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Abstract

Notable discrete probability laws appear as posterior distributions in the estimation of the
common mean with heterogeneous variances. These probabilities, which are defined by an
arbitrary set of distinct real numbers, also arise in seemingly unrelated areas of polynomial
approximation and statistical physics. The corresponding orthogonal polynomials possess
an interesting self-duality property, which invites the study of statistical distributions based
on data parity. These distributions provide novel, intriguing formulas for the classical
hypergeometric function along with several combinatorial identities.
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1. Introduction: Common Mean and Unknown
Heterogeneous Uncertainties

This paper arose from statistical analysis of a sequence, x1, ..., x,, in the setting of
heterogeneous research synthesis, with x; representing the estimate of the common mean
(say, treatment effect), as reported by the j-th study. No conditions are imposed on the
unknown accuracies, which cannot be assumed equal. The main statistical challenge is the
estimation of the common mean, treated as a shift parameter, when the standard deviations
are considered to be unknown nuisance scale parameters.

In some applications, the uncertainty appraisals are either missing or utterly unreliable.
The difficulty in accurately valuing the variances of systematic errors, whether due to
specific laboratory conditions or hospital protocols, is well acknowledged by data scientists.

The issue of underreported uncertainties, particularly those that stem from asymptotic
normal theory, which presupposes large data sets, is prevalent in metrology. Furthermore,
the challenge of reproducibility within individual centers may be exacerbated by the nature
of the employed measuring instruments.

Another source of artificially small uncertainties may be due to the removal of outliers
for purely mathematical reasons. By eliminating “unrepresentative” or “spurious” data
points, one typically is left with a part of the sample that is unrealistically accurate. See [1]
for further motivation.

Unlike classical statistical models, the scenario suggested here does not require accom-
panying estimates of uncertainty of x;. Our investigation focuses on the special “self-dual”
weights that define the discrete posterior distribution for the unknown mean, set against a
non-informative objective prior for both the mean and independent variances.

This line of inquiry, initiated in [2] under the assumption of normality, grapples with
the lack of variance information, causing several statistical complications. For instance, the

Mathematics 2026, 14, 2407

https:/ /doi.org/10.3390/math14132407


https://crossmark.crossref.org/dialog?doi=10.3390/math14132407&domain=pdf&date_stamp=2026-07-05
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-1146-8595
https://doi.org/10.3390/math14132407

Mathematics 2026, 14, 2407

20f19

classical maximum likelihood estimator cannot be determined uniquely, as the likelihood
function reaches infinity at each data point. Nevertheless, the problem is well-defined.
Indeed, estimating the common mean requires determining at most n parameters, the mean
itself and, say, w; = O'i_z/ Zj O'j_z, which belong to the unit simplex of dimension n — 1.
Statistical practice needs to determine only (n — 1) weights to form the common mean
estimator, say, Y/ ; wx;. In some applications, there is additional information that allows
further dimension reduction.

This paper is motivated by mathematical statistics, but its goal is to explore the
mathematical aspects of the issues arising in the statistical problem. Indeed, it is ad-
dressed to a general mathematical audience. The main contribution is the construction of
a unified probabilistic framework for rank-induced parity distributions and the deriva-
tion of related moment and combinatorial formulas, which show the link to the Gauss
hypergeometric function.

More specifically, Section 2 examines the polynomial approximation problem over
the set {x1,...,x,}, and orthogonal polynomials, which are less deviant from zero on
this set. The required formulas for the distributions of parity-based sums are established
in Section 3. The deep connection between these distributions and the hypergeometric
function is demonstrated in Section 4. We present a self-contained proof of formulas
for the specific value of this classical function. Obviously, these formulas are known to
specialists, but the author failed to find an easy reference. Our approach yields seemingly
new combinatorial identities, (39), (48), (53)—(55), (57) in Sections 4 and 5. Some useful
expressions for partial derivatives are given in Section 6.

2. Self-Dual Probabilities and Orthogonal Polynomials Least Deviating
from Zero

We initiate our discussion with a problem that, at first glance, appears unrelated to the
main focus. Namely, assuming that all x’s are distinct, the best polynomial approximation
of a function f over a finite set {x1,...,x,} is sought.

The optimal uniform approximation by a polynomial of degree n — 1 (or higher) is
achieved through the classical Lagrange interpolation polynomial L(x), which coincides
with f on this set, i.e., L(x;) = f; = f(x;) for j = 1,...,n. If the polynomial’s degree is
n — 2, the best approximation is derived by subtracting from L(x) a specific multiple of
the oscillating polynomial that alternates its sign at each successive x;, attaining the same
absolute value at these points.

The probabilities,

-1
1 1

- - - - 1
[Tz |xi — xj [;]1;{ |xk_xj|] @

-1
:H];Al( l; ]1;!:( xk_x)|1 ’

are related to the Lagrange formula and to the parities of x;,i=1,...,n,

w; =

s; = sign <H(xi — x]-)>. )

j#
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It is known (see Theorem 1.15, [3]) that the approximation error coincides with the
absolute value of the average, taken under (1), of products s; f;. Thus,

|Y sifiwi] = min max |fi — R(xi)l,
7

where R(x) runs through all polynomials of degree not exceeding n — 2. For instance, the
approximation error of the oscillating function f; = s; is independent of n,

1= mRinrnax Isi — R(x;)].
1

The barycentric form of the Lagrange interpolation formula,

_ Yiwssifi/ (x —x;)

L(x) = Yiwisi/(x —x;)

provides numerous advantages [4].

Probabilities (1) originate in random matrix theory, where they offer alternative de-
scriptions of a physical ensemble in terms of particles or holes. Many optimization problems
involving the discriminant function through electrostatic equilibrium are underpinned by
them [5]. From the mathematical perspective, these probabilities are self-dual under the
duality definition given in [6] and developed in [7-9].

In mathematical statistics, probabilities (1) define the discrete posterior distribution
for the location parameter against a non-informative prior for this parameter, mean, and
independent variances [10]. The generalized Bayes estimator of the mean under the
quadratic loss is

-1
X 1
(Szzl:wlxlzgl_wl_x][znxl_x]l] . (3)

i j#i

This statistic serves as a semiparametric estimator of the symmetry center in a heteroge-
neous sample, meaning that it does not depend on the distribution of x’s from a broad class.

Orthogonal polynomials against (1) exhibit striking symmetry. To see it, let §,;, =
Yrewrxy',m =0,1,... represent the moments of self-dual weights (1). The monic polyno-
mials Ty,,m = —1,0,1,...,1n,T_1(z) =0,To(z) =1, T1(z) =z —61,..., Tu(z) =T1(z — xz),

are orthogonal in Ly,
i
With

W= S5

i j#i
the sequence hy, = Y ;[T (x;)]?w;, hg = 1,hy = 6, — &2,...,hy—1 = W?, enjoys the men-
tioned symmetry as hy,lyy_p—1 = W2,
The orthogonal polynomials T, are known to satisfy the three-term recurrence,

Tni1(z) = (2 — am) T (z) — BmTim—1 (2), ®)

where the coefficients B, = Ny /M1, Bm = Bum, and ay, = ¥ ;[T (x;)12w; / hyy, also
possess symmetry property: &y = &;_1—m-
Mathematical induction applied to (5) shows that fori,m =1,...,n,

WTm(xi) = $ihmTy—m—1 (xi)- (6)
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Identity (6) can be obtained from the original duality definition [6], according to which
Tim(x;) is a multiple of Ty, 1 (x;) Tyy—m—1(x;)-

The polynomial,
Tuo1(z) =) wi][[(z— xi),
i j#i
is less deviant from zero in Leo: Ty;—1(x;) = s;W, i.e., for any monic polynomial R of degree
not exceeding n — 1,
ma [T, 1 ()] = W < max|R(x;)|. )

The comparison of the extremes of T;,_1(z) and those of the classical monic, degree n — 1,
Chebyshev polynomial on the interval, [min x;, max x;], provides a sharp inequality,

w < on—2

(8)

(maxx; —minx;)"" 1 2<maxx,-—mir1x,» n-1
=2( ——5—— ,

which holds for all distinct x, .. ., x,,. The factor 22" in (8) is given incorrectly in [10].
Equality in (8) is attained if and only if x’s are extreme points of the mentioned
Chebyshev polynomial on this interval, i.e., whenforj =1,...,n,

xj = max x; —20—m1nx1 n (max x; . min x;) cos((] :)[71)

Then the probabilities (1) have a remarkably simple form,

1 1
':2,..., _1, = = —
17/ " O = = 50—

i T n =

Since wy < wy, w,; < wy_1, this provides the closest resemblance of (1) to the uniform
distribution.

In addition to x1,...,xy, the polynomial Tgfl(z) — W2 has n — 2 real roots (which
interlace those of T;,_1), so that, with R,,_; denoting the monic polynomial of degree n — 2
having these roots,

T? 1(z) = W? = Ty(2)Ry—1(2). )

Therefore, R,,_1 is the associated polynomial to T,_1,

Ry-1(z) =Y [Tu1(z) = Tnfl(xi)]wi_

Z— X (10)

i
The associated with T}, orthogonal monic polynomial R, of degreem —1,m =1,...,n—1,
satisfies the same recurrence (5), but the initial conditions are different: Ry = 0,R; = 1, so
that Ry(z) =z —aq, ..., Ru(z) = T—1(z) = (z — 91)Ry—1(2) — B1Ru—2(2).
The coefficients &, /5, B, /2 admit an explicit form: for even n

- _ Yisixd _ (Cisixg)?
“(n72)/2 =Qp/2 = 221‘ Sixi, ,Bn/2 = ? (11)
If n is odd, then
T-1)2(z) = Po(z) = ] (z—xj), (12)
]‘ZSjI*l
h(nfl)/z = W, and
Y six? — (X six;)?

X(n_1)/2 = Zsixi/ Bn-1)/2 = Bns1)/2 = 4( : (13)
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With P,(z) = [Tjs=1 (z — xj), other central orthogonal polynomials are of the form

T a(e) = R R, a9

Tnyalz) = E-EERE + RE), (15)

and Py(z) - Po(2)
Tin-2)/2(2) = % (16)

One can represent R,,_1(z) = R.(z)R,(z) as a product of two monic polynomials (with
real roots) of degrees n, — 1 and n, — 1, respectively. Then with P, and T,,_1(z) — W =

Pe(z)Ro(z) and T, _1(z) + W = Py(2)Re(2). If s; = 1, Re(x;) = 2W/Py(x;), when s; = —1,
Ro(xj) = —2W/Pe(x;). Thus,

1 p2ilz—x
Re(z) = 2WS§l HS;E}?;S, =) 0 _ 251; w; Sk:]}{#(z —x¢), (17)
and
Ro(z) =2 ) wj [T GE—=x). (18)
si=1  sy=—1,04]
Central associated polynomials are R(,_1),, = Ro,
Rya(z) = ReEERAE) (19)
Rpenyate) = E= TSm0 £ Re(2) 20
and
Riy—2)/2(2) = w (21)
We summarize the main results as a theorem whose detailed proof can be found in
in [10].

Theorem 1. Polynomials T, which are orthogonal with regard to probabilities (1), satisfy
(5) and (6), with their central versions in (12), (14)—(16). Their associate polynomials satisfy (9) and
(10), with the central versions given in (19)-(21). Central coefficients are given in (11) and (13).
Inequality (8) is valid.

Coefficients a(,,_1) /2, B2 are completely determined by }; s;x;. Two other coefficients
involve quadratic forms involving s;x;. We refer to these functions of observations as parity-
based statistics and embark on their study.

3. Parity-Based Distributions

The main object of interest in this section is the parity-based sums of the form, ) ; s;x;.

The finite set {x1, ..., x, } in Section 2 can be considered as the representative points
of univariate statistical distribution [11]. Thus, we assume that it is a realization of 7 inde-
pendent random variables with common continuous distribution function F(x) = Fy(x),
whose density f(x) has all finite moments, m, = Ex? = [ x”f(x) dx, which determine
F uniquely.
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Denote by sy, .. ., 5, the parity sequence corresponding to x1, ..., x;. To start exploring
the behavior of the parity-based sums, notice that the distribution of a random parity s; can
be written as

P( zli[l_i_e r+n] :;[1_‘_6[1_2(71_1)71]}, (22)

€ = %1, which does not depend on F.
The joint density of x; and its parity s; is

flxi,si=¢€)= @{1 + €[2F(x;) — 1]”_1}. (23)

Therefore, fori =1,...,n,

Fx) | e{[2F(x) 1" = (-)"}

P(x; < x,s; = —
(x; < x,51=¢€) 5 o

If f is symmetric, the distribution function of y; = s;x; is
Gly)=P(xj<y,si=1)+P(x; > —y,s; = —1) (24)

_ g+ IECDHRRO) 1 1)

These formulas can be derived from the distribution of order statistics whose rank has

the same parity as the largest observation. For example, the conditional density of x; and
x; for given s; = €1,5; = €, has the form

f(xi)f(x))

4P(Si = €1,S]' = €2

f(xi xjlsi = €1,5) = €2) = ] {1 +e(=1)" 1 —2F(x)]" 2 (25)

+ea(—1)"2 1 = 2F(x))]" % + erea(— 1) T2 [1 = 2|F(x;) — F(x)) |]”_2}/

where 71 and 15, 1 < r1 # rp < 2, are relative ranks for x; and Xj, say, 11 = lifx; < X;.

The next result provides the joint density of m-sub-vectors xy,, ..., X, and sy, - -+ , sy,
the relevant conditional distributions, as well as the form of the moments of parity sums.
Here, m is a fixed integer, 1 <m < n. Thus, M = {1,...,m} C N={1,...,n}.

Theorem 2. The exchangeable distribution of xy,, ..., Xn,, and sy,,- - - ,sn,,, is provided by (28).
The conditional density of xu;,j € M, for a given value of the product sy, - - - su,, satisfies (33). The
moments of the parity sum, Y ' ; s;x;, can be found from (37).

Proof. Let z; < ... < z; be the order statistics corresponding to Xnj, j € M. The joint
distribution of z;,...,z; and the parities can be represented as a mixture of the condi-
tional densities for given ranks. A particular density enters this mixture if and only if

Sy

;= (— 1)n+R; where R, 1 < R; < n, is the rank of Xp; among the total sample.

Let r; denote the rank of x;, within our subsample. Then Xn; = Zrj, and s}w = (—1)’””}
is the parity of x;; in this subsample.

Since the probability of any rank combination is () !, the classical formula for the
distribution of several order statistics [12] implies that the joint density of 1, ...,y and
the corresponding parities is

[z, zmiSny, o Suy) = m! [ ] f(2) (26)
1
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n—m n [1+Snj(—1)n+pj]
S U

1<pramepmen\ P11 p2—p1—1 =T

p1=1Apa—p1-1 Pm—Pm—1—1 A\1—pm
XA A, N A

Here, under the convention that F(z,11) = 1, z(yo) = 0, A; = F(y;) — F(y;1) are familiar
m + 1 spacings, Z;”:ng Aj =1, which are known to have a Dirichlet distribution Diry, 11 with
positive concentration parameters r1,7y — *1,...,ty — rpy—1,1 + 1 — 1y [13]. Therefore,

m+1 m
/ . / lil [F(zj) — F(Zjil)]rj_?'/*l_l qf(Z]) dz;
. 2 <<z j=

T(r)T(ra—r1) - T(rm—rm_)T(n+1—1y)
m!T(n+1)

Integration of (26) over zy, ...,z gives our first combinatorial identity,

2m (Z)P(snj =¢€,j=1,...,m) = ) [T +ej(—1)"*7i]. (27)

1<pi1<..<pm<nj=1

By replacing the summation variables in (26) with p; —1,po —p1 —1,--- ,n — p; and
using multinomial theorem, we arrive at the form of the joint distribution of x,,, ..., x4,
and sy, -, Su,,

FXnys oo X Snyse s Sy ) (28)
_ Hj];ixnj) Z(_l)nk Z H(_l)ri[l_zzleF(xni)]nfm HS”i
k=0 KCM,|K|=k [ieK icK ick
Hf(x ) i n—m n—m
= ] om - Z(il)( * Z HsniszM[l -2 Z SIKP('X”[)] .
k=0 KCM,|K|=ki€K ieK

Here, fori € K, s = sign(ITjijex (Xn; — xn;), is the parity of xy, in the subsample x,,;, j € K,
where k is the cardinality of K. Thus, this joint density is a linear function of parity products,
HiGK Si’lirK C M.

The joint Dirichlet distribution of spacings implies that }_;c s]I-< F(x;) is beta-distributed
with parameters (q,m +1 — q),q = q, where for any subset K of M,

B = Ji = i1 - = (Z15 = (=D, g6 > 0= qo. (29)
ieK
Clearly, (—1)% = (—1)Eiexi = (—1)%iek"i If k is even, k/2 < g < m — k/2; for odd k,
(k+1)/2 < gy <m—(k—1)/2,so that

= Yo = /2] = m/2 4 [1 - (<1)")/4, )
j=1

and (—1)%n = (—1)m(m+1)/2,
Thus, density (28) is related to the classical hypergeometric function, o Fy (m — n, q;m +1;
z) = F(m —n,q;m + 1;z) (actually a polynomial in z of degree n — m). Our argument

shows the special role of the specific value z = 2, which appears as the factor at ) S]KF (x})
in (28).
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Indeed, by using the fundamental integral representation of the hypergeometric
function [14], and setting g = gj, one obtains the following expression:

1 _ _ _
1—2u)" =11 —u)" 4 du
E[1-2Y sKP(x; "—m:fo(
| EU ) B(q,m+1—q)

(81)

=F(m—n,q;m+1;2).

Observe that for € ==xLj€eM, 2™ functions, [ [g €;, K C M, are linearly independent.
Indeed, they are orthogonal under the natural inner product,

Y. Jlellei=2"0k

e=t1jeM K L

where K and L are fixed subsets of M. Also,

Z HG[ = 2m71[(5@/1< + €5L,K}-
ej:il,jEM,HK €=€ L

Simplifying the notation from x;; to x;, we see that the joint density of x;,j € M, and
of the product, [Tx sj, K C M, has the form

flxjje M;[[si=e) (32)
iek
[Tum f(xj) k . _
= T {1 +e(=1)" T[T =2 Y sKP(x))]" m}.
jeK
When K = M, one obtains
E([Tsjlxj,j € M) = (=1 +mmD/2[1 -2 37 sME ()], (33)
M M
so that by (31) with g, given in (30),
E]]sj = (=1)" "t D2E (m — 1, gy m + 1;2). (34)
M

To derive formulas for the moments of the parity-based sum, )} ; s;x;, we need an
extension of (32) for positive integers v, j = 1,. .., m. For this purpose, the form of the joint

density of x;,j € M, and the product of the corresponding parities, [ T{" s}/j , is desired.

This density can be obtained from (32), since [ " s}/j =¢,ifand onlyif withD = {j,j =
1...,muv; odd }, one has Hj,v]-e pSj = €. Thus, with d denoting the cardinality of D and rj
still denoting the rank of Xj within the subsample,

m .
E(HS}/]|xj’j €M) = (—1)™*+Eon1—2 Y sPF(xp)]" ™,
1

jeD
and . .
. : . _ 4
E[](sjx))" = (—1)™E(=1)%p"i[1 -2 Yo s Ry T (35)
=1 jeb j=1
4 —
= (—1)MHENRETT X 1 -2 ) sPF(xp))" " [T my[1-2 ) sPFy (%)),

jeD jeD i¢D jeD

where F,(x) = [*_u'f(u) du/m,,v=0,2,4,...,sP = sign ([ T4 jep (xi — X))
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To prove (35), we evaluate the following conditional expectation:

E( [T (1)) e D) = (~1)"=O[ T sign(x; —x)]

iZVi even l#fl,géD

xT1 mvl.E< IT TT signl] J(xi —x0)]x;|x),j € D)

léD iZVi even kﬂ/k odd k;él
_ (_1)m(m7d)+(m7d)(m7dfl)/2 H m,, [1 9 ZSjDFVi(xj)]'
i¢D D
Identity (35) is valid when some v;,i ¢ D vanish. Thus, for any non-negative integers

Vj,jIl,...,Tl,

n
. v,
EJ ()" = (-1 [T/ [Imy1-2) sPFy (%)), (36)
]:1 ]ED 1¢D ]GD
D={jj=1,...,nvjodd},
More general formula involves functions ¢;,j = 1,...,n,

Eﬁs}/fq)j(xj) _ (_1)nd+d(d+1)/2E H(Pj(xj)
j=1

jeD

<I1 [ | gtwfdu—2 TP [ gt i) du].

i¢D jeD
According to (36),

n P
El;sml = X (Vl ! " )(—1)’“””’“””/2 (37)

Lvj=p
v,
xE TT x/ ] my[1 —2Y sPF,(x)]
Jivj odd 1tV even D
where d is as above and p — d is even; (37) presents the correct version of Formula (34)

in[10]. O

By using (28), one can find the joint (symmetric) density of y,, ..., yx,. For example,
when f is assumed symmetric, the distribution of y; = s1x; and y» = spx» is exchangeable,
so that it suffices to determine its density when |y;| < |y2|. Then e1y1 A €2y2 = —|y2],

if e = —sign(y»); = €11, otherwise. Similarly, e1y1 V €2y2 = |y2|, when €, = sign(y»);
= €11, otherwise. Thus,

Y ell-2F(ey)]"?+ ) efl —2F(eay2)]"

€1y1<€2l2 €2y2<€11

= [1— (=1)"][1 = 2F(y1)]""* — 2sign(y2)[1 — 2F (—|y2])]" 2,
and
Y, el —2F(ew)]"*+ Y, eall—-2F(ey)]"?

€1y1<€2l2 €2y2<€11

= [1— (=1)"][1 = 2F(y1)]" "> + 2sign(y2) [1 — 2F(Jy2|)]" .
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Since
Y e1ea[1 —2|F(eyr) — Fleawn)|]" 2

€1,€2
— 2sign(y2) {[1 ~ 2IF(y1) — F(lyal) "2 ~ [1 ~ 2/F(y) + F(Jyal) — 1]]"2)
= 2{[1 = 2|F(y1) = F2) "2 = [1 = 2/ F(y1) + F(y2) 1" "2},
it follows that the joint density of y1,y, when |y1| < |y2| is

suy) = ), flewr eya,si=e€1,s; =€) (38)

€1,60==%1

= flynftyn {1+ BTy oy, e

{1 20F () ~ F@)I" ~ 1 20F () + F(y2) — 1"},

In the symmetric case, E(Y} ;s;x;)’ = 0, for odd n and p. Indeed, }_!" ; s;x; up to
multiple (—1)" coincides with the parity sum derived from the sample (—x1,..., —xy),
which is equidistributed with x’s.

If p = 1, the first moment can be derived from (23); the form of the second moment
follows from (25),

n
E()six;)* = nmy — n(n — 1) Exxp[1 — 2|F(xa) — F(x1)[]" 2.
i=1
Whenp =3 <mn,
n

3
E(Y_six;)® = nEsyxy 4+ 3n(n — 1)Esyxix; + n(n —1)(n — 2)E] [ six;
i=1 1

= n/x?’f(x)[ZF(x) — 1" dx
“ann =) [ xf ) 112 ma =2 [ y2(0) ay] o
tontn=1)(n=2) [ | wef(fw)fE)

x[1 —2F(z) + 2F(y) — 2F(x)]" 3 dxdydz.

Whenp =4 <n,
n
E(Y six;)* = nmy +3n(n — 1)m3Ex;x3[1 — 2|F(x2) — F(xp)|]" 2
i1

—6n(n —1)(n — 2)mpExyxox3[1 — 2|Fa(x2) — Fa(x1)[][1 — 2|F(x2) — F(xy) )" 2

+E ﬁxi[l -2 iSjF(x]')]nizl.
1 1

https:/ /doi.org/10.3390/math14132407


https://doi.org/10.3390/math14132407

Mathematics 2026, 14, 2407

11 of 19

4. Parities and Hypergeometric Function

For fixed m,1 < m < n, the joint distribution of parities sy, ..., sy, is obtained in
Theorem 2, whose notation we follow. According to (27) and (28),if 1 < m <,

o 21§p1<...<}’7m§1’l H;’Vl:1 [1 + e].(_l)”"’pj]

39
() )

P(sn/. :ej,jzl,...,m)

m
= Y (—1)RHRED2E (kg K+ 1;2)KIE (£1).
k=0

Here, for ffl = (€1,...,€m), Ex(ffl) = Lgcm, k= [k €i, is the k-th elementary symmetric
function whose values depend only on d, the number of €’s equal to —1. Indeed

ﬁ(z - s]») =(z+4 1)d(z - 1)m_d = i (—1)m_kEk(fﬂ)zm_k,
i=1 k=0
so that

Ee(fl) = (~1)F Zi@(—nf(’” CO(GE):

Now we give explicit formulas for F(m — n,q;; k + 1;2) involving double factorials.
See [15] for a survey of related combinatorial identities, and [16] for further instances of
closed-form expressions for this function at specific arguments.

Theorem 3. If1 < k < m < n,n > 2, are positive integers, the following identities hold for the
hypergeometric function:

B ) oy (m—m -1tk
F(m n,(k+1)/2,k+1,2)—m, n —m even, k odd, (40)
Fm—mn,(k+1)/2,k+1;2) =0, n—modd, k odd, (41)
F(m—mn,k/2;k+1;2) =F(m—n,(k+2)/2;k+1;2) (42)

—m— 1" (k—1)1
= (n(nTmi)k(i{l)'l')' n — m even, k even,
Fm—mnk/2;k+1,2) = —F(m—mn,(k+2)/2,k+1,2) (43)
_ (=m)(k—=1)1
= —mtn n —modd, k even.

For any positive integers q,1 < g < k, and p,
F(=p,qgm+12)=(-1)""F(—p,m+1—qm+1,2), (44)
and (46) is valid.

Proof. To prove Formulas (40)—(43), we use the well-known facts about the hypergeometric
function. According to 15.8.13 in [14]

Fm—mn,(k+1)/2,k+1;z)

_(2—2)"””13 m—n m—n+1 k+2 22
T gnem 2 ' 2 T2 '(2—=22)
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If n — m is even, this identity means that

(2 _ Z)n—m

21’!*111

Fim—mn,(k+1)/2,k+1;z) = (45)

[Om —m)/2V[(m —n=1)/2 ;0 vu-m-3j
Xos]‘s(;m)/z [(j+2)/2)j! 27(2-2)

Here, for any real a and non-negative integer j, [a)) = a(a+1)---(a+j—1) = T(a+
j)/T'(a) is the ascending factorial.

The only term of the finite series in the right-hand side of (45) without a positive power
of (2 — z) corresponds to j = jo = (n — m) /2. Its coefficient equals

(m—m)/2ol(m—n—1)/20 T3 )r(4)

[(k+2)/2)0jo! r(%)r(nfm;kJrl)
which is seen to coincide with (40). This coefficient vanishes when n — m is odd,
implying (41).
One has

kZZF<m - n,g;kJr 1;z>
k k
= kF m—n,i;k;z +k(z—1)F m—n—l,i;k;z ,
15.5.16 in [14] leading to (42) and (43).

Identity (39) means that for any positive integers, k < m < n,

)3 L= ()2 () gk +12). (9

KcM,|K|=k1<p1<...<pm<n

_(ay (Z>EI;[% (1 (Z) [Qp(l;lsn/. =1)—1].

In the last two formulas, K is any k-element subset of M. O

The values of the hypergeometric function entering (39) and other formulas with
0<m<mn,qu= [m/2], can be summarized as follows:

(m=1)!"[1+(=1)™]

2i-1)(n—3)—(n—m+1) '+ EVen
F(m —mn,qm;m+1;2) = % 1 odd, m even W)
0 1 odd, m odd.

(n—=2)---(n—m—1)

When m = 0, this function takes its largest value, F(—n,0;1;2) = 1. If ¢ = m+1,
Fm—n,m+1m+12) = (-1)"".
It is immediate that when n — oo and m is fixed,

(m=1)!"[1+(—=1)"]

2pm/2 neven
F(m —n,qm;m+1;2) ~ % n odd, m even
7 n odd, m odd.
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Now by using (39), one gets the first-order approximation for fixed m > 2,
1

+0 (2> ,  (48)
n

which indicates the deviation from uniformity of the distribution of (s, ..., n,, ).
Another proof of Formulas (40)—(43) in Theorem 3 uses the following generating

m

m _ R _
2 P(snj—e],]—l,...,m)—l—i-zn

m—1
€m — (—1)”61 — Z €]‘€]'+1
j=1

function: -
Y F(—k (p+1)/2k+1;2)z"
k=0
1 1y(p=1/2(1 — ) (p=1/2 gy rl1 1 p+2 ,
N B((p+1)/2,(;?+1)/2)/0 1—22(1—2u) N ( 22 F >'
which is an even function of z when p is odd. If p is even,
k ka
Y F(=kp/2p+1;2)2+ Y F(—k p/2p+1;2)——
k even k odd p+k
= Y F(=kp/2p+1;2)(z+1)F
kever\
B 1 /1 ulP=2/2(1 —u)P2dy el lptl 2
~ B(p/2,(p+2)/2) Jo 1—22(1—2u) N 20 2 )

These facts can be found in 15.15.1 [14].

It is well known that the probabilities defining the classical hypergeometric distribu-
tion with parameters m, n,, n, = n — ne, can be determined from its probability generating
function, which is the (finite) hypergeometric series F(m — n, —ng; 1o — m + 1;z).

Therefore, the probability that such a random variable takes an even value (under any
positive integers n, and n,, n, + n, = n) is

[T+ (=D ) ()

X

[
max (0,m—n,)<k<min(n,,m) 2("1)
1 (n—m)in,! ) )

= E 1+ m}‘(*m,fne,no 7m+1,71) .

If np — n, = [1 — (—1)"]/2, this probability coincides with P(sy - - - s,; = 1) whose expres-
sion through F(m — n,q,,; m + 1;2) is given in Theorem 3.

The joint distribution of sy, . . ., 5, which define traditional hypergeometric random
variable (s + - - + sy, +m)/2,

1 & ek(”e_no_ekfl_"'_el)
il 1 4
kaljl + n—k+1 ! (49)

differs from (39). Indeed, the parities sy, ...,5,,1 < m < n, in (39) are special because of
their association with ranks of the subsample.
For two disjoint subsets K and K’ of M and any L,

[1e

€,'::t1,HK ej:fﬂlan’ €j:fﬂ2 L

= 2""2[5g,1, + ffl16x 1, + ooy | + £l oSk 1],
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so that one obtains
AP([Tsi=er [ Isi =ealxjj € M) =1+ e (—1)"™ 1k7i[1 =2 Y " sKF(x;)]"™  (50)
ieK ieL K

+ep(—1)" L[] ZZSLF

+€1€2(_1)n(k+€)+2KULri[1_2 Z SZKULF(xi)]n—m_
KUL

It follows that

P(HSZ‘ = €1,Hsi = 62) =

[1 + (=1)™ U (m — n, g m + 1;2)e;
ieK i€Ll

N

(=)™ UF(m — n, g m +1;2)ey + (—1)"EFOH Ut F(m — n, iy 5 m + 1,‘2)6162],

with similar formulas for the joint distribution of products of s’s over several disjoint subsets.
As in Theorem 2, all joint probabilities are linear functions of €1, €2 and €13,

4P(s; = €1,5; = €2) = 1 +eja + e2f + €162

with some coefficients &, B, x. The degree of dependence of s’s (or of their Bernoulli versions
(s; +1)/2) can be measured via the correlation coefficient between s; and Sj

_ 2P(sisj = 1) =1 —[2P(s; = 1) — 1][2P(sj = 1) — 1] _ X—ap '
4\/P(si =1)P(s; = —1)P(s; = 1)P(s; = —1) (1—a?)(1-p%)

In our examples, x < af3, and the dependence is negative.

In 39), if niseven, p = —a = —x = 1/(n—1), whennisodd, a = p =
—X = 1/n. More generally, in (50) &« = (—1)"*F%+inkF(k —n,q;k + 1;2),p =
(=1)"n=R)+ A Gk F(m — k — 1, qy_i;m — k4 1;2),6 = (=1)" 0 F(m — n, gy m + 1;2).
Then if n is even, and m, k are odd, p = 0, which means that []g Sn; and [x Sp; are
independent, P([ Ty sn; = +1) = 1/2.

When n, —n, = [1 — (—1)"]/2, one achieves in (49), « = B = [1 — (—1)"]/(2n),
x=—[2n+ (-1)"=1]/[2n(n—1)].

These formulas may find further use in probability modeling and estimation of entropy
of binary sequences [17].

5. Parity-Based Sums and Dirichlet Distribution

We start here with the identity, which is similar to the formulas (40)—(43) in Theorem 3.
Namely, for any positive integers p and n withv; > 0,i = 1, ...n, forming a weak decom-
position of p into n (non-negative) parts, one has

((p+Z/22 /2) 1 even, p even
. 0 n even, p odd
[T = 4 s ’ 2
A T=p i (Pn=1/2) 1y odd, p even
(p+n 2/2) n odd, p odd.

(p—1)/2
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Indeed, Yy, 4.y, —p1 = ( 11y so that with g = ¢, defined by (30), the sum in the

n—1
left-hand side of (51) can be written as
p
_ ok (m—q+k=1\/g-1+p—k
uate) = S0 T (L), 62)

which is the coefficient at z? in the series expansion of (1 —z)~9(1 4 z)77™, cf. Section 1.3
in [18].

One has, fiup(m —q) = (=1)P fup(q), fmo(q) = 1,fop(q) = 0,p > 1. A formula
similar to (52) for the generating function, z(1 — z) ~9(1 + z)7~™, obtains for the partition
of p (strictly positive v's, Y ' ; vy = p).

Theorem 4. For fy,.,(q) given in (52), g = qm = [m/2], one has

m+p

. )F(—p,q;m+1;2) (53)

Fuenpl) = (
as well as (54) and (55).

Proof. The equality (53) holds because of (40)—(43). Indeed, its left-hand part satisfies (51),
which corresponds to the weak decomposition of p. By comparing this equality with the
partition of p into m (positive size) blocks, one obtains a representation of fi,»(q),q = qm,

D" fup@) = 3 TI=D™

Vit U=p i
S DD DR | (COR D D CE DD DI [ (G2 Vi
KCM Y gvi=pvi>0ieK KcMm Yk vi=p—kyv;>0icK
_ k+ Yg(—1)
= KZM(_l)k(p k+1)fk,pk(§)>'
C

Here, k,1 < k < m A p, denotes the cardinality of K = {i : v; > 0}, so that [k + Yk (—1)))] /2
is the multiplicity of 1 among (—1)!,i € K.

The number of possible choices of the set K with the given multiplicity j of 1 in the set
{(-1)l,i € K},is (?)(’Z:]q) Therefore,

_\m JMP_ k(p—k+1) £ qy(m—4q .
1" fgla) = L (UM Y (D (eZ9) st 64

Alternative representation of f, ,(q), p > 1, results from the binomial theorem applied
to (1—5) 9(1+)1 7,0 = g,

. (55)

f (q) _ Zlq 2;770 (?)flw (]) m even
! LT Ofap(i) — fopa(i)] m odd.

O

The coefficients fi; (g ) also appear in the conditional cumulative distribution func-
tion corresponding to (32). For positive N put,

e tin) = [ [y D" 2R DR dy (69

j
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=1 : .0<uj<1—"(y,~),j:1,,_,m[ ]ZSJ ] I;I Uj

where r; denotes the rank of x;, S;VI = sign([Tkzj,jkem(Xj — )
Then, the mentioned distribution function can be expressed through U, =" as

1
2P([1jsn; =€)

Fe(xXpy, .., Xn,) =

" [IA;P(X”/') +e(=1)"m 2R (o Xy, ) |

which implies that U} (co, ..., 00) = (—=1)"NF(—N, gm; m +1,2).
Thus, under the Dirichlet distribution Dir,, 11 of Ay, ..., Ay41, with all concentration
parameters 1, one has for even m,

F(x) /1 1
U,l;,](x,oo,...,oo):/o /0 /O (1= 2(Ap + Dz + - -+ Ag)]NdDirys 1.

Now we use the facts that the marginal distribution of A; has a beta-density B(A1)
with parameters (1,71), and that the conditional distribution of (A),...,A] ;) = (A2/(1 —
Al), .. -/Am+1/(1 - Al)) is DiI’m.

Thus, when m is even,

(—l)mNUnI;I(x,oo,...,oo) (57)

F(x) r1 1 oy A
= +1-2 !
0 /0 /0 [1 — 01 .72 1-— Al

N
=% (V) EChamm) [ ot = ontpen) doy

N
(1 — Ul)Nﬁ(Ul) dvldDirm

m+ N fmi1k Qm
= N—-k+1, k
< N ) ;) m—+k )( +1m+k).
Here we took advantage of the binomial theorem, (31) and (53); in the last equality I,,(N —
k+1,m+k) = [JoNK1 —0)"* 1 do/B(N —k+1,m+k),0 < p < 1, denotes the
incomplete beta function.
Identity (57) also holds for odd values of m. For example,

(=DN{1 - [1 —2F(x)]N*!}
2(N+1) ’

Uy (x) =

and

_ F() - (=DN{1 - [1 - 2F(x)]N*?}
U (x,00) = {7 ~ 4(N+1)(N+2) '

Interest in U is due to the multivariate integration by parts, which also motivates the
study of its derivatives in the next section.

6. Partial Derivatives

For 1 < m < n, we look at the properties of the symmetric function G = Gy, which so
far is defined almost everywhere (for pairwise different x’s),

G(xy,...,xm) =1 —Zisjl-"(x )"
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sj = sign(]_[j;xj#xi(xi — X))

If the data consists of clusters, C]- ={i:x; = x]-}, j =1,...,k, then using the definition
by continuity put

Glxr,...,xm)=[1-2 Y siF(x;)]",
J:|Cl odd

which allows possibly equal x’s. Notice that functions s; are discontinuous.

If all x’s coincide, then under this definition, G(x,...,x) = 1, if m is even; = [1 — 2F (x)]",
if m is odd. If there are m — k points equal to +co, then G = [1 — 22;-‘:1 siF(xj)]",m —k
even,= [—1— 22}‘:1 siF(xj)]",m — k odd. If m — k of x’s are equal to —oco, then G = [1 —
2Y siF(xp)]".

Thus, G(x1, ..., X, ) becomes a continuous function whose absolute value is bounded
by 1. Actually, it possesses the Lipschitz property if the density f is bounded.

Our goal here is to determine the generalized derivative of order m,
d"G(x)/I1joxj,x = (x1,...,%m), so that for any smooth compactly supported ¢, the
multivariate integration by parts formula holds

// aln_}f;ax] // H] axj

Theorem 5. With (n)y = n(n—1)---(n—k+1) =T(n+1)/T(n+1—k), denoting the
descending factorial, one has

om B m o - m ‘ ik
WG(x1,...,xm)—k§( 2)f () zjgs]F(x])} (58)

m -1 am—k
X =—=—115;
Kk)] KCA/%K‘:kJI;II(f(x])HieEKaxijeHKSJ

Proof. For 1 < k < m, differentiation over x, ..., x; shows that

ak m

k m
s (1 =2} siF(x)]" = ) (=2)F(n)p[1 -2 ; siF(x;)]" P AY,

where

Fork > 2, Aék) = A;k) (x1,...,xx) is a symmetric function of its arguments,
k -1 14 ok—p 4
A=10)] T g s
p 1 1
p 1< <. <jp<ki=1 ! [ety,...y 09X i1 !

For 1 < p < k, these functions can be characterized by the following recursion with
AP =0,40 =1, 40 =0,p >k,

K k-1) . O (k- 1)
AY =sif(xp) Al + 3 A
The proof is by induction. When k =1,
a m
aTci[l —2Zist(x])] = —2ns;f(x;)[1 -2 Zs
]:
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Indeed, shift invariance of s j means that for any i, Zj g—z = 0. Thus, Agl) = s1f(x1), and for

k>2,
A(k) ak—ls1 k 5 m )
1 = f(.'X'])m ]I;! X1 — x] lzlg—l Slgn(X1 - xl')r

which indeed is a symmetric function of x1, ..., x.

The following induction steps are straightforward, so that (58) follows. [
For m = 2,51 = —sp, so that according to (58),

2
s 1~ 2F () = F@)I" = —dn(n = DFF @)1 ~2F) ~ F)'~

+4nf(x)o(x —y).
Form = 3,
2° .
axayaz [1 - 2511:(.7(') - ZSZF(y) - 253F(Z)]

— 8n(n—1)(n — 2)[1 - 261 F(x) — 252F(y) — 253F(2)]" £ () f(y) £ (2)
8n(n —1)[1 - 251F(x) — 252F(y) — 255F(2)]" 2[sus2f (x)0(x — y) + s153(2)0(x — 2)
Tsas3f(y)0(y — 2)] - 8nf(x)3(y — x)5(z - ).

Let )
—_—
Gm(xl,. . .,xm) = Z Z (—1)m7ka(x]‘,]' S K),
k=0 K,|K|=k

where summation is over all proper subsets K of M, Gy = 1. Then G, is grounded,

i.e, it vanishes if x; = —oo for at least one j. If one of the x’s is equal to +oo , then

Gu(x1, ..., Xp1,0) = [(=1)" = 1]Gyp_1(x1,...,Xm_1), so that for even 1, G,, vanishes if
xj = +oo for at~least one j. When m > 2, Gy (x,c0,...,00) = (=1)"2"2[1 — (=1)"]{1 —
[1—2F(x)]"}, Gp(+oo,...,+00) = (=1)"2" 11 — (—1)"].
Thus,
" C o &
W (x1/-..,Xm) = W m(xl,.,,,xm)‘

For m = 2 and even n it follows that for any integrable function ¢(x,y) = ¢(y, x)

| [ oGm0 —21E ) — F)lI" 2 dxdy

- nil/‘l’(x/x))f(x) 1—[1_(27_1)’1][21:(,()_”1171}“

Po(x, y .
n—l // Sy {12 (v y) 4 2F (e A y)
+(=1)" = [1 = 2F(x Vy)|" — [2F(x A y) - 1]" } dudy,
which is useful to determine the covariance structure.

7. Conclusions

Interesting properties of self-dual probabilities demonstrate their potential in statistical
estimation without any additional variance information. The polynomial approximation
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over a finite set, as well as the Gauss hypergeometric function, are intimately related to
data parities and parity-based distributions.

Several presented combinatorial identities may find wider use in probability theory
applications, in particular, in random matrices and in statistical physics.
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