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Abstract

This paper establishes a weighted Simpson-type identity on the parameter domain associ-
ated with quantum integral operators. Using this identity together with Holder’s inequality
and the power mean inequality, we derive new estimates for classes of functions whose
associated parameter-domain g-derivatives satisfy h-convexity assumptions. Additional
bounds are obtained under boundedness and Lipschitz conditions. Applications to the
s-moment of a random variable and to several special means are derived in the classical
limitg — 17.
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1. Introduction

Derivative operators, particularly the g-derivative and the two-scale fractional deriva-
tive, have been extensively studied in the literature due to their practical applications.
Two-scale theory provides a method for analyzing porous media and problems with non-
uniform boundary conditions. Specific applications include fractal models for evaluating
pressure drops in porous media under low fractal currents and computational models for
two-scale population dynamics [1,2]. The mathematical basis for these analyses is quantum
calculus. Introduced by Jackson, g-calculus is applied in quantum computing, number
theory, combinatorics, and orthogonal polynomials. It is also utilized in non-commutative
geometry and Lie algebras within quantum mechanics. The foundational principles of
g-calculus are detailed in [3]. Furthermore, the theory of time scales calculus contains
quantum calculus as a special case.

Recent studies investigate quantum integral inequalities. Alp and Sarikaya [4] defined
the g-integral using trapezoidal partitions and analyzed its properties. Kunt et al. [5]
obtained quantum midpoint-type inequalities for double integrals via Hermite-Hadamard-
type inequalities. Deng et al. [6] proved Simpson-type quantum integral inequalities
for strictly preinvex functions. Promsakon et al. [7] generalized parameterized Simpson-
and Newton-type inequalities. Siricharuanun et al. [8] established Simpson and Newton
formulas for convex functions via quantum calculus operators. Additional quantum
integral inequalities involving harmonically convex functions are studied in [9,10].

Classical Simpson-type formulas and their error estimates motivate a large litera-
ture on midpoint, trapezoid, and Simpson inequalities. In the classical setting, weighted
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Simpson-type inequalities for h-convex functions were studied by Mattoka [11]. In the
quantum setting, several studies [6-8,12-22] investigate analogous estimates for convexity
classes such as s-convex, (s, m)-convex, and preinvex functions. Several related contri-
butions have further developed quantum integral inequalities for generalized convexity
classes. Noor et al. obtained quantum estimates associated with Hermite-Hadamard
inequalities and preinvex functions [23,24]. Zhang et al. studied quantum integral in-
equalities for (&, m)-convex functions [25]. Further estimates involving quasi-convexity,
midpoint-type inequalities, and refinements of quantum Hermite-Hadamard-type inequal-
ities were presented in [26-29]. Dynamic inequalities on arbitrary time scales were also
considered in [30].
A function f : [a,b] — R is convex [31] if forall u,v € [a,b] and t € [0,1],

fltu+ (1 —t)v) <tf(u)+ (1—1t)f(v).

Varo$anec [32] defined h-convexity. Let I C Rbe aninterval and /i : ] — R where (0,1) C |
and h # 0. A function f : I — R is h-convex if

fltx+ (1= 1)y) <h(t)f(x) +h(1 = Hf(y)

forall x,y € Iand t € (0,1). This class includes nonnegative convex functions, s-convex
functions in the second sense, Godunova-Levin functions, and P-functions. For h-convex
functions, Sarikaya et al. [33] proved the Hadamard-type inequality:

Zhé)f(a;b) < bla/:f(x)dx < [f(a) + F(0)] /Olh(t)dt.

The aim of this paper is to establish weighted Simpson-type estimates compatible
with affine reparametrizations on the parameter domain [0,1]. The core identity is first
established in this parameter-domain setting and is then combined with h-convexity as-
sumptions, Holder’s inequality, and the power mean inequality to derive new bounds.
Further estimates are obtained under boundedness and Lipschitz assumptions. Applica-
tions to random variables and special means are stated through the classical limit of the
main results.

The paper is organized as follows. Section 2 collects the required preliminaries from
quantum calculus. Section 3 develops the parameter-domain weighted Simpson-type
identity and establishes the corresponding inequalities for h-convex data. Section 4 derives
additional estimates under boundedness and Lipschitz assumptions. Section 5 presents
applications obtained from the classical limit g — 17, including consequences for moments
of random variables and special means. Section 6 contains concluding remarks.

2. Preliminaries
Throughout this section, let [2,b] C R and letq € (0,1) be fixed.

Definition 1 ([34]). For a function f : [a,b] — R and x € [a,b], the q-derivative of f at x is
defined by
_ &) = flgx+ (1 —q)a)
LZqu(x)_ (1_q>(x—ﬂ) 7 x#a/ (1)

and ,Dgf(a) = limy 4 4Dy f (x).
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If a = 0 in (1), the operator reduces to oD f(x) = D, f(x), defined as [3]
f(x) = flgx)
Dgf(x) =
Qf( ) (1 — q)x
Lemma 1 ([35]). Fora € Rand « € R,

o
Dyl =) = (T2 ) e — . @

-4
Definition 2 ([34]). The g-integral of a function f : [a,b] — R on [a, b] is defined for x € [a, b] as

X (o]
J) £ 0 gt = (= a)x =) 12 a"Fg"x+ (1= ")) ©

If a = 0in (3), then the integral reduces to

/f ) odgt = (1—q) Zq”qu

for x € [0, +00). Furthermore, for b € (g, x),

i adit = [P adgt— [ F(E) adt
b a a

— (- —a) Y "+ (1 g")a)

n=0
—(1=q)(b—a) } q"f(d"b+ (1—q")a).
n=0
Theorem 1 ([36]). Let f : [a,b] — R be a continuous function. Then,

(i) oDg [ f(t) adgt = f(x);
(ii) fcanqf(t) adgt = f(x) — f(c) for c € (a, x).

Theorem 2 ([36]). Let f,g: [a,b] — R be continuous functions and o € R. Then, for x € [a, b],

Q) [T +8(t)]adgt = [ f d gt + [ g(t) adyt
(i) [ (af) () adgt = o [ F(F)
(iii) [ f(t) aDgg(t) adgt = ( fg | — [ aDyf(t) g(gt + (1 — q)a) adyt for c € (a, x).

Lemma 2 ([36]). Fora € R\ {—1},

* « 1- %
/a (t—a)*qdgt = (%)(x—a) +1 4)

3. Weighted Simpson-Type Inequalities for h-Convex Functions

In the sequel, whenever an affine reparametrization of the form

1-—t 14t 1-—t 1+ t
talt) = ==+ b tu(t)=—b+—a, eI,
2 2 2
is used inside a g-integral over t, the symbol oD; f (£4(t)) (and similarly oDy f (£4,(t))) is
understood as shorthand for the g-derivative of the corresponding composite function with
respect to the parameter t. We also denote

[w0][g,p],00 1= sup [w0(x)].
x€[a,b]
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Lemma 3 (Affine substitution rule). Let ¢ : [a,b] — R be quantum integrable and put
A= (a+Db)/2. Then,

L /1—t 1+t 2 b

1 /11—t 1+t 2 a
/O g( 5 )Odqt— _m/A g(X)Adqx. (6)

Here the integrals with base point A are understood in the finite-interval g-integral sense of

Definition 2. In particular, the oriented integral in (6) is interpreted as

/ag(x)Adqx:(l— i g(q"a+(1—q"A).

A

Proof. By the definition of the od,-integral,

[ sttt = 1 =0) ¥ a7 (lala").

On the other hand, by the definition of the 4d -integral on [A,b],

b [e<)
[, 8604ty = 0 =a) 252 L "+ (1= A).
Since

1—g" 1 n
7o+ (1 —q)A = —Tat Db =g,

we obtain (5). Similarly,

/Olg(fba(t))odt—l— qu(A q"(A—a)),

whereas

[, 80 dyr= (1= )0~ 4) L q'sg’a + (1))

A

Sincea— A= —(b—a)/2and

n n n 1—4q" 1+n n
gla+(1-qg"VA=A—-q"(A—a) = zq b+ 2qa:€ba(q),

identity (6) follows. O
Lemma4. Let f,w: [a,b] — Rand q € (0,1). Define
Fop(t) := f(lan(t)),  Foalt) := f(Loa(t)),

Wop(t) == w(Lap(t)), Wi (t) == w(€pa(t)), te[0,1].

Suppose that Fgy,, Fyq, Wap, Wia, 0DgFap, 0DgFpe are quantum integrable on [0,1], and that w is

symmetric with respect to M ,ie.,

w(a+b—x)=w(x) (x € [a,b]).
Define . o
Un(t) i= 5 [ Wan(s)odgs = 5 [ War(s) odgs,
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1 rt 1 /1
Un(t) 1= 5 [ Woals)odgs = 5 [ Woa(s) ods:

Then

1 a+b
s @+ 5@+ ar("T0)] [ W ae
1 /1
[ W OFuat) oyt & [ W) Fun ) ot
1 1
:/o ul(t>0DqFab(t>0dqt+/O Uz (t) 0DgFya(t) odgt-
Proof. Set )
WZ:/O Wub(s) Oqu.
By the fundamental theorem of quantum calculus,

1

1
0DgUy(t) = EWub(t)/ 0DgUx(t) = Ewba(t)'

Since lp,(t) = a+b— Ly(t) and w(a + b — x) = w(x), we have
Wbu(t) = Wub(t) (t € [Or 1])

Also,
1 1 1 1
Ul(o) = _7W/ Ul(]') = 7W/ UZ(O) = _7W/ UZ(l) = 7W/
3 6 3 6
and

a+b

Ea0 = (50), Ea=0) Ful© = f(250), Fuld) = 0.

Applying the gg-integration-by-parts formula

[ 8(0)Dy(0) oyt = (ML) ~ SOH(O) — [ oDy (1) ) odt

with ¢ = Uy, h = F,;,, we obtain

[ w0 D00yt =510 + A 50 ) = 3 [ W) Enlar) ot

Similarly, with g = Uy, h = F,,

[ et 0DuFu (00t = 5@+ B A0 ) = 3 [ W)t .

Adding (8) and (9) yields (7). O

®)

)

For convenience, define the parameter-domain Simpson functional associated with

Lemma 4 by

Sith)i= [0+ £ + 4752 )] [ War(s) s

1 /1 1 1
5 | Was(OFa @) odgt = 5 | Woa(t)Falgt) ot

(10)
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Remark 1. Taking the limit ¢ — 1~ in Lemma 4, we obtain
1 a+b b
s @+ o+ 2] [t b— / w(x)f(x) dx
_b—a 1~ , 1+t ~ (11—t 14t
=2 U, (t)f ( a-—+ b) dt — U2(f)f (2b + T )di’,
where

~ 1t 1—s 1+s 1 1-—s 1+s
Ul(t)—§/0 w( 5 b)ds § ( 70t — b)ds,
1—s 1—|—s 1 1-s 1+s
2/ ( > a)ds 5/ w( 5 b+ > a>ds.

Before stating the following results, define the auxiliary functions

Gap(t) == |0DgFap(t)|,

Gba |0Dqua )

t e [0,1].

In the estimates below, the h-convexity assumptions are imposed directly on these auxiliary
functions or, when powers are involved, on their corresponding r-th powers. Thus, these
are explicit hypotheses on auxiliary functions defined on the parameter interval [0, 1].

Theorem 3. Let the assumptions of Lemma 4 hold. Assume that Gy, and Gy, are h-convex on
[0,1]. Then

Q1

1 1
Sp(frw) < 2wl ja,p),00 [Gab(o)/o h(l_t)Odqt+Gab(1)/() h(t) odgt

@)}

1 1
+Gua(0) [ (1= 1) oyt + Gun(1) | h(t)odqt]. (11)
Proof. By Lemma 4 and the triangle inequality,

1 1
Sy(f,w) < [ 1U(8)] G (8)odgt + [ |U2(8)] Goa8) odt

Also,

1t 1 /1
W] <5 [ 1Was ) odgs +5 | Wao(s) odgs
1 1 5
< ollsyes (51 3) < 2 Il

and similarly,
5
[t (t)] < ¢ llwllap) e
Since G, and Gy, are h-convex on [0, 1],

Gab(t> < h(l - t)Gab(O) + h<t>Gab(1>/

Gpa(t) < h(1—1t)Gpa(0) + h(t)Gpa(1).

Substituting these bounds into the previous estimate gives (11). O
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Corollary 1. Under the assumptions of Theorem 3, if h(t) = t, then
S(f0) < 2 [lap)oo | 1 (Gab(0) + Goa(0) + 11— (Gas(1) + Gua(V)) |- (12
q\J s 6 [a,b],00 1+ q a a 1+ q a a

Proof. If h(t) = ¢, then

lh dgt = ' d S lh — ) odgt = _t 9
t t= todgt = , 1-—t¢ t=1 e .
/0 (£) 0dy /0 0% 149 /o ( ) odg 149 1+49¢

Now apply Theorem 3. [

Remark 2. The kernel estimate appearing in the proof of Theorem 3 can be sharpened by computing

111 o 1\ 2445
/o<2 3)0””‘1_ Py ( 3)‘6<q+1>' (13)

For p > 0, define

171 1\* > 1 1\?
Ap(q) 3:(/0 (2t+ 3) Odqt:(lﬂg)qn(anJr?,) . (14)

The corresponding classical limit is

171 1\* 1 [2.5p+1 _ppt2
lim A / Stgs ) di = . 15
il = (2 +3> p+1< a8 ) (15)

Theorem 4. Let the assumptions of Lemma 4 hold, and let v > 1 with % + % = 1. Set

Gab,r(t) = Gab(t)rr Gba,r(t) = Gba(t)rr te [0/1]'

Assume that Gy, , and Gy, , are h-convex on [0, 1]. Then,
Sq(frw) < [l jg ) 0rp ()7

(G 0) [ 101 Dot + Gus1) [

1

1/r
X h(t) ()dqt>

1 1 1/r
+ <Gba,r(0)/0 h(1—t) odgt + GhM(l)/o h(t) odqt> ] (16)
Proof. By Lemma 4, Holder’s inequality, and the estimate

1 1
()], 1 ()] < ||w||[a,b],w(2t+ 3),

we obtain

1/1 1/p 1/r
Sitf) < ol ([ (30+3) ott) ([ Guorl01odt)
1/1 1/p 1/r
([ (3+5) otat) ([ Guarttroet)

Since G, and Gy, , are h-convex,

Gap,r(t) < h(L—1)Gap,r(0) + h(t) Gap,r (1),

https:/ /doi.org/10.3390/math14132436
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Gbu,r<t> < h(l - t)Ghu,r(O) =+ h(t>Gba,r<1)'

171 1\?
/0 (Zt + 3) odgt = Ay (q).
Substituting these bounds yields (16). [

Also, by (14),

Corollary 2. Under the assumptions of Theorem 4, if h(t) = t, then

Sy(f,w) < [wllg 5,00 Ap ()7

1/r 1/r
q 1 q 1
<1 +anb,r(0) + 1 +anb,r(1)> + <1 +qua,r(0) + 1 +qua,r(1)> 1 (17)

X

Theorem 5. Let the assumptions of Lemma 4 hold and let r > 1. With Gy, (t) 1= Ggp(t)" and
Gpar(t) := Gy, (t)", assume that Gy, , and Gy, , are h-convex on [0,1]. Then,

2q+5

1-1/r
Sq(f, w) < ”wH[a,b],oo <6(q—|—1)> (Gab,r(o)]o + Gab,r(l)h)l/r

+ (Gba,r(O)IO + Gba,r(l)h)l/r‘| ’ (18)

where 11 1 1/1 1
]0;:/0 <2t+3>h(1—t)odqt, h :=/O (2t+ 3>h(f)odqt-

Proof. By Lemma 4, the weighted power-mean inequality, and the bound

1 1
(Ui ()], [Uz2(8)] < [|ewlla,],00 <2t+ 3>,

we obtain

1/1 1 1-1/r 1/1 1 1/r
st < lolpa( [ (363 )ont) ([ (51+3 ) Gutodst
1/1 1 1-1/r 1/1 1 1/r
+ ||w||[a,b],oo (/O (Zt + 3>Odqt> <‘/0 <2f + 3> Gba,r(t)Odqt> .

Since G, and Gy, , are h-convex,

(3¢+3) Gunr) < (3 3 ) (B(1 = 1Gus, (0) + H(1YGun, (1),

(3¢+3) Gonr) < (314 3 ) (b1~ DGuns(0) (1) Guns (1)

Using (13), we obtain (18). O

Corollary 3. Under the assumptions of Theorem 5, if h(t) = t, then

N EE A _ (20 +59+2)
]0_/0 <2t+3>(1 Dotit = S i+ + P

1711 2> +59+5
= 7t - tdt: 7
h /o (2 *3) P61+ ) (1+q+47)
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and
Zq +5 1-1/r 1
Sg(frw) < [[wllja,],00 (6(q+1)> (Gap,r(0)Jo + Gapr (1)
+ (Gba,r(O)IO + Gba,r(l)h)l/r‘| .
4. Additional Estimates for Bounded and Lipschitz Derivatives
Throughout this section, let the assumptions of Lemma 4 hold. Since
Wia(t) = Wap(t) (£ € [0,1]),
we have
Up(t) = Uh(t)  (t€[01]).
For convenience, define
1t 1 /1
H(E) = Un() = 5 [ Wan(s)odgs = 3 [ Was(s) ods.
Then Lemma 4 can be rewritten in the form
1
Sutf) = [ H0) (0DyFa(6)+ oDyFro (1)) ot 19)
Moreover,
1 1
HOL< ol (30 +3) (€01 0)
Consequently,
1 29+5
H()| odot < e BN 21
) 1@ odgt < ol grr i e
and ) )
5+5q+2
) R odgt < I0lls g 1y o @)

g+1)(1+q+4%)

Theorem 6. Let the assumptions of Lemma 4 hold. Assume that there exists a constant M > 0

such that
|0DqFab(t> +0Dtha(t)| <M (t € [0,1]).
Then 20+5
q
S;(f,w) < M\le[a,b],ooW'

Proof. By (19),
$3(f.0) < [ IHO! oDy () +0DgFan(8) ot
Using the assumed bound, we obtain
1
S,(f,w) < M/O [H(E)] od,t.

Now (21) yields (23). O

(23)

The following theorem is compatible with affine-type g-derivatives arising from

polynomial test functions and allows us to derive explicit Lipschitz-type estimates.
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Theorem 7. Let the assumptions of Lemma 4 hold. Assume that there exist a constant ¢ € R and
L > 0 such that

loDgFap(t) — c| < Lt, loDgFpa(t) +¢| <Lt (te[0,1]).
Then

5+ 5q 4 24°
3(g+1)(1+q+4%)

Sg(f,w) < Ll|wlfg,p),e0 (24)

Proof. By (19),
1
Sy(f,w) < [ 1H®| oDgFa(t) + oDyFoa()] odyt.
For each t € [0,1], we write
0DgFp(t) 4 0DygFpa(t) = (0DgFap(t) — ¢) + (0DgFpa(t) + ).
Hence, by the triangle inequality and by the hypotheses,

loDgFap(t) + 0DygFpa(t)| < |oDgFap(t) — | 4 [0DgFpa(t) + ¢
< 2Lt.

Therefore,
1
Sy(f,w) §2L/ HH(E)] odyt.
0

Using (22), we obtain (24). O

Example 1. Leta < b, set

and choose
f(x) =x%, wy (x) :1+A(x—A)2, A>0.

Then w) is symmetric with respect to A, and for A > 0 it is not identically one. Moreover,

lwall g )00 = 1+ Ad?.

Since
Fyp(t) = (A4 dt)?, Fpalt) = (A —dt)?,
we have
0DgFu(t) = 2Ad +d*(1+q)t,  oDgFy(t) = —2Ad +d*(1 + q)t.
Taking
¢ =2Ad, L= d2(1 +9q),
gives
|oDgEw(t) —c| = Lt,  |oDyFya(t) +c| = Lt.
Indeed,

0DgFap(t) + 0Dy Fpa(t) = (0DgFap(t) — ¢) + (0DgFpa(t) +¢)
= 2Lt.

https:/ /doi.org/10.3390/math14132436
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Hence the assumptions of Theorem 7 are satisfied, and

5+ 5q +2g%
3(+1)(1+q+4%)

Sy(f,wy) < d*(1+q)(1+ Ad?)

Equivalently,
5+ 5q + 24°
Sq(f, <d*(1+Ad?)
Remark 3. If w(x) = 1on [a,b], then
1 1
H(t) = Et ~ 3

In this case, the general estimates (21) and (22) reduce to

2q+5 5+ 5q + 2¢°

1
| 1Ol odyt <

1
6(g+1) /0 HH(#)] odgt < 6(g+1)(1+q+4q2)°

Hence Theorems 6 and 7 yield explicit one-dimensional bounds for the parameter-domain Simpson

functional associated with f.

5. Applications

In the present parameter-domain formulation, closed-form g-applications are less
convenient to state than in the original x-space formulation. For this reason, we record
below several representative applications obtained from the classical limit g — 1~ described

in Remark 1.

5.1. Random Variables

Let0 <a < bandletw : [a,b] — [0, +00) be a continuous probability density function

related to a continuous random variable X, assumed to be symmetric about #

Ei(X) := /ﬂb x'w(x)dx, E(X) := /uh xw(x) dx.

Since w is symmetric and | Hb w(x)dx =1, we have

a+b
E(X) = 7

Proposition 1. Lets > 1,r > 1, % + % =1, and assume that r(s — 1) > 1. Then,

‘i [+ b° +4E(X)*| = Eo(X)

(b o a)z 2 .5p+1 _ op+2 1/p 1 1/r
< sllwllape0| i 5
2 6rtl(p+1) 2

(E(X)r(sfl) + b7(5*1)>m + (ar(sfl) + E(X)r(sn)l/’] '

X

Proof. Apply the classical limit of Corollary 2 with f(x) = x°. Since

1 b s _Es(X) _ﬂ"’b
b—a/g w(x)dx = — E(X) = 5

. Denote

(25)

the claim follows after multiplying both sides of the classical limiting inequality by b —a. O

https:/ /doi.org/10.3390/math14132436
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5.2. Special Means
For arbitrary positive real numbers a and b with a # b, we denote by
a+b
b) :=
A(a,b) >
the arithmetic mean,
G(a,b) := Vab
the geometric mean,
b—a
Gl vy ey

the logarithmic mean, and

) prtl — g+l 1y { }

Lo(a,b) = () , v e R\ {0, -1},
AN \

the generalized logarithmic mean.
Proposition 2. Let 0 < a < band n € N. Then

1 n n 2 n n

gA(a b))+ gA(a,b) — L%(a,b)

< S(bzz %) n [a"fl +5" 1+ 2A(a, b)”*l} . (26)

Proof. Take w(x) =1 and f(x) = x" in the classical limit of Corollary 1. Since

! /bx” dr=Chab), oo b+ aA@D)"] = AW D) + 2 A b)"
b_a p n 4 7 6 4 3 7 3 4 7

we obtain (26). O

The obtained estimate provides a weighted Simpson-type approximation for general-
ized logarithmic means and illustrates how the parameter-domain formulation recovers
classical inequalities in the limitg — 1.

Proposition 3. Let0 <a <bneN,r>1,and % + % = 1. Then

‘;A(a",b") F A by - C;‘(a,b)‘

b—a (2501 op+2\ P\ 17
< n =
< (o) ()

1/r 1/r
x [(A(a,b)’(”‘l) +br("—1)) + (ar("—l) +A(a,b)’(”—1)) ] 27)

Proof. Take w(x) = 1 and f(x) = x" in the classical limit of Corollary 2. The identities
used in the proof of Proposition 2 yield (27). O

Example 2 (A nonconstant symmetric weight). Let 0 <a <b,n € N, r > 1, and % + % =1
Set

a+b b—a
AO = A(a,b) - 2 7 = 2 7
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and consider the nonconstant symmetric weight
wy(x) =1+ A(x— Ag)>, A >0.

Then,
wr(a+b—x)=wy(x),  |wallgpe =1+ Ad%

and

1 b Ad?
= |, @ dar =1+

For f(x) = x™", define

1

M, \(a,b) = P /bx"wA(x) dx.

Since
x"wy (x) = x4+ Ax"(x — Ag)?,

we obtain

My (a,b) = £(a,b) + A[zgg@ b) —2A0 L1 (a,b) + AZLY(a, b)].

Applying the classical limit of Corollary 2 with f(x) = x" and w = w,, we get
Ad? o
1+T g.A( b)+ .A(ﬂ b) n)\(a b)

p+1l _ op+2 1/p 1/r
2 (1 +Ad2)(2 > 2 ) <1>
(p+ 1)6r+T 2

2
[ AT pr(n- ))1/’Jr (ar(n—1)+A6("1)>l/r} (28)

<

Proposition 4. Let0 <a <b,n € N,andr > 1. Then,

’;A(a”,b”) + 2 A@b) - EZ(a,b)‘

b —a 7 1-1/r 1 1 1/r
<" 7 = r(n—=1) ; *pr(n—-1)
= ”(12) l(ﬂ““’b) +30 )

1 1 N\
+ <3a'<" ) 4+ ZA(a,b)“"* >) . (29)

Proof. Take w(x) = 1and f(x) = x" in the classical limit of Corollary 3. Since for h(t) =t

we have
]0—>/< )1—t)d 411’ ]1—>/( )tdt ;

Formula (29) follows. O

Remark 4. By taking f(x) = e* and w(x) = 1 in the classical limit of Corollary 1, we obtain

5(b—a)
24

{e“ +et + 202"

‘;A(e“,eh) n %g(ea, ) — £, e)
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6. Conclusions

In this work, a weighted Simpson-type identity was established on the parameter
domain associated with affine reparametrizations in quantum calculus. Based on this
identity, several bounds were derived under h-convexity, boundedness, and Lipschitz
assumptions. Applications to moments of random variables and to special means were
then obtained through the classical limit 4 — 1~. This approach may serve as a basis for
further studies of weighted quadrature-type inequalities in quantum calculus and related
operator settings.
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