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Abstract

A Negative Derivative Feedback (NDF) controller is designed for vibrations suppression
of an atomic force microscope (AFM) model. The controlled system is modeled as a two‑
degree‑of‑freedom (2‑DOF) closed‑loop dynamic system. The averagemethodwas used to
derive approximate analytical solutions. All possible resonance conditionswere identified,
with particular attention given to the simultaneous resonance case Ω = ω1, Ω1 = 2ω1,
ω2 = ω1, identified as themost critical. For validation and proper insights, the systemwas
also solved numerically using the fourth‑order Rung–Kutta method. The time response
of the AFM system in contact mode was analyzed before and after applying the NDF con‑
troller under theworst‑case resonance conditions. A comprehensive parametric studywas
conducted to evaluate the controller’s robustness and effectiveness. The results demon‑
strate a high degree of agreement between the numerical simulations and the analytical
approximations, confirming the reliability of the approach.

Keywords: NDF controller; atomic force microscope; simultaneous resonance; averaging
method

MSC: 34C15; 70H03; 34C46; 34F15; 74G10

1. Introduction
The atomic force microscope (AFM) is an essential tool in engineering, physics, and

chemistry, widely used to characterize material properties through various probe–sample
interaction modes. AFM enables the measurement of magnetic, optical, electrical (capac‑
itance, electrostatic forces, work, and current), and mechanical characteristics (adhesion,
stiffness, friction, and dispersion). The development of scanning probe microscopy in
the 1980s, for which Gerd Binnig and Heinrich Rohrer received the 1986 Nobel Prize in
Physics [1], marked a major milestone in this field. Numerous studies have examined
AFM dynamics both computationally and experimentally. Rützel et al. [2] analyzed the
near‑resonant nonlinear response of AFM using Lennard–Jones potentials, while Abdel‑
Rahman and Nayfeh [3] demonstrated nonlinear phenomena around the 1:2 subharmonic
resonance case using themultiple scales method. Arafat et al. [4] investigated surface char‑
acterization at 2:1 auto‑parametric resonance between the second and third modes, also
applying the multiple scales method for approximate solutions. Salarieh and Alasty [5]
applied time‑delayed feedback for vibration suppression, a technique later validated exper‑
imentally by Yamasue et al. [6] in studies of non‑periodic cantilever vibrations. Bahrami
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and Nayfeh [7] explored nonlinear dynamics through numerical simulations, while Kir‑
rou and Belhaq [8] examined frequency response shifts using perturbation and partition‑
ing techniques. Analytical studies [9,10] assessed the effect of contact stiffness modula‑
tion on resonance behavior, comparing analytical and numerical results. Further contribu‑
tions include Bahrami and Nayfeh [11], who modeled AFM micro‑cantilever dynamics in
tapping mode using differential quadrature techniques, and Kirrou and Belhaq [12], who
studied bistability control in non‑contact AFMwith time‑delayed feedback. Control strate‑
gies have also been explored extensively; Hamed et al. [13] implemented a proportional‑
derivative (PD) controller with moderate efficiency, while a time‑delayed positive posi‑
tion feedback (PPF) controller [14] achieved significant vibration reduction, improving ef‑
ficiency from 16 (without delay) to 193 (with delay). Broader applications of vibration
control strategies have been reported for various nonlinear systems, including oscillators,
beams, actuators, and rotors [15–20]. The effectiveness of the Negative Derivative Feed‑
back (NDF) controller has also been demonstrated for suppressing vibrations in oscillators
and cantilever beams [21,22]. Reinforcement learning has become an effective approach
for controlling nonlinear robotic systems under uncertainties. Tam et al. [23] proposed a
disturbance observer‑based actor–critic reinforcement learning (DOB–ACRL) framework
with adaptive reward shaping, achieving improved tracking accuracy, enhanced robust‑
ness, reduced energy consumption, and faster convergence compared with conventional
actor–critic methods.

In the present work, the NDF controller is employed to suppress vibrations in the
AFM model under both external and parametric excitations. Approximate analytical so‑
lutions are obtained using the average method. The results showed strong agreements
between analytical predictions and numerical simulation runs, confirming the robustness
of the proposed controller design.

2. Modeling and Description of the AFMMode
As shown in Figure 1, a contact‑mode AFM model is formulated as a lumped‑

parameter dynamic system. The cantilever‑tip assembly is idealized as amass (m) attached
to a linear spring of stiffness (k) and a viscous damper (c0), representing the elastic and dis‑
sipative characteristics of the cantilever. The vertical displacement of the mass is denoted
by x(t). A secondary damping element c1 is included to capture additional energy losses
in the tip–sample interaction region. The interaction force between the tip and the sample
is modeled by a nonlinear spring with a stiffness composed of a constant term (k0) and
a harmonically varying component (k1cosΩ2t), introducing parametric excitation into the
system. This nonlinear element depends on the relative separation between the tip and the
sample, reflecting contact mechanics behaviour. The bottom block represents the sample
surface, and the overall configuration captures the essential features of cantilever dynam‑
ics coupled with nonlinear, time‑dependent tip–sample interactions. According to [13],
the equation of motion of the AFM model is formulated as

m
..
x + c1

.
x + kx = −(k0 + k1 cos(Ω1t))(z0 − x)

3
2 + mg + F cos(Ωt) (1)

To simplify Equation (1), suppose that, x = z0v

..
v+µ1

.
v+ω2

1v− β1v+ β2v2 − β3v3 + r
(

β − β1v + β2v2 − β3v3
)

cos(Ω1t) = f cos(Ωt) (2)

The steps for obtaining Equation (2) from Equation (1) are explained in detail in
Appendix A.
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Figure 1. Schematic model of a Contact‑Mode AFM.

3. Analytical Modeling of the Controlled System
With a view to scrutinize the dynamic behavior of the AFM under the NDF controller,

the closed‑loop system is worked out mathematically. The model incorporates the can‑
tilever dynamics, tip–surface interaction forces, and the influence of theNDF controller. By
combining these elements, the governing equations of motion are established, where both
linear and nonlinear contributions are considered. In practical implementations, the FM
systemmay be affected by electronic noise, thermal drift, and environmental disturbances.
To enhance measurement accuracy and reliability, low‑noise amplifiers, proper shielding,
and signal filtering techniques should be employed. Furthermore, repeated experimental
trials and averaging of the measured data can reduce random errors and improve the con‑
sistency of the results. This closed‑loop (see Figure 2) representation provides the foun‑
dation for analyzing system stability, resonance characteristics, and the effectiveness of
control strategies in suppressing unwanted vibrations. The novelty of the proposed NDF
controller stems from its negative velocity feedback strategy, which increases the effective
damping of the system and accelerates energy dissipation. Consequently, the controller
provides superior vibration suppression and faster stabilization compared with existing
control schemes. The dynamic response of the closed‑loop system is represented by the
following coupled two‑degree‑of‑freedom second‑order differential equations:

..
v + µ1

.
v + ω2

1v − β1v + β2v2 − β3v3 + r
(

β − β1v + β2v2 − β3v3
)

cos(Ω1t) = F cos(Ωt) + α1
.
u (3)

..
u + µ2

.
u + ω2

2u = −α2
.
v (4)

where α1 is the control gain and α2 is the feedback gain. To obtain the approximate solu‑
tions of Equations (3) and (4), we will use the average method as follows [24,25]

v(t) = a1 cos(ω1t + γ1),
u(t) = a2 cos(ω2t + γ2)

}
(5)

where ai and γi (i = 1, 2) are constants. Evaluate the first and the second derivatives by
differentiating with respect to the time t as

.
v(t) = −ω1a1 sin(ω1t + γ1),
.
u(t) = −ω2a2 sin(ω2t + γ2)

}
(6)
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..
v(t) = −ω2

1a1 cos(ω1t + γ1),
..
u(t) = −ω2

2a2 cos(ω2t + γ2)

}
(7)

where ai and γi (i = 1, 2) are the amplitudes and the phases of the mean system and the
control. The solutions of Equations (3) and (4) take the form shown in Equation (5), sub‑
jected to the constraint in Equation (6). Now, ai and γi are time‑varying. Once again,
differentiate Equation (5) with respect to the time t

.
v(t) =

.
a1 cos(ω1t + γ1)− a1

.
γ1 sin(ω1t + γ1)− a1ω1 sin(ω1t + γ1),

.
u(t) =

.
a2 cos(ω2t + γ2)− a2

.
γ2 sin(ω2t + γ2)− a2ω2 sin(ω2t + γ2)

}
(8)

Figure 2.Closed‑loop block diagram for controlled AFM model.

By comparing Equations (6) and (8), we get the following

.
a1 cos(ω1t + γ1)− a1

.
γ1 sin(ω1t + γ1) = 0 (9)

.
a2 cos(ω2t + γ2)− a2

.
γ2 sin(ω2t + γ2) = 0 (10)

Again, we will differentiate Equation (6) with respect to the time t

..
v + ω2

1v = −ω1
.
a1 sin(ω1t + γ1)− a1ω1

.
γ1 cos(ω1t + γ1),

..
u + ω2

2u = −ω2
.
a2 sin(ω2t + γ2)− a2ω2

.
γ2 cos(ω2t + γ2)

}
(11)

Inserting Equations (5) and (6) in Equations (3) and (4), we get the following

..
v + ω2

1v = f cos(Ωt)− ω2α1a2 sin(ω2t + γ2) + µ1ω1a1 sin(ω1t + γ1) + β1a1 cos(ω1t + γ1)

− β2a2
1 cos2(ω1t + γ1) + β3a3

1 cos3(ω1t + γ1)− rβ + rβ1a1 cos(ω1t + γ1) cos(Ω1t)
− rβ2a2

1 cos2(ω1t + γ1) cos(Ω1t) + rβ3a3
1 cos3(ω1t + γ1) cos(Ω1t)

(12)

..
u + ω2

2u = µ2ω2a2 sin(ω2t + γ2) + ω1α2a1 sin(ω1t + γ1) (13)

By comparing Equations (11)–(13), we will obtain the following

−ω1
.
a1 sin(ω1t + γ1)− a1ω1

.
γ1 cos(ω1t + γ1) = f cos(Ωt)− ω2α1a2 sin(ω2t + γ2)

+ µ1ω1a1 sin(ω1t + γ1) + β1a1 cos(ω1t + γ1)

− β2a2
1 cos2(ω1t + γ1) + β3a3

1 cos3(ω1t + γ1)

− rβ + rβ1a1 cos(ω1t + γ1) cos(Ω1t)
− rβ2a2

1 cos2(ω1t + γ1) cos(Ω1t) + rβ3a3
1 cos3(ω1t + γ1) cos(Ω1t)

(14)

−ω2
.
a2 sin(ω2t + γ2)− a2ω2

.
γ2 cos(ω2t + γ2) = µ2ω2a2 sin(ω2t + γ2) + ω1α2a1 sin(ω1t + γ1) (15)
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3.1. Periodic Solution

In this subsection, for the simultaneous resonance case: Ω = ω1, Ω1 = 2ω1, ω2 = ω1.
The simultaneous resonance condition represents the most critical operating regime

because multiple resonance mechanisms occur at the same time, resulting in maximum
energy input to the system. The constructive interaction of the resonant terms yields the
largest steady‑state amplitudes and strongest nonlinear effects, thereby defining theworst‑
case scenario for vibration and stability performance.

We will recommend detuning parameters. σj; j = 1, 2, so that

Ω = ω1 + σ1,
Ω1 = 2ω1 + 2σ1,
ω2 = ω1 + σ2

 (16)

Inserting Equation (16) into Equations (14) and (15)

−ω1
.
a1 sin(ω1t + γ1)− a1ω1

.
γ1 cos(ω1t + γ1) = f cos(ω1t + γ1 + ϕ1)− ω2α1a2 sin(ω1t + γ1 + ϕ2)

+ µ1ω1a1 sin(ω1t + γ1) + β1a1 cos(ω1t + γ1)

− β2a2
1 cos2(ω1t + γ1) + β3a3

1 cos3(ω1t + γ1)

− rβ cos(2(ω1t + γ1) + 2ϕ1)

+ rβ1a1 cos(ω1t + γ1) cos(2(ω1t + γ1) + 2ϕ1)

− rβ2a2
1 cos2(ω1t + γ1) cos(2(ω1t + γ1) + 2ϕ1)

+ rβ3a3
1 cos3(ω1t + γ1) cos(2(ω1t + γ1) + 2ϕ1)

(17)

−ω2
.
a2 sin(ω2t + γ2)− a2ω2

.
γ2 cos(ω2t + γ2) = µ2ω2a2 sin(ω2t + γ2) + ω1α2a1 sin(ω2t + γ2 − ϕ2) (18)

Equations (17) and (18) can be resolved as follows

.
a1 sin(ω1t + γ1) + a1

.
γ1 cos(ω1t + γ1) = − f

ω1
cos(ω1t + γ1) cos(ϕ1) +

f
ω1

sin(ω1t + γ1) sin(ϕ1)

+ ω2α1
ω1

a2 sin(ω1t + γ1) cos(ϕ2) +
ω2α1

ω1
a2 cos(ω1t + γ1) sin(ϕ2)

− µ1a1 sin(ω1t + γ1)− β1
ω1
a1 cos(ω1t + γ1)

+ β2
ω1
a2

1 cos2(ω1t + γ1)− β3
ω1
a3

1 cos3(ω1t + γ1)

+ rβ
ω1

cos(2(ω1t + γ1)) cos(2ϕ1)− rβ
ω1

sin(2(ω1t + γ1)) sin(2ϕ1)

− rβ1
ω1
a1 cos(ω1t + γ1) cos(2(ω1t + γ1)) cos(2ϕ1)

+ rβ1
ω1
a1 cos(ω1t + γ1) sin(2(ω1t + γ1)) sin(2ϕ1)

+ rβ2
ω1
a2

1 cos2(ω1t + γ1) cos(2(ω1t + γ1)) cos(2ϕ1)

− rβ2
ω1
a2

1 cos2(ω1t + γ1) sin(2(ω1t + γ1)) sin(2ϕ1)

− rβ3
ω1
a3

1 cos3(ω1t + γ1) cos(2(ω1t + γ1)) cos(2ϕ1)

+ rβ3
ω1
a3

1 cos3(ω1t + γ1) sin(2(ω1t + γ1)) sin(2ϕ1)

(19)

.
a2 sin(ω2t + γ2) + a2

.
γ2 cos(ω2t + γ2) = −ω1α2

ω2
a1 sin(ω2t + γ2) cos(ϕ2) +

ω1α2
ω2

a1 cos(ω2t + γ2) sin(ϕ2)

− µ2a2 sin(ω2t + γ2)
(20)

where ϕ1 = σ1t − γ1, ϕ2 = σ2t + γ2 − γ1. By applying the standard averaging method in
the interval [0, 2π].
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.
a1 = − f

2πω1
cos(ϕ1)

2π∫
0

cos(ω1t + γ1) sin(ω1t + γ1)dγ1 +
f

2πω1
sin(ϕ1)

2π∫
0

sin2(ω1t + γ1) dγ1

+
ω2α1a2

2πω1
cos(ϕ2)

2π∫
0

sin2(ω1t + γ1) dγ1 +
ω2α1a2

2πω1
sin(ϕ2)

2π∫
0

cos(ω1t + γ1) sin(ω1t + γ1) dγ1

− µ1

2π
a1

2π∫
0

sin2(ω1t + γ1) dγ1 −
β1

2πω1
a1

2π∫
0

cos(ω1t + γ1) sin(ω1t + γ1) dγ1

+
β2

2πω1
a2

1

2π∫
0

cos2(ω1t + γ1) sin(ω1t + γ1) dγ1 −
β3

2πω1
a3

1

2π∫
0

cos3(ω1t + γ1) sin(ω1t + γ1) dγ1

+
rβ

2πω1
cos(2ϕ1)

2π∫
0

cos(2(ω1t + γ1)) sin(ω1t + γ1) dγ1

− rβ

2πω1
sin(2ϕ1)

2π∫
0

sin(2(ω1t + γ1)) sin(ω1t + γ1) dγ1

− rβ1a1

2πω1
cos(2ϕ1)

2π∫
0

cos(ω1t + γ1) cos(2(ω1t + γ1)) sin(ω1t + γ1) dγ1

+
rβ1a1

2πω1
sin(2ϕ1)

2π∫
0

cos(ω1t + γ1) sin(2(ω1t + γ1)) sin(ω1t + γ1) dγ1

+
rβ2a2

1
2πω1

cos(2ϕ1)
2π∫
0

cos2(ω1t + γ1) cos(2(ω1t + γ1)) sin(ω1t + γ1) dγ1

−
rβ2a2

1
2πω1

sin(2ϕ1)
2π∫
0

cos2(ω1t + γ1) sin(2(ω1t + γ1)) sin(ω1t + γ1) dγ1

−
rβ3a3

1
2πω1

cos(2ϕ1)
2π∫
0

cos3(ω1t + γ1) cos(2(ω1t + γ1)) sin(ω1t + γ1) dγ1

+
rβ3a3

1
2πω1

sin(2ϕ1)
2π∫
0

cos3(ω1t + γ1) sin(2(ω1t + γ1)) sin(ω1t + γ1) dγ1

(21)

a1
.
γ1 = − f

2πω1
cos(ϕ1)

2π∫
0

cos2(ω1t + γ1) dγ1 +
f

2πω1
sin(ϕ1)

2π∫
0

cos(ω1t + γ1) sin(ω1t + γ1) dγ1

+
ω2α1a2

2πω1
cos(ϕ2)

2π∫
0

cos(ω1t + γ1) sin(ω1t + γ1) dγ1 +
ω2α1a2

2πω1
sin(ϕ2)

2π∫
0

cos2(ω1t + γ1) dγ1

− µ1a1

2π

2π∫
0

cos(ω1t + γ1) sin(ω1t + γ1) dγ1 −
β1

2πω1
a1

2π∫
0

cos2(ω1t + γ1) dγ1

+
β2

2πω1
a2

1

2π∫
0

cos3(ω1t + γ1) dγ1 −
β3

2πω1
a3

1

2π∫
0

cos4(ω1t + γ1) dγ1

+
rβ

2πω1
cos(2ϕ1)

2π∫
0

cos(ω1t + γ1) cos(2(ω1t + γ1)) dγ1

− rβ

2πω1
sin(2ϕ1)

2π∫
0

cos(ω1t + γ1) sin(2(ω1t + γ1)) dγ1

− rβ1a1

2πω1
cos(2ϕ1)

2π∫
0

cos2(ω1t + γ1) cos(2(ω1t + γ1)) dγ1

+
rβ1a1

2πω1
sin(2ϕ1)

2π∫
0

cos2(ω1t + γ1) sin(2(ω1t + γ1)) dγ1

+
rβ2a2

1
2πω1

cos(2ϕ1)
2π∫
0

cos3(ω1t + γ1) cos(2(ω1t + γ1)) dγ1

−
rβ2a2

1
2πω1

sin(2ϕ1)
2π∫
0

cos3(ω1t + γ1) sin(2(ω1t + γ1)) dγ1

−
rβ3a3

1
2πω1

cos(2ϕ1)
2π∫
0

cos4(ω1t + γ1) cos(2(ω1t + γ1)) dγ1

+
rβ3a3

1
2πω1

sin(2ϕ1)
2π∫
0

cos4(ω1t + γ1) sin(2(ω1t + γ1)) dγ1

(22)
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.
a2 = −ω1α2 cos(ψ2)

2πω2
a1

2π∫
0

sin2(ω2t + γ2)dγ2 +
ω1α2 sin(ψ2)

2πω2
a1

2π∫
0

cos(ω2t + γ2) sin(ω2t + γ2)dγ2

− µ2

2π
a2

2π∫
0

sin2(ω2t + γ2)dγ2

(23)

a2
.
γ2 = −ω1α2 cos(ψ2)

2πω2
a1

2π∫
0

sin(ω2t + γ2) cos(ω2t + γ2)dγ2 +
ω1α2 sin(ψ2)

2πω2
a1

2π∫
0

cos2(ω2t + γ2)dγ2

− µ2

2π
a2

2π∫
0

sin(ω2t + γ2) cos(ω2t + γ2)dγ2

(24)

For clarity, the intermediate steps involved in evaluating the integrals appearing in
Equations (21)–(24) are provided in Appendix A. After evaluating all integrals in Equa‑
tions (21)–(24), we will get the following system of differential equations

.
a1 =

f
2ω1

sin(ϕ1) +
ω2α1a2

2ω1
cos(ϕ2)−

µ1

2
a1 +

rβ1a1

4ω1
sin(2ϕ1) +

rβ3a3
1

8ω1
sin(2ϕ1) (25)

a1
.
γ1 = − f

2ω1
cos(ϕ1) +

ω2α1a2

2ω1
sin(ϕ2)−

β1

2ω1
a1 −

3β3

8ω1
a3

1 −
rβ1a1

4ω1
cos(2ϕ1)−

rβ3a3
1

4ω1
cos(2ϕ1) (26)

.
a2 = −µ2

2
a2 −

ω1α2

2ω2
a1 cos(ϕ2) (27)

a2
.
γ2 =

ω1α2

2ω2
a1 sin(ϕ2) (28)

By using the values of ϕ1 = σ1t−γ1, ϕ2 = σ2t+γ2 −γ1, we can rewrite Equations (26)
and (28) as follows

.
ϕ1 = σ1 +

f
2ω1a1

cos(ϕ1)−
ω2α1a2

2ω1a1
sin(ϕ2) +

β1

2ω1
+

3β3

8ω1
a2

1 +
rβ1

4ω1
cos(2ϕ1) +

rβ3a2
1

4ω1
cos(2ϕ1) (29)

.
ϕ2 = σ2 +

ω1α2

2ω2a2
a1 sin(ϕ2) +

f
2ω1a1

cos(ϕ1)−
ω2α1a2

2ω1a1
sin(ϕ2) +

β1

2ω1

+
3β3

8ω1
a2

1 +
rβ1

4ω1
cos(2ϕ1) +

rβ3a2
1

4ω1
cos(2ϕ1)

(30)

Equations (25), (27), (29) and (30) represent the steady‑state formulation of a four‑
dimensional slow‑flow (amplitude‑phase modulation) model describing the AFM under
simultaneous resonance conditions. By setting the time derivatives of amplitudes and
phases to zero, the system is reduced to a set of nonlinear algebraic equations that gov‑
ern the equilibrium behavior of the oscillations.

0 =
f

2ω1
sin(ϕ1) +

ω2α1a2

2ω1
cos(ϕ2)−

µ1

2
a1 +

rβ1a1

4ω1
sin(2ϕ1) +

rβ3a3
1

8ω1
sin(2ϕ1) (31)

0 = σ1 +
f

2ω1a1
cos(ϕ1)−

ω2α1a2

2ω1a1
sin(ϕ2) +

β1

2ω1
+

3β3

8ω1
a2

1 +
rβ1

4ω1
cos(2ϕ1) +

rβ3a2
1

4ω1
cos(2ϕ1) (32)

0 = −µ2

2
a2 −

ω1α2

2ω2
a1 cos(ϕ2) (33)
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0 = σ2 +
ω1α2

2ω2a2
a1 sin(ϕ2) +

f
2ω1a1

cos(ϕ1)−
ω2α1a2

2ω1a1
sin(ϕ2) +

β1

2ω1
+

3β3

8ω1
a2

1

+
rβ1

4ω1
cos(2ϕ1) +

rβ3a2
1

4ω1
cos(2ϕ1)

(34)

The resulting set of nonlinear algebraic equations are typically solved using nu‑
merical techniques, since closed‑form solutions are generally not feasible due to the
strong coupling and trigonometric nonlinearities. Iterative methods such as Newton–
Raphson are used to determine the steady‑state amplitudes and phase angles for specified
system parameters.

3.2. Stability Behavior of the Nonlinear System

The stability of the nonlinear autonomous dynamical system presented in Equa‑
tions (25), (27), (29) and (30) can be investigated by using the first (indirect) method of
Lyapunov as follows: 

.
a1.
ϕ1.
a2.
ϕ2

 =


η11 η12 η13 η14

η21 η22 η23 η24

η31 η32 η33 η34

η41 η42 η43 η44



a1

ϕ1

a2

ϕ2

 (35)

where the entries ηmn; {m, n = 1, 2, 3, 4} are included in “Appendix A”. The eigenvalues of
the system are given by resolving the following determinant:∣∣∣∣∣∣∣∣∣

η11 − λ η12 η13 η14

η21 η22 − λ η23 η24

η31 η32 η33 − λ η34

η41 η42 η43 η44 − λ

∣∣∣∣∣∣∣∣∣ = 0 (36)

This is the characteristic equation of the matrix J =
(
ηij
)
. The eigenvalues are the

roots of the following polynomial

λ4 + χ1λ3 + χ2λ2 + χ3λ + χ4 = 0 (37)

where χi; {i = 1, 2, 3, 4} are included in “Appendix A”. Based on the Routh–Hurwitz crite‑
rion, this requirement is stable if

χ1 > 0, χ1χ2 − χ3 > 0, χ3(χ1χ2 − χ3)− χ2
1χ4 > 0, χ4 > 0 (38)

4. Numerical Results
In this section, the fourth‑order Runge–Kutta method was applied to solve Equa‑

tions (3) and (4), and MATLAB 2014a’s ODE45 solver was used to validate the results.
The system parameters were selected as µ1 = 0.05, µ2 = 0.005, β = 0.01, β1 = 0.005,
β2 = 0.0004, r = 0.2, ω1 = 1, Ω1 = ω2 = ω1, Ω2 = 2ω1, f = 0.05, α1 = 0.05, and
α2 = 1, following Ref. [14]. The uncontrolled AFM system, tested at the worst resonance
case (Ω1 = ω1, Ω2 = 2ω1), is shown in Figure 3. The amplitude is approximately unity,
and the phase‑plane response reveals multiple stable limit cycles. When the NDF con‑
troller is applied under the same resonance condition, the system amplitude is suppressed
to nearly 0.005 (Figure 4). The corresponding efficiency factor Ea, defined as the ratio of
the uncontrolled to controlled amplitudes, reaches about 200, indicating a vibration reduc‑
tion of 99%.
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Figure 3.Response and phase of uncontrolled AFM mode at simultaneous resonance case Ω1 = ω1,
Ω2 = 2ω1.

Figure 4. Response of controlled AFM mode at simultaneous resonance case Ω1 = ω1, Ω2 = 2ω1,
ω2 = ω1. (a) the main system, and (b) the NDF controller.

4.1. Averaged Response Curves

Steady‑state amplitudes were obtained from the perturbation Equations (31)–(34).
Figure 5 shows that the AFM system and controller responses exhibit two resonance peaks
and achieve minimum amplitudes at σ1 = 0, confirming the effectiveness of the NDF con‑
troller. The resonance bandwidth, defined as the separation between peaks, widens as
the controller effectiveness improves. The influence of external excitation is illustrated in
Figure 6, where increasing the force amplitude raises the system and controller responses
while narrowing the bandwidth. The damping values used in the simulations are nominal.
In practice, system identification can be employed to estimate actual damping parameters,
while adaptive or robust control methods can improve tolerance to parameter uncertain‑
ties. As shown in Figure 7, increasing the damping coefficient µ1 decreases the amplitudes
without affecting the bandwidth. Figures 8 and 9 demonstrate that larger values of µ2 and
ω1 both reduce amplitudes and increase bandwidth, enhancing stability. The effect of the
control and feedback gains is presented in Figures 10 and 11. Increasing α1 reduces the
controller amplitude and enlarges the bandwidth (Figure 10), demonstrating its beneficial
role in vibration suppression. In contrast, α2 increases the controller amplitude (Figure 11),
owing to its negative sign, which acts as an additional excitation. To investigate detuning
effects, responses were plotted for σ2 = −0.005, 0, and 0.05 (Figure 12). Minimum ampli‑
tudes occur when σ1 = σ2, i.e., when the controller frequency ω2 matches the excitation
frequency Ω. Figure 13 further shows that, at σ2 = 0, energy is transferred from the AFM
system (a1 decreases) to the controller (a2 increases). Figures 14 and 15 compare the time
histories obtained from numerical integration (solid red lines) with the perturbation solu‑
tions (dashed blue lines). The close agreement between the two confirms the validity of the
analytical approximation. Figure 16 further verifies this by comparing peak amplitudes ex‑
tracted from time histories with those predicted by perturbation analysis, demonstrating
strong consistency across both methods.
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(a) (b) 

Figure 5.The frequency response curves of (a) controlled AFM mode and (b) the NDF control.

(a) (b) 

Figure 6. The frequency response curves of (a) controlled AFM mode and (b) the NDF control at
different values of external force f .

(a) (b) 

Figure 7. The frequency response curves of (a) controlled AFM mode and (b) the NDF control at
different values of main system’s damping coefficient µ1.

(a) (b) 

Figure 8. The frequency response curves of (a) controlled AFM mode and (b) the NDF control at
different values of controller’s damping coefficient µ2.
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(a) (b) 

Figure 9. The frequency response curves of (a) controlled AFM mode and (b) the NDF control at
different values of natural frequencies ω1, ω2.

(a) (b) 

Figure 10. The frequency response curves of (a) controlled AFM mode and (b) the NDF control at
different values of control signal α1.

(a) (b) 

Figure 11. The frequency response curves of (a) controlled AFM mode and (b) the NDF control at
different values of feedback signal α2.

(a) (b) 

Figure 12. The frequency response curves of (a) controlled AFM mode and (b) the NDF control at
different values of detuning parameter σ2.
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Figure 13. The amplitude of AFM mode (blue line) and NDF controller (red line) against detuning
parameter σ2.

 

Figure 14. Comparison between the numerical solution (ـــــــــــــــ) and the approximate solution
(‑‑‑‑‑‑‑‑‑) of uncontrolled AFM mode.

 

Figure 15. Comparison between the numerical solution (ـــــــــــــــ) and the approximate solution
(‑‑‑‑‑‑‑‑‑) of (a) AFM mode, and (b) NDF controller.

(a) (b) 

Figure 16.Comparison between the frequency response curves (ـــــــــــــــ) and the numerical solution
(oooooo) (a) AFM mode, and (b) NDF controller.

4.2. Comparison with Some Previous Studies

To evaluate the effectiveness of the proposed controller, a comparison is conducted
with previously reported vibration control techniques for AFM systems. Table 1 summa‑
rizes the performance of different controllers in terms of vibration reduction and efficiency
factor. The comparison demonstrates the superior performance of the proposed NDF con‑
troller over earlier control approaches.
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Table 1. Comparison between previous controllers and the proposed NDF controller for AFM
systems.

Reference Control Technique Vibration Reduction Efficiency Factor Ea
Ref. [13] Proportional–Derivative (PD) Controller ≈25% ≈50

Ref. [14] Time‑Delayed Positive Position Feedback
(PPF) Controller ≈94% Increased from ≈16 to ≈193

Present Study Negative Derivative Feedback (NDF) Controller ≈99% ≈200

Table 1 compares different vibration control techniques for AFM systems. The pro‑
posed NDF controller achieves the best performance, reducing vibrations by nearly 99%
with an efficiency factor of approximately Ea = 200, outperforming the PD and time‑
delayed PPF controllers reported in previous studies.

5. Conclusions
A contact‑mode atomic force microscope (AFM) operating under simultaneous res‑

onance conditions (Ω = ω1, Ω1 = 2ω1) and subjected to both external harmonic and
parametric excitations was comprehensively investigated in this study. To suppress the
undesirable nonlinear vibrations generated near resonance, a Negative Derivative Feed‑
back (NDF) controller was designed and incorporated into the coupled AFM dynamic
model. The averaging method was employed to derive approximate closed‑loop modu‑
lation equations governing the amplitude and phase evolution of the controlled system,
while extensive numerical simulations were performed to validate the obtained analytical
solutions. The obtained results demonstrated that the proposed NDF controller signifi‑
cantly reduces the vibration amplitudes and improves the overall dynamic stability of the
AFM system under severe resonance conditions. It was observed that the controller ex‑
hibits maximum effectiveness when its natural frequencyω2 is properly tuned to coincide
with both the excitation frequency Ω and the AFM primary natural frequency ω1, lead‑
ing to optimal resonance suppression and enhanced energy dissipation. Furthermore, the
controller achieved a remarkably high efficiency factor of approximately Ea = 200, indi‑
cating a substantial reduction in oscillation amplitude and demonstrating superior per‑
formance compared with conventional proportional‑derivative (PD) and positive position
feedback (PPF) controllers reported in previous studies. The parametric analysis further
revealed that the AFM vibration amplitude increases with increasing external excitation
force, whereas it decreases significantly with larger damping coefficients µ1 and µ2, as
well as higher natural frequenciesω1 andω2. In addition, increasing the control and feed‑
back α1 and α2 was found to broaden the effective operational bandwidth of the system
and improve the vibration attenuation capability over a wider frequency range. Excellent
agreement between the analytical predictions and numerical simulation results confirmed
the validity, accuracy, and robustness of the perturbation‑based averaging approach in
describing the nonlinear dynamic behavior of the controlled AFM system.
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Appendix A
The steps for obtaining Equation (2) from Equation (1)

m
..
x + c1

.
x + kx = −(k0 + k1 cos(Ω1t))(z0 − x)

3
2 + mg + F cos(Ωt) (A1)

Let x = z0 v, then substituting in Equation (A1)

m z0
..
v + c1z0

.
v + kz0v = −(k0 + k1 cos(Ω1t))(z0 − z0v)

3
2 + mg + F cos(Ωt) (A2)

Divided by m z0

..
v +

c1

m
.
v +

k
m

v = −
(

k0z1/2
0

m

)(
1 +

(
k1

k0

)
cos(Ω1t)

)
(1 − v)

3
2 +

g
z0

+
F

m z0
cos(Ωt) (A3)

Let, µ1 = c1
m , ω1 =

√
k
m , β =

k z1/2
0

m , f = F
m z0

, r = k1
k0
.

..
v + µ1

.
v + ω2

1v = −β(1 + r cos(Ω1t))(1 − v)
3
2 +

g
z0

+ f cos(Ωt) (A4)

Taylor expansion of (1 − v)
3
2 can be written as

(1 − v)
3
2 ≈ 1 − 3

2
v +

3
8

v2 +
1

16
v3 + . . . (A5)

Substituting in Equation (A4),

..
v + µ1

.
v + ω2

1v = −β(1 + r cos(Ω1t))
(

1 − 3
2

v +
3
8

v2 +
1

16
v3
)
+

g
z0

+ f cos(Ωt) (A6)

The system is assumed to oscillate around a static equilibrium position, so all con‑
stants must be canceled so

m g = k0 z3/2
0 ⇒ β =

g
z0

(A7)

So, Equation (A6) tacks the following form

..
v + µ1

.
v + ω2

1v +

(
−3β

2
v +

3β

8
v2 +

β

16
v3
)
+ r

(
β − 3β

2
v +

3β

8
v2 +

β

16
v3
)

cos(Ω1t) = f cos(Ωt) (A8)

So, Equation (A8) can be written as

..
v + µ1

.
v + ω2

1v − β1v + β2v2 − β3v3 + r
(

β − β1v + β2v2 − β3v3
)

cos(Ω1t) = f cos(Ωt) (A9)

where
β1 =

3
2

β, β2 =
3
8

β, β3 = − 1
16

β
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We evaluate all integrations in Equations (20)–(23) as

2π∫
0

cos(ω1t + γ1) sin(ω1t + γ1)dγ1 = 0,
2π∫
0

sin2(ω1t + γ1) dγ1 = π,
2π∫
0

cos2(ω1t + γ1) sin(ω1t + γ1) dγ1 = 0

2π∫
0

cos(2(ω1t + γ1)) sin(ω1t + γ1) dγ1 =
2π∫
0

2 cos2((ω1t + γ1)) sin(ω1t + γ1) dγ1 −
2π∫
0

sin(ω1t + γ1) dγ1 = 0

2π∫
0

cos3(ω1t + γ1) sin(ω1t + γ1) dγ1 = 0,
2π∫
0

sin(2(ω1t + γ1)) sin(ω1t + γ1) dγ1 = 0

2π∫
0

cos(ω1t + γ1) cos(2(ω1t + γ1)) sin(ω1t + γ1) dγ1 = 0,

2π∫
0

cos(ω1t + γ1) sin(2(ω1t + γ1)) sin(ω1t + γ1) dγ1 =
π

2
2π∫
0

cos2(ω1t + γ1) cos(2(ω1t + γ1)) sin(ω1t + γ1) dγ1 = 0,

2π∫
0

cos2(ω1t + γ1) sin(2(ω1t + γ1)) sin(ω1t + γ1) dγ1 = 0

2π∫
0

cos3(ω1t + γ1) cos(2(ω1t + γ1)) sin(ω1t + γ1) dγ1 = 0,

2π∫
0

cos3(ω1t + γ1) sin(2(ω1t + γ1)) sin(ω1t + γ1) dγ1 =
π

4

(A10)

− f
2πω1

cos(ϕ1)
2π∫
0

cos2(ω1t + γ1) dγ1 = π,
2π∫
0

cos3(ω1t + γ1) dγ1 = 0,
2π∫
0

cos4(ω1t + γ1) dγ1 =
π

4
2π∫
0

cos(ω1t + γ1) cos(2(ω1t + γ1)) dγ1 = 0,
2π∫
0

cos(ω1t + γ1) sin(2(ω1t + γ1)) dγ1 = 0

2π∫
0

cos2(ω1t + γ1) cos(2(ω1t + γ1)) dγ1 =
π

2
,

2π∫
0

cos2(ω1t + γ1) sin(2(ω1t + γ1)) dγ1 = 0

2π∫
0

cos3(ω1t + γ1) cos(2(ω1t + γ1)) dγ1 = 0,
2π∫
0

cos3(ω1t + γ1) sin(2(ω1t + γ1)) dγ1 = 0

2π∫
0

cos4(ω1t + γ1) cos(2(ω1t + γ1)) dγ1 =
π

2
,

2π∫
0

cos4(ω1t + γ1) sin(2(ω1t + γ1)) dγ1 = 0

(A11)

2π∫
0

sin2(ω2t + γ2)dγ2 = π,
2π∫
0

cos(ω2t + γ2) sin(ω2t + γ2)dγ2 = 0 (A12)

η11 =
∂

.
a1

∂a1
= −µ1

2
+

rβ1

4ω1
sin(2ϕ1) +

3rβ3a2
1

8ω1
sin(2ϕ1)

η12 =
∂

.
a1

∂ϕ1
=

f
2ω1

cos(ϕ1) +
rβ1a1

2ω1
cos(2ϕ1) +

rβ3a3
1

4ω1
cos(2ϕ1)

η13 =
∂

.
a1

∂a2
=

ω2α1

2ω1
cos(ϕ2)

η14 =
∂

.
a1

∂ϕ2
= −ω2α1a2

2ω1
sin(ϕ2)


(A13)

η21 =
∂

.
ϕ1

∂a1
= − f

2ω1a2
1

cos(ϕ1) +
ω2α1a2

2ω1a2
1

sin(ϕ2) +
3β3

4ω1
a1 +

rβ3a1

2ω1
cos(2ϕ1)

η22 =
∂

.
ϕ1

∂ϕ1
= − f

2ω1a1
sin(ϕ1)−

rβ1

2ω1
sin(2ϕ1)−

rβ3a2
1

2ω1
sin(2ϕ1)

η23 =
∂

.
ϕ1

∂a2
= − ω2α1

2ω1a1
sin(ϕ2)

η24 =
∂

.
ϕ1

∂ϕ2
= −ω2α1a2

2ω1a1
cos(ϕ2)


(A14)
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η31 =
∂

.
a2

∂a1
= −ω1α2

2ω2
cos(ϕ2)

η32 =
∂

.
a2

∂ϕ1
= 0

η33 =
∂

.
a2

∂a2
= −µ2

2

η34 =
∂

.
a2

∂ϕ2
=

ω1α2

2ω2
a1 sin(ϕ2)


(A15)

η41 =
∂

.
ϕ2

∂a1
=

ω1α2

2ω2a2
sin(ϕ2)−

f
2ω1a2

1
cos(ϕ1) +

ω2α1a2

2ω1a2
1

sin(ϕ2) +
3β3

4ω1
a1 +

rβ3a1

2ω1
cos(2ϕ1)

η42 =
∂

.
ϕ2

∂ϕ2
= − f

2ω1a1
sin(ϕ1)−

rβ1

2ω1
sin(2ϕ1)−

rβ3a2
1

2ω1
sin(2ϕ1)

η43 =
∂

.
ϕ2

∂a2
= − ω1α2

2ω2a2
2
a1 sin(ϕ2)−

ω2α1

2ω1a1
sin(ϕ2)

η44 =
∂

.
ϕ2

∂ϕ2
=

ω1α2

2ω2a2
a1 cos(ϕ2)−

ω2α1a2

2ω1a1
cos(ϕ2)


(A16)

χ1 = −tr(J) = −(η11 + η22 + η33 + η44)

χ2 = ∑
1 <i <j <4

(
ηiiηjj − ηijηji

)
= (η11η22 − η12η21) + (η11η33 − η13η31) + (η11η44 − η14η41)

+ (η22η33 − η23η32) + (η22η44 − η24η42) + (η33η44 − η34η43)

 (A17)

χ3 = η11(η22η33 − η23η32)− η12(η21η33 − η23η31) + η13(η21η32 − η22η31)

+ η11(η22η44 − η24η42)− η12(η21η44 − η24η41) + η14(η21η42 − η22η41)

+ η11(η33η44 − η34η43)− η13(η31η44 − η34η41) + η14(η31η42 − η33η41)

+ η22(η33η44 − η34η43)− η23(η32η44 − η34η42) + η24(η32η43 − η33η42)

 (A18)

χ4 = η11

∣∣∣∣∣∣∣
η22 η23 η24

η32 η33 η34

η42 η43 η44

∣∣∣∣∣∣∣− η12

∣∣∣∣∣∣∣
η21 η23 η24

η31 η33 η34

η41 η43 η44

∣∣∣∣∣∣∣+ η13

∣∣∣∣∣∣∣
η21 η22 η24

η31 η32 η34

η41 η42 η44

∣∣∣∣∣∣∣− η14

∣∣∣∣∣∣∣
η21 η22 η23

η31 η32 η33

η41 η42 η43

∣∣∣∣∣∣∣ (A19)
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