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Abstract

Let f(n) be an Erdés-Ulam function satisfying f(n +1)/f(n) — 1asn — oo, and let Ay
denote the associated Riesz matrix. Furthermore, let A ¢ be the Riesz matrix generated by
the weights f(n)/(f(1) + f(2) 4+ -+ - + f(n)), n > 1. The main result establishes that the
matrix density induced by an arbitrary power of A—or, equivalently, by a generalized
Holder mean of arbitrary order—is stronger than the matrix density induced by A ..
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MSC: 11B05; 40C05

1. Introduction
1.1. Weighted Densities

Let N denote the set of positive integers, and let x5 denote the characteristic function of a
given subset S C N. Weighted densities were introduced and systematically studied in [1,2],
where a common framework encompassing both asymptotic density and logarithmic density
was developed.

A positive function f: N — R™ is called an Erdés—Ulam function if it satisfies f(1) =1,

y f(n) = oo, (1)
n=1
and
nh_r)rolof*(n) =0, where f*(n)= r{‘(n) . ()
£ 0

With respect to an Erdés—Ulam function f, the corresponding weighted densities are
defined as follows. For S C N, let

Clearly, 0 < Fg(n) < 1.
The lower and upper f-densities of S are then defined by
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de(S) = ligiorngs(n) and Hf(S) = ligljoljp Fs(n),
respectively. In the case where d¢(S) = Ef(S), we say that S possesses the f-density d¢(S).
Note that the asymptotic density corresponds to the choice f(n) = 1, while the
logarithmic density corresponds to f(n) = 1.
In the remainder of this paper, densities will be understood as pairs of functions d, d

defined on all subsets of the natural numbers and satisfying the following conditions:

e ForeverySCN,
0<d(S)<d(s)<1.

e IfSis finite, then d(S) = d(S) = 0.
e Forevery 51,5 C Nwith$1 NS, =Q,

d(S1) +d(S2) <d(S1USy) <d(S1)+d(S2) <d(S1USy) <d(S1)+d(S2).

We also note that, for every density d and every set S C N, the following complemen-
tarity relation holds:
d(S)=1-d(N\S). 3)

A density d’ is said to be stronger than the density d (and d is weaker than d’) if, for
everyset S C N,
4(S) <d(S) <d(s) <d(S).

We denote this by d < d’. The relation < is obviously a partial order on a set of densities.
Two densities are called comparable if one is stronger than the other (see [3]). It is known
that the logarithmic density is weaker than the asymptotic density. More generally, all
n“-densities with « > —1 are comparable; indeed, if —1 < a < 3, then the n*-density is
weaker than the nP-density.

We say that the density d extends a density d’ if every set S C N that possesses density d’
also possesses density d, and d(S) = d’(S). Clearly, if d’ is stronger than d, then d extends
d'. If each of two densities extends the other, then they are said to be equivalent.

The densities d and d’ are strongly equivalent if, for every set S C N, we have
d(S) = d'(S) (and consequently d(S) = d'(S)).

Kuipers and Niederreiter [4] observed that all the n*-densities with « > —1 are
equivalent to each other. The main tool for comparing weighted densities (see, e.g., [3,5-8])
is the classical result obtained by C. T. Rajagopal (cf. [9], Theorem 3), which, in terms
of weigh’;e(d) densities, states the following: if for two Erd6s—Ulam functions f and g the

n

function 20 is decreasing, then d is stronger than d .

The following sufficient condition can be found in the work by Hardy [10] (see also [4]):
if % is increasing and % is bounded, then the f-density extends the g-density.

A survey of weighted densities and their connection to the first-digit problem is given
in [11]. It is proved that if f(1n) ~ g(n) as n — oo, then the corresponding f-density and
g-density are strongly equivalent.

Consider now the following sequence of functions. Let fy(n) be an Erdés—Ulam
function, and define fi(n) = f;_,(n) for k > 1. It follows from [12] that, for every k > 1,
the function fy is again an Erd6s—Ulam function, and the corresponding f;,1-density strictly
extends the fi-density. As a consequence of a more general theorem in [12], we know that
for arbitrary real numbers

O<a<a;<---<pr<pp<1

https://doi.org/10.3390 /math14173058


https://doi.org/10.3390/math14173058

Mathematics 2026, 14, 3058

30f15

there exists a set S C N such that

dfo(s) = Ko, dfl(s) =K1, ..., Hfl (S) = 131, HfO(S) = ‘30.

In [13], the relationships between weighted densities defined by Erd¢s-Ulam functions
f and g were investigated. The authors showed that the relationship between the f-density
and the g-density depends mainly on the asymptotic behavior of the function

nf(n)
Frmy 5V
g (n)  _80m)
Elg(j)

)

Depending on the asymptotic behavior of FOL the following results can be obtained

(see [13]):

e If § Igzg — 1, then the d¢-density and the dq-density are strongly equivalent.

o If § : EZ% — p > 1, then the f-density is stronger than the g-density, and the two
densities are equivalent (but not strongly equivalent in general). Moreover, for every

S C N, the following sharp bounds hold:

d(S)"
YO = T

and, if d(S) <1,

= (1—dg(5))”
%) <1 =g sy

These bounds are most possible in the sense of Theorem 4 in [13].

o If £ :EZ% — o0, and, moreover, f(n) and g(n) are monotone, then for arbitrary real
numbers 0 < a < B <y < § <1, there exists a set S C N such that

éf(s):“l ég(S)Z.BI Eg(s):% Hf(S):é

1.2. Infinite Triangular Matrices

A matrix summation method is a method for summing sequences by means of an
infinite matrix.

Consider a real infinite triangular matrix A = (4, ), meaning that a, ; € R for all
n,k € Nand a, ; = 0 whenever k > n. Then, for a sequence ¥ = (x,) of real numbers, the
sequence ¥ = AX = (y,) is given by

&%)
Yn = Z Ap kX ,
k=1
Note that the series on the right-hand side always converges. If lim Ax = L whenever
limx = L, then A is said to be regular.
The following lemma, known as the Toeplitz theorem, gives necessary and sufficient
conditions for the regularity of a matrix (see [14]).

Lemma 1. Aw infinite triangular matrix A is reqular if and only if

sup ) |ay k| < oo,
k=l
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lima, ;=0 foreach n=1,23,...,
k—oo

and
e}
iz, b oni = 1
Lemma 2 ([10], Theorem 9 on p. 52). Let A be a non-negative reqular infinite triangular matrix,
and let X be a bounded sequence of real numbers. Then,

liminfx < liminf Ax < limsup Ax < limsupXx. 4)

As in the finite-dimensional case, if A = (a,, ) and B = (b, ) are real infinite triangu-
lar matrices, then their product AB is the matrix C = (c,, x), where

[ee)
Coj = ) anibik.
i—1

The associative law of matrix multiplication does not generally hold for infinite
matrices. However, if A, B and C are infinite triangular matrices, then the following
theorem holds.

Theorem 1 ([15], Theorems 2.2.5 and 2.2.6). For arbitrary real infinite triangular matrices A, B,
and C, and for any sequence X, the following statements hold:

1.  A(Bx) = (AB)x

2. A(BC) = (AB)C

It can easily be verified that the product of regular triangular matrices is again regular
and triangular.
As in the finite case, we can define the notions of identity matrix and inverse matrix.

P 1 if n=k
KT 0 i nAk

The matrix I = (i, x), where

is called the identity matrix. Clearly, for every matrix A and every sequence ¥,
AlI=JA=A and Ix=xXx.
An infinite matrix A is called invertible if there exists an infinite matrix B such that
AB=BA =1,

where I denotes the infinite identity matrix. The matrix B is then called the inverse of A
and is denoted by A~1.

1.3. Matrix Densities

Definition 1.
da(S) =liminfAxs and da(S) = limsup Axs

are called the lower and upper A-density of the set S. In the case where d o (S) = da (S), we say
that S has A-density da (S).

The next theorem follows immediately from Theorem 2.
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Lemma 3. Let A and B be non-negative regular infinite matrices. Thus, the density dayp is weaker
than the density dg (dap < dg); i.e., for each set S C N,

0 < dg(S) < dap(S) < dap(S) <dp(5) <1.
Proof. Let S C N. If we substitute B)ys instead of X into (4), we obtain the inequalities

liminf Bys < liminf A(B)s) = liminf(AB)Xs
< limsup(AB)xs = limsup A(BXs) < limsup Byxs,
which are equivalent to the statement of the lemma. [
Weighted densities are special cases of matrix densities since if (f(n)) is an

Erd6s-Ulam sequence, then for the matrix Ay = (an k), where

ﬂ ifk <mn,

e = { £ 100
0 ifk>mn,
ie., ) 0 0
L £0)
0 e
ar=| LA LA ,
0 e e
OSSO0

it obviously holds that d¢(S) = dAf(S) and Ef(S) = HAf(S) forall S C N. The matrix Ay is
called the Riesz matrix associated with the sequence (f(n)). It is known that Ay is regular

if Y f(n) = co.
n=1

The matrix A ris invertible, and its inverse is

L £00)

W 0 0 0
2 2

TR 0 0
@ o
Al = L0 L)
e m
0 0 1— lglf(l) 1§1f(l)
@ @
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1
“ry PO 0 0
I S S S,
76 FO
@) 7@

The aim of this paper is to study the relationship between the matrix densities defined
by the powers of Ay and the matrix density defined by the Riesz matrix associated with
the sequence

f(n) -
FO+f@+ T fm TV

Matrix limitation methods were applied to the study of weighted densities and their

corresponding ideals in [16-20]. We also note that the connection between matrix summa-
bility methods and ideals has been extensively studied. In particular, Tryba [21] proved that
an ideal on N is a matrix summability ideal if and only if it is a nonpathological generalized
density ideal. This result provides a strong theoretical justification for the study of matrix
densities and their hierarchies.

2. Main Results

For the reader’s convenience, we summarize the main notation used in the proofs in
Table 1.

Table 1. Summary of the main notation.

Notation Description
A = (ayy) Riesz matrix associated with f (see (8))
B=(b,x)=A""1 Inverse of A (see (9))
C=(cnp) = Ap Riesz matrix associated with f* (see (10))
C = (cfj;{) C with first I columns removed (see (11))
B, = (bg;{) B with first ] rows and columns removed (see (12))
D, =(d nlgc) Diagonal matrices (see (13)—(14))
E = (enx) Shift matrix representing column deletion
f(n)
*(n =
S 10
x(k) Akx

Let X be an arbitrary real sequence. Then, the sequence ik+1 = (hk+1), defined by the
sequence-to-sequence transformation

k| 1k k
e S Hs
n n

7

where h0 = x, is called the Holder transform of x of the order k + 1. Obviously,

where A j) is the Riesz matrix corresponding to the asymptotic density.
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Definition 2. Let A ) denote the Riesz matrix associated with the sequence (f(n) = 1). Then,

or every k € N, the density h'®) determined by the matrix AK . —i.e., for every S C N,
Y Y Y (1) Y

h(k)(S) = limian’(‘l)ﬁ and E(k)(S) = lim sup Algl)ﬁ,
— is called the k-th order Holder density.

The classical Holder mean of the order k is obtained by iterating the arithmetic mean k
times. In matrix form, this corresponds precisely to the k-th power of the Riesz matrix A(l)/
where (f(n) = 1). Thus, A’(‘l) represents the k-th order Holder transform. This observation
motivates the following generalization.

Since the product of positive regular triangular matrices is again a positive regular
triangular matrix, the powers of the A, matrices also determine densities. On this basis,
the Holder densities can be generalized as follows.

Definition 3. Let (f(n)) be an Erd6s—Ulam sequence, and let A s denote the Riesz matrix associated
with (f(n)). Then, for every k € N, the matrix Ai‘[ is called the k-th order Holder matrix associated
with (f(n)), and the density d Al determined by it is called the k-th order Holder density associated

with (f(n)).
According to Lemma 3, the sequence of densities (d A% )t is decreasing—i.e.,
dAltdAzt"'idA?tdA;+lt"'~ (5)

In this paper, we will also give a lower bound for the above sequence in terms of weighted
density under certain conditions.

Theorem 2. Let {f(n)}5> ;| be an Erd6s—Ulam sequence such that

fim 2D

n—eo  f(n) o ©)
Then, for everyl € N,
dA} t dAf* .
The next theorem is a stronger formulation of Theorem 2.
Theorem 3. Let (f(n))s_, be an Erd6s—Ulam sequence such that
lim fint1) =1
n—eo  f(n)
Then, for every bounded sequence X and for every | € N,
lim inf A} < liminf A X < limsup A7 X < limsup AL¥. 7)

To prove this theorem, we will need some lemmas, for which we use the following
notation.
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Let A = (a,1) denote A—i.e.,
nf( ) ifk<mn,
ane= ¢ &S0 (8)
0 ifk>n,
and set B = (b, ) = A;l, where
1
— ifk=n,
fr(k) )
bk =91-—— ifk=n—1 ©)
n f* (k T 1) if k n ,
0 otherwise,
And finally let C = (¢, x) = Af+, where
nf& ifk<n,
e =14 L () (10)
/ j=1
0 ifk > n.

From [13] (Lemma 1), it follows that 1211 f*(n) =0and Y f*(j) = oo; therefore, C is
n—oo ]:1

a regular Riesz matrix.
We will also need the following matrices. Let Cp = C, and for each | € N, let

C = (c%) be the matrix obtained by omitting the first column from C;_;—i.e.,

(n _ (=1 _
Cn,k - Cn,k+l = Cnk+1s

SO N
M ifk<n—I,

n
O — 0 X () (11)
]
0 otherwise.

The operation consisting of deleting the first column in an infinite matrix can be
viewed as a linear transformation represented by the infinite regular matrix E = (e, ),

1 ifk=n-1,
Cnk = .
0 otherwise.

Using this notation, we have C; = CE'.
Furthermore, let By = B, and for each ! € N, let B; = (bfj;{) be the matrix obtained
from B;_; by omitting its first row and first column—i.e.,

where

n_ o, 0-1)
bk = Uyt s1 = bntiksts

https://doi.org/10.3390 /math14173058
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SO .
if k =
Floe+D) R
1) 1
be=91——" ifk=n—1 (12)
i Flrien tk=n-L
0 otherwise.
Finally, let D1 = (di k) , wWhere
1
- - Ci’l,l lf k =n,
1) *(q
d'l) = Elf () (13)
0 otherwise,

and foreach! € Nwith! > 2,letD; = (d,(j;() be the matrix obtained from D;_; by omitting
the first column—i.e.
N _ L0-1) _ 4Q1)
dn,k - dn,k+1 - dn,k+l—1’
SO
0 cpy ifk=n—-1+1,
dl’l,k = (14)
0 otherwise.

Lemma 4. Let [ be a positive integer. For the matrices defined in (11)—(14), we have
C_1B,_.1 =C +D,.

Proof. SetH; = (hg?{) = C;_1B;_1. Then,

(o)

[ee)
(I _ (1-1),(1-1) _
Mo =26 bix =2 Cnivi—1 bivi- 111
i-1

i1
= Cp e 1—1 Okyi— 1411 + eyt Dk kri—1-
We distinguish three cases.

1. Ifk>n—1+1,then

N _
hn,k =0
2. Ifk=n—1+41,then
! 1 1
=0 = Cupeio Dot = Can b = con =

3. Ifk<n—1+1,then

1)
hy v = Cngeri—1 bipi—1 k4121 + Cnerd b Leri-1

_fkt1-1) 1 +f*(k+l)(17 1 )

Ero O g U FEED
_ LD Cpjtl =C 13{-
L £ |

It follows that
C 1B 1=C+Dy

https:/ /doi.org/10.3390/math14173058
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O
Lemma 5. Let | > 2 be a positive integer. For the matrices defined in (9)—(14), we have
1-1 1
CB'=C/+ Y C(B-By)B 1+ Y DB * (15)
k=1 k=1
Proof. The proof will be obtained via mathematical induction.
1.  The case !l = 2: Through Lemma 4, CB = CyBy = C; + Dy, so
CB? = (Cl + Dl)B
=C;B; +C;(B—B;) + DB
=Cy+ C](B — B]) + D, +D;B.
2. Suppose that (15) holds for some natural number [ > 2. Then, via Lemma 4,
-1 I
CB'*! = (Cl +Y G(B-BYB 14} DkBlk> B
k=1 k=1
-1 i
=CB+ Y C(B-By)B F+ ) DB !
k=1 k=1
-1 i
=CB;+C(B-B))+ Y Ci(B—B)B F+ Y DB !
k=1 k=1
I !
=Cr1+ D1+ ) C(B—By)B F+ Y DB !
k=1 k=1
(14+1)-1 I+1
_ C1+1 + Z Ck(B _ Bk)B(l+1)—k—l + Z DkB(I+l)7k.
k=1 k=1
O
Lemma 6. Let | > 2 be a positive integer. For the matrices defined in (8)—(14), we have
-1 !
C=CA'+ ) C(B—Bp)A" + ) DA~ (16)
k=1 k=1

Proof. It is enough to multiply Equation (15) on the right by AL, [

Lemma 7. For the matrices defined in (13) and (14), for every natural number | and every bounded
sequence X = (xy,), it holds that
limD;x = 0.

Proof. Sety = (yn,) = Djx. Then, ifn > 1,

oo
_ M, _ _
Yn = dexi = dn,n—l+1xn—l+1 = Cn1Xpn—141-
i=1

From the regularity of C, it follows that lim,_,« ¢, 1 = 0. Hence, through the boundedness
of the sequence X and the preceding equation, we obtain lim, e ¥y = 0. O

Lemma 8. Let (f(n))5>_, be a weight sequence such that

im fn+1)
Ty

https://doi.org/10.3390 /math14173058
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Then,
tim 0D _ g
n—eo  f* (n)
Proof. This follows immediately from the identity
£~ fr+1)
1)—f(n+
fory _foen 5O TUTD gy
Fo et fm e )
X f()
i=1
and the fact that lim, o f*(n) =0. O
Lemma 9. Let (f(n))s_, be a weight sequence such that
im LD g (17)

s fn)

Then, for every natural number k and for every bounded sequence X = (xy),cn, for the matrices
defined in (8), (9) and (12), it holds that

lim(B — Bj)AX = 0.

Proof. Set G = (gu,m) = B — By. From the definition of B and By,

1 — 1 ifm=n
BONNECL e
o =~ (767 - Frarm) T
0 otherwise.

Denote by 7 = (y») = A¥ and z = (z,) = (B — Bx)AX = (B — By)¥y. Then, from the
definition of G,

& 1 1
n = niYi = &nn—1Yn— + SunlYn = e — mn— Yn—-1)- 18
z i:Zlg,y 8nn-1Yn-1+ gnnY <f*(n) f*(Hk))(y Yn-1) (18)

On the other hand,

n n—1

Yn —Yn1= Zun,[xi - 2 An—1,iXi

i=1 i=1
n—1

= ApnXn — Z (anfl,i - ”n,i)xi
i=1

sy 5| S0 s
L) S\Cre £50

j=1 j=1

S e
n LAV n !
L) EE G £ )
j=1 j=1 j=1

= f(n) x,,—nil f(l) Xi
S| T G
j=1 j=1

_ s <xn”fanl,xz)

A

https:/ /doi.org/10.3390/math14173058
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Since the sequence ¥ is bounded, the sequence ¥ = AX is also bounded (by the regularity
of A). Hence, there exists a real number L such that |x, — y,_1| < L, so

Yn = Yynal < fF(n)L. (19)
Using (17)-(19), and Lemma 8, we obtain

- 1
f(n) fr(n+k)
-1 fr(n+1i)
l—g n+z+1)

*(n)L = Llimsup|1

n—oo

) l
fr(n+k)

frin+i) '\ _
<1—H,}wa* n+i+1)> -

lim sup |z,| < limsup
n—oo n—o0

= Llimsup|1
n—oo

O
Lemma 10. For every natural number I, the matrix C; defined in (11) is non-negative and regular.

Proof. The assertion follows immediately from the fact that C; = CE', being a product of
non-negative regular matrices. [

Now, we can proceed to the proof of Theorem 3.

Proof of Theorem 3. Since the sequence of densities (d AL )i is decreasing by (5), it is

enough to prove the statement for [ > 2; the case [ = 1 then follows immediately from the
case | = 2 and (5). With the previous notation, (7) can be written as

liminf Al < liminf Cx < limsup Cx < limsup Alx.
We first show that for any bounded sequence ¥,
liminf C¥ = liminf C;A'X and lim sup Cx = limsup CA'%. (20)

Through Lemma 6,

-1 !
Cx = CA'x+ ) C(B-By) A" x+ ) DA%x

o @
=CAT+ Y Ci(B-By)Ax® + Y Dpx®
= =1
where x¥) = A%, Since A is non-negative and regular, the sequence x x(®) is bounded.
Through Lemma 7,
lim Z Dxk) = Z lim Dx®) = 0. (22)
k=1
Using the regularity of C; and Lemma 9,
-1 1= -
lim Z Ci(B—Bp)Ax®) = Y lim C (B — By)A x(k) = 0. (23)
= k=1

Using (21)—(23) immediately gives (20).
Since C; is non-negative and regular via Lemma 10, the statement of the theorem
follows immediately from Lemma 3. [

If the Erd6s-Ulam sequence f(n) = 1is chosen, then the matrix A determines the
asymptotic density. In this case, f*(n) = 1/n (up to normalization), and hence A is

https://doi.org/10.3390 /math14173058
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precisely the Riesz matrix generating the logarithmic density. Furthermore, Condition (6)
is obviously satisfied. Therefore, through Theorem 2 and (5), we may conclude that the
Holder density of arbitrary order is stronger than the logarithmic density and weaker than
the asymptotic density.

3. Examples

In this section, we illustrate the scope of Theorem 2 with several concrete examples.

First, if we choose the Erd6s—Ulam sequence fy(n) = 1, then f1(n) = fi(n) = 1/n.
Theorem 2 recovers the classical hierarchy between asymptotic density, Holder densities,
and logarithmic density:

dasymptotic = dfo = dAjl‘O = dA%O Z df1 = dlogarithmiC'

Next, for gg(n) = n* with « > —1, Condition (6) is satisfied, and

N n* a+1
81(n) = 8o(n) = =r— ~ :

n
i=1]" n

Hence, the density induced by Ag, is strongly equivalent to the logarithmic density. There-
fore, Theorem 2 shows that every generalized Holder density generated by go(1n) = n® is
stronger than the logarithmic density.

More generally, let fy be any Erd6s—Ulam sequence satisfying Condition (6), and define
frq1 = f fork > 0. By Lemma 8, every fj is again an Erdés-Ulam sequence satisfying
(6). From the results in the introduction, the corresponding weighted densities form a
decreasing sequence:

dfo idfl tdfz Z

Theorem 2 now implies that for each k > 0 and each [ > 1,

dAlfk - dfk+1‘
Thus, between every two consecutive terms of the weighted density hierarchy, we may
insert an entire decreasing sequence of generalized Holder densities, with equality at the
first step:

ds, = dA}k = dAJ%k = dA}k o zdp,

A further observation reveals a deeper structural phenomenon. The asymptotic density
is equivalent to all weighted densities induced by sequences of the form gg (1) = n* with
« > —1, in the sense that every set possessing asymptotic density has the same g ,-density.
However, this equivalence is not strong in general: the lower and upper g -densities of a
set may differ from its lower and upper asymptotic densities when the set does not possess
an asymptotic density. Similarly, the logarithmic density is equivalent to any density
generated by g1 ,(1n) = max{1, (logn)*}/n with « > —1 but again not strongly equivalent
in general.

More generally, at each level of the iteration, there is a whole continuum of equivalent
weighted densities for every « > —1:

1 @ log1 @
Soalm) =%, gialm) ~ LB gy () o, LOBLOBIN

n nlogn

All sequences in the same row (i.e., with the same k) generate equivalent densities (in the
sense that sets possessing one density have the same value for the other), while Theorem 2
ensures that any generalized Holder density generated from a sequence in row k is stronger
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than any density in row k + 1. Thus, the hierarchy is stable under these equivalences, and
the parameter a does not affect the comparison; it merely reflects the freedom to choose
different weights within the same density class.

For the equivalent classes gj , introduced above, the hierarchy takes the form

g, =dp1 = dpy =dys

e dy ~d,
Sk Sk, Ska — " 8ku fk+1

Here, gf , denotes the transformed sequence, which is strongly equivalent to fi 1; hence,
the lower bound is—up to strong equivalence—the density induced by fi,1.
The Table 2 summarizes these examples.

Table 2. Equivalent weighted density classes and the resulting hierarchy. Sequences in the same row
generate equivalent densities in the sense that every set possessing one of the densities has the same
value for all others in the class; however, the equivalence is not necessarily strong. Theorem 2 implies
that every generalized Holder density generated from a sequence in row k is stronger than every
density in row k + 1.

Level Typical Sequence Equivalent Class (x > —1) Lower Bound

0 fo(n) =1 Qou(n) =n® d, (logarithmic)
1 logn)*

1 filny =1 s1a(n) ~ 181 d
1 (loglogn)*

2 f2(m) ~ rogm 824(m) ~ S Togm s

logloglogn)®
5 Fon) ~ gsu(n) ~ osloglogn)® a,

nlognloglogn nlognloglogn

4. Discussion

Theorem 2 establishes that, under the asymptotic regularity condition limy, .« f (1 +
1)/f(n) = 1, every Holder-type density generated by a power of the Riesz matrix Ay
is stronger than the weighted density induced by A.. Consequently, the hierarchy of
densities in (5) admits a nontrivial lower bound within the class of weighted densities.

The result extends the known relationship between weighted densities and matrix
densities and provides a unified framework for studying density hierarchies arising from
summability methods. In particular, it clarifies the role of the transformation f — f* in
connecting Riesz densities with generalized Holder densities.

A noteworthy feature of the proof is that the density comparison is derived from
the stronger sequence inequality stated in Theorem 3. This shows that the result is not
merely set-theoretic but valid for arbitrary bounded sequences. Such a formulation may
be useful in further investigations of matrix summability methods, statistical convergence,
and density-based notions of convergence.

Condition (6) is not merely technical. If the limit lim,, o f (1 + 1)/ f(n) exists for an
Erdés-Ulam sequence, then it must necessarily be equal to 1. Indeed, if the limit were
p > 1, then f*(n) would not tend to 0; if p < 1, then }_ f(n) would converge, contradicting
the Erd6s—Ulam property. Thus, within the class of Erd6s—-Ulam sequences for which this
limit exists, the condition of the theorem is optimal.

We note, however, that there exist Erds—Ulam sequences for which the ratio f(n +
1)/ f(n) does not converge (e.g., oscillating sequences). For such sequences, Condition (6)
is not applicable (and hence not necessary for the validity of the theorem); their study lies
beyond the scope of the present paper.

Several directions for future research remain open. It would be natural to determine
whether Condition (6) can be weakened in other ways, characterize the cases in which
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the comparison becomes an equivalence, and investigate analogous hierarchies for more
general classes of regular matrices.
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