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Abstract

Exceptional points are parameter values at which two eigenvalues and their correspond-
ing eigenfunctions coalesce, rendering the wave operator defective. They arise widely in
non-Hermitian wave physics and disrupt the modal expansions on which semi-analytic
scattering methods rely. For lined acoustic waveguides, an augmented mode-matching
ansatz that restores completeness at such a degeneracy—by adjoining the generalised
eigenfunction obtained from the derivative of the parametrised duct mode with respect to
its transverse spectral parameter—has been established for junctions between duct sections
with discrete modal sets. This article extends that ansatz to an open, radiating configu-
ration: a rigid feed duct communicates through an impedance-lined throat, tuned to an
order-two exceptional point, with a half-space bounded by a rigid flange. The radiating
mouth replaces the discrete modal closure by a continuous spectrum, so the augmented ba-
sis must be matched against an improper spectral integral. The half-space field is generated
by the aperture velocity, which builds the rigid-flange condition into the representation
exactly, and the resulting improper integrals are rendered analytic by branch-aware substi-
tutions whose cutoff is tied to the retained modal content. The formulation is validated on
the matching and boundary conditions themselves: pointwise continuity of pressure and
of normal velocity at the internal junction, pointwise pressure continuity at the radiating
mouth, the vanishing of the normal velocity on the rigid flange, and the recovery of the
classical flanged-duct radiation problem in the rigid limit, cross-checked against an inde-
pendent implementation. The full lined problem, including the defective case, has been
further verified against an independent finite-volume solution of the same boundary-value
problem, whose grid-converged fractions agree with the mode-matching values to within
8 × 10−5. A conserved-power identity is monitored as a necessary but not sufficient check.
Numerical experiments confirm the known breakdown of the standard expansion at the
exceptional point and the well-conditioned convergence of the augmented one in this
radiating setting, and a scan of the complex admittance plane, refined by local optimisation
and repeated across throat lengths and frequencies, shows that flange radiation detunes
the absorption optimum away from the exceptional point, by an amount that grows with
the radiated share of the power budget and vanishes as the throat lengthens.
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1. Introduction
Non-Hermitian and non-self-adjoint wave operators arise whenever a system ex-

changes energy with its surroundings—through absorption, radiation, gain, or loss—and
they exhibit a spectral feature with no self-adjoint counterpart: the exceptional point,
a parameter value at which two eigenvalues and their eigenfunctions coalesce, so that
the operator becomes defective and its eigenfunctions cease to form a basis. Exceptional
points are by now a unifying theme across wave physics, from PT -symmetric quantum
mechanics [1], through the abstract theory of non-normal spectra [2–4], to photonics [5,6]
and acoustic metamaterials [7]; the analytical structure they impose on a modal expansion
is the same in every setting. They also pose a common difficulty for the semi-analytic,
projection-based methods that dominate guided-wave and scattering analysis: at the degen-
eracy, the ordinary modal expansion loses a dimension and ceases to be complete; as the
exceptional point is approached, the conventional matched system becomes increasingly
ill-conditioned (the rank behaviour exactly at the degeneracy depends on how the double
root is represented numerically; see Section 6). For lined acoustic waveguides, this difficulty
was resolved by Lawrie et al. [8], whose augmented (enhanced) mode-matching ansatz
adjoins the generalised eigenfunction of the defective transverse operator and restores
completeness at the degeneracy. That ansatz is the starting point of the present article,
which develops it for open, radiating configurations, in which the matched system is closed
not by a discrete modal set on the far side of a junction but by the continuous spectrum of a
flanged half-space, expressed as an improper spectral integral.

The propagation, reflection, transmission, and absorption of acoustic waves in finite
ducts and through aperture-radiator geometries are classical subjects in linear acoustics,
central both to the theoretical literature on guided waves [9–12] and to the engineering
practice of silencer and turbomachinery noise control, a practice represented by recent
partitioned-shell and muffler analyses such as [13]. Two algebraic frameworks domi-
nate the analysis. The first, mode matching in the spirit of Mittra and Lee [14] together
with its tailored Galerkin refinements [15,16], discretises continuity of pressure and nor-
mal velocity at every duct junction by projecting onto the local transverse modes; the
algebraic system that results is finite, dense, and small. This framework has been ex-
tended, among others, to wave-bearing cavities and partitioned membrane-bounded
configurations [17,18]. The second, Fourier-transform mode matching as systematised
in the monograph of Eom [19], represents the open exterior region as a spectral continuum
and closes the system with a Neumann-to-Dirichlet radiation operator obtained from the
half-space Green’s function; in the flanged-piston limit, this recovers the classical baffled-
aperture radiation problem treated in [19] (the complementary unflanged-pipe problem
being the classical Wiener–Hopf solution of Levine and Schwinger [20]). The present article
combines the two frameworks in a single three-region acoustic geometry, in which a rigid
feed duct is connected through an impedance-lined throat to a half-space behind a rigid
flange. The mode-matching part operates at the duct–throat junction and projects onto the
rigid feed modes; the Fourier-transform part appears at the throat–half-space mouth as an
improper integral that carries the radiated power away to infinity.

What distinguishes the present configuration is the spectral character of the lined
throat. A locally reacting acoustic admittance produces a Robin (Leontovich-type) boundary
condition on the throat walls, and the transverse eigenproblem inside the throat becomes
non-self-adjoint. The classical Cremer optimum [21–23] for the admittance value that
maximises modal attenuation in a long, complex-lined duct is, mathematically, a condi-
tion under which two transverse eigenvalues of the same parity merge; for a complex
admittance, this merging is not a benign eigenvalue degeneracy but an exceptional point
in the sense of Kato [24], at which two eigenvalues and the corresponding eigenfunctions
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both coalesce, and the spectral problem becomes defective. For the electromagnetic case
of an impedance waveguide, exceptional points in the transverse spectrum were located
explicitly by Midya and Konotop [25] (a recent enhanced computational mode-matching
formulation for an impedance-loaded electromagnetic groove is given by Taha et al. [26]);
for an acoustic lined duct, the resulting incompleteness of the projection method and its
repair by an augmented modal basis were analysed by Lawrie et al. [8], who showed that
the generalised eigenfunction obtained by differentiating the parametrised mode with
respect to its transverse spectral parameter supplies the missing expansion direction: at
the degeneracy the transverse operator has an eigenvalue of algebraic multiplicity two but
geometric multiplicity one, and the ordinary eigenfunction together with this generalised
eigenfunction spans the associated two-dimensional generalised eigenspace. Optimisation
and conservation analyses of mode-matching schemes for finite lined ducts and chambers,
on which the power-balance diagnostics used below rest, are developed in [27–30]; a closely
related analysis of absorbent linings coupled to flexible duct walls appears in [31]; and
optimum attenuation in a continuum of exceptional points is treated in [32].

The locally reacting admittance adopted here is the simplest surface model of an
energy-exchanging wall. In many applications, the boundary is itself an elastic structure—a
membrane, a plate, or a shell—and the acoustic field couples to structural wave propagation,
so that the transverse spectrum acquires vibroacoustic branches: flexible-wall analogues
of the present eigenproblem are analysed in [15,27,30], fluid–structure coupled scattering
in flexible cylindrical shells is treated in [33,34], and recent work on the vibroacoustic
transmission of lattice-cored sandwich cylindrical structures [35] illustrates how strongly
the structural architecture of the wall can reshape the transmitted acoustic field. Exceptional
points arise in such coupled fluid–structure spectra for the same mathematical reason
as here—the coalescence of eigenvalues of a non-self-adjoint transverse operator—so
the configuration studied below, in which the wall reaction is condensed into the single
admittance parameter η, is also the natural first step toward augmented mode matching in
fully coupled vibroacoustic radiators; this outlook is taken up again in Section 7.

The motivation for the specific problem treated here is twofold. On the physical side,
the configuration—a rigid feed duct, a short lined section tuned near the Cremer condition,
and an open termination radiating from a baffle—is the canonical simplified model of
a lined intake or silencer outlet: precisely the setting in which Cremer-type linings are
deployed in practice, and one in which the termination is open rather than anechoic or
rigidly closed. Whether the attenuation benefit associated with the mode-merging lining
survives the radiation loading of an open mouth, and where the absorption optimum of
the finite lined section then sits relative to the exceptional point, are design questions that a
closed or semi-infinite model cannot answer. On the methodological side, the geometry
poses a question about the augmented ansatz itself: in the configurations treated in [8] the
matched system is closed by discrete modal sets on both sides of each junction, whereas
an open flanged mouth couples the augmented basis to a radiationcontinuum, so that
every matrix entry involving the degenerate pair becomes an improper spectral integral
with branch points at the grazing wavenumbers. The generalised waveform, including its
non-separable axial term, is integrated directly against this continuum, and the resulting
system remains well-conditioned and convergent at the exceptional point.

The main ingredients of the analysis are as follows. The exceptional point is located
constructively from the simultaneous vanishing of the characteristic function and of its
derivative with respect to the transverse spectral parameter, and the order-two property
is certified by a closed-form identity for the second derivative. The defectiveness of the
modal expansion is given a quantitative form through a non-conjugated norm integral that
vanishes at the exceptional point. The generalised waveform is rederived for the finite throat
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with anchored axial coordinates, following the construction of [8]. The half-space closure
is formulated so that the rigid-flange condition is exact: the exterior field is generated
by the spectrum of the aperture velocity, which vanishes on the flange, in the classical
rigid-baffle (Rayleigh-type) manner [9,19], and pressure continuity across the mouth is the
condition imposed by projection. The branch points of the resulting improper integrals
are removed by trigonometric and hyperbolic substitutions that render every integrand
analytic [36,37], and the spectral cutoff is tied to the largest retained transverse wavenumber,
since the augmented basis has to be resolved against the continuum. A conserved-power
identity, derived by Green’s identity on the lined throat, is monitored throughout, though it
isnecessary rather than sufficient: the evanescent part of the radiation spectrum carries
no time-averaged power, so a power balance is blind to errors in the reactive part of
the closure and cannot by itself validate a mode-matching computation. The validation
therefore rests on the matching and boundary conditions themselves—pointwise continuity
of pressure and normal velocity at the internal junction, pointwise pressure continuity at the
radiating mouth (which the projection imposes only weakly, so that its pointwise residual
measures convergence), the vanishing of the normal velocity on the rigid flange, and the
even symmetry of the exterior field—together with the analytic reduction, in the limit of a
vanishing lining, to the classical flanged-duct radiation problem [19], cross-checked against
an independent implementation of that classical problem. The numerical experiments then
set the degenerate standard expansion against the well-conditioned augmented one in
the radiating setting, and a two-dimensional sweep of the absorbed-power fraction over
the complex admittance plane shows that the flange radiation displaces the absorption
optimum away from the exceptional point.

The article is organised as follows. Section 2 states the physical model and the
governing equations, including the modal expansions of the four fields and all inter-
face and matching conditions. Section 3 develops the transverse spectrum of the lined
throat, constructs the order-two exceptional point, establishes the defectiveness of the
ordinary modal expansion, and constructs the generalised waveform for the finite throat.
Section 4 derives the rigid-flange radiation closure as an improper spectral integral over
the aperture velocity and presents the branch-aware Gauss–Legendre quadrature used to
evaluate it. Section 5 carries out the projection onto the rigid feed family, assembles the
algebraic system in block form, and derives the conserved-power identity by Green’s iden-
tity on the lined throat. Section 6 reports the numerical experiments: the validation of the
formulation by its matching and boundary residuals, convergence and improper-integral
sensitivity studies, the rigid-limit cross-check, parameter sweeps, full-geometry field maps,
and a two-dimensional optimisation in the admittance plane. Section 7 concludes.

2. Physical Model and Governing Equations
Let z denote the duct axis and x the transverse coordinate of a two-dimensional

acoustic waveguide of width 2a. With the non-dimensional coordinates X = z/a and
Y = x/a, the reduced frequency K = ωa/c with ω the angular frequency and c the sound
speed, and the time-harmonic convention e−iωt, the acoustic pressure p(X, Y) obeys the
Helmholtz equation (

∂2
X + ∂2

Y + K2)p(X, Y) = 0 (1)

in every homogeneous region together with the outgoing/decaying radiation condition at
infinity. The three regions of the geometry, sketched in Figure 1, are the semi-infinite rigid
feed duct ΩI = {X < 0, |Y| < 1}, the impedance-lined throat ΩI I = {0 < X < L, |Y| < 1}
of non-dimensional length L > 0, and the flanged half-space ΩI I I = {X > L}. The walls
{|Y| = 1, X < 0} are rigid (the feed duct), the walls {|Y| = 1, 0 < X < L} are impedance-
lined (the throat), and {X = L, |Y| > 1} is a rigid flange. Because the incident field is the
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even fundamental mode of the feed and the geometry is symmetric about Y = 0, only the
even-in-Y subspace is retained.

Figure 1. Three-region geometry of the model: Rigid feed duct ΩI on the left, impedance-lined throat
ΩI I of length L in the middle with lined walls drawn as a solid red line over a black dashed underlay,
and flanged half-space ΩI I I on the right. The dotted vertical lines mark the two matching planes
X = 0 and X = L; the arrow denotes the incident fundamental and the arcs the radiated wavefronts.

The rigid walls of the feed duct and the rigid flange enforce homogeneous
Neumann conditions,

∂Y p(X,±1) = 0 (X < 0), ∂X p(L, Y) = 0 (|Y| > 1). (2)

The lined walls of the throat carry a locally reacting acoustic admittance with reduced
complex parameter η ∈ C, Im η ≥ 0 (a passive lining has Im η > 0, and the lossless rigid
limit is η = 0); the Leontovich/Robin condition for the pressure is

∂Y p(X,±1) = ± η p(X,±1), 0 < X < L. (3)

The rigid feed duct supports the even hard-wall family

Uℓ(Y) = cos(γℓY), γℓ = ℓπ, κℓ = (K2 − γ2
ℓ)

1/2, ϵℓ =
∫ 1

−1
U2
ℓ (Y) dY, (4)

with κℓ on the outgoing/decaying branch Im κℓ ≥ 0, with ϵ0 = 2 and ϵℓ = 1 for ℓ ≥ 1,
and with the orthogonality

∫ 1
−1 UℓUm dY = ϵℓδℓm. The incident, reflected, and total feed

fields are

pinc(X, Y) = eiKX , pref(X, Y) =
∞

∑
ℓ=0

Rℓ Uℓ(Y) e−iκℓX , pI = pinc + pref, (5)

with {Rℓ}ℓ≥0 ⊂ C the unknown reflected amplitudes. Inside the lined throat, even-in-Y
separable solutions of (1) that satisfy (3) take the form cos(QY) eiβ(Q)X , where Q solves the
even characteristic equation of Section 3, and the axial wavenumber and the anchored axial
coordinates are
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β(Q) = (K2 − Q2)1/2, Im β ≥ 0, ξ+(X) = X, ξ−(X) = L − X, (6)

so that |eiβξ± | = e− Im β ξ± ≤ 1 throughout ΩI I . Denoting by {Qj}j≥1 the canonical
even roots, taken with Re Q ≥ 0 to avoid the identification cos(−QY) = cos(QY), the
lined-throat field, in the ordinary case of simple roots, is the bidirectional modal expansion

pI I(X, Y) =
∞

∑
j=1

[
C+

j cos(QjY) eiβ jξ+(X) + C−
j cos(QjY) eiβ jξ−(X)

]
, (7)

with β j = β(Qj) and unknown amplitudes {C±
j }. The half-space ΩI I I , with its rigid flange

on {X = L, |Y| > 1}, admits an outgoing spectral superposition that satisfies (1) and the
radiation condition. Its Neumann trace on the plane X = L is known on the whole line: it
equals the aperture velocity v(Y) := ∂X pI I(L, Y) on |Y| < 1 by velocity continuity, and it
vanishes on |Y| > 1 by the rigid-flange condition. The half-space field is therefore generated
by the velocity spectrum, in the classical rigid-baffle (Rayleigh-type) manner [9,19]: in
terms of the finite Fourier transform and the outgoing-sheet root

g̃(q) =
∫ 1

−1
g(Y′) eiqY′

dY′, γ(q) = (K2 − q2)1/2, Im γ ≥ 0, (8)

the scattered (transmitted) field is

pI I I(X, Y) =
1

2π

∫ ∞

−∞

ṽ(q)
iγ(q)

eiγ(q)(X−L) e−iqY dq, ṽ(q) := ˜∂X pI I(L, ·)(q), (9)

whose Neumann trace ∂X pI I I(L, Y) = (2π)−1
∫

ṽ(q)e−iqYdq reproduces, by Fourier
inversion, the zero-extended aperture velocity: axial-velocity continuity across the
mouth and the rigid-flange condition are both satisfied exactly by the representation.
The four matching conditions at the two interfaces are pressure and axial-velocity continu-
ity at X = 0,

pI(0, Y) = pI I(0, Y), ∂X pI(0, Y) = ∂X pI I(0, Y), |Y| < 1, (10)

and pressure and axial-velocity continuity at X = L,

pI I(L, Y) = pI I I(L, Y), ∂X pI I(L, Y) = ∂X pI I I(L, Y), |Y| < 1. (11)

The active radiation matching is therefore the first condition of (11), pressure continuity
at the radiating mouth, which with (9) takes the Neumann-to-Dirichlet form

pI I(L, Y) = N [∂X pI I(L, ·)](Y), N [v](Y) :=
1

2π

∫ ∞

−∞

ṽ(q)
iγ(q)

e−iqY dq, (12)

imposed by projection in Section 5. The projection enforces (12) only in the weak sense, so
the pointwise residual of pressure continuity across the mouth is an independent measure
of convergence; it is reported in Section 6. For generic η, the roots of the characteristic
equation are simple and (7) is a valid representation; the case in which two simple roots
coalesce, and the resulting modification of the expansion, is taken up below.

3. Lined-Throat Spectrum and the Augmented Expansion at an
Exceptional Point

The transverse operator of the lined throat is the unbounded operator Tηu = −u′′

on L2(−1, 1) with domain {u ∈ H2(−1, 1) : u′(±1) = ±ηu(±1)}, which is closed, has
compact resolvent, and is complex symmetric with respect to the non-conjugated pair-
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ing ( f , g) =
∫ 1
−1 f g dY. Its even-in-Y eigenvalues are Q2, with eigenfunctions cos(QY),

and existence reduces to the characteristic equation

Fe(Q, η) = Q tan Q + η = 0, ∂QFe = tan Q + Q sec2 Q,

∂2
QFe = 2 sec2 Q (1 + Q tan Q),

(13)

with the axial wavenumber β(Q) of (6) and βQ = ∂Qβ = −Q/β. The function Fe is
meromorphic in Q with poles at Q = (n + 1

2 )π and is even in Q, so Q and −Q describe the
same transverse function and are identified throughout. An order-two exceptional point of
the even family is a pair (Q̃, η̃) ∈ C2 at which two simple roots of Fe merge into a double
root, equivalently

Fe(Q̃, η̃) = 0, ∂QFe(Q̃, η̃) = 0, ∂2
QFe(Q̃, η̃) ̸= 0. (14)

The two equations tan Q + Q sec2 Q = 0 and η = −Q tan Q do not possess a unique
solution: they define a countable family of exceptional points, one associated with each
branch of tan Q, together with the mirror images generated by the symmetry Q → −Q.
Throughout this article, the exceptional point refers to the specific member of this family
considered here, namely the fundamental (lowest) canonical root in the fourth quad-
rant of the Q-plane, Q̃ = 2.1061961152 − 1.1253643058 i, to which Newton’s method on
the analytic function H(Q) = tan Q + Q sec2 Q converges quadratically from the seed
2.1 − 1.1 i; the higher members of the family are accessible by the same constructive pro-
cedure from seeds on the higher branches of tan Q, and optimum attenuation along a
parametrised continuum of exceptional points is explored, in the closely related setting
of a rigid guide fitted with wire-mesh perforates, in [32]; a complementary route to se-
lective modal attenuation, filtering by resistive layers, is analysed in [38]. The order-two
non-degeneracy of the resulting pair (Q̃, η̃) admits a closed-form evaluation: at the dou-
ble root, tan Q̃ = −Q̃ sec2 Q̃ and η̃ = Q̃2 sec2 Q̃ together with the Pythagorean identity
sec2 Q̃ = 1 + Q̃2 sec4 Q̃ imply sec2 Q̃ (1 − Q̃2 sec2 Q̃) = 1, hence ∂2

QFe(Q̃, η̃) = 2. The de-
fective mode is then self-orthogonal with respect to the non-conjugated pairing: the ex-
plicit identity

∫ 1
−1 cos2(Q̃Y) dY = 1 + sin(2Q̃)/(2Q̃) reduces, using Q̃ tan Q̃ = −η̃ to-

gether with tan Q̃ + Q̃ sec2 Q̃ = 0, to a non-zero constant times ∂QFe(Q̃, η̃), which vanishes
by construction.

The vanishing of the non-conjugated norm of the defective mode,

N =
∫ 1

−1
cos2(Q̃Y) dY = 1 +

sin(2Q̃)

2Q̃
= 0 at (Q̃, η̃), (15)

has direct algebraic consequences. In the classical form of mode matching, in which the
continuity conditions are projected onto the lined-throat modes themselves, the modal
amplitudes carry the inverse norms explicitly, through projection coefficients of the form
Bj/(2sjPj) with Pj = Nj the non-conjugated norm of the j-th transverse mode [8]; at
the exceptional point, the denominator associated with the defective mode vanishes and
the ordinary modal set fails to be a basis. In the assembly adopted in Section 5, ev-
ery continuity condition is instead projected onto the rigid feed family, whose norms
ϵℓ ∈ {1, 2} never vanish, so the inverse norms 1/Pj do not appear explicitly in the resulting
linear system (26)–(29); the self-orthogonality (15) enters through the columns instead, the
two coalescing columns becoming linearly dependent at the rate set by the square-root
splitting (21), as quantified in Section 6. The cure is to enlarge the modal set by the gen-
eralised waveform obtained from the analytic family cos(QY) eiβ(Q)ξ , which solves (1) on
the analytic curve Q2 + β2 = K2; the impedance operator does not depend on Q, while
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the impedance condition holds only on the root set Fe(Q, η) = 0, and its preservation
under differentiation at the double root is verified in (17) and (18) below. Differentiating
with respect to Q at Q = Q̃ produces, as in [8] and by smooth dependence on the spectral
parameter and the interchange of derivatives, a further solution of the Helmholtz equation
that satisfies the same impedance condition,

Ψ±(X, Y) = ∂Q
[
cos(QY) eiβ(Q)ξ±

]
Q=Q̃ =

[
ϕQ(Y) + iβQ ξ± ϕ̃(Y)

]
eiβ̃ ξ± , (16)

with ϕ̃(Y) = cos(Q̃Y), ϕQ(Y) = −Y sin(Q̃Y), β̃ = β(Q̃), and βQ = −Q̃/β̃.
That Ψ± satisfies the Robin condition (3) is a consequence of both exceptional-

point conditions in (14), and the elementary proof is worth recording. For the even
family, it suffices to check the wall Y = 1. Introducing the boundary functional
Bη [u] = u′(1)− η u(1), a direct evaluation gives, for every Q,

Bη [cos(Q ·)] = −Q sin Q − η cos Q = − cos Q
(
Q tan Q + η

)
= − cos Q Fe(Q, η). (17)

The boundary functional acts on the transverse variable only, so applied to (16) it
distributes over the two transverse profiles, Bη̃ [Ψ±(X, ·)] =

[
Bη̃ [ϕQ] + iβQ ξ±Bη̃ [ϕ̃]

]
eiβ̃ξ± ,

and (17) together with its Q-derivative at Q = Q̃ gives

Bη̃ [ϕ̃] = − cos Q̃ Fe(Q̃, η̃), Bη̃ [ϕQ] = sin Q̃ Fe(Q̃, η̃)− cos Q̃ ∂QFe(Q̃, η̃). (18)

Because the non-separable term of (16) carries the X-dependent factor iβQξ±, the
two brackets must vanish separately for the impedance condition to hold identically in X.
The first vanishes by the first condition of (14) alone, but the second vanishes only because
Fe and ∂QFe vanish simultaneously (note that cos Q̃ ̸= 0, the poles of tan being excluded
from the root set). The generalised waveform therefore satisfies the Robin condition (3)
precisely at an order-two exceptional point, and at no other parameter value.

The function Ψ± is not separable in (X, Y); the non-separable axial-growth term
iβQξ±ϕ̃ is precisely the piece that supplies the missing expansion direction. In operator
terms, at η = η̃, the eigenvalue Q̃2 of the transverse operator Tη has algebraic multiplic-
ity two and geometric multiplicity one, and the transverse profiles ϕ̃ and ϕQ span its
two-dimensional generalised eigenspace (a Jordan chain of length two), in the standard
analytic sense of coalescing eigenvectors at an order-two algebraic branch point of an
analytic operator family [2,24]; the mode-matching equations themselves remain an infinite
algebraic system, built from this transverse basis. The augmented modal expansion of the
lined-throat field at the exceptional point is therefore

pI I(X, Y) = ∑
Qj ̸=Q̃

[
C+

j cos(QjY)e
iβ jξ+ + C−

j cos(QjY)e
iβ jξ−

]
+ ∑

s=±

[
C̃sϕ̃(Y)eiβ̃ξs + CsΨs(X, Y)

]
,

(19)

in which the two coalescing simple modes have been replaced, in each axial direction,
by the pair

(
ϕ̃ eiβ̃ξ± , Ψ±), so that the column count is unchanged and the algebraic system

remains square. Away from the exceptional point, the two roots are distinct and (7) is used.
The canonical even-root set is certified by the argument-principle count applied to the
entire function G(Q) = Q sin Q + η cos Q = cos Q · Fe(Q, η), which has the same zeros as
Fe and no poles; the number of zeros inside any rectangle Ω ⊂ C avoiding the zeros of G is

Z(Ω) =
1

2πi

∮
∂Ω

G′(Q)

G(Q)
dQ, G′(Q) = (1 − η) sin Q + Q cos Q, (20)
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a robust diagnostic against the pitfall of parameter continuation through the coalescence.
Near the double root, the two coalescing branches separate, by the local quadratic expansion
of Fe at (14), according to the square-root law

Q±(η) ≈ Q̃ ±
(
− 2(η−η̃)

∂2
Q Fe(Q̃,η̃)

)1/2
, (21)

which is used both to seed the complex Newton iteration through the coalescence and,
in Section 6, to explain the observed conditioning of the standard scheme.

4. Rigid-Flange Radiation Closure and Its Numerical Evaluation
The representation (9) is the plane-wave form of the classical rigid-baffle construction:

the Neumann Green’s function of the half-space, G+ = Gfree + G∗
free with G∗

free the mirror
image across X = L [9,10], reduces the exterior field, by Green’s second identity and the
radiation condition, to an integral of the aperture velocity against G+; substituting the
plane-wave decomposition G+(X, Y; L, Y′) = (2π)−1

∫
eiγ(q)(X−L)/(iγ(q)) e−iq(Y−Y′)dq re-

covers (9). The operative object in the matched system is the Neumann-to-Dirichlet trace N
of (12), an improper integral whose integrand carries the factor 1/(iγ) with inverse-square-
root branch points at the grazing wavenumbers q = ±K. Branch-aware substitutions
remove them exactly. On the propagating spectral band |q| < K, set q = K sin θ with
θ ∈ (−π/2, π/2); then γ = K cos θ and dq = K cos θ dθ, so the singular factor cancels
identically, dq/(iγ) = dθ/i, and the contribution becomes

Nprop[v](Y) =
1

2πi

∫ π/2

−π/2
ṽ(K sin θ) e−iK sin θ Y dθ, (22)

an integrand analytic in θ on a complex neighbourhood of [−π/2, π/2] whenever ṽ ex-
tends analytically into a complex disc containing {K sin θ : θ ∈ Eρ}, where Eρ is the
Bernstein ellipse with foci ±1 and sum of semi-axes ρ > 1; the classical Gauss–Legendre
bound [36,37,39] then gives geometric convergence in the node count. On the evanescent
range, orienting both pieces so that they add up to the line integral over q ∈ (−∞, ∞),
the substitution q = ±K cosh t with t > 0 gives γ = iK sinh t and, on either side, the ori-
ented element dq/(iγ) = −dt, so that

N±
ev[v](Y) = − 1

2π

∫ T1

0
ṽ(±K cosh t) e∓iK cosh t Y dt, (23)

a kernel real up to the transform factors and therefore carrying no time-averaged radiated
power. The orientation fixed above is the one for which the two evanescent contributions
add rather than cancel in the even projections, so that the reactive part of the closure
is retained in full. The cosh map clusters nodes at the branch point but spaces them
geometrically farther out, so it is used only up to q = 3K (T1 = arcosh 3); beyond, a plain
Gauss–Legendre rule in q on [3K, qmax], with γ = i(q2 − K2)1/2 smooth there, covers the
far tail, on which the transforms oscillate with bounded frequency (|eiqY′ | with |Y′| ≤ 1), so
a fixed number of nodes per unit q suffices. The choice of the cutoff qmax is dictated by the
modal content, not by the frequency: the transform of a transverse function with root Qn

peaks near q ≈ |Re Qn|, so qmax must clear the largest retained transverse wavenumber
(≈Mπ for M retained even functions) by a safe margin, since the rows of the radiation
closure associated with the highest modes are otherwise truncated. The practical algorithm
concatenates the three rules—nprop nodes on [−π/2, π/2], ntail nodes on [0, T1] per side,
and a far-tail rule scaled to qmax ≳ 1.35 Mπ—evaluates the velocity transforms ṽ(qn) and
the feed-mode transforms Ũℓ(−qn) of (8) by Gauss–Legendre over Y ∈ [−1, 1], and forms
every radiation matrix entry as a single weighted sum.
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5. Mode-Matching Projection and the Conserved-Power Identity
The unknowns of the algebraic system are the truncated reflected feed amplitudes

{Rℓ}M−1
ℓ=0 and the truncated lined-throat amplitudes {Ck}2M

k=1, in which k enumerates the
kept transverse functions in each axial direction: ordinary cos(QjY) eiβ jξ± away from

the exceptional point, and ϕ̃ eiβ̃ξ± together with Ψ± at the exceptional point. Following
the classical mode-matching projection framework [14–16,30], every continuity condi-
tion is projected onto the rigid feed family {Uℓ}M−1

ℓ=0 on |Y| < 1 via the non-conjugated
complex pairing on L2(−1, 1), and every transverse integral over [−1, 1] is evaluated by
Gauss–Legendre quadrature; the half-space Neumann-to-Dirichlet entries are evaluated by
the algorithm of the previous section. The four families of coupling integrals are

L(0)
ℓk =

〈
Uℓ, Φk(0, ·)

〉
, D(0)

ℓk =
〈
Uℓ, ∂XΦk(0, ·)

〉
, L(L)

ℓk =
〈
Uℓ, Φk(L, ·)

〉
, (24)

Nrad
ℓk =

〈
Uℓ,N [∂XΦk(L, ·)]

〉
=

1
2π

N

∑
n=1

dqn

iγ(qn)
∂̃XΦk(L, qn) Ũℓ(−qn), (25)

where Φk denotes the k-th lined-throat waveform, ⟨·, ·⟩ is the non-conjugated pairing,
and the spectral sum in (25) runs over the concatenated propagating/evanescent/far-tail
Gauss–Legendre node array of Section 4, with the oriented weights given there. Using
the orthogonality of the feed family (4) and the contribution of the incident field on the
right-hand side, ⟨Uℓ, 1⟩ = ϵℓδℓ0 for pressure and ⟨Uℓ, ∂X pinc⟩ = iKϵℓδℓ0 for axial velocity,
the projected pressure and axial-velocity matchings at X = 0 and the projected mouth
pressure-continuity (Neumann-to-Dirichlet) matching at X = L read, for ℓ = 0, . . . , M − 1,

ϵℓ
(
δℓ0 + Rℓ

)
=

2M

∑
k=1

Ck L(0)
ℓk , (26)

ϵℓ
(
iKδℓ0 − iκℓRℓ

)
=

2M

∑
k=1

Ck D(0)
ℓk , (27)

2M

∑
k=1

Ck L(L)
ℓk =

2M

∑
k=1

Ck Nrad
ℓk . (28)

Assembling the unknown vector x = [R0, . . . , RM−1, C1, . . . , C2M]⊤, the diagonal
matrices E = diag(ϵℓ) and κ = diag(κℓ), and the rectangular blocks L(0), D(0), L(L),
Nrad ∈ CM×2M, the system (26)–(28) is the square linear problem E −L(0)

−iκE −D(0)

0 L(L) − Nrad

 x =

 −ϵ0e0

−iKϵ0e0

0

 ∈ C3M×3M, (29)

with e0 ∈ RM the first canonical vector. The system is solved by direct factorisation; at
the exceptional point, the lined-column block is built from the augmented columns of (19),
with the corresponding axial derivatives computed by differentiating (16); while away
from the exceptional point, the lined columns are ordinary simple modes and the system
reduces to the standard mode-matching form. Note that no inverse modal norms appear in
(26)–(29): every projection is taken against the feed family, whose norms ϵℓ never vanish,
so every coefficient of the system is finite at the exceptional point. The degeneracy (15)
manifests itself instead through the columns, the two coalescing lined columns differing
by O(|η − η̃|1/2) by (21); the quantitative consequences for the conditioning are examined
in Section 6.

The conserved-power identity follows from the same matching conditions through
Green’s identity applied to p and its complex conjugate on the lined throat [9,12,27,28].
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From 0 =
∫

ΩI I
Im{p (∆p + K2 p)} dV =

∫
∂ΩI I

Im{p ∂n p} ds and the impedance condition

∂n p = ηp on the lined walls, the wall contribution evaluates to Im η
∫ L

0

(
|pI I(X, 1)|2 +

|pI I(X,−1)|2
)

dX, and the matching-plane contributions evaluate, via modal orthogonality
and the spectral representation (9), to the reflected guided flux at X = 0 and the radiated
half-space flux at X = L. Combining and normalising by the incident flux Pinc = 2K gives
the identity

1 = R + S + A, TL = −10 log10 S, (30)

in which the reflected, scattered, and absorbed fractions are

R =
1

2K ∑
κℓ∈R+

κℓ ϵℓ |Rℓ|2, S =
1

4πK

∫ K

−K

|ṽ(q)|2
γ(q)

dq =
1

4πK

∫ π/2

−π/2

∣∣ṽ(K sin θ)
∣∣2 dθ,

A =
Im η

2K

∫ L

0

(
|pI I(X, 1)|2 + |pI I(X,−1)|2

)
dX,

(31)

with ṽ the aperture-velocity transform of (9); the substitution q = K sin θ again cancels the
endpoint singularity of 1/γ exactly. Only the propagating band |q| < K contributes to S: the
evanescent spectrum carries no time-averaged power. The identity (30) is consequently
necessary—any solution of the correctly closed system must satisfy it—but not sufficient,
since an error confined to the reactive (evanescent) part of the radiation closure leaves every
one of its terms unchanged. It is monitored throughout alongside the pointwise matching
and boundary residuals of Section 6.

The propagating spectrum also yields the far field in closed form, which provides
one further independent consistency check and the directivity of the radiator. Writing
(X − L, Y) = r(cos θ, sin θ) with θ ∈ (−π/2, π/2) and applying the stationary-phase
method to (9)—the phase γ(q) cos θ − q sin θ is stationary at q∗ = −K sin θ, where
γ(q∗) = K cos θ and the second derivative of the phase equals −1/(K cos2 θ)—gives, using
ṽ(−q) = ṽ(q) for the even family,

pI I I(r, θ) ∼ ei(Kr−π/4)

i
√

2πKr
ṽ(K sin θ), Kr → ∞, (32)

so that the angular density of radiated power (the directivity) is

D(θ) =

∣∣ṽ(K sin θ)
∣∣2

4πK
, S =

∫ π/2

−π/2
D(θ) dθ, (33)

in exact agreement with the second form of S in (31). The implementation verifies (32)
against direct quadrature of (9) on a far semicircle and the directivity integral of (33) against
the flux value of S; the measured agreements are reported with the validation summary
in Section 6.

6. Numerical Results and Validation
Throughout this section, the reference configuration is the reduced frequency

K = 3, the throat length L = 2, and the retained modal order M = 30 (that is, 2M
lined columns and 3M equations), unless explicitly stated otherwise; the spectral quadra-
ture uses nprop = ntail = 400 nodes, a far-tail rule scaled as in Section 4, and a cutoff
qmax ≈ 1.35 Mπ + 8 adapted to the retained modal content. The parameter sweeps of
the frequency, admittance, and optimisation figures use 180 nodes per piece with the
same adaptive cutoff, and the sensitivity to each of these quadrature parameters is re-
ported below. A complete specification of the algorithmic parameters and tolerances used
at every stage of the computation—root finding, argument-principle certification, spec-

https://doi.org/10.3390/math14173129

https://doi.org/10.3390/math14173129


Mathematics 2026, 14, 3129 12 of 32

tral quadrature, residual definitions, and the two independent implementations used for
cross-checking—is collected in Section 6.5 at the end of the section, so that every number
reported here can be reproduced. The exceptional point is built constructively from (14),
and the residuals |Fe|, |∂QFe|, |N|, and |∂2

QFe − 2| are checked to be at machine zero; the
canonical even-root set is certified by the argument-principle count (20); the η → 0
limit is checked against the classical flanged-duct radiation problem, and additionally
cross-checked against an independent implementation of that problem; pointwise pressure
and axial-velocity continuity (10) are verified at X = 0; pointwise pressure continuity (11)
is verified at the radiating mouth X = L (a condition the projection imposes only weakly);
the normal velocity on the rigid flange is verified to vanish, per the second condition
of (2); the even symmetry of the exterior trace is verified to machine precision; and the
conserved-power identity (30) is monitored as the secondary check. The numerical values
reached at the exceptional lining η = η̃ are collected in Table 1; in particular, the excep-
tional point is Q̃ = 2.1061961152 − 1.1253643058 i and η̃ = 1.6506112935 + 2.0599814572 i,
the mouth pressure-continuity residual of the enhanced scheme is 1.2 × 10−3, the flange-
velocity residual (measured on 1.1 ≤ Y ≤ 3, outside the integrable rim singularity of the
mouth corner) is 1.1 × 10−2, and the transmission loss is 6.714 dB. The η → 0 reduction
to the classical flanged-duct radiation problem is satisfied to |1 − R − S| = 2.3 × 10−14

independently of the throat length, with no power absorbed in the rigid limit; the same
rigid limit, computed by the present code and by an independent implementation of the
classical flanged-guide problem (a separate derivation, quadrature, and linear system),
gives fundamental reflection magnitudes of 0.04067 and 0.04068, respectively, in agreement
to 8.4 × 10−6, with reflected power fractions in agreement to 6.8 × 10−7.

Table 1. Validation summary for the reference case at the exceptional lining η = η̃, K = 3, L = 2,
M = 30, with the adaptive spectral quadrature of Section 4. The standard expansion omits the
generalised waveform (16); the enhanced expansion includes it. The X = 0 interface error is the larger
of the pointwise pressure and velocity residuals there; the mouth error is the pointwise pressure-
continuity residual at X = L on |Y| ≤ 0.9; the flange residual is the normal velocity on 1.1 ≤ Y ≤ 3
relative to the aperture-velocity rms. At exactly η = η̃ the standard root set contains the double
root once, so the standard matrix is invertible with the moderate condition number listed; its defect
appears as the O(102) interface error, not as a rank deficiency (see the discussion of the conditioning
study below).

Quantity Value

Q̃ 2.1061961152 − 1.1253643058 i
η̃ 1.6506112935 + 2.0599814572 i
condition number, standard 3.3 × 103

condition number, enhanced 152
X = 0 interface error, standard 641
X = 0 interface error, enhanced 2.8 × 10−3

mouth pressure error, standard 1.98
mouth pressure error, enhanced 1.2 × 10−3

flange-velocity residual, enhanced 1.1 × 10−2

exterior symmetry residual, enhanced 1.2 × 10−16

R 1.18 × 10−3

S 0.213084
A 0.785743
R + S + A 1.000005039
|1 − R − S − A| (secondary check) 5.0 × 10−6

transmission loss (dB) 6.714
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6.1. Validation, Convergence, and Parameter Sweeps

The first task is to locate the exceptional point in the spectrum and to display the
defective nature of the eigenfunction there. Figure 2 plots the first sixteen canonical even
roots of the characteristic equation Fe(Q, η̃) = 0 in the complex Q-plane, obtained by
complex Newton iteration seeded by (21) near the coalescence. The roots populate the
right half-plane, and the exceptional point Q̃ sits in the fourth quadrant, distinct from the
remaining simple roots. To visualise the self-orthogonality phenomenon, Figure 3 sweeps
the imaginary part of the admittance across the exceptional point at fixed Re η = Re η̃,
over the window Im η ∈ [Im η̃ − 0.22, Im η̃ + 0.22] with sixty-one sample points, and follows
the two coalescing even branches by seeding the Newton iteration with the square-root
split (21); the non-conjugated norm (15) collapses to machine zero along both branches at
Im η = Im η̃.

Figure 2. Even transverse wavenumbers in the complex Q-plane at η = η̃. The blue circles are
the sixteen leading simple roots of (13) found by complex Newton iteration; the red square is the
exceptional point Q̃.

Figure 3. Self-orthogonality indicator |N| along the two coalescing even branches at fixed Re η = Re η̃,
as Im η sweeps the window [Im η̃ − 0.22, Im η̃ + 0.22] on sixty-one equispaced samples. Both branches
collapse to machine zero at the exceptional point.
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The algebraic consequences of the coalescence are shown in Figures 4 and 5. In Figure 4,
the admittance is perturbed away from the exceptional point along the imaginary direc-
tion, η = η̃ + i d with d ∈ [10−7, 10−1] on twenty logarithmically spaced points, and the
two-norm condition number of the matrix (29) is evaluated at K = 3, L = 2, and M = 12
for the standard scheme; the horizontal reference is the condition number of the enhanced
scheme at η = η̃. The standard scheme becomes severely ill-conditioned as the lining
approaches the coalescence, with κ2 reaching ∼105, whereas the enhanced scheme stays
bounded near κ2 ≈ 152. The growth follows the inverse-square-root law κ2 ∼ |η − η̃|−1/2

—one decade of condition number per two decades of detuning in Figure 4—which is exactly
what the square-root splitting (21) of the coalescing pair predicts: the two nearly coincident
columns of the standard system differ by O(|η − η̃|1/2), so their Gram block degenerates
at that rate. Two features of this curve deserve comment, because the condition number
of the standard scheme at exactly η = η̃ in Table 1 is finite. First, the inverse-square-root
growth holds while the two members of the coalescing pair are resolved as distinct roots;
once |η − η̃| ≲ 10−6, their separation |Q+ − Q−| ≈ 2|η − η̃|1/2 falls below the scale at
which the seeded Newton iteration reliably separates the two members, the root list then
retains a single member of the pair, and the condition number behaves erratically—the
non-monotone points at the smallest detunings in Figure 4. Second, at exactly η = η̃,
the canonical root set contains the double root exactly once, the slot freed by the merger
being occupied by the next simple root, so the standard matrix is invertible, with a mod-
erate condition number (κ2 = 4.9 × 102 at M = 12; 3.3 × 103 at M = 30, the value listed
in Table 1). The failure of the standard scheme at the exceptional point is therefore one of
completeness, not of rank: its columns span a space that omits the generalised direction ϕQ

entirely, which is why its interface residuals in Table 1 and Figure 5 are of order 102 and
grow as the defective basis is refined, while its condition number remains unremarkable.
The two diagnostics are complementary: the conditioning detects the approach to the
degeneracy, and the matching residuals detect the degeneracy itself. Figure 5 then sweeps
the modal order M ∈ {6, 8, 10, 14, 18, 22, 26, 30, 36, 42} at η = η̃, K = 3, L = 2, and shows
the pointwise interface error at X = 0 for both schemes: the standard error is large—of
order 102, and in fact growing as the defective basis is refined—while the enhanced error
decreases monotonically with M, as it does in the closed configurations of [8].

Table 2 makes the effect of the truncation parameters on the physically observable
quantities explicit: the reflected, radiated, and absorbed fractions at the exceptional lining
are listed against the modal order M (the spectral cutoff being adapted to M as in Section 4),
together with the power-identity error and the condition number of the enhanced system.
The radiated and absorbed fractions are converged to three significant figures by M = 10
and to four by M ≈ 30, while the much smaller reflected fraction reaches three significant
figures by M ≈ 18 with a residual drift below 0.3% thereafter; the drift of S and A beyond
M = 30 is confined to the fifth decimal place and is dominated by the slowly decaying
rim-singularity tail of the radiation closure, not by the modal truncation itself. The same
experiment repeated slightly away from the coalescence, at η = η̃ + 0.05 i with the standard
expansion, settles at the same rate (from S = 0.21733 at M = 6 to S = 0.21812 at M = 30,
with R and A correspondingly stable), so the truncation behaviour of the enhanced scheme
at the exceptional point is indistinguishable from that of the standard scheme at a nearby
regular lining: the extra sensitivity expected near the defective point is absorbed entirely
by the augmented basis. The node counts nprop and ntail leave R, S, and A unchanged to
eight decimal places for every value tested between 50 and 800 (Table 3), so the entries
of Table 2 are controlled by M and qmax alone.
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Table 2. Reflected, radiated, and absorbed fractions at the exceptional lining η = η̃, K = 3, L = 2
(enhanced expansion) versus the modal order M, with the per-M adaptive spectral cutoff of Section 4;
κ2 is the two-norm condition number of the enhanced system (29).

M R S A |1 − R − S − A| κ2

6 0.001153 0.212276 0.786935 3.6 × 10−4 25
10 0.001169 0.212786 0.786135 9.0 × 10−5 47
14 0.001174 0.212942 0.785921 3.7 × 10−5 68
18 0.001176 0.213009 0.785834 1.9 × 10−5 89
22 0.001177 0.213045 0.785789 1.1 × 10−5 110
26 0.001178 0.213069 0.785760 7.3 × 10−6 131
30 0.001178 0.213084 0.785743 5.0 × 10−6 152
36 0.001179 0.213099 0.785725 3.2 × 10−6 184
42 0.001179 0.213110 0.785713 2.1 × 10−6 216

Figure 4. Two-norm condition number κ2 of the matrix (29) as the lining approaches the exceptional
point along η = η̃ + i d, d ∈ [10−7, 10−1] on twenty logarithmically spaced points, with K = 3, L = 2,
and M = 12. The solid curve is the standard scheme, whose condition number grows large and erratic
near the coalescence as the defective basis becomes near-linearly dependent; the dashed horizontal
line is the well-conditioned enhanced scheme at η = η̃.

Figure 5. Pointwise interface error at X = 0 versus modal order M ∈ {6, 8, 10, 14, 18, 22, 26, 30, 36, 42}
at η = η̃, K = 3, L = 2. Circles: standard; squares: enhanced.
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The core of the validation is the pointwise reconstruction of every matching and
boundary condition from the two sides of each interface. Figures 6 and 7 compare, on a
uniform grid of 401 samples of Y ∈ [−1, 1], the real part of the pressure and of the axial
velocity in (10) at X = 0 as evaluated independently from the feed-side expansion (5) and
from the lined-side expansion (19), at the exceptional lining η = η̃, K = 3, L = 2, M = 30,
with the enhanced scheme. Figure 8 performs the corresponding two-sided comparison of
the first condition of (11) at the radiating mouth: the lined-side trace against the half-space
trace N [v] of (12). This condition is imposed only through M projections, so its pointwise
agreement measures convergence; the relative residual is 1.2 × 10−3 on |Y| ≤ 0.9 (Table 1).
Figure 9 completes the boundary audit with the rigid-flange condition of (2): the half-space
normal velocity evaluated on the flange 1 < Y ≤ 3, normalised by the aperture-velocity
rms, is at the level of 1.1 × 10−2 away from the mouth rim; the residual concentrates in a
thin zone at the rim Y → 1+, and its structure is fully explained by the corner analysis: the
fluid occupies a wedge of angle 3π/2 at the rim, so the Meixner condition imposes the local
behaviour p − prim = O(ρ2/3) in the distance ρ from the edge, hence an integrable velocity
singularity |∇p| = O(ρ−1/3) whose Fourier transform decays only like |q|−2/3; a spectral
representation truncated at qmax must therefore ring in an O(1/qmax) neighbourhood of
the rim, and the observed residual indeed decays away from the rim and with increasing
cutoff. The exterior trace is even in Y to machine precision (1.2 × 10−16). The convergence
of all three pointwise residuals with the truncation is collected in Figure 10: the X = 0
and mouth residuals decrease monotonically, while the flange residual decreases more
slowly, limited by the fixed spectral cutoff through the rim mechanism just described. In all
cases, the two independent reconstructions are visually indistinguishable on the plotted
scale, and the relative residuals are at the levels reported in Table 1. As a final consistency
check of the exterior representation, the stationary-phase far field (32) agrees with direct
quadrature of (9) on a semicircle at Kr = 180 to a worst relative deviation of 7.4 × 10−3,
and the directivity integral of (33) reproduces the flux value of S to 1.1 × 10−14.

Figure 6. Pressure trace Re p at X = 0, reconstructed independently from the feed-side expansion
(solid) and from the lined-side expansion (dashed), at the exceptional lining η = η̃, K = 3, L = 2,
with M = 30 retained modes in the enhanced scheme.
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Figure 7. Axial-velocity trace Re ∂X p at X = 0, same configuration as Figure 6: feed side (solid)
versus lined side (dashed).

Figure 8. Pressure trace Re p at the radiating mouth X = L, reconstructed independently from the
lined-side expansion (solid) and from the rigid-flange half-space trace N [v] of (12) (dashed), same
configuration as Figure 6.

The conservation-law side of the validation is shown in Figure 11, in which the power-
identity error |1 − R − S − A| is plotted against the modal order M at the same reference
(K, L, η) as in Figure 5. The enhanced scheme converges monotonically, reaching 5.0× 10−6

at M = 30. The improper-integral side of the validation is shown in Figures 12 and 13: in
Figure 12, the radiated power S is reported at η = η̃, K = 3, L = 2, M = 30 as the cutoff
qmax is varied from 0.7 to 2.2 times its adaptive value, and is stable to four significant figures
at S = 0.2131 (the value at the reference adaptive cutoff, qmax ≈ 45K, is S = 0.213084, the
entry of Table 1; raising the cutoff to 2.2 times its adaptive value lowers S by only 3 × 10−5);
the residual drift at the fifth figure decays algebraically with the cutoff, the signature of the
slowly decaying spectral tail generated by the integrable corner singularity at the mouth
rim. The radiated power is likewise insensitive, to ten significant figures, to the node
counts nprop and ntail once these exceed one hundred. The spectral content underlying the
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closure is shown in Figure 13, where the amplitude |ṽ(q)/γ(q)| of (12) is plotted against q
at the same reference: the propagating band |q| < K carries the radiated power, and the
evanescent range carries a sequence of peaks near the real parts of the retained transverse
wavenumbers, up to q ≈ Mπ—the quantitative demonstration that the cutoff must clear
the modal content, as built into the adaptive rule of Section 4.

Figure 9. Rigid-flange condition: Magnitude of the half-space normal velocity on the flange 1 ≤ Y ≤ 3
at X = L, normalised by the aperture-velocity rms, same configuration as Figure 6. The residual is
confined to the integrable corner-singularity zone at the mouth rim and is at the 10−2 level beyond
Y = 1.1.

Figure 10. Convergence of the pointwise residuals of the enhanced scheme with the modal order
M ∈ {6, 8, 10, 14, 18, 22, 26, 30, 36, 42} at η = η̃, K = 3, L = 2: interface residual at X = 0 (squares),
mouth pressure-continuity residual (circles), and flange-velocity residual (triangles).

Because the evanescent part of the spectrum carries no time-averaged power, the in-
sensitivity of S understates the demands placed on the reactive part of the closure, and a
direct quantitative assessment of the numerical integration error of the branch-aware rules
is in order. Table 3 reports two experiments at the reference configuration. In the first,
the cutoff is held at its adaptive value and the node counts are varied: relative to a reference
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rule with nprop = ntail = 1600, the radiation-closure entries Nrad
ℓk , their purely evanescent

parts, and the evanescent (reactive) contribution to the reconstructed mouth-pressure trace
all agree to better than 3 × 10−13 for every node count between 25 and 800: after the substi-
tutions (22) and (23) every integrand is analytic, Gauss–Legendre converges geometrically,
and the node-count error reaches the rounding floor already for a few tens of nodes per
piece. The truncation of the far tail is therefore the only genuine integration error of the
closure. In the second experiment, the node counts are held at 400 and the cutoff is varied:
relative to a reference with 2.2 times the adaptive cutoff, the worst-case relative error of the
radiation entries is 3.1× 10−2 at 0.7 times the adaptive cutoff and 1.7× 10−3 at the adaptive
cutoff itself, while the reactive part of the mouth trace is reproduced to 2.0 × 10−3 at the
adaptive cutoff, both errors decaying algebraically as the cutoff grows, consistent with the
|q|−2/3 rim-singularity tail of the aperture transforms. The evanescent contribution thus
dominates the error budget of the closure precisely because it is invisible to the power
balance; the adaptive cutoff rule keeps its effect on the reactive field at the 10−3 level while
the radiated power stays stable to four significant figures (Figure 12).

Table 3. Quantitative integration-error assessment of the branch-aware spectral rules at the refer-
ence configuration (η = η̃, K = 3, L = 2, M = 30). Top block: Worst-case relative error of the
radiation entries Nrad

ℓk , of their evanescent parts, and relative L2 error of the reactive (evanescent)
mouth-pressure trace, versus the node counts nprop = ntail = n at the adaptive cutoff, relative to a
1600-node reference. Bottom block: The same error measures versus the cutoff factor qmax/qad

max at
400 nodes, relative to a reference with 2.2 times the adaptive cutoff, together with the radiated power.

n Entries Nrad Evanescent Part Reactive Trace

Node Counts 25–800 <2 × 10−13 <3 × 10−13 <5 × 10−14

qmax/qad
max Entries Nrad Reactive Trace S

Cutoff

0.7 3.1 × 10−2 3.9 × 10−3 0.213141
1.0 1.7 × 10−3 2.0 × 10−3 0.213082
1.3 6.2 × 10−4 1.2 × 10−3 0.213065
1.7 2.0 × 10−4 6.6 × 10−4 0.213056

Figure 11. Power-identity error |1 − R − S − A| versus modal order M at η = η̃, K = 3, L = 2.
Squares: enhanced; circles: standard.
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Figure 12. Radiated power S versus the spectral cutoff factor qmax/K, varied from 0.7 to 2.2 times
its adaptive value, at η = η̃, K = 3, L = 2, M = 30 and nprop = ntail = 400. The value is
stable to four significant figures, S = 0.2131, with an algebraically decaying residual drift from the
rim-singularity tail.

Figure 13. Spectral amplitude |ṽ(q)/γ(q)| of the rigid-flange closure (12) versus q at η = η̃, K = 3,
L = 2, M = 30. The propagating band |q| < K carries the radiated power; the evanescent range
shows peaks near the real parts of the retained transverse wavenumbers up to q ≈ Mπ, which the
adaptive cutoff of Section 4 must clear.

Figures 14–16 display the partition of power and the transmission loss along the
frequency axis at the exceptional lining. Figure 14 plots R, S, A, and their sum versus
the reduced frequency K ∈ [1.4, 5.0] on a densely sampled grid at η = η̃, L = 2, M = 12
with the enhanced scheme; the sum stays at unity to truncation accuracy, the reflected
fraction is small over the whole band, the radiated fraction grows with K, and the absorbed
fraction decreases correspondingly. The only non-smooth feature is a square-root cusp at
K = π, marked by the dotted vertical line, where the first higher-order feed-duct mode
(γ1 = π) becomes cut-on and begins to carry reflected power; the partition is otherwise a
smooth function of frequency. Figure 16 re-plots the transmission loss TL = −10 log10 S
from the same run, which decreases monotonically with frequency and inherits the same
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cut-on cusp at K = π. Figure 15 performs the complementary sweep at fixed reference
frequency, varying Im η across the window [Im η̃ − 0.18, Im η̃ + 0.18] on thirty-one points at
Re η = Re η̃, K = 3, L = 2, M = 12, with the enhanced expansion used at the exceptional
point and the standard simple-root expansion elsewhere; the absorbed and radiated frac-
tions exchange smoothly through the coalescence, the energetic signature of the square-root
branch structure of the two merging modes.

Figure 14. Reflected R, scattered S, absorbed A, and their sum versus the reduced frequency
K ∈ [1.4, 5.0], at η = η̃, L = 2, M = 12, enhanced expansion. The dotted vertical line marks the
K = π cut-on of the first higher-order feed-duct mode, where R, S, and A show a square-root cusp;
R + S + A = 1 throughout.

Figure 15. Reflected, scattered, and absorbed fractions versus Im η ∈ [Im η̃ − 0.18, Im η̃ + 0.18] on
thirty-one points at Re η = Re η̃, K = 3, L = 2, M = 12. The enhanced expansion is used at the
exceptional point and the standard simple-root expansion away from it.
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Figure 16. Transmission loss TL = −10 log10 S versus reduced frequency K, same run as Figure 14.
The dotted vertical line marks the K = π feed-mode cut-on, the only non-smooth point of the curve.

The two-dimensional view of the power partition is given by the heatmaps of
Figures 17 and 18. Both heatmaps fix Re η = Re η̃ and L = 2 and scan a twenty-one-
by-twenty-one grid of (K, Im η) with K ∈ [1.6, 4.8] and Im η ∈ [Im η̃ − 0.2, Im η̃ + 0.2],
at modal order M = 12. Near the exceptional admittance, the partition is governed almost
entirely by frequency: the absorbed fraction is high at low K and decreases monotonically
as K grows and radiation through the flange takes over, with only a weak dependence on
Im η across this window. The reflected-power map stays small (R ≲ 0.05) throughout and
develops a shallow minimum along the K = π cut-on line (dotted), consistent with the
frequency sweep of Figure 14.

Figure 17. Absorbed power A on the (K, Im η)-plane at Re η = Re η̃, L = 2, M = 12, on a 21 × 21
grid with K ∈ [1.6, 4.8] and Im η ∈ [Im η̃ − 0.2, Im η̃ + 0.2]. The dotted line marks the K = π

feed-mode cut-on.
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Figure 18. Reflected power R on the same parameter rectangle and grid as Figure 17, on a sup-
pressed colour scale (R ≲ 0.05). The dotted line marks the K = π cut-on, along which R has a
shallow minimum.

6.2. Independent Finite-Volume Verification

The validation reported so far, though it rests on the matching and boundary condi-
tions themselves, is internal to the spectral formulation, and the rigid-limit cross-check
exercises the radiation closure only at η = 0. As an external check of the full lined
problem, the boundary-value problem (1)–(3) has been solved independently by a
finite-volume frequency-domain method that shares no ingredient with the mode-matching
solver: a formally second-order cell-centred finite-volume discretisation on the true
two-region geometry, with homogeneous Neumann faces on the rigid walls, the flange,
and the symmetry plane; the Robin condition (3) imposed through one-sided face extrap-
olation on the lined walls; a one-mode absorbing inlet boundary at X = −8 that injects
the incident plane wave exactly and absorbs the reflected fundamental (all higher feed
modes are evanescent at K = 3 and decay by e−7.5 over the retained feed length); and a
quadratic-profile perfectly matched layer of thickness 2, starting six half-widths beyond
the mouth and above Y = 7, closing the half-space. The reflected fraction is extracted by
projecting the computed field onto the fundamental feed mode at X = −6, the absorbed
fraction from the lined-wall pressure trace, and the radiated fraction from the acoustic flux
through the mouth plane. Table 4 compares the finite-volume power fractions on three
successively halved grids, h ∈ {1/20, 1/40, 1/80} (up to 5.2 × 105 unknowns), with the
mode-matching values, for the rigid throat, the mildly absorbing lining η = 0.6 + 0.6 i,
and the exceptional lining η = η̃, together with the observed convergence order of each
entry, p = log2

[
(uh − uh/2)/(uh/2 − uh/4)

]
, and its order-agnostic Aitken ∆2 extrapolation.

The fractions converge monotonically toward the mode-matching values under grid re-
finement in every case, though not uniformly at the formal second order of the scheme:
in the two regular cases, the reflected fraction, controlled primarily by the smooth duct
interior, converges with p ≈ 2.0–2.1, whereas the radiated and absorbed fractions converge
with p ≈ 1.7—the order reduction expected from the O(ρ2/3) Meixner behaviour at the
mouth rim, which the integral functionals only partially average out. At the exceptional
lining, all three fractions exhibit reduced orders of approximately 1.4, consistent with
the square-root response of the degenerate transverse spectrum to perturbations, which
amplifies the discretisation error of the lined-wall condition. Because the observed order
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differs between entries, the tabulated extrapolations use the Aitken rule, which infers the
rate from the data, rather than a fixed second-order Richardson formula; the extrapolated
values agree with the spectral ones to within 8 × 10−5 in absolute terms on every fraction
(3 × 10−4 or better in relative terms on every non-negligible fraction, and 0.7% or better
on the small reflected fractions). The agreement covers the defective case itself: at η = η̃

the finite-volume solution, which involves no modal basis and is therefore immune to the
completeness failure of the standard expansion, confirms the enhanced-scheme fractions to
the same accuracy as in the two regular cases.

Table 4. Independent finite-volume verification at K = 3, L = 2: Reflected, radiated, and absorbed
fractions from the mode-matching (MM) solution (M = 30, enhanced at η = η̃, standard otherwise)
and from the finite-volume solver on three grids, together with the observed convergence order p
estimated from the three grids and the order-agnostic Aitken ∆2 extrapolation (extrap.). The rigid
case has A = 0 identically.

Lining MM h = 1/20 h = 1/40 h = 1/80 p Extrap.

η = 0 R 0.001654 0.002039 0.001752 0.001681 2.02 0.001658
S 0.998346 0.998218 0.998305 0.998332 1.69 0.998344

η = 0.6 + 0.6i
R 0.003697 0.003973 0.003764 0.003716 2.12 0.003702
S 0.539863 0.537220 0.539047 0.539618 1.68 0.539878
A 0.456443 0.458898 0.457204 0.456668 1.66 0.456420

η = η̃
R 0.001178 0.001009 0.001121 0.001162 1.45 0.001186
S 0.213084 0.211244 0.212421 0.212870 1.39 0.213147
A 0.785743 0.787511 0.786388 0.785950 1.36 0.785670

6.3. Field Maps and Optimisation in the Admittance Plane

The total acoustic field is reconstructed from (5), (19), and (9) over the full geometry,
with the half-space contribution evaluated from the rigid-flange representation (9) on
the same branch-aware quadrature used for the radiation entries; by construction, the
plotted exterior field satisfies the flange condition, joins the throat field continuously
across the mouth, and is even in the transverse coordinate. A baseline case is shown
in Figure 19, computed at a mildly absorbing lining η = 0.6 + 0.6 i, K = 3, L = 2, and
M = 30 with the standard simple-root expansion, on the rectangle X ∈ [−1.5, L + 3] and
Y ∈ [−1.8, 1.8]; the lined-throat field exhibits the expected modal interference pattern,
and the radiated field displays a clear forward beam, with finite, non-zero pressure along
the rigid flange. Figure 20 shows the same geometry recomputed at the exceptional lining
η = η̃, K = 3, L = 2, and M = 30 with the enhanced expansion. Figure 21 shows that the
same exceptional-point structure persists at higher frequencies—the same lining η = η̃ and
L = 2, but K = 5, with M = 30 and the enhanced expansion—and the radiated pattern
develops the additional side lobes that the larger number of propagating feed modes
makes available.

The far-field content of the same solutions is summarised by the directivity (33), shown
in Figure 22 for the rigid throat, the mildly absorbing lining, and the exceptional lining at
the reference frequency. The rigid throat radiates essentially the whole incident power in a
broad forward beam. The mild lining roughly halves the forward level without reshaping
the pattern appreciably. The exceptional lining suppresses the radiated fraction by almost a
factor of five—most of the incident power is absorbed in the throat—and visibly flattens
the pattern: the forward lobe is strongly reduced while the grazing-angle shoulders are
relatively enhanced, reflecting the larger transverse content of the aperture velocity when
the coalescing pair, rather than the plane-wave component, dominates the mouth field.
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The area under each curve equals the corresponding radiated fraction, providing a further
graphical statement of (33).

Figure 19. Pressure magnitude |p(X, Y)| over the full geometry for the mildly absorbing lining
η = 0.6 + 0.6 i, at K = 3, L = 2, M = 30, standard expansion. The duct walls are drawn in black and
the lined throat walls in red over a dashed underlay.

Figure 20. Pressure magnitude at the exceptional lining η = η̃, K = 3, L = 2, M = 30, enhanced
expansion.

Figure 21. Pressure magnitude at the exceptional lining η = η̃, L = 2, M = 30, enhanced expansion,
at the higher reduced frequency K = 5.
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Figure 22. Far-field directivity D(θ) of (33) at K = 3, L = 2, M = 30 for the rigid throat (η = 0),
the mildly absorbing lining η = 0.6 + 0.6i, and the exceptional lining η = η̃ (enhanced expansion).
The area under each curve is the radiated fraction S of that configuration.

The connection between the exceptional point and the optimum of the absorbed-
power fraction is examined in Figures 23 and 24. The classical Cremer optimum [21–23,28]
identifies the lining that maximises attenuation per unit length in a long uniform lined
duct, and is itself a mode-merging condition; for a finite radiating throat such as the
one studied here, the radiation through the flange perturbs that alignment and the optimum
need not coincide exactly with the exceptional point. To quantify this, Figure 23 performs
a two-dimensional scan of A over a window of the complex η-plane on a twenty-one-by-
twenty-one grid that brackets both the exceptional point and the absorption optimum,
with Re η ∈ [Re η̃ − 0.70, Re η̃ + 1.20] and Im η ∈ [max(0.05, Im η̃ − 1.75), Im η̃ + 0.50],
at K = 3, L = 2, and M = 12; the auto-selection rule uses the enhanced expansion at the
exceptional point and the standard expansion away from it, and the few grid points at
which the conserved-power identity fails by more than 10−2, where the truncated model
is no longer trustworthy, are discarded. The absorbed fraction forms a single interior
ridge: it rises from the exceptional point toward larger Re η and smaller Im η, attains
an interior maximum, and falls away beyond it. The grid scan is then refined by an
accurate local optimisation: a Nelder–Mead iteration started at the grid argmax converges,
at M = 12, to ηopt = 2.2798 + 1.0668 i with Aopt = 0.9019, and repeating the refinement
at M = 20 and M = 30 with the 400-node spectral quadrature moves the optimum by
less than 1.1 × 10−3 in the admittance plane and 3.2 × 10−4 in the absorbed fraction, to the
converged values ηopt = 2.2808 + 1.0669 i and Aopt = 0.9016; the location is insensitive to
the quadrature node count (no movement at five digits between 180 and 400 nodes per
piece). The refined optimum lies a distance |ηopt − η̃| = 1.176 from the exceptional point.
This optimum exceeds the absorbed fraction at the exceptional point itself, A(η̃) = 0.7857,
by 11.58 percentage points: the radiation through the flange displaces the absorption
optimum of the finite throat away from the Cremer-type mode-merging point. The path
through the exceptional point at fixed Re η = Re η̃, sampled on a sixty-three-point line
over Im η ∈ [Im η̃ − 0.30, Im η̃ + 0.30] with M = 12, is shown in Figure 24: the absorbed,
reflected, and scattered fractions exchange smoothly across the coalescence, the energetic
signature of the underlying square-root branch structure, and the absorbed fraction remains
high throughout the window about η̃.
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Figure 23. Absorbed-power fraction A over a twenty-one-by-twenty-one window of the complex
admittance plane that brackets the exceptional point and the absorption optimum, at K = 3, L = 2,
M = 12; grid points failing the conserved-power identity are masked. The red square marks the
exceptional point η̃; the white star marks the interior absorption optimum ηopt as refined by the
Nelder–Mead local optimisation.

Figure 24. Reflected, scattered, and absorbed fractions along the path Re η = Re η̃ on a sixty-three-
point line in Im η ∈ [Im η̃ − 0.30, Im η̃ + 0.30] across the exceptional point (dotted vertical line) at
K = 3, L = 2, M = 12.

6.4. Dependence on Throat Length and Frequency: The Origin of the Detuning

The results above are reported for the single reference geometry (K, L) = (3, 2),
and it is natural to ask whether the behaviour found near the exceptional point—the
well-conditioned convergence of the augmented scheme and the detuning of the absorption
optimum—is general or specific to that choice. Figure 25 repeats the computation at the
exceptional lining across throat lengths L ∈ [0.5, 8] at K = 3 with the enhanced expansion.
The reflected fraction stays below 0.4% throughout; the radiated and absorbed fractions
exchange monotonically, crossing near L ≈ 1.2, and for long throats the absorbed fraction
saturates (A = 0.9984 at L = 6) while the radiated fraction decays exponentially with
the modal attenuation accumulated along the lined section (S = 8.5 × 10−4 at L = 6).
The numerical behaviour of the augmented scheme is insensitive to the length: across the
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whole range, the condition number of the enhanced system varies only between 63 and 54,
and the maximal interface residual stays at 9 × 10−3 (M = 12), so nothing in the reported
conditioning or convergence is specific to L = 2.

Figure 26 then repeats the admittance scan and the Nelder–Mead refinement of
Section 6.3 for each length and tracks two measures of the detuning: the distance |ηopt − η̃|
and the absorption advantage Aopt − A(η̃). For L ≥ 1, the distance decreases monotonically
as the throat lengthens, from 1.78 at L = 1 through 1.18 at L = 2 and 0.58 at L = 4 to 0.30 at
L = 6: as the radiated share of the power budget collapses, the optimum returns toward
the mode-merging point, recovering the classical Cremer alignment of the long lined duct.
The absorption advantage peaks near the crossover of the radiated and absorbed fractions
(11.6 percentage points at L = 2) and collapses with the radiated share (1.5 points at L = 4,
0.08 points at L = 6); by L = 8 the absorption landscape is flat to 1.4 × 10−4 over a region
containing η̃, so the location of its argmax degenerates (open marker in Figure 26) while
the advantage itself is negligible. In the opposite regime of short throats (L ≤ 1), the lined
section is too short to absorb efficiently (Aopt = 0.25 at L = 0.5), and the optimum is
governed almost entirely by the radiation loading of the mouth. The same mechanism
operates along the frequency axis at fixed L = 2: at K = 2, where the radiated share at the
exceptional lining is only S = 0.033, the refined optimum lies 0.74 from the exceptional
point with an advantage of 2.2 points; at K = 3 (S = 0.213) the distance is 1.18 with
11.6 points; and at K = 4 (S = 0.426) the distance grows further to 1.64, the advantage
(9.9 points) again being largest where absorption and radiation compete on comparable
terms. The detuning of the absorption optimum from the exceptional point is therefore
governed by the radiation loading of the finite mouth: the distance |ηopt − η̃| grows with
the radiated share of the power budget and vanishes, together with that share, as the throat
lengthens toward the Cremer regime, while the throat length and the frequency enter
through the radiated share they set (and, for the frequency, through the modal coupling
at the mouth); the exceptional point itself, a property of the transverse spectrum alone,
does not move. Alternative terminations—an unflanged pipe or a finite flange—would
change the radiation load quantitatively through a different half-space kernel, shifting
ηopt but not η̃; their treatment requires the corresponding radiation closure (for exam-
ple, the Levine–Schwinger unflanged kernel [20]) in place of (9) and is left as an ex-
tension; fluid–structure coupled scattering at the flanged junctions of flexible shells is
examined in [40].

Figure 25. Reflected, radiated, and absorbed fractions at the exceptional lining η = η̃ versus the
throat length L ∈ [0.5, 8] at K = 3, M = 12, enhanced expansion.
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Figure 26. Detuning of the absorption optimum from the exceptional point versus the throat length
at K = 3, M = 12: distance |ηopt − η̃| (circles) and absorption advantage Aopt − A(η̃) (squares),
both from the Nelder–Mead refinement of the admittance scan at each L. The open marker at
L = 8 indicates the degenerate argmax of a landscape that is flat to 1.4 × 10−4 over a region
containing η̃.

6.5. Numerical Implementation Details

This closing subsection specifies every algorithmic parameter of the computations
reported in this section, so that all numbers can be reproduced independently.

Root finding. The even roots of (13) are found by complex Newton iteration on Fe

with relative step tolerance 10−14 and at most 80 iterations per seed. The seed list consists
of 0.6 − 0.3 i, the perturbed rigid values ℓπ + 0.05 − 0.05 i for ℓ = 1, . . . , M + 9, and,
near the coalescence, the exceptional point Q̃ itself, Q̃ ± 0.1, and the two square-root
split seeds of (21). Converged iterates are canonicalised to Re Q ≥ 0, accepted only if
|Fe(Q, η)| ≤ 10−7(1 + |Q|), and de-duplicated at absolute tolerance 10−6 (it is this de-
duplication that retains a single copy of the double root at exactly η = η̃; see the discussion
of Figure 4). The exceptional point is constructed, never hardcoded: Newton iteration on
the analytic function H(Q) = ∂QFe from the seed 2.1 − 1.1 i, followed by η̃ = −Q̃ tan Q̃,
with the residuals |Fe|, |∂QFe|, |N|, and |∂2

QFe − 2| verified at machine zero on every run.
Argument-principle certification. The canonical root count is certified with (20) applied

to the entire function G = cos Q Fe on the rectangle [10−3, Mπ + 1.137]× [−6 i, 6 i] (corners
displaced off the axes), each side discretised by the trapezoidal rule with 1400 points; the
integer count is required to be at least the number of retained roots.

Spectral quadrature. The composite rule of Section 4 uses nprop = 400 Gauss–Legendre
nodes on θ ∈ [−π/2, π/2], ntail = 400 nodes per side on t ∈ [0, arcosh 3], and a
far-tail Gauss–Legendre rule on [3K, qmax] with 3 nodes per unit of q plus 32, where
qmax = max

(
8K, 1.35 maxn |Re Qn|+ 8

)
adapts to the retained modal content; param-

eter sweeps use 180-node rules. All transverse integrals over [−1, 1] use 360-point
Gauss–Legendre quadrature (400-point quadrature for the power and trace diagnostics).

Linear algebra and residuals. The 3M × 3M system (29) is solved by LU factorisation
with partial pivoting; condition numbers are two-norm values computed by singular value
decomposition. Pointwise residuals are relative L2 norms on 401 uniform samples: at X = 0
over the full aperture, at the mouth on |Y| ≤ 0.9, on the flange as the rms of the normal
velocity over 1.1 ≤ Y ≤ 3 normalised by the aperture-velocity rms, and for the symmetry
residual, as the odd-in-Y content of the exterior mouth trace.

Independent implementations. The rigid-limit cross-check uses a separate imple-
mentation of the classical flanged-guide problem (its own derivation, quadrature, and
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linear system) with 48 modes, 800-node propagating and tail rules, and cutoff 4K.
The finite-volume verification of Section 6.2 uses the formally second-order cell-centred
scheme described there, on grids up to h = 1/80 (5.2× 105 unknowns), with inlet boundary
at X = −8, measurement plane at X = −6, free half-space of extent 6 beyond the mouth and
7 above the axis, and perfectly matched layers of thickness 2 with stretch s = 1 + 5 i (d/2)2,
solved by sparse LU factorisation; the reported extrapolations use the order-agnostic
Aitken ∆2 rule on the three grids, with the observed convergence order estimated from the
same data.

7. Conclusions
A non-self-adjoint boundary-value problem for acoustic radiation from an impedance-

lined flanged duct has been analysed at an order-two exceptional point of the transverse
spectrum, by extending the augmented mode-matching ansatz of Lawrie et al. [8] from
junctions closed by discrete modal sets to an open mouth closed by the radiation continuum
of a flanged half-space. The exceptional point has been constructed from the simultane-
ous vanishing of the characteristic function and of its first derivative with respect to the
transverse spectral parameter, its order-two property certified in closed form, and the
defectiveness of the ordinary expansion quantified by a non-conjugated norm integral
that vanishes there. The half-space closure has been generated by the spectrum of the
aperture velocity, so that the rigid-flange condition and the velocity continuity across the
mouth hold exactly by construction, and pressure continuity is imposed by projection; the
resulting improper integrals have been evaluated by branch-aware substitutions, with a
spectral cutoff tied to the largest retained transverse wavenumber. Validation has been
carried out on the matching and boundary conditions themselves—pointwise two-sided
reconstruction of pressure and velocity at the internal junction, of pressure at the radiating
mouth, of the vanishing normal velocity on the flange, and of the transverse symmetry of
the exterior field—together with the analytic reduction of the rigid limit to the classical
flanged-duct radiation problem, cross-checked against an independent implementation of
that problem, and the full lined problem—including the defective case—has been verified
against an independent finite-volume solution of the same boundary-value problem, whose
grid-converged fractions agree with the mode-matching values for rigid, mildly absorbing,
and exceptional linings; a conserved-power identity has been derived and monitored as a
necessary check, the evanescent spectrum carrying no time-averaged power so that a power
balance alone cannot detect an error in the reactive part of a radiation closure. The nu-
merical experiments set the degenerate standard expansion against the well-conditioned
augmented one in the radiating setting. A scan of the absorbed-power fraction over the
complex admittance plane, refined by local optimisation to ηopt = 2.2808 + 1.0669 i with
Aopt = 0.9016, locates an interior absorption optimum at a lining clearly detuned from
the exceptional point, exceeding the absorbed fraction at the exceptional point by more
than ten percentage points: for a finite radiating throat, the radiation loading displaces
the optimum away from the Cremer-type mode-merging condition. A parametric study
across throat lengths and frequencies shows that this detuning is governed by the radiation
loading of the finite mouth: it grows with the radiated share of the power budget and
vanishes as the throat lengthens toward the long-duct Cremer regime, the exceptional
point itself—a property of the transverse spectrum alone—remaining fixed. Natural ex-
tensions include asymmetric linings and surface-wave families [41], multisectioned and
axisymmetric geometries [12,42], trifurcated elastic-shell chambers [43], bifurcated circular
waveguides with reacting liners [44], structural variations and sound-source modelling in
the presence of absorbent materials [29], fully coupled vibroacoustic walls, in which the
locally reacting lining is replaced by an elastic membrane, plate, or lattice-cored shell, and
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the transverse spectrum couples to structural wave propagation [15,30,35], and admittance
models constrained by experimental data.
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