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Abstract

Kähler manifolds are the most studied complex manifolds. A Kähler manifold with constant
holomorphic sectional curvature is said to be a complex space form. There are special
classes of submanifolds in Kähler manifolds. Recently, Poyraz et al. defined partially
totally real submanifolds in complex space forms. In the present paper, we study curvature
invariants adapted to partially totally real submanifolds. First, we define a Riemannian
invariant, denoted by δPTR(D) extending the definition of Chen’s CR δ-invariant and
estimate it in terms of the squared mean curvature. Furthermore, we obtain Chen–Ricci
inequalities that distinguish between tangent directions in the two distributions. Finally,
we prove a Chen first inequality for totally real two-plane sections.

Keywords: Kähler manifold; complex space form; partially totally real submanifold;
δ-invariants; curvature inequalities

MSC: 53C25; 53C40; 53B25

1. Introduction
Complex space forms constitute an important class of Riemannian manifolds, provid-

ing a natural extension of both Riemannian and Kählerian geometries. Due to their rich
geometric structure, they represent an important ambient setting for the study of various
classes of submanifolds.

There exist several distinguished classes of submanifolds in complex space forms,
including complex submanifolds, totally real submanifolds, slant submanifolds, and CR-
submanifolds. Recently, Poyraz et al. [1] studied another class of submanifolds in Kähler
manifolds, which they called partially totally real (PTR) submanifolds, as a generalization of
CR-submanifolds. The same class of submanifolds has previously been considered by one
of the present authors [2] under the name of generalized CR-submanifolds. Obviously, this
class contains both totally real submanifolds, CR-submanifolds, hemi-slant submanifolds
and pointwise hemi-slant submanifolds.

A fundamental problem in submanifold theory is to understand the relationship
between intrinsic and extrinsic geometry. In particular, establishing sharp inequalities
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relating intrinsic invariants, such as scalar and Ricci curvatures, to extrinsic quantities, such
as the squared mean curvature, has been one of the central directions of research.

Motivated by the general problem of comparing intrinsic and extrinsic geometric
quantities in isometric immersions, B.-Y. Chen introduced the notion of δ-invariants [3,4],
which measure the difference between intrinsic curvature quantities and those associated
with certain distinguished subspaces. These invariants have led to a large family of optimal
inequalities, now known as Chen inequalities, providing important information about the
geometry of submanifolds and their ambient spaces.

Since their introduction, Chen-type inequalities have been investigated in a wide va-
riety of ambient spaces, including real and complex space forms, Sasakian, Kenmotsu and
cosymplectic space forms, locally conformal Kähler manifolds, locally conformal almost
cosymplectic manifolds, generalized complex space forms, generalized Sasakian space forms,
as well as other classes of almost Hermitian and contact metric manifolds [3,5–13]. Recent
works continue to extend Chen’s program to new geometric settings and to investigate
curvature inequalities for increasingly general classes of submanifolds [14–17].

However, despite the extensive study of Chen-type inequalities in various geometric
settings, curvature inequalities involving invariants specifically adapted to partially totally
real submanifolds remain less explored.

The purpose of this paper is to study curvature invariants naturally associated with
the canonical orthogonal decomposition of a partially totally real submanifold

TM = D ⊕ D⊥,

and to establish new optimal Chen-type inequalities involving these invariants.
More precisely, we define a δ-invariant associated with the distribution D, which

reflects the contribution of the scalar curvature arising from the interaction between D and
its orthogonal complementary distribution D⊥. We then establish an optimal inequality
relating this invariant to the squared mean curvature.

Furthermore, we obtain the corresponding Chen–Ricci inequalities by distinguishing
between tangent vectors belonging to D and those in D⊥. This approach leads to sharper
estimates reflecting the different geometric roles of the two distributions.

Finally, we investigate Chen’s first inequality for totally real two-plane sections of
partially totally real submanifolds.

These results extend and improve several known inequalities in submanifold theory
and provide new insights into the intrinsic and extrinsic geometry of partially totally real
submanifolds.

2. Preliminaries
In this section, we recall the basic definitions and notations that will be used through-

out the paper.
Let M̃ be an m-dimensional complex manifold and denote by J its canonical complex

structure. It is an endomorphism of the tangent bundle TM̃ satisfying J2 = −I.
A Riemannian metric g on M̃ is said to be Hermitian if

g(JX, JY) = g(X, Y), ∀X, Y ∈ Γ(TM̃). (1)

If J is parallel with respect to the Levi-Civita connection ∇̃ of g, then (M̃, J, g) is a
Kähler manifold. Equivalently, the fundamental two-form ω, given by ω(X, Y) = g(JX, Y),
for all vector fields X, Y on M̃, is closed.
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A two-plane section π ⊂ Tp M̃ is called holomorphic if Jπ = π. If the sectional
curvature K(π) is a constant c for every holomorphic plane section at every point, then M̃
is a complex space form, denoted as M̃(c).

The curvature tensor of a complex space form M̃(c) is given by [18]

R̃(X, Y, Z, W) =
c
4

[
g(Y, Z)g(X, W)− g(X, Z)g(Y, W)

+g(Z, JY)g(JX, W)− g(Z, JX)g(JY, W) + 2g(X, JY)g(JZ, W)
]
.

Let M be an n-dimensional submanifold of a Kähler manifold (M̃, J, g). Denote by
∇̃ and ∇ the Levi-Civita connections on M̃ and M, respectively. Then the Gauss and
Weingarten formulae are

∇̃XY = ∇XY + h(X, Y), ∇̃X N = −AN X +∇⊥
X N,

for X, Y ∈ Γ(TM) and N ∈ Γ(T⊥M), where h is the second fundamental form, ∇⊥ the
normal connection, and AN the shape operator. Moreover,

g(AN X, Y) = g(h(X, Y), N).

Denote by R and R̃ the Riemannian curvature tensors of ∇ and ∇̃, respectively. Then
the Gauss equation is given by

R̃(X, Y, Z, W) = R(X, Y, Z, W)− g(h(X, W), h(Y, Z)) + g(h(Y, W), h(X, Z)).

For any p ∈ M and X ∈ Tp M, we decompose the action of J as JX = PX + FX, where
PX ∈ Tp M and FX ∈ T⊥

p M.
Let {e1, . . . , en, en+1, . . . , e2m} be a local orthonormal frame on M̃ such that e1, . . . , en

are tangent to M. We denote

hγ
ij = g(h(ei, ej), eγ), i, j = 1, · · · , n, γ = n + 1, . . . , 2m.

Then the squared norm of the second fundamental form is

∥h∥2 =
2m

∑
γ=n+1

n

∑
i,j=1

(hγ
ij)

2,

and the mean curvature vector is given by

H =
1
n

n

∑
i=1

h(ei, ei).

The scalar curvature τ(p) is defined by

τ(p) = ∑
1≤i<j≤n

K(ei ∧ ej) =
1
2

n

∑
i,j=1

R(ei, ej, ej, ei).

Definition 1. Let M be a submanifold of a Kähler manifold (M̃, J, g). Then

• M is called a complex submanifold if J preserves all tangent spaces Tp M, i.e., J(Tp M) = Tp M,
∀p ∈ M;

• M is called a totally real submanifold if J maps any tangent space into the normal space, i.e.,
J(Tp M) ⊂ T⊥

p M, ∀p ∈ M.
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Definition 2 ([19]). A submanifold M of a Kähler manifold (M̃, J, g) is called a CR-submanifold
if there exist two orthogonal complementary distributions D and D⊥ on M such that

TM = D ⊕ D⊥,

and

• D is invariant, i.e., J(D) = D;
• D⊥ is totally real, i.e., J(D⊥) ⊂ T⊥M.

It is clear that CR-submanifolds contain holomorphic and totally real submanifolds as
special cases.

Definition 3 ([20]). A submanifold M of a Kähler manifold (M̃, J, g) is called a slant submanifold
if for any p ∈ M and any nonzero X ∈ Tp M, the angle between JX and Tp M is a constant
θ ∈ [0, π/2], independent of the choice of X. The constant θ is called the slant angle.

Invariant and totally real submanifolds correspond to the cases θ = 0 and θ = π
2 ,

respectively. A slant submanifold is called proper if 0 < θ < π
2 .

Definition 4 ([21]). Let M be a submanifold of a Kähler manifold (M̃, J, g). Then M is called a
hemi-slant submanifold if its tangent bundle admits an orthogonal decomposition

TM = Dθ ⊕ D⊥,

such that

• D⊥ is totally real, i.e., J(D⊥) ⊂ T⊥M;
• Dθ is a slant distribution with constant slant angle θ ∈ (0, π

2 ).

If the slant angle θ = θ(p) depends on the point p ∈ M, then M is called a pointwise
hemi-slant submanifold.

Poyraz et al. [1] have considered the following class of submanifolds in Kähler manifolds.

Definition 5 ([1]). Let M be a submanifold of a Kähler manifold (M̃, J, g). Then M is called a
partially totally real submanifold if there exist two orthogonal complementary distributions D and
D⊥ such that

TM = D ⊕ D⊥,

and

• The distribution D⊥ is totally real, i.e., J(D⊥) ⊂ T⊥M;
• The distribution D⊥ has maximal dimension.

In this case, the tangential component P of J preserves D, namely, P(D) ⊂ D.
We point out that in [1], the second condition was not stated in the definition, but it

was assumed during the paper. In the present form, PTR submanifolds and generalized
CR-submanifolds (see [2]) constitute the same class of submanifolds.

Remark 1. The integrability of the distributions involved in the definition of a PTR submanifold
were investigated in [1,2].

Examples of PTR submanifolds can be found in [1].
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3. A δ-Invariant Associated with Partially Totally Real Submanifolds
Motivated by Chen’s CR-δ invariant [22], we introduce a δ-invariant associated with

the distribution D of a partially totally real submanifold in a complex space form. Taking
into account the decomposition TM = D ⊕ D⊥, this invariant refines the scalar curvature
by measuring the contribution arising from the totally real distribution D⊥. In this sec-
tion, we establish an optimal Chen-type inequality relating this invariant to the squared
mean curvature.

Let M be an n-dimensional partially totally real submanifold of a complex space
form M̃(c), with TM = D ⊕ D⊥. Let p ∈ M and {e1, . . . , en} be an orthonormal basis of
Tp M adapted to the decomposition, that is {e1, . . . , ed} is an orthonormal basis of Dp and
{ed+1, . . . , en} is an orthonormal basis of D⊥

p .
The components of the second fundamental form h are hγ

ij = g(h(ei, ej), eγ),
i, j = 1, · · · , n, n + 1 ≤ γ ≤ 2m. We also denote by σt

rs = g(h(er, es), Jet), d + 1 ≤ r, s, t ≤ n.
The scalar curvature of M at p ∈ M is given by

τ(p) = ∑
1≤i<j≤n

K(ei ∧ ej), (2)

and the scalar curvature of the distribution D is defined by

τ(D)(p) = ∑
1≤i<j≤d

K(ei ∧ ej). (3)

By analogy with the CR δ-invariant defined by Chen [22], we define the PTR δ-
invariant by

δPTR(D)(p) = τ(p)− τ(D)(p). (4)

From Equations (2)–(4), it follows that

δPTR(D)(p) = ∑
1≤i≤d

d+1≤r≤n

K(ei ∧ er) + ∑
d+1≤r<s≤n

K(er ∧ es). (5)

Remark 2. Although the invariant δPTR(D) measures the contribution to the scalar curvature
complementary to the distribution D, we keep the notation δPTR(D) in accordance with the conven-
tion used in [22], where the invariant is indexed by the distinguished distribution rather than by
its complement.

In the next Theorem, we assume that the codimension of the PTR submanifold M
is minimum, i.e., J(D⊥) = T⊥M. By analogy with CR-submanifolds, we call such a
submanifold a generic partially totally real submanifold.

Theorem 1. Let M be an n-dimensional generic partially totally real submanifold of a com-
plex space form M̃(c) of real dimension 2m. Assume that TM = D ⊕ D⊥, dim D = d, and
dim D⊥ = q, n = d + q. Then, for any p ∈ M, the PTR δ-invariant satisfies

δPTR(D) ≤ n2

2
∥H∥2 + q(2d + q − 1)

c
8
− 3q2

2(q + 2)
∥HD⊥∥2. (6)

Moreover, the equality sign of (6) holds identically if and only if the following three conditions
are satisfied:

(a) M is D-minimal, i.e., HD = 0;
(b) M is mixed totally geodesic;
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(c) there exists an orthonormal frame {ed+1, · · · , en} of D⊥ such that the second fundamental
form of M satisfies

σr
rr = 3σr

ss, for d + 1 ≤ r ̸= s ≤ n,
σr

st = 0, for distinct r, s, t ∈ {d + 1, . . . , n}.

Proof. Let p ∈ M and {e1, . . . , en} an orthonormal basis Tp M such that {e1, . . . , ed} ⊂ Dp

and {ed+1, . . . , en} ⊂ D⊥
p . Put q = n − d.

Applying the Gauss equation for submanifolds, the sectional curvature of the plane
section spanned by ea and eb, 1 ≤ a < b ≤ n can be expressed as

K(ea ∧ eb) = R̃(ea, eb, eb, ea) +
2m

∑
γ=n+1

(
hγ

aahγ
bb − (hγ

ab)
2
)

.

Hence

δPTR(D)(p) = ∑
1≤i≤d

d+1≤r≤n

R̃(ei, er, er, ei) + ∑
d+1≤r<s≤n

R̃(er, es, es, er)

+
2m

∑
γ=n+1

∑
1≤i≤d

d+1≤r≤n

(
hγ

iih
γ
rr − (hγ

ir)
2
)
+

2m

∑
γ=n+1

∑
d+1≤r<s≤n

(
hγ

rrhγ
ss − (hγ

rs)
2
)

.

Since the ambient space is a complex space form, we have

R̃(ea, eb, eb, ea) =
c
4
[1 + 3g(ea, Jeb)

2].

Because M is a generic partially totally real submanifold, J(D⊥) = T⊥M.
Thus, for ei ∈ Dp ⊂ Tp M and er, es ∈ D⊥

p , we obtain Jer ∈ T⊥
p M, and hence

g(ei, Jer) = 0, g(es, Jer) = 0.

Then

R̃(ei, er, er, ei) =
c
4

, R̃(er, es, es, er) =
c
4

.

Consequently,

∑
1≤i≤d

d+1≤r≤n

R̃(ei, er, er, ei) =
c
4

dq, ∑
d+1≤r<s≤n

R̃(er, es, es, er) =
c
4

q(q − 1)
2

.

Substituting into the above expression, we get

δPTR(D)(p) =
c
8

q(2d + q − 1)

+
2m

∑
γ=n+1

∑
1≤i≤d

d+1≤r≤n

(
hγ

iih
γ
rr − (hγ

ir)
2
)
+

2m

∑
γ=n+1

∑
d+1≤r<s≤n

(
hγ

rrhγ
ss − (hγ

rs)
2
)

.

Since (hγ
ir)

2 ≥ 0, we obtain

δPTR(D)(p) ≤ c
8

q(2d + q − 1) +
2m

∑
γ=n+1

∑
1≤i≤d

d+1≤r≤n

hγ
iih

γ
rr +

2m

∑
γ=n+1

∑
d+1≤r<s≤n

[hγ
rrhγ

ss − (hγ
rs)

2]. (7)
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We denote by

HD =
1
d

d

∑
i=1

h(ei, ei), HD⊥ =
1
q

n

∑
r=d+1

h(er, er),

the mean curvature vectors of D and D⊥, and

∥hD⊥∥2 =
n

∑
r,s=d+1

∥h(er, es)∥2.

The above inequality can be written in the form

δPTR(D) ≤ c
8

q(2d + q − 1) +
n2

2
∥H∥2 − d2

2
∥HD∥2 − 1

2
∥hD⊥∥2. (8)

From the Kähler condition and D⊥ being totally real, it follows that AJZW = AJW Z,
for all Z, W ∈ D⊥.

Denote by σt
rs = g(h(er, es), Jet), where d + 1 ≤ r, s, t ≤ n. Then the above equality

implies that σt
rs = σs

rt = σr
st, for every d + 1 ≤ r, s, t ≤ n.

By analogy with [23], we can write

(q + 2)∥hD⊥∥2 − 3q2∥HD⊥∥2 = (q − 1)
n
∑

r=d+1

(
n
∑

s=d+1
σr

ss

)2

(9)

+3(q + 1) ∑
d+1≤r ̸=s≤n

(σr
ss)

2 + 6(q + 2) ∑
d+1≤r<s<t≤n

(σr
st)

2

+2(q + 2)
n
∑

r=d+1
∑

d+1≤s<t≤n
σr

ssσr
tt

= (q − 1)
n
∑

r=d+1
(σr

rr)
2 + 3(q + 1) ∑

d+1≤r ̸=s≤n
(σr

ss)
2

+6(q + 2) ∑
d+1≤r<s<t≤n

(σr
st)

2 − 6
n
∑

r=d+1
∑

d+1≤s<t≤n
σr

ssσr
tt

= 6(q + 2) ∑
d+1≤r<s<t≤n

(σr
st)

2 + ∑
d+1≤s ̸=r≤n

(σr
rr − 3σr

ss)
2

+3 ∑
r ̸=s,t

∑
d+1≤s<t≤n

(σr
ss − σr

tt)
2 ≥ 0,

which implies

∥hD⊥∥2 ≥ 3q2

q + 2
∥HD⊥∥2. (10)

Equality holds in (10) if and only if

σr
rr = 3σr

ss, for d + 1 ≤ r ̸= s ≤ n, (11)

σr
st = 0, for distinct r, s, t ∈ {d + 1, · · · , n}. (12)

Substituting (10) in (8), it follows that

δPTR(D) ≤ n2

2
∥H∥2 + q(2d + q − 1)

c
8
− 3q2

2(q + 2)
∥HD⊥∥2,

i.e., the desired inequality.
The equality case of (6) holds identically if and only if h(ei, er) = 0, i.e., M is mixed

totally geodesic, HD = 0, or equivalently, M is D-minimal, and the conditions (11) and (12)
are satisfied, i.e., M is quasi-umbilical.
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4. Chen–Ricci Inequalities
In this section, we will investigate the Chen–Ricci inequality for partially totally real

submanifolds.
In the classical Chen–Ricci inequality for n-dimensional submanifolds M in space

forms M̃(c) (see [24]), the estimate is expressed in terms of an arbitrary unit tangent vector
X ∈ TM, without distinguishing its position relative to the underlying structure. More
precisely, one has:

Ric(X) ≤ (n − 1)c +
n2

4
∥H∥2.

However, in the case of partially totally real submanifolds, it depends on whether X
belongs to D or to D⊥.

The aim of this section is to refine the Chen–Ricci inequality by analyzing separately
these two situations. This approach provides a more accurate description of the interplay
between the intrinsic geometry of the submanifold and the ambient structure.

Let M be an n-dimensional partially totally real submanifold of a complex space form
M̃(c), endowed with the decomposition TM = D ⊕ D⊥, where D and D⊥ are orthogonal
complementary distributions.

The definition of a partially totally real submanifold implies PX = 0, for all X ∈ D⊥.
This relation will be used in the sequel to simplify the curvature expressions arising in

the Gauss equation and to derive Chen–Ricci inequalities adapted to each distribution.

Theorem 2. Let M be an n-dimensional partially totally real submanifold of a complex space form
M̃(c) of real dimension 2 m. Assume that TM = D ⊕ D⊥. Then:

(i) For any unit vector X ∈ D, one has

Ric(X) ≤ (n − 1)
c
4
+

3c
4
∥PX∥2 +

n2

4
∥H∥2.

(ii) For any unit vector X ∈ D⊥, one has

Ric(X) ≤ (n − 1)
c
4
+

n2

4
∥H∥2.

Proof. (i) Let p ∈ M and X ∈ Dp be a unit tangent vector. We choose {e1, . . . , en} an
orthonormal basis of Tp M adapted to the decomposition TM = D ⊕ D⊥, such that
e1 = X, {e1, . . . , ed} ⊂ Dp, {ed+1, . . . , en} ⊂ D⊥

p . We also choose an orthonormal basis
{en+1, . . . , e2m} of the normal space T⊥

p M.
By definition, the Ricci curvature in the direction X = e1 is given by

Ric(X) =
n

∑
j=2

K(e1 ∧ ej).

Using the Gauss equation, we obtain

K(e1 ∧ ej) = R̃(e1, ej, ej, e1) +
2m

∑
γ=n+1

(
hγ

11hγ
jj − (hγ

1j)
2
)

.

Since M̃(c) is a complex space form, its curvature tensor gives

R̃(e1, ej, ej, e1) =
c
4
[1 + 3g(Je1, ej)

2].
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Therefore,

K(e1 ∧ ej) =
c
4
[1 + 3g(Je1, ej)

2] +
2m

∑
γ=n+1

(
hγ

11hγ
jj − (hγ

1j)
2
)

.

Summing over j = 2, . . . , n, we get

Ric(X) = (n − 1)
c
4
+

3c
4

n

∑
j=2

g(Je1, ej)
2 +

2m

∑
γ=n+1

n

∑
j=2

(
hγ

11hγ
jj − (hγ

1j)
2
)

.

Since X = e1 ∈ Dp, the tangential component PX belongs to Dp. Moreover,

g(JX, ej) = g(PX, ej),

for every tangent vector ej. Hence

n

∑
j=2

g(JX, ej)
2 = ∥PX∥2.

Thus,

Ric(X) = (n − 1)
c
4
+

3c
4
∥PX∥2 +

2m

∑
γ=n+1

n

∑
j=2

(
hγ

11hγ
jj − (hγ

1j)
2
)

.

Since (hγ
1j)

2 ≥ 0, we obtain

Ric(X) ≤ (n − 1)
c
4
+

3c
4
∥PX∥2 +

2m

∑
γ=n+1

hγ
11

n

∑
j=2

hγ
jj.

Using the elementary inequality

ab ≤ 1
4
(a + b)2,

with equality if and only if a = b, we obtain

hγ
11

n

∑
j=2

hγ
jj ≤

1
4

(
n

∑
j=1

hγ
jj

)2

.

Summing over γ = n + 1, . . . , 2m, it follows that

2m

∑
γ=n+1

hγ
11

n

∑
j=2

hγ
jj ≤

1
4

2m

∑
γ=n+1

(
n

∑
j=1

hγ
jj

)2

.

Since the mean curvature vector is

H =
1
n

n

∑
j=1

h(ej, ej),

we have

∥H∥2 =
1
n2

2m

∑
γ=n+1

(
n

∑
j=1

hγ
jj

)2

.
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Therefore,

2m

∑
γ=n+1

hγ
11

n

∑
j=2

hγ
jj ≤

n2

4
∥H∥2.

Consequently,

Ric(X) ≤ (n − 1)
c
4
+

3c
4
∥PX∥2 +

n2

4
∥H∥2.

(ii) Let p ∈ M and let X ∈ D⊥
p be a unit tangent vector. In this case, JX is normal to M;

then PX = 0.
Substituting PX = 0 in the proof of the previous item, we get the inequality

from (ii).

Remark 3. A unit tangent vector X at p satisfies the equality case if and only if

1. h(X, Y) = 0, for all tangent vectors Y ∈ Tp M orthogonal to X;
2. 2h(X, X) = H(p).

Remark 4. Since P(D) ⊂ D, the term ∥PX∥2 depends only on the distribution D, being indepen-
dent of the totally real distribution D⊥.

Theorem 2 generalizes the Chen–Ricci inequalities for Lagrangian submanifolds in
complex space forms (see [25]) and slant submanifolds in complex space forms (see [26]),
respectively.

5. A Chen First Inequality
The study of Chen invariants was started by B.Y. Chen in [3], where he proved the

Chen first inequality for submanifolds in Riemannian space forms. Recall that the Chen
first invariant of a Riemannian manifold M is defined by δM = τ − inf K, where τ and K
are the scalar and sectional curvatures of M, respectively.

Chen first inequality states [3]:

Theorem 3. Let R(c) be an m-dimensional Riemannian space form and M an arbitrary n-
dimensional submanifold of R(c), p ∈ M and π a two-plane section at p. Then, one has:

τ(p)− (inf K)(p) ≤ n − 2
2

[
n2

n − 1
∥H∥2 + (n + 1)c

]
.

Moreover, the equality holds for a two-plane section π at p ∈ M if and only if, with respect to
a suitable orthonormal basis {e1, ..., en, en+1, ..., em}, the shape operators take the following forms:

An+1 =


a 0 0 ... 0
0 µ − a 0 ... 0
0 0 µ ... 0
...

...
...

. . .
...

0 0 0 ... µ

,
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Ar =


hr

11 hr
12 0 ... 0

hr
12 −hr

11 0 ... 0
0 0 0 ... 0
...

...
...

. . .
...

0 0 0 ... 0

, r = n + 2, ..., m.

In this section, we establish the Chen first inequality for two-plane sections tangent
to D⊥.

Let M̃(c) be an m-dimensional complex space form, M an n-dimensional partially
totally real submanifold, p ∈ M and π ⊂ D⊥

p a two-plane section at p.
Let e1, e2 ∈ π be two orthonormal vectors, {e1, · · · , en} an orthonormal basis of Tp M

and {en+1, · · · , e2m} an orthonormal basis of T⊥
p M.

The scalar curvature τ(p) is given by

τ(p) = ∑
1≤i<j≤n

K(ei ∧ ej). (13)

We choose e1, · · · , eq ∈ D⊥
p , eq+1, · · · , en ∈ Dp.

We use the Gauss equation for computing the scalar curvature τ and the sectional
curvature K(π).

We denote by ∥P∥2 = ∑n
i,j=1 g2(Pei, ej).

Taking into account the nature of e1, · · · , en, we find the following:

τ(p) =
c
4

(
n(n − 1)

2
+

3
2
∥P∥2

)
+

2m

∑
γ=n+1

∑
1≤i<j≤n

(hγ
iih

γ
jj − (hγ

ij)
2). (14)

Since π ⊂ D⊥
p , its sectional curvature is

K(π) =
c
4
+

2m

∑
γ=n+1

(hγ
11hγ

22 − (hγ
12)

2). (15)

Subtracting Equation (15) from Equation (14), we obtain

τ(p)− K(π) =
c
4

[
(n + 1)(n − 2)

2
+

3
2
∥P∥2

]
+

2m

∑
γ=n+1

[
∑

1≤i<j≤n
hγ

iih
γ
jj − hγ

11hγ
22

]

−
2m

∑
γ=n+1

[
∑

1≤i<j≤n
(hγ

ij)
2 − (hγ

12)
2

]
.

It follows that

τ(p)− K(π) ≤ c
4

[
(n + 1)(n − 2)

2
+

3
2
∥P∥2

]
+

2m

∑
γ=n+1

[
∑

1≤i<j≤n
hγ

iih
γ
jj − hγ

11hγ
22

]
. (16)

For obtaining the Chen first inequality, we will apply the following steps:

Lemma 1 ([27]). Let n ≥ 3 be an integer and let a1, ..., an be n real numbers. Then one has

∑
1≤i<j≤n

aiaj − a1a2 ≤ n − 2
2(n − 1)

(
n

∑
i=1

ai

)2

.

Moreover, the equality holds if and only if we have a1 + a2 = a3 = ... = an.

https://doi.org/10.3390/math14162880

https://doi.org/10.3390/math14162880


Mathematics 2026, 14, 2880 12 of 14

In addition, the equality case of (17) holds if and only we have equalities in (16) and
the above Lemma, i.e.,hr

ij = 0, 3 ≤ i ̸= j ≤ n, r = n + 2, · · · 2m,

hr
11 + hr

22 = hr
33 = · · · hr

nn, r = n + 2, · · · 2m.

If we choose en+1 parallel with H(p), one also has Trace Ar = 0, for r = n + 2, · · · 2m.
Summing up, we state the following result.

Theorem 4. Let M̃(c) be an m-dimensional complex space form, M an n-dimensional (n ≥ 3)
partially totally real submanifold, q = dim D⊥ ≥ 2, p ∈ M and π ⊂ D⊥

p a two-plane section at p.
Then, we have:

τ(p)− K(π) ≤ c
4

[
(n + 1)(n − 2)

2
+

3
2
∥P∥2

]
+

n2(n − 2)
2(n − 1)

∥H∥2. (17)

Moreover, a plane section π ⊂ D⊥
p at p ∈ M satisfies the equality case of (17) if and only if,

with respect to a suitable orthonormal basis {e1, ..., en, en+1, ..., e2m}, the shape operators take the
following forms:

An+1 =


a 0 0 ... 0
0 µ − a 0 ... 0
0 0 µ ... 0
...

...
...

. . .
...

0 0 0 ... µ

,

Ar =


hr

11 hr
12 0 ... 0

hr
12 −hr

11 0 ... 0
0 0 0 ... 0
...

...
...

. . .
...

0 0 0 ... 0

, r = n + 2, ..., 2m.

6. Conclusions
In this article, we have investigated curvature invariants adapted to the study of

partially totally real submanifolds in complex space forms. By exploiting the natural
decomposition of the tangent bundle, we introduced a new δ-invariant associated with the
distribution orthogonal to the totally real distribution. This invariant refines the classical
scalar curvature by isolating the contribution arising from the interaction between the
two complementary distributions.

Using this invariant, we established an optimal inequality relating the δ-invariant to
the squared mean curvature. We also derived Chen–Ricci inequalities by distinguishing
between tangent vectors belonging to the totally real distribution and its complementary
orthogonal distribution.

In addition, we established Chen’s first inequality for totally real two-plane sections, a
natural problem in the geometry of partially totally real submanifolds of complex space
forms. Moreover, we characterized the equality case completely in terms of the correspond-
ing shape operators.

Consequently, these results extend and unify a number of well-known inequali-
ties for totally real submanifolds, CR-submanifolds and slant submanifolds in complex
space forms [5,11,12,23,28], thereby contributing to a broader understanding of subman-
ifold geometry.
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This study can be continued by investigating other Riemannian invariants, for instance
the Casorati curvature, of partially totally real submanifolds in complex space forms. Also,
one can consider corresponding inequalities for other classes of submanifolds in complex
space forms, for example partially slant submanifolds.
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