — Ay is bijective,
and we have iRy = Ritap and apmy, oq(ap @ aft) forall p,q € 7. Then

= mi (a
I
({Ap}pen, {mﬁ/;f = (a ﬁq) mf o Ypgen, {Ry}pen) is a Rota—Baxter r-algebra.

Proof. (a) By Lemma 1, ({A,}pen, {mp 7 Ypagens {a?}pen) is a Hom-rt-algebra. Moreover,
we have
A (pA A A A (pA A
myy (Ry @ RF) = apymy, o (R @ R
_ pA A o : A . .
= Rpyapmpq (Ry) @idg +idp @ R + Aid, ®idy)
_ pA A, A . . A . .
= Ry, myo (Rp ®idg +idy ® Ry + Aid, ® idy).

(b) For any p,q,r € 7r, we have

Mg (1 ©1dr) = (apgr) ™ 1 (g g ©idy)
= () g (g @ 071 (g )
= (("‘?W)fl)zm?q/r (mpg @)
= ((wﬁqr)’l)zm;?‘,qr( p @m )
= (pgr) "y ((a) 7 @ () ") (0 @mf,)
= ()™ pqr(ldp@ “hmg,) = my (idy @ mt).

hence ({Ap}pen, {mpq }pqen) is a m-algebra. By (af) 'R} = (af)"'RAa (afh) ™! =
(tx]’,f‘) 1y ]’;‘Rl’;‘ ;1 Rﬁ(zx?)_l,wehave

;qu]’;‘q A (RA ®id, +id, ® R} + Aid, @ id,)

= Ry my (R, ®id, +id, ® R + Aid) @idy).

hence ({Ap}pen {m?, ;f }paen, {R§}pen) is a Rota-Baxter r-algebra. Please note

: : A AR AN-1,,A _ A A-1,A A _
that in this case we have ap, my7 = apg(ap,) ™ my, = my, = (ap) " apmy, =
(oc;,f‘q)*lmp,q(oc? ® a;;‘) m?;(a ® ap M, ie., {aﬁ}pen is a rr-algebra endomorphism on

({Ap}ren, {m?’;?}p,qen), so its Yau tw1st is exactly RAy O

Inspired by the twisting idea above, we further derive an iterative construction
method that produces an infinite sequence of Rota—Baxter Hom-7r-algebras from a single
initial structure.

https:/ /doi.org/10.3390/math14173202


https://doi.org/10.3390/math14173202

Mathematics 2026, 14, 3202

6 of 20

(k+1)
Mpg,r

(m

(k+1)
I

Theorem 2. Let R Ay be a Rota—Baxter Hom-7t-algebra such that oc;‘R;;‘ = Rﬁzxﬁ and
ocﬁqm;;‘,q = m;‘,q(le’;‘ ® ucj?)for all p € 7. Then for any positive integer n, ({Ap}pen, {mg,nq)
(tx;,f‘q)”mp,q}p,qem {R;‘}pen, {(oz;,f‘)"“}pen) is a Rota—Baxter Hom-rt-algebra.

Proof. We proceed by induction on n. For any n = 1, we have

1 1
m,(gq),r (még ® (a)?) = i, mp  (apg M @ (af)?)

= ("‘;qr)z mr/}q,r (’”Qq ©aft) = ("‘;‘qr)z M qr ("‘? ® mgf,)

1 1
= txﬁq, mﬁ,qr ((oc;;‘)2 ® zxf?r m:ﬁr) = m;,gr ((zxﬁ)z ® m,(ﬂ)),

mg,l‘; (R? ® R?) = “?q mﬁrq (Rr/;‘ ® R?)

_ ApRA A A o s : A . .
= ap, Ry, myy (R @idg +1id, @ RY + Aid, ®idy)

— R m{l) (RA ® id, +idy ® RA + Aid, @ id,),

thus ({A,}pen, {mé,lr[;}p/qen, {R;‘}pen, {(a‘;)z}pen) is a Rota—Baxter Hom-rr-algebra.

k .
Assume that for n = k, ({Ap}pen, {mg;,;}p,qen'r {RiYper, {(af) 1} per) is a
Rota-Baxter Hom-7r-algebra, then for n = k + 1, we have

k k
® (af)*2) = tx;‘q, m;q),r (oc]’,f‘q m,(gg ® (af)F+2)

= (a2 mfie (i) @ (f)F41) = () i (o)1 i)

pqr pqr p
A k ANk+2 A (k k+1 ANk+2 k+1
= ‘qur mgﬂ,gr((“p) + ® ‘er m;,r)) = mgy,qr )((D‘p) + b2y m(g,r >),

mgf;l) (R) @RY) = ayy m](gk,; (R} @ RY)
= Ribadh mi) (R @1id, +idy @ R+ Aid, ®id,)
= R miT Y (RA @id, +idy ® RA + Aid, @ id,),
thus ({Ap}pen, {mgf;l)}p,qen, (R} per {a;"“)}pen) is a Rota—Baxter Hom-7r-algebra.
By the induction principle, the proof is complete. O

Definition 3. Let A be a rt-algebra. A centroid element of A is a family of linear operators
{oc;;‘: Ay — Ap}pen such that aﬁqmﬁq = m?,q(zxﬁ ®idy) = mﬁlq(idp ® zx‘,;‘) and zxﬁR‘; =

Rﬁa{} hold for all p,q € . The notion of centroids for ungraded algebras was first introduced

in [2]; we extend this notion to the graded rt-setting here.

Rota—Baxter rr-algebras can also be used to construct Rota—Baxter Hom-7r-algebras
via their centroid elements. Beyond endomorphism-induced Yau twists, a broader class of
twisted structures can be obtained using centroid elements of the Rota—Baxter rr-algebra.
We present two generalized constructions in the following theorem.

Theorem 3. Let RA be a Rota—Baxter rt-algebra, and let {oc;;l : Ay — Ap}pen be a centroid
element on R A as defined above. Then ({Ap}per, {my; = mpq(ap ®idg)}pgen, {Rp}pen

{D‘?}pen) and ({Ap}pen, {mﬁ,’; = mp,q("‘;;l ®“§1)}p,qem {Ré}pen’, {“é}pen) are both
Rota—Baxter Hom-rt-algebras.
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(ah 1d,)( a(idy @ af) @ ')

(apgm ®1d)(1dp®tx ®al)

(my ®1d)( @ af @)
?,qr(ldp(@m )( ®"‘ ® ')
;,L‘ (id, ®tx m )(oc ®1x ®id,)
;f‘q,(ldp ® txq,) (ocp ® my, ,( A ®idy))
i (a

A®m oc ®id)) = ﬁq"r(w?@mﬁﬁ),

m;l,,q*(R? & R,‘;) = mﬁ,q(“? ® idq)(R;‘ ® R;)
mity (R @ RYY) (2 @idy)
= R?ﬂ pa(Rf ©1idy +idy © R + Aidy ©idg) () @ idy)
= Ry, mp, (a) @idg) (Ry @idy +idy ® Ry + Aidy @ idy)
= R?q i?,q* (R @id, +idy ® R + Aid, @ id,),

({Ap}pen {m 7+ Ypaem AR} Yper, {a) }pen) is a Rota-Baxter Hom-7r-algebra. Moreover,

Mgy (Mg @ ) = mig,(agy @ al) (m M®ldr)<“ D g @)
= mpo,(mhy @id,) ((0))? @ af! @ a7)
_mﬁ/qr(l P®m )( ®“$)
= m;"qr( )(1dp ) (a? ® zx;;\ ® (06,1,4)2) = m;‘,’qﬁ(aﬁ ® m:;} #)

mid (R} @ RY) = mf, (o)} @ o) (R @ RY)
My (Ry © RY) (2 © afl)
= Rjymy (R} @idg +idy © R + Aidy @ idy) (o) @ a7')
= Rfymp, (af @ af) (Rf @ idy +idp ® R +Aidy @ idy)
= Ry myf (R @id, +id, ® R + Aid, @idy),

therefore ({Ap}pen, {m‘;‘,’; Ypaern, {R3 Y pen, {04 }pen) is a Rota-Baxter Hom-7r-algebra. [

All the above constructions are performed on existing rr-algebras. For an ordinary
Rota—-Baxter Hom-algebra without gradation, one can naturally obtain a Rota—Baxter Hom-
rt-algebra by means of the monoid tensor lifting.

For any p € 7, and (A, m, a, R) a Rota—Baxter Hom-algebra in its usual meaning (note
that in this case the gradation is not involved), consider the one-dimensional linear space
Kp := {kp | k € K} that naturally gives rise to a family of linear spaces {Kp} ye which is
a requirement for the graded case. Based on {Kp} ycr, we define the following families:

(a) afamily of linear spaces {A ® Kp} per;

(b) a family of bilinear operators {my,: (A@Kp) ® (A®Kq) - ARK(pq), a®@kip®
b ® kog — ab ® kik, pq}p/qen;

(c) afamily of linear operators {R,: AQKp - A®Kp, a®kp+— R(a) ®kp}pen;

(d) afamily of linear operators {ay: AQKp - A®Kp, a®kp — a(a) ®kp}pen.
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Then, as a result, it will be straightforward to verify the following result, and hence
we will omit its proof here.

Lemma 2. Following the above notation, the tuple

({A@Kp}per {mpg}paer ARp}per {ap}per)
is a Rota—Baxter Hom-rt-algebra.

To demonstrate the above constructive methods properly, we provide comprehen-
sively detailed examples following those in [11], concerning the complete classification
of Rota—Baxter operators, compatible endomorphisms, and centroid elements for low-
dimensional cases.

Example 1. Let Ay = Kuy @ Kuy be a 2-dimensional associative algebra with multiplication
u% = Uy, U Uy = Ul = U, u% = uy. There exist several Rota—Baxter operators of weight A on
Ay, listed as follows [11]:

(@) R2(up) = —Auy, R2(up) = 0;

(b)  R%(u1) =0, R2(up) = —Auy;

(c) R%*(uy) = —Auy, R%(up) = —Auy;

(d) Ré(ul) = —)\le, R%(Hz) = —)\uz,‘

(e) R%(Ml) = —Aul, Rg(uz) = —/\ul;

) R?(uﬂ = Aup, R%(“z) =0

Q) Rg,(ul) =0, Ré( 2) = Aug — Auy;

(h)  R%(u1) = —2Aug + Aup, R2(up) = —Auy;
(i) R%(u1) = —Auy — Aup, R (up) = —Auy;
() Ri(ur) = —Aug + Aup, R¥(uz) = 0;

(k) R%(ul) = Auy — Aup, Ri(uz) = Auq — Aup.

Some non-trivial algebra endomorphisms (excluding the identity and zero endomorphism) on
Ajp and their commuting Rota—Baxter operators are listed as follows:

(@) a3:a2(uy) = uy, a3(up) = 0, commutes with Rota—Baxter operators of type (a), (b), (c);

(b)  a3: a3(ur) = uq, a3 (uz) = uy, commutes with Rota—Baxter operators of type (c), (e), (g);

() a3:a3(u1) = uy, ad(up) = uy — up, commutes with Rota—Baxter operators of type (c);

d) a3 a3(uy) = up, oc4(u2) = 0, commutes with Rota—Baxter operators of type (c), (f), (i);

() a2:a2(uy1) = up, a?(up) = up, commutes with Rota—Baxter operators of type (c), (d), (j);

() a2 a2(uy) = uy —up, a2(up) = 0, commutes with Rota—Baxter operators of type (c), (d),
(4);

() a2:a2(uy) = uy — up, a3(up) = uy — up, commutes with Rota—Baxter operators of type (c),

(h), (k).

Let (a, R) be any commuting pair. By Theorem 1, one obtains a 2-dimensional Rota—Baxter
Hom—algebra Yau(Ay,a, R) := (Ay, am,a, R).

Forky # 0, the following centroid element on Ay commutes with the three types of Rota—Baxter
operators (c), (d), and (j): B2 (u1) = kyuy + koua, B3 (u2) = (k1 + ko) uo.

Let (B, R) be any commuting pair. By Theorem 3, one obtains a 2-dimensional Rota—Baxter
Hom-algebra GYau(Ay, B, R) := (A, m(B®id), B, R).

Example 2. Let A3 = Kuq @ Kup @& Kus be a 3-dimensional commutative associative algebra
with multiplication u% = U1, U Uy = Uslly = Up, UU3 = U3l = U3, u% = Uy, Upllz = Uzllp =
us, u3 = 0. There exist several Rota—Baxter operators of weight A on As, listed as follows [11]:

(@) R3(u1) = —Auy, R3(up) =0, R3(u3) = 0;
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(b)
(c)
(d)
(e)
0
(g)
(h)
(i)
()
(k)
D
(m)
(n)
(0)
(p)
()
(r)
(s)
(t)
(1)
(v)
(w)

=
&

=

= /\uz, Ri(uz) =0, Ri(u3) = —)\Mg,'

=0, R?(uz) = Aul - )Luz, R?(ug,) =0

up) =0, Ry, (u2) = Auy — Aup, Ry, (uz) = —Aus;

= —2Auy + Aug, R3(up) = —Auyq, R3(u3) = 0;

= —2Auq + Aug, R3(up) = —Auq, R3(u3) = —Aug;
= —Auy — Auy, R (uz) = —Aup, R (u3) = 0;

NS
—_

R3(u1) =0, R3(uz) = —Aup, R3(uz) = 0;
R3(u1) =0, R3(up) = 0, R3(u3) = —Aug;
R3(u1) = —Auq, Ry (uz) = —Aup, R3(us) = 0;
R3(u1) =0, R3(up) = —Auy, R3(u3) = —Aus;
Ri(uq) = —Auy, R?(uz) =0, Rf(ug) = —Aug;
RY(u1) = —Auy, RY(uz) = —Aug, R (u3) = —Aus;
R} (u1) = —Aug, Ry (u) = —Aua, R (uz) = 0;
R?(u1) i(

(u1)

(u1)

(u1)

=
&

= AN A

TWETWTWLPWIWAWTWORIWIWTWHFWRTWTWTWIRWHWARWAWOWTW

(1)
(1)
(1)
R (ul) = —Aul — )\Mz, Rg(uz) = */\Mz, R;(Mg) = */\Mg,,‘
R3(uy) = —Aug + Aug, R3(up) =0, R3(u3) = 0;
R3(u1) = —Auy + Aug, R3(uz) = 0, R3(u3) = —Aug;
R (Lll) = —Auy, R?(Hz) = —Auy, R?(ug) =0;
R (ul) = —/\ul, R%(uz) = —/\ul, Rﬁ(ug) = —/\Mg,'
R (u1) = /\u1 — Auz, R (uz) = /\M1 — /\uz, R (u3) = 0,‘

Some non-trivial algebra endomorphisms (excluding the identity and zero endomorphism) on

As and their commuting Rota—Baxter operators are listed as follows:

(a)
(b)

(c)

(d)
(e)

2

(g)
(h)

a3 a3 (u1) = uq, a3 (uz) = 0, a3 (uz) = 0, commutes with types (a), (b), (c), (d), (e), (f), (3);
a3 (k): a3 (k) (ur) = uq, a3 (k) (u2) = uy, a3(k)(uz) = kus (k € K), commutes with types
(c), (d), (g), (D, (m), (), (u);

03 (k): a3 (k) (u1) = uy, a3(k)(u2) = up, a3 (k) (usz) = kuz (k € K, k # 1), commutes with
all types (a)-(w);

a3 o3 (uy) = uy, a3(up) = ug — up, a3 (uz) = 0, commutes with types (c), (d), (g);

ad: ad(uy) = uy — up, ad(up) = 0, ad(uz) = 0, commutes with types (c), (d), (3), (h), (i),
(r), (s);

zxg: zxg(ul) = U] — Uy, 0(2(112) = Uy — Uy, zxg(u3) = 0, commutes with types (c), (d), (g),
(n), (0), (v), (w);

a3 03 (uy) = up, ad(up) = 0, a3(uz) = 0, commutes with types (c), (d), (g), (j), (k), (p), (9);
a3 (k): ad(k)(u1) = up, a3 (k) (u2) = up, ad(k)(uz) = kus (k € K), commutes with types
(c), (d), (g), (W), (i), (1), (s).

Let (a, R) be any commuting pair. By Theorem 1, one obtains a 3-dimensional Rota—Baxter

Hom-algebra Yau(As, «, R) := (Az,am, «, R).

(a)

(b)

Some centroid elements on Az commuting with Rota—Baxter operators are listed as follows:

B3 (u1) = kyuy + kaup, B3(u2) = (k1 + ka)ua, B3 (us) = (ki + ko)uz, which commutes
with seven types of Rota—Baxter operators (c), (d), (), (h), (i), (v), (s);
B3(u1) = kyuy + kaup + kauz, B3(u2) = (ki + ka)ua + kaus, B3(uz) = (k1 + ko)us,
which commutes with three types of Rota—Baxter operators (g), (i), (r).

Let (B, R) be any commuting pair. By Theorem 3, one obtains a 3-dimensional Rota—Baxter

Hom-algebra GYau(As, B, R) := (As,m(B ®id), B, R).
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Combining Lemma 2 with the classification results in Example 1 and Example 2, we
can derive a large number of explicit Rota—Baxter Hom-rr-algebras. A typical construction
is presented as follows.

Example 3. Tuke A, R? and a3 from Example 1, and let w1 = Z, = {e, gtwith g = e. By
Theorem 1 and Lemma 2, the resulting Rota—Baxter Hom-rt-algebra is given by:

(a)  Graded linear spaces: for each p € 7, Ap = Ay @ Kp = spang{u ® p,ur ® p}

(b)  Graded Hom-multiplication: forall p,q € 7, (u1 @ p)(u1 @ q) =u1@pq, (11 @ p)(u2 ®
q) = (2@ p)(u1 ®@q) = (u2 @ p)(uz ®q) = (u1 — u2)  py.

(c)  Graded Rota—Baxter operators: for each p € 11, Ry(u1 @ p) = —Au1 @ p, Rp(upy ®@p) =
—Aup @ p.

(d)  Graded Hom-operators: foreach p € 1, ap(u1 @ p) =1 @ p, ap(up @p) = (41 —u2) @ p.

The notion of Rota—Baxter pairs is introduced in [11] to facilitate another approach
to construct Rota—Baxter 7r-algebras. This notion can also be regarded as a generalization
of the usual Rota-Baxter operators. Later on, we will study another generalization of
Rota—Baxter algebras, which is called the Rota—Baxter system.

Definition 4. A Rota—Baxter pair of weight A on a Hom-associative algebra (A, m, a) consists of
two Rota—Baxter operators R, S of weight A satisfying

mR®S) =Sm(R®id +id ® S + Aid @ id),
m(S@R) = Sm(S®@id +id ® R + Aid ® id).

Lemma 3. Suppose (R, S) is a Rota—Baxter pair on a Hom-associative algebra (A, m,«), and take
the two-element monoid w = {e,g} with e being the unit element and g*> = g. By Lemma 2,
we obtain a Hom-associative algebra ({A @ Kp}pen, {myatpgen {ap}pen). Define two linear
mappings Re: A@Ke - A®Ke, a®ke+— R(a)@keand Rg: AKg -+ A®Kg, a®
kg~ S(a) @ kg, then ({A @ Kp}pen, {myq}pqern, {Rp}pen, {ap}per) forms a Rota—Baxter
Hom-rt-algebra.

The proof of Lemma 3 is essentially the same as the case without Hom-operators
in [11].

Remark 3. (i) Let Ay and Az be as in Example 1 and Example 2, respectively. Consider the
Rota—Baxter pairs (R,S) on Ay/ As listed in Example 2.12 and Example 2.13 of [11]. Please
note that since the defining formulas of a Rota—Baxter pair do not involve Hom-operators for most
Rota—Baxter pairs (R, S), if both R and S commute with the algebra endomorphism «; on Ay / As,
then (R, S) remains a Rota—Baxter pair for the Hom-associative algebras Yau(Ay, a;) / Yau(As, a;)
induced by the Yau twist. For example:
(1) OnYau(Ay,a3), (R3,R?) and (R3, R?) are Rota—Baxter pairs;
(b)  On Yau(Ay,a2), (R2,R3) and (R3, RJZ) are Rota—Baxter pairs;
(c) OnYau(As,af), (R}, RY) and (R3, R3) are Rota-Baxter pairs.

Other cases follow similarly, and we omit the full list here.

(ii) If a Rota—Baxter pair (R,S) commutes with the centroid element p; on A/ Az, then

(R, S) remains a Rota—Baxter pair on the Hom-associative algebras GYau(Ay, B;)/ GYau(As3, B;)
induced by the generalized Yau twist via centroid elements. For example:

(1)  OnGYau(Ay, B3), (R3,R3), (R, R]z) and (R3, Rjz) are Rota—Baxter pairs;
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®) On GYau(As, £), (R RY), (RE,R2), (R, RY), (RE,RY), (RS, RY), (RS, RY), (RS, RY),
(RYRY), (R, R?), (R}, R}), (R}, R), (R}, R?), (R}, RY), (R?,R}) and (R?,R3) are all
Rota—Baxter pairs;

(c) OnGYau(As, f3), (R(;:’,, R?), (Rg,, R?) and (R?, R?) are all Rota—Baxter pairs.

Combining Lemma 3 with the Rota—Baxter pairs given in Remark 3, we can construct
various concrete Rota—Baxter Hom-7r-algebras. A representative example is provided below.

Example 4. Consider a% and the Rota—Baxter pair (R2,R3) on Ay from Example 1, and let
nt = {e, g} as in Lemma 3. Then by following Lemma 3 and letting R, := R2 and Rq := R3, the
resulting structure is as follows:

(a)  Graded linear spaces: A, = spanyg{uy ®e, uy e}, Ag = spang{u ®g, uy @g}.

(b)  Graded Hom-multiplication: forall p,q € 1, (u3 @ p) (1 ® q) = up @ pq, (113 @ p)(uz &
q) =u2®@pq, (u2@p)(u1 ®q) =u2 @ pq, (u2 @ p)(u2 ®q) = uz @ py.

(c)  Graded Hom-operators: for each p € 11, ap(u1 @ p) = ua @ p, ap(up @ p) = uz @ p.

(d)  Component-wise Rota—Baxter operators: R.(u1 ® e) = —Aug @e, Re(up®@e) = —Aup ®
e.Re(u1 ®g) = —Aup ®g, Re(ua®g) = —Aup ®3g.

4. Hom-(Tri)dendriform rr-Algebras: Derivation Chains and
Rota-Baxter Inductions

Based on the structures and notions introduced in Section 3, this section defines
Hom-tridendriform and Hom-dendriform r-algebras, establishes their Yau twist and
derivation chain, and proves that Rota-Baxter Hom-rr-algebras naturally induce such
dendriform structures.

We start with formal definitions of these dendriform structures, followed by their Yau
twist and stepwise derivation results.

Definition 5. A Hom-tridendriform r-algebra T Ay consists of a family of linear vector
spaces { Ap} per together with three families of bilinear operators {"ﬂ/},q/ >§‘,q, o;‘,q A ® A —
qu}p,qen and a family of linear operators {uc;,“ : Ap = Ap}pen such that forall p,q,r € 7, the

following identities hold:

<pur (Xpg @) == ("‘? @ (<G + =i +'fﬁr)), @
<par (=pg ®r) ==pr (p® <35, ()
mpar (49 ® =4) ==po,r ((ﬁé’q + =g +954) ®”‘f)' (3)
*hur (<pg @07) = o () ® 35), @
*par (=hq ©07) =pgr (2 © 7)), ()
<pgr ($pg @alt) = op (4@ <7.), (6)
oo (9 @) = & () @ o7, )

A Hom-tridendriform rt-algebra homomorphism from T4 Ay to T By is a family of lin-
ear operators {f,: Ay — Bp}per such that for all p,q € 7, we have fpy, —<{},q:—<§,q
(fr @ fa): foa =ha=rpq (Fo @ fa): foa®pg = pq(fr ® fa), apfp = fprf.

Remark 4. Tridendriform rt-algebras are special cases of Hom-tridendriform m-algebras with
ap =1idp forall p € 7.
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Theorem 4. For an endomorphism {zxﬁ} pen of the tridendriform rt-algebra Td A, the quintuple
A Ax_ A A Ax_ A (A Ax _ A GA A
({ApYer {=pig = by <hatpacm {0 = 2y =patpace {opq = apg *pgtpaen {05}
pen) is a Hom-tridendriform -algebra, called the Yau twist of the former.
If {fp}pen is a tridendriform rt-algebra homomorphisms from Td A to T4 that satisfies
wyfp = fpoc;,f1 forall p € 7. Then {fy} per will be a Hom-tridendriform rt-algebra homomorphism
between the two Yau twists T4 Ay and T8y.

Proof. For any p,q,r € 7, we have

<pir (=pq ®a7) = agy <pur (apg <pg ©71)
=5y, <o (<4, ®id))
= Wy <pgr (idp ® (=g + =7, +07,))
= g <pgr (49 ® g ( <Gy + = +07))

== (0 @ (=G5 + =0 + o)),

the other defining identities of the Hom-tridendriform 7r-algebra can be verified simi-
larly. Moreover,

Ax__ A _ B A _ B B _ B,
fra *p,q*_ fratpq =p.q= %pafpq <p.q= %pg <pg (fr®fq) _<p,; (fr®fa),

the other defining identities of the Hom-tridendriform 7r-algebra homomorphism can be
verified similarly. O

Definition 6. A Hom-dendriform rt-algebra ¢ Ay consists of a family of linear spaces {Ap}pen

together with two families of bilinear operators {—<{},q, >;,“,q, Ay QA — Apg }p,q e and a family

of linear operators {zx;f‘: Ap — Ap}pen such that forall p,q,r € 7, the following identities hold:

<for (<ha @) =< (af ® (<1 + 1)),
<par (=pq @) ==140 () ® <4,),

=par (49© =5) ==pur ((%‘,q +<50) ®”‘§4)'

Remark 5. A Hom-dendriform rt-algebra is a special case of a Hom-tridendriform rt-algebra with
o;;‘, g = 0forallp,q € . Meanwhile, a Hom-tridendriform rt-algebra induces a Hom-dendriform
rt-algebra.

Theorem 5. For a Hom-tridendriform rt-algebra " Ay, ({Ap}pen, {<%:<£q +0Qq}p ger

Al_ A A i i
{(=pa="nq }MG 1) Yper) is a Hom-dendriform rr-algebra.
Proof. For any p,q,r € 71, we have

<pir (<p ©07) = (<fgr + 000 ) ((<pg + 95g) @),
=<0 (=g @)+ <5 (of, @af)
+ o (<pg ®07) +op (00, @at),
==<par (0 © (=5 + =0 +000)) + hr
00 (0 ® = ) + @ () @ 07
= 'ﬁ%r +.£W)(“7:® ( '<§l,r +'$r+ >fﬁr )
A

par (@ @ (=47 +>47)),

(ocf}@ %;ﬁ, )
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the other defining identities of the Hom-dendriform 7r-algebra can be verified similarly. [

Every Hom-dendriform rr-algebra naturally gives rise to a Hom-7r-algebra by summing
its left and right dendriform products, which is demonstrated in the following theorem.

Theorem 6. For a Hom-dendriform rr-algebra  Ap, ({Ap}per, {*pg ==ig + >natpaen
{rx;,“}pen) will be a Hom-rt-algebra.

Proof. For any p,q,r € 7r, we have

“par ($pg @07) ==4u (=pg )+ =00, (=<pg @0l )+ <pu, (=5 @)
+ =t (g @)
=<par (0p® =8 )+ 1

pAr
o (9 ® =5 ) = e (g © %5).

(@ < )+ <

par (9 ® =4,)

O

Combining the results obtained in Theorem 4 concerning the Yau twist with the results
obtained in Theorems 5 and 6 will yield the following Corollary.

Corollary 1. If {oc;‘}pen is a tridendriform rt-algebra endomorphism on T8 A, then we have:

(a) A Hom-dendriform rr-algebra ({Ap}per, {=<py'= awho (< + o0 ) }Men, =

A A A .
% =} pgen {8 Ypen);
(b) A Hom-rr-algebra ({Ap}pen, {7y = apy( <itg + =1 + ';‘,q)}p,qen’ {a Y pen)-

An explicit example is provided below to demonstrate the full twist and derivation
chain described above.

Example 5. Let 7t and Ay be as in Example 4. Then we have

(a) Tridendriform rt-algebra. The graded operations <y 4, = p.q, ®pq : Ap @ Ag — Apg are
defined as follows.

On the component A, @ Ae: (111 @ €) <ee (11 ®e) = —Aug ®e, (U3 ®e) <ee (U2 ®
e) = —Aup®e, (Up®e) <ee (U Re) = —Aup®e, (Up®e) <pe (U ®e) = =AUy ®
e, (U1 ®e) =ee (U1 ®e) =—AU1®e, (U1 Re€) =ee (Up®e) = —AUp®e, (Up®e) =¢pe
(1 ®e) = —Aup®e, (Up®e) ee (UpRe) = —AUp ®e, (U3 ®e) 0., (U1 ®e) =AUy ®
e, (U Re)e(Up®e) =AUy e, (UpRe)o, (U1 Re)=AuyRe, (UyRe) oy, (Up R
e) =Aup ®e.

Forallp,q € mwithq = g: (u; @ p) <pq (4;®q) = —Aup ®g, 1i,j=1,2.

Forallp,q € mwithp = g (u; @ p) =pq (4;®q) = —Aupy ®g, i,j=1,2.

Forall p,q € mwwith pg = g: (u; @ p) ep,q (4j®@q) = Auju;®@g, i,j=1,2.

(b) Tridendriform rt-algebra endomorphisms. Two non-trivial families of endomorphisms
preserving the tridendriform structure are listed as follows.

Case1: Forallp € m,ap(uq @ p) =us @ p, ap(p @ p) = up @ p.

Case 2: Forallp € m, ap(uq @ p) = (11 —u2) @ p, ap(up ® p) = 0.

(c) Hom-tridendriform rt-algebras via Yau twist.

Case 1: Forall p,q € mand i,j = 1,2, (u; ®p) <5, (4 ®@q) = —Aup ®@pq, (4; ®
p) =pq Wj@q) = —Aup ®@pq, (u; @ p) ey, (uj®q) = Auz ® pq.

(i) Induced Hom-dendriform rr-algebra: (u; @ p) <y, (uj®@q) =0, (4;®@p) =),
(uj®q)=—-Ap®@pq, ij=12

(ii) Induced Hom-rt-associative algebra: (u; @ p) #pq (Ui ®@q) = —Aua @ pq, 1i,j =
1,2, p,g e m.
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Case 2: On the component A, @ Ae: (U1 ®e) <5, (U1 ®e) = —A(ug —uz) ®e, (41 ®
&) <ty (128e) =0, (n@¢) <5, (0 ®e) =0, (10e) <l (128€) =0, (g ®
e) =i, (m®e) = —A(ur —uz) ®e, (1 ®e) =7, (2 ®e) =0, (2®e) =7, (1 ®e) =
0, (uz ®e) =5, (up®e) =0, (uy®e)e), (11 ®e) = AMug —u2) Ve, (ul ®Re) e,
(up®e) =0, (uz®e)e;,(u1®e)=0, (up®e)e}, (Uz®e)=0.

Forall p,q € mwithq = g (u;®p) <5, (4j®q) =0, i,j =12 Forallp,q €
mwithp = g (u;@p) =, (uj®q) =0, ij =12 Foral pq € mwithpg = g
(1 ®@p) ey, (u1 ®@q) = A(uy — uz) ® g, and all other basis combinations yield 0.

(1) Induced Hom-dendriform m-algebra: For all p,q € 7 with g=e (4 @p) <, (4@
q) =0, i,j=12Foralpqe nwithq=g: (u1®p) <, (u1 ®q) = AMuq —uz) ®g,
and all other basis combinations yield 0. For all p,q € 7: (4; @ p) =), (u;®q) =
(ul- K p,u; ®q), i,j=1,2.

(ii) Induced Hom-rt-associative algebra: For all p,q € m: (u1 @ p) *p,q (11 ®q) = —A(uq —
uy) ® pq, and all other basis combinations yield 0.

Pq

As the paper might look bulky with many newly structured structures, the need for a
mediator result seems unavoidable, and hence we propose the following result that might
play such a role between the Rota—Baxter operators on Hom-rr-algebras and the many
types of newly defined structures from Section 4.

Theorem 7. If RAy is a Rota~Baxter Hom-rt-algebra and DCARA = RA 4 p forall p € 7, then
we obtain

(a)  a Hom-rt-subalgebra ({R;,f‘(Ap)}pen, {mﬁq}p,qu {tx;,f‘}pen);

(b) a Hom-tridendriform rc-algebra ({Ap}pen, {<pq= mi,(idp ® R‘;)}p/qen, {~7s=
mi (R ®idg)}, e o0, = my,(Aidy ®idg)}, e n {apYpen);

(c) a Hom-dendriform m-algebra ({Ap}per, {<ig= mp,(idy @ R} + Aid, ®idy) }
{pq=mpg(Ry @idg)}, e {0 pen);

(d) a Hom-rr-algebra ({Ap}pen, {*pq = mi, (Ry @idy +idp © R + Aid, ®idg) }
{‘X;?}pen)-

Proof. (a) Forall p,q € 7, Rﬁ(a) € R;‘(Ap), Rg‘(b) € R{?(Aq), we have

pgeT’

pgen’

R7(a)R{ (b) = Ry, (R) (a)b + aRZ (b) + Aab) € Ry (Apg).
(b) For any p,q,r € 7, we have

<o (<o ®0c;4‘) = m

A
pa.r P

', (idy ® RY) © R}

g @) (id, ® RE @ RY)

aff @ mfl,)(id, ® R} @ R

aft @ Ryymfl, (R @id, +id, ® R + Aid, ®id,))
® (=g, + =8 +elh)).

,r

I
SESEES

=

NERNES
B
S|

=
=

==

(
(m
(e
ar (4
(o

RS
-
5

<o (= hg Q) = m

o (1 (R ®@idy) @ Rfaf')
o (M ® a7t (R ®@id, @ R

() @mf) (R @idg @ RY) =1, (a7 @ <1, ).

| |
3 =
SESEEES
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Thus, Equations (1) and (2) are proved. Equation (3) can be proved similarly. Moreover,

oo (=0 @) =my, (Amy,(id, @ RY) @ o)
0 ©af) (Aid, ® R @id,)
®mg,) (Mid, ® R @id,)

/\a;‘ ® m‘,ﬁr(Rf; ®id,)) = .p,qr (a;;‘® >214,r ).

3
3> 3>

ohur(=pg ®0ft) =

(Amp,(Ry @idg) @ af)
(my, ® af') (AR} @id, @ id,)

oar(ap @mfL) (R} @ Aidy @ id,)
ar(

RAaA®m L(Midg ®idy)) = pq, (oc ®°qr)

Thus, Equations (4) and (5) are proved. Equation (6) can be proved similarly. Now we
prove Equation (7):

oo (oh, @alt) =mf, (Am) (Aid, ®idy) @ &)
Mg (1 @ 01) (A?id) @ idg © id)
:m;}qr( ay @mp,) (Aid, ® Aidg ®id,)
W(M ®m L(Aidg ®@idy)) = op,q,(oc;;1 ® OQ,).

Combining the conclusion of (b) with Theorems 5 and 6, we obtain (c) and (d). O

As a verification of the results obtained in Theorem 7, we have the following example.

Example 6. Tuake the Rota—Baxter Hom-rt-algebra from Example 3. By Theorem 7, we obtain a
non-trivial Hom-tridendriform rt-algebra with the following explicit structure.

(a) Graded Hom-map: For each p € 7, ap(u1 @ p) = u1 @ p, ap(up @ p) = (U1 — up) @ p.

(b) Graded Hom-tridendriform operations: For all p,q € 7, the left product <p5: Ay ® Ag —
Apg is given by (u1 @ p) <p,q (11 @ q) = —Aur @ pq, (11 @ p) <pq (U2 ®@9) = (U2 @ p) <pq
(m®q) = (2@ p) <pq (2@ q) = —A(u1 —uz) © pg;

The right product =y q: Ap @ Ay — Apg is given by (u1 @ p) =pq (11 @ q) = —Aug ®
pq, (U1 @p) =pq (12®q) = (U2 ®p) =pq (1@ q) = (2@ p) =pg (M2 ®@q) = —A(ug —
u2) @ pg;

The dot product @y : Ay @ Ag — Apg is given by (uq @ p) ep, (41 ® q) = Aug @ pq,
(1 @ p) opg (2@ q) = (U2 @ p) 09 (1 ®q) = (U2 @ p) &pq (12 ® ) = A(ur — u2) @ py.

Furthermore, by Theorem 7, we derive the associated Hom-dendriform rt-algebra: The left
dendriform‘product <;,q satisfies (1; @ p) 4;51 (uj@q) =0fori,j=1,2;

/The right dendriform product =1,q Satisfies (11 @ p) ?;q (11 ®q) = —Auy @ pq, (u; ®
p) =pg (M2 ®@q) = (2@ p) =), (1 ®q) = (U2 ®@p) =}, (U2 ®q) = —A(ug — u2) ® pg;

And the Hom-r-algebra with multiplication *pq satisfies (41 @ p) *pq (41 @ q) =
—Aur @ pq, (U1 @ p) #pq (2 @ q) = (U2 @ p) #pq (U1 ®q) = (U2 @ p) *pq (U2 ®q) =
—A(u — u2) ® pg.

5. Structural Equivalence Between Rota-Baxter Hom-rr-Systems and
Hom-Dendriform rr-Algebras

Rota—Baxter systems, introduced by Brzeziniski [13] as a natural generalization of
classical Rota—Baxter operators, admit an essential structural equivalence with dendriform
algebras and provide a unified framework for covariant bialgebras, operad splitting and
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set-theoretic Yang-Baxter solutions. Motivated by this, we extend the framework to the 7-
graded Hom setting in this section, defining Rota-Baxter Hom-7r-systems and establishing
their structural equivalence with Hom-dendriform rr-algebras.

Definition 7. A Rota—Baxter Hom-t-system R A3, consists of a Hom-mt-algebra A and two

families of linear operators {R%}, S : A, — Ap}pen such that for all p,q € 7, we have

prop
A A A A A A . . A
g (Ry @ RE) = Rygmy, 0 (Ry @idy +idp ® S7°), (8)
A A A A . . A
My (Sp @ Sq) = Spomyy o (Ry ®@idg +1id, ® S7'). )

Every Rota—Baxter Hom-7r-algebra naturally induces two such systems.

Proposition 1. IfR Ay is a Rota—Baxter Hom-rt-algebra, then ({Ap}per, {mﬁq Yogens {R;,f1 }pens

{Rﬁ +/\idp}p6m {“?}pea) and ({Ap}pEm {mﬁq}p,qu {Rﬁ +)\idp}p€m {R?}pEn/ {zx;}}
pen) are both Rota—Baxter Hom-rt-systems.

Proof. For ({A‘;}pen, {m?’q}p,qen, {R?}pen, {R;;1 + Aidy }per, {aﬁ}pen), Equation (8)
is precisely the definition of a Rota—Baxter 7r-algebra. We now verify Equation (9):

g (Ry @ Aidy) @ (RY + Aidy)) = mi (Rf @ R + mi, (Ry @ Aidy + Aidy, @ Ry

+ Aid, ® Aidy)

A A A . . A . .
= Ry, my, (Rp ®idg +idy ® Ry +idp ® Aidy)

+ Amf (R ®id, +id, ® R +id, ® Aid,)
A : A A o : : A
= (R + Aidyg) my (R ®idg +idp @ RY
+id, ® Aidy)
= (Rp, + Aidyg) ), (Ry @idy +id) @ (R + Aidy)).

Thus ({A?}pen, {mﬁq}p,qen, {Rﬁ}pen, {Rﬁ + Aidp }per, {ﬂi}pgn) formisq a
Rota-Baxter Hom-7r-system. Similarly, one can prove that ({A,}per, {mp o tpgern {R) +
Aidp }per, {R{,‘}pen, {zxﬁ}pen) is also a Rota—Baxter Hom-7t-system. [J

Following the Rota—Baxter Hom-7r-algebras studied in Example 3 and Example 4, we
will establish an explicit construction of the Rota—Baxter Hom-7r-systems in the follow-
ing example.

Example 7. (a) Induced from Example 3.

Case 1. Pair (Ry, Sp) with Sy = Ry + Aidp: Ry(u; @ p) = —Au; @ p, Sp(u; @ p) = 0 for
i=1,2

Case 2. Pair (R}, S,) with R}, = R, + Aidp, S}, = Ry: Ry, (u; @ p) = 0, S, (u; @ p) =
—Au; @ p fori=1,2.

(b) Induced from Example 4.

Case 1. Pair (R, Sp) with Sy = Ry 4 Aidp: On Ae: Re(u; ®e) = —Au; ®e, Se(uj@e) =0
fori = 1,2, 0n Ag: Re(u; ®g) = —Aup @ g fori = 1,2, Sg(u1 ® g) = AMug —up) ®¢g,
Sg(uz ® g) =0.

Case 2. Pair (R}, S),) with R}, = Ry + Aidy, S}, = Rp: On Ae: Ry (u; ®e) = 0, Se(u; ®
e) = —Au;®efori=1,2;0n Ag: Ry(u1 ®g) = Muy —u2) @ g, Re(ua ® g) = 0, Sg(u; ®
Q) = —Aup®@gfori=1,2.
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A characterization of decomposable Rota-Baxter Hom-77-systems is given next.

Theorem 8. Let Ay be a Hom-rt-algebra, and {Rp, S, : Ay — Ap}pen be two families of

linear operators such that for all p,q € 7, we have Rpg = mp,4(idp ® Ry),  Spg = mpq(Sy ®

idg), Rpap =apRp, Spap = apSy. Then

() RAS, is a Rota—Baxter Hom-rt-system if and only if for all p,q € 7, we have myq(id, ®
R;S;) =0 =my4(SpRy @ idy).

(b)  If Ay is weakly a non-degenerate Hom-rt-algebra, then R A3, is a Rota—Baxter Hom-rt-system
if and only if for all p € 71, we have RpSy, = 0 = SpRp.

Proof. (a) (proof of necessity) From R, (a)R,(b) = Rpg(Rp(a)b+ aSq(b)) = Rpy(Rp(a)b) +
Rpg(aSq(b)) = Rp(a)Ry(b) + aRyS,(b), we obtain aR,S,(b) = 0. Similarly, S,R,(a)b = 0
can be proved.

(proof of sufficiency) Ry (Rp(a)b+aS; (b)) = Rpg(Rp(a)b) + Rpg(aSs(b)) = Rp(a)Rq(b)
+aR;S4(b) = Ry(a)R4(b), and Equation (9) can be proved similarly.

(b) The proof of (b) follows directly from (a) combined with the definition of a weakly
non-degenerate Hom-rr-algebra. [J

We illustrate Theorem 8 with a decomposable Rota-Baxter Hom-7t-system constructed
from the data in Example 1 and Example 3.

Example 8. Let 7w and A be as in Example 3, and let the underlying Hom-7t-algebra be given
by the Yau twist via a2 from Example 1. For all p,q € 7, the graded multiplication satisfies
Mpq(u; @ p,uj®q) = oc%(uiuj) ® pq, and the graded Hom-operator satisfies ap(u; @ p) =
a2(u;) ® p, where a2(uy) = ua, a2(uz) = up.

Define component-wise linear operators for each p € 7: Ry(u; @ p) = —Aup @ p fori = 1,2,
Sp(u1 ®p) = Muy —uz) @ p, Sp(ua ® p) = 0.

For all basis elements u; ® p, u; ® q, direct computations give Rpgiip q(u; @ p,u; ® q) =
—Aur @ pg = mp,q(idp & Rq)(ui X p, uj (9 q), Spqmp,q(ui X p, uj (%9 q) =0= mp,q(Sp ®
idg)(u; @ p,uj®q), apRp(u; @ p) = A @ p = Rpap(u; @ p), apSp(u; @ p) = 0 =
Spap(ui @ p), RpSp(u; @ p) =0 = SpRp(u; @ p).

By Theorem 8 (a), the above structure forms a Rota—Baxter Hom-rt-system.

Now we can state the main result of this section as a direct generalization of Proposition
2.5 from [13], that presents a structural intercommunication between Rota—Baxter Hom-7-
systems and Hom-dendriform rr-algebras, where for {(xﬁ} the set of identity operators, we
exactly will obtain the result obtained in [13].

Theorem 9. Let Ay be a Hom-rt-algebra, and let {Rp, Sy : Ap — Ap}per be two families of
linear operators such that for all p,q € 7, we have Rpay = apRp, Spap = apSy. Define two
families of linear operators { <y q= mypq(idy ® Sg) }pger and {=p 4= mp4(Rp @idy) } pgen-

(a)  IfRA3; is a Rota—Baxter Hom-r-system, then ? Ay is a Hom-dendriform rr-algebra.
(b)  If? Ay is a Hom-dendriform rt-algebra, and Ay is a strongly non-degenerate Hom-t-algebra,
then R A3, is a Rota—Baxter Hom-rt-system.
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Proof. (a) For any p,q,r € 7, we have

=par (0p® =g, ) = mp g (Rp ®idy) (xp ® my, (R ®1id,))
= tpqr(ap @ mg,) (Rp ® Ry @ 1id)
= Mpg,r(Mp,q ®idy) (Ry ® Ry ®1id;)
= Mipg,r (mpqg(Rp ® Ry) ® ay)
= tpg,r (Rpgipq(Ry ®idy +idp @ Sy)) @ ay)
= Mpgr(Rpg @1d;) (mp (R, ®@idy +idp ® Sy) @ ar)
=>par ((=pa+ =<pq) @ar),

<pgr (=pg @) =mpg,(idpg ® Sy )(m (Rp ®idyg )®ar)
) (R, ®idy ®S,)
= Mpqr(ap @ mg,) (Rp ®idg ® Sy)

)(

(i

= tpg,r(Mp,g @ ay
(

= pgr(Rp @idgr) (ap @ Mg, (idg @ Sr)) =>pgr (4p® <4 ).

Similarly, one can prove <, (<p,q ®¢xr) ==pqr (zxp ® (‘<q,r + >‘q,r))-
(b) For any p,q,r € 7r, we have

Mpg,r (Mp,g(Rp @ Rg) ® atr) = tipg,r (mp,q @ ar) (Rp @ Ry @ idy)
= Mmpqr(ap @mg,) (Ry @ Ry ®1idy)
= tpqr(Rp @idyr) (ap @ mg,(Ry ®id,))
==par (4p® =g )
==por ((=pg + <pa) @)
= pgr (Rpg(=pq + <pag) ® ar)

:mpqr( pattp,q(Rp ®idy +1idp ® S, )®txr).

Combined with non-degeneracy, Equation (8) is proved. Equation (9) can be proved similarly.
O

Furthermore, by Theorem 6, we have

Corollary 2. If R A3, is a Rota—Baxter Hom-mt-system, then we obtain a new Hom-rt-algebra
({Ap}per, {myq = mpq(Rp ®idg+idy ® Sg) }pgen, {ap}tpen) -

Closely related structures to the notions studied in this paper are Hom-quadri-7t-
algebras as a generalization of the ordinary quadri-algebras introduced in [14]. So we will
devote the final part of this paper to these structures and their connection with the Yau
twist. But before presenting the definition of a Hom-quadri-7r-algebra, we fix the following
notation conventions:

A _ nA A A _ A _ A A
mha =0t N <pa=Nba T o Voa = b+ N -

A _ A _ A A __A A _yA a4
Noa =Noa+ 7 Fa =N T hg F Nog 0= =00+ = 0g= Voa T Aoy

Definition 8. A Hom-quadri-rt-algebra 1 Ay consists of a family of linear spaces { Ay} per and

four families of bilinear operators {’\p ” ,/p o /‘p " \‘ﬁq: Ap @ Ay — Apgtpgen and a family
of linear operators {tx;‘ : Ay — Ap}per such that for all p,q,r € 7, we have:
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R

oo (Npag ®2
’\?W (/ﬁ/q @a;
/ ?W (/\?,q ®a

par (g ®
’\;:W (\ﬁq ®a;
P (Vog @07') =N\

S

A homomorphism from 1Ay to 1By is a family of linear operators {f, : Ay — Bp}pen
such that forﬁtll p,qB € 7, we have fp, ’A\Qq:B na (fr®fa), ,Q)q \/Bﬁ,qz he (fr®
fa)r foa 75q="pa Fp®fa) foa Nig= g (fp®fa), fpap = apfp.

The Yau twist construction carries over to this setting as well, with a proof entirely
analogous to that of Theorem 4.

Theorem 10. If {ap}per is an endomorphism of the quadri-rr-algebra 1A, then 1A is a Hom-
quadri-rt-algebra, called the Yau twist of the former.

If {fp}pen is a m-quadrialgebra homomorphism from 9.A to 18, then {f,}per is a Hom-
quadri-rt-algebra homomorphism between the two Yau twists 1Ay and 18By.

Remark 6. Let 1Ay be a Hom-quadri rt-algebra.

(a) Define t.wofamilies ofbiline.ar. (?pemtions by <0 ="\pq + g = ma="ma + g for
any p,q € m. Directly from the definition, one checks that ({Ap}per, {<§‘,q}p,qem {>‘§‘,q}p,qem
{aﬁ‘}pen) is a Hom-dendriform rt-algebra.

(b) Define the total multiplication by *?,q :<§‘/q + >£q=’\ﬁq + ,/f,q + /‘ﬁ/q + \ﬁ‘rqfor
any p,q € 1. By Theorem 6, ({Ap} per, {*éq}prqem {aé}pen) is a Hom-associative rt-algebra.

6. Conclusions

This paper presents a systematic study of Rota—Baxter operators and multi-order
dendriform algebras in the Hom-7r-graded setting, with a focus on constructive methods,
structural derivation relations, and equivalence characterizations.

Our main findings are summarized below. We established four constructive ap-
proaches for Rota—Baxter Hom-7r-algebras, namely Yau twist, iterative endomorphism
twist, centroid element twist, and monoid tensor lifting. We also built a stepwise derivation
chain running from Hom-tridendriform sr-algebras to Hom-dendriform rr-algebras, and
further to Hom-rr-algebras, and confirmed that all these dendriform structures can be
naturally induced by Rota—Baxter Hom-7r-algebras. Finally, we provided a zero-product
characterization of Rota—Baxter Hom-m-systems, proved their structural equivalence to
Hom-dendriform rr-algebras under the graded non-degeneracy condition, and extended
this equivalence result to Hom-quadri 7r-algebras.

This work makes several meaningful improvements compared to its counterparts
among other papers in this subject. First, it delivers a unified, self-contained structural
framework for the Hom-m-graded context, integrating Rota—Baxter operators/systems
with multiple families of dendriform algebras, rather than presenting scattered, isolated
generalizations. Second, we verified the non-trivial compatibility constraints that graded
indices imposed on multi-operation structures. The graded non-degeneracy condition
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used in this work is more refined than its classical ungraded counterpart, and applies to
a wider class of algebraic scenarios. Third, the cross-component construction method for
Rota-Baxter systems introduced here enriches the construction toolkit for such structures,
and has no direct analog in the standard ungraded single-algebra setting.

There are several natural directions for future work. One is to combine this graded
framework with Hopf group-coalgebra theory, to explore potential applications in ho-
motopy quantum field theory and group representation theory. Another is to investigate
quantized (tri)dendriform rr-algebras and their connections with multiplier Hopf structures.
It would also be worthwhile to construct more non-trivial examples in noncommutative
and non-unital settings, to further validate the generality of the framework.
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