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Abstract

We study whether overparameterized neural networks can learn to satisfy pointwise con-
straints without inductive bias. One might expect that a sufficiently expressive network
would learn to respect such constraints. We prove that this is not the case. For overparam-
eterized feedforward neural networks with real-analytic activation functions, assuming
the manifold of global minima is connected, the set of parameters for which the network
satisfies a real-analytic pointwise constraint has measure zero on this manifold. We further
prove that, under a standard convergence assumption on gradient flow, the attraction
basin of these constraint-satisfying parameters has measure zero in the parameter space, so
that gradient descent almost surely finds solutions that violate the constraint. The proof
applies the identity theorem for real-analytic functions twice: first, to show that a network
either satisfies the constraint everywhere or violates it almost everywhere (with respect
to Lebesgue measure on the input domain); second, to show that overparameterization
excludes the everywhere-satisfied case. For the dynamical part, the stable manifold the-
orem lifts this zero-measure property from the manifold to the parameter space. We call
this phenomenon constraint unlearnability—despite interpolating the training data, the
network cannot satisfy the constraint exactly on the entire input domain.

Keywords: neural networks; inductive bias; real-analytic functions; identity theorem;
constraint satisfaction; overparameterization

MSC: 68T07; 57R35

1. Introduction
Neural networks have achieved tremendous success across many domains. This success

has been accompanied by the widespread use of architectural inductive biases that enforce
pointwise constraints: softmax, for instance, ensures that outputs sum to one at every input.
These biases are ubiquitous in practice—but given the expressive power of overparameterized
networks, are they mathematically necessary, or merely an engineering choice?

Consider probability normalization. A network that outputs a distribution must satisfy
∑i fθ(x)i = 1 for every input x. Softmax guarantees this by construction. Yet universal
approximation tells us that a sufficiently wide network can approximate any continuous
function, including those that satisfy this constraint. Whether the network could learn to
satisfy it on its own, without the bias, is the question we address.

We prove that it cannot. For overparameterized feedforward neural networks with
real-analytic activation functions (including GELU and Swish, which dominate modern
architectures), in the absence of the corresponding inductive bias (i.e., no architectural
guarantee that the constraint holds for all parameters), the set of parameters for which the
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network satisfies a real-analytic pointwise constraint has measure zero on the manifold of
global minima (assuming this manifold is connected; see Section 3.2). We further prove
that the attraction basin of these constraint-satisfying parameters has measure zero in the
parameter space, so that gradient descent almost surely finds solutions that violate the
constraint. We call this phenomenon constraint unlearnability: the network cannot learn to
satisfy the constraint exactly on the entire input domain, even though it does so on the
training set.

The proof applies the identity theorem for real-analytic functions twice: first, to show
that a network either satisfies the constraint everywhere or violates it almost everywhere in
Ω; second, to show that the everywhere-satisfied case is non-generic on the manifold of
global minima. For the dynamical part, the stable manifold theorem lifts this zero-measure
property from the manifold to the parameter space.

Cooper [1] characterized the geometry of the loss landscape for overparameterized
networks; we use this geometry but ask a different question—not what the loss landscape
looks like, but whether constraint satisfaction is possible within it. Methods that enforce
constraints by construction [2] or by penalizing violations [3] implicitly acknowledge that
unconstrained training fails; our result provides the mathematical reason.

Our contributions are: (1) a theorem establishing constraint unlearnability for overpa-
rameterized networks with real-analytic activations; (2) the implication that architectural
inductive biases for pointwise constraints are mathematically necessary for exact constraint
satisfaction on the entire input domain, not merely an engineering choice. Section 2 dis-
cusses related work. Section 3 introduces the necessary background. Section 4 states and
proves the main result. Section 5 discusses implications and limitations.

2. Related Work
Cooper [1] proved that the set of global minima of an overparameterized neural

network is a smooth submanifold of parameter space, whose dimension equals the number
of excess parameters. This structural result is the geometric foundation of our work: it
gives the manifold of global minima on which we perform measure-theoretic analysis.
Nguyen & Hein [4] showed that for sufficiently wide networks with analytic activations,
every local minimum is global; Simsek et al. [5] further characterized how permutation
symmetries shape the loss landscape. These works establish that overparameterization
produces a well-behaved manifold of interpolating parameters, but do not address whether
these solutions satisfy constraints beyond the training data.

A separate line of work quantifies how many parameters suffice for interpolation.
For real-analytic activations—the setting of our main result—Madden & Thrampoulidis [6]
proved that two-layer networks can memorize up to ⌊md/2⌋ data points (m hidden neurons,
input dimension d), and Madden [7] extended this to deeper architectures. Most relevant
to our proof, Constantinescu & Popescu [8] proved that feedforward networks of arbitrary
depth with non-affine activations in L1

loc can interpolate arbitrary datasets—a result that
subsumes the real-analytic case and is the interpolation theorem we invoke. For threshold
and ReLU activations, Vershynin [9] established interpolation with Θ(md) parameters,
and Yun et al. [10] gave tight bounds for shallow ReLU networks; these results show that
the interpolation phenomenon is broad, though ReLU networks fall outside the scope of
our theorem due to the non-analyticity of the ReLU.

The practical inadequacy of soft constraints is well documented. Beucler et al. [3]
systematically compared architectural constraints (ACnet, which enforces conservation
laws by construction) with loss-function penalties (LCnet), finding that only the former
achieved exact satisfaction. Several methods enforce hard constraints, whether by construc-
tion or by optimization: Lu et al. [11] proposed hPINNs, combining penalty and augmented
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Lagrangian methods; Zhong et al. [12] developed constrained neural fields for differen-
tial constraints of arbitrary order; Balestriero & LeCun [13] provided provably optimal
affine constraint enforcement; and Donti et al. [14] introduced a differentiable procedure
for constraint satisfaction in optimization. Most recently, Min & Azizan [2] proposed a
framework that enforces input-dependent linear equality and inequality constraints while
retaining universal approximation guarantees. These methods share a common motivation:
unconstrained training fails to satisfy constraints. Our result shows that this failure is
not incidental—without architectural inductive bias, the set of parameters satisfying a
constraint has measure zero on the manifold of global minima.

The identity theorem for real-analytic functions has appeared in neural network
theory in several contexts. Sontag [15] used the fact that the zero set of a non-trivial real-
analytic function has measure zero (via analytically thin sets) to prove that, for generic
regression data, the set of critical points of the least-squares loss is countable—and finite
under stronger assumptions. Madden & Thrampoulidis [6] used the identity theorem in
two steps: first, to lift results from polynomial to real-analytic activations (by truncating
Taylor expansions and invoking the identity theorem); second, to convert “rank condition
function not identically zero” into “generically full rank.” Crăciun & Ghoshdastidar [16]
proved that the gradient descent map for networks with piecewise analytic activations
is non-singular—it preserves sets of measure zero under preimages—establishing this
through a layered analysis of almost-everywhere analytic functions, combined with Fubini’s
theorem and the identity theorem. In contrast, our proof applies the identity theorem twice,
in different variables: first to x, showing that constraint violation is all-or-nothing for each
parameter, then to θ, showing that the all-satisfied case has measure zero on the manifold
of global minima.

A body of work studies what gradient descent implicitly prefers. Jacot et al. [17]
showed that in the infinite-width limit, training dynamics are governed by the neural tan-
gent kernel, which characterizes which functions are learned efficiently. Rahaman et al. [18]
demonstrated spectral bias: deep networks learn low-frequency components first. Razin &
Cohen [19] showed that implicit regularization in deep learning may not be explainable
by norm minimization. These works characterize what gradient descent finds. Our result
characterizes what it does not: the set of parameters satisfying a given constraint, which
has measure zero on the manifold of global minima.

3. Preliminaries
3.1. Real-Analytic Functions and the Identity Theorem

Definition 1. A function h : Ω → R on an open set Ω ⊆ Rn is real-analytic if for every a ∈ Ω,
h admits a convergent power series expansion in a neighborhood of a.

Real-analytic functions are closed under composition and arithmetic operations. Con-
sequently, a feedforward network fθ(x) built from real-analytic activations (sigmoid, tanh,
GELU, Swish, Mish) and affine maps is real-analytic in x for each fixed θ, and real-analytic
in θ for each fixed x.

Theorem 1 (Identity Theorem). Let Ω ⊆ Rn be open and connected, and let h : Ω → R be
real-analytic. If h vanishes on a set of positive Lebesgue measure, then h ≡ 0 on Ω.

Proof sketch. For n = 1, if h ̸≡ 0, then at every zero a there exists a smallest k such that the
k-th Taylor coefficient at a is nonzero, so h(x) = (x − a)kq(x) with q(a) ̸= 0; by continuity, a
is an isolated zero. (If all Taylor coefficients vanished at some point a, the set of such points
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would be both open and closed in Ω, forcing h ≡ 0 by connectedness.) Isolated zeros form
a countable, hence measure-zero, set.

For n > 1, work on a local rectangular neighborhood of any point in h−1(0). By Fu-
bini’s theorem, the positive measure of h−1(0) implies that for a positive-measure set of
x1-values, the section x′ 7→ h(x1, x′) vanishes on a set of positive measure. By induction,
these sections are identically zero. Fixing x′, the function x1 7→ h(x1, x′) then vanishes on
a positive-measure set; by the one-dimensional case, it is identically zero. Hence, h ≡ 0
on this neighborhood, and by analytic continuation and connectedness, h ≡ 0 on all of Ω.
For a textbook treatment, see Krantz & Parks [20].

The contrapositive: A real-analytic function that is not identically zero vanishes only
on a set of measure zero. This all-or-nothing property is the engine of our main result.

3.2. The Interpolating Manifold

Consider a feedforward neural network fθ : Ω → R parameterized by θ ∈ Θ ⊆ Rp,
with real-analytic activation functions. Given training data {(xi, yi)}m

i=1 ⊂ Ω ×R, define
the evaluation map

F : Θ → Rm, F(θ) = ( fθ(x1), . . . , fθ(xm)), (1)

which stacks the m network outputs into a single vector, and is real-analytic in θ. The set of
interpolating parameters is the fiber

M = F−1(y) = {θ ∈ Θ : fθ(xi) = yi, i = 1, . . . , m}, (2)

where y = (y1, . . . , ym) ∈ Rm. We consider the mean squared error loss

L(θ) =
1
2

m

∑
i=1

( fθ(xi)− yi)
2 =

1
2
∥F(θ)− y∥2. (3)

Since L(θ) ≥ 0, any θ ∈ M attains L(θ) = 0, the global minimum. If M ̸= ∅, then the set of
global minima of L is exactly M. The nonemptiness of M is not automatic; it is guaranteed
by the interpolation capacity assumption (Assumption 1 below).

Theorem 2 (Cooper, 2021 [1]). If p > m, then generically (i.e., possibly after an arbitrarily small
perturbation of the training label y), y is a regular value of F. Consequently, M = F−1(y) is,
if nonempty, a smooth submanifold of Rp of dimension p − m (possibly disconnected).

The regular value condition means that the Jacobian DF(θ) ∈ Rm×p has full row
rank m at every θ ∈ M: the m interpolation conditions are independent. Intuitively,
overparameterization (p > m) provides enough degrees of freedom that these constraints
do not degenerate.

By Sard’s theorem, for any fixed set of distinct inputs {xi}m
i=1, the set of target vectors

y ∈ Rm for which y fails to be a regular value of F has Lebesgue measure zero. Thus, if the
training labels are drawn from a distribution that is absolutely continuous with respect to
Lebesgue measure (conditional on the inputs), y is almost surely a regular value.

For our purposes, a stronger property of M is needed. Since F is real-analytic and
y is a regular value, the real-analytic implicit function theorem applies: locally, M can
be parameterized by real-analytic functions. This makes M a real-analytic submanifold of
Rp, not merely a smooth one. The consequence is that the restriction of any real-analytic
function on Rp to M remains real-analytic, so the identity theorem applies to functions
on M.
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Throughout the paper, “measure zero in M” refers to the (p − m)-dimensional Haus-
dorff measure on M, which coincides with the Riemannian volume induced by the Eu-
clidean metric of the ambient space Rp. In any local real-analytic coordinate chart, this
measure is equivalent to the Lebesgue measure on Rp−m via a real-analytic density, so the
identity theorem for real-analytic functions (which is typically stated for Lebesgue measure
on Euclidean space) applies without modification.

Since p > m, the manifold M has positive dimension p − m when nonempty. We
will additionally assume M is connected (Assumption 2 below), a non-trivial condition
discussed in Section 4.

Assumption 1 (Interpolation Capacity). For any m + 1 distinct inputs {x1, . . . , xm, x0} ⊂ Ω
and any desired outputs y1, . . . , ym, y0 ∈ R, there exists θ ∈ Θ such that fθ(xi) = yi for
i = 1, . . . , m and fθ(x0) = y0.

This assumption is stronger than the overparameterization condition p > m and does
not follow from parameter counting alone. It is satisfied by sufficiently wide overparam-
eterized networks: Constantinescu & Popescu [8] proved that feedforward networks of
arbitrary depth with non-affine activations in L1

loc (a class that includes all real-analytic
activations) can interpolate arbitrary datasets. For vector-valued outputs fθ : Ω → Rk,
this assumption is understood to require interpolation of m + 1 arbitrary points in Rk; see
Section 4.4 for details.

4. Constraint Unlearnability
Let Ω ⊆ Rn be open and connected. Let fθ : Ω → R and M ⊆ Rp be the network

and interpolating manifold of Section 3. We additionally assume that the network has the
interpolation capacity for m + 1 points (Assumption 1). Let g : R → R be a real-analytic
function, defining the pointwise constraint

g( fθ(x)) = 0, ∀x ∈ Ω. (4)

We assume throughout that the training labels are consistent with the constraint:

g(yi) = 0, i = 1, . . . , m. (5)

This condition ensures that Mgood is not trivially empty: if g(yi) ̸= 0 for some i, then
every θ ∈ M (i.e., every exactly interpolating parameter) satisfies g( fθ(xi)) = g(yi) ̸= 0, so
Mgood = ∅ and the measure-zero conclusion holds vacuously. Under condition (5), exact
interpolation ( fθ(xi) = yi for θ ∈ M) implies g( fθ(xi)) = 0 at every training point, so the
constraint is satisfied on the training set—yet, as the Main Theorem shows, it is violated
almost everywhere else in Ω. We note that the nonemptiness of M itself is guaranteed by
Assumption 1, which is independent of the labels’ consistency with the constraint.

Assumption 2 (Connectivity of M). The interpolating manifold M = F−1(y) is connected.

This assumption is non-trivial. Cooper’s theorem gives M as a smooth submanifold,
but not its connectivity. Kuditipudi et al. [21] constructed datasets for which the locus of
global minima is disconnected, so the assumption does not hold in full generality. However,
connectivity has been observed empirically for generic datasets and sufficiently overparam-
eterized networks [22,23], and partial theoretical support is provided by Simsek et al. [5],
who proved that the expansion manifold Θr∗→m(θ

∗) is connected for any C1 activation,
and that M = Θr∗→m(θ

∗) under additional technical conditions on the activation. A com-
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plete characterization of when M is connected for real-analytic activations remains an
open problem.

Definition 2 (Inductive Bias). The architecture fθ has an inductive bias for the constraint g
if g( fθ(x)) = 0 for all θ ∈ Θ and all x ∈ Ω—that is, the constraint is satisfied regardless of
parameter choice. If there exist θ ∈ Θ and x ∈ Ω with g( fθ(x)) ̸= 0, the architecture is without
inductive bias for g.

This is a strictly architectural notion: the constraint is built into the network structure,
not imposed by the learning algorithm. In the broader machine learning literature, “induc-
tive bias” often encompasses algorithmic preferences such as implicit regularization (e.g.,
spectral bias, the neural tangent kernel), which influence which solutions gradient descent
finds among those reachable. Our definition excludes such algorithmic effects; we discuss
the relationship between architectural bias and implicit regularization in Section 5.

Define
Mgood = {θ ∈ M : g( fθ(x)) = 0, ∀x ∈ Ω}, (6)

the subset of M on which the network satisfies the constraint at every input. We prove that
without inductive bias, Mgood has measure zero in M.

4.1. All-or-Nothing for Pointwise Constraints

Proposition 1. For any fixed θ ∈ Θ, define hθ : Ω → R by hθ(x) = g( fθ(x)). Then either
hθ ≡ 0 on Ω, or h−1

θ (0) has Lebesgue measure zero in Ω.

Proof. The network fθ(x) is a composition of affine maps and real-analytic activation
functions, and thus is real-analytic in x; g is real-analytic by assumption. Thus, hθ = g ◦ fθ

is real-analytic on Ω. Since Ω is open and connected, the identity theorem gives either
hθ ≡ 0 on Ω, or h−1

θ (0) has measure zero.

Remark 1. This proposition holds for every θ ∈ Θ, independently of the training data. It rules out
partial satisfaction: no parameter can make the network satisfy the constraint on a set of positive
measure without satisfying it everywhere.

4.2. Measure Zero of the Satisfying Parameters

The argument applies the identity theorem a second time, now to a function of θ on
the manifold M.

Choose a test point x0 ∈ Ω \ {x1, . . . , xm}. Define the evaluation map

ϕ : M → R, ϕ(θ) = fθ(x0). (7)

Lemma 1. ϕ is real-analytic on M.

Proof. The network output fθ(x0) is real-analytic in θ on Θ, as a composition of affine
maps in θ with real-analytic activation functions. Since M is a real-analytic submanifold of
Rp (Section 3), the restriction ϕ = f·(x0)|M preserves real-analyticity.

Theorem 3 (Main Theorem). If the training labels satisfy g(yi) = 0 for i = 1, . . . , m (con-
dition (5)), the architecture is without inductive bias for g (Definition 2), the network has the
interpolation capacity for m + 1 points (Assumption 1), and M is connected (Assumption 2), then
Mgood has measure zero in M.
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Proof. The strategy is to show that g ◦ ϕ is real-analytic and not identically zero on M, then
apply the identity theorem. By Lemma 1, ϕ is real-analytic on M; since g is real-analytic,
the composition g ◦ ϕ is real-analytic on M.

To see that g ◦ ϕ ̸≡ 0, note that since the architecture is without inductive bias (Defi-
nition 2), there exist θ′ ∈ Θ and x′0 ∈ Ω with g( fθ′(x′0)) ̸= 0. Set y0 = fθ′(x′0). Consider
the augmented dataset {(xi, yi)}m

i=1 ∪ {(x0, y0)} of m + 1 points, where x0 is the test point
chosen above. By the interpolation capacity assumption (Assumption 1), there exists θ∗ ∈ Θ
such that

fθ∗(xi) = yi (i = 1, . . . , m), fθ∗(x0) = y0. (8)

The first m conditions give θ∗ ∈ M; the last gives ϕ(θ∗) = y0. Hence, g(ϕ(θ∗)) = g(y0) ̸= 0.
Since M is connected (Assumption 2) and g ◦ ϕ is real-analytic and not identically

zero, the identity theorem gives that (g ◦ ϕ)−1(0) has measure zero in M. Since Mgood ⊆
(g ◦ ϕ)−1(0)—if θ ∈ Mgood, then g( fθ(x)) = 0 for all x ∈ Ω, in particular g(ϕ(θ)) = 0—we
conclude that Mgood has measure zero in M.

Remark 2 (Component-wise extension when M is disconnected). If M is disconnected,
the Main Theorem applies on each connected component separately. Let M =

⊔
α Mα be the

decomposition into connected components. Since M is a submanifold of Rp, each Mα is open in M,
and there are at most countably many components. The proof of the Main Theorem shows that for
any component Mα, if there exists θα ∈ Mα with g(ϕ(θα)) ̸= 0, then g ◦ ϕ ̸≡ 0 on Mα, and by
the identity theorem on the connected set Mα, the set (g ◦ ϕ)−1(0) ∩ Mα has measure zero in Mα.
Consequently, Mgood ∩ Mα has measure zero in Mα.

The no-inductive-bias condition (Definition 2) and the interpolation capacity (Assumption 1)
only guarantee the existence of one violating parameter θ∗, which belongs to some component
Mα∗ . These assumptions do not guarantee that every component contains a violating parameter.
A disconnected M could in principle admit a “perfect” component on which g ◦ ϕ ≡ 0, i.e., every
interpolating parameter in that component satisfies the constraint everywhere. On such a component,
Mgood would have positive measure (in fact, equal to the entire component). Assumption 2
(connectivity of M) rules out this possibility by ensuring a single component.

4.3. Attraction Basin and Constraint Unlearnability

We now prove that the set of initial parameters from which gradient flow converges
to a constraint-satisfying solution has Lebesgue measure zero. This eliminates the gap
between “measure zero on M” and “almost surely unlearnable.”

Assumption 3 (Convergence of Gradient Flow). Consider the gradient flow θ̇ = −∇L(θ) of
the loss L defined in Section 3. The set

B(M) :=
{

θ0 ∈ Rp : the trajectory θ(t) starting from θ0 is bounded and lim
t→∞

θ(t) ∈ M
}

(9)

has full Lebesgue measure in Rp.

This assumption formalizes the implicit condition, present in the original corollary, that
gradient descent converges to M. It is supported by the large-width and NTK literature [17]
and by the saddle-point avoidance framework [24].

Lemma 2 (Morse–Bott Nondegeneracy). Under the regular value condition of Cooper’s theorem,
M is a Morse–Bott nondegenerate attracting critical submanifold for the gradient flow: at each
θ ∈ M, the Hessian ∇2L(θ) is positive-definite on the normal space Nθ M.
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Proof. On M, we have F(θ) = y, so L|M = 0. Differentiating twice yields

∇2L(θ) = DF(θ)⊤DF(θ) +
m

∑
i=1

( fθ(xi)− yi)∇2 fθ(xi). (10)

The second term vanishes on M because fθ(xi) = yi for all i. Since DF(θ) has full row rank m
(the regular value condition), the matrix DF(θ)⊤DF(θ) is positive-semidefinite with kernel
exactly Tθ M = ker DF(θ) and strictly positive eigenvalues on the normal space Nθ M.

Theorem 4 (Attraction Basin of Constraint-Satisfying Parameters). Under condition (5),
Assumptions 1–3, and the no-inductive-bias condition (Definition 2), let B(Mgood) be the set of
initial parameters whose ω-limit set under the gradient flow is contained in Mgood. Then B(Mgood)

has Lebesgue measure zero in Rp.

Proof. Fix a test point x0 ∈ Ω \ {x1, . . . , xm} and define h(θ) = g( fθ(x0)), which is real-
analytic in θ.

4.3.1. Local Limit Map

By Lemma 2, M is a normally hyperbolic attracting critical submanifold. For any
compact subset K ⊂ M, the stable manifold theorem for real-analytic gradient flows [25]
provides an open neighborhood UK ⊃ K and a real-analytic submersion πK : UK → M
such that limt→∞ θ(t) = πK(θ0) for all θ0 ∈ UK.

4.3.2. Global Limit Map

Since M is a normally hyperbolic attracting submanifold (Lemma 2), its stable set
B(M) is open in Rp. For any θ0 ∈ B(M), the forward orbit is bounded (Assumption 3),
so there exist R > 0 and T ≥ 0 with θ(T) ∈ UMR , where MR = M ∩ B(0, R). Define
π : B(M) → M by π(θ0) = πMR(θ(T)). Since the gradient flow map ϕT is real-analytic and
the local projections agree on overlaps, π is a globally defined real-analytic submersion.

4.3.3. Zero Measure of the Basin

Define H = h ◦ π on B(M); as a composition of real-analytic maps, H is real-analytic.
As established in the proof of the Main Theorem, h|M ̸≡ 0: there exists θ∗ ∈ M with
h(θ∗) ̸= 0. Since θ∗ ∈ M ⊂ B(M) and π(θ∗) = θ∗, we have H(θ∗) ̸= 0, so H ̸≡ 0 on B(M).
Moreover, H is not identically zero on any connected component of B(M): if H ≡ 0 on
some component C, then π(C) is open in M (since π is a submersion, hence an open map),
and h ≡ 0 on π(C); by the connectedness of M (Assumption 2) and the identity theorem,
h ≡ 0 on M, a contradiction. Since B(M) is open in Rp, it has at most countably many
connected components, and the identity theorem applies on each component to give that
H−1(0)∩ C has measure zero for each component C. Hence, H−1(0) has Lebesgue measure
zero in Rp.

Now observe that Mgood ⊆ {θ ∈ M : h(θ) = 0}, because if g( fθ(x)) = 0 for all x ∈ Ω,
then in particular h(θ) = g( fθ(x0)) = 0. Consequently,

B(Mgood) ⊆ π−1({θ ∈ M : h(θ) = 0}
)
= H−1(0) ∩ B(M). (11)

Since H−1(0) has measure zero, so does B(Mgood).

Corollary 1 (Constraint Unlearnability). Assume the hypotheses of Theorem 4, and let the initial
parameters be sampled from a distribution that is absolutely continuous with respect to Lebesgue
measure. Then with probability one, the gradient flow converges to a parameter θ ∈ M for which the
constraint g( fθ(x)) = 0 is violated for almost every x ∈ Ω (with respect to Lebesgue measure on Ω).
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Proof. From Assumption 3, Pr(θ0 ∈ B(M)) = 1. Theorem 4 gives that B(Mgood) has
measure zero, so by absolute continuity of the initialization, Pr(θ0 ∈ B(Mgood)) = 0. Thus,
with probability one, the limit belongs to M \ Mgood. For any θ ∈ M \ Mgood, the function
x 7→ g( fθ(x)) is real-analytic and not identically zero on Ω (otherwise θ would be in Mgood),
so by the identity theorem (Section 3.1), it vanishes on a set of measure zero in Ω.

Remark 3 (Discrete gradient descent). For discrete gradient descent θt+1 = θt − η∇L(θt) with
a sufficiently small step size η > 0, the trajectory closely shadows the gradient flow [see, e.g., [26]].
The non-singularity of the gradient descent map [16] ensures that zero-measure sets in the parameter
space are preserved under finite-step iteration. Combined with the convergence assumption, the same
conclusion follows: the set of initializations leading to Mgood has measure zero, and constraint
violation is almost sure.

4.4. Extension to Vector-Valued Outputs

We have presented the theory for scalar output fθ : Ω → R to keep notation simple.
The extension to vector-valued outputs fθ : Ω → Rk is straightforward and is outlined below.

4.4.1. Evaluation Map and Global Minimum Manifold

For k-dimensional outputs, the evaluation map stacks all k components at all m
training points:

F : Θ → Rmk, F(θ) =
(

f 1
θ (x1), . . . , f k

θ (x1), . . . , f 1
θ (xm), . . . , f k

θ (xm)
)
, (12)

where f j
θ denotes the j-th component of the output. The loss is L(θ) = 1

2∥F(θ) − y∥2,
with y ∈ Rmk stacking the target vectors. The interpolating manifold is M = F−1(y).
Cooper’s theorem applies with the overparameterization condition p > mk, giving
dim M = p − mk when M ̸= ∅. The regular value condition means that DF(θ) ∈ Rmk×p

has full row rank mk.

4.4.2. Interpolation Capacity

For vector-valued outputs, Assumption 1 is understood in the natural vector-valued
sense: for any m + 1 distinct inputs {x1, . . . , xm, x0} ⊂ Ω and any desired output vectors
y1, . . . , ym, y0 ∈ Rk, there exists θ ∈ Θ such that fθ(xi) = yi for i = 1, . . . , m and fθ(x0) = y0.
Adding one test point thus imposes k additional interpolation conditions, requiring the net-
work to accommodate (m+1)k constraints in total. This is stronger than Cooper’s dimensional
condition p > mk, but is still guaranteed for sufficiently wide networks: Constantinescu &
Popescu [8] prove interpolation for scalar outputs, and the vector-valued extension follows
from the standard multi-output construction in which shared hidden layers are followed by k
independent output heads; the hidden representation provides enough capacity to interpolate
the augmented dataset, and the k output heads, being linear readouts from a shared feature
map, can be chosen independently to match the k target components.

4.4.3. Pointwise Constraint

The constraint is defined by a real-analytic function g : Rk → R, and the condi-
tion is g( fθ(x)) = 0 for all x ∈ Ω. This formulation covers both component-wise and
cross-component constraints, such as probability normalization (g(z) = ∑k

j=1 zj − 1 for
z = (z1, . . . , zk) ∈ Rk). The composition hθ(x) = g( fθ(x)) remains real-analytic in both x
and θ because real-analytic functions are closed under composition.
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4.4.4. Proofs Carry over Unchanged

With these adjustments, all proofs in Section 4 apply with m replaced by mk wherever
it appears. In particular,

• The identity theorem applies to hθ(x) on the connected open set Ω, giving the all-or-
nothing dichotomy.

• The test-point construction in the Main Theorem uses the vector-valued interpolation
capacity to produce θ∗ ∈ M with g( fθ∗(x0)) ̸= 0.

• The Morse–Bott nondegeneracy (Lemma 2) holds because DF(θ)⊤DF(θ) has kernel
of dimension p − mk and is positive-definite on the normal space.

• The stable manifold theorem and the attraction basin argument (Theorem 4) are unchanged,
as they depend only on the dimension of M and the real-analyticity of the loss.

Thus, all results extend to the vector-output case under the strengthened dimensional
and interpolation assumptions. We restrict the results to scalar output in the main text
solely for notational clarity.

5. Discussion
5.1. Inductive Bias in Practice

Definition 2 formalizes a distinction that the practice of deep learning has long relied on:
softmax, hard-constraint layers, and architectural enforcement [2,3,11,12] all ensure constraints
by construction rather than by training. Our theorem provides the theoretical explanation
for the pointwise-equality instances of this practice—without inductive bias, exact constraint
satisfaction is a measure-zero event, not merely a training failure. The result clarifies that
expressivity (the constraint-satisfying function exists in the hypothesis class) does not imply
learnability (gradient descent finds it): the constraint-satisfying parameters occupy measure
zero on M, so a convergent trajectory almost surely misses them. Figure 1 illustrates this
contrast on a controlled experiment: the same network trained with and without softmax
shows constraint violation almost everywhere in Ω versus satisfaction everywhere.

Figure 1. Constraint unlearnability in a controlled experiment. Two networks with identical architecture
(two-layer tanh, 64 hidden units, input Ω = [−1.5, 1.5]2 ⊂ R2) are trained on the same five data points
with labels satisfying the probability normalization constraint p1 + p2 = 1. (Left): Without inductive bias,
the network outputs raw (p1, p2) and is trained with MSE. After convergence (training loss < 10−10),
the constraint g(p1, p2) = p1 + p2 − 1 is satisfied at the training points (white markers) but violated almost
everywhere else on the input domain (brighter colors indicate larger |g( fθ(x))|). (Right): With inductive
bias, the network applies softmax to its output. The constraint p1 + p2 = 1 is satisfied everywhere (to
machine precision, ∼10−17), by construction rather than by learning. This contrast illustrates the Main
Theorem: without architectural enforcement, exact constraint satisfaction on the entire input domain is a
measure-zero event, even though the network interpolates the training data perfectly.
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5.2. Implicit Regularization and Constraints

A natural question is whether implicit regularization—the tendency of gradient de-
scent to prefer certain solutions—could substitute for inductive bias. Spectral bias [18]
and the neural tangent kernel [17] show that gradient descent preferentially learns low-
frequency, simple functions.

Constraint satisfaction, however, is structurally different. The set Mgood is not a region
that gradient descent avoids by preference; it is a measure-zero subset that gradient descent
almost surely never reaches. Implicit regularization operates within the positive-measure
set M \ Mgood, selecting solutions with certain regularity properties, but it does not redirect
the trajectory toward the zero-measure Mgood.

Whether implicit regularization can achieve approximate constraint satisfaction—
∥g ◦ fθ∥∞ < ϵ for small ϵ—is a separate question that our results do not address. The ϵ-
neighborhood of Mgood may have positive measure, and characterizing whether gradient
descent enters it requires tools beyond the identity theorem.

5.3. Limitations
5.3.1. Activation Functions

The proof relies on the identity theorem for real-analytic functions, which requires
real-analytic activations. This class includes sigmoid, tanh, GELU, Swish, and Mish, but ex-
cludes ReLU, which is piecewise-linear and not real-analytic. We note that approximate
implementations of GELU (e.g., using tanh) are also real-analytic, so the theorem applies to
them as well.

For ReLU networks, the identity theorem does not globally apply, but a local analog
survives. Fixing θ, the input space is partitioned into finitely many linear regions on each
of which hθ(x) = g( fθ(x)) is real-analytic (composition of a real-analytic g with an affine
map). The identity theorem holds within each region: either hθ vanishes identically on that
region, or its zero set has measure zero there. The global all-or-nothing dichotomy breaks
because hθ may vanish on some regions and not others. Consequently, a single violating
parameter θ∗ guarantees non-triviality only on the activation pattern region containing it,
not across all regions.

The framework of Crăciun & Ghoshdastidar [16] for piecewise analytic activations
establishes non-singularity of the gradient descent map (used in Remark 3 for the dynami-
cal part of our argument), but does not directly address this static question. Whether the
measure-zero conclusion for Mgood can be recovered for ReLU networks—either by a piece-
wise argument exploiting the local validity of the identity theorem within each activation
pattern, or by fundamentally different tools—remains an important open problem.

5.3.2. Pointwise vs. Functional Constraints

Our framework covers pointwise constraints of the form g( fθ(x)) = 0 for each x
independently. Many important constraints are functional: equivariance ( fθ(ρx) = ρ fθ(x)),
monotonicity (x1 < x2 ⇒ fθ(x1) < fθ(x2)), and differential constraints (∇ · fθ = 0)
relate values at different inputs. These require a different mathematical treatment, as they
constrain the function as a whole rather than each output independently.

5.3.3. Exact vs. Approximate Satisfaction

The theorem concerns exact constraint satisfaction on the entire input domain. In prac-
tice, approximate satisfaction within a tolerance ϵ is often sufficient. Our measure-zero
result does not directly imply that approximate satisfaction fails: the ϵ-approximate satisfy-
ing set may have positive measure. Extending the analysis to approximate constraints is an
open problem.
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5.3.4. Interpolation Capacity

The Main Theorem assumes that the network can interpolate m + 1 arbitrary points
(Assumption 1). This is stronger than the overparameterization condition p > m and does
not follow from parameter counting alone. For feedforward networks with non-affine
real-analytic activations, this property is guaranteed by Constantinescu & Popescu [8] for
sufficiently wide networks. The tight architectural conditions (minimum width or depth)
for interpolation capacity remain an active area of study [6,7].

5.3.5. Connectivity of M

The Main Theorem assumes M is connected (Assumption 2); see the discussion fol-
lowing the assumption for its non-triviality and partial theoretical support. When M is
disconnected, the measure-zero conclusion applies component-wise (Remark 2): on any
connected component containing at least one violating parameter, the set of constraint-
satisfying parameters has measure zero. However, a disconnected M could in principle
contain a “perfect” component on which the constraint holds identically; such a component
would have positive measure. Assumption 2 excludes this scenario. Whether perfect com-
ponents can actually occur for real-analytic networks without inductive bias, and whether
gradient descent can reach them if they do, are open questions.

5.3.6. Convergence of Gradient Flow

Corollary 1 relies on Assumption 3, which requires that gradient flow almost always
converges to M. This property is supported by empirical observations and by theoreti-
cal results for sufficiently wide networks [17,24], but a complete proof for real-analytic
overparameterized networks remains an open problem. The Morse–Bott nondegeneracy
of M (Lemma 2) ensures that M is a normally hyperbolic attracting submanifold, so con-
vergence holds locally near M; the global assumption concerns whether trajectories reach
this neighborhood.

6. Conclusions
We have shown that overparameterized neural networks with real-analytic activations

cannot learn to satisfy pointwise constraints exactly without architectural inductive bias.
The proof hinges on a simple geometric fact: the identity theorem for real-analytic functions
forces constraint satisfaction to be all-or-nothing, and the no-inductive-bias condition,
combined with interpolation capacity, ensures that the “all” case occupies measure zero on
the interpolating manifold. By lifting this zero-measure property from M to the parameter
space via the Morse–Bott stable manifold theorem, we prove that the attraction basin
of constraint-satisfying parameters has measure zero, so gradient descent almost surely
converges to parameters that violate the constraint almost everywhere in Ω.

The practical implication is that architectural inductive biases for pointwise equality
constraints—such as softmax for probability normalization—are not engineering conve-
niences but mathematical necessities for exact satisfaction. Their ubiquity in practice reflects
this necessity, even when it has not been formally articulated.

The result is exact within its setting: real-analytic activations, pointwise constraints,
exact satisfaction, and a connected interpolating manifold (see Section 5.3 for limitations).
Extending constraint unlearnability beyond these boundaries defines a program for future
work. The most pressing direction is whether an analog holds for ReLU networks, the most
widely used in practice; the identity theorem has no direct replacement there, but the
framework of Crăciun & Ghoshdastidar [16] for piecewise analytic activations may offer a
path. A second direction is approximate satisfaction: whether implicit regularization can
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drive the network into an ϵ-neighborhood of Mgood, even though exact membership is a
measure-zero event.
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