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Abstract

In this paper, bipartite consensus is studied for multi-agent systems (MAS) with discrete-
time dynamics via intermittent dynamic event-triggered control (IDETC). Firstly, by ap-
plying the event-triggered control (ETC) mechanism to the intermittent control strategy,
an intermittent dynamic event-triggered state feedback bipartite consensus protocol is
proposed, and the stability analysis is given by employing the switching system method.
Then, through integration of IDETC and observer-based relative output information, an
observer-based IDETC bipartite consensus protocol is proposed and the corresponding
consensus conditions are obtained. In the final section, two numerical simulations are given
for validating the efficiency of the theoretical findings.

Keywords: bipartite consensus; discrete-time multi-agent systems (DMAS); intermittent
control; event-triggered control
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1. Introduction
Recently, cooperative control of MAS has been a very hot topic for applications in

many fields, such as platooning control of connected vehicles, sensor networks, and power
systems [1–4]. Among the related issues, the consensus of MAS is particularly important,
and lots of results about consensus have emerged in the past two decades [5–8].

It should be noted that competitive relation between the nodes in real networks may
exist, such as social networks, biological networks, and so on. The approaches for solving
consensus cannot be available because of negative links in the MAS with competitive
topology. For dealing with the cooperative control of MAS under the competitive links,
the bipartite consensus is proposed and the gauge transformation is used for analyzing
the convergence [9]. And then, many works about bipartite consensus of MAS under dif-
ferent control methods are reported, such as adaptive bipartite consensus [10], finite-time
bipartite consensus [11], intermittent bipartite consensus [12], resilient bipartite consen-
sus [13], event-triggered bipartite consensus [14], bipartite output consensus [15], and the
literature therein.

In addition, for a MAS, its communication bandwidth is limited, which may cause
the burden of information transmission. In order to overcome the above obstacles, a novel
control method, named event-triggered control (ETC), is proposed, which is widely used for
stabilizing networked systems. The ETC is first proposed in [16], which mainly investigates
the stabilization problem for a single system, and the event function is executed if the given
function outnumbers the threshold. Ref. [17] proposes an ETC protocol for the consensus
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of MAS with integrator dynamics, and the self-triggered issues are also introduced. Then,
the ETC method is employed for coping with the consensus problem for MAS with general
linear dynamics [18,19], and observer-based ETC is investigated for consensus of linear
MAS [20]. To solve the consensus problem for uncertain MAS, event-triggered robust
fixed-time consensus of MAS with uncertainties is studied in [21], and a FAT-based event-
triggered learning control method is proposed for investigating command-filter consensus
of uncertain nondeterministic MAS [22]. For further cutting down the communication
load, ref. [23] proposes a dynamic event-triggered control (DETC) method by introducing
a dynamical variable instead of the fixed threshold designed in [16]. The distributed DETC
is proposed for handling the consensus of MAS, which extended theory given by [23] to
the networked multiple systems [24]. Then, many kinds of DETC approach are developed
for solving the cooperative control of MAS [25–29].

However, although existing ETC and DETC methods can effectively cut down the
communication load, they may still suffer from unnecessary triggering. For further dealing
with this problem, it should be considered that intermittent control is another effective
method for cutting down the communication load because there exists a communication-
free interval for every period. Intermittent event-triggered control (IETC) is proposed
for solving the quasi-synchronization of multiple coupled delayed memristive neural net-
works [30]. IETC means to use ETC in the control interval of each period, and it integrates
the advantage of intermittent control and ETC, which can alleviate the communication
load more effectively. Then, many related works have been reported in the past several
years. IETC-based impulsive control is investigated for stabilizing nonlinear systems,
by designing impulsive instants in the control intervals [31]. And IETC is addressed for
studying consensus of nonlinear MAS [32]. By using hybrid dynamic ETC mechanism and
intermittent control strategies, intermittent dynamic event-triggered control (IDETC) is
proposed for synchronizing stochastic complex networks [33], and the stabilizing problem
of delayed dynamic systems is solved by IDETC in [34].

All of the related works inspire us to study bipartite consensus of DMAS via IDETC.
The main contributions are as follows: (i) The dynamics of each node are driven by the
difference equation. (ii) The discrete-time IDETC method is proposed by applying the
DETC mechanism to the intermittent strategy, and the corresponding framework is given.
(iii) Under the proposed control mechanism, two kinds of protocols are designed and the
corresponding consensus conditions are presented.

Notations: ⊗ represents the Kronecker product. ∥ • ∥ represents the Euclidean norm.
A matrix L ≻ 0(or ⪰ 0,≺ 0,⪯ 0) means L is positive (or semi-positive, negative, semi-
negative) definite.

2. Problem Description and Preliminaries
In this section, some basic preliminaries are introduced. G = (W , E ,A) represents the

topology of a MAS, where W = {ϖ1, ϖ2, · · · , ϖN} represents the node set, E ⊆ W ×W de-
notes the edge set, and A = [gij]N×N indicates the adjacent matrix. For an undirected graph,
gij = gji ̸= 0 ⇐⇒ (i, j) ∈ E . Or else, gij = gji = 0. For distinct nodes, ϖi1 , ϖi2 , · · · , ϖim ,
(ϖi1 , ϖi2), (ϖi2 , ϖi3), · · · , (ϖim−1 , ϖim) represents a path from ϖi1 to ϖim . A connected graph
means that there are one or more paths between any two nodes. Moreover, the Laplacian
matrix L = [lij]N×N is defined as 

lij = −gij, i ̸= j

lii =
N
∑

j=1,j ̸=i
|gij|.
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Considering a DMAS consisting of N + 1 nodes, N followers and a leader, the followers
are driven by xi(t + 1) = Axi(t) + Bui(t)

yi(t) = Cxi(t), i = 1, 2, · · · , N,
(1)

and the leader is driven by x0(t + 1) = Ax0(t)

y0(t) = Cx0(t)
(2)

where xi ∈ Rn, ui ∈ Rm and yi ∈ Rl , respectively, denote the state, control input, and mea-
sured output of the i − th agent. A ∈ Rn×n, B ∈ Rn×m, C ∈ Rl×n.

It is worth noting that the linear dynamics assumption in (1) is a simplification.
Many real-world agents exhibit nonlinearities, such as robot manipulators or unmanned
aerial vehicles. Nevertheless, linear models are often obtained via linearization, and the
proposed IDETC framework can serve as a foundation for extending to nonlinear systems
via feedback linearization or Lipschitz-based methods. MAS (1)–(2) with general linear
dynamics can describe many practical networks, such as sensor networks [2] and connected
vehicles [3].

Definition 1 ([9]). Gis called structurally balanced if both of the following hold
(1) W1

⋂W2 = Ø, W1
⋃W2 = W .

(2) gij = 1, if i, j are in the same cluster, and gij = −1, if i, j are in a different cluster.

Assumption 1. G is connected and structurally balanced.

Assumption 2. There exists at least one follower pinned by the leader.

Lemma 1 ([29]). G is structurally balanced if and only if there exists a diagonal matrix
Λ = diag{h1, h2, · · · , hN}, hi ∈ {1,−1}, such that ΛAΛ is semi-positive definite.

Lemma 1 is important for dealing with bipartite consensus problems. It can transform a
structurally balanced graph to into an equivalent cooperative graph.

Thus, in a structurally balanced graph, the nodes can be divided into two clusters.
For one cluster, hi = 1, and for the other cluster, hi = −1.

Definition 2. For MAS (1–2), bipartite consensus is realised, if

lim
t→∞

∥ xi(t)− hix0(t) ∥= 0.

for any xi(0) ∈ Rn, i ∈ W ∪ {ϖ0}.

Assumption 3. (A, B) is stabilizable.

Remark 1 ([29]). For given constants c > 0, γ > 0, under Assumption 3, there exists a positive
definite matrix Q > 0, satisfying the following discrete-time algebraic Riccati inequality

ATQA − Q − γATQB(BTQB + I)−1BTQA + cI < 0. (3)

Assumption 4. Suppose that (A, C) is detectable.
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3. Intermittent Event-Triggered Bipartite Consensus Based on Relative
State Information

In this section, an IDETC state feedback protocol is designed. Denote the event-
triggered time sequence with intermittent control as T2l = tl

i,0 ≤ tl
i,1 ≤ · · · ≤ tl

i,s ≤ T2l+1

(l = 0, 1, 2, · · · ) of the follower i, where [T2l , T2l+1) is the time period in which intermittent
control occurs. Then, the DETC protocol for discrete-time MAS has the following form

ui(t) =


−K{ ∑

j∈Ni

|aij|(xi(tl
i,s)− sgn(gij)xj(tl

j,s∗))

+gi0(xi(tl
i,s)− hix0(t))}, t ∈ [T2l , T2l+1),

0, t ∈ [T2l+1, T2l+2),

(4)

where tl
j,s∗ = arg min

l∈N,t≥tl
j,s

{t − tl
j,s} represents the last triggered instant of follower j.

For t ∈ [tl
i,s, tl

i,s+1), denote the system error and the measurement error as φi(t) =

xi(t)− hix0(t) and ei(t) = xi(tl
i,s)− xi(t), respectively. Then, the instants tl

i,s, i ∈ W , are
expressed for the following criteria:

tl
i,s+1 = inf{t > tl

i,s|
1
ξ

ηi(t) + ιφT
i (t)φi(t)− κeT

i (t)ei(t) ≤ 0}, (5)

with tl
i,0 = 0, where ξ, ι and κ are positive constants to be designed. And the ηi(t) is

driven by

ηi(t + 1) = ϖηi(t) + ιφT
i (t)φi(t)− κeT

i (t)ei(t), (6)

where ϖ ∈ (0, 1) and ηi(0) ≥ 0.

Lemma 2. For arbitrary ηi(0) ≥ 0, if ϖ > 1
ξ holds, the dynamic auxiliary variable satisfies

ηi(t) > 0, i = 1, 2, · · · , N. (7)

Proof. For any t ∈ [tl
i,s, tl

i,s+1), there exists s∗, such that t ∈ [tl
i,s∗ , tl

i,s∗+1). Since no event is
released between tl

i,s∗ and tl
i,s∗+1, one has

1
ξ

ηi(t) + ιφT
i (t)φi(t)− κeT

i (t)ei(t) > 0. (8)

Then, according to (6) and (8), we have

ηi(t + 1) > (ϖ − 1
ξ
)ηi(t), (9)

then, after iterations, one has ηi(t + 1) > (ϖ − 1
ξ )

t+1ηi(0). Due to ηi(0) ≥ 0 and ϖ > 1
ξ , it

is apparent that ηi(t) > 0 holds. This completes the proof.

Recalling that ei(t) = xi(tl
i,s)− xi(t), then, for t ∈ [tl

i,s, tl
i,s+1), (4) can be cast to

ui(t) =


−K{ ∑

j∈Ni

|gij|(xi(t) + ei(t)− sgn(gij)(xj(t)

+ej(t))) + gi0(xi(t) + ei(t)− hix0(t))},
t ∈ [T2l , T2l+1),

0, t ∈ [T2l+1, T2l+2),

(10)

https://doi.org/10.3390/math14132411

https://doi.org/10.3390/math14132411


Mathematics 2026, 14, 2411 5 of 19

Theorem 1. Suppose Assumptions 1–3 hold. Under the IDETC protocol (4) with K = 1
λN

(BTQB+

I)−1BTQA, for ϖ ∈ (0, 1) and ηi(0) > 0, MAS (1)–(2) can reach bipartite consensus if the
following conditions can be satified:
(i) −1 < Φ < 0 with Φ = max{Φ1, Φ2};
(ii) τ ≤ △2i, τ ≥ △2i+1, i = 1, 2, · · · , l, and τ1

τ2
> − b

a

where Φ1 =
−c+ ιλN ϱN (2α+1)

κ +
2λN ϱN

α
λmax(Q)

, Φ2 = (2α+1)λN ϱN
κ − 1

ξ + (ϖ − 1), △l = Tl+1 − Tl , and

a = ln(1 + λ̃
λmin(Q)

), b = ln(1 + Φ).

Proof. According to Lemma 1, it is obvious that gijsgn(gij) = |gij| = higijhj ≥ 0, one has
hi = sgn(gij)hj. Then, when t ∈ [tl

i,s, tl
i,s+1) ∩ [T2l , T2l+1), combining with (1) and (10),

one gets

φi(t + 1)

= xi(t + 1)− hix0(t + 1)

= Axi(t)− BK{ ∑
j∈Ni

|gij|(xi(t) + ei(t)− sgn(gij)(xj(t)

+ ej(t))) + gi0(xi(t) + ei(t)− hix0(t))} − hi Ax0(t)

= Axi(t)− BK{ ∑
j∈Ni

|gij|(xi(t)− hix0(t) + ei(t)

− sgn(gij)(xj(t)− hjx0(t) + ej(t))) + gi0(xi(t) + ei(t)

− hix0(t))} − hi Ax0(t)

= Aφi(t)− BK ∑
j∈Ni

l̄ij φj(t)− BK ∑
j∈Ni

l̄ijej(t). (11)

Denote e(t) = (eT
1 (t), eT

2 (t), · · · , eT
N(t))

T , φ(t) = (φT
1 (t), φT

2 (t), · · · , φT
N(t))

T , then,

φ(t + 1) = (IN ⊗ A − L̄ ⊗ BK)φ(t)− (L̄ ⊗ BK)e(t), (12)

where L̄ = L+ G and G = diag{g10, g20, · · · , gN0}. For t ∈ [T2l+1, T2l+2), one has

φi(t + 1) = xi(t + 1)− hix0(t + 1) = Aφi(t). (13)

Let L̂ = ΛL̄Λ = [l̂ij] ∈ RN×N , it can obtain that l̂ii = ∑
j∈Ni

ĝij + gi0 > 0 and

l̂ij = −ĝij < 0, i ̸= j. Therefore, it is clear that L̂ ≻ 0. Denoting φ̂(t) = (Λ ⊗ In)φ(t)
and ê(t) = (Λ ⊗ In)e(t), one has

φ̂(t + 1) =


(IN ⊗ A − L̂ ⊗ BK)φ̂(t)− (L̂ ⊗ BK)ê(t),

t ∈ [T2l , T2l+1),
(IN ⊗ A)φ̂(t), t ∈ [T2l+1, T2l+2),

(14)

According to Lemma 2, ηi(t) > 0. Denote

V(t) = V1(t) + V2(t),

where

V1(t) = φT(t)(IN ⊗ Q)φ(t),
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V2(t) =
N

∑
i=1

1
ξ

ηi(t),

and Q > 0 satisfying (3).
For t ∈ [T2l , T2l+1), one has

△V(t) = V1(t + 1)− V1(t)

= φT(t + 1)(IN ⊗ Q)φ(t + 1)− φT(t)(IN ⊗ Q)φ(t)

= φ̂T(t + 1)(IN ⊗ Q)φ̂(t + 1)− φ̂T(t)(IN ⊗ Q)φ̂(t)

= φ̂T(t)(IN ⊗ (ATQA − Q)− 2L̂ ⊗ KT BTQA

+ L̂2 ⊗ KT BTQBK)φ̂(t)− 2êT(t)(L̂ ⊗ KT BTQA

− L̂2 ⊗ KT BTQBK)φ̂(t) + êT(t)(L̂2 ⊗ KT BTQBK)ê(t). (15)

Since L̂ ≻ 0, there exists an orthogonal matrix U, s.t. UTL̂U = diag{λ1, λ2, · · · , λN}
with 0 < λ1 ≤ λ2 ≤ · · · ≤ λN . Define φ̃(t) = (U ⊗ In)φ̂(t). Nevertheless, let
K = 1

λN
(BTQB + I)−1BTQA, where λN is the largest eigenvalue of L̃. Meanwhile, it is

clear that BTQB < BTQB + I, one has (BTQB + I)−1BTQB(BTQB + I)−1 < (BTQB + I)−1.
Thus, it follows

φ̂T(t)(IN ⊗ (ATQA − Q)− 2L̂ ⊗ KT BTQA

+ L̂2 ⊗ KT BTQBK)φ̂(t)

φ̃T(t)(IN ⊗ (ATQA − Q)− 2UTL̂U ⊗ KT BTQA

+ UTL̂2U ⊗ KT BTQBK)φ̃(t)

=
N

∑
i=1

φ̃T
i (t)(IN ⊗ (ATQA − Q − 2λiKT BTQA

+ λ2
i KT BTQBK))φ̃i(t)

≤
N

∑
i=1

φ̃T
i (t)(IN ⊗ (ATQA − Q − (

2λi
λN

−
λ2

i
λ2

N
)ATQB

× (BTQB + I)−1BTQA))φ̃i(t). (16)

Denoting γ = 2λ1
λN

− λ2
1

λ2
N

, due to 2λi
λN

− λ2
i

λ2
N
= λi

λN
(2 − λi

λN
) ≥ λ1

λN
(2 − λ1

λN
) > 0, (16) can

be converted to

φ̂T(t)(IN ⊗ (ATQA − Q)− 2L̂ ⊗ KT BTQA

+ L̂2 ⊗ KT BTQBK)φ̂(t)

≤ φ̃T(t)(IN ⊗ (ATQA − Q − γATQB(BTQB + I)−1

× BTQA)φ̃(t)

≤ −c
N

∑
i=1

φ̃T
i (t)φ̃i(t)

= −c
N

∑
i=1

φT
i (t)φi(t). (17)

Noting that Q > 0, one can know BTQB ≥ 0, then BTQB + I > 0. Nevertheless,
without loss of generality, one can suppose ATQB ̸= 0; otherwise, ATQA − Q + cI < 0,
which means that A is Schur stable and the MAS (1) will realise consensus without any con-
trol. Therefore, one can conclude ATQb(BTQB + I)−1BTQA > 0, and then, KT BTQA > 0.
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And then one has L̂ ⊗ KT BTQA > 0. Consequently, there must exist a matrix M, such that
L̂ ⊗ KT BTQA = MT M. Denote ϱN is the maximum eigenvalue of KT BTQA, then

− 2êT(t)(L̂ ⊗ KT BTQA)φ̂(t)

= −2(Mê(t))T(Mφ̂(t))

≤ αêT(t)MT Mê(t) +
1
α

φ̂T(t)MT Mφ̂(t)

≤ αλNϱN

N

∑
i=1

eT
i (t)ei(t) +

λNϱN
α

N

∑
i=1

φT
i (t)φi(t). (18)

Similar to (18), according to KT BTQBK < 1
λN

KT BTQA, one has L̂2 ⊗ KT BTQBK <

L̂ ⊗ KT BTQA, hence, it follows

2êT(t)(L̂2 ⊗ KT BTQBK)φ̂(t)

≤ 2∥êT(t)(L̂ ⊗ ATQBK)φ̂(t)∥

≤ αλNϱN

N

∑
i=1

eT
i (t)ei(t) +

λNϱN
α

N

∑
i=1

φT
i (t)φi(t), (19)

and

êT(t)(L̂2 ⊗ KT BTQBK)ê(t)

≤ êT(t)(L̂ ⊗ ATQBK)ê(t)

≤ λNϱN

N

∑
i=1

eT
i (t)ei(t). (20)

Hence, (17) can be further given by combining (19)–(21)

△V1(t) ≤ (−c +
2λNϱN

α
)

N

∑
i=1

φT
i (t)φi(t)

+ (2α + 1)λNϱN

N

∑
i=1

eT
i (t)ei(t). (21)

Moreover, combining (21) with (6), one gets

△V(t)

≤ (−c +
2λNϱN

α
)

N

∑
i=1

φT
i (t)φi(t)

+ (2α + 1)λNϱN

N

∑
i=1

eT
i (t)ei(t) +

N

∑
i=1

1
ξ

ηi(t + 1)

−
N

∑
i=1

1
ξ

ηi(t)

=
N

∑
i=1

1
ξ
(ϖ − 1)ηi(t) + (−c +

2λNϱN
α

+
ι

κ
)

N

∑
i=1

φT
i (t)φi(t)

+ ((2α + 1)λNϱN − κ

ξ
)

N

∑
i=1

eT
i (t)ei(t). (22)

From (5), eT
i (t)ei(t) ≤ 1

ξκ ηi(t) + ι
ξ φT

i (t)φi(t), consequently, (22) can be expressed as
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△V(t)

≤ (−c +
ιλNϱN(2α + 1)

κ
+

2λNϱN
α

)
N

∑
i=1

φT
i (t)φi(t)

+ (
λNϱN(2α + 1)

κ
− 1

ξ
+ (ϖ − 1))

N

∑
i=1

1
ξ

ηi(t)

≤
(−c + ιλN ϱN(2α+1)

κ + 2λN ϱN
α )

λmax(Q)

N

∑
i=1

φT
i (t)Qφi(t)

+ (
λNϱN(2α + 1)

κ
− 1

ξ
+ (ϖ − 1))

N

∑
i=1

1
ξ

ηi(t)

= Φ1

N

∑
i=1

φT
i (t)Qφi(t) + Φ2

N

∑
i=1

1
ξ

ηi(t)

≤ Φ(
N

∑
i=1

φT
i (t)Qφi(t) +

N

∑
i=1

1
ξ

ηi(t))

= ΦV(t), (23)

where Φ1 =
−c+ ιλNϱN(2α+1)

κ +
2λNϱN

α
λmax(Q)

< 0, Φ2 =
λNϱN(2α+1)

κ − 1
ξ +(ϖ−1) < 0, Φ = max{Φ1, Φ2}.

For t ∈ [T2l+1, T2l+2),

△V(t)

= φT(t + 1)(IN ⊗ Q)φ(t + 1)− φT(t)(IN ⊗ Q)φ(t)

= φT(t)(IN ⊗ (ATQA − Q))φ(t)

≤ λmax(ATQA − Q)

λmin(Q)

N

∑
i=1

φT
i (t)Qφi(t)

≤ λmax(ATQA − Q)

λmin(Q)
(

N

∑
i=1

φT
i (t)Qφi(t) +

N

∑
i=1

1
ξ

ηi(t))

≤ λ̃

λmin(Q)
V(t), (24)

where λ̃ is the maximum eigenvalue of γATQA(BTQB + I)−1BTQA, and λ̃ > 0 based on
Remark 1.

Combining (24) with (23), it can get that

V(t + 1) =

{
(1 + Φ)V(t), t ∈ [T2l , T2l+1),
(1 + λ̃

λmin(Q)
V(t), t ∈ [T2l+1, T2l+2).

(25)

Therefore,

V(T2l+2) ≤ (1 +
λ̃

λmin(Q)
)V(T2l+2 − 1)

≤ (1 +
λ̃

λmin(Q)
)2V(T2l+2 − 2)

...

≤ (1 +
λ̃

λmin(Q)
)T2l+2−T2l+1 V(T2l+1). (26)
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Sequently,

V(T2l+1) ≤ (1 + Φ)V(T2l+1 − 1)

≤ (1 + Φ)2V(T2l+1 − 2)

...

≤ (1 + Φ)T2l+1−T2l V(T2l). (27)

Thus, by combining (26) and (27), one can obtain

V(T2l+2) ≤ (1 +
λ̃

λmin(Q)
)T2l+2−T2l+1

× (1 + Φ)T2l+1−T2l V(T2l). (28)

Then, (28) can be rewritten as

V(T2l+2) ≤ (1 +
λ̃

λmin(Q)
)△2l+1+△2l−1+···+△1

× (1 + Φ)△2l+△2l−2+···+△0)V(0), (29)

where △i = Ti+1 − Ti, i = 0, 1, 2, · · · , 2l + 1. Let a = ln(1 + λ̃
λmin(Q)

), b = ln(1 + Φ) with
−1 < Φ < 0, then

V(T2l+2)

≤ ea(△2l+1+△2l−1+···+△1)+b(△2l+△2l−2+···+△0)V(0), (30)

according to the condition (ii), for t ∈ [T2l , T2l+2), l = 0, 1, · · · , one has V(T2l+2) → 0,
as l → ∞. Thus, Theorem 1 is proved.

Remark 2. The IDETC protocols include several parameters: ω, ξ, κ, ι, τ1, τ2 and Q. The selection
of each parameter can be found in Table 1.

Table 1. Design parameters and practical selection.

Parameters Role/Function Practical Choice

α The gain determining the conver-
gency rate in (6).

Choose ω close to one to reduce the
triggering frequency.

κ, ι Weight parameter in (6) can deter-
mine the threshold in event function;
used to dominate quantization and
coupling terms.

Select κ > ι to ensure event-
triggering threshold to be smaller
than 1.

τ1, τ2 τ1, τ2 denote the length of control in-
terval and the length of control-off
interval in each period.

Choose τ1, τ2 to satisfy the condi-
tion in Theorem 1.

Q The solution of algebraic Riccati in-
equality (3).

Q can be obtained directly by solv-
ing inequality (3).
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4. Observer-Based Intermittent Event-Triggered Bipartite Consensus
In this section, an observer-based IDETC protocol is proposed. The observer of MAS

(1)-(2) are designed as follows

νi(t + 1) = Aνi(t) + Bui(t)− F(yi(t)− Cνi(t)), (31)

ν0(t + 1) = Aν0(t)− F(y0(t)− Cν0(t)), i ∈ N̄, (32)

where νi(t) ∈ Rn is the estimated value of xi(t), F ∈ Rn×q will be given later.
Let

ŷi(t) = Cνi(t), i ∈ N̄, (33)

ŷ0(t) = Cν0(t). (34)

Then, a new observer-based IDETC law is proposed by

ui(t) =


−K{ ∑

j∈Ni

|gij|(νi(tl
i,s)− sgn(gij)νj(tl

j,s∗))

+gi0(νi(tl
i,s)− hiν0(t))}, t ∈ [T2l , T2l+1),

0, t ∈ [T2l+1, T2l+2),

(35)

Denote πi(t) = νi(t)− hiν0(t), and qi(t) = νi(tl
i,s)− νi(t). Then,

ui(t) =


−K{ ∑

j∈Ni

|gij|(νi(t) + qi(t)− sgn(gij)(νj(t)

+qj(t))) + gi0(νi(t) + qi(t)− hiν0(t))},
t ∈ [T2l , T2l+1),

0, t ∈ [T2l+1, T2l+2).

(36)

The triggering instant tl
i,s is shown as the following:

tl
i,s+1 = inf{t > tl

i,s|
1
ζ

χi(t) + ϑT
i (t)πi(t)

− εqT
i (t)qi(t) ≤ 0}, (37)

with tl
i,0 = 0, where ζ, ϑ and ε are all positive scalars.

Meanwhile, χi(t) is the dynamic threshold driven by

χi(t + 1) = µχi(t) + ϑπT
i (t)πi(t)− εqT

i (t)qi(t), (38)

where χi(0) ≥ 0 is the initial condition and µ ∈ (0, 1) is a known constant.

Theorem 2. Under Assumptions 1–3, for given χi(0) > 0 and µ ∈ (0, 1) under the law (35)
with K = 1

λN
(BTQB + I)−1BTQA, the MAS (1)–(2) can achieve bipartite consensus when the

following conditions hold:
(i) −1 < Ψ < 0 with Ψ = max{Ψ1, Ψ2};
(ii) τ ≤ △2i, τ ≥ △2i+1, i = 1, 2, · · · , l, and τ1

τ2
> − b

a

where Ψ1 =
−c+ ϑλN ϱN (2β+1)

ε +
2λN ϱN

β

λmax(Q)
, Ψ2 = (2β+1)λN ϱN

ε − 1
ζ + (µ − 1), △l = Tl+1 − Tl and

ã = ln(1 + λ̃
λmin(Q)

), b̃ = ln(1 + Ψ).
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Proof. Denote ϕi(t) = xi(t)− x̂i(t). Similar to the last section, combining with (31), (32)
and (38), when t ∈ [tl

i,s, tl
i,s+1) ∩ [T2l , T2l+1), one has

πi(t + 1)

= νi(t + 1)− hiν0(t + 1)

= Aνi(t)− BK{ ∑
j∈Ni

|gij|(νi(t) + qi(t)− sgn(gij)(νj(t)

+ qj(t))) + gi0(νi(t) + qi(t)− hiν0(t))} − F(yi(t)

− Cνi(t))− hi Aν0(t) + F(y0(t)− Cν0(t))

= Axi(t)− BK{ ∑
j∈Ni

|gij|(νi(t)− hiν0(t) + qi(t)

− sgn(gij)(νj(t)− hjν0(t) + qj(t))) + gi0(νi(t) + qi(t)

− hiν0(t))} − FCϕi(t)− hi Aν0(t) + FCϕ0(t)

= Aπi(t)− BK ∑
j∈Ni

l̄ijπj(t)− BK ∑
j∈Ni

l̄ijqj(t)

− FCϕi(t) + FCϕ0(t). (39)

ϕi(t + 1) = xi(t + 1)− νi(t + 1)

= Axi(t) + Bui(t)− Aνi(t)− Bui(t) + FCϕi(t)

= (A + FC)ϕi(t), (40)

ϕ0(t + 1) = x0(t + 1)− x0(t + 1)

= Axi(t)− Azi(t) + FCϕ0(t)

= (A + FC)ϕ0(t). (41)

Because (A + FC) is Schur stable, one has ϕi(t) → 0, and ϕ0(t) → 0 as t → ∞.
Therefore, one can obtain

πi(t + 1) = Aπi(t)− BK ∑
j∈Ni

l̄ijπj(t)− BK ∑
j∈Ni

l̄ijqj(t). (42)

Denote that π(t) = (πT
1 (t), πT

2 (t), · · · , πT
N(t))

T , and q(t) = (qT
1 (t), qT

2 (t), · · · , qT
N(t))

T ;
then, (42) can be changed to the following

π(t + 1) = (IN ⊗ A − L̄ ⊗ BK)π(t)− (L̄ ⊗ BK)q(t), (43)

For t ∈ [T2l+1, T2l+2), one has

πi(t + 1) = νi(t + 1)− hiν0(t + 1)

= Aνi(t)− FCϕi(t)− hi Aν0(t) + FCϕ0(t), (44)

based on (40) and (41); then (44) can change to

π(t + 1) = (IN ⊗ A)π(t). (45)
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Similarly, denoting π̂(t) = (Λ ⊗ In)π(t) and q̂(t) = (Λ ⊗ In)q(t), then, one has

π̂(t + 1) =


(IN ⊗ A − L̂ ⊗ BK)π̂(t)− (L̂ ⊗ BK)q̂(t),

t ∈ [T2l , T2l+1),
(IN ⊗ A)π̂(t), t ∈ [T2l+1, T2l+2),

(46)

Similarly to Lemma 2, χi(t) > 0 can be proved. Let

W(t) = W1(t) + W2(t),

where

W1(t) = πT(t)(IN ⊗ Q)π(t),

W2(t) =
N

∑
i=1

1
ζ

χi(t).

For t ∈ [T2l , T2l+1), one has

△W1(t)

= πT(t + 1)(IN ⊗ Q)π(t + 1)− πT(t)(IN ⊗ Q)π(t)

= π̂T(t + 1)(IN ⊗ Q)π̂(t + 1)− π̂T(t)(IN ⊗ Q)π̂(t)

= π̂T(t)(IN ⊗ (ATQA − Q)− 2L̂ ⊗ KT BTQA

+ L̂2 ⊗ KT BTQBK)π̂(t)− 2q̂T(t)(L̂ ⊗ KT BTQA

− L̂2 ⊗ KT BTQBK)π̂(t) + q̂T(t)(L̂2 ⊗ KT BTQBK)q̂(t). (47)

Denote π̃(t) = (U ⊗ In)π̂(t). Similarly to (16), substitute K = 1
λN

(BTQB + I)−1BTQA
into (47), and noting that (BTQB + I)−1BTQB(BTQB + I)−1 < (BTQB + I)−1, one
can obtain

π̂T(t)(IN ⊗ (ATQA − Q)− 2L̂ ⊗ KT BTQA

+ L̂2 ⊗ KT BTQBK)π̂(t)

= π̃T(t)(IN ⊗ (ATQA − Q)− 2UT L̂U ⊗ KT BTQA

+ UT L̂2U ⊗ KT BTQBK)π̃(t)

=
N

∑
i=1

π̃T
i (t)(IN ⊗ (ATQA − Q − 2λiKT BTQA

+ λ2
i KT BTQBK))π̃i(t)

≤ π̃T(t)(IN ⊗ (ATQA − Q − (
2λi
λN

−
λ2

i
λ2

N
)ATQB

× (BTQB + I)−1BTQA))π̃(t). (48)

Because 2λi
λN

− λ2
i

λ2
N
> 0, and based on Remark 1, (48) can be rewritten as the following:
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π̂T(t)(IN ⊗ (ATQA − Q)− 2L̂ ⊗ KT BTQA

+ L̂2 ⊗ KT BTQBK)π̂(t)

≤ π̃T(t)(IN ⊗ (ATQA − Q − γATQB(BTQB + I)−1

× BTQA)π̃(t)

≤ −c
N

∑
i=1

π̃T
i (t)π̃i(t)

= −c
N

∑
i=1

πT
i (t)πi(t). (49)

Besides, similarly to (18), it has

− 2q̂T(t)(L̂ ⊗ KT BTQA)π̂(t)

= −2(Mq̂(t))T(Mπ̂(t))

≤ βq̂T(t)MT Mq̂(t) +
1
β

π̂T(t)MT Mπ̂(t)

≤ βλNϱN

N

∑
i=1

qT
i (t)qi(t) +

λNϱN
β

N

∑
i=1

πT
i (t)πi(t). (50)

Recalling to L̂2 ⊗ KT BTQBK < L̂ ⊗ KT BTQA, thus, it follows

2q̂T(t)(L̂2 ⊗ KT BTQBK)π̂(t)

≤ 2∥q̂T(t)(L̂ ⊗ ATQBK)π̂(t)∥

≤ βλNϱN

N

∑
i=1

qT
i (t)qi(t) +

λNϱN
β

N

∑
i=1

πT
i (t)πi(t), (51)

q̂T(t)(L̂2 ⊗ KT BTQBK)q̂(t)

≤ q̂T(t)(L̂ ⊗ ATQBK)q̂(t)

≤ λNϱN

N

∑
i=1

qT
i (t)qi(t). (52)

Therefore, considering the combination of (49)–(52), (47) can be further given

△W1(t) ≤ (−c +
2λNϱN

β
)

N

∑
i=1

πT
i (t)πi(t)

+ (2β + 1)λNϱN

N

∑
i=1

qT
i (t)qi(t). (53)

In addition, combining with (6), one has

△W(t)

≤ (−c +
2λNϱN

β
)

N

∑
i=1

πT
i (t)πi(t) +

N

∑
i=1

1
ζ

χi(t + 1)

+ (2β + 1)λNϱN

N

∑
i=1

qT
i (t)qi(t)−

N

∑
i=1

1
ζ

χi(t)

=
N

∑
i=1

1
ζ
(µ − 1)χi(t) + (−c +

2λNϱN
β

+
ϑ

ε
)

N

∑
i=1

πT
i (t)πi(t)

+ ((2β + 1)λNϱN − ε

ζ
)

N

∑
i=1

qT
i (t)qi(t), (54)
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based on (36), qT
i (t)qi(t) ≤ 1

ζε χi(t) + ϑ
ζ πT

i (t)πi(t) is obtained. Accordingly, (54) can be
shown as

△W(t)

≤ (−c +
ϑλNϱN(2β + 1)

ε
+

2λNϱN
β

)
N

∑
i=1

πT
i (t)πi(t)

+ (
λNϱN(2β + 1)

ε
− 1

ζ
+ (µ − 1))

N

∑
i=1

1
ζ

χi(t)

≤
(−c + ϑλN ϱN(2β+1)

ε + 2λN ϱN
β )

λmax(Q)

N

∑
i=1

πT
i (t)Qπi(t)

+ (
λNϱN(2β + 1)

ε
− 1

ζ
+ (µ − 1))

N

∑
i=1

1
ζ

χi(t)

= Ψ1

N

∑
i=1

πT
i (t)Qπi(t) + Ψ2

N

∑
i=1

1
ζ

χi(t)

≤ Ψ(
N

∑
i=1

πT
i (t)Qπi(t) +

N

∑
i=1

1
ζ

χi(t))

= ΨW(t), (55)

where Ψ1 =
−c+ ϑλNϱN(2β+1)

ε +
2λNϱN

β

λmax(Q)
< 0, Ψ2 =

λNϱN(2β+1)
ε − 1

ζ +(µ−1) < 0, Ψ = max{Ψ1, Ψ2}.
For t ∈ [T2l+1, T2l+2),

△W(t)

= πT(t + 1)(IN ⊗ Q)π(t + 1)− πT(t)(IN ⊗ Q)π(t)

= πT(t)(IN ⊗ (ATQA − Q))π(t)

≤ λmax(ATQA − Q)

λmin(Q)

N

∑
i=1

πT
i (t)Qπi(t)

≤ λmax(ATQA − Q)

λmin(Q)
(

N

∑
i=1

πT
i (t)Qπi(t) +

N

∑
i=1

1
ζ

χi(t))

≤ λ̃

λmin(Q)
W(t), (56)

Combining with (55) and (56), then

W(t + 1) =

{
(1 + Ψ)W(t), t ∈ [T2l , T2l+1),
(1 + λ̃

λmin(Q)
W(t), t ∈ [T2l+1, T2l+2).

(57)

Consequently,

W(T2l+2) ≤ (1 +
λ̃

λmin(Q)
)W(T2l+2 − 1)

≤ (1 +
λ̃

λmin(Q)
)2W(T2l+2 − 2)

...

≤ (1 +
λ̃

λmin(Q)
)T2l+2−T2l+1W(T2l+1). (58)

Sequently,
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W(T2l+1) ≤ (1 + Ψ)W(T2l+1 − 1)

≤ (1 + Ψ)2W(T2l+1 − 2)

...

≤ (1 + Ψ)T2l+1−T2l W(T2l). (59)

Thus, by integrating (58) and (59), one has

W(T2l+2) ≤ (1 +
λ̃

λmin(Q)
)T2l+2−T2l+1

× (1 + Ψ)T2l+1−T2l W(T2l). (60)

After further iteration, then, (60) can be changed to as

W(T2l+2) ≤ (1 +
λ̃

λmin(Q)
)△2l+1+△2l−1+···+△1

× (1 + Ψ)△2l+△2l−2+···+△0)W(0), (61)

where △i = Ti+1 − Ti, i = 0, 1, 2, · · · , 2l + 1. Let ã = ln(1 + λ̃
λmin(Q)

), b̃ = ln(1 + Ψ) with
−1 < Ψ < 0, thus

W(T2l+2)

≤ eã(△2l+1+△2l−1+···+△1)+b̃(△2l+△2l−2+···+△0)W(0), (62)

it is noted that condition (ii), for t ∈ [T2l , T2l+2), l = 0, 1, · · · , there is W(T2l+2) → 0,
as l → ∞, which means that Theorem 2 holds.

5. Simulations
Consider a communication topology containing six followers and one leader in

Figure 1, which shows that it is connected and structurally balanced. It can satisfy
Assumptions 1 and 2. Noting that W1 = {1, 2, 3} and W2 = {4, 5, 6} in Figure 1,
Λ = diag{1, 1, 1,−1,−1,−1} can be taken.

Figure 1. The graph of system communication topology.

Example 1. Choose A and B as

A =

[
1 0.1

0.2 0

]
, B =

[
−4
1.5

]
,

where (A, B) satisfy Assumption 3. For the dynamic triggering condition (5) with (6), the parame-
ters can be selected as ϖ = 0.64, ι = 0.7, ξ = 2, and κ = 6.5, τ1 = 6, τ2 = 4.
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From Figure 2, one can find that bipartite consensus is realised before k = 80. Figure 3
shows the trajectories of the control ui, i = 1, · · · , 6. Figure 4 presents the triggering instants
of each agent.
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Figure 2. Trajectories of ui(t) in control protocol (4).
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Figure 3. Trajectories of xi(t) for MAS (1)–(2) in Example 1.
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Figure 4. Triggering instants for the ith follower in Example 1.

Nevertheless, from Table 2, one can know that the IDETC can cut down the number of
triggering times effectively.

Table 2. Numbers of triggering times under control law (4) (IDETC versus DETC).

Agent i 1 2 3 4 5 6

0–60 s
IDETC 19 21 23 21 23 23

DETC 27 27 32 31 32 33
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Example 2. Considering the topology within Figure 1, and A, B, C and F can be given as

A =

[
1 −0.1

−0.18 0

]
, B =

[
−1
1.5

]
,

C =

[
1 −0.1

0.2 0.5

]
, F =

[
−1 −0.4
0 0.3

]
,

which satisfies Assumptions 3 and 4. Meanwhile, A + FC is Schur stable. Let x1(0) = [4;−5.3],
x2(0) = [3.1;−6.6], x3(0) = [5.8; 4.2], x4(0) = [3.15;−3.4], x5(0) = [−2.4; 6.25],
x6(0) = [−5.5; 3.3], and x0(0) = [4;−4.3]. Other parameters for (36) with (37) are displayed as
ζ = 0.68, ϑ = 4, µ = 0.6, and ε = 16.5, respectively,

Then, Figure 5 shows the trajectories of control law (35). Figure 6 illustrates trajectories
of states of the MAS (1)–(2), in which one can find that the bipartite consensus can be
realised before k = 70. Figure 7 shows the triggering time of each agent under the observer-
based IDETC approach.
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Figure 5. Trajectories of ui(t) in observer-based control protocol (35).
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Figure 6. Trajectories of xi(t) for MAS (1)–(2) in Example 2.
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6. Conclusions
In this paper, the problem of bipartite consensus of DMAS via IDETC is discussed.

Firstly, the IDETC mechanism is established and a state feedback protocol is proposed,
under which the bipartite consensus is achieved. Additionally, an observer-based IDETC
protocol is proposed by the established IDETC mechanism and the corresponding sufficient
conditions are derived. The proposed IDETC mechanism can reduce bandwidth usage
effectively. However, some limitations in this paper exist. For example, the model is ideal
and the memory and computation complexity are not considered in this paper. Future
works will investigate the consensus of MAS with time-delay and stochastic noise under
IDETC, how to choose the control interval length and how to design the control protocol
under directed topology. In addition, optimal bipartite consensus of MAS will be studied
by using a tempered fractional gradient descent approach in our future works [35].
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