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Abstract

Let f (x) be a monic integral polynomial of degree n and p a prime number for which f (x)
is the fully decomposable modulo p. Let integers r1, . . . , rn be the roots of f (x) mod p with
0 ≤ r1 ≤ · · · ≤ rn < p. In this series of papers, we have investigated the distribution of
the points (r1, . . . , rn). In the present paper, we present several conjectures concerning the
distribution of polynomials in the roots ri.
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1. Introduction and Conjectures
For a monic polynomial f (x) ∈ Z[x], we proposed several conjectures about the

distribution of the roots of f (x) ≡ 0 mod p for a prime number p [1–6].We begin by briefly
stating the relevant notation to state new observations. Let a polynomial

f (x) = xn + an−1xn−1 + · · ·+ a0 (a0, · · · , an−1 ∈ Z)

be of degree n with complex roots α1, . . . , αn. We fix the numbering of roots once and for
all and define a vector space LR over the rational number field Q by

LR := {(l1, . . . , ln+1) ∈ Qn+1 | ∑n
i=1 liαi = ln+1}.

Since the non-zero vector (1, . . . , 1,−an−1) is in LR, we see clearly

1 ≤ t := dimQ LR ≤ n, dimQQ[1, α1, . . . , αn] = n + 1 − t.

We take and fix a Z-basis of LR ∩Zn+1

(mj,1, . . . , mj,n, mj) (j = 1, . . . , t),

where

mj =
n

∑
i=1

mj,iαi (j = 1, . . . , t).

Note that vectors (mj,1, . . . , mj,n) (j = 1, . . . , t) are also linearly independent.
We write Q( f ) := Q(α1, . . . , αn), which is a finite Galois extension field generated by

all roots of f (x) over the rational number field Q and write

Spl( f ) := {p | f (x) is fully splitting modulo p},
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where the letter p denotes a prime number. For a prime p ∈ Spl( f ), we define the integers
r1, . . . , rn by the following two conditions:

f (x) ≡
n

∏
i=1

(x − ri) mod p,

0 ≤ r1 ≤ · · · ≤ rn < p.

The first condition is equivalent to p ∈ Spl( f ). The integers ri are uniquely determined,
and we call them local roots (of f (x) at p). We define two subsets of Spl( f ):

Spl( f , σ) := {p ∈ Spl( f ) |
n

∑
i=1

mj,irσ(i) ≡ mj mod p (1 ≤ ∀ j ≤ t)},

M( f , σ) :=
{

p ∈ Spl( f ) | αi ≡ rσ(i) mod p (1 ≤ ∀i ≤ n) for ∃p | p
}

,

where σ ∈ Sn is a permutation and p is a prime ideal of Q( f ) lying above p. Note that by
setting βi = ασ−1(i), M( f , σ) can be identified with M( f , id) under the ordering by the roots
βi of f (x). Up to a finite set of prime numbers, the set Spl( f ) is a disjoint union of several
Spl( f , σ); furthermore, each Spl( f , σ) is a disjoint union of several M( f , µ). Whether this is
an infinite set or not depends on the permutation. However, the number of distinct infinite
sets Spl( f , σ) in Spl( f ) is independent of the numbering of the roots of f (x), and the same
holds for the number of M( f , µ) in Spl( f , σ). It is known that Spl( f ) is an infinite set; to be
more precise, the density of the infinite set Spl( f ) in the set of all prime numbers is equal
to [Q( f ) : Q]−1 due to Chebotarev.

For a real number x, {x} denotes the decimal part of x, i.e., 0 ≤ {x} < 1 and
x − {x} ∈ Z.

For a rational number a = b/c (b, c ∈ Z) and a prime p with (c, p) = 1, the symbol
⌊a⌋p denotes an integer k such that 0 ≤ k < p and a = k in Z/pZ, i.e., b ≡ ck mod p.

Last, we introduce geometric objects:

∆ := {(x1, . . . , xn) | 0 ≤ x1 ≤ · · · ≤ xn ≤ 1},

D( f , σ) := {x ∈ ∆ |
n

∑
i=1

mj,i xσ(i) ∈ Z (1 ≤ ∀ j ≤ t)}.

Now we can state the following conjectures.

Conjecture 1. Let f (x) be an irreducible polynomial of degree n (≥2). Then the sequence of points({
r
p

}
, . . . ,

{
rn−1

p

})
∈ [0, 1)n−1

is uniformly distributed in [0, 1)n−1, where p runs over the set Spl( f ) and r runs over the local
roots of f (x) at p.

When n = 2, this is true [7,8].
Next, write m = [Q( f ) : Q] and let elements γ(n+1−t)+1, . . . , γm ∈ Q( f ) satisfy

Q( f ) = Q[1, α1, . . . , αn]⊕Q[γ(n+1−t)+1, . . . , γm]

as vector spaces over Q, and write γi = gi(α1, . . . , αn) by some polynomial gi(x1, . . . , xn)

in Q[x1, . . . , xn]. Assume that M( f , id) is an infinite set. For a prime p ∈ M( f , id), we see
mj = ∑i mj,iαi ≡ ∑i mj,iri mod p; hence, mj = ∑i mj,iri − k j p for an integer k j. Therefore, for
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D := D( f , id)× [0, 1]m−(n+1−t),

every accumulation points of

v(p) := (r/p, {⌊g(n+1−t)+1(r)⌋p/p}, . . . , {⌊gm(r)⌋p/p})

is on D, where p runs over the set M( f , id) such that p does not divide the denominator of
any coefficient of gi(x1, . . . , xn) for every i, and r, r/p denote the vector (r1, . . . , rn) of local
roots of f (x) at p and (r1/p, . . . , rn/p), respectively. The second conjecture is as follows:

Conjecture 2. The sequence of points v(p) (p ∈ M( f , id)) is uniformly distributed on D.

We note that v(p) is not on D if mj ̸= 0; hence, we need to clarify the definition of
“uniformly distributed”. In the next section, we will do this and provide the background
and data to support Conjectures.

In the third section, we will make a remark about the order of the local roots of
polynomials g(x) and h(x), which is independent of the conjectures.

The computations in this paper were performed using the PARI/GP system [9].

2. Background and Numerical Data to Conjectures 1, 2
With respect to the distribution of local roots of an irreducible polynomial, it appears

that the sequence {ri/p} (1 ≤ i ≤ n, p ∈ Spl( f )) is uniformly distributed on [0, 1) as is
commonly believed. However, this has only been proven for n = 2 [7,8]. Following another
question in [10], we have become interested in the distribution of points

v0(p) := r/p (= (r1/p, . . . , rn/p) ∈ ∆) (p ∈ Spl( f )),

and we proposed the following conjecture in [1,3,6]:

Conjecture 2′. Let f (x) be a monic polynomial of degree n in Z[x]. Then, the sequence of v0(p)
(p ∈ Spl( f , σ)) is uniformly distributed on D( f , σ) if Spl( f , σ) is an infinite set.

We expect that for M( f , µ) contained in Spl( f , σ), the density of M( f , µ) in Spl( f , σ)

is independent of a permutation µ if M( f , µ) is an infinite set. Under this assumption,
Conjecture 2 implies Conjecture 2′.

We must explain the uniformity of the sequence of v0(p) onD( f , σ), because this uniformity
is different from what is usual (cf. [11]). For a prime p ∈ Spl( f , σ), we have the identity

n

∑
i=1

mj,irσ(i) = mj + k j p (j = 1, . . . , t)

for integers k j. Since the integers mj,i and mj are fixed and the condition 0 ≤ ri < p is
supposed, the number of possible values for k j is finite. If mj = 0 is true for j = 1, . . . , t,
then the point v0(p) is on D( f , σ). Otherwise, it is not on D( f , σ), but every accumulation
point of v0(p) (p ∈ Spl( f , σ)) is clearly on D( f , σ). We define the sequence of v0(p) being
uniformly distributed as follows: Since we see

D( f , σ) = ∪{kj}∈Zt{x ∈ ∆ |
n

∑
i=1

mj,ixσ(i) = k j (1 ≤ ∀ j ≤ t)},
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D( f , σ) is contained in a finite union of (n − t)-dimensional planes, which are parallel to

P := {x ∈ Rn |
n

∑
i=1

mj,ixσ(i) = 0 (1 ≤ ∀ j ≤ t)} (∼= Rn−t).

We define the volume for a subset S of D( f , σ) as follows: By decomposing S as
S = ∪i(vi + Si) for some points vi and subsets Si ⊂ P, we define the volume vol(S) by the
sum ∑i vol(Si), where vol(Si) is the standard volume on the (n − t)-dimensional Euclidian
space P. Hence, dim S < n − t implies vol(S) = 0. For 0 ≤ ai < bi < 1 (i = 1, . . . , n), write
B({ai, bi}) := ∏n

i=1[ai, bi] (rectangular parallelepiped). Then, the above conjecture means
that, for any ai, bi

lim
X→∞

#{p ∈ Spl( f , σ) | p < X, v0(p) ∈ B({ai, bi})}
#{p ∈ Spl( f , σ) | p < X}

=
vol(D( f , σ) ∩ B({ai, bi}))

vol(D( f , σ))
.

This implies that the sequence of ri/p (i = 1, . . . , n, p ∈ Spl( f )) is uniformly distributed
on [0, 1) for an irreducible polynomial [2,4]. The condition v0(p) ∈ B({ai, bi}) may be
weakened [6].

This definition of the uniformity is naturally generalized in Conjecture 2, replacing
Spl( f , σ) by M( f , id).

Since the ratio of volumes is more important than the volumes themselves, it is often
useful to compute the volume by projecting from the original plane P onto a suitably
defined (n − t)-dimensional plane Q.

Before moving on to the set M( f , µ), we note the following facts from the theory of an
algebraic number field:

1. Let K be an algebraic number field, i.e., a finite extension field of the rational number
field Q; write K = Q(α) by an algebraic integer α; and denote the ring of all algebraic
integers in K by OK. Let F(x) ∈ Z[x] be a monic minimal polynomial of α. Then, for a
prime p that does not divide the discriminant of the polynomial F(x), the following
conditions (i), (ii) are equivalent: (i) F(x) ≡ ∏(x − ri) mod p holds for integers ri;
(ii) the ideal pOK is the product of [K : Q] prime ideals of degree 1, in which case each
prime ideal is of the form (α − ri, p) := (α − ri)OK + pOK.

2. Let K1, K2 be algebraic number fields and K the composite field of K1 and K2. For a
prime p, the ideal pOK is the product of prime ideals of degree 1 in K if and only if the
same holds in Ki (i = 1,2).

Let us come back to M( f , µ). Write Q( f ) = Q(α) for an algebraic integer α, and
denote the monic minimal polynomial of α by F(x). Using the above, we see Spl( f ) =

Spl(F) except finitely many primes as follows: Write f (x) = ∏ fi(x) for monic irreducible
polynomials fi(x). Then, using the above facts, we have, except finitely many primes:
p ∈ Spl(F) ⇔ p decomposes into the product of prime ideals of degree 1 in Q( f ) ⇔ p
decomposes into the product of prime ideals of degree 1 in Q( fi) by virtue of Q( f ) =

∏Q( fi) ⇔ p ∈ Spl( fi) for all i ⇔ p ∈ Spl( f ).
Write αi = ci(α) (i = 1, . . . , n) for a polynomial ci(x) ∈ Q[x]. Then we see that,

except for finitely many primes p that divide the denominator of some coefficient of
polynomials ci(x)
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M( f , µ)

= {p ∈ Spl( f ) | ci(α) ≡ rµ(i) mod p (1 ≤ ∀i ≤ n) for ∃p | p}

=

{
p ∈ Spl( f )

∣∣∣∣∣ there is an integer R such that F(R) ≡ 0 mod p
and ⌊ci(R)⌋p ≡ rµ(i) mod p (1 ≤ ∀i ≤ n)

}

=

{
p ∈ Spl( f )

∣∣∣∣∣ there is an integer R such that F(R) ≡ 0 mod p
and {⌊cµ−1(1)(R)⌋p/p} ≤ · · · ≤ {⌊cµ−1(n)(R)⌋p/p}

}
. (1)

To verify the second equality, it is enough to note Spl( f ) = Spl(F), and the prime ideal p of
Q( f ) is of the form (α − R)OQ( f ) + pOQ( f ). For the third equality, the following is helpful.

Proposition 1. We keep the above notation. Let a prime p ∈ Spl( f ) be sufficiently large and R
a root of F(x) ≡ 0 mod p. Then all the roots of f (x) ≡ 0 mod p are given by ⌊ci(R)⌋p mod p
(i = 1, . . . , n).

Proof. Suppose that a prime p ∈ Spl( f ) is sufficiently large; then it does not divide the
denominator of any coefficient of the polynomials ci(x), and we consider ci(x) ∈ (Z/pZ)[x].
Moreover, p := (α − R, p) is a prime ideal of Q( f ) = Q(α) lying over p; hence, we see
that f (⌊ci(R)⌋p) ≡ f (ci(α)) mod p = f (αi) = 0, i.e., f (⌊ci(R)⌋p) ≡ 0 mod p. If ⌊ci(R)⌋p ≡
⌊cj(R)⌋p mod p holds, then we have αi = ci(α) ≡ ⌊ci(R)⌋p mod p ≡ ⌊cj(R)⌋p ≡ αj;
therefore, the prime ideal p divides αi − αj. The number of such prime ideals is finite.

The inequality in (1) prompts us to investigate the density of primes p ∈ Spl( f ) satisfying{ ⌊g1(r)⌋p

p

}
<

{ ⌊g2(r)⌋p

p

}
for some root r of f (x) ≡ 0 mod p (2)

for polynomials g1(x), g2(x) ∈ Q[x].
In case of deg g1 = deg g2 = 1, by writing gi(x) = aix with ai ∈ Z (i = 1, 2), the above

condition is equivalent to

(r1/p, . . . , rn/p) ∈ {x ∈ [0, 1)n | {a1xi} < {a2xi}(1 ≤ ∃i ≤ n)}.

Since the set {x ∈ [0, 1) | {a1x} < {a2x}} is a union of intervals, Conjecture 2′ is applicable.
However, in the case of deg g1 > 1 or deg g2 > 1, it is helpless. As above, let the monic
polynomial F(x) be the minimal polynomial of an algebraic integer α satisfying Q( f ) =
Q(F) = Q(α) and put m = [Q( f ) : Q]. Write

αi = ci(α) (ci(x) ∈ Q[x], deg ci < m),

where α1, . . . , αn are the roots of f (x) as usual. Polynomials ci(x) are not necessarily either
monic or integral. Let us consider the density of the complement set to (2), i.e., the problem
studying the density of primes p ∈ Spl( f ) that satisfy{ ⌊g1(r)⌋p

p

}
>

{ ⌊g2(r)⌋p

p

}
for every root r of f (x) ≡ 0 mod p (3)

for polynomials g1(x), g2(x) ∈ Q[x]. By Proposition 1, the above inequality is equivalent to{ ⌊g1(ci(R))⌋p

p

}
>

{ ⌊g2(ci(R))⌋p

p

}
(i = 1, . . . n) (4)
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for a root R of F(x) ≡ 0 mod p except for a finite number of primes. By defining rational
numbers gl,i,k by

gl(ci(α)) =
m−1

∑
k=0

gl,i,kαk (l = 1, 2),

data from computer experiments suggest that under the assumption that gl,i,k ∈ Z for all
l, i, k, the density of primes p ∈ Spl( f ) satisfying (3) is equal to the volume of the set

D :=

{
x ∈ [0, 1)m−1

∣∣∣∣∣
{

m−1

∑
k=1

g1,i,kxk

}
>

{
m−1

∑
k=1

g2,i,kxk

}
(1 ≤ ∀i ≤ n)

}
.

This leads to Conjecture 1. For example, when f (x) is a Galois polynomial x3 − 3x + 1 with
roots c1(α) := α, c2(α) := −α2 − α + 2, c3(α) := α2 − 2, all coefficients gl,i,k are integral.
Here is an example such that some coefficient gl,i,k is not integral. For f (x) = x3 − 4x2 −
9x + 4, which gives the subfield of degree 3 in Q( 43

√
1), the roots of f (x) are c1(α) :=

α, c2(α) := −α2/2 + 3α/2 + 5, c3(α) := α2 − 5α/2 − 1. Hence, polynomials g(ci(x)) are not
necessarily integral. The density is not equal to the volume of D experimentally. There is
no algebraic integer β ∈ Q( f ) such that Z[β] contains all roots ci(α) of f (x).

Conjecture 1 implies, applying to the set {x ∈ [0, 1)n−1 | a ≤ xk ≤ b}, the uniform
distribution of the sequence

{
rk

p

}
(p ∈ Spl( f )) where r runs over local roots of f (x) at

p and k is a fixed integer with 1 ≤ k ≤ n − 1. We cannot replace Spl( f ) with smaller
sets M( f , σ).

As we shall see later, the formulation in (4) may not be particularly suitable for
investigating the density of prime numbers satisfying (3).

Here are the data : Let f (x) be an irreducible polynomial of degree n and d a positive
integer, and write

B({ki}, d) :=
n−1

∏
i=1

[ki/d, (ki + 1)/d) ⊂ [0, 1)n−1

for integers 0 ≤ ki < d whose volume is 1/dn−1 and

Dens(X, {ki}) :=

#{p ∈ SplX( f ), 1 ≤ j ≤ n | ({rj/p}, . . . , {rn−1
j /p}) ∈ B({ki}, d)}

n#SplX( f )
.

For example, for polynomials f (x) = x3 − 2, x4 + 1 and x6 + · · ·+ 1 = (x7 − 1)/(x − 1),
the value er that is the maximum in the set of |Dens(X, {ki})− 1/dn−1| (0 ≤ ki < d) is
as follows:

For f (x) = x3 − 2 and d = 100, er is

4.56/d2 (X = 106)

1.01/d2 (X = 107)

6.07/(10d2) (X = 108)

2.47/(10d2) (X = 109)

1.15/(10d2) (X = 1010)

3.92/(102d2) (X = 1011).
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For f (x) = x4 + 1 and d = 10, er is

3.93/(10d3) (X = 106)

1.29/(10d3) (X = 107)

3.96/(102d3) (X = 108)

1.35/(102d3) (X = 109)

5.27/(103d3) (X = 1010)

1.62/(103d3) (X = 1011).

For f (x) = x6 + x5 + · · ·+ x + 1 and d = 4, er is

4.25/(10d5) (X = 106)

1.21/(10d5) (X = 107)

5.75/(102d5) (X = 108)

1.56/(102d5) (X = 109)

6.05/(103d5) (X = 1010)

1.72/(103d5) (X = 1011).

Thus, we can expect that as X increases, the error er decreases towards zero.
Next, let us consider polynomials in many variables: Write

MX( f , µ) := {p ∈ M( f , µ) | p < X}
= {p ∈ Spl( f ) | p < X, αi ≡ rµ(i) mod ∃p (1 ≤ ∀i ≤ n)},

where p is a prime ideal of Q( f ) lying above p and is independent of i. In view of (1),
we are concerned with the following density for polynomials g(x), h(x) ∈ Z[x1, . . . , xn]

and µ ∈ Sn:

D f (g, h; µ)

:= lim
X→∞

#
{

p ∈ MX( f , µ)
∣∣∣{ g(µ−1(r))

p

}
<
{

h(µ−1(r))
p

}}
#MX( f , µ)

,

where µ−1(r) := (rµ(1), . . . , rµ(n)). By

g(α1, . . . , αn) ≡ g(µ−1(r)) mod p

for p ∈ M( f , µ), we see for β := g(α1, . . . , αn) and γ := h(α1, . . . , αn)

D f (g, h; µ) = lim
X→∞

#
{

p ∈ MX( f , µ) |
{

βp
p

}
<
{

γp
p

}}
#MX( f , µ)

,

where βp is an integer such that β ≡ βp mod p; the same holds for γp. If we prioritize local
roots over global roots, then writing

D̃ f (g, h; µ) := lim
X→∞

#
{

p ∈ MX( f , µ)
∣∣∣{ g(r)

p

}
<
{

h(r)
p

}}
#MX( f , µ)

,

we see

D̃ f (gµ, hµ; µ) = D f (g, h; µ)

for gµ(x) := g(µ−1(x)), hµ(x) := h(µ−1(x)).
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For simplicity, assume that µ is the identity, since we do not deal with densities for
distinct permutations at the same time in the following. If polynomials g1(x), h1(x) satisfy
g1(α1, . . . , αn) = g(α1, . . . , αn), h1(α1, . . . , αn) = h(α1, . . . , αn), respectively, then we see
g(r1, . . . , rn) ≡ g1(r1, . . . , rn) mod p for a prime p ∈ M( f , id). Suppose that g1, h1 are linear
and let g1(x) = ∑n

i=1 aixi and h1(x) = ∑n
i=1 bixi. Then, it is clear that {g(r)/p} < {h(r)/p}

is equivalent to r/p ∈ D, where

D :=

{
x ∈ [0, 1)n

∣∣∣∣∣
{

n

∑
i=1

aixi

}
<

{
n

∑
i=1

bixi

}}
.

Therefore, Conjecture 2′ is applicable to evaluate the density D f (h, g) under the assumption
Spl( f , id) = M( f , id) (cf. the remark after Conjecture 2′).

Assume that t = 1 and Q( f )/Q is a Galois extension with deg f = n. Then we
have [Q( f ) : Q] = n and dimQ[α1, . . . , αn, 1] = n + 1 − t = n; thus, Q( f ) is spanned
by 1 and the roots α1, . . . , αn of f (x) as a vector space over Q. Thus, for a polynomial
g(x1, . . . , xn) ∈ Q[x1, . . . , xn], we see that there exists a linear polynomial g1(x) such that
g1(α1, . . . , αn) = g(α1, . . . , αn), neglecting a constant term. Hence, we may assume that
polynomials g, h are linear to study the density D f (g, h; id).

Unless Q( f )/Q is a Galois extension and t = 1, what happens? Below are four
examples: f (x) = x4 + 1 in the case of t = 2 > 1 and f (x) = x3 + 2, x4 − 2, which are
non-Galois, and f (x) = (x2 − 2)(x2 − 3), which is reducible.

Example 1. Set f (x) = x4 + 1 with roots α1 := 1+
√
−1√

2
, α2 := 1−

√
−1√

2
= −α3

1, α3 :=

− 1−
√
−1√

2
= α3

1, α4 := − 1+
√
−1√

2
= −α1, where linear relations among roots over rationals are

spanned by α1 + α4 = α2 + α3 = 0. It is easy to see that D( f , σ) is not a finite set if and only if σ

is contained in the group Ĝ that consists of σ such that {σ(1), σ(4)} = {1, 4} or {2, 3} holds and

D( f , σ) =

{
(x1, . . . , x4)

∣∣∣∣∣ 0 ≤ x1 ≤ · · · ≤ x4 ≤ 1,
x1 + x4 = x2 + x3 = 1

}
,

which is identified to

Dpr( f , id) := {(x1, x2) | 0 ≤ x1 ≤ x2 ≤ 1/2}, (5)

by the projection (x1, . . . , x4) 7→ (x1, x2).
We remark that for a permutation σ ∈ Ĝ , M( f , σ) is equal to M( f , id) or M( f , (2, 3)).

Denote by G0 the group that consists of permutations µ such that there is an automorphism
µ̃ ∈ Gal(Q( f )/Q) satisfying αµ(i) = µ̃(αi). Then Ĝ = G0 ∪ (2, 3)G0 holds.

We know by (1) the following:

M( f , σ) =

{
{p ∈ Spl( f ) | r3 ≡ r3

1 mod p} if σ = id,
{p ∈ Spl( f ) | r2 ≡ r3

1 mod p} if σ = (2, 3).

Noting that Q( f ) = Q[1, α1, α2, α2
1] with α2

1 =
√
−1, we see that for a polynomial g(x) in

Q[x1, . . . , x4], there are rational numbers ci so that g(α1, . . . , α4) = c0 + c1α1 + c2α2 + c3α2
1. So,

we may assume that g(x) = c0 + c1x1 + c2x2 + c3x2
1.

The computer experiments suggest the following:

1. The densities of M( f , id) and M( f , (2, 3)) in Spl( f ) are equal to 1
2 ,

2. Densities D̃ f (g, h; id.), D̃ f (g, h; (2, 3)) are equal.
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Then we see that for every permutation σ such that {σ(1), σ(4)} = {1, 4} or {2, 3}, the density
D f (g, h; σ) = 1

2 (D̃ f (g, h; id.) + D̃ f (g, h; (2, 3))) is equal to

lim
X→∞

#{p ∈ SplX( f ) | { g(r)
p } < { h(r)

p }}
#SplX( f )

.

Thus, in case g(x), h(x) are linear, the density D̃ f (g, h; µ) is evaluated by Conjecture 2′. For exam-
ple, let g1(x) = 2x1 − x2, g2(x) = x2; then, the computer experiment suggests D̃ f (g1, g2; µ) = 1

2 ,
which matches vol({(x1, x2) | 0 < x1 < x2 < 1

2 , {2x1 − x2} < {x2}}) = vol({(x1, x2) | 0 <

x1 < x2 < 1
2 , x1 < x2 < 2x1}) = 1

16 and vol({(x1, x2) | 0 < x1 < x2 < 1
2}) =

1
8 .

We restrict polynomials to the following “reduced" type without constant term:

g(x) = g1x1 + g2x2 + g3x2
1 (g1, g2, g3 ∈ Z),

h(x) = h1x1 + h2x2 + h3x2
1 (h1, h2, h3 ∈ Z).

Suppose that g(x) ̸= 0, h(x) ̸= 0, g(x) ̸= h(x) and either g3 or h3 is not zero. Writing ki :=
gi − hi, condition g(x) ̸= h(x) is equivalent to ki ̸= 0 for some i. Then the density D f (g, h) :=
D̃ f (g, h; µ) (µ = id. or (2, 3)) seems to be as follows, independently of µ.

1. D f (g, h) + D f (h, g) = 1.
2. The case of g3h3 ̸= 0. Then D f (g, h) is

1
2
+



1
3k2

if k1 = 0, k3 = 0, k2 ≡ 0 mod 2,

−1
6k2

if k1 = 0, k3 = 0, k2 ≡ 1 mod 2,

−1
3k1

if k2 = 0, k3 = 0,

1
3k1

if k3 = 0, k1 + k2 = 0,

0 otherwise, i.e., if k3 ̸= 0 or k1k2(k1 + k2) ̸= 0,

which depends only on g(x)− h(x).
3. The case of g3 = 0 and h3 ̸= 0. Then D f (g, h) is

1
2
+



−1
3g2

if g1 = 0, g2 ≡ 0 mod 2,

1
6g2

if g1 = 0, g2 ≡ 1 mod 2,

1
3g1

if g2 = 0,

−1
3g1

if g1 + g2 = 0,

0 otherwise, i.e., if g1g2(g1 + g2) ̸= 0,

which depends only on g(x).

We note that if the ordered pair g, h of polynomials does not satisfy the third condition, then the
ordered pair h, g satisfies it.

To shed light on the background of these formulas, we will carry out the following experiment:
For real numbers a, b, c with 0 ≤ a, b, c < 1, write

D(a, b, c) := Dpr( f , id)× [0, 1) ∩ [0, a)× [0, b)× [0, c).
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From the figure, it is easy to see

vol(D(a, b, c))

= c · (min(1/2, b) · min(1/2, a, b)− 1/2 · min(1/2, a, b)2)

and vol(D(1/2, 1/2, 1)) = 1/8. For local roots ri, the inclusion ({r1/p}, {r2/p},
{r2

1/p}) ∈ D(1/2, 1/2, 1) is clear by 0 < r1 < r2 < r3 < r4 < p and r1 + r4 = r2 + r3 = p.
Our observation suggests that

lim
X→∞

#{p ∈ SplX( f ) | ({r1/p}, {r2/p}, {r2
1/p}) ∈ D(a, b, c)}

#SplX( f )

= lim
X→∞

#{p ∈ MX( f , µ) | ({r1/p}, {r2/p}, {r2
1/p}) ∈ D(a, b, c)}

#MX( f , µ)

= vol(D(a, b, c))/vol(D(1/2, 1/2, 1))

for 0 ≤ a, b ≤ 1/2, 0 ≤ c ≤ 1 independently of a permutation µ. This means that the sequence of the
vectors ({r1/p}, {r2/p}, {r2

1/p}) ∈ D(1/2, 1/2, 1) is uniformly distributed in D(1/2, 1/2, 1).
Although this uniformity should allow us to prove that the above equation for D f (g, h) is true, the
calculation is not straightforward.

This uniformity may hold not only for ({r1/p}, {r2/p}, {r2
1/p}) but also, more generally, for

({r1/p}, {r2/p}, {⌊c1r1 + c2r2 + c3r2
1⌋p/p}) (c1, c2, c3 ∈ Q with c3 ̸= 0), which is equivalent

to the fact that 1, α1, α2, c1α1 + c2α2 + c3α2
1 are linearly independent in the four dimensional vector

space Q( f ) over Q. Here, we neglect a finite number of primes that divide a denominator of c1, c2, c3.
The computational data for the case c1 = 1/2, c2 = 1/7, c3 = 2/3 support this. This observation
naturally leads to Conjecture 2.

Example 2. Let f (x) = x3 + a2x2 + a1x + a0 ∈ Q[x] be an irreducible polynomial with roots
α1, α2, α3, and suppose that the extension Q(α1)/Q is not a Galois extension; hence, [Q( f ) :
Q] = 6. The vector space Q( f ) is spanned by 1, α1, α2, α2

1, α2
2, α2

1α2 over Q because the identity
α3 = −α1 − α2 − a2 implies that every polynomial in α1, α2, α3 is a polynomial in α1, α2. By
denoting the vector space spanned by 1, α1, α2, α2

1, α2
2, α2

1α2 by V, the identity 0 = f (α1)− f (α2) =

(α1 − α2)(α
2
1 + α1α2 + α2

2 + a2(α1 + α2) + a1) implies α1α2 ∈ V. Hence, α1α2
2 = (α1α2)α2 =

−α2
1α2 − α3

2 − a2(α1α2 + α2
2) − a1α2 ∈ V follows. Finally, α2

1α2
2 = α1(α1α2

2) = −α3
1α2 −

α1α3
2 − a2(α

2
1α2 + α1α2

2)− a1α1α2 ∈ V is easily confirmed. Thus, every polynomial in α1, α2, α3

is contained in V.
We can easily see M( f , µ) = Spl( f ) for every permutation µ, in particular Spl( f ) =

M( f , id), since t = 1.
We specialize f (x) to x3 + 2, and we suppose that polynomials g(x), h(x) are of the following

“reduced” type

g(x) = g1x1 + g2x2 + g3x2
1 + g4x2

2 + g5x2
1x2,

h(x) = h1x1 + h2x2 + h3x2
1 + h4x2

2 + h5x2
1x2

with rational integer coefficients gi, hi without a constant term. Denote its homogeneous part
of degree i by gi(x), hi(x). If both of g, h are linear, i.e., g(x) = g1(x), h(x) = h1(x), then it
is sufficient for us to refer to Conjecture 2′, and so we suppose that g(x) or h(x) is not linear.
Furthermore, suppose that they satisfy g(x) ̸= 0, h(x) ̸= 0, and g(x) ̸= h(x). Then, computer
experiments suggest the following:

1. D f (g, h; id) + D f (h, g; id) = 1.
2. The case of g5 ̸= 0 or h5 ̸= 0. Write ki := gi − hi.
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(a) The case of k3 = k4 = k5 = 0. The density D f (g, h; id) is

1
2
+


− 1

4k1
if k2 = 0 or k1 = k2,

1
4k1

if k2 = 2k1 or k1 + k2 = 0,
0 otherwise.

(b) In the case of (k3 ̸= 0 or k4 ̸= 0) and k5 = 0, D f (g, h; id) = 1
2 .

(c) The case of k5 ̸= 0 and g5 ̸= 0. The density D f (g, h; id) is

1
2
+



− 1
4h1

if h1 ̸= 0, h3 = h4 = h5 = 0 and
(h2 = 0 or h1 = h2),

1
4h1

if h1 ̸= 0, h3 = h4 = h5 = 0 and
(h2 = 2h1 or h1 + h2 = 0),

0 otherwise.

3. The case of g5 = h5 = 0 and g2(x)h2(x) ̸= 0. The density D f (g, h; id) is, writing ki :=
gi − hi

1
2
+


− 1

4k1
if k3 = k4 = 0 and (k2 = 0 or k1 = k2),

1
4k1

if k3 = k4 = 0 and (k2 = 2k1 or k1 + k2 = 0),
0 otherwise,

which depends only on g(x)− h(x).
4. The case of g5 = h5 = 0 and g(x) = g1(x), h2(x) ̸= 0.

D f (g, h; id) =
1
2
+


1

4g1
if g2 = 0 or g1 = g2,

− 1
4g1

if g2 = 2g1 or g1 + g2 = 0,

0 otherwise,

which depends only on g(x).

Similarly to the case of f (x) = x4 + 1, let us consider the sequence of points

v(p) := ({r1/p}, {r2/p}, {r2
1/p}, {r2

2/p}, {r2
1r2/p})

for the local roots r1, r2, r3 of f (x) = x3 + 2. This seems to be uniformly distributed on Dpr( f , id)×
[0, 1)3, where

Dpr( f , id) = {(x1, x2) | (x1, x2, x3) ∈ D( f , id) for ∃x3}

= {(x1, x2) | 0 ≤ x1 ≤ x2 ≤ x3 ≤ 1,
3

∑
i=1

xi ∈ Z for ∃x3}.

Let us present data. For 0 ≤ g1, g2 ≤ 1, write D(g1, g2) := Dpr( f , id) ∩ [0, g1)× [0, g2). From
the figure, we can see that the volume of D(g1, g2) is as follows:

in the case of 0 ≤ g1 ≤ 1/3,

g1(1 − g1)/2 − (1 − g2)
2/2 if 1 − g1/2 ≤ g2 ≤ 1,

(1 − g1)/2 − g2 − g2
1/4 + g2

2/2 + g1g2 if 1 − g1 ≤ g2 ≤ 1 − g1/2,
(2g1 − 3g2

1)/4 if 1/2 ≤ g2 ≤ 1 − g1,
(2g1 − 3g2

1)/4 − (1 − 2g2)
2/4 if (1 − g1)/2 ≤ g2 ≤ 1/2,

(g2 − g1/2)g1 if g1 ≤ g2 ≤ (1 − g1)/2,
g2

2/2 if 0 ≤ g2 ≤ g1,
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in the case of 1/3 ≤ g1 ≤ 1/2,

1/12 + g2
1/4 − (1 − g2)

2/2 if 1 − g1/2 ≤ g2 ≤ 1,
1/12 + (g1 + g2 − 1)2/2 if 1 − g1 ≤ g2 ≤ 1 − g1/2,
1/12 if 1/2 ≤ g2 ≤ 1 − g1,
1/12 − (1 − 2g2)

2/4 if 1/3 ≤ g2 ≤ 1/2,
g2

2/2 if 0 ≤ g2 ≤ 1/3,

in the case of 1/2 ≤ g1 ≤ 2/3,

1/6 − (1 − 3g1/2)2/3 − (1 − g2)
2/2 if 1 − g1/2 ≤ g2 ≤ 1,

1/12 + (g1 + g2 − 1)2/2 − (2g1 − 1)2/4 if g1 ≤ g2 ≤ 1 − g1/2,
1/12 + (2g2 − 1)2/4 if 1/2 ≤ g2 ≤ g1,
1/12 − (2g2 − 1)2/4 if 1/3 ≤ g2 ≤ 1/2,
g2

2/2 if 0 ≤ g2 ≤ 1/3,

in the case of g1 ≥ 2/3, vol(D(g1, g2)) = vol(D(2/3, g2)), and vol(D(1, 1)) = 1/6. For a
positive integer d and integers ki = 0, . . . , d − 1 (1 ≤ i ≤ 5), define a box B({ki}, d) by

B({ki}, d) :=
5

∏
i=1

[ki/d, (ki + 1)/d).

For a positive number X, let di f f ({ki}) denote the absolute value of the difference between

#{p ∈ SplX( f ) | v(p) ∈ B({ki}, d)}
#SplX( f )

and

d({ki}) :=
vol(Dpr( f , id)× [0, 1)3 ∩ B({ki}, d))

vol(Dpr( f , id)× [0, 1)3)
,

and let er be the maximum in the set of di f f ({ki}) where {ki} runs over the set of (k1, . . . , k5)

with 0 ≤ ki ≤ d − 1. The denominator vol(Dpr( f , id)× [0, 1)3) is equal to 1/6. The data are as
follows: for d = 6, er decreases as

2.53 · 10−5 (X = 108),
1.10 · 10−5 (X = 109),
7.75 · 10−6 (X = 1010),
3.39 · 10−6 (X = 1011).

The least value of non-zero d({ki}) is 1/5184 = 1.9 · · · × 10−4 for (k1, k2) = (0, 5), (1, 2),
(1, 5), (3, 4).

For another polynomial such as x3 + x2 + 1, where [Q( f ) : Q] = 6, and for other polynomials,
the situation is similar.

Example 3. Let f (x) = x4 − 2 with roots α1 := 4
√

2, α2 := α1 · i, α3 := −α2, α4 := −α1,
and F(x) = x8 + 4x6 + 2x4 + 28x2 + 1, which has a root α := 4

√
2 + i. It is easy to see that

Q( f ) = Q(α), which is a Galois extension over Q, and gi(α) = αi (i = 1, 2) for polynomials gi(x):

g1(x) = 5/24x7 + 19/24x5 + 5/24x3 + 151/24x,

g2(x) = 1/24x6 + 5/24x4 + 13/24x2 + 29/24.
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We have

Q( f ) = Q[1, 4
√

2,
√

2, 4
√

2
3
, i, 4

√
2 · i,

√
2 · i, 4

√
2

3 · i]

= Q[1, α1, α2]⊕Q[α2
1, α3

1, α3
1α2, α1α2, α2

1α2]

and we write, for a prime p ∈ Spl( f ) and local vectors r of f (x),

v(p)

:=

({
r1

p

}
,
{

r2

p

}
,

{
r2

1
p

}
,

{
r3

1
p

}
,

{
r3

1r2

p

}
,
{

r1r2

p

}
,

{
r2

1r2

p

})
∈ Dpr( f , id)× [0, 1)5,

where Dpr( f , id) is the same as (5). For a positive integer d and integers ki = 0, . . . , d − 1
(1 ≤ i ≤ 7), define a box B({ki}, d) by

B({ki}, d) :=
7

∏
i=1

[ki/d, (ki + 1)/d).

By (1), we know

M( f , id) ={
p ∈ Spl( f )

∣∣∣∣∣ there is an integer R such that F(R) ≡ 0 mod p
and gi(R) ≡ ri mod p (1 ≤ ∀i ≤ 4)

}
.

The sequence of points v(p) for p ∈ M( f , id) is uniformly distributed on Dpr( f , id)× [0, 1)5 if
and only if for every positive integer d and every box B({ki}, d)

T(X) :=

#{p ∈ MX( f , id) | v(p) ∈ Dpr( f , id)× [0, 1)5 ∩ B({ki}, d)}
#MX( f , id)

converges to

Y(B({ki}, d)) :=
vol(Dpr( f , id)× [0, 1)5 ∩ B({ki}, d))

vol(Dpr( f , id)× [0, 1)5)
,

where the volume in the denominator is 1/8. The data are as follows: for d = 3, the maximum of the
set of errors |T(X)− Y(B({ki}, 3))| (0 ≤ ki < d) decreases as

7.68 · 10−5 (X = 109),

1.80 · 10−5 (X = 1010),

6.12 · 10−6 (X = 1011).

For

u(p) :=

({
r1

p

}
,
{

r2

p

}
,

{
⌊r2

1/2⌋p

p

}
,

{
⌊r3

1/3⌋p

p

}
,

{
⌊r3

1r2/5⌋p

p

}
,

{ ⌊r1r2/7⌋p

p

}
,

{
⌊r2

1r2/11⌋p

p

})
∈ Dpr( f , id)× [0, 1)5
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instead of v(p), we have a similar estimate:

6.84 · 10−5 (X = 109),

1.54 · 10−5 (X = 1010),

6.45 · 10−6 (X = 1011).

Here we note that α2
1/2, α3

1/3, α3
1α2/5, α1α2/7, α2

1α2/11 are not algebraic integers.
Here are supplementary data: For integers ci with |ci| ≤ 2 except c1 = · · · = c5 = 0, the

sequence of the points

w(p) := {(c1r2
1 + c2r3

1 + c3r3
1r2 + c4r1r2 + c5r2

1r2)/p} ∈ [0, 1)

seems to be uniformly distributed on [0, 1). This is because for d = 100, there exists X < 1010 such
that the absolute value of the difference between

#{p ∈ MX( f , id) | k/d ≤ w(p) < (k + 1)/d}
#MX( f , id)

and 1/d is less than 1/(100d) for every 0 ≤ k < d and ci.

Example 4. Let f (x) = (x2 − 2)(x2 − 3), which is reducible. Write α1 :=
√

2, α2 :=√
3, α3 := −α2, α4 := −α1 and α :=

√
2 +

√
3. Writing g1(x) = (x3 − 9x)/2, g2(x) =

(−x3 + 11x)/2 and F(x) = x4 − 10x2 + 1, we have gi(α) = αi (i = 1, 2) and F(α) =

0. Since Q( f ) = Q[1, α1, α2] ⊕ Q[α1α2], we consider the distribution of points v(p) :=
({r1/p}, {r2/p}, {r1r2/p}). We write

T(X) :=
#{p ∈ MX( f , id) | v(p) ∈ Dpr( f , id)× [0, 1) ∩ B({ki}, d)}

#MX( f , id)
,

where Dpr( f , id) is the same as (5), B({ki}, d) is defined in the same way before, and

Y(B({ki}, d)) :=
vol(Dpr( f , id)× [0, 1) ∩ B({ki}, d))

vol(Dpr( f , id)× [0, 1))
.

As before, let us see the maximum value er in the set of |T(X)− Y(B({ki}, d)| where 0 ≤ ki < d.
For d = 10, er decreases as follows:

8.48 · 10−4 (X = 107),

3.57 · 10−4 (X = 108),

8.11 · 10−5 (X = 109),

2.87 · 10−5 (X = 1010),

9.08 · 10−6 (X = 1011).

This supports that the sequence of v(p) (p ∈ M( f , id)) is uniformly distributed on Dpr( f , id)×
[0, 1) ∩ B({ki}, d).

The formula for D f (g, h) is the same as in Example 1.
These data appear to suggest that the set M( f , σ) is more essential than Spl( f , σ).
The congruence conditions for local roots should be included in Conjectures 1, 2 (cf. Conjec-

ture 3 in [6]).
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3. Arrangement of Local Roots of Two Polynomials
What is the relation between the positions of the local roots of two polynomials

g(x) and h(x)? For example, let g(x) = x2 + x + 1, h(x) = x2 + 2x + 2 and f (x) =

g(x)h(x). Denote the local roots of g(x), h(x) by si, ti, respectively. The density of p ∈ Spl( f )
satisfying either s1 < t1 < t2 < s2 or t1 < s1 < s2 < t2 appears to be 1/2 in each case.

Another example: Let g(x) = x2 + x + 1, h(x) = x3 + 3 and f (x) = g(x)h(x), and
denote the local roots of g(x) by si and those of h(x) by ti. Denoting the accumulation
points of si/p, ti/p by xi, yi, we have 0 ≤ x1 ≤ x2 ≤ 1, 0 ≤ y1 ≤ y2 ≤ y3 ≤ 1; furthermore,
x1 + x2 = 1, y1 + y2 + y3 = k (= 1, 2), which follow from the trivial linear relation among
the roots. Therefore, we have

0 ≤ x1 ≤ 1
2

and x2 = 1 − x1, (6)

0 ≤ y1 ≤ y2, k − y1 − 1 ≤ y2 ≤ k − y1

2
,

and y3 = k − y1 − y2 for ∃k(= 1, 2).
(7)

The volume of the set D of points (x1, y1, y2) that satisfy (6) and (7) is 1/12. We divide the
cases as follows:

1 : s1 < t1, s2 < t1 (↔ 0 ≤ x1 ≤ x2 ≤ y1 ≤ y2 ≤ y3 ≤ 1),
2 : s1 < t1, t1 < s2 < t2 (↔ 0 ≤ x1 ≤ y1 ≤ x2 ≤ y2 ≤ y3 ≤ 1),
3 : s1 < t1, t2 < s2 < t3 (↔ 0 ≤ x1 ≤ y1 ≤ y2 ≤ x2 ≤ y3 ≤ 1),
4 : s1 < t1, t3 < s2 (↔ 0 ≤ x1 ≤ y1 ≤ y2 ≤ y3 ≤ x2 ≤ 1),
5 : t1 < s1 < t2, s2 < t2 (↔ 0 ≤ y1 ≤ x1 ≤ x2 ≤ y2 ≤ y3 ≤ 1),
6 : t1 < s1 < t2, t2 < s2 < t3 (↔ 0 ≤ y1 ≤ x1 ≤ y2 ≤ x2 ≤ y3 ≤ 1),
7 : t1 < s1 < t2, t3 < s2 (↔ 0 ≤ y1 ≤ x1 ≤ y2 ≤ y3 ≤ x2 ≤ 1),
8 : t2 < s1 < t3, s2 < t3 (↔ 0 ≤ y1 ≤ y2 ≤ x1 ≤ x2 ≤ y3 ≤ 1),
9 : t2 < s1 < t3, t3 < s2 (↔ 0 ≤ y1 ≤ y2 ≤ x1 ≤ y3 ≤ x2 ≤ 1),

10 : t3 < s1 (↔ 0 ≤ y1 ≤ y2 ≤ y3 ≤ x1 ≤ x2 ≤ 1).

The density di of prime numbers p ∈ Spl( f ) satisfying the ith condition appears to be
as follows:

i 1 2 3 4 5 6 7 8 9 10
72 × di 1 6 12 16 9 0 12 9 6 1

We will see that the density is 2533/72 (= 1/vol(D)) times the volume of the three dimen-
sional figure D defined by the inequalities in each case.

Let us consider the first case. The inequalities are x2 < y1, (6) and (7). Denote by Dk

the figure defined by (6) and (7) and the inequalities in this case, i.e.,

Dk : 0 ≤ x1 ≤ 1
2

, 0 ≤ y1 ≤ y2, k − y1 − 1 ≤ y2 ≤ k − y1

2
,

1 − x1 ≤ y1.

If k = 1, then the conditions y1 ≤ (1− y1)/2 and 1/2 ≤ 1− x1 ≤ y1 imply the contradiction
1/2 ≤ y1 ≤ 1/3. Thus, the set D1 is empty. The figure D2 is defined by

1
3
≤ x1 ≤ 1

2
1 − x1 ≤ y1 ≤ 2

3
, y1 ≤ y2 ≤ 1 − y1/2.

The volume is calculated using the iterated integration
∫

x1

∫
y1

∫
y2

dy2dy1dx1, which is 1/(2533).
Thus, the density d1 = 1/72 = vol(D)/vol(D). The other cases are similarly verified.
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For a general reducible polynomial f (x) = g(x)h(x), there is no doubt that the
density is the volume of a union of convex bodies defined by inequalities as above for any
arrangement of the local roots si and tj of g(x) and h(x).
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