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Abstract

Testing exponentiality against increasing failure rate alternatives is central to reliability
theory and lifetime data analysis. This paper develops the Adaptive Cumulative Residual
Entropy Test under Proportional Hazards (Adaptive CRE-PH Test), a scale-invariant non-
parametric procedure that unifies a Tsallis-entropy departure functional with a proportional-
hazards transformation. For each tuning value, the fixed-q statistic admits a normalized-
spacing representation. Under exponentiality, the spacing proportions follow a Dirichlet
distribution, yielding exact finite-sample means, covariances, and a joint null characteriza-
tion of the adaptive maximum. Joint asymptotic normality and consistency under fixed
alternatives are established for the complete dependent score vector. Structural analysis of
the score family motivates a prespecified moderate grid governed by endpoint stability, di-
rectional diversity, and multiplicity economy, rather than retrospective power optimization.
Monte Carlo experiments demonstrate accurate size control, explicitly quantify calibration
stability, and show power close to the best fixed-g component under linear failure rate,
Makeham, and Weibull alternatives. A dedicated power experiment confirms substantial
detection capability against an IFRA-but-not-IFR benchmark, showing that the broader
population sign condition has practical as well as theoretical relevance. Additional DFR
and bathtub experiments clarify directional specificity: rejection provides evidence against
exponentiality in the IFR-sensitive direction but does not, without shape-specific inference,
establish a globally increasing hazard. Three real-data applications illustrate the practi-
cal importance of distinguishing formal directional inference from exploratory Q-Q and
total-time-on-test diagnostics.

Keywords: nonparametric inference; exponentiality testing; increasing failure rate;
adaptive testing; Tsallis entropy; lifetime data

MSC: 62G10; 62N05; 94A17; 62E20

1. Introduction

The exponential distribution is the canonical benchmark for lifetime modeling in
reliability theory, survival analysis, and life testing. Its constant hazard rate represents
the absence of aging and gives rise to the memoryless property, whereby the residual
lifetime, conditional on survival to any age, has the same distribution as the lifetime of
a new unit. This unique combination of structural simplicity and analytical tractability
makes the exponential distribution a natural reference model for systems whose failures
are driven primarily by random shocks rather than by cumulative degradation or wear [1].
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In many practical applications, however, the assumption of a constant hazard rate is
unrealistic. Mechanical components, electronic devices, industrial systems, and biological
organisms are subject to fatigue, corrosion, cumulative stress, material deterioration, and
wear, all of which contribute to an increasing risk of failure over time. The increasing-failure-
rate (IFR) class, characterized by a non-decreasing hazard function, therefore provides
one of the fundamental models of positive aging. Detecting IFR behavior has important
implications for preventive maintenance, replacement scheduling, warranty design, spare-
parts management, and reliability assessment of engineering systems [2,3]. Consequently,
testing exponentiality against IFR alternatives is more than a conventional goodness-of-fit
problem; failing to detect aging may result in adopting a non-aging model for a population
that is, in fact, undergoing progressive deterioration.

The IFR class is a proper subclass of the broader increasing failure rate average (IFRA)
class. Although every IFR distribution is IFRA, the converse does not generally hold.
This distinction is central to the theoretical framework developed in this paper. While
the primary reliability motivation and comparative evaluation focus on IFR alternatives,
the non-negativity condition underlying the proposed population departure functional
is, in fact, equivalent to the IFRA property. Consequently, the formal domain of positive-
aging alternatives covered by the proposed procedure extends beyond the strict IFR class.
This broader scope is examined both theoretically and through a dedicated IFRA-but-not-
IFR benchmark.

Testing exponentiality against positive-aging alternatives has attracted sustained at-
tention in the statistical literature. Early contributions include the rank-based procedure of
Proschan and Pyke [2] together with the asymptotic investigations of Bickel and Doksum [4]
and Bickel [5]. Barlow and Doksum [6] subsequently proposed an asymptotically minimax
test based on the signed area between the total-time-on-test transform and the diagonal.
Other notable developments include the U-statistic tests of Ahmad [7] and Deshpande and
Kochar [8], the scaled total-time-on-test procedure of Klefsjo [9], and the IFR-plot method-
ology of Aly [10], including its extension to randomly censored data. More recently, Mitra
and Anis [11] and Anis [12] developed generalized classes of L-statistics and established
their exact and asymptotic distributions, together with consistency properties.

More recently, information-theoretic approaches have emerged as a powerful frame-
work for lifetime testing. In particular, entropy and cumulative-residual-entropy (CRE)
functionals provide interpretable measures of survival uncertainty, residual-life informa-
tion, and departures from the memoryless property. Within this framework, Alqefari [13]
proposed nonparametric tests based on fractional generalized cumulative residual entropy
and derived their exact finite-sample null distributions using normalized spacings. These
contributions highlight the flexibility of entropy-based procedures while also revealing an
inherent limitation: their detection performance can depend strongly on the choice of a
tuning parameter, which determines the regions of the lifetime distribution receiving the
greatest statistical emphasis.

This dependence is both beneficial and challenging. Different tuning values emphasize
different regions of the lifetime distribution and are therefore sensitive to different forms of
departure from exponentiality. However, the underlying aging mechanism is unknown
prior to testing, making it impossible to identify an optimal tuning value in advance. A
choice that performs well under a linear-failure-rate model may be less effective for a Make-
ham alternative, whereas a value well suited to Weibull-type wear-out may exhibit reduced
sensitivity to milder or more localized departures. Consequently, a fixed-tuning procedure
may perform exceptionally well for certain alternatives while suffering a substantial loss
of power for others. The central methodological challenge is therefore to preserve the
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flexibility of entropy-based weighting while reducing dependence on an arbitrarily selected
tuning parameter, without sacrificing finite-sample validity or interpretability.

To address these challenges, we develop the Adaptive Cumulative Residual Entropy
Test under Proportional Hazards (Adaptive CRE-PH Test), a scale-invariant nonparametric
procedure for testing exponentiality against positive-aging alternatives. The proposed
methodology is built upon a cumulative residual Tsallis-entropy departure functional
embedded within a proportional-hazards transformation. This construction gives rise to a
family of scale-invariant nonparametric test statistics indexed by a tuning parameter that
governs their regional and tail sensitivity. Unlike a purely technical smoothing parameter,
this index has a clear structural interpretation: it determines the geometry of the induced
score function and, consequently, the regions of the lifetime distribution that receive the
greatest statistical emphasis.

The tuning parameter g has two mathematically linked interpretations. Algebraically,
the power-survival transformation S, (t) = [S(t)]7 generates a proportional-hazards family
with transformed hazard gh(t). Information-theoretically, the same exponent is the Tsallis
order governing the non-extensive weighting in the cumulative-residual-entropy functional.
Thus, g is neither an estimated regression coefficient nor an unknown physical hazard ratio.
It is a prespecified transformation index whose variation changes the geometry of the score
function and thereby the directional sensitivity of the resulting test.

The contributions of this paper are fourfold. First, we develop a scale-invariant family
of cumulative-residual-entropy statistics derived from a population departure functional
whose sign characterization extends from the IFR class to the broader IFRA class. Second,
the exactly standardized fixed-q statistics are integrated through a max-type adaptive pro-
cedure over a prespecified finite grid constructed according to the principles of endpoint
stability, directional diversity, and multiplicity economy, thereby separating structural adap-
tation from retrospective power optimization. Third, the complete dependent score vector
is characterized under exponentiality through normalized Dirichlet spacings, yielding
exact finite-sample means, covariance structure, and the exact joint null distribution of the
adaptive maximum, together with joint asymptotic normality and consistency under fixed
alternatives. Finally, the proposed methodology is supported by reproducible calibration,
extensive Monte Carlo validation, a complete mathematical development, and illustrative
R scripts for representative simulation studies and graphical diagnostics.

Unlike many adaptive procedures that rely primarily on empirical calibration, the
theoretical development presented here explicitly characterizes the adaptive statistic itself.
For each fixed value of g, the proposed statistic admits a normalized-spacing representation.
Under exponentiality, the normalized-spacing proportions follow a Dirichlet distribution,
providing exact finite-sample moments together with the exact joint null characterization
of the dependent fixed-4 score vector and its adaptive maximum. For any prespecified
finite tuning grid, joint asymptotic normality follows from multivariate L-statistic theory
combined with the multivariate delta method, while consistency is established whenever
at least one component possesses a strictly positive population departure. Monte Carlo
simulation is employed solely to evaluate the exact joint Dirichlet probabilities numerically;
it does not replace the theoretical characterization of the null distribution.

A comprehensive simulation study evaluates the finite-sample calibration and power
of the proposed procedure under linear failure rate, Makeham, and Weibull alternatives
using exact null centering and scaling. Repeated independent calibration runs further
assess the numerical stability of the adaptive critical values. A dedicated experiment based
on a two-component parallel exponential system examines performance under an IFRA-
but-not-IFR alternative, demonstrating that the broader theoretical scope of the proposed
methodology is accompanied by meaningful finite-sample detection capability. Additional
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experiments involving DFR and piecewise-exponential bathtub alternatives highlight the
directional specificity of the test. Finally, three real-data applications demonstrate the
practical value of distinguishing formal IFR-oriented statistical inference from exploratory
Q-Q and total-time-on-test (TTT) diagnostics.

Collectively, these theoretical, computational, and empirical developments estab-
lish the Adaptive CRE-PH Test as a unified framework for testing exponentiality against
positive-aging alternatives, combining exact finite-sample validity, rigorous asymptotic
justification, computational transparency, and practical applicability within a single
coherent methodology.

The remainder of the paper is organized as follows. Section 2 introduces the population
departure functional and develops the fixed-q statistics underlying the Adaptive CRE-
PH Test. Section 3 establishes the exact joint finite-sample null distribution, asymptotic
properties, consistency, and adaptive calibration of the proposed procedure. Section 4
investigates the sensitivity of the fixed-g statistics and evaluates the structural adequacy
of the proposed tuning grid. Section 5 assesses the performance of the Adaptive CRE-PH
Test through simulation studies, comparisons with existing procedures, and investigations
under IFRA-but-not-IFR and off-direction alternatives. Section 6 presents three real-data
applications illustrating the practical performance of the proposed methodology. Finally,
Section 7 summarizes the main findings, discusses the limitations of the proposed approach,
and outlines several directions for future research.

2. Construction of the Adaptive CRE-PH Test

This section develops the fixed-parameter component on which the Adaptive CRE-PH
Test is built. For later use, we denote the cumulative hazard function by

t
H(t) :/O h(s)ds = —logS(t), > 0.

Since the exponential scale family and the IFR class have already been specified in
Section 1, the testing problem considered in this paper is written as

H():FES(), H; : F € Firr, F&é&).

The purpose of this section is to develop the Tsallis-entropy-weighted population
departure measure and the corresponding scale-invariant fixed-g statistic that form the
theoretical foundation of the Adaptive CRE-PH Test.

2.1. A Local IFR Departure Kernel

The IFR property is naturally expressed through local comparisons of the hazard rate.
If h is non-decreasing, then hi(t) > h(s) whenever 0 < s < t. This motivates the local IFR
departure kernel

Under exponentiality, the hazard rate is constant, so #(t) = 0 for all t > 0. Under strict
IFR behavior, #(f) is non-negative and becomes positive in regions where the hazard rate
increases. Hence, 7(t) provides a pointwise measure of departure from the exponential
boundary in the IFR direction. The next step is to aggregate this local departure over the
support of the distribution using an information-based survival weight.
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2.2. Population Departure Functional for the Adaptive CRE-PH Test

For a fixed g > 0, consider the power-survival transformation S, (t) = [S(#)]7. This
transformation belongs to a proportional-hazards family because its hazard is gh(t). Here q
is used as a deterministic transformation index, not as an estimated hazard ratio from a
covariate model. The same q is also the Tsallis order in the resulting cumulative-residual-
entropy functional. Thus, the PH and Tsallis interpretations are two mathematically
linked views of one index: the PH representation supplies the transformed lifetime model,
whereas the Tsallis representation explains the associated non-extensive weighting and
score sensitivity. Define the population departure functional underlying the Adaptive
CRE-PH Test by

(0[S (1))t /OO[S(t)]"H(t)dt. (1)

0

Dy(F) = [ Ist"(at = |

For any fixed g > 0, the functional in (1) is zero under the exponential null model.
If F is strictly IFR and the integrals in (1) are finite, then D,;(F) > 0. Thus, Dy(F) is a
directional functional for detecting departures from exponentiality toward IFR alternatives.
The parameter g is not merely a technical constant; it determines how the survival curve is
weighted and is therefore central to the adaptive strategy developed later.

The preceding positivity statement can be sharpened. Let H(t) denote the cumulative
hazard function and h(f) its derivative at points of differentiability. The sign condition
governing the proposed departure functional is expressed through the following quantity:

n(t) = th(t) — H(t).

d {H(t)} _ th(t) = H(t) _ n(t) > 0.

dat| t

Thus, non-negativity of the departure kernel is equivalent to monotonicity of the
average hazard &, which is the IFRA condition. Since every IFR distribution is IFRA,
all results established for IFR alternatives remain valid, while the functional also covers a
broader class of positive-aging distributions. Throughout the paper, the term IFR-oriented
refers to the principal reliability interpretation and comparison framework, whereas the for-
mal alternative domain induced by the population functional includes IFRA distributions.

The first term in (1) has a proportional-hazards interpretation. Let X, denote the
lifetime random variable with survival function S, (t) = [S(£)]7, and let y1; = E(X;). Since

the density associated with X, is f; (t) = qf(t) [S(£)]77, it follows that

/0°° Hh(E)[S(8)]7dt = /0°° EF(D)[S(1)]) Lt = % )

The second term in (1) is connected with the cumulative residual entropy of the
transformed lifetime. Let

E(X;) =~ | Sy(0)1ogS, (1)

be the cumulative residual entropy of X;. Since logS,(t) = glogS(t) = —qH(t), we obtain

E(X,) =a [ ISOIHL

Combining this identity with (1) and (2) yields the compact representation

Dy (F) :;[Vq_g(xq)] 3)
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Representation (3) clarifies the information-theoretic meaning of the proposed de-
parture measure. It compares the proportional-hazards mean with a cumulative-residual-
entropy-type quantity computed under the same power-transformed survival model. Ac-
cordingly, the phrase PH parameter refers to the algebraic effect of q on the transformed
hazard, while the Tsallis tuning parameter refers to its information-weighting role. These
are not competing interpretations or two separately estimated parameters; they are comple-
mentary consequences of the single transformation S; = Sf. Different choices of q therefore
generate different score geometries and sensitivity profiles, which motivates the adaptive
max-type construction.

Example 1. Weibull benchmark. Let X have Weibull survival function S(x) = exp(—x*), x>0,
« > 0. The case & = 1 corresponds to exponentiality, whereas o > 1 corresponds to an IFR lifetime
model. Direct calculation gives

Mg = /OOO[S(X)]qu = ql/“F(l + i)

and

Therefore, from (3),

14 1

Dy(F) = q—(l-HX)/aF(l n 1) (a — 1).

This expression is zero when « = 1 and strictly positive when o > 1. The example confirms
that the proposed functional is aligned with the IFR direction and shows how q affects the magnitude
of the departure measure.

Example 2. Parallel exponential system: an IFRA but non-IFR benchmark.
Let the system lifetime be the maximum of two independent exponential component lifetimes
with unequal rates. The model and its survival function are

X = max(Xl,Xz), Xi ~ EXp()LZ'), )\1 75 )\2.

FX(t) —_ e*)tlt + e*)\zt _ e*(/\1+/\2)t.

Hx(l‘) = —logfx(t).

o Ale_A1t+)Lze—A2t7(A1+/\2)e—()t1+?\2)t
X( ) - e—Alt + e—Azf _ e*()\1+/\2)t )

d{th(t)} _ fhx(t)t—sz(t) > 0.

dt

For unequal component rates, the system hazard may increase over an initial interval and then
decrease toward the smaller component rate, so it need not be globally non-decreasing. Nevertheless,
the average hazard Hx (t)/t is non-decreasing, and hence the lifetime is IFRA. This provides a
natural benchmark outside the strict IFR class for assessing the wider scope of the proposed departure
functional. In the numerical benchmark below, the scale-invariant choice of rates is Ay =1, Ay = 2.
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2.3. L-Statistic Representation and Empirical Statistic

The functional in (3) admits an L-statistic representation. Let Q(u) = F~!(u),
0 < u < 1, denote the quantile function of F. By rewriting the deviation in terms of F(x),
we obtain

Dy(F) = [ ¥Iy(F(x)dF (),

where the score function is
Jo(w) = (1 —u)T 2+ qlog(1—u)], 0<u<l (4)

Equivalently,
1
Dy(F) = [ Q) Jy(w)d. ®)

The score function J;(u) is induced by the Tsallis-weighted population deviation. It
has a single zero at u; = 1 —exp(—2/q); hence, J;(u) is positive below 1, and negative
above it. This sign change does not contradict the IFR direction of D;(F), because the
latter integrates the non-negative local kernel 7(t) against S(¢). It does, however, affect
finite-sample signal-to-noise behavior. For g < 1, the score is unbounded near the upper
endpoint and endpoint quadrature may converge slowly; for larger g, cancelation occurs
over a wider upper-tail region. These facts require a prespecified, numerically stable grid
rather than an unrestricted search over 4.

The tuning parameter q should not be interpreted as an estimated proportional-hazards
coefficient. Within the proposed test family, it serves as a prespecified Tsallis order whose
equivalent power-survival representation scales the transformed hazard by a factor of 4.
This single index determines the geometry of the induced score function and, consequently,
the regions of the lifetime distribution that receive the greatest directional emphasis. Smaller
values of g concentrate sensitivity more strongly toward the upper tail, whereas larger
values distribute the weighting more broadly across the support and increase the range
over which positive and negative score contributions may offset one another. Consequently,
the construction of the adaptive tuning grid is guided by a balance between geometric
diversity and numerical stability rather than by interpreting g as an unknown physical or
scientific hazard ratio.

As illustrated in Figure 1, very small values of g produce increasingly steep endpoint
behavior, making the resulting statistic more sensitive to finite-sample plotting positions
and upper-tail variability. Conversely, progressively larger values of g generate broader
cancelation regions and increasingly correlated neighboring score components. These
structural considerations motivate the use of a moderate collection of representative score
geometries, specified a priori, before examining the performance of the procedure under
any particular alternative.

Let X1y, . .., Xn:n be the order statistics from a random sample Xj, ..., X;,;. Because
the score in (4) is defined on the open interval (0, 1), endpoint-stabilized plotting positions
are used. The fixed-q empirical statistic is defined by

i
n+1’

S| =

n
Vn(q) = qu(Pi,n)Xi:n/ pi,n - i= 1,. .o n.
i=1

To remove the effect of the unknown scale parameter, the statistic is normalized by the
sample mean X = n~!Y" | X;, producing the scale-free statistic

Vi(q) = Vr%q)/ q>0. (6)
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The statistic in (6) is scale-invariant. Because endpoint stabilization induces a finite-
sample null mean that need not be exactly zero, inference is based on exact null center-
ing and scaling derived from the joint spacing representation in Section 3. Large posi-
tive standardized values provide evidence in the IFR direction. The development is for
complete samples; censored-data extensions require a separate spacing representation
and calibration.

Tsallis Score Functions J,(u) for Selected ¢ Values
0.67 075 080 085 090 095

Jq(u) (clipped to [-8, 81)

-8 T T T T
0.0 0.2 04 0.6 0.8 1.0
u

Figure 1. Score functions J;(u) for representative tuning values; vertical dotted lines mark u,; =
1 —exp(—2/9). Blue, orange, green, red, and purple solid curves correspond to q =0.8,1.0,1.2,1.4,
and 1.8, respectively.

3. Exact Null Distribution, Asymptotic Theory, and Adaptive Calibration

This section develops the distributional theory underlying the proposed adaptive
procedure. We first establish an exact finite-sample characterization of the fixed-g statis-
tic by expressing it in terms of normalized spacings under the exponential model. We
then derive its asymptotic properties using classical L-statistic theory. Finally, the exactly
standardized fixed-g statistics are combined over a prespecified finite tuning grid to con-
struct the adaptive max-type statistic employed throughout the simulation study and
real-data applications.

3.1. Exact Finite-Sample Null Distribution for a Fixed Tuning Parameter

Let the ordered sample be denoted by the order statistics corresponding to a random
sample of size n. The initial value is taken to be zero. The normalized spacings are
defined by

D,=n—r+1)(Xpn — Xo—1), r=1,...,n. ?)

For a fixed positive tuning value, the endpoint-stabilized score used in Section 2 gives
the following spacing representation of the scale-invariant statistic:

n_ brn Dr
Vi(a) = 21_1;? ®)
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The coefficients in (8) are given by

n )
1
brn(q) :n_r+ Z (Pin), pi,n:m, r=1,...,n. 9)

The endpoint-stabilized plotting positions defined in (9) are consistent with the con-
struction introduced in Section 2 and avoid evaluating the score function at u = 1.

Theorem 1. Suppose that the observations are independent and follow an exponential distribution.
For fixed q and n, assume that the coefficients in (9) are pairwise distinct. Then, under the
null hypothesis,

* x} = T bl —x X
PriVi(q) <x}=1- ; Hbé () |11 S b)) (10)

If some of the coefficients coincide, the distribution is obtained by the corresponding limiting form.

Proof of Theorem 1. From the definition of the normalized spacings, the weighted statistic
in Section 2 can be written as a linear combination of the normalized spacings. Specifically,

nVu(q) = ;br,n(Q)Dr = ;]q(pi,n)xi:n- (11)

Division by the total normalized spacing yields the statistic in (8). Under the null
hypothesis, the normalized spacings are independent exponential random variables sharing
a common scale parameter. Since the statistic is scale-invariant, this common scale has no
effect on its distribution. Equivalently, after a simple scale normalization, the spacings may
be represented as independent chi-square random variables with two degrees of freedom,
a representation that is convenient for the subsequent theoretical development. Therefore,

Pr{Vy(q) <x}=1- Pr{ i[br,n(Q) —x|D; > 0}. (12)
r=1

Applying the standard distributional result for the ratio of a linear combination of
independent chi-square random variables to their sum immediately yields (10). The
unknown exponential scale parameter plays no role in this derivation because it cancels in
the scale-invariant ratio defining the statistic. [

3.2. Exact Joint Finite-Sample Null Structure and Standardization

The fixed-gq law in Theorem 1 extends naturally to the complete vector used by the
adaptive procedure. Let Q = {g1,...,qx} be a fixed finite grid, let B, = [b;,,(q;)] be the
n x K coefficient matrix, and define P, ,, = D,/Y!_; Ds.

P, = (Piy,...,Pun)" ~ Dirichlet,(1,...,1),  Hj.

Theorem 2. Under Hy, the vector of scale-free fixed-q statistics satisfies

Vi = BlP,. (13)
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Consequently, its exact mean vector and covariance matrix have the elements given in
(14). my, Q2

1M an: by (9;i)brn(qx) — E;l: by n(qi (E;’f: brn(qx))
Mj = gzbr,n(QDr W jk = 1brn(97) k n2((n+11) (7)) 1 k) ”

r=1

Proof of Theorem 2. Under exponentiality, the normalized spacings Dy, ..., D, are inde-
pendent exponential variables with a common scale. Dividing them by their sum gives
a Dirichlet(1,...,1) vector, independent of the total spacing. The vector representation
follows from (8), and the stated moments follow from the standard Dirichlet moments.

Define s, j = /@y, Zn(q;) = {Vi(q;) — 1t} /50, and TP = maxq<j<xZn(4;)-
The finite-sample null law of the adaptive statistic is therefore fully determined by the
Dirichlet probability

Pr{T™™ < t} = (n — 1)!/

AV}

1{BrTlp < my+ tsn} dp,

where A,,_1 is the unit simplex and the displayed inequality is componentwise. The integral
generally has no convenient closed form, but it is an exact theoretical characterization.
Simulation from standard exponential spacings, or directly from the Dirichlet law, is a
numerical method for evaluating this probability. [

3.3. Joint Asymptotic Distribution and Consistency

The finite-sample result is complemented by a joint large-sample limit. Put
0;(F) = Dg,(F), p = E(X), d;(F) = 6;(F)/p, and Jo(u) = 1. For score functions 2 and
b, define

Te(a,b) = [ [ a(FG)B(F() {F(min(x,y)) — F(x)F(y)} dx dy.

Theorem 3. Let the tuning grid be fixed and finite. Assume that F is continuous, 0 < p = E(X) < oo,
E(X?) < oo, and that every score function in the grid satisfies the reqularity and integrability condi-
tions for the multivariate central limit theorem for L-statistics. In particular, all covariance-kernel
integrals displayed below are finite, and the resulting covariance matrix is nonsingular [14]. Then

Vi{V:i —d(F)} 5 Nk(0,Zp),
where

(Zp)j = u? [TF (]qj,]qk) —diIF (Iqufo) —diTr (Jo, Jg) + didic I (Jo, ]0)}-

Proof of Theorem 3. Apply the multivariate central limit theorem for L-statistics to the K
weighted statistics jointly with the sample mean [14] and then apply the multivariate delta
method to the componentwise ratios. Under Hy, the population departures are zero for all
grid components, so the covariance simplifies to the null expression displayed above. [

Corollary 1. If the finite-sample correlation matrices converge to Ry under Hy , then the standard-
ized vector converges to Nk (0, Rg) and

L
" = lrg]gngZ]-, Pr{m;zxZ]- < t} = Ok (t1k; Rp).
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Theorem 4. For any fixed alternative F such that d;(F) > 0 for at least one q; € Q , the Adaptive
CRE-PH Test is consistent; specifically, T)"** — oo in probability and its rejection probability tends
to one.

Proof of Theorem 4. For a component with d;(F) > 0, consistency of the L-statistic gives
Vr (qj) — d;(F) > 0 in probability. Moreover, the exact null centering satisfies m,,; — 0,

while the null standard deviation satisfies Snj = @) (n’l/ 2). Therefore, Z, (qj) — o0 in

probability. Since T, > Z, (q]-), the same conclusion follows for the maximum. [J

Remark 1 (Adaptive local asymptotic). The consistency result established above applies to
fixed alternatives. A rigorous treatment of contiguous alternatives would require a joint local
asymptotic expansion of the complete standardized score vector prior to the maximization step.
Under such local alternatives, the noncentral mean vector, covariance structure, and even the
identity of the maximizing component may depend on the underlying local direction. Consequently,
the local asymptotic power of the adaptive maximum cannot be derived by applying Pitman-efficiency
arguments separately to the individual fixed-q statistics. Instead, it requires a dedicated analysis
of the limiting noncentral multivariate Gaussian distribution together with the distribution of its
maximum. The exact joint null theory and multivariate asymptotic representation developed in this
paper provide the probabilistic foundation for such an extension. A comprehensive investigation of
local asymptotic power and asymptotic relative efficiency is beyond the scope of the present work and
is left for future research.

3.4. A Stability-Based Design Principle for Adaptive Tsallis Grids

The adaptive maximum requires only a finite collection of representative score ge-
ometries rather than a dense discretization of the tuning-parameter space. To preserve the
structural nature of the proposed procedure and avoid retrospective tuning, the adaptive
grid is specified a priori, independently of the power comparisons presented in Section 4.
Its construction is guided by the following three design principles.

Principle 1 (Endpoint stability). Values exhibiting excessive endpoint sensitivity are excluded
to ensure that the endpoint-stabilized score representation remains numerically stable for the finite
sample sizes considered.

Principle 2 (Directional diversity). Successive grid points are chosen to represent genuinely
distinct score geometries, characterized by different zero-crossing locations and weighting profiles.
Closely spaced tuning values contribute highly similar score functions and therefore provide little
additional directional information.

Principle 3 (Multiplicity economy). The tuning grid is enlarged only when an additional
component contributes substantial geometric diversity. Otherwise, highly correlated score compo-
nents merely inflate the critical value of the adaptive maximum without providing a commensurate
increase in independent directional information.

These principles lead to the four-point tuning grid adopted throughout the paper.
The resulting grid is determined entirely by structural and numerical considerations and
should not be interpreted as an empirically optimized or minimax-optimal choice. Rather, it
provides a parsimonious collection of representative score geometries that supports stable
and interpretable adaptive inference.

Robustness with respect to the choice of the tuning grid is ensured at the calibration
stage because Theorem 2 applies to any prespecified finite collection of admissible tun-
ing values. A smaller grid may fail to capture representative score geometries, whereas
enlarging the grid with closely spaced or more extreme values may introduce endpoint
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instability or inflate the adaptive critical value through multiplicity without providing a
commensurate gain in independent directional information. Consequently, the adopted
grid should be viewed as a principled, moderate design rather than a uniquely optimal
choice. Any alternative prespecified finite grid can be calibrated exactly using the same
Dirichlet-based procedure; throughout this paper, we adopt Q4 = {0.8,1.0,1.2,1.4}.

For each sample size, the exact null centering and scaling constants are computed from
Theorem 2. The observed adaptive maximum is then compared with the upper-tail critical
value obtained from Monte Carlo simulation of the exact Dirichlet null representation.
Equivalently, the Monte Carlo p-value is estimated as the proportion of simulated null
maxima that are at least as large as the observed adaptive maximum. Because all fixed-q
components are evaluated using the same Dirichlet samples, their dependence structure is
preserved automatically throughout the calibration. This calibration strategy preserves the
structural a priori construction of the tuning grid while keeping it entirely separate from
the subsequent assessment of power under specific alternatives.

Supplementary File S1 contains illustrative R scripts for a representative fixed-g sim-
ulation under a linear-failure-rate alternative, together with exponential Q-Q and TTT
graphical diagnostics. The complete adaptive calibration and inference procedure is devel-
oped and specified mathematically in Sections 3 and 5 of the main text.

4. Monte Carlo Validation of the Stability-Based Grid Design

This section evaluates the finite-sample performance of the fixed-q statistics developed
in Sections 2 and 3. Its objective is not to select or refine the adaptive tuning grid retro-
spectively. Instead, the simulation study provides an independent empirical assessment of
whether the a priori structural design captures genuinely distinct sensitivity profiles while
avoiding unnecessary redundancy among neighboring components. The investigation
therefore examines both directional power and the extent to which no single fixed-4 statistic
performs uniformly best across a representative collection of IFR alternatives.

4.1. Simulation Design

The simulation study is conducted under the exponential null model together with
three representative IFR alternatives: the linear failure rate (LFR), Makeham, and Weibull
models. The broader exploratory tuning grid is defined as Qg = {0.8,1.0,1.2,1.4,1.6,1.8};
where values below 0.8 are excluded because the corresponding endpoint-stabilized score
functions exhibit slow finite-sample convergence. The adaptive procedure investigated
in Section 5 is based on the more parsimonious grid Q4 = {0.8,1.0,1.2,1.4}, which was
selected a priori according to the structural design principles established in Section 3.

The LFR distribution is generated from the survival function

Si(x) = e~ (¥ H050x%) 0 4 S 0,
The Makeham distribution is generated from
So(x) =exp{—x—a(x+e*—-1)}, x>0, a>0.
The Weibull distribution is generated from
S(x) = e ™, x>0,a>0.

In each case, the exponential model is recovered at the no-aging boundary, while
larger alpha values represent stronger IFR departures. Fixed-q experiments use n = 20, 30,
40, and 50. For each n and g, upper-tail critical values are estimated from 50,000 standard
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exponential samples using the exact finite-sample centering and scaling in Theorem 2. Each
reported power is based on 20,000 independent samples. The adaptive experiments use
100,000 null samples for critical values and 20,000 samples per alternative.

All tests are calibrated at the nominal 5% level. A fixed-q test rejects for a large
standardized component, while the Adaptive CRE-PH Test rejects for a large value of the
maximum. Random-number streams were prespecified and separated by task: calibration
samples, empirical-size samples, and alternative samples were generated with independent
seeds. All tables and figures were produced under the same implementation protocol.

To further assess finite-sample calibration, empirical rejection probabilities under the
exponential null were monitored for every sample size considered. Across all settings,
the observed rejection frequencies remained close to the nominal 5% significance level,
indicating accurate finite-sample size control. Since the empirical sizes were estimated from
20,000 independent Monte Carlo samples, the Monte Carlo standard error at the nominal

level is approximately 1/0.05(0.95) /20, 000. Consequently, deviations of the order observed
in the simulation study are consistent with ordinary Monte Carlo sampling variability and
do not indicate systematic miscalibration of the proposed procedure.

Accordingly, the simulation results corroborate the exact finite-sample calibration
established in Section 3 and demonstrate that the proposed adaptive procedure maintains
the nominal significance level consistently across the range of sample sizes considered.

4.2. Fixed-q Power Under LFR Alternatives

Table 1 and Figure 2 report the fixed-q power under LFR alternatives. Power increases
with n and «. Across the examined settings, q = 1.2 is typically best, with q = 1.0 and
q = 1.4 close behind. The endpoints q = 0.8 and q = 1.8 are generally weaker, showing
that neither the smallest nor the largest candidate is uniformly preferable.

Table 1. Empirical power of the exactly standardized fixed-q statistic for the LFR distribution at

v = 0.05.

Dist. fod q=0.8 q=10 q=12 qg=14 q=16 q=18
1.2 0.3265 0.3341 0.3352 0.3307 0.3236 0.3118

1.5 0.3679 0.3769 0.3786 0.3740 0.3649 0.3527

n=20 2.0 0.4251 0.4339 0.4348 0.4300 0.4193 0.4048
25 0.4723 0.4833 0.4878 0.4845 0.4763 0.4583

3.0 0.5080 0.5212 0.5244 0.5203 0.5100 0.4950

1.2 0.4477 0.4611 0.4621 0.4566 0.4430 0.4188

1.5 0.5047 0.5217 0.5241 0.5202 0.5070 0.4812

n = 30 2.0 0.5749 0.5935 0.5964 0.5936 0.5788 0.5545
2.5 0.6370 0.6594 0.6646 0.6606 0.6464 0.6220

3.0 0.6813 0.7006 0.7053 0.7005 0.6894 0.6634

1.2 0.5585 0.5735 0.5761 0.5617 0.5429 0.5150

1.5 0.6297 0.6455 0.6462 0.6333 0.6115 0.5828

n =40 2.0 0.7104 0.7272 0.7311 0.7175 0.6997 0.6716
2.5 0.7658 0.7863 0.7927 0.7811 0.7641 0.7401

3.0 0.8083 0.8238 0.8279 0.8175 0.8030 0.7772

1.2 0.6562 0.6809 0.6865 0.6753 0.6454 0.6070

1.5 0.7229 0.7470 0.7543 0.7446 0.7155 0.6794

n=>50 2.0 0.7991 0.8220 0.8282 0.8199 0.7956 0.7648
2.5 0.8519 0.8720 0.8764 0.8699 0.8491 0.8221

3.0 0.8858 0.9016 0.9079 0.9032 0.8864 0.8620
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Figure 2. Empirical power over 4 € {0.8,1.0,...,1.8} for n = 20, 30, 40, and 50 under the LFR
distribution, with« = 1.2,1.5, and 2.0. Blue circles, orange squares, green triangles, and red diamonds
denote n = 20, 30, 40, and 50, respectively; solid lines connect the empirical power values across q.
The LFR experiment therefore favors a moderate tuning value. For example, at n = 50
and « = 2.0, powers for g = 0.8, 1.0, 1.2, 1.4, 1.6, and 1.8 are 0.799, 0.822, 0.828, 0.820,
0.796, and 0.765, respectively. This relatively flat peak around g = 1.2 supports a compact
adaptive grid centered on moderate values.
4.3. Fixed-q Power Under Makeham Alternatives
Table 2 and Figure 3 present the Makeham results. These alternatives are more difficult
to detect, especially for small n and weak aging. The best performance shifts toward g = 1.4
or g = 1.6, although neighboring values remain close. Thus, the preferred tuning value
differs from the LFR case.
Makeham alternative, o« = 1.2 Makeham alternative, a = 1.5 Makeham alternative, a = 2.0
1.0 o
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0.6
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Figure 3. Empirical power over q € {0.8,1.0,...,1.8} for n = 20, 30, 40, and 50 under the Makeham
distribution, with« = 1.2,1.5, and 2.0. Blue circles, orange squares, green triangles, and red diamonds
denote n = 20, 30, 40, and 50, respectively; solid lines connect the empirical power values across q.
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Table 2. Empirical power of the exactly standardized fixed-q statistic for the Makeham distribution at

v = 0.05.

Dist. o q=038 q=1.0 qg=12 qg=14 q=1.6 q=18
1.2 0.1862 0.1917 0.1972 0.1983 0.1987 0.1961

1.5 0.2190 0.2266 0.2306 0.2322 0.2299 0.2248

n =20 2.0 0.2575 0.2676 0.2758 0.2782 0.2769 0.2726
2.5 0.3026 0.3147 0.3234 0.3261 0.3245 0.3215

3.0 0.3441 0.3578 0.3679 0.3719 0.3685 0.3646

1.2 0.2364 0.2512 0.2594 0.2633 0.2658 0.2615

1.5 0.2867 0.3026 0.3113 0.3170 0.3191 0.3079

n = 30 2.0 0.3555 0.3800 0.3912 0.3991 0.3978 0.3882
2.5 0.4138 0.4395 0.4526 0.4603 0.4587 0.4464

3.0 0.4670 0.4949 0.5110 0.5216 0.5219 0.5060

1.2 0.2903 0.3075 0.3204 0.3215 0.3224 0.3142

1.5 0.3443 0.3696 0.3856 0.3928 0.3907 0.3825

n =40 2.0 0.4299 0.4587 0.4773 0.4833 0.4813 0.4709
2.5 0.4999 0.5315 0.5524 0.5575 0.5582 0.5452

3.0 0.5621 0.5979 0.6206 0.6259 0.6207 0.6069

1.2 0.3306 0.3603 0.3826 0.3918 0.3890 0.3769

1.5 0.4080 0.4432 0.4659 0.4749 0.4701 0.4552

n = 50 2.0 0.5050 0.5484 0.5772 0.5853 0.5794 0.5601
2.5 0.5777 0.6237 0.6522 0.6630 0.6572 0.6361

3.0 0.6518 0.6993 0.7236 0.7331 0.7214 0.7028

The Makeham pattern confirms that the tuning parameter changes the sensitivity

profile. A value optimized for LFR need not be optimal for Makeham departures, but the

useful region remains moderate and the gains from g > 1.4 are small. This observation

motivates including g = 1.4 in the adaptive grid while excluding more extreme components

from the maximum.

4.4. Fixed-q Power Under Weibull Alternatives

Table 3 and Figure 4 summarize the Weibull results. For mild departures, power tends

to increase through q = 1.6 or g = 1.8; for « > 2, all moderate and large q values rapidly

approach unit power. Thus, larger q values are especially useful for mild Weibull-type

wear-out, whereas differences among moderate and large q values become negligible under

stronger departures.

‘Weibull alternative, a = 1.2

‘Weibull alternative, a = 1.5

‘Weibull alternative, a = 2.0

1.0 -

0.8 +

=
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Empirical power
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Figure 4. Empirical power over g4 € {0.8,1.0,...,1.8} for n = 20, 30, 40, and 50 under the Weibull
distribution, with« = 1.2,1.5, and 2.0. Blue circles, orange squares, green triangles, and red diamonds

denote n = 20, 30, 40, and 50, respectively; solid lines connect the empirical power values across q.
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Table 3. Empirical power of the exactly standardized fixed-q statistic for the Weibull distribution at

v = 0.05.
Dist. o3 q=0.8 q=1.0 g=12 qg=14 qg=16 q=18
1.2 0.1872 0.1973 0.2031 0.2097 0.2124 0.2140
1.5 0.5636 0.5961 0.6192 0.6353 0.6411 0.6427
n=20 2.0 0.9571 0.9696 0.9761 0.9790 0.9802 0.9793
2.5 0.9993 0.9997 0.9998 0.9998 0.9998 0.9997
3.0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.2 0.2443 0.2648 0.2778 0.2917 0.2980 0.2970
1.5 0.7300 0.7764 0.8028 0.8205 0.8294 0.8258
n = 30 2.0 0.9960 0.9984 0.9990 0.9991 0.9991 0.9991
2.5 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
3.0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.2 0.2953 0.3195 0.3411 0.3527 0.3622 0.3654
1.5 0.8415 0.8816 0.9062 0.9169 0.9220 0.9217
n =40 2.0 0.9993 0.9996 0.9997 0.9998 0.9998 0.9999
2.5 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
3.0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.2 0.3338 0.3729 0.4017 0.4232 0.4320 0.4335
1.5 0.9079 0.9416 0.9589 0.9656 0.9670 0.9640
n =50 2.0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
2.5 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
3.0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

The Weibull results show that g4 = 1.8 can be useful for mild wear-out, but it adds little
once the departure is moderate. Its inclusion in a fixed-q sensitivity study is informative,
whereas including it in the adaptive maximum produces an extra multiplicity cost with
limited incremental benefit.

4.5. Summary of Tuning-Parameter Sensitivity

The fixed-g simulations lead to a clear structural conclusion. The LFR alternatives
exhibit their strongest performance for tuning values around g = 1.2, the Makeham
alternatives favor values near 4 = 1.4-1.6, and the milder Weibull alternatives attain their
highest power for g around 1.6-1.8. Thus, no individual fixed-g statistic is uniformly
optimal across the representative IFR models considered, although the most informative
sensitivity region is consistently concentrated around moderate tuning values.

These empirical findings validate, rather than determine, the proposed adaptive
design. The a priori tuning grid captures the principal moderate score geometries while
excluding components that either exhibit excessive endpoint sensitivity or contribute little
additional geometric diversity. Accordingly, the fixed-q power results should be interpreted
as an independent post-design validation of the structural grid rather than as a data-driven
tuning-selection procedure.

5. Performance of the Adaptive CRE-PH Test and Comparison with
Existing Procedures

This section evaluates the finite-sample performance of the Adaptive CRE-PH Test
and compares it with existing nonparametric procedures for testing exponentiality against
IFR alternatives. The objective is not merely to determine whether the adaptive statistic
achieves high power, but to assess whether it provides robust and reliable performance
when the underlying form of positive aging is unknown.
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5.1. Adaptive Statistic Used in the Simulation Study

The adaptive statistic is computed from the exact finite-sample standardized compo-
nents in Theorem 2. The prespecified grid is the four-point set introduced in Section 3.4. Its
members represent distinct moderate score geometries while avoiding the most endpoint-
sensitive and highly redundant candidates. The fixed-q study in Section 4 is used only as a
post-design diagnostic of this structural choice, not as a retrospective grid-selection rule
Q4 ={08,1.0,1.2,14}.

Foreach q € Q4, Z,(q) uses the exact null mean and variance in Theorem 2, and T;7®*
is their maximum. Critical values are generated from the exact Dirichlet null representation,
so dependence among the four components is retained.

The adaptive calibration is simulation-based only in its numerical implementation:
the distribution being simulated is the exact joint finite-sample null law established in
Theorem 2. Consequently, no independence approximation, Bonferroni adjustment, or
asymptotic calibration is required. The mathematical development of the adaptive calibra-
tion is presented in Section 3, whereas Supplementary File S1 provides only illustrative R
scripts for a representative fixed-g simulation together with the graphical diagnostics used
in the real-data applications.

5.2. Empirical Size of the Adaptive CRE-PH Test

The first step of the simulation study is to verify the numerical implementation of the
exact finite-sample null distribution developed in Section 3. The critical values reported
in Table 4 are obtained from a prespecified principal calibration stream consisting of
100,000 independent standard exponential samples, whereas the empirical significance
levels are evaluated using an independent set of 50,000 samples. To assess the numerical
stability of the calibration, the section on Monte Carlo Calibration Stability further considers
ten additional independent calibration streams generated with different random seeds.

Table 4. Empirical size of the Adaptive CRE-PH Test at v = 0.05.

n Critical Value Empirical Size MC SE 95% CI

25 1.6812 0.0481 0.0010 (0.0462, 0.0500)
50 1.7128 0.0493 0.0010 (0.0474, 0.0512)
100 1.7491 0.0494 0.0010 (0.0475, 0.0513)

Note. The adaptive grid is Q4 = {0.8,1.0,1.2,1.4}. Critical values were estimated from 100,000 null
samples, and empirical sizes were evaluated using an independent set of 50,000 null samples. The
approximate 95% confidence intervals are calculated as the empirical size plus or minus 1.96 times its
Monte Carlo standard error. Q4 = {0.8,1.0,1.2,1.4}.

The empirical sizes are close to 0.05 for all sample sizes, and the nominal level lies
within every approximate 95% Monte Carlo confidence interval reported in Table 4. These
results demonstrate that exact joint centering and scaling, combined with Dirichlet Monte
Carlo evaluation of the adaptive maximum, successfully controls the overall Type I er-
ror rate at the nominal significance level. The repeated-seed analysis presented below
further confirms that this conclusion is robust and does not depend on any particular
calibration stream.

Monte Carlo Calibration Stability

To assess numerical reproducibility, the complete adaptive calibration was repeated
ten times for each sample size using independent random seeds. Each calibration run used
100,000 draws from the exact Dirichlet null representation. For every run, empirical size
was then evaluated on a separate independent sample of 50,000 null draws. The results are
summarized in Table 5.
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Table 5. Stability of the adaptive critical values and empirical sizes over ten independent Monte
Carlo calibration runs.

n Critical Value: Mean (SD) Critical-Value Range =~ Empirical Size: Mean (SD) Empirical-Size Range
25 1.6695 (0.0065) 1.6587-1.6798 0.0505 (0.0010) 0.0489-0.0524

50 1.7068 (0.0051) 1.6971-1.7129 0.0495 (0.0011) 0.0482-0.0511
100 1.7431 (0.0048) 1.7322-1.7488 0.0490 (0.0010) 0.0472-0.0506

Each critical value is estimated as the 95th percentile of 100,000 independent draws
from the exact Dirichlet null distribution. The empirical significance level is evaluated
using a separate set of 50,000 independent null draws for each calibration run. The re-
ported standard deviations measure the variability of the estimated critical values across
independent calibration streams.

Across all sample sizes, the between-stream standard deviation of the estimated critical
value never exceeds 0.0065, while the corresponding empirical significance levels remain
consistently close to the nominal level of 0.05. These results indicate that repeated calibra-
tion introduces only negligible numerical variability and has no practically meaningful
effect on the Type I error rate. Consequently, the Monte Carlo implementation provides a
stable and reproducible numerical evaluation of the exact Dirichlet null distribution.

5.3. Power Comparison Between the Adaptive and Selected Fixed-q Tests

The next comparison diagnoses the multiplicity cost directly. For each alternative, the
adaptive statistic is compared with all four members of Q 4. The adaptive procedure is
not expected to dominate the best fixed component, which is an oracle selected after the
alternative is known. A meaningful stability criterion is that the adaptive power remains
between the weakest and strongest grid components and close to the oracle maximum.

Tables 6-8 demonstrate the anticipated performance of the proposed adaptive pro-
cedure. Across all reported scenarios, the adaptive power consistently lies between the
weakest and strongest fixed-q components and, in most cases, remains within only a few
percentage points of the oracle maximum. These findings indicate that the adaptive pro-
cedure incurs only a modest multiplicity penalty while avoiding the poor performance
associated with any single unfavorable tuning choice. Moreover, the restricted a priori
grid mitigates the loss of power that would otherwise arise from including weak or highly
redundant components.

Table 6. Power of the Adaptive CRE-PH Test and its four fixed-q components for n = 25 and v = 0.05.

Dist. o q=0.38 q=1.0 qg=12 qg=14 Adaptive
12 0.3795 0.3910 0.3929 0.3885 0.3859
15 0.4330 0.4479 0.4463 0.4427 0.4415
LFR 2.0 0.5068 0.5203 0.5234 0.5187 0.5179
2.5 0.5595 0.5770 0.5807 0.5762 0.5734
3.0 0.5993 0.6160 0.6213 0.6186 0.6161
12 0.2151 0.2254 0.2311 0.2331 0.2309
1.5 0.2449 0.2592 0.2681 0.2740 0.2691
Makeham 2.0 0.3047 0.3236 0.3301 0.3357 0.3305
2.5 0.3522 0.3715 0.3833 0.3906 0.3827
3.0 0.3970 0.4203 0.4330 0.4411 0.4330
12 0.2089 0.2248 0.2352 0.2439 0.2372
15 0.6444 0.6887 0.7164 0.7374 0.7244
Weibull 2.0 0.9843 0.9908 0.9933 0.9947 0.9939
2.5 1.0000 1.0000 1.0000 1.0000 1.0000
3.0 1.0000 1.0000 1.0000 1.0000 1.0000

https:/ /doi.org/10.3390/math14162902


https://doi.org/10.3390/math14162902

Mathematics 2026, 14, 2902

19 of 29

Table 7. Power of the Adaptive CRE-PH Test and its four fixed-q components for n = 50 and v = 0.05.

Dist. o q=038 q=1.0 qg=12 qg=14 Adaptive
12 0.6495 0.6728 0.6731 0.6586 0.6627
1.5 0.7259 0.7468 0.7480 0.7319 0.7386
LFR 2.0 0.7997 0.8214 0.8239 0.8118 0.8175
2.5 0.8503 0.8699 0.8710 0.8618 0.8653
3.0 0.8858 0.9030 0.9074 0.8991 0.9020
12 0.3350 0.3624 0.3762 0.3849 0.3790
15 0.4035 0.4360 0.4526 0.4617 0.4543
Makeham 2.0 0.5011 0.5435 0.5645 0.5718 0.5638
2.5 0.5872 0.6281 0.6493 0.6561 0.6492
3.0 0.6478 0.6891 0.7111 0.7180 0.7108
12 0.3379 0.3739 0.4014 0.4205 0.4079
15 0.9035 0.9372 0.9545 0.9634 0.9576
Weibull 2.0 1.0000 1.0000 1.0000 1.0000 1.0000
2.5 1.0000 1.0000 1.0000 1.0000 1.0000
3.0 1.0000 1.0000 1.0000 1.0000 1.0000

Table 8. Power of the Adaptive CRE-PH Test and its four fixed-q components for n = 100 and

v = 0.05.

Dist. o q=038 q=1.0 qg=12 qg=14 Adaptive

12 0.9174 0.9324 0.9313 0.9161 0.9258

1.5 0.9517 0.9637 0.9634 0.9549 0.9605

LFR 2.0 0.9781 0.9843 0.9844 0.9801 0.9825

2.5 0.9888 0.9927 0.9933 0.9908 0.9920

3.0 0.9950 0.9970 0.9969 0.9957 0.9962

12 0.5220 0.5842 0.6166 0.6272 0.6135

15 0.6258 0.6865 0.7200 0.7266 0.7150

Makeham 2.0 0.7473 0.8075 0.8363 0.8439 0.8345

2.5 0.8298 0.8814 0.9039 0.9081 0.9014

3.0 0.8880 0.9286 0.9454 0.9489 0.9438

12 0.5319 0.6034 0.6510 0.6814 0.6592

15 0.9944 0.9989 0.9996 0.9997 0.9994

Weibull 2.0 1.0000 1.0000 1.0000 1.0000 1.0000

2.5 1.0000 1.0000 1.0000 1.0000 1.0000

3.0 1.0000 1.0000 1.0000 1.0000 1.0000

5.4. Comparison with Existing Nonparametric Procedures

For a comprehensive performance assessment, the proposed adaptive procedure is
compared with several well-established nonparametric tests for exponentiality against
IFR alternatives. These benchmark procedures were selected because they represent the
principal methodological paradigms developed for this problem, including tests based
on normalized spacings, U-statistics, L-statistics, moment inequalities, and entropy-based
measures of departure from exponentiality. The resulting power comparisons are reported
in Tables 9-11 for the three sample-size settings considered.

Klefsjo’s [9] spacing-based statistic is denoted by V;. The U-statistic of Ahmad [7] is
V», the second-moment inequality test of Ahmad et al. [15] is V3, the L-statistic of Mitra and
Anis [11] is V4, and the moment-inequality statistic of Ahmad [16] is V5. The entropy test
of Algefari [13] is denoted by Vj and is evaluated at f = 0.6,0.8, and 1.0. The restricted
adaptive statistic T, is included as the final competitor.
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The proposed adaptive procedure remains highly competitive with the established
benchmark tests. Although it is not uniformly the most powerful across all scenarios,
its performance consistently remains close to that of the strongest competing procedure
over the three representative IFR families while improving monotonically with both the
sample size and the strength of departure from exponentiality. Its principal advantage
lies in providing a single a priori decision rule supported by an exact finite-sample null
distribution, thereby avoiding the retrospective selection of an optimal tuning parameter.

Table 9. Power comparison with existing tests at n = 25 and «y = 0.05.

Distribution x V1 V2 V3 V4 V5 V0.6 Vo.g V1.0 Adaptive
1.2 0.3200 0.1966  0.2560  0.3930 0.2690 0.3920 0.4338  0.3998 0.3859
1.5 0.3586 02110 0.2944  0.4228 0.3098 0.4582 0.4846  0.4456 0.4415
LFR 2.0 04168 02022 03504 0.5100 0.3356 0.5220 0.5610  0.5158 0.5179
25 0.4414 02020 0.3758  0.5658 0.3922 0.5698 0.5992  0.5800 0.5734
3.0 05052 0.1922 0.4106  0.6066 0.4292 0.6224 0.6496 0.6164 0.6161
1.2 0.1788 0.1184 0.1508  0.2230 0.1472 0.2356 0.2478  0.2090 0.2309
1.5 0.2158 0.1180 0.1884  0.2672 0.1796 0.2754 02776  0.2484 0.2691
Makeham 2.0 02508 01272  0.2230  0.3358 0.2218 0.3518 0.3594  0.2964 0.3305
25 02974 0.1288 0.2634  0.3726 0.2494 0.4024 0.4146  0.3538 0.3827
3.0 03254 0.1320 0.2842  0.4298 0.2864 0.4476 0.4638  0.3956 0.4330
1.2 0.1664 02006 0.1366  0.2480 0.1434 0.2396 0.2548  0.2232 0.2372
1.5 04380 0.5736 04172  0.7420 0.4086 0.7444 0.7544  0.6844 0.7244
Weibull 2.0 0.8168 09638 0.8768  0.9950 0.8952 0.9972 09978 09914 0.9939
25 09504 09994 09958  1.0000 0.9958 1.0000 1.0000  1.0000 1.0000
3.0 09874  1.0000 1.0000  1.0000 0.9998 1.0000 1.0000  1.0000 1.0000
Table 10. Power comparison with existing tests at n = 50 and v = 0.05.
Distribution o Vi Vy V3 V4 Vs Vos Vos Vio Adaptive
1.2 05066  0.4112 05104 0.6520 0.5304 0.6368 0.6694  0.6664 0.6627
1.5 05794 04444 05738 0.7122 0.5978 0.7138 0.7422  0.7324 0.7386
LFR 2.0 0.6542 0.4838 0.6568  0.7994 0.6834 0.8090 0.8294  0.8096 0.8175
25 0.7108 04912 0.7056  0.8564 0.7322 0.8576 0.8694  0.8584 0.8653
3.0 0.7436  0.4996 0.7500  0.8838 0.7730 0.8934 09152  0.9018 0.9020
1.2 0.2834 0.1924 0.2638  0.4028 0.2602 0.3732 0.3622  0.3564 0.3790
1.5 0.3336 0.2214 0.3128 0.4770 0.3004 0.4590 04328  0.4568 0.4543
Makeham 2.0 0.4250 0.2562 0.3876  0.5780 0.3692 0.5648 0.5608  0.5472 0.5638
25 0.4836  0.2682 04506  0.6752 0.4468 0.6372 0.6430 0.6334 0.6492
3.0 05446 02746 05134 0.7230 0.4948 0.7034 0.7084  0.6956 0.7108
1.2 0.2846  0.2856  0.2012  0.4224 0.2028 0.4122 0.4054  0.3656 0.4079
1.5 0.7442  0.8348 0.6962  0.9658 0.6858 0.9686 09572 09418 0.9576
Weibull 2.0 09788 09994 0.9968  1.0000 0.9972 1.0000 1.0000  1.0000 1.0000
25 09984 1.0000 1.0000  1.0000 1.0000 1.0000 1.0000  1.0000 1.0000
3.0 1.0000 1.0000  1.0000  1.0000 1.0000 1.0000 1.0000  1.0000 1.0000
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Table 11. Power comparison with existing tests at n = 100 and y = 0.05.
Distribution x V1 Vz V3 V4 V5 V0.6 VO,S Vl.() Adaptive
12 0.7794  0.6592  0.8192 0.9306  0.8424 09202  0.9426  0.9452 0.9258
15 0.8384 0.7166  0.8812  0.9568  0.8946 09610  0.9718  0.9694 0.9605
LFR 2.0 0.8970  0.7766  0.9290 0.9818  0.9424 0.9830  0.9872  0.9880 0.9825
2.5 09276 07970 09516  0.9916  0.9628 0.9926  0.9954  0.9938 0.9920
3.0 0.9534 0.8020 0.9702  0.9960  0.9792 0.9952  0.9978  0.9986 0.9962
12 0.4726 03588  0.4204 0.6308  0.4372 0.6360  0.6068  0.5822 0.6135
15 0.5582 04132 0.5042 0.7240  0.5294 0.7356  0.7102  0.7110 0.7150
Makeham 2.0 0.6664 04944 0.6282 0.8360  0.6424 0.8628  0.8318  0.8216 0.8345
2.5 0.7566  0.5226 ~ 0.7120  0.9100  0.7300 09126 09026  0.8918 0.9014
3.0 0.8040 0.5756 0.7846  0.9440  0.7970 09520  0.9434 0.9304 0.9438
12 0.4428 04804 0.3366 0.7080  0.3664 0.7062  0.6482  0.6052 0.6592
1.5 0.9330 0.9878  0.9532  0.9998  0.9542 0.9998  0.9996  0.9994 0.9994
Weibull 2.0 0.9996  1.0000 1.0000  1.0000  1.0000 1.0000  1.0000  1.0000 1.0000
2.5 1.0000  1.0000  1.0000  1.0000  1.0000 1.0000  1.0000  1.0000 1.0000
3.0 1.0000  1.0000  1.0000  1.0000  1.0000 1.0000  1.0000  1.0000 1.0000
5.5. Power Under an IFRA-but-Not-IFR Alternative
Example 2 shows that the population sign condition extends beyond strict IFR ag-
ing. To examine whether this broader theoretical domain also yields practical detection
capability, we simulated the Adaptive CRE-PH Test under the lifetime of a two-component
parallel system with independent exponential components having rates Ay = 1 and A, = 2.
The system lifetime is IFRA but not globally IFR: its hazard rate is non-monotone, whereas
the average hazard remains non-decreasing.
The experiment follows the same calibration protocol adopted throughout Section 5.
For each sample size, the adaptive critical value is obtained from 100,000 Monte Carlo
draws from the exact Dirichlet null distribution, whereas power is estimated from 20,000
independently generated parallel-system lifetimes. The resulting rejection probabilities are
reported together with the four exactly standardized fixed-g statistics corresponding to the
prespecified adaptive grid. These results are summarized in Table 12.
Table 12. Empirical power under the IFRA-but-not-IFR parallel exponential system with A; = 1 and
Ay =2 aty = 0.05.
n Adaptive Critical Value Adaptive q=08 q=10 qg=12 q=14
25 1.6796 0.3934 0.2822 0.3257 0.3691 0.4075
50 1.7107 0.6399 0.4069 0.4990 0.5890 0.6650
100 1.7416 0.8854 0.5622 0.7061 0.8261 0.9051

The results show substantial and steadily increasing sensitivity to this IFRA-but-
not-IFR alternative. Adaptive power rises from 0.3934 at n = 25 to 0.6399 at n = 50
and 0.8854 at n = 100. Among the fixed components, larger tuning values are more
sensitive for this benchmark, with 4 = 1.4 attaining the highest componentwise power. The
adaptive maximum remains close to the strongest fixed component while retaining a single
prespecified rule. Thus, the broader IFRA domain is not merely formal; it is accompanied
by meaningful finite-sample detection capability.

5.6. Specificity Under DFR and Bathtub-Shaped Alternatives

To assess directional specificity, the Adaptive CRE-PH Test was simulated under
Weibull DFR models with shape « = 0.5,0.7, and 0.9, and under piecewise-exponential
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bathtub hazards. For the bathtub models, the hazardis A for0 < t < 0.5, A, for0.5 <t <2,
and A3 for t > 2. The balanced, mild late-dominant, and strong late-dominant profiles use
(A1,A2,A3) = (1.5,0.5,1.2), (1.2,0.6,1.8), and (1.2,0.25,4.0), respectively. The correspond-
ing rejection rates are reported in Table 13.

Table 13. Rejection rates of the Adaptive CRE-PH Test under off-direction alternatives.

Alternative Parameter/Profile n=25 n =50 n =100
Weibull DFR a=05 0.0000 0.0000 0.0000
a=0.7 0.0006 0.0001 0.0000

a=09 0.0161 0.0094 0.0034

Piecewise bathtub Balanced 0.0061 0.0053 0.0034
Mild late-dominant 0.0483 0.0943 0.1989

Strong late-dominant 0.3773 0.7353 0.9740

The rejection rates under the DFR alternatives remain at or below the nominal signif-
icance level, providing empirical evidence of the directional specificity of the proposed
procedure with respect to decreasing hazard functions. The results for the bathtub alterna-
tives are more nuanced. Nearly symmetric bathtub profiles are rarely rejected, whereas
the rejection probability increases progressively as the late-life increasing phase becomes
more dominant. Consequently, rejection should be interpreted as evidence of departure
from exponentiality in an IFR-sensitive direction rather than as definitive evidence that the
hazard function is globally increasing.

5.7. Overall Simulation Conclusions

The simulation study leads to five principal conclusions. First, the exactly standardized
fixed-q statistics exhibit increasing power as both the sample size and the strength of
departure from exponentiality increase. Second, the most effective tuning value depends on
the underlying IFR model but is consistently located within a moderate range of 4. Third,
the adaptive maximum based on the prespecified restricted grid consistently achieves
power between the weakest and strongest fixed-g components while remaining close to
the oracle maximum. Fourth, the parallel-system experiment demonstrates meaningful
detection capability under an IFRA-but-not-IFR alternative, providing empirical support
for the broader population sign condition established in Section 2. Finally, the DFR and
bathtub experiments confirm that rejection should be interpreted as directional evidence of
an IFR-oriented departure from exponentiality rather than as a definitive classification of
the global hazard shape.

This final point is particularly important in reliability applications. The Adaptive CRE-
PH Test is designed to detect departures from exponentiality in the direction of increasing
failure rates; it is not intended to serve as a general hazard-shape classifier. Consequently,
formal rejection should be interpreted together with complementary graphical diagnostics,
such as the TTT plot, or other hazard-shape assessment tools before concluding that the
underlying lifetime distribution is globally IFR.

6. Illustrative Real-Data Applications

The purpose of this section is to illustrate the practical application and interpretation of
the Adaptive CRE-PH Test in reliability studies rather than to provide a formal classification
of hazard-function shapes. The proposed procedure is a directional test of exponentiality
against IFR alternatives. By contrast, the accompanying graphical tools—including the
exponential Q-Q plot and the TTT transform—serve solely as exploratory diagnostic aids
for visualizing the overall aging pattern of the data. These graphical displays complement
the formal hypothesis test but do not constitute independent inferential procedures. Ac-
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cordingly, the real-data analyses are intended to demonstrate the recommended inferential
workflow rather than to establish formal hazard-shape classifications.

Three lifetime datasets are analyzed. For each dataset, we report the adaptive p-value
together with an exponential Q-Q plot and a TTT transform. The formal null hypothesis is
exponentiality, and rejection provides statistical evidence of departure in the IFR-sensitive
direction. The graphical diagnostics are included only to aid interpretation of the observed
aging pattern and should not be regarded as formal evidence for any particular hazard-
function class. Definitive identification of IFR, DFR, bathtub, or other hazard structures
requires dedicated shape-specific inferential procedures.

Under exponentiality, the TTT curve is expected to lie close to the diagonal. A pre-
dominantly concave curve is consistent with IFR-type behavior, whereas a predominantly
convex curve is suggestive of DFR behavior. An S-shaped curve indicates a non-monotone
hazard structure, such as a bathtub-shaped hazard. In these situations, the Adaptive CRE-
PH Test should be interpreted as detecting an IFR-oriented departure from exponentiality
rather than as establishing a globally increasing hazard function. As demonstrated by the
off-direction simulation experiments in Section 5.6, this distinction is particularly impor-
tant for bathtub distributions, where a pronounced late-life wear-out phase may generate
substantial directional evidence despite the absence of globally monotone aging.

6.1. Glass Fiber Strengths

The first dataset consists of tensile strengths of glass fibers of length 1.5 cm, originally
reported by Smith and Naylor [17]. These data are frequently used in lifetime and reliability
modeling because they exhibit a clear departure from a simple exponential baseline and
are commonly associated with Weibull-type behavior.

Table 14 provides descriptive evidence that the exponential model does not adequately
represent the data. Specifically, the exponential fit yields a K-S statistic of 0.4180 with
a p-value below 0.001, indicating substantial lack of fit. By comparison, the Weibull
model achieves the smallest AIC and BIC values and is not rejected by the K-S test at
the 5% significance level, suggesting that a non-exponential aging model provides a more
appropriate description of the observed lifetimes.

Table 14. Parametric model selection criteria for the glass fiber strength data.

Distribution Log-Likelihood AIC BIC K-S p-Value

Exponential —88.8303 179.6606 181.8038 0.4180 0.0000
Weibull —15.2068 34.4137 38.7000 0.1522 0.1079

Log-normal —28.0049 60.0099 64.2961 0.2313 0.0024
Gamma —23.9515 51.9031 56.1893 0.2164 0.0055

The exponential Q-Q plot in Figure 5 shows systematic curvature, and the TTT plot
is concave. The fixed-q statistics and the adaptive statistic are all highly significant. The
formal rejection is therefore compatible with, but not independently confirmed by, the
IFR-like graphical pattern.

6.2. Device Failure Times

The second dataset consists of the 50 device lifetimes reported by Aarset [18], a
benchmark dataset widely recognized for exhibiting a bathtub-shaped hazard function. It
is included intentionally as an out-of-class diagnostic example to illustrate an important
interpretational aspect of the proposed methodology. Specifically, it demonstrates that
rejection of exponentiality by an IFR-oriented test should not be interpreted, in isolation, as
evidence of a globally increasing hazard function.
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Figure 5. Exponential Q-Q plot and TTT plot for the glass fiber strength data. In the Q-Q panel,
the straight reference line represents the fitted exponential model; in the TTT panel, the diagonal
represents the exponential benchmark. The blue points are the observed sample quantiles and the
red straight line is the fitted exponential reference; in the TTT panel, the black empirical TTT curve is
compared with the gray diagonal exponential benchmark.

Table 15 indicates only borderline evidence against the exponential model according
to the K-S test. For the present illustrative example, however, the S-shaped TTT curve
provides descriptive evidence of a non-monotone aging pattern. Neither the parametric
model comparison nor the graphical diagnostics should be interpreted as formal inferential
procedures for classifying the data as IFR or for establishing a bathtub hazard. Such
conclusions require dedicated shape-specific inferential methods.

Table 15. Parametric model selection criteria for the device failure-time data.
Distribution Log-Likelihood AIC BIC K-S p-Value
Exponential —241.0896 484.1792 486.0912 0.1911 0.0519
Weibull —241.0018 486.0036 489.8277 0.1927 0.0487
LFR —238.0636 480.1272 483.9513 0.1768 0.0877
Gamma —240.1902 484.3804 488.2045 0.2022 0.0335

The K-S p-value for the exponential model (p = 0.0519) lies only marginally above
the conventional 5% significance level and should therefore not be regarded as compelling
evidence in favor of exponentiality. Moreover, although the LFR model achieves the
smallest AIC among the fitted parametric models, AIC provides only a measure of relative
model adequacy and does not determine the qualitative shape of the underlying hazard
function. Consequently, it cannot, by itself, justify classifying these data as exhibiting IFR
behavior, particularly in light of the S-shaped TTT curve, which is descriptively consistent
with a non-monotone hazard pattern. The corresponding exponential Q-Q and TTT
diagnostics are shown in Figure 6.
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Figure 6. Exponential Q-Q plot and TTT plot for the device failure-time data. In the Q-Q panel,
the straight reference line represents the fitted exponential model; in the TTT panel, the diagonal
represents the exponential benchmark. The blue points are the observed sample quantiles and the
red straight line is the fitted exponential reference; in the TTT panel, the black empirical TTT curve is
compared with the gray diagonal exponential benchmark.

The highly significant adaptive p-value provides formal evidence of departure from
exponentiality in the direction of increasing failure rates. However, this result should not
be interpreted as establishing that the underlying lifetime distribution possesses a globally
increasing hazard function. In the present dataset, the accompanying TTT transform
exhibits an S-shaped pattern that is descriptively consistent with a bathtub-type hazard.
This graphical display is included solely as an exploratory diagnostic to characterize the
observed aging pattern, whereas the Adaptive CRE-PH Test provides formal directional
inference against exponentiality. Consequently, the numerical test and the TTT diagnostic
should be viewed as complementary rather than independent inferential tools, and their
combined use does not constitute a formal statistical procedure for distinguishing IFR
from bathtub hazards. Such discrimination requires dedicated hazard-shape inference
specifically designed for that purpose.

The primary role of the Adaptive CRE-PH Test is to provide formal directional evi-
dence against exponentiality in the direction of increasing failure rates rather than to classify
the global shape of the hazard function. When the accompanying graphical diagnostics
suggest more complex aging patterns, such as bathtub or upside-down bathtub hazards,
any conclusion regarding the underlying hazard structure should be based on dedicated
shape-specific inferential procedures rather than on the Adaptive CRE-PH Test alone.

6.3. Bladder Cancer Remission Times

The third dataset consists of remission times (in months) for 128 bladder cancer
patients, as reported by Shanker et al. [19]. It is included as a contrasting example in
which the exponential model receives no strong evidence against it from either the formal
Adaptive CRE-PH Test or the accompanying graphical diagnostics.

Figure 7 exhibits only mild upper-tail deviations from the exponential Q-Q line, and
the TTT curve remains close to the diagonal, both of which are descriptively consistent with
exponential behavior. The Adaptive CRE-PH Test likewise produces a non-significant p-
value (p = 0.5385), indicating that the exponential model is not rejected. Taken together, the
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formal test and the accompanying graphical diagnostics provide a coherent interpretation
in which there is no convincing evidence against exponentiality for this dataset.
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Figure 7. Exponential Q-Q plot and TTT plot for the bladder cancer remission-time data. In the
Q-Q panel, the straight reference line represents the fitted exponential model; in the TTT panel, the
diagonal represents the exponential benchmark. The blue points are the observed sample quantiles
and the red straight line is the fitted exponential reference; in the TTT panel, the black empirical TTT
curve is compared with the gray diagonal exponential benchmark.

6.4. Summary of Fixed-q and Adaptive Decisions

Table 16 summarizes the adaptive analyses for the three real-data applications. In ad-
dition to the four exactly standardized fixed-q components, it reports the adaptive statistic,
the corresponding Monte Carlo p-value, and the resulting testing decision. The glass-fiber
data provide overwhelming evidence against exponentiality, while the accompanying TTT
curve is descriptively consistent with an IFR aging pattern. The Aarset device-lifetime
data also yield a significant departure from exponentiality; however, their S-shaped TTT
curve is more consistent with a bathtub-type pattern than with a globally increasing hazard.
By contrast, the bladder cancer remission data show no statistically significant evidence
against exponentiality, in agreement with the nearly linear exponential Q-Q plot and the
TTT curve lying close to the diagonal.

Table 16. Complete summary of the adaptive analysis for the three real-data applications.

Adaptive Statistic Adaptive
Data Set n T(0.8) T(1.0) T(1.2) T(1.4) (Max) p-Value/Decision
Glass fiber 63 6.1214 74628 87857  10.0554 10.0554 <0.0001; Reject H
strengths
Aa’;s?t device 50 31650  3.0602 2791 23691 3.1650 0.0006; Reject Hy
ailures
Bladder- 128 17881 —1.2036 —0.5285  0.1690 0.1690 0.5385; Do not
remission times reject Hp

Note. The adaptive statistic is defined as the maximum of the four exactly standardized fixed-q
statistics over the prespecified grid Q4 = {0.8,1.0,1.2,1.4}. The adaptive p-value is computed by
Monte Carlo evaluation of the exact finite-sample Dirichlet null distribution established in Theorem 2.
All testing decisions are reported at the nominal 5% significance level.
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Taken together, these applications clarify the inferential scope of the Adaptive CRE-PH
Test. The procedure is highly sensitive to IFR-oriented departures, remains appropriately
non-significant for data that are approximately exponential, and may also reject certain
non-monotone hazard structures when a sufficiently pronounced late-life increasing phase
dominates the directional score. Accordingly, rejection should be interpreted as evidence
of departure from exponentiality in an IFR-sensitive direction rather than as confirmation
that the underlying hazard function is globally increasing.

The real-data examples therefore illustrate the recommended practical workflow: the
Adaptive CRE-PH Test provides formal directional inference, whereas the accompanying
Q-Qand TTT plots provide complementary descriptive information about the overall aging
pattern. Neither the graphical diagnostics alone nor their combined use with the adaptive
test constitutes a formal hazard-shape classification procedure. Definitive discrimination
among IFR, DFR, bathtub, and other complex hazard structures requires dedicated shape-
specific inferential methods.

7. Conclusions and Future Research

This paper developed the Adaptive Cumulative Residual Entropy Test under Propor-
tional Hazards (Adaptive CRE-PH Test) for testing exponentiality against IFR alternatives.
The proposed procedure combines a prespecified finite stability-oriented grid with ex-
act finite-sample centering and scaling, thereby separating structural adaptation from
retrospective tuning. The tuning parameter g serves as a common transformation and
Tsallis-entropy index that determines the proportional-hazards representation, the entropy
weighting, and the induced score geometry, and is therefore not interpreted as an estimated
regression hazard ratio.

A principal theoretical contribution is the extension of the underlying population
departure condition from the IFR class to the broader IFRA class. Although the reliability
interpretation of the proposed procedure remains IFR-oriented, the population functional
is non-negative precisely under IFRA aging. The additional parallel-system experiment in-
volving heterogeneous exponential components demonstrates that this broader theoretical
scope is accompanied by meaningful finite-sample detection capability for an IFRA-but-
not-IFR benchmark.

The adaptive statistic itself is developed within a complete theoretical framework.
Under exponentiality, the vector of fixed-q statistics admits an exact joint finite-sample
representation through a linear transformation of a Dirichlet normalized-spacing vector,
yielding exact means, covariances, and the joint null distribution of the adaptive maxi-
mum. Joint asymptotic normality follows from multivariate L-statistic theory and the delta
method, while consistency is established under fixed alternatives whenever at least one
grid component has a strictly positive population departure. The present asymptotic devel-
opment is intentionally confined to the joint null distribution and consistency under fixed
alternatives. A rigorous local asymptotic efficiency analysis for the adaptive maximum
would require a separate joint derivation under contiguous alternatives and remains an
important direction for future research.

The simulation study confirms accurate finite-sample calibration of the proposed
procedure and demonstrates competitive adaptive performance across representative IFR
mechanisms. The restricted adaptive grid {0.8,1.0,1.2,1.4} consistently controls the nominal
significance level, achieves power between the weakest and strongest fixed-g components,
and remains close to the oracle fixed-q procedure across the reported settings. The ad-
ditional IFRA-but-not-IFR experiment further demonstrates substantial adaptive power
beyond the strict IFR class. Complementary DFR and bathtub experiments clarify the infer-
ential scope of the procedure: rejection rates remain negligible under decreasing-failure-rate
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alternatives, whereas pronounced late-life wear-out phases in bathtub hazards may also
produce rejection. These findings confirm that the Adaptive CRE-PH Test provides di-
rectional evidence against exponentiality rather than formal classification of the global
hazard shape.

The real-data applications reinforce this interpretation. The glass-fiber data ex-
hibit clear evidence of IFR-oriented departure from exponentiality, whereas the bladder-
remission data remain consistent with the exponential model. The Aarset device-lifetime
data illustrate an important limitation of directional inference: although the Adaptive
CRE-PH Test rejects exponentiality, the accompanying TTT curve displays the classical
bathtub pattern. Consequently, the proposed procedure should be viewed as a formal
directional test against exponentiality, while graphical diagnostics such as the exponential
Q-Q plot and the TTT transform provide complementary descriptive information regarding
the overall aging pattern. Neither separately nor jointly do these analyses constitute formal
procedures for hazard-shape classification.

Overall, the proposed framework is scale-invariant, possesses an exact joint finite-
sample null characterization, admits a rigorous multivariate asymptotic theory, and avoids
retrospective tuning selection. No claim of universal or power-optimal grid selection is
made; instead, the adopted grid represents a principled compromise among numerical
stability, representative score geometry, and multiplicity economy. Any alternative prespec-
ified finite admissible grid can be calibrated within the same exact Dirichlet framework.
From a practical perspective, the Adaptive CRE-PH Test is best regarded as a reliable
screening procedure for detecting departures from exponentiality in the IFR direction while
deliberately avoiding stronger hazard-shape claims than those supported by the underlying
inferential theory.

Several important extensions remain for future research. These include right-censored
and progressively censored data, adaptive data-driven grid construction with appropriate
multiplicity adjustment, local asymptotic theory for the adaptive score vector under con-
tiguous alternatives, and formal asymptotic relative-efficiency comparisons with existing
competitors. Another important direction is the development of procedures capable of
directly discriminating among IFR, DFR, bathtub, upside-down bathtub, and other complex
hazard structures through dedicated shape-specific statistical inference.

Supplementary File S1 contains illustrative R scripts for a representative fixed-g simu-
lation under a linear-failure-rate alternative together with the code used to generate the
exponential Q-Q plots and TTT transforms presented in the real-data applications. These
scripts are intended solely as illustrative examples rather than as a complete software
implementation of the Adaptive CRE-PH Test. The fixed-q construction, exact finite-sample
centering and scaling, adaptive maximum, and Dirichlet calibration are fully specified
mathematically in Sections 2, 3 and 5, thereby supporting independent implementation of
the proposed methodology.

Supplementary Materials: The following supporting information can be downloaded at https:
/ /www.mdpi.com/article/10.3390 /math14162902/s1, Supplementary File S1, entitled “Illustra-
tive R Scripts,” contains code for a representative fixed-q linear-failure-rate simulation and for the
exponential Q-Q and total-time-on-test graphical diagnostics.
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Abbreviations

The following abbreviations are used in this manuscript:

CRE Cumulative residual entropy
DFR  Decreasing failure rate

IFR  Increasing failure rate

LFR Linear failure rate

PH  Proportional hazards

Q-Q Quantile-quantile

SE Standard error

TTT  Total time on test
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