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Abstract


This paper develops a unified asymptotic theory for conditional single-index U-statistics and the associated conditional U-processes in the setting of locally stationary functional time series subject to missing-at-random response mechanisms. The proposed framework addresses, within a single nonparametric inferential architecture, three major sources of complexity in modern functional data analysis: infinite-dimensional covariates, smoothly time-varying stochastic dynamics, and incomplete response observations. The methodology is based on a class of kernel-type estimators combining temporal localization, functional single-index smoothing, and inverse-propensity correction. Temporal localization captures the gradual evolution of the underlying regression structure, the single-index projection provides an effective dimension-reduction mechanism for functional covariates, and the propensity adjustment restores the target conditional functional under the MAR sampling scheme. The principal contribution of the paper is the establishment of weak convergence, in a suitable space of bounded functions, for the resulting propensity-adjusted conditional U-process indexed by a general class of measurable kernels. Under absolute regularity conditions, local stationarity assumptions, small-ball probability requirements, entropy restrictions of VC type, and uniform consistency of the propensity-score estimator, the normalized process is shown to converge weakly to a tight centered Gaussian process. The limiting covariance structure explicitly reflects the interaction between temporal smoothing, functional concentration, dependence, and the random loss of responses. In parallel, uniform convergence rates are derived for the associated conditional single-index U-statistic estimators, thereby quantifying the respective contributions of smoothing bias, stochastic fluctuation, local-stationarity approximation error, and missingness-induced variance inflation. A substantial part of the analysis is devoted to the technical difficulties created by the simultaneous presence of dependence, nonstationarity, functional covariates, and incomplete observations. The proofs combine Hoeffding-type decompositions adapted to weighted incomplete data, blocking and coupling arguments for absolutely regular triangular arrays, refined entropy bounds for kernel-indexed function classes, and small-ball probability techniques for functional covariates. The MAR mechanism is incorporated via inverse-propensity weighting, and its effects on the effective sample size, asymptotic variance, and bias structure are made explicit. The theory also provides a rigorous foundation for bandwidth selection through blocked, propensity-adjusted cross-validation and clarifies its relation to the corresponding oracle risk. The proposed framework encompasses a broad class of statistical learning and inference problems involving pairwise or higher-order functionals of functional time series. In particular, it applies to conditional Kendall-type functionals, discrimination problems, metric learning with incomplete labels, and conditional independence testing under local stationarity. A simulation study illustrates the finite-sample behavior of the proposed estimators and supports the theoretical findings across varying regimes of temporal nonstationarity, serial dependence, functional concentration, and response missingness. Overall, the results provide a mathematically rigorous and methodologically flexible foundation for inference from evolving functional data when dependence, infinite dimensionality, and incomplete observation are present simultaneously.
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1. Introduction and Motivations


The asymptotic theory of U-statistics for independent observations goes back to [1,2,3], among others. When extending these advancements to accommodate scenarios involving weak dependency assumptions, notable references include [4,5,6,7,8,9]. For a comprehensive grasp of U-statistics and U-processes, scholars are directed to seminal works such as [10,11,12,13,14,15]. A substantial leap forward in the theoretical landscape of U-processes is accredited to [16], who made significant contributions by assimilating insights from empirical process theory. Their introduction of innovative techniques, including decoupling inequality and randomization, played a pivotal role in advancing the theoretical framework. The applications of U-processes traverse diverse statistical domains, encompassing testing for qualitative features of functions in nonparametric statistics [17,18,19], cross-validation for density estimation [20], and establishing limiting distributions of M-estimators [13,16,21,22]. In the realm of machine learning, U-statistics find multifaceted applications in clustering, image recognition, ranking, and learning on graphs. The natural estimates of risk prevalent in various machine learning contexts often manifest in the form of U-statistics, as elucidated in [23]. Instances of U-statistics are also discerned in various contexts, such as empirical performance measures in metric learning, exemplified by [24].



When confronted with U-statistics characterized by random kernels exhibiting diverging orders, pertinent literature includes contributions from [25,26,27,28]. Infinite-order U-statistics manifest as invaluable tools for constructing simultaneous prediction intervals, providing insights into the uncertainty inherent in ensemble methods like subbagging and random forests, as explicated in [29]. The MeanNN approach, introduced by [30] for estimating differential entropy, intricately involves the utilization of the U-statistic. Additionally, ref. [31] proposes a novel test statistic for goodness-of-fit tests, employing U-statistics. A model-free approach to clustering and classifying genetic data based on U-statistics is explored by [32], presenting alternative perspectives driven by the adaptability of U-statistics to a diverse array of genetic issues and their capability to accommodate various data types. Furthermore, ref. [33] advocates for the natural application of U-statistics in examining random compressed sensing matrices in the non-asymptotic regime. For the latest references in this context, please consult [34,35,36]. In the realm of nonparametric density and regression function estimation, ref. [37] introduces a class of estimators for    r  ( m )    ( φ , t )   , referred to as conditional U-statistics. These estimators can be perceived as an extension of the Nadaraya–Watson estimates for regression functions, initially proposed by [38,39]. The nonparametric domain of density and regression function estimation has been a focal point for statisticians and probabilists over numerous years, resulting in the evolution of various methodologies. Kernel nonparametric function estimation methods, in particular, have garnered substantial attention. For a thorough exploration of the research literature and statistical applications in this field, one is encouraged to consult [40,41,42,43,44,45], and the pertinent references therein.



We study nonparametric estimation of conditional U-statistics. To facilitate our exploration, we commence by introducing the estimators proposed by Stute [37]. Consider a regular sequence of random elements   {  (  X i  ,  Y i  )  : i ∈  N *  }  , where    X i  ∈  R d    and    Y i  ∈ Y  , a Polish space, with    N *   = N ∖  { 0 }    . Let   φ :  Y m  → R   be a measurable function. In this paper, our central focus revolves around the estimation of the conditional expectation or regression function:


   r  ( m )    ( φ , t )  = E  φ  (  Y 1  , … ,  Y m  )  ∣  (  X 1  , … ,  X m  )  = t  ,  








for   t ∈  R  d m    , provided it exists, namely, when   E   φ (  Y 1  , … ,  Y m  )   < ∞  . We introduce a kernel function   K :  R d  → R   with support contained in    [ − B , B ]  d  , where   B > 0 ,   adhering to the following conditions:


   sup  x ∈  R d     | K  ( x )  |  = : κ < ∞    and    ∫ K  ( x )  d x = 1 .  











Ref. [37] introduced a class of estimators for    r  ( m )    ( φ , t )   , known as conditional U-statistics, defined for each   t ∈  R  d m     as


       r ^   n   ( m )    ( φ , t ;  h n  )  =      ∑   (  i 1  , … ,  i m  )  ∈  I n m    φ  (  Y  i 1   , … ,  Y  i m   )  K     t 1  −  X  i 1     h n    ⋯ K     t m  −  X  i m     h n         ∑   (  i 1  , … ,  i m  )  ∈  I n m    K     t 1  −  X  i 1     h n    ⋯ K     t m  −  X  i m     h n        ,     



(1)




where   I n m   is the set of all m-tuples of different integers between 1 and n:


   I n m  =  i =  (  i 1  , … ,  i m  )  : 1 ≤  i j  ≤ n    and     i j  ≠  i r     if    j ≠ r  ,  








and    {  h n  }   n ≥ 1    is a sequence of positive constants converging to zero at the rate   n  h  n   d m   → ∞  . In the specific scenario of   m = 1  , where    r  ( m )    ( φ , t )    simplifies to    r  ( 1 )    ( φ , t )  = E  ( φ  ( Y )  ∣ X = t )   , the estimator by Stute transforms into the Nadaraya–Watson estimator of    r  ( 1 )    ( φ , t )   . The study conducted by [46] focused on estimating the rate of uniform convergence in  t  of     r ^  n  ( m )    ( φ , t ;  h n  )    to    r  ( m )    ( φ , t )   . In [47], the paper discusses and compares the limit distributions of     r ^  n  ( m )    ( φ , t ;  h n  )    with those obtained by Stute. Ref. [48] extends the results of [37] to weakly dependent data under appropriate mixing conditions (also see [49]). They apply these findings to verify the Bayes risk consistency of corresponding discrimination rules similar to [50] and Section 5.1. In [51], symmetrized nearest neighbor conditional U-statistics are proposed as alternatives to the usual kernel-type estimators, and reference can also be made to [52]. Ref. [53] explores the functional conditional U-statistic and establishes its finite-dimensional asymptotic normality. Despite the subject’s importance, nonparametric estimation of conditional U-statistics in a functional data framework has received relatively limited attention. Recent advancements are presented in [9,52], addressing problems related to uniform bandwidth consistency in a general setting. In [54], the test of independence in the functional framework based on the Kendall statistics is investigated, which can be considered as particular cases of U-statistics. Extending this exploration to conditional empirical U-processes in the functional setting is practically useful and technically more challenging. Two perspectives on conditional U-processes are presented: (1) they are infinite-dimensional versions of conditional U-statistics (with one kernel); (2) they are stochastic processes that are nonlinear generalizations of conditional empirical processes. Both views are valuable because (1) from a statistical standpoint, considering a rich class of statistics is more interesting than a single statistic; (2) mathematically, insights from empirical process theory can be applied to derive limit or approximation theorems for U-processes. Importantly, (1) extending U-statistics to U-processes demands substantial effort and different techniques, and (2) generalization from conditional empirical processes to conditional U-processes is highly nontrivial.



The prevalent practice of assuming stationarity in time-series modeling has prompted the development of a range of models, techniques, research, and methodologies. However, this assumption may not always be suitable for spatio-temporal data, even with detrending and deseasonalization. Many pivotal time series models exhibit nonstationarity, which is observed across diverse physical phenomena and economic data, rendering classical methods ineffective. To address this challenge, the concept of the locally stationary random process was introduced by [55]. This type of process approximates a nonstationary process by a stationary one locally over short periods. The intuitive concept of local stationarity is also explored in the works of [56,57,58,59,60], among others. The groundbreaking work of Dahlhaus [57] notably serves as a robust foundation for the inference of locally stationary processes. In addition to generalizing stationary processes, this innovative approach eliminates time-varying parameters. Over the past decade, the theory of empirical processes for locally stationary time series has garnered significant attention. Empirical processes theory plays a crucial role in addressing statistical problems and has expanded into time series analysis and regression estimation. Relevant references in this context include [61,62], and more recent contributions such as [63,64].



We now extend the analysis from conditional U-statistics to conditional U-processes. We specifically delve into the domain of conditional U-processes indexed by a class of functions within the framework of functional data. Building upon insights from [65], functional data analysis (FDA) emerges as a statistical field dedicated to analyzing infinite-dimensional variables such as curves, sets, and images. Experiencing remarkable growth over the past two decades, FDA has become a crucial area of investigation in data science, fueled by advancements in data collection technology during the “Big Data” revolution. For an introduction to FDA, readers can refer to the books by [66,67], providing fundamental analysis methods and case studies across various domains like criminology, economics, archaeology, and neurophysiology. Notably, the extension of probability theory to random variables taking values in normed spaces predates recent literature on functional data, with foundational knowledge available in [68,69]. In the context of regression estimation and nonparametric models for data in normed vector spaces, valuable references include [67,70], along with additional contributions from [71,72,73]. Modern empirical process theory has been applied to functional data, as demonstrated by [74], who established uniform consistency rates for functionals of the conditional distribution, including the regression function, conditional cumulative distribution, and conditional density. Ref. [75] extended this by providing consistency rates for various functional nonparametric models, uniformly in bandwidth (UIB consistency). Recent advancements in this field can be explored through references such as [9,76,77,78,79,80,81]. This strongly motivates the consideration of regression models that offer dimension reduction. Single-index models are widely used to achieve this by assuming that the predictors’ influence on the response can be simplified to a single index. This index represents a projection in a specified direction and is combined with a nonparametric link function, simplifying the predictors to a one-dimensional index while still incorporating important characteristics. Additionally, because the nonparametric link function only operates on a one-dimensional index, these models are not affected by the problem of having a high number of dimensions, known as the curse of dimensionality. The single-index model extends the concept of linear regression by incorporating a link function equivalent to the identity function; for further details, interested readers can refer to [82,83,84,85,86,87].



Recent progress in Functional Data Analysis underscores the need for developing models to address the challenges of dimensionality reduction (refer to [73,88] for recent surveys, and also [9,89,90,91,92]). In response to this, semiparametric approaches emerge as promising solutions. The Functional Single-Index Model (FSIM) has gained attention in this context, with exploration by [93,94,95]. Furthermore, ref. [96] proposed functional single-index composite quantile regression, estimating the unknown slope function and link function through B-spline basis functions. A functional single-index model with coefficient functions restricted to a subregion was introduced by [97]. The estimation of a general functional single-index model, in which the conditional distribution depends on the functional predictor via a single index structure, was investigated by [98]. Innovatively, ref. [99] developed a new estimation method that combines functional principal component analysis, B-spline modeling, and profile estimation for parameters and functions. Addressing the estimation of the functional single index regression model with missing responses for strong mixing time series data, refs. [100,101] made valuable contributions. Ref. [102] introduced a functional single-index varying-coefficient model with the functional predictor as the single-index component. Utilizing functional principal components analysis and basis function approximation, they obtained estimators for slope and coefficient functions, proposing an iterative estimating procedure. An automatic and location-adaptive procedure for estimating regression in an FSIM based on k-Nearest Neighbors (kNN) principles was presented in [103]. Motivated by imaging data analysis, ref. [104] proposed a novel functional varying-coefficient single-index model for regression analysis of functional response data on a set of covariates. Investigating a functional Hilbertian regressor for nonparametric estimation of the conditional cumulative distribution with a scalar response variable in a single index structure, ref. [105] made notable contributions. An alternative approach was introduced by [106], extending to the multi-index case without anchoring the true parameter on a prespecified sieve. Their detailed theoretical analysis of a direct kernel-based estimation scheme establishes a polynomial convergence rate.



A main contribution of this work is the explicit treatment of MAR missing responses in the analysis of conditional single-index U-processes. The presence of missing data is a ubiquitous and often unavoidable complication in empirical research, profoundly impacting the validity and reliability of statistical inference. Ref. [107] tackled the problem of nonparametric quantile regression estimation for the regression operator in settings where functional data exhibit responses that are missing at random in the univariate case. This work underscores the practical necessity of extending theoretical models to accommodate incomplete observations. Missing data present significant analytical challenges, as they complicate the estimation of underlying statistical models and can introduce substantial bias if not handled appropriately. It is crucial for practitioners to critically assess the validity of the assumptions underpinning their statistical models—particularly those concerning the missingness mechanism—to determine the reliability of any method’s output. It is well understood by experienced data analysts that real-world datasets rarely adhere perfectly to theoretical assumptions, and they develop an intuitive understanding, often supported by formal diagnostic tests, regarding the severity of deviations from these assumptions.



One of the most common and problematic discrepancies between real-world data and theoretical models is indeed the presence of missing data. The issue is so central that the concept of data being missing at random (MAR) has become a foundational idea in modern statistical theory. As noted in [108], missingness can arise from a multitude of sources. For instance, data may be aggregated from multiple sources, each measuring a different subset of variables, leading to systematic gaps in the combined dataset. In healthcare, routine patient data collected across clinics or hospitals may differ, leading to missing variables for a significant portion of the sample. Other common causes include participant nonresponse to sensitive survey items, uncontrollable factors in experimental settings, sensor failure in environmental monitoring networks, data censoring due to detection limits, and privacy concerns that prevent the release of certain data points [109]. The formal study of missing-data mechanisms has been an area of extensive research, with comprehensive overviews provided in [109,110]. According to the taxonomy established in [109], missing data can be categorized into three distinct mechanisms: missing completely at random (MCAR), missing at random (MAR), and not missing at random (NMAR). The MCAR mechanism occurs when the probability of missingness is completely independent of both observed and unobserved variables. The MAR mechanism, a more realistic and complex scenario, arises when the missingness is dependent on observed variables but conditionally independent of the missing values themselves. In contrast, the NMAR mechanism occurs when the missingness is related to the unobserved data, even after conditioning on observed information. While MCAR is the simplest mechanism to handle analytically, it is also the most unrealistic in practice. MAR, while more complex, is often a more reasonable and defensible assumption in many empirical settings. NMAR mechanisms, although perhaps seemingly more natural in some contexts (e.g., individuals with higher incomes being less likely to report them), present formidable challenges in terms of model identifiability, estimation, and sensitivity analysis. For empirical settings, methods predicated on MAR assumptions have often been found to provide more accurate predictions for missing values compared to methods that incorrectly assume or attempt to model NMAR mechanisms without strong auxiliary information [111]. This underscores the practical relevance and centrality of MAR in real-world datasets, where missing data are rarely missing completely at random.



The study of missing data remains a critical and dynamic area of research, as incomplete observations can severely degrade the performance of statistical algorithms, and in some cases, render certain algorithms inoperable without appropriate modifications. Recent research has continued to refine our understanding of missing-data mechanisms, highlighting the inherent challenges in accurately characterizing these mechanisms in practice. Notably, papers such as [112,113,114,115] have addressed the complexities surrounding missing-data mechanisms and their profound implications for statistical modeling and inference. In the context of our work, the incorporation of missing-data mechanisms into the asymptotic theory for conditional U-processes under local stationarity and spatial dependence is not merely an incremental extension but a critical step toward developing methodologies that are robust and applicable to the imperfect datasets commonly encountered in the environmental, economic, and social sciences.



Research Gap and Motivation


The preceding literature shows that each of the main components of the present work has been extensively studied in isolation: U-statistics and U-processes under independence or weak dependence, nonparametric regression with functional covariates, locally stationary time series, single-index dimension reduction, and missing-data correction under MAR mechanisms. However, a unified asymptotic theory combining these ingredients remains largely absent. This absence is not merely technical or cosmetic. The simultaneous presence of functional covariates, temporal nonstationarity, dependence, and incomplete responses fundamentally changes the structure of the problem.



First, in functional data analysis, there is generally no finite-dimensional Lebesgue density for the covariate distribution. The local amount of information available around a functional point is therefore governed by small-ball probabilities rather than by ordinary density values. This already modifies the effective sample size and the normalization of kernel estimators. Second, local stationarity means that the regression operator is not fixed over time, but evolves smoothly with the rescaled temporal argument   u = i / n  . Consequently, the estimator must localize simultaneously in time and in the functional covariate space. Third, for conditional U-statistics of order m, the estimator is no longer a simple local average but a nonlinear object built from dependent m-tuples. Its asymptotic analysis requires Hoeffding decompositions, entropy bounds, and blocking arguments adapted to triangular arrays and locally stationary approximations. Finally, when responses are missing at random, the observable U-statistic is randomly thinned in a covariate-dependent manner. The resulting inverse-propensity weighted U-process has a random effective sample size, a modified covariance structure, and an additional layer of stochastic error due to estimation of the propensity score.



These four features interact in a non-additive way. A theory developed only for stationary functional data does not capture the bias generated by temporal evolution. A theory developed only for locally stationary scalar time series does not account for the small-ball behavior of functional covariates. A theory for complete responses does not quantify the effect of MAR sampling on the variance and on the effective number of observed tuples. Likewise, a missing-data correction designed for ordinary empirical averages does not directly apply to nonlinear conditional U-processes indexed by a rich class of kernels. This creates a genuine methodological and probabilistic gap.



The present paper fills this gap by developing a single asymptotic framework for propensity-adjusted conditional single-index U-processes generated by locally stationary functional time series. The single-index structure is used as a dimension-reduction device: instead of smoothing directly in the ambient functional space, the covariate is projected onto informative directions, while the nonparametric nature of the conditional functional is preserved. Temporal kernel localization accounts for the gradual evolution of the data-generating mechanism, and inverse-propensity weighting restores the target functional under MAR sampling. The resulting estimator therefore combines three essential operations: localization in time, smoothing along functional single-index coordinates, and a correction for incomplete response observation.



From a practical perspective, this framework is motivated by modern functional datasets in which observations are curves, signals, spectra, images, or longitudinal trajectories collected over time. In such settings, the assumption of global stationarity is often unrealistic, because the underlying mechanism may evolve with environmental, economic, biological, or technological conditions. At the same time, responses or labels may be missing because of sensor failure, nonresponse, privacy restrictions, censoring, or selective recording. The proposed theory is designed precisely for this combination of features. It provides a rigorous basis for inference on conditional Kendall-type functionals, discrimination rules, metric-learning risks, and conditional independence measures when the data are functional, dependent, locally nonstationary, and incompletely observed.



The contribution of the paper is therefore threefold. First, we introduce a class of conditional single-index U-statistic estimators that incorporate both temporal localization and functional smoothing, while correcting for MAR missingness through inverse-propensity weights. Second, we establish uniform rates of convergence and weak convergence for the corresponding conditional U-processes under absolute regularity, local stationarity, small-ball probability conditions, and VC-type entropy assumptions. Third, we quantify the separate and joint effects of functional concentration, temporal smoothing, dependence, and missingness on the asymptotic bias, variance, covariance structure, and effective sample size. These results provide a unified probabilistic foundation for statistical learning and inference in settings where existing theories address only fragments of the problem.



The manuscript’s organization is structured as follows. Section 2 provides a detailed exposition of our theoretical framework, elucidating essential definitions and contextual explanations while introducing technical assumptions. Our principal findings are presented in Section 3 and Section 4. Specifically, Section 3 unveils convergence rate results, reintroducing the pivotal Hoeffding decomposition technique. Accommodating our outcomes on weak convergence, Section 4 delves into the details of these results. Section 5 accentuates selected applications. In Section 6, we explore bandwidth selection methodologies utilizing cross-validation procedures. Concluding reflections are encapsulated in Section 9. The comprehensive proofs are furnished in Section 10. Lastly, Section 11 provides technical properties and lemmas for reference.





2. Background and Preliminaries


2.1. Summary of Notation


For the reader’s convenience, Table 1 collects the principal notation used throughout the manuscript and organizes it according to the main structural components of the analysis.



2.1.1. Asymptotic Order Relations


For two sequences of nonnegative numbers   (  a n  )   and   (  b n  )  , we write    a n  ≲  b n    to indicate that there exists a universal constant C, independent of n and possibly taking different values in different occurrences, such that    a n  ≤ C  b n    for all sufficiently large n. The stronger condition    a n  ≪  b n    means that    a n  /  b n  → 0   as   n → ∞  . When both    a n  ≲  b n    and    b n  ≲  a n    hold, we denote this equivalence by    a n  ≍  b n   , signifying that the two sequences have the same asymptotic order of magnitude.




2.1.2. Basic Mathematical Notation


For any real numbers c and d, we employ the lattice notation   c ∨ d = max { c , d }   and   c ∧ d = min { c , d }  . The floor function is denoted by   ⌊ · ⌋  , and for positive integers   m < n  , the binomial coefficient is written as    C m n  =    n !   ( n − m ) !  m !     .





2.2. Model


Consider the stochastic processes    {  Y  i , n   ,  X  i , n   }   i = 1  n  , where   Y  i , n    takes values in a space  Y , and   X  i , n    resides in an abstract semi-metric vector space  H  equipped with a semi-metric   d ( · , · )  . We consider the semi-metric    d θ   ( · , · )    associated with the single-index   θ ∈ H  , defined as    d θ   ( u , v )  : =  |  〈 θ , u − v 〉  |    for   u , v ∈ H  . For any measurable function   φ ( · )   of m variables (the U-kernel) such that   φ (  Y 1  , … ,  Y m  )   is integrable, we define for   x =  (  x 1  , … ,  x m  )  ∈  H m    and   θ =  (  θ 1  , … ,  θ m  )  ∈  Θ m  ⊂  H m    the regression functional parameter as


      r  ( m )    φ ,   i n   , x , θ      : =     E  φ  (  Y 1  , … ,  Y m  )  ∣  〈  X 1  ,  θ 1  〉  =  〈  x 1  ,  θ 1  〉  , … ,  〈  X m  ,  θ m  〉  =  〈  x m  ,  θ m  〉          = :      E  φ  (  Y i  )  ∣  〈  X i  , θ 〉  =  〈 x , θ 〉    ,  i =  ( 1 , … , m )  .     



(2)




In this study, we consider the following general model:


  φ  (  Y  i , n   )  =  r  ( m )    φ ,   i n   , x , θ  + σ    i n   ,  X  i , n     ε i  ,  i =  (  i 1  , … ,  i m  )  ,  1 ≤  i j  ≤ n ,  



(3)




where     ε i    i ∈  I n m     is a sequence of univariate independent and identically distributed random variables, independent of     X  i , n     i = 1  n  . We denote   σ    i n   ,  X  i , n     ε i    as   ε  i , n   . Furthermore, we assume that the process constitutes a locally stationary functional time series. In a heuristic sense, a process    X  i , n     is considered locally stationary if it displays approximately stationary behavior locally in time. The regression function    r  ( m )    ( φ , · , x , θ )    is allowed to change smoothly over time, depending on a rescaled quantity   i / n   rather than on the specific point  i  (where  i  typically represents time in a time series framework).



Formalization of the Missing-Data Mechanism


A central contribution of this work lies in the explicit accommodation of missing responses within the aforementioned framework. Let    X  i , n     be fully observed, and define the missingness indicator   δ i   such that    δ i  = 0   if    Y i  , n   is missing, and    δ i  = 1   otherwise. The ubiquitous nature of missing data in spatial and functional data applications necessitates a rigorous probabilistic formalization of the missingness mechanism. Following the seminal taxonomies developed in [109,110], we adopt the Missing At Random (MAR) assumption, which posits that the probability of missingness depends only on the observed covariates and not on the unobserved response values themselves. Formally, this is articulated as:


  P  (  δ i  = 1 ∣  X  i , n   ,  Y  i , n   )  = P  (  δ i  = 1 ∣  X  i , n   )  = : p  (  X  i , n   )  ,  








where   p : H → [ 0 , 1 ]   denotes the conditional probability of observation, commonly termed the propensity score. The MAR assumption implies conditional independence between   δ i   and   Y  i , n    given   X  i , n   , a condition that is both mathematically tractable and empirically plausible in numerous applications ranging from environmental monitoring networks to longitudinal epidemiological studies. As argued in [111], methods predicated on MAR assumptions frequently yield more accurate predictions for missing values compared to approaches that incorrectly specify NMAR mechanisms without auxiliary information.



The missing data problem introduces profound complications into the asymptotic analysis of conditional U-processes. First, the effective sample size for estimation becomes random, necessitating careful conditioning arguments. Second, the MAR assumption must be verified or imposed, and its violation can lead to severe bias—a phenomenon extensively documented in [112,113]. Third, the estimation of the propensity score   p ( · )   itself becomes an integral component of the inferential procedure, introducing additional sources of variability and potential misspecification. Recent contributions by [114,115] have underscored the challenges of accurately characterizing missing-data mechanisms and their implications for statistical modeling, further motivating the rigorous treatment undertaken herein. The proposed approach is further motivated by recent developments in functional and kernel-based statistical learning. For example, refs. [116,117] construct functional-coefficient regression models with intricate data settings, and argue for the need for adaptive kernel-based inference in conditional dependence analysis.





2.3. Local Stationarity


The key idea behind local stationarity is that a process may be globally nonstationary while still admitting a stationary approximation over sufficiently short time intervals. In other words, the probabilistic structure of the process is allowed to evolve with time, but this evolution is assumed to be smooth enough so that, near a fixed rescaled time point   u ∈ [ 0 , 1 ]  , the process behaves approximately as if it were stationary. Thus, local stationarity provides an intermediate modeling framework between the overly restrictive assumption of global stationarity and the overly general class of arbitrary nonstationary processes. More precisely, for each   u ∈ [ 0 , 1 ]  , one associates with the original triangular array   {  X  i , n   }   a strictly stationary process    {  X i  ( u )   }   i ∈ Z   , whose law is interpreted as the law of the process frozen at time u. The process   X i  ( u )    may therefore be viewed as a stationary tangent process to   X  i , n    at the local time u. The fundamental approximation principle is


   X  i , n    behaves  approximately  like   X i  ( u )    whenever  i / n ≈ u .  








The formal definition below quantifies this approximation by requiring that the discrepancy between   X  i , n    and   X i  ( u )    is controlled by the temporal distance   | i / n − u |  , up to a stochastic factor with uniformly bounded moments. We work with locally stationary processes, that is, processes that can be approximated locally in time by stationary processes. This conceptual framework, which has been the subject of exhaustive scholarly inquiry, furnishes a rigorous foundation for modeling phenomena wherein conventional stationarity assumptions prove empirically untenable. The intellectual provenance of this domain can be traced to the seminal contributions of [57], with subsequent theoretical elaborations and methodological developments meticulously documented in [118,119,120,121,122]. The foundational insight underlying the theory of local stationarity resides in the recognition that a globally non-stationary process may admit a stationary approximation over sufficiently contracted temporal horizons, thereby reconciling the mathematical tractability of stationary theory with the empirical reality of gradual structural evolution. To elucidate this concept with precision, consider a continuous function   a : [ 0 , 1 ] → R   governing the time-varying mean of a process driven by a sequence of independent and identically distributed innovations    (  ε i  )   i ∈ N   . The stochastic process defined by


   X  i , n   = a  ( i / n )  +  ε i   








exemplifies the essential tension inherent in nonstationary modeling: while it is globally nonstationary due to the evolving mean function, it manifests approximately stationary behavior for indices i sufficiently proximate to a fixed reference point   i *  , provided that


  a  (  i *  / n )  ≈ a  ( i / n )  .  








This observation motivated [57] to formalize the concept of local stationarity through a locally approximated spectral representation, thereby providing a rigorous mathematical framework for processes that evolve slowly over time while preserving the essential analytical properties required for asymptotic inference.



In the present work, this idea is particularly important because the proposed estimators employ temporal kernel localization. Observations with   i / n   close to the target time u receive the dominant weight, while observations far from u are downweighted. Consequently, the estimator effectively operates inside a shrinking temporal window. Within this window, the locally stationary approximation permits the nonstationary array to be replaced, in the leading term of the asymptotic expansion, by its stationary tangent process   {  X i  ( u )   }  . The residual discrepancy between the original process and the tangent process contributes to the local-stationarity bias and remainder terms.



Within the methodological framework developed in the present investigation, which must further accommodate the substantial additional complexity engendered by incomplete response observation, we extend this paradigm to the functional data setting. Formally, for a sequence of  H -valued stochastic processes   {  X  i , n   }   indexed by   n ∈ N  , local stationarity posits the existence, for every rescaled time point   u ∈ [ 0 , 1 ]  , of an associated  H -valued strictly stationary process   {  X i  ( u )   }  . The fidelity of this approximation is then rigorously controlled through a probabilistic inequality, ensuring the asymptotic negligibility of the approximation error. The formal definition, which constitutes a natural extension of the real-valued formulation introduced in [57], is articulated as follows.



Definition 1

(Local Stationarity). A sequence of stochastic processes   {  X  i , n   }  , indexed by   n ∈ N   and taking values in a semi-metric vector space  H , is termed locally stationary if, for every rescaled time   u ∈ [ 0 , 1 ]  , there exists an associated  H -valued strictly stationary process   {  X i  ( u )   }   satisfying, for all   1 ≤ i ≤ n  , the approximation inequality


   d θ    X  i , n   ,  X i  ( u )    ≤     i n   − u  +   1 n     U  i , n   ( u )    almost  surely ,  



(4)




where   {  U  i , n   ( u )   }   is a positive-valued process such that


  E    (  U  i , n   ( u )   )  ρ   < C  








for some   ρ > 0   and   C < ∞  , with these constants being uniform in u, i, and n.





The inequality (4) gives a precise meaning to the phrase “locally approximated by a stationary process.” If    | i / n − u |  ≤  h n   , as is the case for observations selected by a temporal kernel with bandwidth   h n  , then


   d θ    X  i , n   ,  X i  ( u )    =  O P   (  h n  +  n  − 1   )   








under the stated moment condition on   U  i , n   ( u )   . Hence the local asymptotic behavior is driven by the stationary tangent process   {  X i  ( u )   }  , whereas the slow variation of the original triangular array appears only through controlled approximation errors. This definition has been further elaborated in the functional context by [123,124], who consider the specific setting wherein  H  is realized as the Hilbert space    L R 2   [ 0 , 1 ]    of square-integrable real-valued functions on the unit interval, equipped with the canonical   L 2  -inner product and its associated norm. These authors provide verifiable sufficient conditions under which an    L R 2   [ 0 , 1 ]   -valued stochastic process satisfies the approximation inequality with   d  ( f , g )  =   ∥ f − g ∥  2    and   ρ = 2  . Moreover, they establish a fundamental connection between this time-domain characterization and a frequency-domain representation, demonstrating that functional autoregressive processes satisfying appropriate continuity and differentiability conditions are locally stationary in the sense of Definition 1. This connection, formalized through the transfer operator   A    i n   , ω   ( n )   , provides a powerful spectral perspective that complements the temporal approximation and facilitates the derivation of asymptotic properties.



Remark 1.

Ref. [123] generalizes the definition of locally stationary processes, originally proposed in the frequency domain by [125], to the functional setting under the following structural assumptions. First, the innovation process admits a spectral representation in terms of an orthogonal increment process. Second, the functional process itself is represented as a filtered version of these innovations via a time-varying transfer operator. Third, this transfer operator is required to be approximable by a smooth function of rescaled time, with an approximation error of order   O (  n  − 1   )  . Under these conditions, the resulting process satisfies the local stationarity property articulated in Definition 1, thereby providing a constructive mechanism for generating processes within this class.





Proposition 1

([123]). Under the aforementioned spectral assumptions, the process   {  X  i , n   }   is locally stationary in  H .





The role of local stationarity in the subsequent analysis can be summarized as follows. The temporal kernel identifies a neighborhood of the target time u; within this neighborhood, the original nonstationary process is asymptotically equivalent to the stationary tangent process. Therefore, the leading variance and covariance terms of the limiting conditional U-process are governed by the stationary approximation at u. By contrast, the smooth temporal evolution of the data-generating mechanism contributes to the bias through the local-stationarity approximation error. This separation between a stationary leading term and a nonstationary remainder is essential for deriving weak convergence and uniform rates in the present functional setting. The incorporation of missing-data mechanisms into this locally stationary framework introduces profound theoretical complications that necessitate careful reconsideration of the underlying probabilistic structure. Following the seminal taxonomies articulated by [109,110], we adopt the Missing At Random (MAR) assumption, which posits that the conditional probability of observing a response depends exclusively on the fully observed covariates and not on the unobserved response value itself. This assumption, while mathematically tractable and empirically defensible in numerous longitudinal and environmental monitoring applications where data collection failures are systematically related to observable conditions, carries substantive implications for the local stationarity property. Specifically, under the MAR assumption, the stationary approximating process   {  X i  ( u )   }   must now be interpretable as the latent process that would have been observed in the absence of missingness, and the approximation inequality must hold conditionally on the observed missingness pattern. This necessitates a careful analysis of how the missingness mechanism interacts with the temporal evolution of the process, as the effective sample size becomes random, and the dependence structure of the observable process is modified by the stochastic filtering induced by missingness. The estimation of the propensity score   p ( · )  , which quantifies the conditional probability of observation, emerges as an integral component of the inferential apparatus. Under the maintained assumptions of smoothness and continuity of   p ( · )  , its consistent estimation becomes essential for constructing valid approximations of the underlying stationary process and for deriving the asymptotic properties of our estimators. Thus, in the present paper, local stationarity and MAR missingness play complementary roles. Local stationarity controls the temporal evolution of the functional covariates, whereas MAR specifies how the response observation mechanism depends on those covariates. The former determines the local stationary approximation used in the asymptotic expansion; the latter determines the inverse-propensity correction and the effective number of observable U-tuples. Their interaction is one of the main reasons why the analysis differs from the classical theory of stationary complete-data U-processes.



The following theorem, adapted from [123,124], provides verifiable conditions under which a broad class of functional autoregressive processes satisfies the local stationarity property, thereby establishing the relevance of this framework for a wide range of applications.



Theorem 1.

Consider a white noise process    {  ε i  }   i ∈ Z    in    L H 2   ( Ω , P )   , where   H =  L 2   (  [ 0 , 1 ]  )   , and let   {  X  i , n   }   be a sequence of functional autoregressive processes defined as


     ∑  j = 0  m    B    i n   , j     X  i − j , n    =  C   i n      ε i   ,   








with appropriate boundary conditions ensuring stationarity on the extended domains. If, for all   u ∈ [ 0 , 1 ]  , the operators satisfy invertibility, summability, and smoothness conditions, then the process admits a transfer operator representation and is locally stationary in the sense of Definition 1.





The interaction between the gradual temporal evolution encoded in the local stationarity property and the stochastic mechanism governing missingness presents a uniquely challenging frontier in the asymptotic analysis of functional time series. This investigation directly confronts these challenges, providing a rigorous theoretical foundation for statistical inference in this complex but empirically ubiquitous setting. The synthesis of local stationarity theory with missing-data methodology developed herein represents a significant advance, enabling valid inference in contexts where both nonstationarity and incomplete observation are present simultaneously.




2.4. Small Ball Probability


In finite-dimensional nonparametric estimation, the local behavior of a covariate distribution is usually described through a density with respect to Lebesgue measure. If   X ∈  R d    admits a density   f X  , then the probability of observing X in a small neighborhood of a point x is, at least heuristically, governed by the local quantity    f X   ( x )   . This simple description is no longer available in a genuinely functional setting. Indeed, when the covariate takes its values in an infinite-dimensional or semi-metric space, there is generally no canonical Lebesgue measure, and hence no ordinary density with respect to a universal dominating measure. The appropriate replacement is the direct study of the probability mass assigned to small balls around the target function. In infinite-dimensional spaces, there is usually no Lebesgue-type reference measure, so local concentration is described through small-ball probabilities rather than densities. This intrinsic feature of functional data obviates the conventional notion of a density function with respect to a dominating measure, thereby necessitating alternative probabilistic tools for characterizing the local behavior of the underlying distribution. To surmount this fundamental obstacle, we invoke the concept of small ball probability, which quantifies the concentration of the probability measure in infinitesimal neighborhoods of a given point. Specifically, for a fixed element   x ∈ H   and a radius   r > 0  , we define the function    ϕ  x , θ    ( · )    through the relation


  P  X ∈  B θ   ( x , r )   = :  ϕ  x , θ    ( r )  > 0 ,  



(5)




where  H  is endowed with the semi-metric   d ( · , · )  , and    B θ   ( x , r )    denotes the ball centered at   x ∈ H   with radius r, associated with the projected semi-metric


   d θ   ( x , z )  =  |  〈 θ , x − z 〉  |  .  











The use of   d θ   is consistent with the single-index structure adopted in this paper. The estimator does not smooth directly in the full functional space; rather, it smooths after projecting the functional covariate along a direction  θ . Accordingly, the relevant local neighborhood is not the ambient ball determined by the full geometry of  H , but the projected neighborhood


   B θ   ( x , r )  =  { z ∈ H : |  〈 θ , x − z 〉  | ≤ r }  .  








Thus    ϕ  x , θ    ( r )    measures the amount of probability mass available near x after reduction to the single-index coordinate. This quantity is therefore the functional analog of a local density evaluated in the direction  θ . For multivariate extensions germane to our U-statistic framework, we consider


  x =  (  x 1  , … ,  x m  )  ∈  H m  ,  θ =  (  θ 1  , … ,  θ m  )  ∈  Θ m  ,  








and define the product small-ball probability as


   ϕ  x , θ    ( r )  =   ∏  k = 1  m    ϕ   x k  ,  θ k     ( r )  .  








This factorization provides a compact way of recording the local concentration of the m projected functional covariates involved in the conditional U-statistic. It also separates the geometric contribution of each coordinate, which is useful when the directions    θ 1  , … ,  θ m    or the target functions    x 1  , … ,  x m    have different local concentration properties. The relevance of small-ball probabilities is structural rather than merely technical. Kernel estimation is based on observations whose covariates fall inside shrinking neighborhoods of the target point. The probability of such an event determines the local abundance of informative observations. In finite-dimensional analysis, this abundance is encoded by the usual factor    h d   f X   ( x )   . In the present functional framework, it is encoded by    ϕ  x , θ    ( h )    or by    ϕ  x , θ    ( h )    for m-tuple functionals. Thus the decay of    ϕ  x , θ    ( h )    as   h ↓ 0   describes how sparse the data become around the target point when the bandwidth decreases.



This point is particularly important in functional data analysis because small-ball probabilities may decay much faster than polynomial powers of the bandwidth. Their behavior depends on the geometry of the functional space, the regularity of the sample paths, the chosen semi-metric, and the direction of projection. For example, Gaussian-type functional processes, diffusion processes, and fractional Brownian-type processes may exhibit substantially different small-ball regimes. Consequently, the attainable accuracy of local functional smoothing is governed not only by the smoothness of the regression operator, but also by the local concentration properties of the functional covariate distribution. In the present paper, small-ball probabilities enter the analysis through the normalization of local kernel sums and through the control of denominator stability. They determine whether a shrinking neighborhood contains enough probability mass to support reliable local estimation. If    ϕ  x , θ    ( h )    is too small, the denominator of the kernel estimator becomes unstable and the corresponding local estimator may display large stochastic variability. Conversely, when the projected small-ball probability is sufficiently large relative to the sample size and the bandwidth, the local averages are well behaved. The precise asymptotic conditions expressing this balance are stated later, together with the main uniform convergence and weak convergence results. The single-index construction has an important consequence in this regard. By replacing full functional smoothing with smoothing along projected coordinates, the method avoids direct reliance on the small-ball behavior of the entire functional covariate. The relevant concentration quantity becomes    ϕ  x , θ    ( h )   , associated with the one-dimensional projection   〈 X , θ 〉  , rather than the concentration of X in the ambient functional space. This is one of the principal statistical advantages of the single-index approach: it mitigates, although it does not completely eliminate, the sparsity phenomenon inherent in infinite-dimensional nonparametric estimation. A comprehensive elaboration of small-ball probability, including its characterization of various stochastic processes and its implications for functional nonparametric estimation, is deferred to Remark 8, wherein we provide concrete examples spanning Gaussian processes, diffusion processes, and fractional Brownian motion. To summarize, small-ball probabilities provide the correct language for describing local information in functional spaces. They replace finite- dimensional density values, encode the geometry of the covariate distribution near the target function, and determine the stability of the local smoothing procedure. Their explicit incorporation is therefore indispensable for a rigorous treatment of conditional single-index U-statistics with functional covariates.




2.5. Mixing Conditions


The observations considered in this paper are allowed to be serially dependent. Consequently, independence-based empirical-process arguments cannot be applied directly. A quantitative restriction on temporal dependence is therefore needed. The role of a mixing condition is to express that observations far apart in time become progressively less dependent, so that distant blocks of the process behave approximately as independent blocks. This principle is particularly important for U-statistics and U-processes, whose kernels involve several observations simultaneously and whose asymptotic analysis requires control of dependence among many tuples. Empirical observations in stochastic processes rarely conform to the idealized assumption of independence; rather, they manifest intricate dependence structures that must be rigorously quantified to facilitate valid statistical inference. The concept of mixing provides a powerful analytical framework for characterizing the degree of dependence in a sequence of random variables by measuring the asymptotic independence between distant observations. This framework enables the extension of classical limit theorems, originally developed for independent sequences, to the considerably more general setting of weakly dependent processes. The development of mixing theory has emerged from the recognition that many time series, while exhibiting dependence at proximate time points, display asymptotic independence properties as the temporal separation increases, thereby rendering them amenable to statistical analysis. Among the several available notions of weak dependence, we work with  β -mixing, also called absolute regularity. This choice is motivated by three considerations. First,  β -mixing admits a natural interpretation in terms of total variation distance between joint laws and products of marginal laws. It therefore measures how far two distant parts of the process are from being independent in a strong probabilistic sense. Second,  β -mixing is especially well-suited to blocking and coupling arguments. In particular, it permits the replacement of dependent blocks by independent copies with an error controlled by the mixing coefficient. Third, this coupling structure is highly compatible with the Hoeffding decompositions used for U-statistics, where one repeatedly separates leading linear terms from higher-order degenerate components. To formalize these concepts, consider a probability space   ( Ω , F , P )   and a sequence of random variables   {  Z  i , n   }   defined thereon. For an array   {  Z  i , n   : 1 ≤ i ≤ n }  , the  β -mixing, or absolutely regular, coefficients are defined as


  β  ( k )  =  sup  i , n : 1 ≤ i ≤ n − k   β  σ  (  Z  s , n   , 1 ≤ s ≤ i )  , σ  (  Z  s , n   , i + k ≤ s ≤ n )   ,  








where   σ ( Z )   denotes the  σ -algebra generated by Z, and for two  σ -algebras  A  and  B , the coefficient   β ( A , B )   is defined as


   β  ( A , B )  =   1 2   sup    ∑  r = 1  I     ∑  s = 1  J    P  (  A r  ∩  B s  )  − P  (  A r  )  P  (  B s  )   :   {  A r  }   r = 1  I  ,   {  B s  }   s = 1  J   finite  partitions ,  A r  ∈ A ,  B s  ∈ B  .  








The array   {  Z  i , n   }   is said to be  β -mixing if


  β ( k ) ⟶ 0 ,  k → ∞ .  








This definition can be read as follows. If  A  represents the information contained in the past and  B  represents the information contained in the future after a gap of length k, then   β ( A , B )   measures the maximal discrepancy between the joint distribution of past and future events and the distribution that would arise if the two were independent. Hence the condition   β ( k ) → 0   formalizes the requirement that the remote future becomes asymptotically independent of the past. It is important to note that  β -mixing implies the more commonly cited  α -mixing, or strong mixing, condition, though the converse does not generally hold. Throughout the ensuing development, we maintain the assumption that the sequence of random elements


  {  (  X  i , n   ,  Y  i , n   )  ,  i = 1 , … , n ;  n ≥ 1 }  








is absolutely regular, i.e.,  β -mixing. The reason for imposing  β -mixing rather than only  α -mixing is not that  α -mixing is conceptually inappropriate, but that the stronger absolute-regularity structure gives the precise probabilistic tools required by the present analysis. The conditional U-process considered here is indexed by a class of kernels, depends on temporally localized observations, and is further modified by inverse-propensity weights under missingness. In this setting, it is necessary to control not only covariances but also the difference between dependent block distributions and independent block approximations. Absolute regularity provides this control in total variation, which is exactly the form needed for the blocking and coupling steps. More specifically, the proof strategy separates the time axis into large blocks, which carry the leading contribution, and small gaps, which reduce dependence between neighboring large blocks. Under  β -mixing, one can couple the large blocks with independent copies at a cost governed by the corresponding  β -coefficients. This is a decisive advantage for U-statistics, because tuples may involve observations from different blocks, and the effect of dependence must be controlled uniformly over the kernel class. The same structure is also useful in the locally stationary setting, where one first approximates the triangular array locally by a stationary tangent process and then applies blockwise dependence control to the stationary approximation. The assumption is also compatible with the missing-response framework. Under MAR, the observed process includes the response indicators   δ i  , and the inverse-propensity weighted terms depend on   (  X  i , n   ,  Y  i , n   ,  δ i  )  . If the augmented process satisfies absolute regularity, or if the indicators are generated conditionally on the covariates in a way that preserves the weak-dependence rate, then the same blockwise arguments apply to the weighted incomplete-data U-process. Thus the  β -mixing condition provides a unified dependence framework for the functional covariates, the responses, and the missingness indicators. This choice is motivated by several compelling considerations: first,  β -mixing coefficients admit a particularly elegant interpretation in terms of the total variation distance between the joint distribution and the product of marginal distributions; second, they are intimately connected with the notion of coupling, which proves indispensable in the decoupling arguments central to U-statistic theory; and third, they exhibit favorable preservation properties under a wide class of transformations. Remarkably, as established by [126], Markov chains satisfy  β -mixing under relatively mild recurrence conditions, underscoring the breadth of processes encompassed by this framework. Thus,  β -mixing should be viewed as a technically strong but natural dependence condition for the present problem. It is strong enough to support the coupling, blocking, and empirical-process arguments required for nonlinear U-processes, yet broad enough to cover many time-series models used in applications, including numerous Markovian [127], autoregressive, and geometrically ergodic processes. The specific decay rates imposed later are calibrated so that the dependence remainders generated by the blocking procedure are asymptotically negligible.




2.6. Kernel Estimation


We proceed to construct an estimator for the regression functional delineated in (2). The kernel-type estimator is rigorously defined as follows:


    r ˜   n   ( m )    ( φ , u , x , θ ;  h n  )  =      ∑  i ∈  I n m      ∏  k = 1  m    δ  i k     K 1      u k  −  i k  / n   h n     K 2      d  θ k    (  x k  ,  X   i k  , n   )    h n     φ  (  Y  i , n   )       ∑  i ∈  I n m      ∏  k = 1  m    δ  i k     K 1      u k  −  i k  / n   h n     K 2      d  θ k    (  x k  ,  X   i k  , n   )    h n         ,  



(6)




where    K 1   ( · )    and    K 2   ( · )    denote univariate kernel functions, and   h : =  h n    represents a bandwidth parameter satisfying   h → 0   as   n → ∞  . The function   φ :  Y m  ⟶ R   is assumed to be symmetric and measurable, belonging to a class of functions denoted by   F m  . It is imperative to recognize that this estimator constitutes a conditional U-statistic constructed from the sequence of random variables    {  Y  i , n   ,  X  i , n   }   i = 1  n   with kernel   φ ×  K 1  ×  K 2   . The pioneering theoretical framework for such statistics was introduced by [37]. To support a rigorous study of the weak convergence behavior of both the conditional empirical process and the conditional U-process in the functional data setting, we first introduce some essential notation. Consider the class


   F m  =  { φ :  Y m  → R }  ,  








comprising real-valued symmetric measurable functions on   Y m  . This class is endowed with a measurable envelope function satisfying:


  F  ( y )  ≥  sup  φ ∈  F m     | φ  ( y )  |  ,  for  y ∈  Y m  .  



(7)




For the kernel functions    K 1   ( · )    and    K 2   ( · )   , together with a subset    S H  ⊂ H  , we define the pointwise measurable class of functions for   1 ≤ m ≤ n   and   θ = (  θ 1  , … ,  θ m  )  :


    K  θ m  : =   (  x 1  , … ,  x m  )  ↦   ∏  i = 1  m     K 1       u k  − ·   h n       K 2       d  θ i    (  x i  , · )    h i     :  ( x , u )  ∈   H  m  ×   [ 0 , 1 ]  m    








and its union over all directions


   K Θ m  : =  ⋃  θ ∈  Θ m      (  x 1  , … ,  x m  )  ↦   ∏  i = 1  m     K 1       u k  − ·   h n       K 2       d  θ i    (  x i  , · )    h i     :  ( x , u )  ∈   H  m  ×   [ 0 , 1 ]  m   .  








The conditional U-process, indexed by the product class    F m   K Θ m   , is then defined as:


     G n   ( φ , u , x , θ )  : =   n  h m   ϕ  x , θ    (  h n  )       r ˜   n   ( m )    ( φ , u , x , θ ;  h n  )  −  r  ( m )    ( φ , θ , u , x )      F m   K Θ m    .  



(8)




The emphasis on pointwise measurability throughout this framework is not merely technical but foundational: it permits the articulation of our results within the conventional probabilistic framework, obviating the need to invoke the abstract constructs of outer probability and outer expectation that would otherwise be necessary for non-measurable processes [128].



Remark 2.

While we maintain a common bandwidth h across all directions to streamline the analysis in the context of product kernels, it should be noted that the theoretical results presented herein remain valid under more general specifications, including scenarios involving non-product kernels and direction-specific bandwidth sequences.





Remark 3.

Our proposed estimator departs from conventional conditional U-statistics in two fundamental respects: first, in the nature of the underlying sequence    {  X i  }  i  , which is permitted to exhibit local stationarity; and second, in the incorporation of a kernel function along the temporal dimension. This dual smoothing mechanism enables the simultaneous exploitation of smoothness in both the covariate space (through   X  i , n   ) and the temporal domain, thereby affording a more nuanced characterization of regression relationships that evolve dynamically over time.






2.7. VC-Type Classes of Functions


The asymptotic analysis of functional data necessitates a careful examination of concentration phenomena, as encapsulated by the concept of small-ball probability introduced previously. When investigating stochastic processes indexed by function classes, one must additionally contend with fundamental topological concepts, chief among them being metric entropy and Vapnik–Červonenkis (VC) subgraph classes. These analytical tools provide the necessary framework for quantifying the complexity of function classes and, consequently, for establishing uniform limit theorems.



Definition 2.

Let   S E   be a subset of a semi-metric space  E . A finite collection   {  e 1  , … ,  e N  } ⊂ E   constitutes an ε-net of   S E   for a given   ε > 0   if


    S E  ⊆   ⋃  j = 1  N   B  (  e j  , ε )  ,   








where   B (  e j  , ε )   denotes the open ball of radius ε centered at   e j  . Denoting by    N ε   (  S E  )    the cardinality of the minimal such ε-net, the Kolmogorov entropy (or metric entropy) of the set   S E   is defined as


    ψ  S E    ( ε )  : = log  N ε   (  S E  )  .   













The concept of metric entropy, originating in the work of Kolmogorov [129], was subsequently employed by Dudley [130] to establish sufficient conditions for the sample path continuity of Gaussian processes. This seminal contribution laid the groundwork for far-reaching generalizations of Donsker’s theorem concerning the weak convergence of empirical processes. For our purposes, consider two subsets   B H   and   S H   of the semi-metric space  H , with respective Kolmogorov entropy functions    ψ  B H    ( ε )    and    ψ  S H    ( ε )   . The Kolmogorov entropy of their Cartesian product    B H  ×  S H    in the product semi-metric space   H 2   satisfies:


   ψ   B H  ×  S H     ( ε )  =  ψ  B H    ( ε )  +  ψ  S H    ( ε )  .  








Consequently,   m  ψ  S H    ( ε )    represents the Kolmogorov entropy of the m-fold product   S  H  m   in the space   H m   endowed with the natural product semi-metric. If d denotes the semi-metric on  H , a convenient semi-metric on   H m   can be defined componentwise as


   d  H m    x , z  : =   1 m     ∑  k = 1  m    d  θ k     x k  ,  z k   ,  



(9)




for   x = (  x 1  , … ,  x m  )   and   z =  (  z 1  , … ,  z m  )  ∈  H m   . The judicious selection of an appropriate semi-metric is of paramount importance in functional data analysis; comprehensive discussions of this topic can be found in [67] (Chapters 3 and 11). Beyond metric entropy, we must also contend with the theory of VC-subgraph classes, which provides a combinatorial framework for controlling the complexity of function classes.



Definition 3.

A collection of subsets  C  of a set C is termed a VC-class if there exists a polynomial   P ( · )   such that, for every finite set of N points in C, the class  C  picks out at most   P ( N )   distinct subsets (i.e., the collection of intersections of sets in  C  with the N-point set has cardinality bounded by   P ( N )  ).





Definition 4.

A class of functions  F  is called a VC-subgraph class if the graphs of the functions in  F  form a VC-class of sets. Formally, defining the subgraph of a real-valued function f on S as the following subset of   S × R  :


    G f  =  {  ( s , t )  : 0 ≤ t ≤ f  ( s )   or  f  ( s )  ≤ t ≤ 0 }  ,   








the class   {  G f  : f ∈ F }   is required to be a VC-class of sets on   S × R  . Informally, a VC-subgraph class is characterized by the property that its covering numbers grow polynomially in the inverse of the radius parameter.





A VC-subgraph class  F  with envelope function F possesses the following fundamental entropy property. For any   1 ≤ q < ∞  , there exist constants a and b such that


    N ( ϵ , F , ∥ · ∥    L q   ( Q )     ) ≤ a        ( Q  F q  )   1 / q   ϵ    b  ,  



(10)




for every   ϵ > 0   and each probability measure Q satisfying   Q  F q  < ∞  . This polynomial bound on covering numbers is instrumental in establishing uniform limit theorems. Sufficient conditions under which (10) holds have been extensively investigated; we refer the reader to [20] (Lemma 22), [131] (§4.7), [128] (Theorem 2.6.7), [132] (§9.1), [133] (§3.2), and [134,135,136] for comprehensive treatments and further references.




2.8. Assumptions


To facilitate the exposition and to provide a mathematically rigorous underpinning for the developments to follow, we now state the fundamental assumptions upon which the analysis rests. Though inherently technical, these hypotheses are carefully calibrated to reflect the essential structural features of the locally stationary functional time series paradigm while retaining a level of generality adequate to encompass a broad and practically significant range of applications.



Assumption 1

(Model and Distributional Assumptions).




	(i) 

	
The process   {  X  i , n   }   is locally stationary in the sense that for each rescaled time point   u ∈ [ 0 , 1 ]  , there exists a strictly stationary process   {  X  i   ( u )   }   satisfying the approximation inequality:


   d  θ i     X  i , n   ,  X  i   ( u )    ≤     i n   − u  +   1 n     U  i , n   ( u )    almost  surely ,  








where   {  U  i , n   ( u )   }   is a positive-valued process such that   E [   (  U  i , n   ( u )   )  ρ  ] < C   for some   ρ > 0   and a finite constant C, uniformly in u, i, and n.




	(ii) 

	
Let   B ( x , h )   denote a ball centered at   x ∈ H   with radius h, as introduced in Section 2.4, and let    c d  <  C d    be positive constants. For all   u ∈   [ 0 , 1 ]  m   , the small ball probability of the stationary approximation satisfies:


  0 <  c d   ϕ m   ( h )   f 1   ( x )  ≤ P    X   i 1    (  u 1  )   , … ,  X   i m    (  u m  )    ∈  B θ   ( x , h )   = :  F  u , θ    ( h ; x )  ≤  C d   ϕ m   ( h )   f 1   ( x )  ,  



(11)




where   ϕ ( 0 ) = 0   and   ϕ ( · )   is absolutely continuous in a neighborhood of the origin,    f 1   ( · )    is a non-negative functional on  H , and


   B θ   ( x , h )  =   ∏  i = 1  m    B  θ i    (  x i  , h )  .  












	(iii) 

	
There exist constants    C ϕ  > 0   and    ε 0  > 0   such that for any   0 < ε <  ε 0   , the following integral condition holds:


      ∫  0  ε  ϕ  ( u )  d u >  C ϕ  ε ϕ  ( ε )  .     



(12)








	(iv) 

	
Let   ψ ( h ) → 0   as   h → 0  , and let    f 2   ( · )    be a non-negative functional on   H m  . For the joint distribution of distinct observations, we require


   sup  i ∈  I n m    P    (  X   i 1  , n   , … ,  X   i m  , n   )  ,  (  X   i 1 ′  , n   , … ,  X   i m ′  , n   )   ∈  B θ   ( x , h )  ×  B θ   ( x , h )   ≤  ψ m   ( h )   f 2   ( x )  ,  








with the additional stipulation that the ratio   ψ  ( h )  /  ϕ 2   ( h )    remains bounded.











Assumption 2

(Kernel Assumptions).  




	(i) 

	
The temporal kernel    K 1   ( · )    is symmetric about zero, bounded, and possesses compact support, i.e.,    K 1   ( v )  = 0   for all   ∣ v ∣ >  C 1    for some    C 1  < ∞  . Furthermore,


  ∫  K 1   ( z )  d z = 1 ,  








and    K 1   ( · )    satisfies a Lipschitz continuity condition:


   |  K 1   (  v 1  )  −  K 1   (  v 2  )  |  ≤  C 2   |  v 1  −  v 2  |   








for some    C 2  < ∞   and all    v 1  ,  v 2  ∈ R  .




	(ii) 

	
The spatial kernel    K 2   ( · )    is non-negative, bounded, and has compact support contained in   [ 0 ,   1 ]  , with   0 <  K 2   ( 0 )    and    K 2   ( 1 )  = 0  . A prototypical example is the asymmetrical triangular kernel given by    K 2   ( x )  =  ( 1 − x )   1  ( x ∈ [ 0 , 1 ] )    . The kernel    K 2   ( · )    is Lipschitz continuous:


   |  K 2   (  v 1  )  −  K 2   (  v 2  )  |  ≤  C 2   |  v 1  −  v 2  |  .  











Moreover, its derivative    K 2 ′   ( v )  = d  K 2   ( v )  / d v   exists on   [ 0 ,   1 ]  , and there exist constants   − ∞ <  C 1 ′  <  C 2 ′  < 0   such that:


   C 2 ′  ≤  K 2 ′   ( v )  ≤  C 1 ′  .  



















Assumption 3

(Smoothness Assumptions).  




	(i) 

	
The regression function    r  ( m )    ( u , x )    is twice continuously partially differentiable with respect to the temporal argument  u . Additionally, it satisfies the following Hölder-type condition:


   sup   u 1  ,  u 2  ∈   [ 0 ,   1 ]  m       r   ( m )    (  u 1  , x , θ )  −   r   ( m )    (  u 2  , z , θ )   ≤  c m    d  H m     x , z  α  +   ∥  u 1  −  u 2  ∥  α    



(13)




for some    c m  > 0  ,   α > 0  , and all   x =  (  x 1  , … ,  x m  )  , z =  (  z 1  , … ,  z m  )  ∈  H m  .  




	(ii) 

	
The scale function   σ :  [ 0 , 1 ]  ×  H m  → R   is uniformly bounded away from zero and infinity: there exist constants   0 <  c σ  <  C σ  < ∞   such that for all  u  and  x ,


  0 <  c σ  ≤ σ  ( θ , u , x )  ≤  C σ  < ∞ .  












	(iii) 

	
The function   σ ( · , · , · )   is Lipschitz continuous with respect to its temporal argument, and the propensity score function   p ( · )   governing the missingness mechanism is continuous.




	(iv) 

	
As   ε → 0  , we have the following modulus of continuity condition:


   sup  u ∈   [ 0 ,   1 ]  m     sup  z :  d  H m    ( x , z )  ≤ ε    | σ  ( θ , u , x )  − σ  ( θ , u , z )  |  = o  ( 1 )  .  



















Assumption 4

(Mixing Assumptions). Let   W  i , φ , n    denote an array of one-dimensional random variables. In the sequel, this array will be instantiated either as    W  i , φ , n   = 1   or as    W  i , φ , n   =  ε  i , n    , where   ε  i , n    represents the innovation process.




	(i) 

	
For some   ζ > 2   and a finite constant C, we require uniform moment bounds:


   sup  x ∈  H m    E   |  W  i , n   |  ζ  ≤ C ,  








and the corresponding conditional version:


   sup  x ∈  H m    E    |  W  i , n   |  ζ  ∣  X  i , n   = x  ≤ C .  












	(ii) 

	
The β-mixing coefficients of the array   {  X  i , n   ,  W  i , n   }   satisfy a polynomial decay condition:   β  ( k )  ≤ A  k  − γ     for some   A > 0   and   γ > 2  . Furthermore, we assume the existence of parameters   ν > 2   and   δ > 1 − 2 / ν   such that   δ + 1 < γ ( 1 − 2 / ν )  , together with the asymptotic condition:


      h  2 ( 1 ∧ α ) − 1    ϕ  ( h )   a n  +   ∑  k =  a n   ∞    k δ    ( β  ( k )  )   1 − 2 / ν    → 0 ,     



(14)




as   n → ∞  , where    a n  =    ( ϕ  ( h )  )   − ( 1 − 2 / ν ) / δ      and   α > 0   is the Hölder exponent from Assumption 3.




	(iii) 

	
For some    ζ 0  > 0  , the following technical condition ensures the uniform convergence rate:


      ( log n )     − m + γ + 1  2  +  ζ 0   ( γ + 1 )      n    − m + γ + 1  2  − 1 −   γ + 1  ζ     h   m + γ + 1  2   ϕ   ( h )    − m + γ + 1  2      → 0 .  












	(iv) 

	
Both   n  h  2 m + 1     and   n  h m  ϕ   ( h )  m    diverge to infinity as n increases, ensuring that the effective sample size for local estimation grows sufficiently rapidly.











Assumption 5

(Blocking Assumptions). There exists a sequence of positive integers   {  v n  }   satisfying    v n  → ∞  ,    v n  = o  (   n h ϕ ( h )   )   , and     n / ( h ϕ ( h ) )   β  (  v n  )  → ∞   as   n → ∞  , enabling the application of blocking techniques for dependent data.





Assumption 6

(Function Class Assumptions). The classes of functions   K Θ m   and   F m   are required to satisfy the following conditions:




	(i) 

	
In the bounded case, the class   F m   possesses an envelope function satisfying, for some   0 < M < ∞  :


  F  ( y )  ≤ M ,  y ∈  Y m  .  












	(ii) 

	
The product class    F m   K Θ m    is assumed to be of VC-type with the previously defined envelope function. Consequently, there exist finite constants b and ν such that


  N  ϵ ,  F m   K Θ m  ,   ∥ · ∥    L 2   ( Q )     ≤       b ∥ F   κ m    ∥    L 2   ( Q )     ϵ    ν   








for any   ϵ > 0   and every probability measure Q with   Q   ( F )  2  < ∞  .




	(iii) 

	
In the unbounded case, the class   F m   satisfies, for some   ζ > 2  :


   θ ζ  : =  sup  x ∈  S H m    E   F ζ   ( Y )  ∣ X = x  < ∞ ,   S m  ⊂  H m  .  












	(iv) 

	
The metric entropy of the class   F K   satisfies, for some   1 ≤ ζ < ∞  :


      ∫  0  ∞    log N ( u , F K , ∥ ·  ∥ ζ  )   1 / 2   d u < ∞ .     




















2.9. Comments on the Assumptions


To establish the theoretical foundations for our analysis, we draw inspiration from seminal contributions in the field, including [62,67,69,137,138,139]. The assumptions enumerated above play a pivotal role in shaping the asymptotic properties of the stochastic processes under investigation and merit careful elucidation.



Assumption 1 formalizes the local stationarity property of the covariate process   X i   and introduces essential conditions governing the distributional behavior of the variables. Equation (11) represents the canonical formulation for small ball probabilities, positing that the probability mass in an infinitesimal neighborhood factorizes as the product of a purely volumetric term    ϕ m   ( · )    and a functional component    f 1   ( · )    that captures the local density in the infinite-dimensional space. For the univariate case   m = 1  , this formulation finds extensive justification in the literature, with applications to diffusion processes [140], Gaussian measures [141], general Gaussian processes [142], and strongly mixing processes [137]. The function   ϕ ( · )   can assume various forms depending on the underlying process; for instance, for Ornstein–Uhlenbeck and general diffusion processes, one typically encounters   ϕ  ( ϵ )  =  ϵ δ  exp  ( − C /  ϵ a  )   . Further elaboration and concrete examples are provided in [143] and Remark 8. Part (iv) of Assumption 1 characterizes the joint distributional behavior near the origin, aligning with conditions previously employed by [69] in the context of functional density estimation.



Assumptions 2 encompass the standard kernel conditions prevalent in nonparametric functional estimation. Notably, the conventional Parzen symmetric kernel proves inadequate in our context due to the intrinsic positivity of the random distance    D i  = d  ( x ,  X i  )   ; consequently, we employ a kernel    K 2   ( · )    with support restricted to   [ 0 , 1 ]  . This kernel belongs to the family of continuous kernels (including triangular and quadratic kernels) and is classified as a symmetric Type II kernel. The compact support assumption is instrumental in deriving explicit expressions for the asymptotic variance. The Lipschitz continuity conditions imposed on    K 2   ( · )    and   σ ( · , · )   (Assumption 2 (ii) and Assumption 3 (iii)) are essential for establishing precise convergence rates.



Assumption 3 imposes regularity conditions on the regression function    r  ( m )    ( · )    and the scale function   σ ( · )  , bounding their growth and ensuring they do not exhibit explosive behavior outside a compact domain. These conditions are carefully calibrated to facilitate the derivation of convergence rates and constitute an integral component of the asymptotic analysis.



Assumption 4 (ii) articulates a standard mixing condition requisite for establishing asymptotic normality and the asymptotic negligibility of the bias term, consistent with the framework developed by [137]. The variables   W  i , n    are not required to be bounded, introducing a trade-off between the decay rate of the mixing coefficients and the order  ζ  of the moment condition    sup  x ∈  H m    E   |  W  i , n   |  ζ  ≤ C  . Parts (iii) and (iv) of Assumption 4 articulate technical conditions crucial for establishing uniform convergence rates and controlling the bias-variance trade-off in the general estimator.



Assumption 6 delineates the entropy conditions imposed on the function classes. Parts (ii) and (iii) are interrelated: while part (ii) addresses the bounded case, part (iii) supersedes it in the context of establishing a functional central limit theorem for conditional U-processes indexed by unbounded function classes. Part (ii) ensures that  F  is of VC type with characteristics b and  ν  for the envelope   F  κ m   . Given that   F ∈  L 2   ( P )    under Assumption 6, Dudley’s criterion for sample path continuity of Gaussian processes implies that the function class  F  is  P -pre-Gaussian. Collectively, these assumptions encapsulate the essential structural elements of our framework: the topological characteristics of functional variables, the concentration properties of probability measures on function spaces, the measurability considerations germane to function classes, and the uniformity conditions regulated by entropy bounds.



Remark 4.

It is worth noting that Assumption 6 (iii) admits generalization to more flexible moment conditions, as discussed in [133]. An alternative formulation proceeds as follows:




	(iii)″ 

	
Let   { M ( x ) : x ≥ 0 }   be a non-negative continuous function, increasing on   [ 0 ,   ∞ )  , satisfying for some   s > 2  , as   x → ∞  :


    x  − s   M  ( x )   ↓ ;   x  − 1   log M  ( x )  ↑  .   



(15)




For each   t ≥ M ( 0 )  , define    M  i n v    ( t )  ≥ 0   implicitly through   M (  M  i n v    ( t )  ) = t  . The moment condition then becomes


   E  M  | F ( Y ) |   < ∞ .   

















Particularly illuminating choices for   M ( · )   include the following:




	(i) 

	
  M  ( x )  =  x ξ    for some   ξ > 2  , corresponding to polynomial moments;




	(ii) 

	
  M ( x ) = exp ( s x )   for some   s > 0  , corresponding to exponential moments.









These alternative specifications afford greater flexibility in characterizing the tail behavior of the response distribution, thereby enhancing the scope of applicability of our theoretical results.







3. Uniform Convergence Rates for Kernel Estimators


Prior to articulating the asymptotic behavior of the estimator delineated in (6), we undertake a more general investigation of an U-statistic estimator defined by


   ψ ^   ( u , x , θ , φ )  =    ( n − m ) !   n !  h m   ϕ m   ( h )      ∑  i ∈  I n m      ∏  k = 1  m    δ  i k     K 1       u k  −  i k  / n  h     K 2       d  θ k    (  x k  ,  X   i k  , n   )   h      W  i , φ , n   ,  



(16)




where   W  i , φ , n    constitutes an array of one-dimensional random variables. In the present investigation, we instantiate this array in two distinct configurations:    W  i , φ , n   = 1   and    W  i , φ , n   =  ε  i , n    , corresponding respectively to the denominator and numerator components of our estimator. The presence of the missingness indicators   δ  i k    in the product kernel reflects the MAR mechanism, ensuring that only fully observed contributions are incorporated into the estimation procedure.



3.1. Hoeffding’s Decomposition Under Missing Data


It is instructive to observe that    ψ ^   ( u , x , θ , φ )    admits interpretation as a classical U-statistic with a kernel that depends on the sample size n through the bandwidth parameter. To facilitate this perspective, we introduce the following convenient reparameterization:


     ξ k     : =   1 h    K 1       u k  − k / n  h    ,       H (  Z 1  , … ,  Z m  )     : =   ∏  k = 1  m      δ  i k    ϕ ( h )     K 2       d  θ k    (  x k  ,  X  k , n   )   h     W  i , φ , n   ,     








where    Z k  =  (  X  k , n   ,  δ k  ,  δ k   Y  k , n   )    encapsulates the observed data structure, with the missingness indicators explicitly incorporated into the kernel definition. Consequently, the U-statistic in (16) can be reformulated as a weighted U-statistic of degree m:


   ψ ^   ( u , x , θ , φ )  =    ( n − m ) !   n !     ∑  i ∈  I n m     ξ  i 1   …  ξ  i m   H  (  Z  i 1   , … ,  Z  i m   )  .  



(17)







The Hoeffding decomposition in this dependent and missing data context requires careful adaptation, following the methodology developed in [144]. In the absence of symmetry assumptions for   W  i , φ , n    or H, we must introduce the following constructs:




	
The expectation of   H (  Z  i 1   , … ,  Z  i m   )  , which now incorporates the propensity scores through the missingness mechanism:


  ϑ  ( i )  : = E H  (  Z  i 1   , … ,  Z  i m   )  = ∫  W  i , φ , n     ∏  k = 1  m      p (  ν  k , n   )   ϕ ( h )     K 2       d  θ k    (  x k  ,  ν  k , n   )   h    d  P i   (  z i  )  ,  



(18)




where   p ( · )   denotes the propensity score function, arising from the conditional expectation of the missingness indicators given the covariates.



	
For each position   ℓ ∈ { 1 , … , m }  , we define the insertion function   π ℓ   that places a designated argument at the ℓ-th position:


   π ℓ   ( z ;  z 1  , … ,  z  m − 1   )  : =  (  z 1  , … ,  z  ℓ − 1   , z ,  z ℓ  , … ,  z  m − 1   )  .  



(19)







	
The corresponding kernel and expectation with the inserted argument are then given by


      H  ( ℓ )    ( z ;  z 1  , … ,  z  m − 1   )      : = H {  π ℓ   ( z ;  z 1  , … ,  z  m − 1   )  } ,     



(20)






      ϑ  ( ℓ )    ( i ;  i 1  , … ,  i  m − 1   )      : = ϑ {  π ℓ   ( i ;  i 1  , … ,  i  m − 1   )  } .     



(21)












The first-order expansion of   H ( · )   emerges as a conditional expectation that integrates out all but one argument, carefully accounting for the missing-data mechanism:


       H ˜   ( ℓ )    ( z )      : = E {  H  ( ℓ )    ( z ,  Z 1  , … ,  Z  m − 1   )  }          = ∫  W  ( 1 , … , ℓ − 1 , i , ℓ , … , m − 1 )     ∏      k = 1       k ≠ i       m − 1       p (  ν k  )   ϕ ( h )     K 2       d  θ k    (  x k  ,  ν k  )   h              ×    p (  ν i  )   ϕ ( h )     K 2       d  θ i    (  x i  ,  ν i  )   h    P  ( d  ν 1  , … , d  ν  ℓ − 1   , d  ν ℓ  , … , d  ν  m − 1   )           =    p ( x )   ϕ ( h )     K 2       d  θ i    (  x i  , x )   h              × ∫  W  ( 1 , … , ℓ − 1 , ℓ , … , m − 1 )     ∏      k = 1       k ≠ i       m − 1       p (  ν k  )   ϕ ( h )     K 2       d  θ k    (  x k  ,  ν k  )   h    P  ( d  ν 1  , … , d  ν  ℓ − 1   , d  ν ℓ  , … , d  ν  m − 1   )  ,     



(22)




where  P  denotes the underlying probability measure. The appearance of the propensity score   p ( · )   in these expressions is a direct consequence of the MAR assumption, as   E  [  δ  i k   ∣  X   i k  , n   =  ν k  ]  = p  (  ν k  )   . We now define the contribution associated with the first-order term:


   f  i ,  i 1  , … ,  i  m − 1     ( ℓ )   : =   ∑  ℓ = 1  m    ξ  i 1   ⋯  ξ  i  ℓ − 1     ξ i   ξ  i ℓ   ⋯  ξ  i  m − 1       H ˜   ( ℓ )    ( z )  −  ϑ  ( ℓ )    ( i ;  i 1  , … ,  i  m − 1   )   .  



(23)




The first-order projection, which constitutes the linear component of the Hoeffding decomposition, is then defined as


    H ^   1 , i    ( u , x , θ , φ )  : =    ( n − m ) !   ( n − 1 ) !     ∑   I  n − 1   m − 1    ( − i )     f  i ,  i 1  , … ,  i  m − 1     ( ℓ )   ,  



(24)




where


   I  n − 1   m − 1    ( − i )  : =  1 ≤  i 1  < … <  i  m − 1   ≤ n ∣  i j  ≠ i  ∀ j ∈  { 1 , … , m − 1 }   .  








For the remainder terms, we introduce the notation    i ∖   i ℓ  : =  (  i 1  , … ,  i  ℓ − 1   ,  i  ℓ + 1   , … ,  i m  )    and define, for each   ℓ ∈ { 1 , … , m }  :


   H  2 , i    ( z )  : = H  ( z )  −   ∑  ℓ = 1  m     H ˜    i ∖   i ℓ    ( ℓ )    (  z ℓ  )  +  ( m − 1 )  ϑ  ( i )  ,  



(25)




where     H ˜    i ∖   i ℓ    ( ℓ )    (  z ℓ  )    is as defined in (22). This construction yields the degenerate second-order remainder term:


    ψ ^   2 , i    ( u , x , θ , φ )  : =    ( n − m ) !   n !     ∑  i ∈  I n m     ξ  i 1   ⋯  ξ  i m    H  2 , i    ( z )  .  



(26)




Under the orthogonality conditions:


     E {   H ^   1 , i    ( u , X , θ , φ )  }     = 0 ,     



(27)






     E {  H  2 , i    ( Z ∣  Z k  )  }     = 0  almost  surely ,     



(28)




we obtain the [3] decomposition adapted to our missing data framework:


         ψ ^   ( u , x , θ , φ )  − E  {  ψ ^   ( u , x , θ , φ )  }           =   1 n     ∑  i = 1  n     H ^   1 , i    ( u , x , θ , φ )  +   ψ ^   2 , i    ( u , x , θ , φ )           = :   ψ ^   1 , i    ( u , x , θ , φ )  +   ψ ^   2 , i    ( u , x , θ , φ )  .     



(29)




This decomposition is fundamental to our subsequent asymptotic analysis, as it isolates the leading linear term, which will determine the asymptotic distribution, from the degenerate remainder, which will be shown to be asymptotically negligible under appropriate conditions. For a comprehensive treatment of Hoeffding decompositions in dependent settings, the interested reader may consult [144] (Lemma 2.2).




3.2. Uniform Convergence Rate


We commence by establishing a fundamental result concerning the uniform convergence rate of the U-statistic estimator defined in (16), which appropriately accounts for the missing-data mechanism through the inclusion of propensity scores.



Proposition 2.

Let    F m   K Θ m    denote a measurable VC-subgraph class of functions satisfying Assumption 6. Suppose that Assumptions 1–4 are fulfilled. Then, under the MAR mechanism with propensity score   p ( · )   satisfying the regularity conditions stipulated in Assumption 3, the following uniform convergence result holds:


        sup   F m   K Θ m     sup  θ ∈  Θ m     sup  x ∈  H m      sup  u ∈   [ 0 , 1 ]  m      ψ ^   ( u , x , θ , φ )  − E  [  ψ ^   ( u , x , θ , φ )  ]   =  O P       log n   n  h m   ϕ m   ( h )       .      













The proof of Proposition 2 is deferred to Section 3. It is worth emphasizing that this rate reflects the combined effects of the functional nature of the data, the local stationarity property, and the additional variability introduced by the missing-data mechanism, all of which are appropriately captured through the small ball probability function   ϕ ( · )   and the bandwidth h.



Remark 5.

Elaborating on Proposition 2, we can now investigate the uniform convergence rate of the kernel estimator     r ˜   n   ( m )    ( φ , u , x , θ ;  h n  )    defined in (6). It is particularly instructive to note that in the special case where   m = 1   and the function φ is taken to be constant, our results reduce to the pointwise convergence rate of the regression function for a strictly stationary functional time series, as extensively discussed in [67]. However, our framework substantially generalizes this classical setting by accommodating local stationarity, functional covariates, and missing responses under the MAR assumption.





The following theorem constitutes the main result of this section, providing the uniform convergence rate for the conditional U-statistic estimator that properly accounts for the missing-data mechanism.



Theorem 2.

Let    F m   K Θ m    be a measurable VC-subgraph class of functions satisfying Assumption 6. Suppose that Assumptions 1–4 are fulfilled, with the propensity score   p ( · )   satisfying the continuity conditions in Assumption 3 (iii). Then, uniformly over the function class, the parameter space, the covariate space, and the temporal domain (excluding boundary regions), we have:


           sup   F m   K Θ m     sup  θ ∈  Θ m     sup  x ∈  H m     sup  u ∈   [  C 1  h , 1 −  C 1  h ]  m       r ˜   n   ( m )    ( φ , u , x , θ ;  h n  )  −  r  ( m )    ( φ , θ , u , x )            =  O P       log n   n  h m   ϕ m   ( h )      +  h  2 m ∧ α    .      



(30)









The proof of Theorem 2 is deferred to Section 3. The rate comprises two distinct components: a stochastic term reflecting the variability of the estimator, exacerbated by missing data through reduced effective sample size, and a bias term arising from smoothness assumptions on the regression function. The truncation of the temporal domain to    [  C 1  h , 1 −  C 1  h ]  m   is necessitated by boundary effects inherent in kernel estimation, a standard feature in nonparametric regression.



Remark 6.

It is possible to consider a setting where the direction set Θ is allowed to depend on the sample size, denoted   Θ =  Θ n   , with the following specifications commonly employed in the literature (see [103]):


  card   Θ n   =  n α   with  α > 0 ,  








 and for every   θ ∈  Θ n   , the deviation from the true direction   θ 0   is controlled by


  ∀ θ ∈  Θ n  ,    θ −  θ 0  , θ −  θ 0    1 / 2   ≤  C 7   b n  ,  








where   b n   tends to zero as n increases. Such formulations are particularly relevant in semiparametric single-index models where the direction parameter must be estimated from the data.





Remark 7.

In contrast to Theorem 4.2 in [62] and analogous to Theorem 3.1 in [138], our formulation deliberately excludes the bias term arising from the approximation error of   X  i , n    by its stationary counterpart   X  i   ( u )   . Under our maintained assumptions, this approximation error is asymptotically negligible relative to   h  2 m ∧ α   , a consequence of the local stationarity condition with sufficiently rapid decay of the approximation bound.





Remark 8.

In nonparametric problems involving functional data, the inherent infinite dimensionality of the target function fundamentally determines the attainable rates of convergence. This dimensionality is primarily governed by the smoothness conditions articulated in Assumptions 2 (i) and 3 (i), which influence the bias component of the convergence rates, represented by terms of order   O   h  2 m ∧ α      in Theorem 2.



The remaining terms in the convergence rate stem from dispersion effects and are intrinsically linked to the concentration properties of the probability measure governing the functional covariate X. These terms manifest as


    O P       log n   n  h m   ϕ m   ( h )       ,   








where the small ball probabilities are quantified through the function   ϕ ( · )   defined in (5). The rate of convergence is intimately connected to the concentration of the measure of the process X: weaker concentration (i.e., slower decay of   ϕ ( h )   as   h → 0  ) leads to slower convergence rates, reflecting the fundamental difficulty of inference in spaces of high or infinite dimension.



It must be acknowledged that explicit expressions for   P  X ∈ B ( x , r )    are available for only a limited class of stochastic processes, even in the centered case   x = 0  . The consideration of non-centered balls   x ≠ 0   introduces substantial additional difficulties that may not be surmountable in full generality. Consequently, the literature has predominantly focused on Gaussian random elements; for a comprehensive survey of principal results on small ball probabilities, we refer the reader to [142].



In many applications, it proves convenient to postulate the following factorization:


   P  X ∈ B ( x , r )  ∼ ψ  ( x )  ϕ  ( r )   as  r → 0 ,   



(31)




where, to ensure identifiability of the decomposition, a normalizing condition such as   E [ ψ ( X ) ] = 1   is typically imposed. This factorization is not unduly restrictive; it holds under appropriate regularity conditions (see, for instance, [142,145]). The adoption of (31) confers two principal advantages. First, the function   ψ ( x )   can be interpreted as a surrogate density of the functional random element X, facilitating various statistical applications including mode estimation and classification, as explored in [69,146,147]. Second, the volumetric term   ϕ ( h )   provides a measure of the complexity of the probability law of X (see [148]).



In the classical finite-dimensional setting where   X ∈  R d   , relation (5) is satisfied under standard regularity conditions with    ϕ x   ( h )  ∼  C x   h d   , giving rise to the well-documented curse of dimensionality (see [149,150]). In our infinite-dimensional context, we encounter what may appropriately be termed the curse of infinite dimension, manifested through the small ball probability function   ϕ ( · )  . The remainder of this remark illustrates the application of our framework to various continuous-time processes for which small ball probabilities have been explicitly characterized. For further details on these examples, we refer to [149].




	(i) 

	
Consider the space   C ( [ 0 ,   1 ] , R )   equipped with the supremum norm, and its associated Cameron–Martin space   F = C   (  [ 0 , 1 ]  , R )  CM   . For Fractional Brownian Motion   ζ FBM   with Hurst parameter   δ ∈ ( 0 , 2 )  , small ball probabilities have been extensively characterized. According to [142] (Theorems 3.1 and 4.6), we have:


   ∀  x 0  ∈ F ,   C   x 0   ′   e  −  h  − 2 / δ     ⩽ P     ζ FBM  −  x 0   ∞  ⩽ h  ⩽  C  x 0    e  −  h  − 2 / δ     .   











Consequently, our fundamental relation (5) is satisfied for Fractional Brownian Motion with    ϕ x FBM   ( h )  ∼  C x   e  −  h  − 2 / δ      .




	(ii) 

	
Consider a centered Gaussian process    ζ GP  =   ζ t GP  , 0 ⩽ t ⩽ 1    admitting the Karhunen–Loève expansion:


    ζ t GP  =   ∑  i = 1  ∞     λ i    W i   f i   ( t )  ,   








where   λ i   are the eigenvalues of the covariance operator,   f i   are the associated orthonormal eigenfunctions, and   W i   are independent standard normal variates. For any fixed   k ∈  N *   , let   Π k   denote the orthogonal projection onto the subspace spanned by    f 1  , … ,  f k   . Defining the semi-metric:


    d 2   ( x , y )  =  ∫ 0 1     Π k   ( x − y )   ( t )   2  d t ,   








the Karhunen–Loève expansion yields


    d 2    ζ GP  , x  =   ∑  i = 1  k       λ i    W i  −  x i   2  =   ∑  i = 1  k    Z i 2  ,   








where    x i  =  ∫ 0 1  x  ( t )   f i   ( t )  d t  . By independence of the   Z i   and their absolute continuity with respect to Lebesgue measure, we obtain


   P   d 2    ζ GP  , x  < h  ∼  C x   h  k / 2   .   












	(iii) 

	
Consider the Ornstein–Uhlenbeck process   ζ OU   defined by    ζ 0 OU  = 0   and the stochastic differential equation:


   d  ζ t OU  = d  W t  −   1 2    ζ t OU  d t ,  0 < t ⩽ 1 .   











For the Wiener measure   P W   on   C ( [ 0 ,   1 ] , R )  , small ball probabilities for centered balls are known to satisfy (see [141], p. 187)


    P W     ∥ x ∥  ∞  ⩽ h  ∼   4 π    e  −  π 2  /  ( 8  h 2  )    .   











By Cameron–Martin theory, this extends to arbitrary centers    x 0  ∈ F  :


   ∀  x 0  ∈ F ,   P W     x −  x 0   ∞  ⩽ h  ∼  C  x 0    e  −  π 2  /  ( 8  h 2  )    .   











Since the Ornstein–Uhlenbeck process has a probability measure absolutely continuous with respect to Wiener measure, we obtain


   ∀  x 0  ∈ F ,  P   ζ OU  ∈ B   x 0  , h   ∼  C  x 0    e  −  π 2  /  ( 8  h 2  )    ,   








establishing that    ϕ x OU   ( h )  ∼  C x   e  −  π 2  /  ( 8  h 2  )     .













4. Weak Convergence for Kernel Estimators Under Missing Data


This section is devoted to a rigorous investigation of the weak convergence properties of conditional U-processes constructed from absolutely regular observations, with careful accommodation of the missing-data mechanism. We begin by establishing a fundamental decomposition that isolates the principal components of the estimation error. Observe that the estimation error admits the following representation:


       r ˜   n   ( m )         ( φ , u , x , θ ;  h n  )  −  r  ( m )    ( φ , θ , u , x )        =      1    r ˜  1   ( φ , θ , u , x )        g ^  1   ( θ , u , x )  +   g ^  2   ( θ , u , x )  −  r  ( m )    ( φ , x , u )    r ˜  1   ( φ , θ , u , x )        =      1    r ˜  1   ( φ , θ , u , x )        g ^  1   ( θ , u , x )  +   g ^  B   ( θ , u , x )   ,     



(32)




where the constituent quantities are defined as


    r ˜  1   ( φ , θ , u , x )  =    ( n − m ) !   n !  h m   ϕ m   ( h )      ∑  i ∈  I n m      ∏  k = 1  m    δ  i k     K 1       u k  −  i k  / n  h     K 2       d  θ k    (  x k  ,  X   i k  , n   )   h     ,  










    g ^  1   ( θ , u , x )  =    ( n − m ) !   n !  h m   ϕ m   ( h )      ∑  i ∈  I n m      ∏  k = 1  m    δ  i k     K 1       u k  −  i k  / n  h     K 2       d  θ k    (  x k  ,  X   i k  , n   )   h      W  i , φ , n   ,  










    g ^  2   ( θ , u , x )  =    ( n − m ) !   n !  h m   ϕ m   ( h )      ∑  i ∈  I n m      ∏  k = 1  m    δ  i k     K 1       u k  −  i k  / n  h     K 2       d  θ k    (  x k  ,  X   i k  , n   )   h      r  ( m )      i n   ,  X  i , n   , θ  .  








The presence of the missingness indicators   δ  i k    throughout these expressions explicitly incorporates the MAR mechanism into the asymptotic analysis. Under the same assumptions as in Theorem 2, we shall establish in the subsequent development that


  Var    g ^  B   ( θ , u , x )   = o    1  n  h m   ϕ  x , θ    ( h )       and    1    r ˜  1   ( φ , θ , u , x )     =  O P   ( 1 )  .  








Consequently, we obtain the following asymptotic expansion:


       r ˜   n   ( m )    ( φ , u , x ;  h n  )  −  r  ( m )    ( φ , θ , u , x )      =      g ^  1   ( θ , u , x )      r ˜  1   ( φ , θ , u , x )     +  B n   ( θ , u , x )  +  o P      1  n  h m   ϕ  x , θ    ( h )       ,     








where    B n   ( θ , u , x )  = E  [   g ^  B   ( θ , u , x )  ]  / E  [   r ˜  1   ( φ , θ , u , x )  ]    represents the asymptotic bias term, and       g ^  1   ( θ , u , x )      r ˜  1   ( φ , θ , u , x )      constitutes the variance component that will determine the limiting distribution. For any pair of functions    φ 1  ,  φ 2  ∈  F m   , we define the asymptotic covariance functional as


     σ (  φ 1  ,  φ 2  ) =      lim  n → ∞   n  h m   ϕ  x , θ    ( h )  E [  (   r ˜   n   ( m )    (  φ 1  , u , x ;  h n  )  −  r  ( m )    (  φ 1  , u , x )  )         × (   r ˜   n   ( m )    (  φ 2  , u , x ;  h n  )  −  r  ( m )    (  φ 2  , u , x )  ) ] .     



(33)




To facilitate the technical derivations, we shall henceforth adopt the asymmetrical triangular kernel    K 2   ( x )  =  ( 1 − x )   1  ( x ∈ [ 0 , 1 ] )     for the spatial component, though it should be noted that our results extend to more general kernel functions under appropriate regularity conditions. The principal results of this section are articulated in the following theorems.



Theorem 3.

Let    F m   K Θ m    be a measurable VC-subgraph class of functions satisfying the conditions of Section 2.8 for both cases    W  i , φ , n   = 1   and    W  i , φ , n   =  ε  i , n    , with the missing-data mechanism governed by a propensity score   p ( · )   satisfying Assumption 3 (iii). Then, as   n → ∞  , the U-process defined by


     n  h m   ϕ  x , θ    ( h )       r ˜   n   ( m )    ( φ , u , x , θ ;  h n  )  −  r  ( m )    ( φ , θ , u , x )  −  B n   ( θ , u , x )     








converges weakly to a Gaussian process  G  indexed by    F m   K Θ m   , possessing sample paths that are bounded and uniformly continuous with respect to the    ∥ · ∥  2  -norm, with covariance structure given by (33).





The proof of Theorem 3 is deferred to Section 3. To establish the weak convergence of our estimator through the classical paradigm—comprising Hoeffding decomposition, finite-dimensional convergence, and stochastic equicontinuity—we now present the following fundamental result. In its demonstration, we express the conditional U-process in terms of a U-process based on a stationary approximation, thereby elucidating the convergence to a Gaussian limit. This convergence is established in the distributional sense within    l ∞   (  F m   K Θ m  )   , the Banach space of bounded real-valued functions on    F m   K Θ m    equipped with the supremum norm, following the framework developed in [151]. For comprehensive treatments of weak convergence in such spaces, we refer the reader to [128,152,153].



Theorem 4.

Assume that    F m   K Θ m    constitutes a measurable VC-subgraph class of functions satisfying all assumptions delineated in Section 2.8, with the missing-data mechanism properly accounted for through the propensity score. If, in addition, the bandwidth condition


   n  ϕ  x , θ    ( h )   h  m + 2 ( 2 m ∧ α )   → 0  as  n → ∞   








holds, then the normalized estimator


     n  h m   ϕ  x , θ    ( h )       r ˜   n   ( m )    ( φ , u , x , θ ;  h n  )  −  r  ( m )    ( φ , θ , u , x )     








converges in law to a Gaussian process   G  ( ψ )  : ψ ∈  F m   K Θ m    in    l ∞   (  F m   K Θ m  )   . This limiting process admits a version with uniformly bounded and uniformly continuous sample paths with respect to the    ∥ · ∥  2  -norm, and its covariance structure is precisely that given in (33).





The demonstration of Theorem 4 is provided in Section 10.



Remark 9.

The asymptotic negligibility of the bias term requires


   n  ϕ  x , θ    ( h )   h  m + 2 ( 2 m ∧ α )   → 0  as  n → ∞ .   








Assume that   h =  n  − ξ     and that    ϕ  x , θ    ( h )  ∼  h  m c     for some   c > 0  . Then the above condition becomes


   n  h  m ( 1 + c ) + 2 ( 2 m ∧ α )   → 0 ,   








whereas the variance condition


   n  h m   ϕ  x , θ    ( h )  → ∞   








is equivalent to


   n  h  m ( 1 + c )   → ∞ .   








Consequently, both requirements are simultaneously satisfied whenever


     1  m ( 1 + c ) + 2 ( 2 m ∧ α )    < ξ <   1  m ( 1 + c )    .   








Under these rate conditions, the bandwidth decreases slowly enough to ensure the effective sample size diverges, yet rapidly enough for the bias contribution to be asymptotically negligible.





Remark 10.

The validity of our main results remains unaffected if we replace the entropy condition based on covering numbers with a bracketing entropy condition. Specifically, the existence of constants    C 0  > 0   and    v 0  > 0   such that the bracketing numbers satisfy an analogous polynomial bound suffices for the arguments to hold. Regarding kernel selection, our framework imposes only minimal restrictions; any kernel satisfying the mild conditions of Assumption 2 is admissible. However, the choice of bandwidth presents a more delicate challenge, as it critically determines the bias-variance trade-off and consequently the rate of convergence. Adaptive bandwidth selection procedures that respond to local features of the data and the underlying regression function are therefore particularly attractive. For comprehensive discussions of bandwidth selection methodologies in related contexts, we refer to [154,155,156]. The development of uniform-in-bandwidth central limit theorems within our framework—allowing for data-driven bandwidth selection—constitutes an important direction for future research.





Remark 11.

We may also consider the scenario where the direction set is allowed to depend on the sample size, denoted   Θ =  Θ n   , with the following specifications commonly encountered in semiparametric single-index modeling (see [103]):


   card   Θ n   =  n α   with  α > 0 ,   








and for every   θ ∈  Θ n   , the deviation from the true direction   θ 0   is controlled by


     θ −  θ 0  , θ −  θ 0    1 / 2   ≤  C 7   b n  ,   








where    b n  → 0   as n increases. This formulation accommodates situations in which the direction parameter must be estimated from the data, thereby introducing an additional layer of complexity to the asymptotic analysis. The construction of the functional direction set   Θ n   follows an approach analogous to that developed in [94,103], and proceeds as follows:




	(i) 

	
Each candidate direction   θ ∈  Θ n    is expressed in a   d n  -dimensional basis expansion using B-spline basis functions    e 1   ( · )  , … ,  e  d n    ( · )   :


      θ  ( · )  =   ∑  j = 1   d n     α j   e j   ( · )   with    α 1  , … ,  α  d n    ∈ V .      



(34)








	(ii) 

	
The coefficient set  V  is generated through a systematic procedure:




	Step 1

	
For each     β 1  , … ,  β  d n    ∈  C  d n    , where   C =   c 1  , … ,  c J   ⊂  R J    constitutes a collection of J ’seed-coefficients’, construct an initial functional direction:


    θ init   ( · )  =   ∑  j = 1   d n     β j   e j   ( · )  .   












	Step 2

	
For each initial direction satisfying the identifiability condition    θ init   (  t 0  )  > 0   at a fixed point   t 0   in the domain, compute its norm    θ init  ,  θ init    and normalize to obtain the final coefficients:


     α 1  , … ,  α  d n    =   β 1  , … ,  β  d n    /    θ init  ,  θ init    1 / 2   .   












	Step 3

	
Define  V  as the collection of normalized coefficient vectors obtained in Step 2.









The resulting set of admissible functional directions is then


    Θ n  =  θ  ( · )  =   ∑  j = 1   d n     α j   e j   ( · )  :   α 1  , … ,  α  d n    ∈ V  .   

















This construction ensures that   Θ n   is sufficiently rich to approximate the true direction while maintaining the combinatorial control necessary for uniform asymptotic results.





Algorithmic Construction of the Estimator


For clarity, we summarize below the practical computation of the proposed conditional single-index U-statistic estimator. Algorithm 1 provides an explicit computational description of the proposed estimator by decomposing the contribution of each m-tuple into temporal, functional, and missingness-related weights.






	Algorithm 1 Computation of the conditional single-index conditional U-statistic estimator



	
	
Require: Observed sample    {  (  X  i , n   ,  Y  i , n   ,  δ i  )  }   i = 1  n  , target point    ( u , x , θ )  ∈   [ 0 , 1 ]  m  ×  H m  ×  Θ m   , bandwidth   h > 0  , kernels   K 1   and   K 2  , symmetric score function   φ :  Y m  → R  , optional propensity estimator    p ^   ( · )   



	
Ensure: Estimated conditional functional


    r ˜  n  ( m )    ( φ , u , x , θ ; h )   














	  1:

	
Set    N n   ( φ , u , x , θ ; h )  ← 0  




	  2:

	
Set    D n   ( u , x , θ ; h )  ← 0  




	  3:

	
for all    i =  (  i 1  , … ,  i m  )  ∈  I n m     do




	  4:

	
      Set    W i   ( u , x , θ ; h )  ← 1  




	  5:

	
      for   k = 1 , … , m   do




	  6:

	
            Compute the temporal localization factor


   ω  i k   ( t )    (  u k  ; h )  ←  K 1        u k  −  i k  / n  h     












	  7:

	
            Compute the functional single-index proximity factor


   ω  i k   ( x )    (  x k  ,  θ k  ; h )  ←  K 2        d  θ k    (  x k  ,  X   i k  , n   )   h     












	  8:

	
            Compute the observation factor


   ω  i k   ( δ )   ←  δ  i k    








      If inverse-probability weighting is used under the MAR mechanism, set instead


   ω  i k   ( δ )   ←    δ  i k     p ^   (  X   i k  , n   )      












	  9:

	
            Update the cumulative tuple weight


   W i   ( u , x , θ ; h )  ←  W i   ( u , x , θ ; h )    ω  i k   ( δ )     ω  i k   ( t )    (  u k  ; h )    ω  i k   ( x )    (  x k  ,  θ k  ; h )   












	10:

	
      end for




	11:

	
      Compute the kernel contribution of the response tuple


   Φ i  ← φ  (  Y   i 1  , n   , … ,  Y   i m  , n   )   












	12:

	
      Update the numerator


   N n   ( φ , u , x , θ ; h )  ←  N n   ( φ , u , x , θ ; h )  +  W i   ( u , x , θ ; h )    Φ i   












	13:

	
      Update the denominator


   D n   ( u , x , θ ; h )  ←  D n   ( u , x , θ ; h )  +  W i   ( u , x , θ ; h )   












	14:

	
end for




	15:

	
if     D n   ( u , x , θ ; h )  > 0    then




	16:

	
      Return


    r ˜  n  ( m )    ( φ , u , x , θ ; h )  ←     N n   ( φ , u , x , θ ; h )     D n   ( u , x , θ ; h )      












	17:

	
else




	18:

	
      Return a regularized value or declare the estimator undefined at   ( u , x , θ )  




	19:

	
end if














In the estimator originally studied in this paper, the missingness-related weight is simply    w  i k   ( δ )   =  δ  i k    ; when inverse-probability weighting is employed under the MAR mechanism, it becomes    w  i k   ( δ )   =  δ  i k   /  p ^   (  X   i k  , n   )   .



Remark 12

(Computational complexity). Fix   m ≥ 1   and a single evaluation point


  Ψ : =  ( φ , u , x , θ , h )  ∈  F m  ×   [ 0 , 1 ]  m  ×  H m  ×  Θ m  ×  ( 0 , ∞ )  ,  








where   Θ ⊂ H   denotes the single-index direction space (see Table 1, Group 1). For   1 ≤ k ≤ m   and   1 ≤ i ≤ n  , define the local weight


   w  k , i    ( Ψ )  : =  δ i    K 1        u k  − i / n  h     K 2        d  θ k    (  x k  ,  X  i , n   )   h    ,  








and the active index sets


   A k   ( Ψ )  : =  { 1 ≤ i ≤ n :   w  k , i    ( Ψ )  ≠ 0 }  ,   N k   ( Ψ )  : =  |  A k   ( Ψ )  |  .  








Let


   A ∪   ( Ψ )  : =   ⋃  k = 1  m    A k   ( Ψ )  ,   N ∪   ( Ψ )  : =  |  A ∪   ( Ψ )  |  ,  








and define the number of contributing injective m-tuples by


  M  ( Ψ )  : =   i =  (  i 1  , … ,  i m  )  ∈  I n m  :   i k  ∈  A k   ( Ψ )   ∀ k   .  








By construction,


  M  ( Ψ )  ≤   ∏  k = 1  m    N k   ( Ψ )  .  








(i) Cardinality of the full index set. For fixed m, the set   I n m   of all ordered m-tuples of distinct indices satisfies


   |   I n m   | =     n !   ( n − m ) !    = n  ( n − 1 )  ⋯  ( n − m + 1 )  .  








In particular,    |   I n m   | ∼   n m    as   n → ∞  , i.e.,     lim  n → ∞    |  I n m  |  /  n m  = 1   . Direct enumeration over   I n m   therefore requires exactly    |   I n m   |    tuple inspections, up to the cost of evaluating φ and the kernel weights.



(ii) Support reduction and exact representation. Since   K 1   has compact support   [ −  C 1  ,  C 1  ]   and   K 2   has support   [ 0 , 1 ]   (Assumption 2), the weight    w  k , i    ( Ψ )    vanishes whenever    |   u k   − i / n | >   C 1  h   or    d  θ k    (  x k  ,  X  i , n   )  > h  . Consequently, only tuples satisfying    i k  ∈  A k   ( Ψ )    for all k contribute to the sums. The numerator and denominator of the estimator in (6) therefore admit the exact representations


    N n   ( Ψ )  =  ∑     i ∈  I n m         i k  ∈  A k   ( Ψ )   ∀ k      φ  (  Y  i , n   )    ∏  k = 1  m    w  k ,  i k     ( Ψ )  ,   D n   ( Ψ )  =  ∑     i ∈  I n m         i k  ∈  A k   ( Ψ )   ∀ k        ∏  k = 1  m    w  k ,  i k     ( Ψ )  .   








(iii) Lower bound on computational cost. For a general kernel φ without exploitable algebraic structure, any algorithm that computes    N n   ( Ψ )    exactly must evaluate   φ (  Y  i , n   )   for every  i  with    i k  ∈  A k   ( Ψ )    for all k. Indeed, suppose there existed an algorithm that avoids evaluating φ on some active tuple   i *  . Modifying the value of φ exclusively at   i *   (while keeping all other values unchanged) would alter    N n   ( Ψ )    but leave all quantities computed by the algorithm invariant, contradicting exactness. Hence the number of φ-evaluations required is at least   M ( Ψ )  . Denoting by    C φ   ( m )    the cost of a single evaluation of φ on an m-tuple, any exact algorithm satisfies


    cost   (  N n   ( Ψ )  )  ≥ M  ( Ψ )  ·  C φ   ( m )  .   








The active-tuple enumeration achieves the matching upper bound


    cost   (  N n   ( Ψ )  )  ≤ M  ( Ψ )  ·   C φ   ( m )  + O  ( m )   ,   








where the   O ( m )   term accounts for the computation of the product of kernel weights.



(iv) Dynamic programming for the denominator. The denominator    D n   ( Ψ )    does not involve φ and can be computed more efficiently. Enumerate the elements of    A ∪   ( Ψ )    as   {  j 1  , … ,  j   N ∪   ( Ψ )    }  . For any subset   S ⊆ { 1 , … , m }  , define    F t   ( S )    recursively by


    F 0   ( ∅ )  = 1 ,   F 0   ( S )  = 0    ( S ≠ ∅ )  ,   








and for   t = 1 , … ,  N ∪   ( Ψ )   ,


    F t   ( S )  =  F  t − 1    ( S )  +  ∑  k ∈ S    w  k ,  j t     ( Ψ )    F  t − 1    ( S ∖  { k }  )  .   








Then one verifies by induction that


    D n   ( Ψ )  =  F   N ∪   ( Ψ )     (  { 1 , … , m }  )  .   








This procedure requires   O ( m  2 m   N ∪   ( Ψ )  )   arithmetic operations and   O (  2 m  )   memory. Since m is fixed, the denominator is computable in time linear in    N ∪   ( Ψ )   , the cardinality of the union of active indices.



(v) Stochastic orders of magnitude. Under Assumptions 1–3, for interior points    u k  ∈  [  C 1  h , 1 −  C 1  h ]    and under continuity and positivity of the propensity score   p ( · )   (Assumption 3 (iii)), there exist constants   c , C > 0   such that for all sufficiently large n,


  c  n h   ϕ   x k  ,  θ k     ( h )  ≤ E  [  N k   ( Ψ )  ]  ≤ C  n h   ϕ   x k  ,  θ k     ( h )  ,  








uniformly on compact subsets of the covariate domain. Moreover, for any   ε > 0  ,


  P    N k   ( Ψ )  ≥  C ε  n h  ϕ   x k  ,  θ k     ( h )   ≤ ε  








for a suitable constant   C ε  . It follows that


  M  ( Ψ )  =  O P     n m   h m    ∏  k = 1  m    ϕ   x k  ,  θ k     ( h )   =  O P     n m   h m   ϕ  x , θ    ( h )   .  








In the homogeneous case where    ϕ   x k  ,  θ k     ( h )  ≍ ϕ  ( h )    for all k, we have


  M  ( Ψ )  =  O P      ( n h ϕ  ( h )  )  m   .  








Thus the effective computational scale is not the global combinatorial order    |   I n m   | ∼   n m   , but rather the effective local combinatorial size governed by the small-ball probability    ϕ  x , θ    ( h )    (see Table 1, Group 4).



(vi) Precomputation of projections. In numerical implementations, each    X  i , n   ∈ H   is represented via   p n   coefficients (e.g., grid values, basis expansion coefficients, or functional principal component scores). For a fixed direction tuple   θ = (  θ 1  , … ,  θ m  )  , precompute the projected values


    s  i , k   : =  〈  θ k  ,  X  i , n   〉  ,  1 ≤ i ≤ n ,  1 ≤ k ≤ m ,   








at a cost of   O ( m n  p n  )   operations. Once these are available, the distance


    d  θ k    (  x k  ,  X  i , n   )  =  |  〈  θ k  ,  x k  〉  −  s  i , k   |    








is obtained in   O ( 1 )   time. The active set    A k   ( Ψ )    consists of indices i satisfying


    |   u k   − i / n | ≤   C 1  h  and   |  〈  θ k  ,  x k  〉  −  s  i , k   |  ≤ h .   








After sorting the pairs    {  ( i / n ,  s  i , k   )  }   i = 1  n   in each coordinate,    A k   ( Ψ )    can be retrieved via orthogonal range queries in   O ( log n +  N k   ( Ψ )  )   time per k. Consequently, after precomputation, the marginal cost of evaluating     r ˜  n  ( m )    ( Ψ )    exactly is


   O   m log n + m  2 m   N ∪   ( Ψ )  + M  ( Ψ )   C φ   ( m )   .   








(vii) Structured kernels. If φ admits a finite tensor product decomposition


   φ  (  y 1  , … ,  y m  )  =   ∑  r = 1  R     ∏  k = 1  m    g  r , k    (  y k  )    








for some fixed R and functions    g  r , k   : Y → R  , then the numerator factorizes. In this case, the same dynamic programming technique applied to the denominator extends to the numerator, yielding a total cost of   O ( R m  2 m   N ∪   ( Ψ )  )  . Thus, for structured kernels, the estimator is computable in time linear in    N ∪   ( Ψ )   , circumventing the combinatorial factor   M ( Ψ )   entirely.



(viii) Global evaluation over multiple parameters. Consider evaluating the estimator over:




	
  J n   candidate bandwidths    {  h  ( j )   }   j = 1   J n   ,



	
  G u   temporal evaluation points    {  u  ( p )   }   p = 1   G u   ,



	
  G x   covariate evaluation points    {  x  ( q )   }   q = 1   G x   ,



	
a finite direction set    Θ n  ⊂ Θ   with cardinality   L n   (see Remark 4.2).








In the fully anisotropic setting   θ ∈  Θ n m   , the total number of evaluation points is    J n   G u   G x   L n m   . For each such point, the cost is as described in (vi). Hence, the total exact computational cost scales as


    J n   G u   G x   L n m  ·  m log n + m  2 m   N ∪   ( Ψ )  + M  ( Ψ )   C φ   ( m )   .   








Under the diagonal restriction    θ 1  = ⋯ =  θ m   , the factor   L n m   reduces to   L n  .



(ix) Blocked cross-validation complexity. Let    K n  ≍ n /  (  ℓ n  +  q n  )    denote the number of big blocks in the cross-validation procedure of Section 6. Exact evaluation of the blocked criterion over all fold tuples   r ∈  I   K n   m    requires consideration of    |   I   K n   m   | =   K n   (  K n  − 1 )  ⋯  (  K n  − m + 1 )    configurations. For fixed m,    |   I   K n   m   | ∼   K n m    as   n → ∞  . The exact cost is therefore


   O    J n   K n m   m  2 m   N ∪ train   ( Ψ )  +  M train   ( Ψ )   C φ   ( m )    ,   








where    N ∪ train   ( Ψ )    and    M train   ( Ψ )    denote the quantities computed on the training subsamples. By contrast, the Monte Carlo criterion   CV n sub   of (74) replaces the factor   K n m   by a prescribed number   M n sub   of randomly sampled validation configurations, reducing the growth from combinatorial to linear in   M n sub  , while preserving asymptotic equivalence provided    M n sub  → ∞   sufficiently fast.



In summary, for a generic m-kernel φ, the exact computational bottleneck is the number   M ( Ψ )   of active injective tuples, which satisfies


   M  ( Ψ )   ≍ P   n m   h m   ϕ  x , θ    ( h )  .   








This quantity is governed by the same small-ball probability    ϕ  x , θ    ( h )    that controls the asymptotic statistical rate of convergence (Theorem 2). The single-index reduction, the compact support of the kernels (Assumption 2), and the dynamic programming evaluation of the denominator collectively transform the estimator from a globally combinatorial object into a locally combinatorial one whose effective complexity mirrors the intrinsic statistical difficulty of the problem.





Remark 13.

It is important to position the present manuscript precisely with respect to our earlier contribution [139]. The latter was devoted to the complete-data setting, in which all responses are observed and the conditional U-statistic is built from the full collection of admissible tuples. In that framework, the randomness of the estimator is generated solely by the functional time series itself, by the local-stationary approximation, by the kernel smoothing mechanism, and by the nonlinear U-statistic structure. By contrast, the present paper studies the genuinely observed-data problem, in which the responses are available only through binary indicators   δ i  . This modification is not a cosmetic addition to the complete-data theory. It changes the target statistical experiment, the effective local sample size, the normalization, the covariance structure, and the form of the Hoeffding projections.



More specifically, in the complete-data framework of [139], each local m-tuple contributes to the numerator and denominator whenever its covariates fall inside the relevant temporal and functional neighborhoods. The local information content is therefore governed by the small-ball factor and the temporal bandwidth alone. In the present MAR framework, however, an m-tuple contributes only when all corresponding responses are observed. Thus the local information content is additionally thinned by the random factor    ∏  k = 1  m   δ  i k   .   Under the MAR condition,


   P  (  δ i  = 1 ∣  X  i , n   ,  Y  i , n   )  = P  (  δ i  = 1 ∣  X  i , n   )  = p  (  X  i , n   )  ,   








this thinning is covariate-dependent and therefore cannot, in general, be ignored without changing the estimand. A complete-case estimator without inverse-propensity correction typically converges to a propensity-tilted conditional functional, rather than to the complete-data target. The present paper, therefore, treats the missingness mechanism as an intrinsic part of the asymptotic problem, rather than as an external nuisance.



This distinction has several mathematical consequences. First, the normalization appearing in the weak convergence theory must reflect the effective number of locally observed tuples, not merely the number of locally available covariate tuples. Second, the limiting covariance contains propensity-dependent inflation factors, expressing the loss of information caused by incomplete response observation. Third, when the propensity score is estimated, the stochastic expansion acquires an additional perturbation term, whose negligibility requires uniform consistency of   p ^   at a rate compatible with the local effective sample size. None of these phenomena is present in the complete-data analysis of [139]. In particular, the MAR setting requires positivity assumptions, stability of inverse weights, and careful control of the interaction between propensity estimation and the ratio structure of the conditional U-statistic.



At the level of the Hoeffding decomposition, the difference between the two frameworks is especially pronounced. In the complete-data case, the first-order projection is obtained from a weighted kernel depending on temporal localization and functional smoothing. In the present paper, the kernel also contains the observation indicators and, in the inverse-propensity formulation, the factors   1 / p (  X  i , n   )   or   1 /  p ^   (  X  i , n   )   . Consequently, the projection, its expectation, and the degenerate remainder must all be redefined in the observed-data probability space. The proof must show that the linear component continues to govern the asymptotic distribution while the higher-order degenerate terms remain negligible despite the simultaneous presence of local stationarity, absolute regularity, functional small-ball normalization, and MAR-induced random thinning. This is a substantially more delicate problem than the complete-data decomposition.



The present manuscript also extends the previous work in the order of the U-statistic. Whereas the complete-data theory in [139] concerned a more restricted setting, the present analysis is formulated for conditional U-statistics and conditional U-processes of arbitrary fixed order m, including the genuinely higher-order case   m > 2  . This extension is not merely notational. For   m > 2  , the number of interacting coordinates, the structure of the Hoeffding projections, the combinatorics of admissible tuples, and the control of degenerate remainders become substantially more involved. In the MAR setting, these difficulties are amplified by the fact that a tuple is observable only when all its response components are observed, so that the missingness mechanism acts multiplicatively across the m coordinates.



Further differences concern the practical and methodological components of the paper. The bandwidth-selection theory developed here is specifically designed for the incomplete-data locally stationary setting. The proposed validation criterion is simultaneously blocked, in order to respect temporal dependence; localized, in order to match the local-stationary asymptotic regime; and propensity-adjusted, in order to recover the complete-data target under MAR sampling. Such a procedure is unnecessary in the complete-data framework and has no direct analog in [139]. The present paper also includes a dedicated simulation study, which evaluates the finite-sample behavior of the proposed estimators under varying regimes of dependence, nonstationarity, functional concentration, and response missingness. In addition, a real data application to the Nikkei 225 Index is provided, illustrating the empirical relevance of the methodology in a financial time-series setting.



The present work also develops theoretical aspects that were not addressed in the earlier complete-data contribution. In particular, the identifiability of the functional single-index representation is analyzed in detail through a dedicated proposition and proof. This clarifies the normalization constraints and non-degeneracy conditions needed to identify the index directions. Moreover, the computational complexity of the proposed estimator is explicitly examined. This is essential because conditional U-statistics of order m are combinatorial objects, and the effective computational burden depends on the same local small-ball probabilities that determine the statistical convergence rates.



Accordingly, the present manuscript should not be regarded as a routine extension of [139] obtained by inserting missingness indicators into the complete-data formulas. It develops an observed-data asymptotic theory in which the MAR mechanism, propensity correction, local stationarity, functional single-index smoothing, weak dependence, and higher-order U-process structure are treated jointly. In this sense, the paper both broadens and deepens the complete-data theory of [139], moving from a fully observed functional U-process framework to a substantially more realistic and technically more demanding inferential setting with covariate-dependent incomplete responses.





Proposition 3

(Identifiability). Let  H  be a real separable Hilbert space, endowed with an inner product   〈 · , · 〉   and norm   ∥ · ∥  . Fix a nonzero element    v 0  ∈ H   and define


   Θ 0  : =  { θ ∈ H :  〈 θ ,  v 0  〉  = 1 }  ,  Θ : =  Θ 0 m  ,  








where   m ≥ 1   is a fixed integer. Let   H ,  H *  :  R m  → R   be continuously differentiable functions, and let


  θ =  (  θ 1  , … ,  θ m  )  ∈ Θ ,   θ *  =  (  θ 1 *  , … ,  θ m *  )  ∈ Θ .  








Assume that


  H   〈  x 1  ,  θ 1  〉  , … ,  〈  x m  ,  θ m  〉   =  H *    〈  x 1  ,  θ 1 *  〉  , … ,  〈  x m  ,  θ m *  〉   ,  ∀  (  x 1  , … ,  x m  )  ∈  H m  .  



(35)




Assume moreover that, for every   k ∈ { 1 , … , m }  ,


   ∂ k  H ≢ 0  on   R m  .  



(36)




Then,


   θ k  =  θ k *  ,  k = 1 , … , m ,  








and


  H ≡  H *   on   R m  .  








Consequently, the parametrization


   ( θ , H )  ⟼   (  x 1  , … ,  x m  )  ↦ H   〈  x 1  ,  θ 1  〉  , … ,  〈  x m  ,  θ m  〉     








is identifiable on   Θ ×  C 1   (  R m  )    under (36).





The following remark explains how the abstract non-degeneracy condition in Proposition 3 can be interpreted diagnostically and how the model may be reduced when some index coordinates are inactive or weakly identified.



Remark 14.

The non-degeneracy condition


    ∂ k  H ≢ 0 ,  k = 1 , … , m ,   








appearing in Proposition 3 is a population identifiability condition. Its role is not to impose a directly observable constraint on the practitioner, but rather to exclude coordinates of the index vector that are statistically redundant. Indeed, if    ∂ k  H ≡ 0  , then the k-th coordinate   〈  x k  ,  θ k  〉   does not enter the conditional functional, and the corresponding direction   θ k   cannot be identified from the conditional law of the response. In that case, the identifiable object is not the full vector   (  θ 1  , … ,  θ m  ) ,   but only the subcollection of active directions    θ A  =  (  θ k  : k ∈ A )  ,  A : =  { k :  ∂ k  H ≢ 0 }  .   Thus, Proposition 3 should be interpreted as an identifiability result for the fully active single-index model. If some directions are inactive, the natural modification is to work with the reduced active-index representation    H A   {  〈  x k  ,  θ k  〉  : k ∈ A }  ,   where inactive coordinates are removed from the smoothing and optimization steps. This is analogous to variable relevance in finite-dimensional single-index and multi-index models: directions corresponding to flat coordinates of the link function are not identifiable because the statistical experiment contains no information about them. Although H is unknown, the condition can be assessed empirically through relevance diagnostics based on the estimated conditional U-functional. Let   φ K   denote a Kendall-type kernel and define the conditional Kendall functional


    K θ   ( u , z )  : =  r  ( m )     φ K  , u , x , θ  ,   z k  =  〈  x k  ,  θ k  〉  .   








Under the single-index representation,


    K θ   ( u , z )  =  H   φ K  , u    (  z 1  , … ,  z m  )  .   








A derivative-based population relevance measure for the k-th direction is therefore


    D k   ( u )  : =  ∫ Z     ∂ k   H   φ K  , u    ( z )   2  w  ( z )   d z ,   








where w is a compactly supported weight on the region where the conditional functional is estimated reliably. Then,


    D k   ( u )  = 0   








if and only if the conditional Kendall functional is locally flat in its k-th index coordinate on the support of w. Conversely,    D k   ( u )  > 0   provides evidence that the k-th projected direction is relevant. In practice, one may estimate    D k   ( u )    from the same kernel estimator used for the conditional U-process. For example, with a finite-difference step    ρ n  → 0  , define


       ∂ k  H  ^    φ K  , u    ( z )  =      H ^    φ K  , u    ( z +  ρ n   e k  )  −   H ^    φ K  , u    ( z −  ρ n   e k  )    2  ρ n     ,   








where    H ^    φ K  , u    is obtained by evaluating    r ˜  n  ( m )    at index points corresponding to  z . The empirical relevance score is then


     D ^   k , n    ( u )  =  ∫  Z n         ∂ k  H  ^    φ K  , u    ( z )   2  w  ( z )   d z ,   








or its discrete analog over a grid   Z n  . A direction may be regarded as active when


     D ^   k , n    ( u )  >  λ n  ,   








where    λ n   ↓ 0    is chosen larger than the stochastic error of    D ^   k , n   . Equivalently, one may use the derivative-free contrast


    C k   ( u )  = ∫    H   φ K  , u    ( z )  −  H   φ K  , u    (  z 1  , … ,  z  k − 1   ,  z k ′  ,  z  k + 1   , … ,  z m  )   2  d μ  ( z ,  z k ′  )  ,   








which avoids numerical differentiation and is zero precisely when the conditional Kendall functional is invariant with respect to the k-th coordinate. Its plug-in version is particularly convenient because it uses only differences of estimated conditional Kendall functionals. This observation also suggests a preliminary relevance test. For each k, one may test


    H  0 , k   :  D k   ( u )  = 0  against   H  1 , k   :  D k   ( u )  > 0 ,   








or, alternatively,


    H  0 , k   :  C k   ( u )  = 0  against   H  1 , k   :  C k   ( u )  > 0 .   








Critical values may be obtained by the same block multiplier or block bootstrap device used for the dependent locally stationary array, with inverse propensity weights retained in order to respect the MAR mechanism. The validity of such a test follows from the stochastic equicontinuity and weak convergence theory developed for the conditional U-process, combined with the continuous mapping theorem for the above quadratic or supremum-type functionals.



When     D ^   k , n    ( u )    is close to zero, the model is weakly identified in the k-th direction. In that case, estimation of   θ k   may be unstable and the associated confidence regions may be large. From a practical viewpoint, there are three natural responses:




	(i) 

	
Report the direction as weakly identified rather than forcing a point interpretation;




	(ii) 

	
Remove the weak coordinate and refit the reduced active-index model;




	(iii) 

	
Replace the fully active single-index specification by a sparse or penalized index selection procedure, for example, by minimizing a criterion of the form


    CV n   ( θ , h )  +  λ n    ∑  k = 1  m     D ^   k , n     ( u )   − 1 / 2    ∥  θ k  ∥  ,   











with the convention that directions with negligible relevance scores are shrunk or removed.









Thus, while Proposition 3 states a population identifiability condition, the proposed conditional Kendall relevance diagnostics provide an implementable way to assess whether the condition is empirically plausible and to adapt the model when one or more index coordinates are inactive or only weakly active.





Remark 15.

The constraint   〈  θ k  ,  v 0  〉 = 1 , k = 1 , … , m ,   serves only to remove the scalar indeterminacy in the representation. Without such a normalization, the parametrization is not identifiable, since one may rescale each   θ k   and compensate this rescaling inside the k-th argument of the link function.





Remark 16

(Necessity of the nondegeneracy assumption). Condition (36) is necessary for the identification of each   θ k  . Indeed, if    ∂ k  H ≡ 0   on   R m  , then H does not depend on its k-th argument, and the parameter   θ k   disappears from the model.





Remark 17

(Symmetric U-statistic version). If one defines


   h θ   (  x 1  , … ,  x m  )  = H   〈  x 1  ,  θ 1  〉  , … ,  〈  x m  ,  θ m  〉   ,  








then   h θ   is not symmetric in general whenever the parameters    θ 1  , … ,  θ m    are distinct. A genuine U-statistic is obtained only after symmetrization:


    h ˜  θ   (  x 1  , … ,  x m  )  : =   1  m !     ∑  σ ∈  S m    H   〈  x  σ ( 1 )   ,  θ 1  〉  , … ,  〈  x  σ ( m )   ,  θ m  〉   .  








In that symmetrized setting, identifiability typically holds only up to the permutation of   (  θ 1  , … ,  θ m  )  , unless an additional ordering convention is imposed.





Remark 18

(Propensity-score modeling, misspecification, and sensitivity). The validity of the inverse-probability corrected estimator rests on two conceptually distinct assumptions. The first is the MAR restriction


  P  (  δ i  = 1 ∣  X  i , n   ,  Y  i , n   )  = P  (  δ i  = 1 ∣  X  i , n   )  = p  (  X  i , n   )  ,  








which is an assumption on the data-generating mechanism. The second is the statistical requirement that the working propensity estimator   p ^   converges, uniformly on the relevant region, to the true propensity p. These two assumptions have different implications. Violation of MAR changes the estimand itself, whereas the misspecification of the working model for p produces a weighted or tilted version of the target functional.



To make this point explicit, suppose that the inverse-probability weights are computed with a working propensity π, not necessarily equal to p. For an m-tuple   i = (  i 1  , … ,  i m  )  , define


    A  π , i   : =   ∏  k = 1  m      p (  X   i k  , n   )   π (  X   i k  , n   )    .   








The expectation of the weighted complete-case contribution is then multiplied by   A  π , i   . Consequently, the estimator no longer targets    r  ( m )    ( φ , u , x , θ )    exactly, but rather the pseudo-target


    r  π   ( m )    ( φ , u , x , θ )  =    E    A  π , i    W  i , n    ( h , u , x , θ )  φ  (  Y  i , n   )     E    A  π , i    W  i , n    ( h , u , x , θ )      ,   








where


    W  i , n    ( h , u , x , θ )  =   ∏  k = 1  m    K 1        u k  −  i k  / n  h     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h    .   








Thus, the asymptotic bias induced by propensity misspecification is


    B  π   ( m )    ( φ , u , x , θ )  : =  r  π   ( m )    ( φ , u , x , θ )  −  r  ( m )    ( φ , u , x , θ )  .   








Equivalently,


    B  π   ( m )   =     Cov  h , u , x , θ    φ  (  Y  i , n   )  ,  A  π , i       E  h , u , x , θ     A  π , i       ,   








where   E  h , u , x , θ    and   Cov  h , u , x , θ    denote expectation and covariance under the local kernel weighting. This expression shows that the propensity misspecification is harmless only in special cases where   A  π , i    is locally constant, or asymptotically uncorrelated with the U-kernel under the local weighting. Otherwise, the estimator converges to a locally tilted functional. A useful first-order expansion is obtained by writing


   π  ( x )  =   p  ( x )   { 1 + ε  ( x )  }  ,  ∥ ε ∥  ∞  → 0 .   








Then,


      p ( x )   π ( x )    = 1 − ε  ( x )  + O  ( ε   ( x )  2  )  ,   








and hence,


    A  π , i   = 1 −   ∑  k = 1  m   ε  (  X   i k  , n   )  +   O ( ∥ ε ∥   ∞  2   ) .    








Therefore,


    B  π   ( m )   = −   ∑  k = 1  m    Cov  h , u , x , θ    φ  (  Y  i , n   )  , ε  (  X   i k  , n   )   +   O ( ∥ ε ∥   ∞  2   ) + o   (  h s  )  ,   








where s denotes the smoothness order of the local approximation. This identity makes explicit how even small systematic errors in the propensity model may enter the leading bias if they are correlated, under the local kernel measure, with the conditional U-kernel. Misspecification also affects the variance. With working weights    δ i  / π  (  X  i , n   )   , the second moment involves


   E     δ i   π   (  X  i , n   )  2       |    X  i , n    =    p (  X  i , n   )   π   (  X  i , n   )  2     .   








Thus, relative to the correctly specified case, the asymptotic covariance is modified by local factors of the form


      p ( x )   π   ( x )  2      and     p ( x )   π ( x )    .   








In particular, underestimation of   p ( x )   inflates the variance, whereas overestimation of   p ( x )   may reduce the variance at the cost of bias. For this reason, in implementation, one should use stabilized or truncated propensities, for example,


     p ^  τ   ( x )  = max  {  τ n  , min  (  p ^   ( x )  , 1 −  τ n  )  }  ,   τ n   ↓ 0 ,    








to avoid instability in regions with low observation probability. In functional data settings, fully nonparametric estimation of   p : H → ( 0 , 1 )   may be statistically demanding because of the infinite-dimensional nature of X. A parsimonious and coherent alternative is to model the missingness probability itself through a functional single-index or low-rank functional logistic model. For example, one may take


   p  ( x )  = Λ   a 0  + g  〈 x ,  ϑ p  〉   ,  Λ  ( t )  =    e t   1 +  e t     ,   








or, in the locally stationary case,


   p  ( u , x )  = Λ   a 0   ( u )  +  g u   〈 x ,  ϑ p   ( u )  〉   .   








Here   ϑ p   is a missingness direction and g is an unknown one-dimensional link. The direction   ϑ p   may be estimated by functional logistic regression, sliced inverse regression, profile likelihood, or basis expansion after functional principal component projection. The link g can then be estimated by a one-dimensional kernel or spline method. This reduces the propensity estimation problem from an infinite-dimensional nonparametric problem to a semiparametric one-dimensional smoothing problem. More generally, one may use a sieve representation


   logit p  (  X  i , n   )  =  a 0  +   ∑  ℓ = 1   d n     a ℓ   〈  X  i , n   ,  ψ ℓ  〉  ,   








where   {  ψ ℓ  }   are functional principal components, wavelets, or problem-specific basis functions, and   d n   grows slowly with n. This approach is often preferable in applications because it balances flexibility and stability. To avoid overfitting and preserve the independence structure needed for the main asymptotic arguments, the propensity should be estimated using a leave-block-out or cross-fitted procedure compatible with the blocking scheme used for the locally stationary dependent observations. If the MAR assumption itself is violated, so that


   P  (  δ i  = 1 ∣  X  i , n   ,  Y  i , n   )  = q  (  X  i , n   ,  Y  i , n   )    








depends on the unobserved response, then no estimator based only on X can generally recover the MAR target without additional information. In that case, a working propensity   π ( X )   yields the selection-biased target


      E    ∏  k = 1  m    q (  X   i k  , n   ,  Y   i k  , n   )   π (  X   i k  , n   )    W  i , n   φ  (  Y  i , n   )     E    ∏  k = 1  m    q (  X   i k  , n   ,  Y   i k  , n   )   π (  X   i k  , n   )    W  i , n       .   








The difference between this quantity and    r  ( m )    ( φ , u , x , θ )    is a genuine selection bias, not merely a nuisance-estimation error. Therefore, empirical applications should report sensitivity analyzes in which the propensity model is perturbed, for example by considering


    π γ   ( x )  = Λ  { logit  p ^   ( x )  + γ s  ( x )  }  ,  γ ∈  [ − Γ , Γ ]  ,   








for a chosen sensitivity score s. Stability of the resulting estimates over a range of γ values provides evidence that conclusions are not driven by a particular propensity specification. The theoretical results of the paper correspond to the correctly specified MAR regime with uniformly consistent propensity estimation. The preceding discussion shows how the estimators behave under misspecification and suggests practical diagnostic tools. In particular, the main weak convergence result continues to describe the stochastic fluctuations around the pseudo-target   r  π   ( m )    when the working propensity converges to   π ≠ p  ; however, an additional deterministic bias   B  π   ( m )    must then be added to the asymptotic expansion.







5. Applications Under Missing Data


The methodological framework developed in the preceding sections finds natural application across a spectrum of statistical problems. While we present only three illustrative examples herein, they serve as prototypes for a broader class of problems that can be investigated through analogous reasoning, with careful accommodation of the missing-data mechanism throughout.



5.1. Discrimination with Incomplete Responses


We now apply our theoretical results to the discrimination problem originally formulated in Section 3 of [157], with subsequent developments in [50], while incorporating the additional complexity of missing responses. Adopting notation consistent with these seminal works, let   φ ( · )   be a function taking at most finitely many values, denoted   1 , … , M  . The sets


   A j  =   (  y 1  , … ,  y m  )  : φ  (  y 1  , … ,  y m  )  = j  ,  1 ≤ j ≤ M ,  








induce a partition of the feature space. Predicting the value of   φ (  Y 1  , … ,  Y m  )   is equivalent to predicting the partition element to which the m-tuple   (  Y 1  , … ,  Y m  )   belongs. For any discrimination rule g, the probability of correct classification satisfies the inequality:


  P  ( g  ( X , θ )  = φ  ( Y )  )  ≤   ∑  j = 1  M    ∫  { x : g ( x ) = j }   max  M j     i n   , x , θ  d P  ( x )  ,  








where the conditional class probabilities are defined as


   M j     i n   , x , θ  = P  φ  (  Y i  )  = j ∣  〈  X i  , θ 〉  =  〈 x , θ 〉   ,  x ∈  H m  .  








The inequality becomes an equality when one employs the Bayes rule:


   G 0   ( x , θ )  = arg  max  1 ≤ j ≤ M    M j     i n   , x , θ  .  








The corresponding probability of misclassification, denoted the Bayes risk, is given by


   L *  = 1 − P  (  G 0   ( X , θ )  = φ  ( Y )  )  = 1 − E   max  1 ≤ j ≤ M    M j     i n   , X , θ   .  








Each of the unknown conditional probability functions   M j   can be consistently estimated using the methodology developed in previous sections, now adapted to accommodate missing responses through the inclusion of missingness indicators. For   1 ≤ j ≤ M  , we define:


      M n j   ( u , x , θ )  =      ∑  i ∈  I n m     δ  i 1   ⋯  δ  i m   1  { φ  (  Y  i 1   , … ,  Y  i m   )  = j }    ∏  k = 1  m     K 1      u k  −  i k  / n  h    K 2      d  θ k    (  x k  ,  X   i k  , n   )   h         ∑  i ∈  I n m     δ  i 1   ⋯  δ  i m     ∏  k = 1  m     K 1      u k  −  i k  / n  h    K 2      d  θ k    (  x k  ,  X   i k  , n   )   h        ,     



(37)




where the missingness indicators   δ  i k    explicitly account for the MAR mechanism. The empirical Bayes rule is then naturally defined as


   G  0 , n    ( x , θ )  = arg  max  1 ≤ j ≤ M    M n j     i n   , x , θ  ,  








with associated empirical risk:


   L n *  = P   G  0 , n    ( X , θ )  ≠ φ  ( Y )   .  








Leveraging the uniform convergence results established in Theorem 2, one can demonstrate that the discrimination rule    G  0 , n    ( · )    is asymptotically Bayes risk consistent, i.e.,    L n *  →  L *   . This follows directly from the inequality:


    L *  −  L n *   ≤ 2  E   max  1 ≤ j ≤ M     M n j     i n   , X , θ  −  M j     i n   , X , θ    ,  








which, under appropriate regularity conditions, converges to zero by dominated convergence and the uniform consistency of the conditional probability estimators, even in the presence of missing data.




5.2. Metric Learning with Incomplete Observations


Metric learning provides a natural framework for adapting a distance or dissimilarity measure to the statistical structure of supervised data. Its objective is to construct a metric under which observations belonging to the same class are close, whereas observations belonging to different classes are well separated. Comprehensive accounts of metric learning and its statistical foundations may be found in [23], with applications in classification, image analysis, information retrieval, bioinformatics, and ranking problems. We show in this subsection that the proposed theory of conditional U-processes with incomplete responses provides a convenient tool for studying metric learning when class labels are missing at random. Let   (  X  i , n   ,  Y  i , n   ,  δ i  ) ,   i = 1 , … , n ,   be observations, where    X  i , n   ∈ H   is a functional covariate,    Y  i , n   ∈ Y =  { 1 , … , C }   ,   C ≥ 2  , is a class label, and    δ i  ∈  { 0 , 1 }    indicates whether the label   Y  i , n    is observed. We assume that the covariates are fully observed and that the missingness mechanism satisfies the MAR condition


  P  (  δ i  = 1 ∣  X  i , n   ,  Y  i , n   )  = P  (  δ i  = 1 ∣  X  i , n   )  = p  (  X  i , n   )  ,  








where the propensity score   p ( · )   is bounded away from zero:   0 <  p 0  ≤ p  ( x )  ≤ 1 .   Let  D  be a class of candidate semi-metrics   D : H × H ⟶  R +  .   For a pair of independent copies   ( X , Y )   and   (  X ′  ,  Y ′  )  , define the pairwise label


  S  ( Y ,  Y ′  )  : = 2  1  { Y =  Y ′  }   − 1 .  








Thus   S ( Y ,  Y ′  ) = 1   for a similar pair and   S ( Y ,  Y ′  ) = − 1   for a dissimilar pair. A standard margin formulation of the metric-learning risk is


  R  ( D )  = E  ϕ  S  ( Y ,  Y ′  )   { 1 − D  ( X ,  X ′  )  }    ,  



(38)




where   ϕ : R →  R +    is a non-increasing convex surrogate loss. A typical example is the hinge loss   ϕ  ( t )  =   ( 1 − t )  +  .   The convention in (38) is the following: if   Y =  Y ′   , then the loss is small when   D ( X ,  X ′  ) < 1  ; if   Y ≠  Y ′   , then the loss is small when   D ( X ,  X ′  ) > 1  . Therefore the quantity   S  ( Y ,  Y ′  )   { 1 − D  ( X ,  X ′  )  }    plays the role of a pairwise margin. If all labels were observed, the empirical risk would be the U-statistic


   R n full   ( D )  =   2  n ( n − 1 )     ∑  1 ≤ i < j ≤ n   ϕ  S  (  Y  i , n   ,  Y  j , n   )   { 1 − D  (  X  i , n   ,  X  j , n   )  }   .  








With missing labels, this quantity is not observable. Under MAR, the natural inverse-probability weighted version is


    R ^  n   ( D )  =   2  n ( n − 1 )     ∑  1 ≤ i < j ≤ n       δ i   δ j     p ^   (  X  i , n   )   p ^   (  X  j , n   )      ϕ  S  (  Y  i , n   ,  Y  j , n   )   { 1 − D  (  X  i , n   ,  X  j , n   )  }   ,  



(39)




where   p ^   is an estimator of the propensity score. If the true propensity p is known, one replaces   p ^   in (39) by p. The inverse-propensity correction is essential: indeed, conditionally on   X  i , n    and   X  j , n   ,


  E      δ i   δ j    p  (  X  i , n   )  p  (  X  j , n   )       |    X  i , n   ,  X  j , n   ,  Y  i , n   ,  Y  j , n    = 1 ,  








provided the two missingness indicators satisfy the usual conditional independence condition given the observed covariates. Hence (39) is the complete-case U-statistic corrected for the MAR sampling mechanism. For each   D ∈ D  , define the pairwise kernel


   φ D    ( x , y )  ,  (  x ′  ,  y ′  )   = ϕ   2  1  { y =  y ′  }   − 1   { 1 − D  ( x ,  x ′  )  }   .  








Then     R ^  n   ( D )    is an inverse-probability weighted U-statistic of degree two indexed by the class    F D  =  {  φ D  : D ∈ D }  .   Consequently, the metric-learning problem may be written as the empirical risk-minimization problem


    D ^  n  ∈ arg  min  D ∈ D     R ^  n   ( D )  .  



(40)




The preceding formulation is directly covered by the empirical and conditional U-process theory developed in this paper. In particular, if   F D   is a VC-type or entropy-controlled class, if the loss  ϕ  is Lipschitz and bounded on the relevant range, if the candidate metrics   D ∈ D   are uniformly bounded, and if


   sup x   |  p ^   ( x )  − p  ( x )  |  =  o P   ( 1 )  ,  








then the inverse-propensity weighted metric-learning criterion satisfies


   sup  D ∈ D      R ^  n   ( D )  − R  ( D )   =  o P   ( 1 )  ,  








up to the additional local-stationarity and dependence remainders already controlled in the general theory. More precisely, in the locally stationary case, the risk may be localized at rescaled time u by replacing   R ( D )   with a local oracle risk    R u   ( D )   , and the same blocking and kernel-localization arguments yield


   sup  D ∈ D      R ^   n , u    ( D )  −  R u   ( D )   =  o P   ( 1 )  .  








Thus any approximate minimizer    D ^  n   of (40) is asymptotically optimal in the sense that


  R  (   D ^  n  )  ≤  inf  D ∈ D   R  ( D )  +  o P   ( 1 )  ,  








or, in the locally stationary formulation,


   R u   (   D ^   n , u   )  ≤  inf  D ∈ D    R u   ( D )  +  o P   ( 1 )  .  








This example shows that metric learning with incomplete labels naturally falls within the class of inverse-propensity weighted U-process problems. The proposed framework therefore provides a theoretical basis for learning distances from functional time series when the labels are observed only partially and according to a MAR mechanism.




5.3. Conditional Kendall Rank Correlation


To test independence between univariate random variables   Y 1   and   Y 2  , ref. [158] proposed a statistic based on the U-statistic   K n   with kernel:


  φ   (  s 1  ,  t 1  )  ,  (  s 2  ,  t 2  )   =  1  {  (  s 2  −  s 1  )   (  t 2  −  t 1  )  > 0 }   −  1  {  (  s 2  −  s 1  )   (  t 2  −  t 1  )  ⩽ 0 }   .  



(41)







The rejection region takes the form   {  n   K n  > γ }  . We now consider a multivariate extension designed to test conditional independence given a functional covariate, while accommodating missing responses. Specifically, let   Y = ( ξ , η )   where  ξ  and  η  are   d 1  - and   d 2  -dimensional random vectors respectively, with    d 1  +  d 2  = d  . We are interested in testing:


   H 0  : ξ  and  η  are  conditionally  independent  given  X  vs.   H a  :  H 0   is  false .  



(42)




To this end, we propose a conditional U-statistic incorporating both the temporal evolution and the missing-data mechanism:


    r ^   n   ( 2 )    ( φ , u , x )  =      ∑  i ∈  I n 2     δ  i 1    δ  i 2    φ   Y  i 1   ,  Y  i 2      ∏  k = 1  2     K 1      u k  −  i k  / n  h    K 2      d  θ k    (  x k  ,  X   i k  , n   )   h         ∑  i ∈  I n 2     δ  i 1    δ  i 2     ∏  k = 1  2     K 1      u k  −  i k  / n  h    K 2      d  θ k    (  x k  ,  X   i k  , n   )   h        ,  








where   x =  (  x 1  ,  x 2  )  ∈ I ⊂  R 2    and   φ ( · )   denotes Kendall’s kernel (41). Let   a =  (  a 1  ,  a 2  )  ∈  R d    with   ∥ a ∥ = 1  ,    a 1  ∈  R  d 1    ,    a 2  ∈  R  d 2    , and let   F ( · )   and   G ( · )   denote the distribution functions of  ξ  and  η , respectively. Assume that    F  a 1    ( · )    and    G  a 2    ( · )    are continuous for any unit vector   a = (  a 1  ,  a 2  )  , where    F  a 1    ( t )  = P  (  a  1  ⊤  ξ < t )    and    G  a 2    ( t )  = P  (  a  2  ⊤  η < t )   . For   n = 2  , define    Y  ( 1 )   =  (  ξ  ( 1 )   ,  η  ( 1 )   )    and    Y  ( 2 )   =  (  ξ  ( 2 )   ,  η  ( 2 )   )    with    ξ  ( i )   ∈  R  d 1    ,    η  ( i )   ∈  R  d 2     for   i = 1 , 2  , and


   φ a    Y  ( 1 )   ,  Y  ( 2 )    = φ   (  a  1  ⊤   ξ  ( 1 )   ,  a  2  ⊤   η  ( 1 )   )  ,  (  a  1  ⊤   ξ  ( 2 )   ,  a  2  ⊤   η  ( 2 )   )   .  








An application of Theorem 2 yields the strong consistency result:


     r ^  n  ( 2 )    (  φ a  , u , x )  −  r  ( 2 )    (  φ a  , u , x )   ⟶ 0  almost  surely .  



(43)




This establishes the validity of our conditional Kendall statistic for testing conditional independence in the presence of locally stationary functional covariates and missing responses. The following remark summarizes the precise statistical role of the MAR assumption in the present framework. Its purpose is to clarify how missingness affects the estimator, the target functional, the effective sample size, and the asymptotic covariance, rather than to provide a general survey of missing-data methods.



Remark 19.

The Missing At Random assumption is not merely a technical device allowing one to ignore incomplete responses. It has a precise and visible effect on the form of the estimator, on the effective sample size, and on the asymptotic variance. To make this explicit, consider the generic local weight


    W  i , n    ( h , u , x , θ )  =   ∏  k = 1  m    K 1        u k  −  i k  / n  h     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h    ,   








and write    p  i k   = p  (  X   i k  , n   )   . Under MAR,


   P  (  δ  i k   = 1 ∣  X   i k  , n   ,  Y   i k  , n   )  = p  (  X   i k  , n   )  ,   








so the observed m-tuple contribution is not representative unless the random thinning induced by the factors   δ  i k    is corrected. The inverse-propensity weighted version of the local conditional U-statistic is


     r ^   n , IPW   ( m )    ( φ , u , x , θ ; h )  =      ∑  i ∈  I n m       ∏  k = 1  m     δ  i k     p ^   (  X   i k  , n   )      W  i , n    ( h , u , x , θ )  φ  (  Y  i , n   )       ∑  i ∈  I n m       ∏  k = 1  m     δ  i k     p ^   (  X   i k  , n   )      W  i , n    ( h , u , x , θ )      .   








If the true propensity p is used, then


   E    ∏  k = 1  m      δ  i k    p (  X   i k  , n   )      |    X  i , n   ,  Y  i , n    = 1 ,   








under the standard conditional independence of the missingness indicators. Thus the inverse-propensity factor restores, at the level of conditional expectation, the complete-data U-kernel contribution. This correction should be contrasted with the unweighted complete-case criterion, in which the product    ∏  k = 1  m   δ  i k     is used without division by the corresponding propensities. In that case,


   E    ∏  k = 1  m    δ  i k     |    X  i , n   ,  Y  i , n    =   ∏  k = 1  m   p  (  X   i k  , n   )  ,   








and the limiting target is generally a propensity-tilted conditional functional,


    r  cc   ( m )   =    E [  ∏  k = 1  m  p  (  X   i k  , n   )   W  i , n   φ  (  Y  i , n   )  ]   E [  ∏  k = 1  m  p  (  X   i k  , n   )   W  i , n   ]    .   








Only in special cases, for example, when   p ( · )   is locally constant on the kernel neighborhood or asymptotically uncorrelated with the local U-kernel contribution, does this tilting vanish. Hence, MAR missingness is not innocuous: without correction, it may change the estimand. The MAR mechanism also modifies the effective sample size. In the complete response case, the local information content is governed by   n  h m   ϕ  x , θ    ( h )  ,   up to constants depending on the temporal and functional kernels. Under missingness, the effective number of usable local m-tuples is reduced by the local observation probability. A useful heuristic is


    N eff   ( h , u , x , θ )  ≍ n  h m   ϕ  x , θ    ( h )    π loc   ( u , x , θ )  ,   








where


    π loc   ( u , x , θ )  =  E  h , u , x , θ      ∏  k = 1  m   p  (  X   i k  , n   )     








is the local probability that all responses in the tuple are observed. Thus, even when the MAR correction removes asymptotic bias, it does not recover the information lost through missingness. Regions where   p ( x )   is small have larger stochastic error, less stable denominators, and typically require more aggressive smoothing. The variance inflation caused by inverse-propensity weighting is also explicit. For the centered local kernel


    Ψ  i , n   = φ  (  Y  i , n   )  −  r  ( m )    ( φ , u , x , θ )  ,   








one has


   E      ∏  k = 1  m      δ  i k    p (  X   i k  , n   )     2   Ψ  i , n  2    |    X  i , n   ,  Y  i , n    =    ∏  k = 1  m     1  p (  X   i k  , n   )      Ψ  i , n  2  .   








Consequently, the asymptotic covariance of the MAR-corrected U-process is the complete-data covariance multiplied locally by inverse observation probabilities. This explains the appearance of missingness in the normalizing constants and covariance formulae: the estimator remains centered at the correct target, but its variance is enlarged in regions where responses are rarely observed. The estimation of p introduces an additional perturbation. If


    η n  =  sup x   |  p ^   ( x )  − p  ( x )  |  ,   








then, under the positivity condition   p  ( x )  ≥  p 0  > 0  ,


    sup  i ∈  I n m       ∏  k = 1  m      δ  i k     p ^   (  X   i k  , n   )     −   ∏  k = 1  m      δ  i k    p (  X   i k  , n   )     ≤  C m   η n    








with probability tending to one. Therefore, the propensity-estimation error contributes a separate remainder term to the stochastic expansion. If     n  h m   ϕ  x , θ    ( h )      η n  → 0 ,   then the estimation of p is asymptotically negligible in the first-order weak limit. If this condition is not satisfied, the first-order distribution contains an additional component generated by the estimation error of the missingness mechanism. These observations have practical consequences. First, the positivity condition should be checked empirically: very small estimated propensities lead to unstable inverse weights and large variance. In applications, it is therefore advisable to use stabilized or truncated weights,


     p ^  τ   ( x )  = max  {  τ n  ,  p ^   ( x )  }  ,   τ n   ↓ 0 ,    








and to report the sensitivity of the results to the truncation level   τ n  . Second, because missingness reduces the local effective sample size, bandwidths selected under incomplete responses are expected to be larger than those selected under full observation. Third, one should compare complete-case and IPW estimates, inspect local observation rates, and check whether inverse weighting improves covariate balance for low-dimensional summaries of the functional covariates, such as leading functional principal component scores or relevant single-index projections. Thus, the practical role of MAR in the present paper is threefold: it identifies the conditions under which the target conditional U-functional remains recoverable from incomplete responses; it determines the inverse-propensity correction needed to avoid propensity-induced tilting; and it quantifies the loss of precision through variance inflation and reduction of the local effective sample size.







6. Bandwidth Selection Under Missing Data and Local Stationarity


The operational deployment of the estimator (6) depends critically on the choice of the smoothing parameter   h =  h n   . In the present framework, bandwidth calibration is markedly more delicate than in classical kernel regression for at least four intertwined reasons. First, the effective local sample size is not of Euclidean order   n  h d   , but of functional order   n  h m   ϕ m   ( h )   , where the small-ball factor   ϕ ( · )   encodes the local concentration of the law of the covariate process in the projected semi-metric geometry. Second, the sequence   {  X  i , n   }   is only locally stationary, so any global validation criterion that ignores temporal localization is intrinsically misaligned with the asymptotic regime underlying the main results of Section 3 and Section 4. Third, the responses are observed through the binary mechanism   δ i  , so a complete-case validation score is generally biased under MAR and may select a bandwidth that is asymptotically suboptimal for the full-data target. Fourth, the estimator itself is a ratio of conditional U-statistics of order m, hence even the most basic risk decomposition must account simultaneously for dependence, nonlinear normalization, and missingness.



For these reasons, the bandwidth selection device must be constructed from first principles so as to remain fully compatible with the probabilistic architecture developed earlier. In particular, we deliberately retain the common bandwidth h appearing in (6). This is not merely a simplifying convention: it is the smoothing regime for which the effective sample-size condition, the bias order, and the weak convergence normalization have all been established. Direction-specific or anisotropic bandwidths can be incorporated, but only at the cost of reworking the asymptotic expansions and entropy bookkeeping; such refinements are beyond the scope of the present paper.



6.1. Oracle Local Prediction Risk


Fix   θ ∈  Θ m   ,   u =  (  u 1  , … ,  u m  )  ∈   [  C 1  h , 1 −  C 1  h ]  m   , and let   W :  H m  →  R +    be a bounded measurable weight function with compact support contained in a set on which the positivity condition


  0 <  p 0  ≤ p  ( x )  ≤ 1  



(44)




holds for some constant    p 0  > 0  . The role of W is purely localizing: it excludes pathological tail regions of the covariate space where small-ball probabilities may become too irregular and where inverse-probability weights may become unstable.



In a locally stationary setting, the most natural benchmark criterion is not a global integrated risk but a local prediction risk defined at rescaled time  u . Let    X  ( u )   =  (  X 1  (  u 1  )   , … ,  X m  (  u m  )   )    denote the stationary approximating m-tuple associated with Definition 1. We define the oracle criterion by


   R u   ( h )  : = E       r ˜  n  ( m )    ( φ , u ,  X  ( u )   , θ ; h )  −  r  ( m )    ( φ , θ , u ,  X  ( u )   )   2  W    X  ( u )     .  



(45)




This criterion is fully adapted to the local stationary approximation and, unlike abstract integrated squared error criteria based on hypothetical dominating measures on   H m  , it is intrinsic to the stochastic geometry induced by the law of   X  ( u )   .



Under the smoothness conditions of Assumption 3, the uniform rate obtained in Theorem 2, together with the asymptotic linearization derived in Section 4, implies that    R u   ( h )    admits the canonical decomposition


   R u   ( h )  =  V u   ( h )  +  B u   ( h )  + o     1  n  h m   ϕ m   ( h )     +  h  2 ( 2 m ∧ α )    ,  



(46)




uniformly over  u  in compact subsets of    ( 0 , 1 )  m  , where


   V u   ( h )  ≍   1  n  h m   ϕ m   ( h )      



(47)




is the leading stochastic component and


   B u   ( h )  ≍  h  2 ( 2 m ∧ α )    



(48)




is the squared bias term. Hence, the oracle risk embodies the same structural trade-off as the uniform convergence rate, but now at the level of quadratic loss. In particular, the heuristic first-order optimal bandwidth solves


   h  2 ( 2 m ∧ α )   ≍   1  n  h m   ϕ m   ( h )     .  








If, for example,   ϕ  ( h )  ∼  h c    with   c > 0  , then one formally obtains


   h opt   ( u )  ≍  n  − 1 / { m ( 1 + c ) + 2 ( 2 m ∧ α ) }   ,  








which is entirely consistent with the bias-negligibility condition discussed after Theorem 4. Of course, neither   ϕ ( · )  , nor the multiplicative constants hidden in (47) and (48), nor even the precise smoothness index are available in practice. This is precisely why a data-driven surrogate for    R u   ( h )    must be constructed.




6.2. Admissible Bandwidth Range


Let    H n  ⊂  ( 0 , ∞ )    be a compact interval of candidate bandwidths. Its endpoints must be chosen so that every   h ∈  H n    remains within the asymptotic regime of the theory. More precisely, we impose


   sup  h ∈  H n    h ⟶ 0 ,   inf  h ∈  H n    n  h m   ϕ m   ( h )  ⟶ ∞ ,   sup  h ∈  H n    n  ϕ  x , θ    ( h )   h  m + 2 ( 2 m ∧ α )   ⟶ 0 .  



(49)




The first condition ensures local resolution, the second guarantees divergence of the effective local sample size, and the third is the asymptotic negligibility of the bias relative to the weak-convergence scale. In applications, one may take


   H n  =  [  c 1   h n ★  ,  c 2   h n ★  ]   








for suitable fixed constants   0 <  c 1  <  c 2  < ∞  , where   h n ★   is any deterministic pilot sequence satisfying the balancing relation suggested by (46). The use of a compact admissible set is not merely technical: it allows one to formulate a genuine uniform model-selection statement over h, rather than a pointwise consistency claim for a single bandwidth.




6.3. Why Ordinary Cross-Validation Fails


It is useful to make explicit why standard leave-one-out cross-validation is unsuitable here. If one simply removes one observation or one tuple and refits the estimator, then:




	(i)

	
the training and validation samples remain strongly dependent under  β -mixing, so the validation score is contaminated by short-range temporal dependence;




	(ii)

	
the validation tuples are not localized in rescaled time around the target  u , so the score does not approximate the local risk    R u   ( h )   ;




	(iii)

	
missing responses induce a selection bias in the validation loss unless one corrects by inverse-probability weighting.









Hence a valid validation criterion must be simultaneously blocked, time-localized, and propensity-corrected.




6.4. Block Construction Under Absolute Regularity


Let    ℓ n  → ∞   and    q n  → ∞   be sequences of integers such that


   q n  = o  (  ℓ n  )  ,   ℓ n  = o     ( n  h m   ϕ m   ( h )  )   1 / 2     uniformly  for  h ∈  H n  ,  



(50)




and


   sup  h ∈  H n      ∑  k =  q n   ∞    k δ  β   ( k )   1 − 2 / ν   ⟶ 0 ,  



(51)




with  δ  and  ν  as in Assumption 4. Partition   { 1 , … , n }   into alternating big blocks and gaps:


   B 1  ,  G 1  ,  B 2  ,  G 2  , … ,  B  K n   ,  G  K n   ,  








where    |   B r   | =   ℓ n   ,    |   G r   | =   q n   , and    K n  ≍ n /  (  ℓ n  +  q n  )   . The blocks   B r   serve as validation units, whereas the gaps   G r   are discarded in order to asymptotically decouple the validation part from the training part.



For   r =  (  r 1  , … ,  r m  )  ∈  I   K n   m   , define the set of admissible validation tuples


   V r   ( u ; h )  =  i =  (  i 1  , … ,  i m  )  ∈  I n m  :  i k  ∈  B  r k   ,      i k  n   −  u k   ≤  C 1  h ,  1 ≤ k ≤ m  .  



(52)




This definition ensures that each coordinate   i k   lies both in a designated validation block and within the temporal localization window dictated by the kernel   K 1  .



The corresponding training index set is


  T  ( r )  =  { 1 , … , n }  ∖   ⋃  k = 1  m     B  r k   ∪  G   r k   −  ∪  G   r k   +   ,  



(53)




where   G   r k   ±   denote the neighboring gaps adjacent to   B  r k   . Since the estimator is of order m, the exclusion of all blocks and adjacent gaps touched by any validation coordinate is essential. This is the appropriate analog of “leave-one-block-out” for conditional U-statistics.




6.5. Fold-Specific Estimator and Training Score


Given   r ∈  I   K n   m   , we define the fold-specific estimator by


    r ˜   n , r   ( m )    ( φ , u , x , θ ; h )  =      ∑  j ∈ I   ( T  ( r )  )  m      ∏  k = 1  m    δ  j k    K 1       u k  −  j k  / n  h    K 2       d  θ k    (  x k  ,  X   j k  , n   )   h   φ  (  Y  j , n   )       ∑  j ∈ I   ( T  ( r )  )  m      ∏  k = 1  m    δ  j k    K 1       u k  −  j k  / n  h    K 2       d  θ k    (  x k  ,  X   j k  , n   )   h       .  



(54)




Because the fraction of discarded observations is   O (  (  ℓ n  +  q n  )  / n )  , the removal of the validation blocks does not alter the leading stochastic order, and    r ˜   n , r   ( m )    obeys the same first-order asymptotic expansion as the full-sample estimator, uniformly in  r , provided (50) and (51) hold.




6.6. Propensity-Score Estimation and Inverse-Probability Correction


The validation criterion must reconstruct the complete-data prediction loss although only tuples with    δ  i 1   ⋯  δ  i m   = 1   are observable. To this end, for each fold  r , let    p ^  r   be a leave-block-out estimator of the propensity score computed on the same training set   T ( r )  . A natural choice is the kernel estimator


    p ^  r   ( x )  =      ∑  j ∈ T ( r )    δ j   K 2       d  θ °    ( x ,  X  j , n   )    b n         ∑  j ∈ T ( r )    K 2       d  θ °    ( x ,  X  j , n   )    b n        ,  



(55)




where    b n  → 0   is a pilot bandwidth and   θ °   is a fixed direction used only for the missingness model. Since   δ j   is a binary response, (55) is merely the   m = 1   version of the kernel estimator already analyzed in the paper, and the same arguments yield, under the analog of Assumptions 1–6,


   sup r   sup  x ∈ supp ( W )    |   p ^  r   ( x )  − p  ( x )  |  =  O P        log n   n  ϕ (  b n  )     +  b n  2 ∧ α    .  



(56)




Hence, if


   b n  → 0 ,  n  ϕ  (  b n  )  → ∞ ,  



(57)




and if (44) holds, then


   sup r   sup  x ∈ supp ( W )      1    p ^  r   ( x )     −   1  p ( x )     =  o P   ( 1 )  .  



(58)







Under MAR,


  E      δ i   p (  X  i , n   )     |   X  i , n   ,  Y  i , n    = 1 ,  








so inverse-probability weighting restores the complete-data conditional loss. This identity is the basic mechanism that legitimizes the use of    p ^  r   in the validation score.




6.7. Blockwise IPW Cross-Validation Criterion


We now define the data-driven score. For   h ∈  H n   , set


   CV n   ( h ; u )  =   1   A n   ( h , u )      ∑  r ∈  I   K n   m     ∑  i ∈  V r   ( u ; h )        δ  i 1   ⋯  δ  i m       p ^  r   (  X   i 1  , n   )  ⋯   p ^  r   (  X   i m  , n   )       φ  (  Y  i , n   )  −   r ˜   n , r   ( m )    ( φ , u ,  X  i , n   , θ ; h )   2  W  (  X  i , n   )  ,  



(59)




where    A n   ( h , u )    is any nonrandom or asymptotically equivalent normalizing factor proportional to the number of admissible summands. The criterion (59) satisfies the three essential design requirements stated above:




	
It is blocked, through the separation between validation and training parts;



	
It is time-localized, through the restriction    |   i k  / n −  u k   | ≤   C 1  h  ;



	
It is propensity-corrected, through the inverse-probability factor.









6.8. Asymptotic Relation with the Oracle Risk


We now give a more detailed justification of the asymptotic relation between the blocked, propensity-adjusted cross-validation criterion and the corresponding oracle prediction risk. The purpose of this subsection is twofold. First, it makes explicit the sense in which the cross-validation criterion estimates the oracle risk uniformly over the admissible bandwidth set. Second, it identifies the separate contributions of stochastic fluctuation, residual dependence, and propensity-score estimation.



Let   H n   denote the admissible bandwidth set. Throughout this subsection we assume that    H n  ⊂  [   h ̲  n  ,   h ¯  n  ]   , where


    h ¯  n  → 0 ,    h ̲  n  > 0 ,  n    h ̲  n   m    inf  h ∈  H n     ϕ  x , θ    ( h )  ⟶ ∞ .  








For simplicity of exposition we present the argument for a finite grid   H n  , with cardinality   N  H , n   . The same proof applies to compact bandwidth intervals by replacing   log  N  H , n     with the metric entropy of   H n   under the semi-metric induced by the kernel class. We assume


     log  N  H , n     n    h ̲  n   m    inf  h ∈  H n     ϕ  x , θ    ( h )     ⟶ 0 .  



(60)




This condition is the bandwidth-uniform analog of the effective sample-size condition used in the uniform convergence theorem for the conditional U-process.



Let the observations be partitioned into validation blocks   V  ℓ , n   ,   ℓ = 1 , … ,  L n   , separated from the corresponding training samples by gaps of length   q n  . We write   T  ℓ , n    for the training set associated with   V  ℓ , n   , and denote by     r ˜   n , − ℓ   ( m )    ( φ , u , x , θ ; h )    the estimator computed from   T  ℓ , n   , leaving out the validation block and its neighboring gaps. The blocked cross-validation criterion is constructed from validation blocks only and uses inverse-probability weights based on a blockwise or leave-block-out estimator    p ^   − ℓ   . In abstract form, it may be written as


   CV n   ( h ; u )  =   1  L n      ∑  ℓ = 1   L n     L  ℓ , n    h ; u ,   r ˜   n , − ℓ   ( m )   ,   p ^   − ℓ    ,  








where   L  ℓ , n    is the local validation loss. For the quadratic version one may take


    L  ℓ , n    h ; u ,   r ˜   n , − ℓ   ( m )   ,   p ^   − ℓ    =   1   |   I  ℓ , n  m   |      ∑  i ∈  I  ℓ , n  m      ∏  k = 1  m      δ  i k      p ^   − ℓ    (  X   i k  , n   )       ω  i , n    ( h , u , x , θ )    φ  (  Y  i , n   )  −   r ˜   n , − ℓ   ( m )    ( φ , u , x , θ ; h )   2  ,  








with


   ω  i , n    ( h , u , x , θ )  =   ∏  k = 1  m    K 1        u k  −  i k  / n  h     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h    ,  








and where   I  ℓ , n  m   denotes the collection of admissible m-tuples in the validation block. The particular concordance-type loss used in the simulations is covered by the same argument, provided that the loss belongs to the same VC-type envelope class and satisfies the same moment condition as the kernels already used for the conditional U-process. The corresponding oracle local risk is


   R u   ( h )  = E   ω  I , n    ( h , u , x , θ )      r ˜   n , −   ( m )    ( φ , u , x , θ ; h )  −  r  ( m )    ( φ , u , x , θ )   2   ,  



(61)




where the expectation is taken with respect to an independent validation copy distributed according to the local stationary approximation at  u . The term independent of h,


  C  ( u )  = E   ω  I , n    ( h , u , x , θ )    φ  (  Y  I , n   )  −  r  ( m )    ( φ , u , x , θ )   2   ,  








is the irreducible local noise component. Since   C ( u )   does not depend on h, it does not affect the minimization over   H n  . We shall prove that


   sup  h ∈  H n      CV n   ( h ; u )  − C  ( u )  −  R u   ( h )   =  o P   ( 1 )  .  



(62)




More precisely, under the assumptions of the uniform convergence theorem, the MAR condition, the positivity condition


  0 <  p 0  ≤ p  ( x )  ≤ 1 ,  








and the uniform consistency of the propensity estimator,


   η n  : =  sup x   |  p ^   ( x )  − p  ( x )  |  =  o P   ( 1 )  ,  








one has


   sup  h ∈  H n      CV n   ( h ; u )  − C  ( u )  −  R u   ( h )   =  O P    ζ  1 , n   +  ζ  2 , n   +  ζ  3 , n    ,  



(63)




where


   ζ  1 , n   =      log  N  H , n     n    h ̲  n   m    inf  h ∈  H n     ϕ  x , θ    ( h )       1 / 2   +  b n   (   h ¯  n  )  ,  










   ζ  2 , n   =  L n  β  (  q n  )  +    q n    |   V  ℓ , n    |     ,  








and


   ζ  3 , n   =  η n  .  








Here    b n   (   h ¯  n  )    denotes the deterministic approximation error induced by local stationarity, temporal localization, functional smoothing, and the bias of the conditional regression operator. Under the stated bandwidth, blocking, entropy, mixing, and propensity-score assumptions,


   ζ  1 , n   +  ζ  2 , n   +  ζ  3 , n   ⟶ 0 ,  








and therefore (62) follows. We now detail the proof. Write


   CV n   ( h ; u )  − C  ( u )  −  R u   ( h )  =  Δ  1 , n    ( h , u )  +  Δ  2 , n    ( h , u )  +  Δ  3 , n    ( h , u )  ,  



(64)




where the terms are defined as follows.



First,   Δ  1 , n    is the empirical-process fluctuation term. It is the difference between the ideal blocked criterion, computed with the true propensity p and with validation blocks treated as independent local stationary copies, and its expectation. The relevant class of functions is


   G n  =   g h  : h ∈  H n   ,  








where   g h   is the validation loss induced by the bandwidth h. By the VC-type assumptions imposed on   F m  , on the kernel classes generated by   K 1   and   K 2  , and on the bandwidth-indexed local weights, this class has polynomial entropy:


   sup Q  log N   ε ∥   G n    ∥    L 2   ( Q )    ,  G n  ,  L 2   ( Q )   ≤  A 0  +  v 0  log  ( 1 / ε )  + log  N  H , n   ,  








for constants    A 0  ,  v 0  < ∞  . Moreover, the denominator of the local estimator is bounded away from zero with probability tending to one, because


  n  h m   ϕ  x , θ    ( h )  → ∞  








uniformly over   h ∈  H n   . Thus, the ratio structure of    r ˜   n , − ℓ   ( m )    does not destroy the entropy bound.



Applying the maximal inequality for absolutely regular triangular arrays, after the usual big-block/small-block decomposition, yields


   sup  h ∈  H n     |  Δ  1 , n    ( h , u )  |  =  O P        log  N  H , n     n    h ̲  n   m    inf  h ∈  H n     ϕ  x , θ    ( h )       1 / 2   +  b n   (   h ¯  n  )   .  








Consequently,


   sup  h ∈  H n     |  Δ  1 , n    ( h , u )  |  =  o P   ( 1 )  .  











Second,   Δ  2 , n    is the dependence remainder. Although the validation criterion is computed on blocks that are separated from their associated training samples, the original array is not independent. Let   V  ℓ , n  *   be an independent copy of the validation block obtained through Berbee’s coupling. Since the array is absolutely regular,


  P   V  ℓ , n   ≠  V  ℓ , n  *   ≤ β  (  q n  )  .  








Summing over blocks gives


  P  ∃ ℓ :  V  ℓ , n   ≠  V  ℓ , n  *   ≤  L n  β  (  q n  )  .  








The contribution of the discarded gaps is of order    q n  /  |  V  ℓ , n   |   . Hence, uniformly over   h ∈  H n   ,


   sup  h ∈  H n     |  Δ  2 , n    ( h , u )  |  =  O P    L n  β  (  q n  )  +    q n    |   V  ℓ , n    |      =  o P   ( 1 )  ,  








provided that


   L n  β  (  q n  )  → 0 ,     q n    |   V  ℓ , n    |     → 0 .  








These are exactly the blocking restrictions used in the weak convergence proof: the gaps are long enough to asymptotically decorrelate training and validation blocks, but short enough not to affect the effective sample size.



Third,   Δ  3 , n    is the missingness perturbation generated by replacing the unknown propensity p with   p ^  . By positivity, on an event whose probability tends to one,


   inf x   p ^   ( x )  ≥  p 0  / 2 .  








For every m-tuple   i = (  i 1  , … ,  i m  )  ,


     ∏  k = 1  m      δ  i k     p ^   (  X   i k  , n   )     −   ∏  k = 1  m      δ  i k    p (  X   i k  , n   )     ≤  C m   sup x   |  p ^   ( x )  − p  ( x )  |  ,  








where   C m   depends only on m and   p 0  . Therefore,


   sup  h ∈  H n     |  Δ  3 , n    ( h , u )  |  ≤ C  η n   1 +  sup  h ∈  H n     R u   ( h )  +  o P   ( 1 )   .  








Since    η n  =  o P   ( 1 )   , it follows that


   sup  h ∈  H n     |  Δ  3 , n    ( h , u )  |  =  o P   ( 1 )  .  








This also shows that the additional randomness induced by the MAR correction is asymptotically negligible at the level of bandwidth selection, provided that the propensity estimator is uniformly consistent and bounded away from zero. Combining the three bounds gives


   sup  h ∈  H n      CV n   ( h ; u )  − C  ( u )  −  R u   ( h )   =  o P   ( 1 )  ,  








which proves (62). In fact, if


   r n *   ( u )  : =  inf  h ∈  H n     R u   ( h )   








satisfies


   ζ  1 , n   +  ζ  2 , n   +  ζ  3 , n   = o  (  r n *   ( u )  )  ,  








then the stronger relative oracle equivalence holds:


   sup  h ∈  H n        CV n   ( h ; u )  − C  ( u )  −  R u   ( h )     r n *   ( u )     =  o P   ( 1 )  .  



(65)




We now derive the consequence for the selected bandwidth. Let     h ^  n   ( u )    be any measurable approximate minimizer satisfying


   CV n   (   h ^  n   ( u )  ; u )  ≤  inf  h ∈  H n     CV n   ( h ; u )  +  o P   (  r n *   ( u )  )  .  








Let


   h n *   ( u )  ∈ arg  min  h ∈  H n     R u   ( h )   








be an oracle bandwidth. Then


      R u   (   h ^  n   ( u )  )      ≤  CV n   (   h ^  n   ( u )  ; u )  − C  ( u )  +  o P   (  r n *   ( u )  )         ≤  CV n   (  h n *   ( u )  ; u )  − C  ( u )  +  o P   (  r n *   ( u )  )         ≤  R u   (  h n *   ( u )  )  +  o P   (  r n *   ( u )  )  .     








Since


   R u   (  h n *   ( u )  )  =  r n *   ( u )  ,  








we obtain


   R u   (   h ^  n   ( u )  )  ≤  inf  h ∈  H n     R u   ( h )  +  o P   (  r n *   ( u )  )  .  



(66)




Equivalently,


      R u   (   h ^  n   ( u )  )     inf  h ∈  H n     R u   ( h )     ⟶ 1  in  probability .  



(67)




Thus the blocked, propensity-adjusted cross-validation selector is oracle optimal over   H n  . If, in addition, the oracle risk admits a unique minimizer    h 0   ( u )    in the interior of the admissible bandwidth range and is locally separated, namely, for every   ε > 0  ,


   inf   | h −   h 0    ( u )  | > ε      R u   ( h )  −  R u   (  h 0   ( u )  )   > 0 ,  








then the preceding uniform convergence implies


    h ^  n   ( u )  −  h 0   ( u )  =  o P   ( 1 )  .  








Consequently, the data-driven bandwidth asymptotically recovers the local oracle smoothing level.




6.9. Oracle Optimality of the Selected Bandwidth


Let     h ^  n   ( u )    be any measurable approximate minimizer of   h ↦  CV n   ( h ; u )    over   H n  , in the sense that


   CV n   (   h ^  n   ( u )  ; u )  ≤  inf  h ∈  H n     CV n   ( h ; u )  +  o P   ( 1 )  .  



(68)




Then the oracle inequality is given by


   R u   (   h ^  n   ( u )  )  ≤  inf  h ∈  H n     R u   ( h )  +  o P   ( 1 )  .  



(69)




Hence the selected bandwidth is asymptotically optimal for the local prediction risk. If, in addition, the oracle risk has a unique minimizer    h 0   ( u )    in the interior of   H n  , and if   h ↦  R u   ( h )    is locally strictly convex near    h 0   ( u )   , then


    h ^  n   ( u )  −  h 0   ( u )  =  o P   ( 1 )  .  



(70)




This is the natural sense in which cross-validation consistently recovers the optimal local smoothing level.




6.10. Time-Varying Optimal Bandwidth Profile


Because the process is only locally stationary, the optimal smoothing level should generally vary with u. It is therefore natural to define the oracle profile


   h 0   ( u )  = arg  min  h ∈  H n     R  u  1 m     ( h )  ,  u ∈  [ ε , 1 − ε ]  ,  



(71)




for fixed   ε > 0  . A practical estimator of    h 0   ( · )    can be obtained in two stages.



First, choose a grid


   U n  =  {  u  ( 1 )   , … ,  u  (  M n  )   }  ⊂  [ ε , 1 − ε ]   








with mesh tending to zero, and compute the pointwise selectors


    h ^  n   (  u  ( ℓ )   )  ∈ arg  min  h ∈  H n     CV n   ( h ;  u  ( ℓ )    1 m  )  ,  1 ≤ ℓ ≤  M n  .  








Second, regularize the discrete selectors over u by a spline or sieve smoother:


    h ^  n   ( u )  =   ∑  j = 1   J n      β ^  j   B j   ( u )  ,  



(72)




where    {  B j  }   j = 1   J n    is an appropriate basis on   [ ε , 1 − ε ]  . If    h 0  ∈  C s   (  [ ε , 1 − ε ]  )    for some   s > 0  , standard approximation arguments yield


   sup  u ∈ [ ε , 1 − ε ]    |    h ^  n   ( u )  −  h 0    ( u )  | ≲   J n  − s   +  sup  1 ≤ ℓ ≤  M n     |   h ^  n   (  u  ( ℓ )   )  −  h 0   (  u  ( ℓ )   )  |  ,  



(73)




so the second-stage regularization preserves the first-stage pointwise consistency up to the usual sieve approximation error. This construction is particularly natural when the temporal evolution of the conditional law is smooth, as postulated by the local stationarity framework.




6.11. Computational Considerations


For moderate or large m, the full criterion (59) may be computationally burdensome because the number of admissible validation tuples is combinatorial. A principled approximation is to replace the exhaustive sum over    V r   ( u ; h )    by Monte Carlo subsampling. Let    (  r s  ,  i s  )   1 ≤ s ≤  M n sub     be i.i.d. draws, conditionally on the data structure, from the collection of admissible validation configurations. Define


   CV n sub   ( h ; u )  =   1  M n sub      ∑  s = 1   M n sub        δ  i  s , 1    ⋯  δ  i  s , m        p ^   r s    (  X   i  s , 1   , n   )  ⋯   p ^   r s    (  X   i  s , m   , n   )       φ  (  Y   i s  , n   )  −   r ˜   n ,  r s    ( m )    ( φ , u ,  X   i s  , n   , θ ; h )   2  W  (  X   i s  , n   )  .  



(74)




Provided    M n sub  → ∞   sufficiently rapidly, the subsampling error is negligible relative to the stochastic fluctuations already present in    CV n   ( h ; u )   , and the minimizing bandwidth remains asymptotically unchanged.




6.12. Scope and Limitations


The construction above provides a bandwidth selector that is fully coherent with the asymptotic theory established in this paper. It respects the local-stationary regime through temporal localization and block separation, accommodates the MAR mechanism by inverse-probability weighting, and is formulated directly in the functional small-ball geometry rather than by artificial Euclidean surrogates. At the same time, it is important to delimit precisely what has and has not been established. The present section justifies bandwidth selection at the level of oracle risk approximation and asymptotic optimality. It does not establish a uniform-in-bandwidth central limit theorem, nor does it by itself justify post-selection inference for the final estimator. Those questions require an additional empirical-process analysis over joint classes indexed simultaneously by  φ ,  θ ,  x ,  u , and h, and are therefore left for future work.



In summary, the present bandwidth-selection principle is not an ancillary computational add-on, but an integral component of the inferential framework. It translates the structural features of the model—functional covariates, local stationarity, absolute regularity, and MAR missingness—into a validation criterion whose minimizer is asymptotically equivalent to the oracle local-risk minimizer. This yields a theoretically grounded and practically implementable route to smoothing-parameter calibration in a setting where standard nonparametric devices are no longer adequate.





7. Simulation Study


This section provides a comprehensive numerical investigation of the finite-sample behavior of the conditional single-index U-process estimators developed in Section 3 and Section 4. The simulation design is carefully calibrated to reflect the theoretical framework’s key features: functional covariates with local stationarity, a single-index structure for the conditional Kendall dependence, missing responses under a Missing At Random (MAR) mechanism, and absolutely regular ( β -mixing) dependence across spatial locations. Three fundamentally different estimators are compared: the oracle single-index estimator that knows the true direction   θ 0  , the feasible single-index estimator that estimates   θ 0   via functional sliced inverse regression (FSIR) with blocked cross-validation, and two nonparametric baselines (full functional smoothing without dimension reduction, and a marginal estimator that ignores the single-index covariate). The results validate the theoretical convergence rates, quantify the price of estimating the direction under missingness, and demonstrate the practical superiority of the proposed methodology across a wide range of scenarios.



7.1. Experimental Design


7.1.1. Data Generating Process


Let   H =  L 2   [ 0 , 1 ]    denote the Hilbert space of square-integrable functions on   [ 0 , 1 ]   with the usual inner product    〈 f , g 〉  =  ∫ 0 1  f  ( t )  g  ( t )   d t  . For each replication, we generate n independent copies of the triplet   (  X  i , n   ,  Y  1 , i , n   ,  Y  2 , i , n   )   together with a missingness indicator    δ i  ∈  { 0 , 1 }   , where    X  i , n   ∈ H   and    (  Y  1 , i , n   ,  Y  2 , i , n   )  ∈  R 2   . The data generating process is structured to satisfy Assumptions 1–6.



Functional Covariate and Local Stationarity


We construct the functional covariate as


   X  i , n    ( t )  =   ∑  k = 1   K basis     ξ  i , k     ϕ k   ( t )  ,  t ∈  [ 0 , 1 ]  ,  








where    ϕ k   ( t )  =  2  sin  ( k π t )    forms an orthonormal Fourier basis, and    K basis  ∈  { 5 , 10 }    controls the functional dimension. The scores   ξ  i , k    are generated as


   ξ  i , k   =    0.7   k  0.6      D  (  U i  )  +    0.2  k     ε  i , k   ( 1 )   +    0.45   k  0.55       ε  i , k   ( 2 )   ,  



(75)




with    ε  i , k   ( 1 )   ,  ε  i , k   ( 2 )    ∼  i . i . d .   N  ( 0 , 1 )   . The spatial coordinates    U i  =  (  U  i , 1   ,  U  i , 2   )  ∈   [ 0 ,   1 ]  2    are drawn independently according to one of three designs: (i) uniform on    [ 0 ,   1 ]  2  , (ii) Beta  ( 2 , 5 )   (left-concentrated), or (iii) Beta  ( 3 , 3 )   (center-concentrated). The spatial driver


  D  (  U i  )  = 0.7 sin  ( 2 π  U  i , 1   )  + 0.45 cos  ( π  U  i , 2   )   








induces local stationarity in the sense of Definition 1: for rescaled times   u ∈ [ 0 , 1 ]  , the process   {  X  ⌊ n u ⌋ , n   }   behaves approximately like a stationary process whose distribution varies smoothly with u. The decay rates   k  − 0.6    and   k  − 0.55    in (75) ensure that the covariance operator has eigenvalues decaying polynomially, a standard setting in functional data analysis [67].




True Single-Index Direction


The true direction    θ 0  ∈ H   is normalized to satisfy    ∥   θ 0    ∥   L 2   = 1   (with respect to the trapezoidal quadrature weights on the observation grid) and is taken from one of three modes:




	
first:    θ 0   ( t )  =  2  sin  ( π t )    (low-frequency, easy to estimate);



	
mixed:    θ 0   ( t )  =  2  sin  ( π t )  + 0.45  2  sin  ( 2 π t )  + 0.20  2  sin  ( 3 π t )   , normalized (moderate complexity);



	
high:    θ 0   ( t )  = 0.6  2  sin  ( 2 π t )  + 0.4  2  sin  ( 4 π t )   , normalized (high-frequency, challenging for FSIR).








The projected index is    Z  i , n   =  〈  X  i , n   ,  θ 0  〉   , where the inner product is approximated by numerical quadrature on a fine grid of 101 equally spaced points in   [ 0 , 1 ]  .




Conditional Kendall Dependence


Let    τ U   ( z )    denote the conditional Kendall’s tau between   Y 1   and   Y 2   given the spatial location  U  and the projected index   Z = z  . We set


   τ U   ( z )  =   2 π   arcsin  ρ ( U , z )  ,  ρ  ( U , z )  = sgn  (  θ 0  )      0.5 sin  ( 2 π  U 1  )  + 0.3 cos  ( π  U 2  )  + 0.35 tanh  ( z )     1 + ∥   θ 0    ∥   L 2      ,  



(76)




clipped to   [ − 0.95 , 0.95 ]   to avoid numerical issues. The signal strength   δ ∈ { 0.00 , 0.20 , 0.40 , 0.60 }   multiplies the entire expression, so that   δ = 0   corresponds to independence (  H 0  ). The responses are generated from a Gaussian copula with correlation   ρ (  U i  ,  Z  i , n   )  :


       Y  1 , i , n        Y  2 , i , n       =       μ 1   (  U i  ,  Z  i , n   )         μ 2   (  U i  ,  Z  i , n   )       + 0.8   Σ  1 / 2    ε i  ,  








where    ε i  ∼ N  ( 0 ,  I 2  )   ,   Σ =     1   ρ     ρ   1      , and the marginal means are


      μ 1   ( U , z )      = 0.6 D  ( U )  + 0.55 z + 0.15  z 2  ,        μ 2   ( U , z )      = 0.5 cos  ( π  U 1  )  − 0.4 z + 0.2 sin  ( π z )  + 0.25  U 2     ( if  d = 2 )  .     








These choices ensure that the conditional distribution varies smoothly in both space and the single-index, satisfying Assumption 3 with Hölder exponent   α ≈ 1  .




Missing at Random Mechanism


For each observation i, the missingness indicator   δ i   is generated as


  P  (  δ i  = 1 ∣  X  i , n   ,  U i  )  =  logit  − 1     a 0  +  η i   ,   η i  =      0.6  scale (  Z  i , n   )      ( MAR - X )  ,       0.6  scale  (  Z  i , n   )  + 0.4 D  (  U i  )       ( MAR - XU )  ,       








where   scale ( · )   standardizes to zero mean and unit variance. The intercept   a 0   is calibrated numerically via root-finding to achieve a target observation rate    p obs  ∈  { 1.00 , 0.90 , 0.80 , 0.70 }   . This construction satisfies the MAR condition (Assumption 3 (iii)) because   δ i   is conditionally independent of   (  Y  1 , i , n   ,  Y  2 , i , n   )   given   (  X  i , n   ,  U i  )  . The realized observation rates are within   ± 0.02   of the targets.





7.1.2. Competing Estimators


We evaluate four estimators of the conditional Kendall’s tau at evaluation points   (  u j  ,  z j  )   corresponding to the complete cases of each replication. All estimators use the product kernel structure from (6) with   m = 2   and  φ  being Kendall’s kernel (41).



Oracle Single-Index (OR-SI)


This estimator uses the true direction   θ 0   and the true projected index   Z  i , n   :


    τ ^  OR   ( u , z )  =     ∑  i < j    δ i   δ j   φ   (  Y  1 , i   ,  Y  2 , i   )  ,  (  Y  1 , j   ,  Y  2 , j   )     K 1       u i  − u   h s     K 2       z i  − z   h x       ∑  i < j    δ i   δ j    K 1       u i  − u   h s     K 2       z i  − z   h x       .  








OR-SI represents the best possible performance of a single-index smoother and serves as the theoretical benchmark. Its convergence rate is given by Theorem 2.




Estimated Single-Index (EST-SI)


This feasible estimator replaces   θ 0   by an estimate   θ ^   obtained from functional sliced inverse regression (FSIR) on the complete cases:


    τ ^  EST   ( u , z )  =     ∑  i < j    δ i   δ j   φ  ( · )    K 1       u i  − u   h s     K 2        z ^  i  − z   h x       ∑  i < j    δ i   δ j    K 1       u i  − u   h s     K 2        z ^  i  − z   h x       ,  








where     z ^  i  =  〈  X  i , n   ,  θ ^  〉   . The FSIR procedure first reduces the functional covariate to    K fpca  ∈  { 3 , 5 }    FPCA scores, then solves a regularised generalized eigenvalue problem   M a = λ Σ a   with  M  the between-slice covariance matrix, using Tikhonov regularisation    Σ λ  = Σ + λ I   and selecting  λ  via leave-one-slice-out cross-validation. The direction   θ ^   is then reconstructed as    θ ^  =  ∑  k = 1   K fpca     a ^  k    ϕ ^  k   , where    ϕ ^  k   are the estimated eigenfunctions. This estimator is precisely the one studied in Theorem 4.




Full Functional (FF)


This estimator ignores the single-index structure and smooths directly on the   K fpca  -dimensional FPCA score vector:


    τ ^  FF   ( u , s )  =     ∑  i < j    δ i   δ j   φ  ( · )    K 1       u i  − u   h s     ∏  k = 1   K fpca    K 2       s  i , k   −  s k    h  z , k        ∑  i < j    δ i   δ j    K 1       u i  − u   h s     ∏  k = 1   K fpca    K 2       s  i , k   −  s k    h  z , k        .  








FF suffers from the curse of infinite dimension (Remark 8) and serves as a baseline to quantify the gain from dimension reduction.




Marginal (MG)


This estimator omits the single-index covariate entirely, smoothing only over the spatial coordinates:


    τ ^  MG   ( u )  =     ∑  i < j    δ i   δ j   φ  ( · )    K 1       u i  − u   h s       ∑  i < j    δ i   δ j    K 1       u i  − u   h s       .  








MG targets a different functional    τ MG   ( u )  = E  [ τ  ( u , Z )  ∣ U = u ]   , so its bias does not vanish even as   n → ∞   unless  τ  does not depend on Z. This estimator illustrates the misspecification that occurs when an important covariate is ignored.



Bandwidths are selected separately for each estimator and each replication using a hold-out cross-validation criterion based on the observable concordance loss. For a candidate bandwidth pair   (  h s  ,  h x  )   (or vector   (  h s  ,  h z  )   for FF), we split the complete cases into a training set  T  (  80 %  ) and a validation set  V  (  20 %  ). The criterion is


   L ^   ( h )  = −   1  | V |     ∑  i ∈ V     τ ^   − T    (  U i  ,  Z i  )  ·   p ^  i  ,  








where    τ ^   − T    is the estimator fitted on  T  and evaluated at   (  U i  ,  Z i  )  , and    p ^  i   is the leave-one-out sample concordance proxy


    p ^  i  =   2  | V | − 1     ∑     j ∈ V       j ≠ i      sgn   (  Y  1 , i   −  Y  1 , j   )   (  Y  2 , i   −  Y  2 , j   )   .  








Minimizing   − E [  τ ^  ×  p ^  ]   is equivalent to maximizing the alignment between the estimated surface and the empirical concordance direction, and this criterion is fully data-driven (no oracle leakage). The bandwidth grids are chosen adaptively, with n to satisfy the theoretical conditions   n  h m   ϕ m   ( h )  → ∞   and   n  ϕ  x , θ    ( h )   h  m + 2 ( 2 m ∧ α )   → 0   from Theorem 4.






7.2. Implementation Details


All simulations are implemented in R (version 4.3.2) with computationally intensive components written in C++ using RcppArmadillo and parallelized via OpenMP. The code is available upon request.



7.2.1. Functional Data Representation


Functional covariates are discretized on a grid of 101 equally spaced points in   [ 0 , 1 ]  . Inner products and   L 2   norms are approximated using the trapezoidal rule with weights    w ℓ  = Δ t   for interior points and   Δ t / 2   at the boundaries, where   Δ t = 0.01  .




7.2.2. FPCA Implementation


FPCA is performed on the complete cases only, using the covariance operator estimated by the empirical covariance of the discretized curves. The eigenfunctions are computed via the NIPALS algorithm and are orthonormalized with respect to the quadrature weights. The number of components   K fpca   is selected by the cumulative fraction of variance explained (≥  95 %  ), capped at 5 or 10 depending on the scenario.




7.2.3. FSIR Details


The pilot variable for slicing is taken as the first principal component of the bivariate response   (  Y 1  ,  Y 2  )   on the complete cases, which captures the dominant direction of dependence. The number of slices is set to   H = 6  , with slice boundaries determined by quantiles of the pilot variable. The generalized eigenvalue problem   M a = λ Σ a   is solved via the whitening approach, with regularisation parameters   λ ∈ { 0 ,  10  − 6   ,  10  − 4   ,  10  − 3   ,  10  − 2   , 0.1 }  . The final direction is selected to maximize the Spearman correlation between the projected scores and the pilot variable, averaged over 3 random restarts.




7.2.4. Kernel Choices


The spatial kernel   K 1   is the product of one-dimensional triangular kernels:    K 1   ( u )  =  ∏  k = 1  d   ( 1 − |   u k   | )   1   |   u k   | < 1     . The functional kernel   K 2   is the Epanechnikov kernel:    K 2   ( v )  = 0.75  ( 1 −  v 2  )   1  | v | < 1    . These choices satisfy Assumption 2 with Lipschitz constants    C 2  = 1   for   K 1   and    C 2  = 1.5   for   K 2  .




7.2.5. Computational Resources


The full study (100 replications × 120 scenario cells) was executed on a cluster with 40 Intel Xeon Gold 6248 cores and 256 GB RAM, taking approximately 72 h. The reduced study (50 replications) runs in about 8 h on a standard workstation with 8 cores.





7.3. Results


We present the main findings through a series of figures and tables. Unless otherwise stated, results are based on   R = 100   replications, with Monte Carlo standard errors reported in parentheses.



Figure 1 demonstrates that the estimated single-index estimator achieves power nearly indistinguishable from the oracle for   n ≥ 300   and signal   δ ≥ 0.4  , while maintaining correct size under the null. The gap is most pronounced at   δ = 0.2   (weak signal) and   n = 120   (small sample), where the FSIR direction estimate is noisiest.



Figure 2 quantifies the cost of estimating  θ . The gap decays roughly as   n  − 1 / 2    for fixed  δ  and   p obs  , matching the rate of the linear term in the Hoeffding decomposition (29). The MAR-XU mechanism (dashed lines) incurs a slightly larger gap than MAR-X because the propensity score also depends on  U , increasing the variability of the inverse-probability weights.



Figure 3 evaluates the FSIR procedure’s ability to recover   θ 0  . The angle decays as   n  − 1 / 2    for fixed  δ  and   p obs  , consistent with the parametric rate of sliced inverse regression. The angle is larger for the high mode than for first or mixed, as high-frequency components are harder to estimate from a finite sample of discretized curves.



Figure 4 provides the central comparison of the four estimators. The estimated SI successfully bridges the gap between the impractical oracle and the high-dimensional FF baseline. For   n = 500  ,   δ = 0.4  , and    p obs  = 0.9  , the RMSE of EST-SI is   0.159  , only   3 %   larger than the oracle’s   0.154  , while FF has RMSE   0.842   (more than five times larger). This demonstrates the dramatic benefit of the single-index reduction in the functional data setting.



Figure 5 displays the relative efficiency heatmap comparing EST-SI with the FF and MG competitors. The surface plots in Figure 6 provide visual confirmation of the estimators’ behavior. The EST-SI estimator faithfully reconstructs the true surface, including the interaction between space and the single-index. The error maps show that the largest discrepancies occur near the boundaries of the z domain, where the effective sample size is smallest due to the kernel’s compact support.



Figure 7 validates the CV procedure for direction selection. The convex loss landscape ensures that the global minimum can be found by simple grid search or gradient descent. The estimated direction closely matches the true direction, with the main discrepancy occurring near the endpoints   t = 0   and   t = 1  , where the basis functions have less support.



The bias-variance decomposition in Figure 8 reveals the sources of each estimator’s error. The estimated SI estimator’s excess risk relative to the oracle is almost entirely variance, not bias, confirming that the FSIR direction estimate is consistent and that the bias from using   θ ^   instead of   θ 0   decays faster than the variance. For FF, both bias and variance are large; the variance is inflated by the high-dimensional kernel product, and the bias is large because the optimal bandwidth in 5 dimensions is much larger than in 1 dimension, leading to oversmoothing.



Figure 9 and Figure 10 assess the validity of the asymptotic Gaussian approximation. The single-index estimators (both oracle and estimated) are well-calibrated for   n ≥ 200  , with KS p-values exceeding   0.1   in all scenarios with    p obs  ≥ 0.8  . This provides empirical support for the weak convergence result of Theorem 3. The FF estimator, in contrast, shows a severe lack of calibration (KS   p <  10  − 6     for all n), as the rate of convergence in the full functional space is too slow for the Gaussian approximation to be accurate at these sample sizes.



Figure 11 quantifies the impact of missing data. The RMSE ratio closely follows the theoretical prediction    E [ 1 / p ( X ) ]   , confirming that the estimator’s degradation under MAR is exactly what one would expect from the reduced effective sample size. The coverage remains stable, demonstrating that the asymptotic variance estimator (based on the effective pair sample size) correctly accounts for the missingness.




7.4. Discussion and Practical Recommendations


The simulation study leads to several concrete recommendations for practitioners:




	1.

	
Use the estimated single-index estimator whenever the functional covariate is expected to have a directional effect. The EST-SI estimator dramatically outperforms full functional smoothing, with relative efficiencies ranging from 3 to 6 in our scenarios. The computational overhead of FSIR and CV bandwidth selection is modest (about 2–3 times the cost of a single fit) and is well justified by the performance gains.




	2.

	
The MAR missingness mechanism is handled effectively by the proposed estimator. The RMSE ratio    RMSE MAR  /  RMSE complete    follows the theoretical prediction    E [ 1 / p ( X ) ]   , so the degradation is exactly what one would expect from the reduced sample size. For observation rates    p obs  ≥ 0.7  , the loss is less than   15 %  .




	3.

	
Blocked cross-validation for direction selection is reliable. The CV loss surface is convex, and the selected direction achieves near-oracle performance for   n ≥ 200   and   δ ≥ 0.3  . The procedure is robust to mild sieve misspecification.




	4.

	
The asymptotic Gaussian approximation is accurate for   n ≥ 200  . Coverage probabilities are close to   0.95  , and KS tests do not reject normality. This justifies the use of confidence intervals based on the effective pair sample size.




	5.

	
Avoid full functional smoothing in moderate samples. The FF estimator suffers from the curse of infinite dimension; its RMSE is unacceptably large (  > 0.8  ) even at   n = 500  . Only consider FF if the sample size is extremely large (  n ≫ 1000  ) or if prior knowledge indicates that the single-index assumption is severely violated.









Table 2 synthesises the main numerical results. The estimated SI estimator consistently achieves RMSE within 5–  10 %   of the oracle for   n ≥ 300  , while FF is an order of magnitude worse. The coverage of the single-index estimators is close to nominal   0.95   across all scenarios with   n ≥ 200  , confirming the practical validity of the asymptotic approximation. The alignment angle decays to below  15 °  for   n = 500   and   δ ≥ 0.4  , indicating that the FSIR procedure reliably recovers the direction even under moderate missingness.



These results provide strong empirical support for the theoretical framework developed in Section 3 and Section 4. The proposed methodology is both theoretically sound and practically effective, offering a powerful tool for nonparametric inference with functional covariates, locally stationary dependence, and missing responses.





8. Real Data Application: Nikkei 225 Index


This section illustrates the practical utility of the proposed conditional single-index U-process methodology through an analysis of the Nikkei 225 stock market index. The objective is twofold: first, to demonstrate that the estimated single-index (EST-SI) estimator successfully captures conditional dependence patterns that are obscured by simpler marginal approaches; second, to provide empirical evidence of time-varying dependence structures consistent with the local stationarity framework of Definition 1. The analysis compares the EST-SI estimator, which incorporates the functional covariate (past return curves) through a single-index projection, against a marginal estimator that smooths only over time, thereby ignoring the information contained in the recent return history.



8.1. Data Description and Preprocessing


The Nikkei 225 index daily closing prices from 1 January 2020 to 31 December 2023 were obtained from publicly available sources. The raw data consist of    n raw  = 1008   trading days. After removing weekends and holidays, the final sample comprises   n = 985   observations. Let   P t   denote the closing price on day t. The daily log-return is defined as    R t  = log  (  P t  /  P  t − 1   )    for   t = 2 , … , 985  .



Following the functional time series framework of Section 2, we construct a functional covariate   X  i , n    from the most recent   L = 60   daily returns preceding a prediction date. Specifically, for each prediction day   d i   (with   i = L + 1 , … , n −  h s  −  h t   ), we define


   X  i , n    ( t )  =  R   d i  − L + t   ,  t ∈  [ 0 , 1 ]  ,  








where t is rescaled to the unit interval. This represents the return curve over the previous 60 trading days, capturing the recent market dynamics. The response variables are:




	
   S i  =  R   d i  +  h s     : the short-term return    h s  = 1   day ahead,



	
   T i  =  ∑  k = 1   h t    R   d i  +  h s  + k    : the cumulative return over the subsequent    h t  = 5   trading days (one week).








The quantity of interest is the conditional Kendall’s tau


  τ  (  u i  ,  z i  )  = P   (  S i  −  S j  )   (  T i  −  T j  )  > 0 ∣ U =  u i  , Z =  z i   − P   (  S i  −  S j  )   (  T i  −  T j  )  < 0 ∣ U =  u i  , Z =  z i   ,  








where    u i  =  (  d i  −  d min  )  /  (  d max  −  d min  )    is the rescaled time (see Definition 1) and    z i  =  〈  X  i , n   ,  θ 0  〉    is the single-index projection of the functional covariate onto the true direction   θ 0  . The null hypothesis    H 0  : τ  ( u , z )  ≡ 0   corresponds to conditional independence between short-term and cumulative returns given the past return curve.



After constructing all valid tuples, we obtain    n curves  = 921   functional observations. Figure 7 displays the estimated single-index direction    θ ^   ( t )   , which can be interpreted as the weighting of past returns that most strongly influences the conditional dependence structure.




8.2. Implementation Details


The analysis follows the methodology developed in Section 3 and Section 4, with the following parameter choices:



8.2.1. FPCA Dimension Reduction


The functional covariates are smoothed and discretized on a grid of   L = 60   equally spaced points. FPCA with   K = 4   components explains   94.2 %   of the total variance, satisfying Assumption 6 regarding the approximation of the functional covariate.




8.2.2. Single-Index Estimation


The direction   θ ^   is estimated via the improved cross-validated FSIR procedure, using   M = 200   candidate directions and 5-fold time-block cross-validation. The estimated direction is normalized to satisfy    ∥   θ ^    ∥   L 2   = 1   with respect to the trapezoidal quadrature weights.




8.2.3. Bandwidth Selection


Bandwidths for both the EST-SI and marginal estimators are selected via the hold-out cross-validation criterion based on the concordance loss (Section 6), with a   80 / 20   train/validation split and 5 random splits to reduce variability. The selected bandwidths are    h u  ( EST )   = 0.12  ,    h z  = 0.48   for the EST-SI estimator, and    h u  ( marg )   = 0.15   for the marginal estimator.




8.2.4. Inference


Statistical significance of the conditional dependence is assessed using a circular-shift bootstrap test with   B = 99   permutations, which preserves the marginal distribution of T while breaking the temporal dependence structure. The test statistic is the integrated squared conditional Kendall surface weighted by the effective sample size:


   T obs  =     ∑  i , j    n eff   (  u i  ,  z j  )    τ ^    (  u i  ,  z j  )  2     ∑  i , j    n eff   (  u i  ,  z j  )     .  













8.3. Results


Figure 12 presents the estimated conditional Kendall surface and its associated effective sample size. The EST-SI estimator reveals substantial time variation in the dependence structure, with positive dependence reaching    τ ^  ≈ 0.3   during periods of market stress (the COVID-19 crash of March 2020 and the 2022 bear market). This is consistent with the well-documented phenomenon of “crisis correlation” where equity returns become more positively correlated during market downturns. Importantly, the dependence also varies with the single-index projection z: extreme negative values of z (indicating unusually poor recent performance) are associated with stronger positive dependence, suggesting that past losses amplify future co-movement between short-term and cumulative returns.



Figure 13 compares the EST-SI estimator with a marginal estimator that omits the functional covariate. The marginal estimator, which corresponds to setting   m = 1   in (6) and smoothing only over time, detects a qualitatively similar temporal pattern but with substantially reduced magnitude. This is precisely the behavior predicted by Theorem 2: the marginal estimator is misspecified because it targets    τ MG   ( u )  = E  [ τ  ( u , Z )  ∣ U = u ]   , which is a smoothed version of the true conditional dependence. The difference between the two estimators quantifies the additional information provided by the functional covariate. The Wilcoxon test confirms that this difference is statistically significant, providing evidence against the null hypothesis that the functional covariate carries no predictive information for the conditional dependence structure.



Figure 14 displays the estimated single-index direction and the temporal evolution of the conditional dependence. The direction    θ ^   ( t )    is interpretable as a weighting function that extracts the most relevant features of the past return curve for predicting future dependence. The positive weights on recent returns (lags 1–10) indicate that the momentum of the past two weeks is the primary driver of conditional dependence. The negative weights on distant returns (lags 40–60) suggest a contrast effect: if the market was weak two months ago but has since recovered, the dependence structure may differ from a market that has been consistently strong or weak. This pattern is consistent with behavioral finance theories that investors’ attention and memory decay over time, with the most recent information receiving the highest weight.



Figure 15 provides diagnostic checks for the EST-SI estimator. The Q-Q plot confirms that the estimated single-index projections are approximately normally distributed, validating the bandwidth selection procedure, which assumes that the scale of z is comparable to a standard normal. The bootstrap test rejects the null hypothesis of conditional independence at the   1 %   significance level, providing statistical confirmation that the functional covariate contains predictive information about the dependence between short-term and cumulative returns.



Figure 16 provides a fair distributional comparison between the EST-SI and marginal estimators across all evaluation points.



Figure 17 illustrates the temporal evolution of the estimated conditional dependence across the four evaluation periods.




8.4. Discussion and Interpretation


The empirical analysis of the Nikkei 225 index yields several important insights:



8.4.1. Economic Interpretation


The estimated single-index direction    θ ^   ( t )    places highest weight on returns from the past two weeks, with a peak at lag 5 (approximately one trading week). This suggests that market participants’ assessment of future dependence is primarily driven by very recent price movements, consistent with models of bounded rationality and limited memory. The negative weights on distant returns (lags 40–60) indicate a contrast effect: if the market was weak two months ago but has since recovered, the current dependence structure differs from a market that has been consistently strong. This could reflect the phenomenon of “overreaction” and subsequent correction documented in behavioral finance.



Figure 18 presents the bootstrap test for conditional independence based on circular-shift permutations.




8.4.2. Temporal Variation


The conditional Kendall surface reveals clear time variation that aligns with major macroeconomic events. The sharp increase in dependence during the COVID-19 crisis (March–April 2020) reflects the well-documented flight-to-quality and increased correlation among equity returns during market stress. The secondary peak during the 2022 correction (August–October 2022) coincides with rising interest rates and inflation concerns. Importantly, the dependence remains positive throughout the sample period, but the magnitude varies substantially, from near zero during calm periods to   0.3   during crises. This temporal variation justifies the local stationarity assumption (Definition 1) and highlights the importance of allowing the conditional dependence to evolve smoothly over time.




8.4.3. Value of Functional Covariates


The comparison between EST-SI and marginal estimators demonstrates the substantial information contained in the functional covariate (the past return curve). The marginal estimator, which smooths only over time, detects the same qualitative pattern but with attenuated magnitude. The difference between the two estimators–which is statistically significant at the   p < 0.01   level–quantifies the additional predictive power provided by the shape of the recent return curve beyond the current market level. This validates the functional single-index approach and suggests that similar methods could be valuable in other financial applications, such as risk management, portfolio optimization, and option pricing.



Figure 19 compares the effective sample sizes of the EST-SI and marginal estimators across the evaluation grid.





8.5. Limitations and Future Work


Several limitations of the current analysis should be acknowledged. First, the choice of the rolling window   L = 60   and horizons    h s  = 1  ,    h t  = 5   was made based on domain knowledge but could be optimized via additional cross-validation. Second, the FPCA dimension reduction to   K = 4   components explains   94.2 %   of the variance, but higher-dimensional representations might capture additional features; however, the curse of infinite dimension (Remark 8) would then require a larger sample size. Third, the analysis assumes that the conditional dependence structure is fully captured by a single-index projection; while the diagnostic plots support this assumption, more flexible models (e.g., multi-index models) could be explored in future work. Finally, the circular-shift bootstrap test assumes that the time series is stationary under the null hypothesis; for locally stationary processes, a block bootstrap that preserves the local structure would be more appropriate, albeit computationally more intensive.



Despite these limitations, the analysis convincingly demonstrates that the proposed conditional single-index U-process methodology is both theoretically sound and practically useful, providing interpretable and statistically significant insights into the dependence structure of financial time series.



Table 3 summarizes the key numerical results of the Nikkei 225 analysis. The EST-SI estimator detects conditional dependence that is nearly twice as strong (in absolute value) as the marginal estimator, and the difference is highly statistically significant. The signal-to-noise ratio, which accounts for the reduced effective sample size of the EST-SI estimator, is   2.3   times larger for EST-SI, confirming that the bias reduction from incorporating the functional covariate outweighs the variance increase. The bootstrap test provides strong evidence against conditional independence, validating the single-index approach for this application.



Remark 20.

The simulation results are based on   R = 100   replications. This number is sufficient to illustrate the qualitative behavior predicted by the theory, namely the convergence of the feasible estimator toward the oracle estimator and the stabilizing effect of the blocked cross-validation bandwidth selector. Nevertheless, for empirical probabilities such as size and power, the maximum Monte Carlo standard error with   R = 100   is     1  2  100     = 0.05 .   Accordingly, small differences between competing procedures should be interpreted with caution. A substantially larger number of replications would further reduce Monte Carlo uncertainty and is a natural direction for extended numerical investigation.







9. Concluding Remarks and Prospective Research Frontiers


The present investigation has developed a rigorous and unified asymptotic framework for conditional single-index U-statistics and the associated conditional U-processes in the particularly demanding setting of locally stationary functional time series with responses observed under a Missing At Random (MAR) mechanism. The results obtained herein, taken collectively, provide what may be regarded as a first comprehensive theoretical treatment of this problem under a single analytical umbrella. In particular, the paper has brought together, within a common inferential architecture, four sources of complexity that are usually studied separately in the literature: the nonlinear structure inherent to conditional U-statistics, the infinite-dimensional character of the covariates, the gradual temporal evolution encoded through local stationarity, and the loss of information induced by incomplete responses.



The methodology proposed throughout the manuscript is based on a kernel-type estimator combining temporal localization and functional smoothing after projection onto a single-index direction. This construction is especially well-suited to the present context. Indeed, the single-index device plays a dual role. On the one hand, it serves as a genuine dimension-reduction mechanism, thereby attenuating the severity of the curse of dimensionality that typically plagues nonparametric procedures in functional spaces. On the other hand, it preserves the semiparametric flexibility of the model by allowing the conditional regression operator to remain fully nonlinear after projection. In parallel, the explicit incorporation of the missingness indicators into the estimating equations ensures that the resulting asymptotic theory faithfully reflects the MAR observation scheme rather than treating missing data as a secondary technical perturbation.



From the standpoint of asymptotic theory, the principal contribution of the paper lies in the derivation of weak convergence for the conditional U-process indexed by a general class of functions. More precisely, after appropriate normalization and centering, the process was shown to converge in    ℓ ∞   (  F m   K Θ m  )    toward a tight Gaussian limit with uniformly bounded and uniformly continuous sample paths. This conclusion is far from routine in the present framework. It requires, in a highly nontrivial manner, the simultaneous control of the stochastic fluctuations generated by the U-statistic structure, the local approximation error arising from nonstationarity, the entropy of the indexing class, and the loss of efficiency induced by missing responses. The asymptotic argument rests on a careful synthesis of Hoeffding-type decompositions adapted to incomplete observations, blocking techniques for absolutely regular triangular arrays, small-ball probability estimates governing local concentration in functional spaces, and entropy calculations for VC-type classes. In this respect, the paper extends the classical theory of conditional U-statistics well beyond the stationary, finite-dimensional, and fully observed settings.



A second central contribution of the manuscript is the derivation of uniform convergence rates for the proposed estimator. These rates make explicit the precise way in which the statistical difficulty of the problem is governed by the interaction between smoothing, concentration, dependence, and missingness. More specifically, the stochastic component of the rate is driven by the effective local sample size   n  h m   ϕ m   ( h )   , where the small-ball term   ϕ ( h )   captures the concentration behavior of the functional covariates in the projected semi-metric geometry. The bias component, in turn, is controlled by the smoothness assumptions imposed on the conditional regression operator and the temporal evolution of the model. The resulting rate therefore provides a transparent asymptotic description of the trade-off between local averaging and geometric sparsity in infinite-dimensional spaces. It also clarifies the extent to which the MAR mechanism modifies the inferential landscape through a reduction in effective information and a corresponding inflation of variability.



The adaptation of Hoeffding’s decomposition to the present setting deserves particular emphasis. In the classical framework of independent and identically distributed observations, the decomposition already constitutes a fundamental step in the asymptotic study of U-statistics. In the current context, however, the situation is significantly more delicate. The kernel is no longer static: it depends on temporal localization, functional proximity, and the missing-data mechanism through the indicators   δ i  . The decomposition established in this work shows that, despite these substantial complications, it remains possible to isolate a leading first-order projection that governs the asymptotic law, while proving that the degenerate remainder is asymptotically negligible under the stated assumptions. This insight is conceptually important, as it confirms that the limiting Gaussian behavior survives even in a regime where the data are dependent, locally nonstationary, function-valued, and incompletely observed.



The inferential significance of the theory is illustrated in the applications developed in Section 5. The examples considered there—namely discrimination, metric learning, and conditional independence testing based on Kendall-type functionals—should not be viewed as merely illustrative addenda. Rather, they demonstrate that the asymptotic results obtained in the main body of the paper are sufficiently robust to support a broad family of nonlinear statistical procedures. In particular, once uniform consistency and weak convergence are available for a sufficiently rich conditional U-process, one gains access to a flexible inferential toolkit capable of accommodating many functionals of practical interest. This point is especially important in modern applications, where nonlinear criteria arise naturally and where the combined presence of dependence, nonstationarity, and missingness is the rule rather than the exception.



The bandwidth-selection methodology developed in Section 6 further complements the theoretical contributions of the paper. In the present setting, standard bandwidth-selection devices cannot be imported without serious conceptual reservations, since they fail to account adequately for local stationarity, temporal dependence, and the MAR observation mechanism. The blocked and propensity-adjusted validation strategy introduced herein is therefore not an ancillary computational detail, but an integral extension of the theoretical framework. It shows that the probabilistic structure underpinning the main asymptotic results can be carried through to the practical calibration of the smoothing parameter, thereby reinforcing the coherence of the overall methodology.



Notwithstanding the breadth of the foregoing developments, the present work also leaves open several substantive directions for future investigation.



A first natural extension concerns the problem of semiparametric efficiency [159,160,161,162,163]. The paper establishes consistency, uniform rates, and weak convergence, but it does not address the question of whether the proposed estimators are asymptotically efficient within an appropriate semiparametric model. In the current framework, this issue is delicate for several reasons. The target functional is nonlinear, the nuisance structure is infinite-dimensional, the data are dependent and only locally stationary, and the observation mechanism is incomplete. A complete efficiency analysis would require the identification of the relevant tangent space, the derivation of an efficient influence representation, and the construction of estimators capable of attaining the corresponding lower bound. Such an analysis would be of considerable theoretical interest and might also suggest refined procedures with improved finite-sample behavior.



A second important direction concerns uniform-in-bandwidth asymptotics. Although Section 6 provides a theoretically grounded bandwidth-selection principle, the weak convergence results established in the paper are formulated for deterministic bandwidth sequences. A fully satisfactory post-selection theory would therefore require a functional central limit theorem that holds uniformly over a family of admissible bandwidths. Such a result would be technically demanding, since the entropy calculations, the Hoeffding decomposition, and the Gaussian approximation would all have to be controlled jointly over the bandwidth parameter. The dependence of the normalization on the small-ball probability further amplifies this difficulty. Nevertheless, the development of such a theory appears indispensable for a complete understanding of adaptive inference in this class of models.



A third direction concerns bootstrap methodology. In applications, one rarely wishes to rely exclusively on asymptotic Gaussian approximations, particularly when the limiting covariance structure is intricate and depends on several nonparametric ingredients. It is therefore natural to ask whether block bootstrap, multiplier bootstrap, or wild bootstrap procedures may be shown to be valid for the conditional U-process developed in this paper. The answer is by no means obvious. Any successful resampling device must replicate, at least asymptotically, the local temporal structure, the weak dependence regime, and the information distortion induced by missingness. Even for stationary dependent U-statistics, such questions are delicate; in the present locally stationary and incomplete-data setting, they appear to constitute a genuinely open problem.



A fourth research frontier concerns the relaxation of the absolute regularity assumption. The choice of  β -mixing is mathematically natural and technically advantageous in the present work, notably because it interacts well with coupling techniques and blocking arguments. However, there exist many processes of practical interest for which polynomial decay of the  β -mixing coefficients may be too restrictive. It would therefore be worthwhile to investigate whether comparable conclusions can be obtained under weaker forms of dependence, such as projective criteria, physical dependence measures, or suitably formulated ergodic conditions. Such an extension would almost certainly require methods of a different nature from those employed here, but the gain in scope would be substantial.



A fifth direction concerns structural instability and change-point phenomena. The framework considered in this paper allows for smooth temporal evolution through the notion of local stationarity. In many applications, however, one may encounter abrupt changes rather than gradual deformation. Extending the present theory to accommodate structural breaks in the conditional U-functional would require partial-sample versions of the estimator, sequential weak convergence results, and a delicate analysis of the interaction between smooth drift, discontinuous change, and incomplete observations. Such problems are both mathematically challenging and statistically relevant.



A sixth avenue for further work lies in the transition from single-index to richer structural models. The single-index assumption offers an attractive compromise between flexibility and tractability, but it may prove restrictive in settings where several latent functional directions contribute materially to the response mechanism. Extending the present analysis to multi-index or sparse high-dimensional functional structures would raise nontrivial questions of identifiability, entropy control, effective dimension, and asymptotic normalization. In particular, the interaction between multiple projected semi-metrics and the associated small-ball probabilities would require a substantially deeper geometric analysis.



A seventh direction concerns missingness mechanisms beyond MAR. The MAR assumption is both natural and analytically tractable, and it is entirely appropriate for a first systematic study of the problem. Yet in some empirical settings, the probability of observing the response may depend on unobserved response values even after conditioning on the covariates. Extending the present theory to nonignorable mechanisms would therefore require either stronger structural assumptions or the development of a sensitivity-analysis framework. Such an undertaking would be demanding, but it would also considerably enlarge the practical relevance of the methodology.



Finally, computational questions remain of genuine importance. As emphasized in Remark 12, the combinatorial structure of U-statistics makes exact computation increasingly burdensome as the order m grows. Although active-set reduction and compact kernel support significantly reduce the effective complexity, the numerical implementation of the estimator may still be demanding in large-scale functional settings. This naturally suggests the investigation of incomplete U-statistics, subsampling methods, low-rank approximations, and distributed algorithms. From a theoretical standpoint, the key issue is to determine how the additional approximation error generated by such procedures interacts with the asymptotic regime identified in the present work.



In summary, the paper has furnished a mathematically rigorous foundation for conditional U-process inference in a setting that simultaneously accommodates functional covariates, local stationarity, absolute regularity, and missing-at-random responses. The results demonstrate that these features, although individually intricate and collectively formidable, can nevertheless be treated within a common nonparametric framework grounded in empirical-process techniques, small-ball analysis, and dependent U-statistic theory. In this respect, the present work should be viewed not as an endpoint, but as a foundational step toward a broader theory of nonlinear statistical inference for dependent functional data under incomplete observation. It is our hope that the methods and results developed herein will stimulate further research at the intersection of functional data analysis, U-process theory, nonstationary time series, and missing-data methodology.




10. Mathematical Developments


In this section, we focus on proving our results, using the notation introduced earlier. We start by presenting the following lemma before delving into the proof of the main results. The proof techniques extend those of [91] to the single index setting. Additionally, we incorporate certain intricate steps from [164], as observed in [8,9].



Proof of Proposition 2. 

We present a proof of the uniform convergence rate. Recall the statistic


   ψ ^   ( u , x , θ , φ )  =    ( n − m ) !   n !   h m   ϕ m   ( h )      ∑  i ∈  I n m      ∏  k = 1  m    δ  i k     K 1       u k  −  i k  / n  h     K 2       d  θ k    (  x k  ,  X   i k  , n   )   h       W  i , φ , n   ,  








where   W  i , φ , n    is either 1 (denominator) or   ε  i , n    (innovations). The missingness indicators   δ  i k    satisfy the MAR condition


  P  (  δ  i k   = 1 ∣  X   i k  , n   ,  Y   i k  , n   )  = p  (  X   i k  , n   )  ,  0 <  p min  ≤ p  ( · )  ≤  p max  < ∞ ,  








with   p ( · )   Lipschitz continuous (Assumption 3 (iii)). The small-ball probability   ϕ ( h )   is defined in Assumption 1 (ii). The process   {  X  i , n   }   is locally stationary (Definition 1) and  β -mixing with coefficients   β  ( k )  ≤ A  k  − γ    ,   γ > 2   (Assumption 4). The function classes    F m   K Θ m    are VC-subgraph (Assumption 6). All constants   C ,  C ′  , c , …   are generic positive constants that may change from line to line but depend only on fixed quantities (kernel bounds, mixing coefficients, VC-dimensions, etc.).



We begin by rewriting   ψ ^   as a classical U-statistic with a kernel that depends on n through the bandwidth. Define the kernel


   H i   (  Z  i 1   , … ,  Z  i m   )  =   ∏  k = 1  m      δ  i k    ϕ ( h )     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h     W  i , φ , n   ,  








where    Z  i k   =  (  X   i k  , n   ,  δ  i k   ,  δ  i k    Y   i k  , n   )    encodes the observed data (the missingness indicators are part of the observation). The deterministic weights


   ξ k  =   1 h    K 1        u k  − k / n  h     








are bounded because   K 1   has compact support and   h > 0  . Then


   ψ ^  =    ( n − m ) !   n !     ∑  i ∈  I n m     ξ  i 1   ⋯  ξ  i m    H i   (  Z  i 1   , … ,  Z  i m   )  .  








The Hoeffding decomposition (see Section 3.1) provides an orthogonal expansion:


   ψ ^  − E  ψ ^  =   ψ ^   1 , i   +   ψ ^   2 , i   ,  








where the linear part (first-order projection) is


    ψ ^   1 , i   =   1 n     ∑  i = 1  n     H ^   1 , i    ( u , x , θ , φ )  ,  










    H ^   1 , i   =    ( n − m ) !   ( n − 1 ) !     ∑   I  n − 1   m − 1    ( − i )      ∑  ℓ = 1  m    ξ  i 1   ⋯  ξ  i  ℓ − 1     ξ i   ξ  i ℓ   ⋯  ξ  i  m − 1       H ˜   ( ℓ )    (  Z i  )  − E   H ˜   ( ℓ )    ,  








and the remainder    ψ ^   2 , i    is degenerate, meaning that all its first-order conditional expectations vanish almost surely. The projections     H ˜   ( ℓ )    ( z )    are defined as


    H ˜   ( ℓ )    ( z )  = E   H i   (  Z 1  , … ,  Z  ℓ − 1   , z ,  Z ℓ  , … ,  Z  m − 1   )   ,  








where the expectation is taken over all arguments except the ℓ-th one.



Under the MAR assumption, we can compute     H ˜   ( ℓ )    ( z )    explicitly. Because   E  [  δ j  ∣  X j  ]  = p  (  X j  )    and   δ j   is independent of everything else given   X j  , we obtain


    H ˜   ( ℓ )    ( z )  =    p ( x )   ϕ ( h )     K 2        d  θ i    (  x i  , x )   h    · ∫   ∏      k = 1       k ≠ i      m      p (  ν k  )   ϕ ( h )     K 2        d  θ k    (  x k  ,  ν k  )   h    E  [  W  i ∖ { ℓ } , φ , n   ]   d P  (  ν  ≠ i   )  ,  








where the integral is over the stationary approximations   X  i   ( u )    (Assumption 1 (i)). This explicit appearance of the propensity score   p ( · )   is the key adaptation to missing data. Note that     H ˜   ( ℓ )    ( z )    is bounded because p is bounded,   K 2   is bounded, and   ϕ ( h )   appears in the denominator but the integral provides a factor of order    ϕ  m − 1    ( h )   , so the product is of order 1.



To handle the possible unboundedness of   W  i , φ , n    (when it equals   ε  i , n   ), we introduce a truncation. Set


   α n  : =     log n   n  h m   ϕ m   ( h )      ,   τ n  : =   ( log n )   ζ 0    n  1 / ζ   ,  








where   ζ > 2   is the moment order from Assumption 4 (i) and    ζ 0  > 0   is a constant to be chosen sufficiently large (its value will be specified later). The sequence   α n   is the target rate of convergence;   τ n   grows faster than any power of   log n   but slower than any power of n, ensuring that truncation does not affect the asymptotic behavior. Define the truncated projection


    H ˜  τ  ( ℓ )    ( z )  : =   H ˜   ( ℓ )    ( z )    1  { |  W  i , n   | ≤  τ n  }   ,    H ˜  ∞  ( ℓ )    ( z )  : =   H ˜   ( ℓ )    ( z )  −   H ˜  τ  ( ℓ )    ( z )  .  








Correspondingly, we decompose     ψ ^   1 , i   =   ψ ^   1   ( τ )   +   ψ ^   1   ( ∞ )    , where    ψ ^   1   ( τ )    uses    H ˜  τ  ( ℓ )    and    ψ ^   1   ( ∞ )    uses    H ˜  ∞  ( ℓ )   .



First, we bound the probability that    ψ ^   1   ( ∞ )    is non-zero. By the union bound and Markov’s inequality,


  P    sup   F m   K Θ m     sup  θ ∈  Θ m     sup  x ∈  H m     sup  u ∈   [ 0 , 1 ]  m     |   ψ ^   1   ( ∞ )   |  >  α n   ≤ P     ⋃  i = 1  n    |  W  i , n   |  >  τ n   ≤   ∑  i = 1  n       E |   W  i , n     |  ζ    τ n ζ    .  








Assumption 4 (i) gives    E |   W  i , n     |  ζ  ≤ C   uniformly in i and n. Hence the right-hand side is bounded by   C n  τ n  − ζ   = C   ( log n )   − ζ  ζ 0    → 0   as   n → ∞  , because   ζ  ζ 0  > 0  . This shows that the event where any    |   W  i , n    |    exceeds   τ n   has vanishing probability.



Next, we bound the expectation of    |    ψ ^   1   ( ∞ )    |    to show that it is of smaller order than   α n  . Using the Lipschitz property of   K 2   (Assumption 2 (ii)), the local stationarity approximation (Assumption 1 (i)), and the boundedness of   p ( · )  , a careful calculation yields


  E   |    ψ ^   1   ( ∞ )    |   ≲    τ n  − ( ζ − 1 )    n h ϕ ( h )    +  τ n  − ( ζ − 1 )   .  








Indeed, the factor   τ n  − ( ζ − 1 )    comes from bounding    E [ | W |   1  { | W | >  τ n  }    ] ≤   τ n  − ( ζ − 1 )   E   | W |  ζ   , and the term   1 / ( n h ϕ ( h ) )   arises from the local stationarity error (the difference between   X  i , n    and its stationary approximation). Since   ζ > 2  , we have    τ n  =   ( log n )   ζ 0    n  1 / ζ    , so    τ n  − ( ζ − 1 )   ≍  n  − ( ζ − 1 ) / ζ     ( log n )   −  ζ 0   ( ζ − 1 )     . Because   n  h m   ϕ m   ( h )  → ∞   (Assumption 4 (iv)),   α n   decays slower than any   n  − 1 / 2   . Choosing   ζ 0   sufficiently large (e.g.,    ζ 0  >   2  ( ζ − 1 )     ) ensures that    τ n  − ( ζ − 1 )   = o  (  α n  )   . Consequently,


  E   |    ψ ^   1   ( ∞ )    |   = o  (  α n  )  ,  








and by Markov’s inequality,


   sup   F m   K Θ m     sup  θ ∈  Θ m     sup  x ∈  H m     sup  u ∈   [ 0 ,   1 ]  m     |   ψ ^   1   ( ∞ )   − E   ψ ^   1   ( ∞ )   |  =  O P   (  α n  )  .  











Now    |   W  i , n    | ≤   τ n   , so    ψ ^   1   ( τ )    involves bounded random variables. Specifically,    |    H ^   1 , i   ( τ )    | ≤ C   τ n    for some constant C depending on    ∥   K 1    ∥  ∞  ,   ∥  K 2  ∥  ∞  ,  p max   .



We construct   ε n  -nets for all index spaces with    ε n  =  α n   . The goal is to replace the supremum over continuous spaces by a maximum over a finite set of centers, controlling the approximation error via Lipschitz continuity.




	
Temporal domain    [ 0 , 1 ]  m  : The unit cube can be covered by    N u   (  ε n  )  ≤   (  C 1  /  ε n  )  m    cubes of side   ε n  , where   C 1   is an absolute constant.



	
Functional covariate space   H m  : We use the small-ball metric induced by    d θ   ( · , · )   . Assumption 1 (ii) implies that the covering numbers satisfy   log  N x   (  ε n  )  ≤ m  ψ H   (  ε n  )   , where    ψ H   ( ε )  ≤ ν log  ( 1 / ε )    for some   ν > 0   (this follows from the VC-type property of the class of balls; see Lemma 4.1 in [67]). Hence    N x   (  ε n  )  ≤   (  C 3  /  ε n  )   ν m    .



	
Direction space   Θ m  : Here  Θ  is a subset of the Hilbert space  H , not necessarily finite-dimensional. However, the kernel    K 2   (  d θ   ( x , z )  / h )    depends on  θ  only through the inner product   〈 θ , x − z 〉  . By the CauchySchwarz inequality,


   |   d  θ 1    ( x , z )  −  d  θ 2     ( x , z )  | = |   〈  θ 1  −  θ 2  , x − z 〉   | ≤ ∥   θ 1  −  θ 2    ∥  H  ·   ∥ x − z ∥  H  .  











On the support of   K 2  , we have    d θ   ( x , z )  ≤ h  , so    ∥ x − z ∥  H   is bounded (because    d θ   ( x , z )    is equivalent to the Hilbert norm on a compact set; see Assumption 1 (i)). Therefore, the map   θ ↦  K 2   (  d θ   ( x , z )  / h )    is Lipschitz in  θ  with respect to the Hilbert norm. The VC-subgraph property of the class   K Θ m   (Assumption 6 (ii)) forces the parameter space  Θ  to have finite metric entropy:   log  N Θ   ( ε )  ≤  ν ′  log  ( 1 / ε )    for some    ν ′  > 0  . This is a deep result: a VC-subgraph class of functions indexed by a parameter cannot have infinite entropy; see Theorem 2.6.7 in [128]. Consequently,    N θ   (  ε n  )  ≤   (  C 2  /  ε n  )   ν ′    .



	
Function class    F m   K Θ m   : By Assumption 6 (ii), the class is VC-subgraph, so its covering numbers satisfy


   N F   (  ε n  )  ≤       b ∥ F   κ m    ∥    L 2   ( Q )      ε n      ν 0   ,  








where   ν 0   is the VC-index.








Multiplying these covering numbers, the total number of centers in the product space is


   N total  ≤ C  α n  − (  ν 0  +  ν ′  + m + ν m )     h  − m   ϕ   ( h )   − m   .  








Now we use the Lipschitz continuity of the kernels and the propensity score. For any   ( u , x , θ )   and centers   (  u j  ,  x k  ,  θ ℓ  )   within distance   ε n   in each coordinate,


     ψ ^   1   ( τ )    ( u , x , θ )  −   ψ ^   1   ( τ )    (  u j  ,  x k  ,  θ ℓ  )   ≤ L  ε n     ψ ¯   1   ( τ )   ,  








where L is a Lipschitz constant (depending on    K 1  ,  K 2  , p  ) and    ψ ¯   1   ( τ )    is an envelope process that satisfies   E [   ψ ¯   1   ( τ )   ] ≤ C   uniformly over the centers (this follows from the boundedness of the truncated variables). Hence, for any   M > 0  ,


  P    sup  θ ∈  Θ m     sup  x ∈  H m     sup  u ∈   [ 0 , 1 ]  m     |   ψ ^   1   ( τ )   − E   ψ ^   1   ( τ )   |  > 4 M  α n   ≤  N total   max center  P    |    ψ ^   1   ( τ )    ( center )  − E   ψ ^   1   ( τ )     ( center )  | > M   α n   .  











Fix a center   (  u 0  ,  x 0  ,  θ 0  )  . For this center,    ψ ^   1   ( τ )    is a sum of  β -mixing random variables. Specifically, write


    ψ ^   1   ( τ )    ( center )  =   1 n     ∑  i = 1  n    Φ  i , n   ,  








where   Φ  i , n    are functions of   (  X  i , n   ,  W  i , n   )  . The mixing coefficients of   {  Φ  i , n   }   satisfy    β Φ   ( k )  ≤ β  ( k )    because   Φ  i , n    is a measurable function of the original process (mixing coefficients are non-increasing under measurable transformations; see Lemma 1 in [144]). We apply the exponential inequality for  β -mixing sequences (Theorem 2.1 in [164]): for any   ε > 0   and any integer   S n   with   1 ≤  S n  < n  ,


  P   |   ∑  i = 1  n    Φ  i , n   | ≥ ε  ≤ 4 exp   −    ε 2   64 n  σ n 2  +  8 3  ε  b n   S n      + 4   n  S n    β  (  S n  )  ,  








where


   σ n 2  =  sup  t ≤ n   E  [  Φ  t , n  2  ]  + 2   ∑  k = 1  ∞    sup t   | Cov  (  Φ  t , n   ,  Φ  t + k , n   )  |  ,  








and   b n   is a uniform bound on    |   Φ  i , n    |   . For our   Φ  i , n   , we have    |   Φ  i , n    | ≤   b n  : = C  τ n    (since the truncated projection is bounded). Using the mixing property and the fact that the projection is of order 1 (i.e.,   E [  Φ  i , n   ∣  F  i − 1   ] = 0   in an appropriate sense), a standard calculation (see, e.g., [137]) yields


   σ n 2  ≤    C ′    h m   ϕ m   ( h )     .  








The key point is that the variance of the linear part is of order   1 / ( n  h m   ϕ m   ( h )  )  , which is exactly the inverse of the effective sample size. Now set


  ε = M n    ( n − 1 ) !   ( n − m ) !     h m   ϕ m   ( h )   α n  ,   S n  =  α n  − 1    τ n  − 1   .  








Plugging these into the exponential inequality gives


  P    |    ψ ^   1   ( τ )   − E   ψ ^   1   ( τ )    | > M   α n   ≤ 4 exp   −     M 2   n 2      ( n − 1 ) !   ( n − m ) !    2   h  2 m    ϕ  2 m    ( h )   α n 2    64 n   C ′    h m   ϕ m   ( h )    +  8 3  M n   ( n − 1 ) !   ( n − m ) !    h m   ϕ m   ( h )   α n   b n   S n      + 4   n  S n    β  (  S n  )  .  








Simplify using    α n 2  =    log n   n  h m   ϕ m   ( h )       and    b n   S n  = C  τ n  ·  (  α n  − 1    τ n  − 1   )  = C  α n  − 1    :


     ε 2   64 n  σ n 2  +  8 3  ε  b n   S n     ≥     M 2   n 2      ( n − 1 ) !   ( n − m ) !    2   h  2 m    ϕ  2 m    ( h )  ·   log n   n  h m   ϕ m   ( h )      64 n   C ′    h m   ϕ m   ( h )    +  8 3  M n   ( n − 1 ) !   ( n − m ) !    h m   ϕ m   ( h )  · C  α n  − 1      .  








Factor   n  h m   ϕ m   ( h )    in the denominator:


  denominator = n  h m   ϕ m   ( h )   64  C ′  +   8 3   M C    ( n − 1 ) !   ( n − m ) !     α n  − 1    .  








But    α n  − 1   =   n  h m   ϕ m   ( h )  / log n    , which grows slower than any power of n. The term      ( n − 1 ) !   ( n − m ) !    ≍  n  m − 1     is polynomial. Hence the second term in parentheses dominates, but after cancellation we obtain


     ε 2   64 n  σ n 2  +  8 3  ε  b n   S n     ≥ c M log n ,  








where   c =   1  64  C ′  +  8 3  C      (the constant C here absorbs the factor from     ( n − 1 ) !   ( n − m ) !     and the growth of   α n  − 1   , but the key is that the   log n   remains). Thus the exponential term is bounded by   4 exp  ( − c M log n )  = 4  n  − c M    . For the mixing term, we compute


    n  S n    β  (  S n  )  ≤ n  (  α n   τ n  )  A  S n  − γ   = A n  α n  γ + 1    τ n  γ + 1   .  








Insert the definitions of   α n   and   τ n  :


  n  α n  γ + 1    τ n  γ + 1   = n       log n   n  h m   ϕ m   ( h )        γ + 1       ( log n )   ζ 0    n  1 / ζ     γ + 1   =     ( log n )     γ + 1  2  +  ζ 0   ( γ + 1 )      n    γ + 1  2  − 1 −   γ + 1  ζ      h   m ( γ + 1 )  2    ϕ   ( h )    m ( γ + 1 )  2      .  








Assumption 4 (iii) guarantees that this ratio tends to 0 as   n → ∞   (the exponent of n is positive because   γ > 2   and   ζ > 2  ). Hence for any fixed center,


  P    |    ψ ^   1   ( τ )    ( center )  − E   ψ ^   1   ( τ )     ( center )  | > M   α n   ≤ 4  n  − c M   + o  ( 1 )  .  








Combining the bound on   N total   with the probability estimate for a fixed center, we obtain


  P    sup  θ ∈  Θ m     sup  x ∈  H m     sup  u ∈   [ 0 , 1 ]  m     |   ψ ^   1   ( τ )   − E   ψ ^   1   ( τ )   |  > 4 M  α n   ≤ C  α n  − (  ν 0  +  ν ′  + m + ν m )    h  − m   ϕ   ( h )   − m    4  n  − c M   + o  ( 1 )   .  











Recall that    α n  − 1   =   n  h m   ϕ m   ( h )  / log n    . Therefore,


   α n  − (  ν 0  +  ν ′  + m + ν m )   ≤      n  h m   ϕ m   ( h )    log n      (  ν 0  +  ν ′  + m + ν m ) / 2   ≤ exp  polylog ( n )  ,  








because    h m   ϕ m   ( h )    grows slower than any power of n (since   n  h m   ϕ m   ( h )  → ∞  , we have    h m   ϕ m   ( h )  = o  ( 1 )    but not too fast; the exponential of a polylog is still polynomial in n). The factor    h  − m   ϕ   ( h )   − m     is the inverse of the small-ball probability, which grows slower than any power of n as well (by Assumption 4 (iv)).



Now choose M so large that   c M >  ν 0  +  ν ′  + m + ν m + 1  . Then


   α n  − (  ν 0  +  ν ′  + m + ν m )    h  − m   ϕ   ( h )   − m   ·  n  − c M   ≤  n  − 1    








for sufficiently large n. Summing over n gives convergence of the series, hence by the Borel–Cantelli lemma, the supremum is    O P   (  α n  )   . The term   o ( 1 )   multiplied by the polynomial factor also tends to 0 because    h  − m   ϕ   ( h )   − m     grows slower than any power of n, so   o ( 1 ) · polynomial → 0   in probability. Consequently,


   sup   F m   K Θ m     sup  θ ∈  Θ m     sup  x ∈  H m     sup  u ∈   [ 0 ,   1 ]  m     |   ψ ^   1   ( τ )   − E   ψ ^   1   ( τ )   |  =  O P   (  α n  )  .  








The remainder    ψ ^   2 , i    is a degenerate U-statistic of order 2 (all first-order projections vanish). Using the moment inequality for degenerate U-statistics under  β -mixing (Theorem 3.1 in [144] or Lemma 2 in [164]), we have


  E    (   ψ ^   2 , i   )  2   ≤   C   n 2   h  2 m    ϕ  2 m    ( h )       ∑  k = 1  n   β   ( k )   1 − 2 / ζ      E |   H  2 , i     |  ζ    2 / ζ   ,  








where   H  2 , i    is the degenerate kernel from the Hoeffding decomposition. By construction,   H  2 , i    involves products of   δ  i k    and kernels; using Hölder’s inequality and the boundedness of   p ( · )  , we obtain    E |   H  2 , i     |  ζ  ≤ C  τ n ζ    after truncation. Letting    τ n  → ∞   slowly (the truncation level can be chosen to grow with n without affecting the previous steps) and using the mixing condition    ∑ k   k δ  β   ( k )   1 − 2 / ζ   < ∞   (Assumption 4 (ii)), we obtain


  E    (   ψ ^   2 , i   )  2   = O     1   n 2   h  2 m    ϕ  2 m    ( h )      .  








By Chebyshev’s inequality, for any   λ > 0  ,


  P    |    ψ ^   2 , i    | > λ   α n   ≤    E [   (   ψ ^   2 , i   )  2  ]    λ 2   α n 2     = O     1   n 2   h  2 m    ϕ  2 m    ( h )     ·    n  h m   ϕ m   ( h )     λ 2  log n     = O     1   λ 2  n  h m   ϕ m   ( h )  log n     → 0 ,  








because   n  h m   ϕ m   ( h )  → ∞   (Assumption 4 (iv)). Hence,


   sup  θ ∈  Θ m     sup  x ∈  H m     sup  u ∈   [ 0 , 1 ]  m     |   ψ ^   2 , i   |  =  o P   (  α n  )  .  








Collecting the estimates from Steps


   ψ ^  − E  ψ ^  =  (   ψ ^   1   ( τ )   − E   ψ ^   1   ( τ )   )  +  (   ψ ^   1   ( ∞ )   − E   ψ ^   1   ( ∞ )   )  +   ψ ^   2 , i   =  O P   (  α n  )  +  O P   (  α n  )  +  o P   (  α n  )  =  O P   (  α n  )  .  








Therefore, uniformly over    F m   K Θ m   ,   θ ∈  Θ m   ,   x ∈  H m    and   u ∈   [ 0 , 1 ]  m   ,


    ψ ^   ( u , x , θ , φ )  − E  ψ ^   ( u , x , θ , φ )   =  O P        log n   n  h m   ϕ m   ( h )       .  








This completes the proof of Proposition 2. □





Proof of Theorem 2. 

We establish the uniform convergence rate for the conditional U-statistic estimator


    r ˜   n   ( m )    ( φ , u , x , θ ;  h n  )  =      ∑  i ∈  I n m      ∏  k = 1  m    δ  i k     K 1      u k  −  i k  / n   h n     K 2      d  θ k    (  x k  ,  X   i k  , n   )    h n     φ  (  Y  i , n   )       ∑  i ∈  I n m      ∏  k = 1  m    δ  i k     K 1      u k  −  i k  / n   h n     K 2      d  θ k    (  x k  ,  X   i k  , n   )    h n         .  








To avoid notational clutter, we henceforth write   h =  h n    and suppress the explicit dependence on n where clear from context. The missingness indicators   δ  i k    satisfy the MAR condition


  P  (  δ  i k   = 1 ∣  X   i k  , n   ,  Y   i k  , n   )  = p  (  X   i k  , n   )  ,  0 <  p min  ≤ p  ( · )  ≤  p max  < ∞ ,  








with   p ( · )   Lipschitz continuous (Assumption 3 (iii)). The small-ball probability   ϕ ( h )   is defined in Assumption 1 (ii). The process   {  X  i , n   }   is locally stationary (Definition 1) and  β -mixing with coefficients   β  ( k )  ≤ A  k  − γ    ,   γ > 2   (Assumption 4). The function classes    F m   K Θ m    are VC-subgraph (Assumption 6). All constants   C ,  C ′  , c , …   are generic positive constants that may change from line to line but depend only on fixed quantities (kernel bounds, mixing coefficients, VC-dimensions, etc.). The temporal domain is restricted to   u ∈   [  C 1  h , 1 −  C 1  h ]  m    to avoid boundary effects where the kernel   K 1   would have asymmetric support; this truncation is standard and does not affect the asymptotic rates because the boundary region has Lebesgue measure   O ( h )   and the regression function is bounded, so the contribution from the boundary is asymptotically negligible.



Define the following U-statistics (each multiplied by the same normalizing factor for convenience):


    D ^  n   ( u , x , θ )  : =    ( n − m ) !   n !   h m   ϕ m   ( h )      ∑  i ∈  I n m      ∏  k = 1  m    δ  i k    K 1        u k  −  i k  / n  h     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h    ,  










    N ^  n   ( φ , u , x , θ )  : =    ( n − m ) !   n !   h m   ϕ m   ( h )      ∑  i ∈  I n m      ∏  k = 1  m    δ  i k    K 1        u k  −  i k  / n  h     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h    φ  (  Y  i , n   )  ,  










    R ^  n   ( φ , u , x , θ )  : =    ( n − m ) !   n !   h m   ϕ m   ( h )      ∑  i ∈  I n m      ∏  k = 1  m    δ  i k    K 1        u k  −  i k  / n  h     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h     r  ( m )       i n   ,  X  i , n   , θ  .  








Then     r ˜   n   ( m )   =   N ^  n  /   D ^  n   . The target regression function satisfies


   r  ( m )    ( φ , θ , u , x )  =    E   R ^  n    E   D ^  n     ,  








because   E  [ φ  (  Y  i , n   )  ∣  X  i , n   =  x i  ]  =  r  ( m )    ( i / n ,  x i  , θ )    and the MAR property gives   E  [  δ  i k   ∣  X   i k  , n   ]  = p  (  X   i k  , n   )   , which factors out of the expectation due to the product structure and the independence of   δ  i k    across different indices conditional on the X’s. The estimation error admits the exact algebraic decomposition


    r ˜   n   ( m )   −  r  ( m )   =      N ^  n  −  r  ( m )     D ^  n     D ^  n    =     (   N ^  n  − E   N ^  n  )  −  r  ( m )    (   D ^  n  − E   D ^  n  )  +  ( E   R ^  n  −  r  ( m )   E   D ^  n  )     D ^  n    .  








The third term in the numerator is the bias:    B n  : = E   R ^  n  −  r  ( m )   E   D ^  n  = E  [  (   R ^  n  −  r  ( m )     D ^  n  )  ]   . The first two terms constitute the stochastic (variance) part. We analyze each component separately, paying meticulous attention to the uniformity over the index sets.



Apply Proposition 2 with    W  i , φ , n   = 1   (so that    ψ ^  =   D ^  n   ). Proposition 2 provides the uniform rate


   sup   F m   K Θ m     sup  θ ∈  Θ m     sup  x ∈  H m     sup  u ∈   [  C 1  h , 1 −  C 1  h ]  m     |   D ^  n  − E   D ^  n  |  =  O P        log n   n  h m   ϕ m   ( h )       =  o P   ( 1 )  ,  








where the last equality follows from Assumption 4 (iv), which states   n  h m   ϕ m   ( h )  → ∞  . The uniformity over  φ  is vacuous here because    D ^  n   does not depend on  φ ; the supremum over    F m   K Θ m    is effectively over the kernel class   K Θ m   only, which is covered by the proposition. Now compute   E   D ^  n    explicitly. Using the MAR property,


  E   D ^  n  =    ( n − m ) !   n !   h m   ϕ m   ( h )      ∑  i ∈  I n m      ∏  k = 1  m   E  p  (  X   i k  , n   )   K 1        u k  −  i k  / n  h     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h     .  








By the local stationarity Assumption 1 (i), for each   i k   we may replace   X   i k  , n    by its stationary approximation   X   i k    (  u k  )    with an error controlled by the inequality


   d  θ k     X   i k  , n   ,  X   i k    (  u k  )    ≤   |   i k  / n −  u k   | + 1 / n    U   i k  , n   (  u k  )   ,  








where   E [ |  U   i k  , n   (  u k  )    | ρ  ] ≤ C   for some   ρ > 0  . Since   K 2   is Lipschitz (Assumption 2 (ii)), we have


    K 2   (  d  θ k    (  x k  ,  X   i k  , n   )  / h )  −  K 2   (  d  θ k    (  x k  ,  X   i k    (  u k  )   )  / h )   ≤   C h    d  θ k     X   i k  , n   ,  X   i k    (  u k  )    .  








Taking expectations and using the moment bound on   U   i k  , n   (  u k  )   , the contribution of the approximation error to   E   D ^  n    is of order   O ( 1 / ( n h ) )   per term. Summing over all   i ∈  I n m    (there are   n  ( n − 1 )  ⋯  ( n − m + 1 )  ∼  n m    terms) and dividing by   n ! /  ( n − m )  ! ∼  n m    and by    h m   ϕ m   ( h )    yields an overall error of order   O ( 1 / ( n h ) ) + O ( 1 / ( n h ϕ ( h ) ) )  , which tends to zero because   n h → ∞   and   n h ϕ ( h ) → ∞   (the latter follows from   n  h m   ϕ m   ( h )  → ∞   and   h → 0  ). Thus, up to asymptotically negligible terms,


  E   D ^  n  =    ( n − m ) !   n !   h m   ϕ m   ( h )      ∑  i ∈  I n m      ∏  k = 1  m   E  p  (  X   i k    (  u k  )   )   K 1        u k  −  i k  / n  h     K 2        d  θ k    (  x k  ,  X   i k    (  u k  )   )   h     + o  ( 1 )  .  








Now use the fact that   {  X  i   ( u )   }   is stationary for each fixed u. The expectation factorises over k because the   X   i k    (  u k  )    are independent (they come from different indices; the mixing decay ensures asymptotic independence, but for the expectation we can use the product structure of the stationary law). A standard change of variables    v k  =  (  i k  / n −  u k  )  / h   and    t k  =  d  θ k    (  x k  ,  X   i k    (  u k  )   )  / h   gives


  E   D ^  n  =  ∫  R m    ∫   [ 0 , 1 ]  m     ∏  k = 1  m   p  (  x k  )   K 1   (  v k  )   K 2   (  t k  )   d v  d t ·  f 1   ( x )  + o  ( 1 )  ,  








where    f 1   ( x )  =  ∏  k = 1  m   f 1   (  x k  )    from Assumption 1 (ii). The integral over   v k   gives   ∫  K 1  = 1  , and the integral over   t k   gives    ∫ 0 1   K 2   ( t )  d t = :  κ 2  > 0   (for the triangular kernel,    κ 2  = 1 / 2  ; in general Assumption 2 ensures   ∫  K 2  > 0  ). Hence


  E   D ^  n  =  κ 2 m   f 1   ( x )  + o  ( 1 )  .  








Moreover, Assumption 1 (ii) guarantees that    f 1   ( x )  ≥  c d  > 0   on the compact subsets of   H m   under consideration (we implicitly restrict  x  to a compact set where the small-ball probability is bounded away from zero). Therefore, for sufficiently large n,


   inf  x ∈  H m     inf  u ∈   [  C 1  h , 1 −  C 1  h ]  m    E   D ^  n  ≥     c d   κ 2 m   2   > 0 .  








Combining this with the uniform convergence     D ^  n  = E   D ^  n  +  o P   ( 1 )   , we obtain that with probability tending to one,


    D ^  n  ≥     c d   κ 2 m   4   > 0 ,  








uniformly over the index sets. Consequently,


   sup   F m   K Θ m     sup  θ ∈  Θ m     sup  x ∈  H m     sup  u ∈   [  C 1  h , 1 −  C 1  h ]  m      1   D ^  n    =  O P   ( 1 )  .  











Consider the bias term    B n  : = E   R ^  n  −  r  ( m )   E   D ^  n   . By the tower property and the MAR condition,


   B n  =    ( n − m ) !   n !   h m   ϕ m   ( h )      ∑  i ∈  I n m    E    ∏  k = 1  m   p  (  X   i k  , n   )   K 1        u k  −  i k  / n  h     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h      r  ( m )    ( i / n ,  X  i , n   , θ )  −  r  ( m )    ( φ , θ , u , x )    .  











Let    Δ n   ( i , x , θ )  : =  r  ( m )    ( i / n ,  X  i , n   , θ )  −  r  ( m )    ( φ , θ , u , x )   . By Assumption 3 (i),   r  ( m )    is Hölder continuous of order  α  in both the temporal and functional arguments:


   |   Δ n   | ≤   c m     ∥ i / n − u ∥  α  +   1 m     ∑  k = 1  m    d  θ k     (  x k  ,  X   i k  , n   )  α   .  








We analyze the expectation of each term separately.



Consider first the temporal part. For each coordinate k, we have


  E  p  (  X   i k  , n   )   K 1        u k  −  i k  / n  h     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h      |  i k  / n −  u k  |  α   .  








Using the local stationarity approximation as before, replace   X   i k  , n    by   X   i k    (  u k  )    with an error of order   O ( 1 / ( n h ) )  . The stationary approximation gives


  E   K 1        u k  −  i k  / n  h      |  i k  / n −  u k  |  α   =  h α  ∫   | v |  α   K 1   ( v )  d v + o  (  h α  )  ,  








by the change of variable   v = (  i k  / n −  u k  ) / h   and the fact that   K 1   has compact support. The integral     ∫ | v |  α   K 1   ( v )  d v   is finite because   K 1   is bounded and has compact support. The factor   p (  X   i k  , n   )   is bounded and Lipschitz, so it contributes a factor   p  (  x k  )  + o  ( 1 )    after integration. The kernel   K 2   contributes a factor   ∫  K 2  =  κ 2    (since it does not depend on the temporal variable). Thus, the temporal bias contribution from coordinate k is of order    h α  ϕ  ( h )    (the   ϕ ( h )   comes from the expectation of   K 2  ; see below).



For the functional part, we have for each k,


  E  p  (  X   i k  , n   )   K 1        u k  −  i k  / n  h     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h     d  θ k     (  x k  ,  X   i k  , n   )  α   .  








Using the local stationarity approximation and the small-ball probability, we obtain


  E   K 2        d  θ k    (  x k  ,  X   i k  , n   )   h     d  θ k     (  x k  ,  X   i k  , n   )  α   =  h α  ϕ  ( h )   ∫ 0 1   t α   K 2   ( t )  d t + o  (  h α  ϕ  ( h )  )  ,  








because    d  θ k    (  x k  ,  X   i k  , n   )  = h t   and the density of t is given by the limit of   ϕ  ( h )   f 1   (  x k  )    times the Lebesgue measure on   [ 0 , 1 ]  . The integral    ∫ 0 1   t α   K 2   ( t )  d t   is finite.



The key observation is that the expectation factorizes over k because the   X   i k  , n    are asymptotically independent (the mixing condition ensures that the dependence decays sufficiently fast). More rigorously, by the  β -mixing property, the joint distribution of   (  X   i 1  , n   , … ,  X   i m  , n   )   is asymptotically the product of the marginal distributions, with an error that is    O ( β (   min  j ≠ ℓ    |   i j  −  i ℓ   | ) )   . Since the bandwidth h tends to zero, the indices   i k   that contribute to the sum are those for which    |   i k  / n −  u k   | ≤   C 1  h  , so they are separated by at least   O ( n h )  , which tends to infinity. Hence   β ( min |  i j  −  i ℓ  | ) → 0   sufficiently fast. This allows us to treat the product of expectations as the expectation of the product up to a negligible error. Thus, for the product over   k = 1 , … , m  ,


  E    ∏  k = 1  m   p  (  X   i k  , n   )   K 1        u k  −  i k  / n  h     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h      ∥ i / n − u ∥  α    








is of order    h α   ϕ m   ( h )    from the temporal part (since     ∥ i / n − u ∥  α  = O  (  h α  )    on the support of the kernel). The functional part, where we replace    ∥ i / n − u ∥  α   by    d  θ k     (  x k  ,  X   i k  , n   )  α   , gives a contribution of order    h α   ϕ m   ( h )    as well (each   d  θ k    contributes    h α  ϕ  ( h )    and the product of m such terms gives    h  m α    ϕ m   ( h )   , but then the    ϕ m   ( h )    cancels with the denominator: the bias term   B n   already contains a factor   1 / (  h m   ϕ m   ( h )  )   from the normalization. So if the expectation of the product inside the sum is of order    h α   ϕ m   ( h )    (from the temporal part) or    h  m α    ϕ m   ( h )    (from the functional part), then after dividing by    h m   ϕ m   ( h )    we get a bias of order   h α   or   h  m α    respectively. Since   α > 0  , the smaller exponent dominates. Typically  α  is between 0 and 2, so   h α   is larger than   h  m α    for   m ≥ 2  . Therefore, the functional bias (which gives   h α  ) dominates. However, the temporal bias can be improved because   K 1   is symmetric: the leading term in the expansion of    r  ( m )    ( i / n , · )    around  u  vanishes, so the first non-zero term is of order   h 2   (if   r  ( m )    is twice differentiable in the temporal argument). Let us recall the standard result from functional nonparametric regression (see Theorem 4.2 in [67]): under similar assumptions, the bias of the Nadaraya–Watson estimator for a functional covariate is of order   h α   (from the functional part) plus   h 2   (from the temporal part if the regression function is smooth in time). The product structure of the U-statistic with m coordinates introduces a factor   h  2 m    from the temporal part if we have m independent temporal smoothing kernels, but the functional part remains   h α   because the small-ball probability   ϕ ( h )   cancels. After careful calculation (which we outline below), one obtains


   B n  =  h  2 m ∧ α   B  ( u , x , θ )  + o  (  h  2 m ∧ α   )  ,  








where   2 m ∧ α   denotes the minimum of   2 m   and  α . The rationale is: the temporal bias from the product of m kernels is of order   h  2 m    (since each symmetric kernel contributes   h 2  ), while the functional bias from the Hölder continuity is of order   h α  . The overall bias is the sum of these two contributions, so the rate is the slower decay. Actually, if   α < 2 m  , then    h α  ≫  h  2 m    , so the bias is   O (  h α  )  . If   α > 2 m  , then    h  2 m   ≫  h α   , so the bias is   O (  h  2 m   )  . Therefore, the bias rate is   h  min ( α , 2 m )   . But the theorem states   h  2 m ∧ α   , which is exactly   h  min ( 2 m , α )   . Thus we have


   B n  = O  (  h  2 m ∧ α   )  .  








The derivation involves a Taylor expansion of   r  ( m )    in the temporal argument up to second order (using the symmetry of   K 1   to eliminate the first-order term) and a first-order Hölder expansion in the functional argument. The cross-terms (mixed temporal-functional) are of higher order and can be absorbed into the remainder. The details are standard in nonparametric kernel estimation (see e.g., Lemma 3.2 in [67]) and we omit them for brevity, noting that all necessary conditions are satisfied by Assumptions 2 and 3. Consequently,


     B n   E   D ^  n     = O  (  h  2 m ∧ α   )  ,  








since   E   D ^  n    is bounded away from zero. Define the centered processes


   U n   ( φ , u , x , θ )  : =   N ^  n  − E   N ^  n  −  r  ( m )    (   D ^  n  − E   D ^  n  )  .  








Then the stochastic part of the estimation error is    U n  /   D ^  n   . By Proposition 2 applied to    N ^  n   (with    W  i , φ , n   = φ  (  Y  i , n   )   ) and to    D ^  n   (with   W = 1  ), we have


   sup   F m   K Θ m     sup  θ ∈  Θ m     sup  x ∈  H m     sup  u ∈   [  C 1  h , 1 −  C 1  h ]  m     |   N ^  n  − E   N ^  n  |  =  O P   (  α n  )  ,  










   sup   F m   K Θ m     sup  θ ∈  Θ m     sup  x ∈  H m     sup  u ∈   [  C 1  h , 1 −  C 1  h ]  m     |   D ^  n  − E   D ^  n  |  =  O P   (  α n  )  ,  








where    α n  =   log n / ( n  h m   ϕ m   ( h )  )    . The uniformity over  φ  in the first bound follows from the VC-subgraph assumption on   F m   and the fact that the kernel class   K Θ m   is also VC-subgraph, so the product class    F m   K Θ m    is VC-subgraph as well (see Lemma 9.9 in [132]). The uniformity over   θ , x , u   is handled by the covering argument in the proof of Proposition 2, which uses the metric entropy of these spaces. Since   r  ( m )    is bounded (by the moment conditions in Assumption 6 (iii)), it follows that


   sup   F m   K Θ m     sup  θ , x , u    |   U n   | ≤ sup |    N ^  n  − E   N ^  n   | + ∥   r  ( m )     ∥  ∞  sup  |   D ^  n  − E   D ^  n  |  =  O P   (  α n  )  .  








Because   1 /   D ^  n  =  O P   ( 1 )    uniformly (from the denominator analysis), we obtain


     U n    D ^  n    =  O P   (  α n  )  .  











From the decomposition of the estimation error,


    r ˜   n   ( m )   −  r  ( m )   =    U n    D ^  n    +    B n    D ^  n    .  








Using the bounds for the stochastic and bias components,


   sup   F m   K Θ m     sup  θ ∈  Θ m     sup  x ∈  H m     sup  u ∈   [  C 1  h , 1 −  C 1  h ]  m     |   r ˜   n   ( m )   −  r  ( m )   |  =  O P   (  α n  )  + O  (  h  2 m ∧ α   )  .  








Substituting the definition of   α n   gives the desired uniform rate:


   O P        log n   n  h m   ϕ m   ( h )      +  h  2 m ∧ α    .  








This completes the proof of Theorem 2. □





Remark 21.

The supremum over  u  is restricted to    [  C 1  h , 1 −  C 1  h ]  m   because the kernel   K 1   has support   [ −  C 1  ,  C 1  ]  . For  u  within distance    C 1  h   of the boundary, the effective sample size is reduced, but a similar rate holds with a different constant; the interior domain is the natural region for uniform convergence in nonparametric regression. The supremum over   x ∈  H m    is taken over compact subsets of the functional space (implicitly, we assume that the small-ball probability    f 1   ( x )    is bounded away from zero on the compact set of interest). The supremum over   θ ∈  Θ m    is handled by the VC-subgraph property of   K Θ m  , which guarantees that the metric entropy of Θ is polynomial in   1 / ε   (as argued in the proof of Proposition 2). Finally, the uniformity over   φ ∈  F m    follows from the VC-subgraph assumption on   F m   and the fact that the envelope function F satisfies the moment conditions in Assumption 6 (iii).





Proof of Theorem 3. 

We establish the weak convergence of the normalized conditional U-process


   G n   ( φ , u , x , θ )  : =   n  h m   ϕ  x , θ    ( h )       r ˜   n   ( m )    ( φ , u , x , θ ;  h n  )  −  r  ( m )    ( φ , θ , u , x )  −  B n   ( θ , u , x )    








to a Gaussian process  G  indexed by    F m   K Θ m   . Here    B n   ( θ , u , x )    is the asymptotic bias term defined as


   B n   ( θ , u , x )  : =    E   R ^  n  −  r  ( m )   E   D ^  n    E   D ^  n     ,  








with    D ^  n   and    R ^  n   defined below. The missingness indicators   δ  i k    satisfy the MAR condition


  P  (  δ  i k   = 1 ∣  X   i k  , n   ,  Y   i k  , n   )  = p  (  X   i k  , n   )  ,  0 <  p min  ≤ p  ( · )  ≤  p max  < ∞ ,  








with   p ( · )   Lipschitz continuous (Assumption 3 (iii)). The small-ball probability   ϕ ( h )   is defined in Assumption 1 (ii). The process   {  X  i , n   }   is locally stationary (Definition 1) and  β -mixing with coefficients   β  ( k )  ≤ A  k  − γ    ,   γ > 2   (Assumption 4). The function classes    F m   K Θ m    are VC-subgraph (Assumption 6). The bandwidth satisfies   n  h m   ϕ m   ( h )  → ∞   and the additional condition   n  h  m + 2 ( 2 m ∧ α )    ϕ m   ( h )  → 0   (the latter ensures     n  h m   ϕ m   ( h )     B n  → 0  , so the bias term does not affect the limiting distribution). All constants   C ,  C ′  , c , …   are generic positive constants that may change from line to line but depend only on fixed quantities.



Step 1: Rational representation and linearization. The first step is to express the estimator as a ratio of two U-statistics and to linearise the estimation error. This is a standard technique in nonparametric regression that isolates the leading stochastic term from the bias.



Define the normalized denominator and numerator U-statistics:


    D ^  n   ( u , x , θ )  : =    ( n − m ) !   n !   h m   ϕ m   ( h )      ∑  i ∈  I n m      ∏  k = 1  m    δ  i k    K 1        u k  −  i k  / n  h     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h    ,  










    N ^  n   ( φ , u , x , θ )  : =    ( n − m ) !   n !   h m   ϕ m   ( h )      ∑  i ∈  I n m      ∏  k = 1  m    δ  i k    K 1        u k  −  i k  / n  h     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h    φ  (  Y  i , n   )  ,  










    R ^  n   ( φ , u , x , θ )  : =    ( n − m ) !   n !   h m   ϕ m   ( h )      ∑  i ∈  I n m      ∏  k = 1  m    δ  i k    K 1        u k  −  i k  / n  h     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h     r  ( m )       i n   ,  X  i , n   , θ  .  











Then     r ˜   n   ( m )   =   N ^  n  /   D ^  n   . The target regression function satisfies    r  ( m )   = E   R ^  n  / E   D ^  n   , because   E  [ φ  (  Y  i , n   )  ∣  X  i , n   =  x i  ]  =  r  ( m )    ( i / n ,  x i  , θ )    and the MAR property gives   E  [  δ  i k   ∣  X   i k  , n   ]  = p  (  X   i k  , n   )   , which factors out of the expectation due to the product structure and conditional independence. The key insight is that the denominator    D ^  n   converges uniformly to a positive constant, so its reciprocal is bounded in probability. This allows us to linearize the ratio.



From Theorem 2, we have uniformly over the index sets:


    D ^  n  = E   D ^  n  +  O P   (  α n  )  ,   α n  =     log n   n  h m   ϕ m   ( h )      ,  








and   E   D ^  n  →  κ 2 m   f 1   ( x )  > 0  , where    κ 2  =  ∫ 0 1   K 2   ( t )  d t   and    f 1   ( x )  =  ∏  k = 1  m   f 1   (  x k  )    from Assumption 1 (ii). Hence   1 /   D ^  n  = 1 / E   D ^  n  +  O P   (  α n  )    uniformly. Using the decomposition


    r ˜   n   ( m )   −  r  ( m )   =      N ^  n  −  r  ( m )     D ^  n     D ^  n    =     (   N ^  n  − E   N ^  n  )  −  r  ( m )    (   D ^  n  − E   D ^  n  )     D ^  n    +    E   R ^  n  −  r  ( m )   E   D ^  n     D ^  n    ,  








we obtain


   G n  =      n  h m   ϕ m   ( h )      (   N ^  n  − E   N ^  n  )  −  r  ( m )    (   D ^  n  − E   D ^  n  )      D ^  n    +   n  h m   ϕ m   ( h )     B n  .  











The bias term     n  h m   ϕ m   ( h )     B n  = O  (   n  h m   ϕ m   ( h )     h  2 m ∧ α   )  = o  ( 1 )    by the bandwidth condition   n  h  m + 2 ( 2 m ∧ α )    ϕ m   ( h )  → 0  . Therefore,


   G n  =    V n   E   D ^  n     +  o P   ( 1 )  ,   V n  : =   n  h m   ϕ m   ( h )      (   N ^  n  − E   N ^  n  )  −  r  ( m )    (   D ^  n  − E   D ^  n  )   .  











Thus the weak convergence of   G n   reduces to that of   V n   up to a constant scaling. Since   E   D ^  n    converges to a positive constant, it suffices to prove that   V n   converges weakly to a Gaussian process  V , and then   G n   converges to   V / (  κ 2 m   f 1   ( x )  )  , which we rename as  G .



Step 2: Hoeffding decomposition under MAR. The Hoeffding decomposition is the fundamental tool for analyzing U-statistics. It separates the statistic into a linear (first-order) part that determines the asymptotic distribution and a degenerate remainder that is of smaller order. Under MAR, the projections must be computed with the propensity scores.



Write    N ^  n   and    D ^  n   as U-statistics with kernels


   H i  ( N )    (  Z  i 1   , … ,  Z  i m   )  =   ∏  k = 1  m      δ  i k    ϕ ( h )     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h    φ  (  Y  i , n   )  ,  










   H i  ( D )    (  Z  i 1   , … ,  Z  i m   )  =   ∏  k = 1  m      δ  i k    ϕ ( h )     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h    ,  








with deterministic weights    ξ k  =  h  − 1    K 1   (  (  u k  −  i k  / n )  / h )   . The Hoeffding decomposition (Section 3.1) gives


    N ^  n  − E   N ^  n  =   1 n     ∑  i = 1  n     H ^   1 , i   ( N )   +   ψ ^   2   ( N )   ,    D ^  n  − E   D ^  n  =   1 n     ∑  i = 1  n     H ^   1 , i   ( D )   +   ψ ^   2   ( D )   ,  








where    H ^   1 , i   ( N )    and    H ^   1 , i   ( D )    are the first-order projections (linear terms) and    ψ ^   2   ( N )   ,    ψ ^   2   ( D )    are degenerate remainders of order 2. The degenerate remainder is of order    O p   (   (  n 2   h  2 m    ϕ  2 m    ( h )  )   − 1 / 2   )   , which is negligible compared to the linear term after multiplying by    n  h m   ϕ m   ( h )    .



Under the MAR assumption, the projections take the explicit form. For    H ^   1 , i   ( N )   :


    H ^   1 , i   ( N )   =    ( n − m ) !   ( n − 1 ) !     ∑   I  n − 1   m − 1    ( − i )      ∑  ℓ = 1  m    ξ  i 1   ⋯  ξ  i  ℓ − 1     ξ i   ξ  i ℓ   ⋯  ξ  i  m − 1       H ˜   ( N , ℓ )    (  Z i  )  − E   H ˜   ( N , ℓ )    ,  










    H ˜   ( N , ℓ )    ( z )  =    p ( x )   ϕ ( h )     K 2        d  θ i    (  x i  , x )   h    ∫   ∏      k = 1       k ≠ i      m      p (  ν k  )   ϕ ( h )     K 2        d  θ k    (  x k  ,  ν k  )   h    E  [ φ  (  Y  i ∖ { ℓ }   )  ]   d P  (  ν  ≠ i   )  .  











Analogously for     H ˜   ( D , ℓ )    ( z )    with   E [ φ  (  Y  i ∖ { ℓ }   )  ]   replaced by 1. The degenerate remainders satisfy the moment bound (proved in Lemma 2):


  E [   (   ψ ^   2   ( N )   )  2  ] = O     1   n 2   h  2 m    ϕ  2 m    ( h )      ,  E [   (   ψ ^   2   ( D )   )  2  ] = O     1   n 2   h  2 m    ϕ  2 m    ( h )      .  











Consequently,


    n  h m   ϕ m   ( h )       ψ ^   2   ( N )   =  O P      1   n  h m   ϕ m   ( h )       =  o P   ( 1 )  ,  








and the same for    ψ ^   2   ( D )   , because   n  h m   ϕ m   ( h )  → ∞  . Hence, the degenerate remainders are asymptotically negligible, and we have


   V n  =   1   n  h m   ϕ m   ( h )        ∑  i = 1  n      H ^   1 , i   ( N )   −  r  ( m )     H ^   1 , i   ( D )    +  o P   ( 1 )  .  











Define the influence function


   Ψ i   ( φ , u , x , θ )  : =   1   n  h m   ϕ m   ( h )         H ^   1 , i   ( N )   −  r  ( m )     H ^   1 , i   ( D )    .  











Then    V n  =  ∑  i = 1  n   Ψ i  +  o P   ( 1 )   , where   E [  Ψ i  ] = 0   for each i by construction. The random variables   Ψ i   form a triangular array of  β -mixing sequences (since they are measurable functions of the original process, and mixing coefficients are non-increasing under measurable transformations; see Lemma 1 in [144]).



Step 3: Finite-dimensional convergence. To prove weak convergence, we first establish that the finite-dimensional distributions converge to a multivariate normal. This is done using a central limit theorem for mixing triangular arrays.



Fix a finite collection    (  φ 1  ,  u 1  ,  x 1  ,  θ 1  )  , … ,  (  φ k  ,  u k  ,  x k  ,  θ k  )    in    F m   K Θ m   . Consider the vector


   S n  : =     ∑  i = 1  n    Ψ i   (  φ j  ,  u j  ,  x j  ,  θ j  )    j = 1  k  ∈  R k  .  











We aim to show    S n   → d  N  ( 0 , Σ )    where  Σ  is the covariance matrix with entries


   Σ  j ℓ   =  lim  n → ∞   Cov    ∑  i = 1  n    Ψ i   (  φ j  , · )  ,   ∑  i = 1  n    Ψ i   (  φ ℓ  , · )   .  











Because the   Ψ i   are  β -mixing with coefficients   β  ( k )  ≤ A  k  − γ    ,   γ > 2  , we apply a central limit theorem for mixing triangular arrays. A suitable result is Theorem 1.7 in [128] or Corollary 3.1 in [144], which requires:




	
   max  1 ≤ i ≤ n     ∥  Ψ i  ∥   L 2   → 0  ;



	
The Lindeberg condition:   ∀ ε > 0  ,    ∑  i = 1  n   E [ ∥   Ψ i    ∥ 2   1  { ∥  Ψ i  ∥ > ε }   ]  → 0  ;



	
The mixing coefficients to satisfy    ∑  k = 1  ∞  β   ( k )   1 − 2 / ζ   < ∞   for some   ζ > 2  ;



	
The covariance matrix to converge:   Var (  S n  ) → Σ  .








Verification of condition 1. We have    ∥   Ψ i    ∥    L 2   2  = E  [  Ψ i 2  ]   . From the definition of    H ^   1 , i   ( N )    and    H ^   1 , i   ( D )   , a direct calculation yields


  E      H ^   1 , i   ( N )   −  r  ( m )     H ^   1 , i   ( D )    2   = Var    H ^   1 , i   ( N )    +   (  r  ( m )   )  2  Var    H ^   1 , i   ( D )    − 2  r  ( m )   Cov    H ^   1 , i   ( N )   ,   H ^   1 , i   ( D )    .  








The variance of the first-order projection of a U-statistic is known to be of order    n  − 1    h  − m    ϕ  − m    ( h )   . This can be seen by noting that    H ^   1 , i   ( N )    is a sum of   ( n − 1 ) ! / ( n − m ) !   terms, each involving a product of kernels and an expectation. The variance of each term is   O (  ϕ  2 m − 2    ( h )   h  2 m − 2   )   after appropriate scaling. Summing over i gives the claimed order.



More explicitly, using the boundedness of p,   K 2  , and the moment conditions on  φ , we obtain


  E      H ^   1 , i   ( N )    2   ≍    ( n − 1 ) !   ( n − m ) !     h  m − 1    ϕ  m − 1    ( h )  .  








Thus,


  E  [  Ψ i 2  ]  ≍   1  n  h m   ϕ m   ( h )     ·    ( n − 1 ) !   ( n − m ) !     h  m − 1    ϕ  m − 1    ( h )  ≍   1  n  h m   ϕ m   ( h )     .  








Therefore    max i    ∥  Ψ i  ∥   L 2   = O  ( 1 /   n  h m   ϕ m   ( h )    )  → 0   because   n  h m   ϕ m   ( h )  → ∞  .



Verification of condition 2 (Lindeberg). We truncate   φ (  Y  i , n   )   at level    τ n  =   ( log n )   ζ 0    n  1 / ζ     as in the proof of Proposition 2. Let   Ψ i  ( τ )    denote the truncated version. Then    |   Ψ i  ( τ )    | ≤ C   τ n  /   n  h m   ϕ m   ( h )    = :  b n   . Since    b n  → 0   (because   τ n   grows slower than any power of n and   n  h m   ϕ m   ( h )  → ∞  ), for any fixed   ε > 0   and sufficiently large n, we have    b n  < ε  , so the indicator    1  { |  Ψ i  ( τ )   | > ε }   = 0   almost surely. Hence, the Lindeberg condition holds for the truncated version. The tail part    Ψ i  −  Ψ i  ( τ )     satisfies


   E [ |   Ψ i  −  Ψ i  ( τ )     |  2   ] ≤ C   τ n  − ( ζ − 2 )     E [ | φ  ( Y )  |  ζ    ]   2 / ζ   /  ( n  h m   ϕ m   ( h )  )  = o  ( 1 / n )  ,  








by the same argument as in Proposition 2. Summing over i gives   o ( 1 )  , so the Lindeberg condition is satisfied.



Verification of condition 3 (mixing). Assumption 4 (ii) with   γ > 2   implies   β  ( k )  ≤ A  k  − γ    . For any   ζ > 2  , choose  ζ  such that   γ ( 1 − 2 / ζ ) > 1  . Then    ∑  k = 1  ∞  β   ( k )   1 − 2 / ζ   ≤  A  1 − 2 / ζ    ∑  k = 1  ∞   k  − γ ( 1 − 2 / ζ )   < ∞  .



Verification of condition 4 (covariance convergence). Compute the covariance:


  Cov    ∑  i = 1  n    Ψ i   (  φ j  , · )  ,   ∑  i = 1  n    Ψ i   (  φ ℓ  , · )   =   ∑  i = 1  n     ∑   i ′  = 1  n   Cov  (  Ψ i   (  φ j  , · )  ,  Ψ  i ′    (  φ ℓ  , · )  )  .  








The mixing property allows us to approximate the sum by n times the covariance of the first two terms, plus a negligible contribution from the covariances of non-adjacent indices.



Using Davydov’s inequality (Lemma 9), for    | i −   i ′   | = k   ,


   | Cov   (  Ψ i   (  φ j  , · )  ,  Ψ  i ′    (  φ ℓ  , · )  )   | ≤ C β    ( k )   1 − 2 / ζ    ∥   Ψ i    ∥   L ζ     ∥  Ψ  i ′   ∥   L ζ   .  











Since    ∥   Ψ i    ∥   L ζ   ≤ C   ( n  h m   ϕ m   ( h )  )   − 1 / 2     (by the moment bounds), we have


   ∑   | i −   i ′   | > M     | Cov  (  Ψ i   (  φ j  , · )  ,  Ψ  i ′    (  φ ℓ  , · )  )  |  ≤ C n   ∑  k = M  ∞   β   ( k )   1 − 2 / ζ     1  n  h m   ϕ m   ( h )     = o  ( 1 )   








for M large enough. Therefore,


  Var  (  S n  )  = n Cov  (  Ψ 1   (  φ j  , · )  ,  Ψ 1   (  φ ℓ  , · )  )  + o  ( 1 )  .  











Now compute the leading term:


  n Cov  (  Ψ 1   (  φ j  , · )  ,  Ψ 1   (  φ ℓ  , · )  )  =   1   h m   ϕ m   ( h )     E     H ^   1 , 1   ( N )    (  φ j  )  −  r  ( m )    (  φ j  )    H ^   1 , 1   ( D )       H ^   1 , 1   ( N )    (  φ ℓ  )  −  r  ( m )    (  φ ℓ  )    H ^   1 , 1   ( D )     .  











Using the local stationarity approximation and the MAR structure, the expectation converges to a finite limit   σ (  φ j  ,  φ ℓ  )   defined in (33). Hence   Var (  S n  ) → Σ  .



Applying the CLT. With conditions 1-4 verified, the mixing CLT yields    S n   → d  N  ( 0 , Σ )   . Thus, the finite-dimensional distributions of   V n   converge to those of a Gaussian process with covariance  Σ .



Step 4: Stochastic equicontinuity. To lift finite-dimensional convergence to weak convergence in    l ∞   (  F m   K Θ m  )   , we must prove asymptotic equicontinuity. This is the most delicate part and relies on the VC-subgraph property and the exponential inequality for  β -mixing sequences.



Define the pseudometric


   d n   (  (  φ 1  ,  u 1  ,  x 1  ,  θ 1  )  ,  (  φ 2  ,  u 2  ,  x 2  ,  θ 2  )  )  : =   E     Ψ 1   (  φ 1  ,  u 1  ,  x 1  ,  θ 1  )  −  Ψ 1   (  φ 2  ,  u 2  ,  x 2  ,  θ 2  )   2     1 / 2   .  











Because   Ψ i   are centered and the process is stationary in the sense of the local approximation,   d n   converges to a limiting pseudometric d as   n → ∞  . The index set    F m   K Θ m    is totally bounded under d because the VC-subgraph property implies polynomial covering numbers.



Entropy bound. By Assumption 6 (ii), the class    F m   K Θ m    is VC-subgraph, hence its covering numbers satisfy


  N  ( ε ,  F m   K Θ m  ,  L 2   ( Q )  )  ≤     C ε     ν 0   ,  








for some    ν 0  > 0  , uniformly over all probability measures Q with finite second moment. This is a crucial polynomial bound.



Chaining argument. For each n, we construct a sequence of partitions of    F m   K Θ m    with mesh sizes    ε j  =  2  − j    . The covering numbers    N j  = N  (  ε j  ,  F m   K Θ m  ,  d n  )    satisfy   log  N j  ≤  ν 0  log  ( C /  ε j  )   . For each pair of functions   f , g   with    d n   ( f , g )  ≤ ε  , we can approximate them by centers in the partition. Using the exponential inequality for  β -mixing sequences (Lemma 7), we obtain for any   δ > 0   and any   ε > 0  :


  P   sup   d n   ( f , g )  < δ    |  V n   ( f )  −  V n   ( g )  |  > ε  ≤ C  δ  −  ν 0    exp  ( − c n  δ 2  )  + o  ( 1 )  ,  








where the exponential term comes from the Gaussian tail bound for the increments. The key is that the mixing coefficients decay fast enough to make the covariance of non-adjacent blocks negligible.



Detailed derivation of the chaining bound. We follow the classical chaining method as in [164]. Let   F δ   be a  δ -net of    F m   K Θ m    under   d n   with cardinality   N  ( δ )  ≤ C  δ  −  ν 0     . For any   f , g   with    d n   ( f , g )  ≤ δ  , there exist centers    f δ  ,  g δ  ∈  F δ    such that    d n   ( f ,  f δ  )  ≤ δ   and    d n   ( g ,  g δ  )  ≤ δ  . Then


   |   V n   ( f )  −  V n    ( g )  | ≤ |   V n   ( f )  −  V n   (  f δ  )   | + |   V n   (  f δ  )  −  V n   (  g δ  )   | + |   V n   (  g δ  )  −  V n   ( g )   | .   











The increments    |   V n   ( f )  −  V n   (  f δ  )   |    are controlled using the exponential inequality. By a union bound over all pairs in the net, we obtain the stated probability bound.



Tightness. The entropy integral


   ∫ 0  δ n     log N ( ε ,  F m   K Θ m  ,  d n  )    d ε ≤  ∫ 0  δ n      ν 0  log  ( C / ε )     d ε ≤ C  δ n    log ( 1 /  δ n  )   → 0  








as    δ n  → 0  . The   L 2   diameter of    F m   K Θ m    under   d n   tends to 0 because   E [   (  Ψ i   ( f )  −  Ψ i   ( g )  )  2  ] → 0   as f and g approach each other (by continuity of the kernels and the regression function). Therefore, for any   ε > 0  , we can choose   δ > 0   such that


   lim sup  n → ∞   P   sup   d n   ( f , g )  < δ    |  V n   ( f )  −  V n   ( g )  |  > ε  = 0 .  











This is precisely the asymptotic equicontinuity condition required for tightness in    l ∞   (  F m   K Θ m  )    (see Theorem 1.5.7 in [128]).



Step 5: Convergence of the covariance operator. The tightness and finite-dimensional convergence together imply weak convergence to a Gaussian process.



From the finite-dimensional convergence, the limiting finite-dimensional distributions are Gaussian with covariance  Σ . The tightness ensures that there exists a tight limiting process  V  in    l ∞   (  F m   K Θ m  )   . By the finite-dimensional convergence,  V  has Gaussian distributions with covariance structure


  Cov  ( V  ( f )  , V  ( g )  )  =  lim  n → ∞   Cov  (  V n   ( f )  ,  V n   ( g )  )  = σ  ( f , g )  ,  








where   σ ( f , g )   is defined in (33) with   f = ( φ , u , x , θ )  . Moreover, the sample paths of  V  are uniformly bounded and uniformly continuous with respect to the   L 2   norm because the tightness argument produces a version with these properties (see Theorem 1.5.7 in [128]).



Step 6: Returning to the original process   G n  . Finally, we rescale by the limit of the denominator to obtain the weak convergence of   G n  .



Recall that    G n  =  V n  / E   D ^  n  +  o P   ( 1 )    and   E   D ^  n  →  κ 2 m   f 1   ( x )  > 0   uniformly. Therefore,


   G n   → d    1   κ 2 m   f 1   ( x )     V ,  








which is again a Gaussian process. However, the statement of the theorem claims convergence to  G  directly, implying that the covariance definition (33) already incorporates the normalization. Indeed, inspecting (33), we see that the limit is taken with the same normalizing factor    n  h m   ϕ m   ( h )    , which cancels the denominator’s limit. More precisely, define   G : = V / (  κ 2 m   f 1   ( x )  )  . Then  G  has covariance


  Cov  ( G  ( f )  , G  ( g )  )  =    σ ( f , g )    κ 2  2 m    f 1 2   ( x )     .  











But from the definition of   σ ( f , g )   in (33), we have


  σ  ( f , g )  =  lim  n → ∞   n  h m   ϕ m   ( h )  E   (   r ˜   n   ( m )    ( f )  −  r  ( m )    ( f )  )   (   r ˜   n   ( m )    ( g )  −  r  ( m )    ( g )  )   .  











Using     r ˜   n   ( m )   =   N ^  n  /   D ^  n    and the fact that     D ^  n  →  κ 2 m   f 1   ( x )    in probability, we obtain


  σ  ( f , g )  =  κ 2  2 m    f 1 2   ( x )   lim  n → ∞   Cov  (  V n   ( f )  ,  V n   ( g )  )  .  











Hence   Cov  ( G  ( f )  , G  ( g )  )  =  lim  n → ∞   Cov  (  V n   ( f )  ,  V n   ( g )  )   , which matches the covariance of  V . Thus  G  is exactly the limiting process of   V n  , and we have    G n   → d  G  .



We have shown that the finite-dimensional distributions of   G n   converge to those of a Gaussian process  G  with covariance structure given by (33), and that the sequence   {  G n  }   is asymptotically equicontinuous with respect to the   L 2   pseudometric. By the tightness criterion (Theorem 1.5.7 in [128]),   G n   converges weakly in    l ∞   (  F m   K Θ m  )    to  G . Moreover, the limiting process admits a version with uniformly bounded and uniformly continuous sample paths with respect to the    ∥ · ∥  2  -norm.



This completes the proof of Theorem 3. □





Proof of Theorem 4. 

We establish the weak convergence of the normalized conditional U-process


   H n   ( φ , u , x , θ )  : =   n  h m   ϕ  x , θ    ( h )       r ˜   n   ( m )    ( φ , u , x , θ ;  h n  )  −  r  ( m )    ( φ , θ , u , x )    








to a Gaussian process  G  indexed by    F m   K Θ m   , under the additional bandwidth condition


  n  ϕ  x , θ    ( h )   h  m + 2 ( 2 m ∧ α )   → 0  as  n → ∞ ,  








which ensures asymptotic negligibility of the bias term. The missingness indicators   δ  i k    satisfy the MAR condition


  P  (  δ  i k   = 1 ∣  X   i k  , n   ,  Y   i k  , n   )  = p  (  X   i k  , n   )  ,  0 <  p min  ≤ p  ( · )  ≤  p max  < ∞ ,  








with   p ( · )   Lipschitz continuous (Assumption 3 (iii)). The small-ball probability   ϕ ( h )   is defined in Assumption 1 (ii). The process   {  X  i , n   }   is locally stationary (Definition 1) and  β -mixing with coefficients   β  ( k )  ≤ A  k  − γ    ,   γ > 2   (Assumption 4). The function classes    F m   K Θ m    are VC-subgraph (Assumption 6). All constants   C ,  C ′  , c , …   are generic positive constants that may change from line to line but depend only on fixed quantities.



Step 1: Rational representation and linearisation. The first step is to express the estimator as a ratio of two U-statistics and to linearise the estimation error. The bias term is asymptotically negligible under the given bandwidth condition, so we can focus on the stochastic component.



Define the normalized denominator and numerator U-statistics as in the proof of Theorem 3:


    D ^  n   ( u , x , θ )  : =    ( n − m ) !   n !   h m   ϕ m   ( h )      ∑  i ∈  I n m      ∏  k = 1  m    δ  i k    K 1        u k  −  i k  / n  h     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h    ,  










    N ^  n   ( φ , u , x , θ )  : =    ( n − m ) !   n !   h m   ϕ m   ( h )      ∑  i ∈  I n m      ∏  k = 1  m    δ  i k    K 1        u k  −  i k  / n  h     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h    φ  (  Y  i , n   )  .  











Then     r ˜   n   ( m )   =   N ^  n  /   D ^  n   . From Theorem 2, we have uniformly over the index sets:


    D ^  n  = E   D ^  n  +  O P   (  α n  )  ,   α n  =     log n   n  h m   ϕ m   ( h )      ,  








and   E   D ^  n  →  κ 2 m   f 1   ( x )  > 0  , where    κ 2  =  ∫ 0 1   K 2   ( t )  d t  . Hence   1 /   D ^  n  = 1 / E   D ^  n  +  O P   (  α n  )    uniformly.



Using the decomposition


    r ˜   n   ( m )   −  r  ( m )   =      N ^  n  −  r  ( m )     D ^  n     D ^  n    =     (   N ^  n  − E   N ^  n  )  −  r  ( m )    (   D ^  n  − E   D ^  n  )     D ^  n    +    E   R ^  n  −  r  ( m )   E   D ^  n     D ^  n    ,  








where    R ^  n   is defined analogously with    r  ( m )    ( i / n ,  X  i , n   , θ )    in place of   φ (  Y  i , n   )  , we obtain


   H n  =      n  h m   ϕ m   ( h )      (   N ^  n  − E   N ^  n  )  −  r  ( m )    (   D ^  n  − E   D ^  n  )      D ^  n    +   n  h m   ϕ m   ( h )       E   R ^  n  −  r  ( m )   E   D ^  n     D ^  n    .  











The bias term     n  h m   ϕ m   ( h )     ( E   R ^  n  −  r  ( m )   E   D ^  n  )  /   D ^  n  = O  (   n  h m   ϕ m   ( h )     h  2 m ∧ α   )  = o  ( 1 )    by the bandwidth condition   n  h  m + 2 ( 2 m ∧ α )    ϕ m   ( h )  → 0  . Therefore,


   H n  =    V n   E   D ^  n     +  o P   ( 1 )  ,   V n  : =   n  h m   ϕ m   ( h )      (   N ^  n  − E   N ^  n  )  −  r  ( m )    (   D ^  n  − E   D ^  n  )   .  











Thus the weak convergence of   H n   reduces to that of   V n   up to a constant scaling. Since   E   D ^  n    converges to a positive constant, it suffices to prove that   V n   converges weakly to a Gaussian process  V , and then   H n   converges to   V / (  κ 2 m   f 1   ( x )  )  , which we rename as  G .



Step 2: Hoeffding decomposition under MAR. The Hoeffding decomposition separates the U-statistic into a linear (first-order) part that determines the asymptotic distribution and a degenerate remainder that is of smaller order. Under MAR, the projections must be computed with the propensity scores.



Write    N ^  n   and    D ^  n   as U-statistics with kernels


   H i  ( N )    (  Z  i 1   , … ,  Z  i m   )  =   ∏  k = 1  m      δ  i k    ϕ ( h )     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h    φ  (  Y  i , n   )  ,  










   H i  ( D )    (  Z  i 1   , … ,  Z  i m   )  =   ∏  k = 1  m      δ  i k    ϕ ( h )     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h    ,  








with deterministic weights    ξ k  =  h  − 1    K 1   (  (  u k  −  i k  / n )  / h )   . The Hoeffding decomposition (Section 3.1) gives


    N ^  n  − E   N ^  n  =   1 n     ∑  i = 1  n     H ^   1 , i   ( N )   +   ψ ^   2   ( N )   ,    D ^  n  − E   D ^  n  =   1 n     ∑  i = 1  n     H ^   1 , i   ( D )   +   ψ ^   2   ( D )   ,  








where    H ^   1 , i   ( N )    and    H ^   1 , i   ( D )    are the first-order projections (linear terms) and    ψ ^   2   ( N )   ,    ψ ^   2   ( D )    are degenerate remainders of order 2.



Under the MAR assumption, the projections take the explicit form. For    H ^   1 , i   ( N )   :


    H ^   1 , i   ( N )   =    ( n − m ) !   ( n − 1 ) !     ∑   I  n − 1   m − 1    ( − i )      ∑  ℓ = 1  m    ξ  i 1   ⋯  ξ  i  ℓ − 1     ξ i   ξ  i ℓ   ⋯  ξ  i  m − 1       H ˜   ( N , ℓ )    (  Z i  )  − E   H ˜   ( N , ℓ )    ,  










    H ˜   ( N , ℓ )    ( z )  =    p ( x )   ϕ ( h )     K 2        d  θ i    (  x i  , x )   h    ∫   ∏      k = 1       k ≠ i      m      p (  ν k  )   ϕ ( h )     K 2        d  θ k    (  x k  ,  ν k  )   h    E  [ φ  (  Y  i ∖ { ℓ }   )  ]   d P  (  ν  ≠ i   )  .  











Analogously for     H ˜   ( D , ℓ )    ( z )    with   E [ φ  (  Y  i ∖ { ℓ }   )  ]   replaced by 1. The degenerate remainders satisfy the moment bound (proved in Lemma 2):


  E    (   ψ ^   2   ( N )   )  2   = O     1   n 2   h  2 m    ϕ  2 m    ( h )      ,  E    (   ψ ^   2   ( D )   )  2   = O     1   n 2   h  2 m    ϕ  2 m    ( h )      .  











Consequently,


    n  h m   ϕ m   ( h )       ψ ^   2   ( N )   =  O P      1   n  h m   ϕ m   ( h )       =  o P   ( 1 )  ,  








and the same for    ψ ^   2   ( D )   , because   n  h m   ϕ m   ( h )  → ∞  . Hence the degenerate remainders are asymptotically negligible, and we have


   V n  =   1   n  h m   ϕ m   ( h )        ∑  i = 1  n      H ^   1 , i   ( N )   −  r  ( m )     H ^   1 , i   ( D )    +  o P   ( 1 )  .  











Define the influence function


   Ψ i   ( φ , u , x , θ )  : =   1   n  h m   ϕ m   ( h )         H ^   1 , i   ( N )   −  r  ( m )     H ^   1 , i   ( D )    .  











Then    V n  =  ∑  i = 1  n   Ψ i  +  o P   ( 1 )   , where   E [  Ψ i  ] = 0   for each i by construction. The random variables   Ψ i   form a triangular array of  β -mixing sequences (since they are measurable functions of the original process, and mixing coefficients are non-increasing under measurable transformations; see Lemma 1 in [144]).



Step 3: Finite-dimensional convergence. To prove weak convergence, we first establish that the finite-dimensional distributions converge to a multivariate normal. This is done using a central limit theorem for mixing triangular arrays.



Fix a finite collection    (  φ 1  ,  u 1  ,  x 1  ,  θ 1  )  , … ,  (  φ k  ,  u k  ,  x k  ,  θ k  )    in    F m   K Θ m   . Consider the vector


   S n  : =     ∑  i = 1  n    Ψ i   (  φ j  ,  u j  ,  x j  ,  θ j  )    j = 1  k  ∈  R k  .  











We aim to show    S n   → d  N  ( 0 , Σ )    where  Σ  is the covariance matrix with entries


   Σ  j ℓ   =  lim  n → ∞   Cov    ∑  i = 1  n    Ψ i   (  φ j  , · )  ,   ∑  i = 1  n    Ψ i   (  φ ℓ  , · )   .  











Because the   Ψ i   are  β -mixing with coefficients   β  ( k )  ≤ A  k  − γ    ,   γ > 2  , we apply a central limit theorem for mixing triangular arrays. A suitable result is Theorem 1.7 in [128] or Corollary 3.1 in [144], which requires:




	
   max  1 ≤ i ≤ n     ∥  Ψ i  ∥   L 2   → 0  ;



	
The Lindeberg condition:   ∀ ε > 0  ,    ∑  i = 1  n   E [ ∥   Ψ i    ∥ 2   1  { ∥  Ψ i  ∥ > ε }   ]  → 0  ;



	
The mixing coefficients to satisfy    ∑  k = 1  ∞  β   ( k )   1 − 2 / ζ   < ∞   for some   ζ > 2  ;



	
The covariance matrix to converge:   Var (  S n  ) → Σ  .








Verification of condition 1. We have    ∥   Ψ i    ∥    L 2   2  = E  [  Ψ i 2  ]   . From the definition of    H ^   1 , i   ( N )    and    H ^   1 , i   ( D )   , a direct calculation yields


  E      H ^   1 , i   ( N )   −  r  ( m )     H ^   1 , i   ( D )    2   = Var    H ^   1 , i   ( N )    +   (  r  ( m )   )  2  Var    H ^   1 , i   ( D )    − 2  r  ( m )   Cov    H ^   1 , i   ( N )   ,   H ^   1 , i   ( D )    .  











The variance of the first-order projection of a U-statistic is known to be of order    n  − 1    h  − m    ϕ  − m    ( h )   . More explicitly, using the boundedness of p,   K 2  , and the moment conditions on  φ , we obtain


  Var    H ^   1 , i   ( N )    ≍    ( n − 1 ) !   ( n − m ) !     h  m − 1    ϕ  m − 1    ( h )  · E  [   ( φ  ( Y )  )  2  ]  .  











Thus,


  E  [  Ψ i 2  ]  ≍   1  n  h m   ϕ m   ( h )     ·    ( n − 1 ) !   ( n − m ) !     h  m − 1    ϕ  m − 1    ( h )  ≍   1  n  h m   ϕ m   ( h )     .  











Therefore    max i    ∥  Ψ i  ∥   L 2   = O  ( 1 /   n  h m   ϕ m   ( h )    )  → 0   because   n  h m   ϕ m   ( h )  → ∞  .



Verification of condition 2 (Lindeberg). We truncate   φ (  Y  i , n   )   at level    τ n  =   ( log n )   ζ 0    n  1 / ζ     as in the proof of Proposition 2. Let   Ψ i  ( τ )    denote the truncated version. Then    |   Ψ i  ( τ )    | ≤ C   τ n  /   n  h m   ϕ m   ( h )    = :  b n   . Since    b n  → 0   (because   τ n   grows slower than any power of n and   n  h m   ϕ m   ( h )  → ∞  ), for any fixed   ε > 0   and sufficiently large n, we have    b n  < ε  , so the indicator    1  { |  Ψ i  ( τ )   | > ε }   = 0   almost surely. Hence, the Lindeberg condition holds for the truncated version. The tail part    Ψ i  −  Ψ i  ( τ )     satisfies


   E [ |   Ψ i  −  Ψ i  ( τ )     |  2   ] ≤ C   τ n  − ( ζ − 2 )     E [ | φ  ( Y )  |  ζ    ]   2 / ζ   /  ( n  h m   ϕ m   ( h )  )  = o  ( 1 / n )  ,  








by the same argument as in Proposition 2. Summing over i gives   o ( 1 )  , so the Lindeberg condition is satisfied.



Verification of condition 3 (mixing). Assumption 4 (ii) with   γ > 2   implies   β  ( k )  ≤ A  k  − γ    . For any   ζ > 2  , choose  ζ  such that   γ ( 1 − 2 / ζ ) > 1  . Then    ∑  k = 1  ∞  β   ( k )   1 − 2 / ζ   ≤  A  1 − 2 / ζ    ∑  k = 1  ∞   k  − γ ( 1 − 2 / ζ )   < ∞  .



Verification of condition 4 (covariance convergence). Compute the covariance:


  Cov    ∑  i = 1  n    Ψ i   (  φ j  , · )  ,   ∑  i = 1  n    Ψ i   (  φ ℓ  , · )   =   ∑  i = 1  n     ∑   i ′  = 1  n   Cov  (  Ψ i   (  φ j  , · )  ,  Ψ  i ′    (  φ ℓ  , · )  )  .  











Using Davydov’s inequality (Lemma 9), for    | i −   i ′   | = k   ,


   | Cov   (  Ψ i   (  φ j  , · )  ,  Ψ  i ′    (  φ ℓ  , · )  )   | ≤ C β    ( k )   1 − 2 / ζ    ∥   Ψ i    ∥   L ζ     ∥  Ψ  i ′   ∥   L ζ   .  











Since    ∥   Ψ i    ∥   L ζ   ≤ C   ( n  h m   ϕ m   ( h )  )   − 1 / 2     (by the moment bounds), we have


   ∑   | i −   i ′   | > M     | Cov  (  Ψ i   (  φ j  , · )  ,  Ψ  i ′    (  φ ℓ  , · )  )  |  ≤ C n   ∑  k = M  ∞   β   ( k )   1 − 2 / ζ     1  n  h m   ϕ m   ( h )     = o  ( 1 )   








for M large enough. Therefore,


  Var  (  S n  )  = n Cov  (  Ψ 1   (  φ j  , · )  ,  Ψ 1   (  φ ℓ  , · )  )  + o  ( 1 )  .  











Now compute the leading term:


  n Cov  (  Ψ 1   (  φ j  , · )  ,  Ψ 1   (  φ ℓ  , · )  )  =   1   h m   ϕ m   ( h )     E     H ^   1 , 1   ( N )    (  φ j  )  −  r  ( m )    (  φ j  )    H ^   1 , 1   ( D )       H ^   1 , 1   ( N )    (  φ ℓ  )  −  r  ( m )    (  φ ℓ  )    H ^   1 , 1   ( D )     .  











Using the local stationarity approximation and the MAR structure, the expectation converges to a finite limit   σ (  φ j  ,  φ ℓ  )   defined in (33). Hence   Var (  S n  ) → Σ  .



Applying the CLT. With conditions 1–4 verified, the mixing CLT yields    S n   → d  N  ( 0 , Σ )   . Thus the finite-dimensional distributions of   V n   converge to those of a Gaussian process with covariance  Σ .



Step 4: Stochastic equicontinuity. To lift finite-dimensional convergence to weak convergence in    l ∞   (  F m   K Θ m  )   , we must prove asymptotic equicontinuity. This is the most delicate part and relies on the VC-subgraph property and the exponential inequality for  β -mixing sequences.



Define the pseudometric


   d n   (  (  φ 1  ,  u 1  ,  x 1  ,  θ 1  )  ,  (  φ 2  ,  u 2  ,  x 2  ,  θ 2  )  )  : =   E     Ψ 1   (  φ 1  ,  u 1  ,  x 1  ,  θ 1  )  −  Ψ 1   (  φ 2  ,  u 2  ,  x 2  ,  θ 2  )   2     1 / 2   .  











Because   Ψ i   are centered and the process is stationary in the sense of the local approximation,   d n   converges to a limiting pseudometric d as   n → ∞  . The index set    F m   K Θ m    is totally bounded under d because the VC-subgraph property implies polynomial covering numbers.



Entropy bound. By Assumption 6 (ii), the class    F m   K Θ m    is VC-subgraph, hence its covering numbers satisfy


  N  ( ε ,  F m   K Θ m  ,  L 2   ( Q )  )  ≤     C ε     ν 0   ,  








for some    ν 0  > 0  , uniformly over all probability measures Q with finite second moment. This is a crucial polynomial bound.



Chaining argument. For each n, we construct a sequence of partitions of    F m   K Θ m    with mesh sizes    ε j  =  2  − j    . The covering numbers    N j  = N  (  ε j  ,  F m   K Θ m  ,  d n  )    satisfy   log  N j  ≤  ν 0  log  ( C /  ε j  )   . For each pair of functions   f , g   with    d n   ( f , g )  ≤ ε  , we can approximate them by centers in the partition. Using the exponential inequality for  β -mixing sequences (Lemma 7), we obtain for any   δ > 0   and any   ε > 0  :


  P   sup   d n   ( f , g )  < δ    |  V n   ( f )  −  V n   ( g )  |  > ε  ≤ C  δ  −  ν 0    exp  ( − c n  δ 2  )  + o  ( 1 )  ,  








where the exponential term comes from the Gaussian tail bound for the increments. The key is that the mixing coefficients decay fast enough to make the covariance of non-adjacent blocks negligible.



Detailed derivation of the chaining bound. We follow the classical chaining method as in [164]. Let   F δ   be a  δ -net of    F m   K Θ m    under   d n   with cardinality   N  ( δ )  ≤ C  δ  −  ν 0     . For any   f , g   with    d n   ( f , g )  ≤ δ  , there exist centers    f δ  ,  g δ  ∈  F δ    such that    d n   ( f ,  f δ  )  ≤ δ   and    d n   ( g ,  g δ  )  ≤ δ  . Then,


   |   V n   ( f )  −  V n    ( g )  | ≤ |   V n   ( f )  −  V n   (  f δ  )   | + |   V n   (  f δ  )  −  V n   (  g δ  )   | + |   V n   (  g δ  )  −  V n   ( g )   | .   











The increments    |   V n   ( f )  −  V n   (  f δ  )   |    are controlled using the exponential inequality. By a union bound over all pairs in the net, we obtain the stated probability bound.



Tightness. The entropy integral


   ∫ 0  δ n     log N ( ε ,  F m   K Θ m  ,  d n  )    d ε ≤  ∫ 0  δ n      ν 0  log  ( C / ε )     d ε ≤ C  δ n    log ( 1 /  δ n  )   → 0  








as    δ n  → 0  . The   L 2   diameter of    F m   K Θ m    under   d n   tends to 0 because   E [   (  Ψ i   ( f )  −  Ψ i   ( g )  )  2  ] → 0   as f and g approach each other (by continuity of the kernels and the regression function). Therefore, for any   ε > 0  , we can choose   δ > 0   such that


   lim sup  n → ∞   P   sup   d n   ( f , g )  < δ    |  V n   ( f )  −  V n   ( g )  |  > ε  = 0 .  











This is precisely the asymptotic equicontinuity condition required for tightness in    l ∞   (  F m   K Θ m  )    (see Theorem 1.5.7 in [128]).



Step 5: Convergence of the covariance operator. The tightness and finite-dimensional convergence together imply weak convergence to a Gaussian process.



From the finite-dimensional convergence, the limiting finite-dimensional distributions are Gaussian with covariance  Σ . The tightness ensures that there exists a tight limiting process  V  in    l ∞   (  F m   K Θ m  )   . By the finite-dimensional convergence,  V  has Gaussian distributions with covariance structure


  Cov  ( V  ( f )  , V  ( g )  )  =  lim  n → ∞   Cov  (  V n   ( f )  ,  V n   ( g )  )  = σ  ( f , g )  ,  








where   σ ( f , g )   is defined in (33) with   f = ( φ , u , x , θ )  . Moreover, the sample paths of  V  are uniformly bounded and uniformly continuous with respect to the   L 2   norm because the tightness argument produces a version with these properties (see Theorem 1.5.7 in [128]).



Step 6: Returning to the original process   H n  . Finally, we rescale by the limit of the denominator to obtain the weak convergence of   H n  .



Recall that    H n  =  V n  / E   D ^  n  +  o P   ( 1 )    and   E   D ^  n  →  κ 2 m   f 1   ( x )  > 0   uniformly. Therefore,


   H n   → d    1   κ 2 m   f 1   ( x )     V ,  








which is again a Gaussian process. However, the statement of the theorem claims convergence to  G  directly, implying that the covariance definition (33) already incorporates the normalization. Indeed, inspecting (33), we see that the limit is taken with the same normalizing factor    n  h m   ϕ m   ( h )    , which cancels the denominator’s limit. More precisely, define   G : = V / (  κ 2 m   f 1   ( x )  )  . Then,  G  has covariance


  Cov  ( G  ( f )  , G  ( g )  )  =    σ ( f , g )    κ 2  2 m    f 1 2   ( x )     .  











But from the definition of   σ ( f , g )   in (33), we have


  σ  ( f , g )  =  lim  n → ∞   n  h m   ϕ m   ( h )  E   (   r ˜   n   ( m )    ( f )  −  r  ( m )    ( f )  )   (   r ˜   n   ( m )    ( g )  −  r  ( m )    ( g )  )   .  











Using     r ˜   n   ( m )   =   N ^  n  /   D ^  n    and the fact that     D ^  n  →  κ 2 m   f 1   ( x )    in probability, we obtain


  σ  ( f , g )  =  κ 2  2 m    f 1 2   ( x )   lim  n → ∞   Cov  (  V n   ( f )  ,  V n   ( g )  )  .  











Hence   Cov  ( G  ( f )  , G  ( g )  )  =  lim  n → ∞   Cov  (  V n   ( f )  ,  V n   ( g )  )   , which matches the covariance of  V . Thus  G  is exactly the limiting process of   V n  , and we have    H n   → d  G  .



Step 7: Sample path properties. The limiting Gaussian process has sample paths that are uniformly bounded and uniformly continuous with respect to the    ∥ · ∥  2  -norm. This follows from the tightness argument and the fact that the covariance function is continuous.



The tightness proof in Step 4 actually shows that the sequence   {  V n  }   is asymptotically equicontinuous with respect to the   L 2   pseudometric. By the Arzelà–Ascoli theorem and the fact that the index set is totally bounded, the limiting process has uniformly continuous sample paths. Uniform boundedness follows from the fact that the limiting process is Gaussian with continuous covariance function, which implies that its supremum is finite almost surely (see Theorem 2.2.1 in [128]).



Conclusion.



We have shown that the finite-dimensional distributions of   H n   converge to those of a Gaussian process  G  with covariance structure given by (33), and that the sequence   {  H n  }   is asymptotically equicontinuous with respect to the   L 2   pseudometric. By the tightness criterion (Theorem 1.5.7 in [128]),   H n   converges weakly in    l ∞   (  F m   K Θ m  )    to  G . Moreover, the limiting process admits a version with uniformly bounded and uniformly continuous sample paths with respect to the    ∥ · ∥  2  -norm.



This completes the proof of Theorem 4. □





10.1. Technical Lemmas


The forthcoming proof relies on the arguments delineated in [8,9,91], extended to the single-index model framework.



Lemma 1.

Let    K 2   ( · )    denote one-dimensional kernel function satisfying Assumption 2 part (i), if Assumption 1, then:


    ( i )    E    ∏  k = 1  m    K 2       d  θ k    (  x k  ,  X   i k  , n   )   h    −   ∏  k = 1  m    K 2       d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   h     ≲    m  ϕ  m − 1    ( h )    n h    ;   



(77)






    ( i i )      E    ∏  k = 1  m    K 2       d  θ k    (  x k  ,  X   i k  , n   )   h     ≲    m  ϕ  m − 1    ( h )    n h    +  ϕ m   ( h )  ;   



(78)






    ( i i i )    E    ∏  k = 1  m    K  2  2       d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   h     ∼  ϕ m   ( h )  .   



(79)









10.1.1. Proof of Lemma 1


We establish three fundamental properties of the kernel   K 2   that are essential for the analysis of the conditional U-statistics under the MAR mechanism and local stationarity. Throughout the proof, we denote by   X  i , n    the original locally stationary process and by   X  i   ( i / n )    its stationary approximation at rescaled time   u = i / n  , as defined in Definition 1. The missingness indicators   δ  i k    are incorporated through the propensity score   p ( · )   in the expectations, but since the properties we prove are about the kernels themselves (not involving  φ ), the indicators do not appear directly; they will affect the expectations of products of kernels through the factor   E  [  δ  i k   ∣  X   i k  , n   ]  = p  (  X   i k  , n   )   , which is bounded and Lipschitz.



Property (i): 



  E    ∏  k = 1  m    K 2       d  θ k    (  x k  ,  X   i k  , n   )   h    −   ∏  k = 1  m    K 2       d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   h     ≲    m  ϕ  m − 1    ( h )    n h    .  








This inequality quantifies the error incurred when replacing the original locally stationary process by its stationary approximation. The rate   1 / ( n h )   reflects the fact that the approximation error in the local stationarity definition is of order   | i / n − u | + 1 / n  , and the factor    ϕ  m − 1    ( h )    comes from the small-ball probability of the remaining   m − 1   coordinates.





Proof of (i). 

We begin by using a telescoping sum representation. For any m functions    f 1  , … ,  f m   , we have the identity:


    ∏  k = 1  m    f k  −   ∏  k = 1  m    g k  =   ∑  k = 1  m     f k  −  g k     ∏  j = 1   k − 1     f j    ∏  j = k + 1  m    g j  .  











Applying this with


   f k  =  K 2        d  θ k    (  x k  ,  X   i k  , n   )   h     and   g k  =  K 2        d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   h    ,  








we obtain


          ∏  k = 1  m    K 2        d  θ k    (  x k  ,  X   i k  , n   )   h    −   ∏  k = 1  m    K 2        d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   h             ≤   ∑  k = 1  m     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h    −  K 2        d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   h               ×   ∏  j = 1   k − 1      K 2        d  θ j    (  x j  ,  X   i j  , n   )   h       ∏  j = k + 1  m     K 2        d  θ j    (  x j  ,  X   i j  , n   (  i j  / n )   )   h     .     











Taking expectations and using Hölder’s inequality with suitable exponents, we get


        E    ∏  k = 1  m    K 2        d  θ k    (  x k  ,  X   i k  , n   )   h    −   ∏  k = 1  m    K 2        d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   h              ≤   ∑  k = 1  m     E    K 2        d  θ k    (  x k  ,  X   i k  , n   )   h    −  K 2        d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   h      p k     1 /  p k              ×   ∏  j = 1   k − 1      E    K 2        d  θ j    (  x j  ,  X   i j  , n   )   h      q j     1 /  q j              ×   ∏  j = k + 1  m     E    K 2        d  θ j    (  x j  ,  X   i j  , n   (  i j  / n )   )   h      r j     1 /  r j    .     








where   1 /  p k  +  ∑  j ≠ k   1 /  q j  = 1   with appropriate choices of    q j  ,  r j   .



Now we analyze each factor. For the difference term, by Assumption 2 (ii),   K 2   is Lipschitz continuous with constant   C 2  . Therefore,


    K 2       d  θ k    (  x k  ,  X   i k  , n   )   h    −  K 2       d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   h     ≤    C 2  h     d  θ k    (  x k  ,  X   i k  , n   )  −  d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   .  











By the local stationarity Assumption 1 (i), we have almost surely:


   d  θ k     X   i k  , n   ,  X   i k    (  i k  / n )    ≤      i k  n   −    i k  n    +   1 n     U   i k  , n   (  i k  / n )   =   1 n    U   i k  , n   (  i k  / n )   ,  








since    |   i k  / n −  i k   / n | = 0   . Thus,


    d  θ k    (  x k  ,  X   i k  , n   )  −  d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   ≤  d  θ k     X   i k  , n   ,  X   i k  , n   (  i k  / n )    ≤   1 n    U   i k  , n   (  i k  / n )   .  











Taking the   p k  -th power and expectation, using the uniform moment bound   E [   (  U   i k  , n   (  i k  / n )   )   p k   ] ≤ C   (Assumption 1 (i)), we obtain


  E    K 2       d  θ k    (  x k  ,  X   i k  , n   )   h    −  K 2       d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   h      p k   ≤   C   n  p k    h  p k      .  











Hence the   p k  -th root is bounded by   C / ( n h )  .



For the product terms, note that   K 2   is supported on   [ 0 , 1 ]   and bounded by 1 (since    K 2   ( t )  = 1 − t   for the triangular kernel, and more generally Assumption 2 (ii) ensures boundedness). Therefore,


  E    K 2       d  θ j    (  x j  ,  X   i j  , n   )   h      q j   ≤ P   d  θ j    (  x j  ,  X   i j  , n   )  ≤ h  = :  F   i j  / n    ( h ;  x j  )  .  











By Assumption 1 (ii), for the stationary approximation we have    F   i j  / n    ( h ;  x j  )  ∼ ϕ  ( h )   f 1   (  x j  )   . For the original process, using the local stationarity approximation, we can show that the same asymptotic holds up to an error of order   O ( 1 / ( n h ) )  . More precisely, from the Lipschitz property of   K 2   and the approximation inequality,


   E   K 2       d  θ j    (  x j  ,  X   i j  , n   )   h     − E   K 2       d  θ j    (  x j  ,  X   i j  , n   (  i j  / n )   )   h      ≤   C  n h    .  











Thus,


  E    K 2       d  θ j    (  x j  ,  X   i j  , n   )   h      q j   ≤ C ϕ  ( h )  + O    1  n h     .  











The same bound holds for the stationary approximation. Since m is fixed and   ϕ ( h ) → 0   as   h → 0  , the dominant term is   ϕ ( h )  . Therefore,


    ∏  j = 1   k − 1      E    K 2       d  θ j    (  x j  ,  X   i j  , n   )   h      q j     1 /  q j    ≤ C  ϕ  k − 1    ( h )  ,  








and similarly for the product over   j = k + 1   to m, giving a factor    ϕ  m − k    ( h )   . Multiplying by the factor   C / ( n h )   from the difference term and summing over   k = 1   to m yields


  E    ∏  k = 1  m    K 2       d  θ k    (  x k  ,  X   i k  , n   )   h    −   ∏  k = 1  m    K 2       d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   h     ≤ C    m  ϕ  m − 1    ( h )    n h    .  











This completes the proof of (i). □





Property (ii): 



  E    ∏  k = 1  m    K 2       d  θ k    (  x k  ,  X   i k  , n   )   h     ≲    m  ϕ  m − 1    ( h )    n h    +  ϕ m   ( h )  .  








This bound separates the expectation into a main term    ϕ m   ( h )    coming from the stationary approximation and an error term arising from the local stationarity approximation. The error term is of smaller order under the bandwidth condition   n h ϕ ( h ) → ∞  .





Proof of (ii). 

Using the decomposition


    ∏  k = 1  m    K 2       d  θ k    (  x k  ,  X   i k  , n   )   h    =   ∏  k = 1  m    K 2       d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   h    +  Δ n  ,  








where


   Δ n  =   ∏  k = 1  m    K 2       d  θ k    (  x k  ,  X   i k  , n   )   h    −   ∏  k = 1  m    K 2       d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   h    .  











Taking expectations and applying the triangle inequality,


  E    ∏  k = 1  m    K 2       d  θ k    (  x k  ,  X   i k  , n   )   h     ≤ E    ∏  k = 1  m    K 2       d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   h     +  E [ |   Δ n   | ]  .  











By Assumption 1 (ii), the first term is bounded by   C  ϕ m   ( h )   . By property (i) just proved, the second term is bounded by   C m  ϕ  m − 1    ( h )  /  ( n h )   . Summing gives the desired inequality. □





Property (iii): 



  E    ∏  k = 1  m    K  2  2       d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   h     ∼  ϕ m   ( h )  .  








This is a more precise asymptotic equivalence for the stationary approximation. It shows that the second moment of the product of kernels behaves like the same small-ball probability as the first moment, up to a constant factor. This is crucial for variance calculations.





Proof of (iii). 

For the stationary approximation, the random variables   X   i k  , n   (  i k  / n )    are independent (since they come from different indices, and the stationary process is independent across indices; more precisely, for the stationary approximation, the joint distribution factorizes). Therefore,


  E    ∏  k = 1  m    K  2  2       d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   h     =   ∏  k = 1  m   E   K  2  2       d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   h     .  











We now analyze a single factor. By the definition of the small-ball probability,


  E   K  2  2       d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   h     =  ∫ 0 ∞   K 2 2     t h    d  F   i k  / n    ( t ;  x k  )  ,  








where    F   i k  / n    ( t ;  x k  )  = P  (  d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )  ≤ t )   .



Assumption 1 (ii) gives the asymptotic behavior of    F   i k  / n    ( h ;  x k  )  ∼ ϕ  ( h )   f 1   (  x k  )   . However, we need a more refined statement for the integral of   K 2 2  . Since   K 2   is supported on   [ 0 , 1 ]   and continuously differentiable on   ( 0 , 1 ]   with    K 2   ( 1 )  = 0   (Assumption 2 (ii)), we can integrate by parts. Let   G  ( t )  = P (  d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )  ≤ t )  . Then,


  E   K  2  2     d h     =  ∫ 0 h   K 2 2     t h    d G  ( t )  =    K 2 2     t h    G  ( t )   0 h  −  ∫ 0 h  G  ( t )  d   K 2 2     t h     .  











Since    K 2   ( 0 )  = 1  , we have    K 2 2   ( 0 )  = 1  , and    K 2   ( h / h )  =  K 2   ( 1 )  = 0  , so the boundary term vanishes. Thus,


  E   K  2  2     d h     = −  ∫ 0 h  G  ( t )  · 2  K 2     t h     K 2 ′     t h    ·   1 h   d t .  











Now change variables   u = t / h  , so   t = h u  ,   d t = h d u  , and   u ∈ [ 0 , 1 ]  . Then,


  E   K  2  2     d h     = −  ∫ 0 1  G  ( h u )  · 2  K 2   ( u )   K 2 ′   ( u )   d u .  











By Assumption 2 (ii),    K 2 ′   ( u )    is bounded and negative on   ( 0 , 1 )  . Moreover,   G  ( h u )  = P  (  d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )  ≤ h u )  =  F   i k  / n    ( h u ;  x k  )   . By Assumption 1 (ii), for small h we have    F   i k  / n    ( h u ;  x k  )  ∼ ϕ  ( h u )   f 1   (  x k  )   . Since  ϕ  is absolutely continuous in a neighborhood of 0 (Assumption 1 (iii)), we have   ϕ  ( h u )  ∼ ϕ  ( h )   u c    for some   c > 0   depending on the process (for standard cases,   ϕ  ( h u )  =   ( h u )  d    in finite dimensions, or more complicated functions in infinite dimensions). However, the key point is that the integral


   ∫ 0 1   u c   K 2   ( u )   |  K 2 ′   ( u )  |  d u  








is finite because   K 2   is bounded and   K 2 ′   is bounded.



Thus, for small h,


  E   K  2  2       d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   h     ∼ ϕ  ( h )   f 1   (  x k  )   ∫ 0 1  2  K 2   ( u )   |  K 2 ′   ( u )  |  d u .  











The integral is a constant depending only on   K 2  . For the triangular kernel    K 2   ( u )  = 1 − u  ,    K 2 ′   ( u )  = − 1  , so   2  ∫ 0 1   ( 1 − u )  d u = 1  . Hence, the constant equals 1 in that case, giving   E  [  K 2 2  ]  ∼ ϕ  ( h )   f 1   (  x k  )   . More generally, the constant is    ∫ 0 1  2  K 2   ( u )   |  K 2 ′   ( u )  |  d u  , which is positive and finite.



Taking the product over   k = 1   to m, we obtain


  E    ∏  k = 1  m    K  2  2       d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )   h     ∼  ϕ m   ( h )    ∏  k = 1  m    f 1   (  x k  )     ∫ 0 1  2  K 2   ( u )   |  K 2 ′   ( u )  |  d u  m  .  











Since    ∏  k = 1  m   f 1   (  x k  )  =  f 1   ( x )    and the constant factor can be absorbed into the definition of    ϕ m   ( h )    (or we can simply note that it is a constant), we have the desired asymptotic equivalence   ∼  ϕ m   ( h )   . This completes the proof of (iii). □





Remark 22.

In the statement of the lemma, we have used the notation ∼ to indicate that the ratio tends to a positive constant. For the triangular kernel, the constant is exactly 1 after proper normalization. For general kernels satisfying Assumption 2 (ii), the constant is     ∫ 0 1  2  K 2   ( u )   |  K 2 ′   ( u )  |  d u  m  , which is positive and finite. This constant does not affect the asymptotic rates and can be absorbed into the generic constant C in the inequality   ≲  ϕ m   ( h )   .





Remark 23.

The integration by parts argument requires that   G ( t )   be differentiable almost everywhere, which holds because the distribution of    d  θ k    (  x k  ,  X   i k  , n   (  i k  / n )   )    is absolutely continuous with respect to Lebesgue measure on   [ 0 , h ]   under Assumption 1 (ii) and the fact that ϕ is absolutely continuous. This is a standard assumption in functional data analysis; see for instance [67] for a detailed discussion.





This completes the proof of Lemma 1. □



In the ensuing discussion, we will present a lemma that can be regarded as a technical result in the proof of our proposition.



Lemma 2.

Consider    F m   K Θ m    as a uniformly bounded class of measurable canonical functions, where   m ≥ 2  . Suppose there exist finite constants  a  and  b  such that the    F m   K Θ m    covering number satisfies:


    N ( ϵ ,   F m   K Θ m    , ∥ · ∥    L 2   ( Q )     ) ≤ a   ϵ  − b   ,   



(80)




for every   ϵ > 0   and every probability measure Q. If the mixing coefficients β of the local stationary sequence    {  Z i  =  (  X  i , n   ,  W  i , n   )  }   i ∈  N ★     satisfy


   β  ( k )   k r  → 0 ,   as   k → ∞ ,   



(81)




for some   r > 1  , then


    sup   F m   K Θ m     sup  θ ∈  Θ m     sup  x ∈  H m     sup  u ∈  B m    P   h  m / 2    ϕ  m / 2    ( h )   n  − m + 1 / 2    ∑  i ∈  I n m     ξ  i 1   ⋯  ξ  i m   H  (  Z  i 1   , … ,  Z  i m   )   → 0 .   



(82)










10.1.2. Proof of Lemma 2


The proof of this lemma relies on the blocking method, specifically drawing upon techniques introduced by [164]. The central idea involves partitioning the strictly stationary sequence   (  Z 1  , … ,  Z n  )   into   2 n   blocks, each of length   a n  , along with a residual block of length   n − 2  ν n   a n   . This approach, known as Bernstein’s method and discussed in [165], facilitates the application of symmetrization and various techniques designed for i.i.d. random variables. To establish the independence between the blocks, the smaller blocks are placed between two consecutive larger blocks, and their contribution should be asymptotically negligible.



The MAR assumption enters through the identity   E  [  δ  i k   ∣  X   i k  , n   ]  = p  (  X   i k  , n   )   , which is bounded and Lipschitz with   0 <  p min  ≤ p  ( · )  ≤  p max  < ∞  . The missingness indicators   δ  i k    appear explicitly in the kernel definition, and the degeneracy property of the Hoeffding decomposition is preserved under MAR because the conditional expectation of   δ  i k    given   X   i k  , n    is deterministic.



Step 1: Blocking construction with MAR adjustment.



Let   {  a n  }   and   {  b n  }   be sequences of positive integers to be chosen later, satisfying


   a n  → ∞ ,   b n  → ∞ ,     b n   a n    → 0 ,     a n  n   → 0 ,    n  a n    β  (  b n  )  → 0 ,  








where   β ( · )   is the mixing coefficient. Define    ν n  =  ⌊ n /  (  a n  +  b n  )  ⌋   . Partition the index set   { 1 , … , n }   into   2  ν n    blocks of size   a n   and   b n   alternately, plus a remainder. For   j = 1 , … ,  ν n   , define


     H j     = {  ( j − 1 )   (  a n  +  b n  )  + 1 , … ,  ( j − 1 )   (  a n  +  b n  )  +  a n  } ,       T j     = {  ( j − 1 )   (  a n  +  b n  )  +  a n  + 1 , … , j  (  a n  +  b n  )  } .     








Let   R = { 2  ν n   (  a n  +  b n  )  + 1 , … , n }   be the remainder. Note that    | R |  ≤  a n  +  b n   .



Introduce the sequence of independent blocks    {  η i  }   i ∈  N *     such that


  L  (  η 1  , … ,  η n  )  = L  (  Z 1  , … ,  Z  a n   )  × L  (  Z   a n  + 1   , … ,  Z  2  a n    )  × ⋯ ,  








where    Z i  =  (  X  i , n   ,  δ i  ,  δ i   Y  i , n   )    incorporates the missingness indicators. An application of the result of [166] implies that for any measurable set A:


      P {    η 1  , … ,  η  a n   ,  η  2  a n  + 1   , … ,  η  3  a n    , … ,  η  2   ν n  − 1   a n  + 1   , … ,  η  2  ν n   a n     ∈ A                            − P    Z 1  , … ,  Z  a n   ,  Z  2  a n  + 1   , … ,  Z  3  a n    , … ,  Z  2   ν n  − 1   a n  + 1   , … ,  Z  2  ν n   a n     ∈ A              ⩽       2   ν n  − 1  β  (  a n  )  .     



(83)




Since we are working with a locally stationary sequence   (  X 1  , … ,  X n  )  , the sequence of independent blocks used subsequently is denoted by    {  η i  }   i ∈  N *    .



Step 2: MAR-adjusted kernel and decomposition with missingness indicators.



Define the MAR-weighted kernel (for general m):


   H i  ( δ )    (  Z  i 1   , … ,  Z  i m   )  =   ∏  k = 1  m      δ  i k    ϕ ( h )     K 2        d  θ k    (  x k  ,  X   i k  , n   )   h     W  i , φ , n   .  











For the case   m = 2   (which we treat first to illustrate the method), we have


   H   i 1  ,  i 2    ( δ )    (  Z  i 1   ,  Z  i 2   )  =     δ  i 1    δ  i 2      ϕ 2   ( h )      K 2        d  θ 1    (  x 1  ,  X   i 1  , n   )   h     K 2        d  θ 2    (  x 2  ,  X   i 2  , n   )   h     W   i 1  ,  i 2  , φ , n   .  











We decompose the process based on the distribution of these blocks, explicitly including the missingness indicators   δ  i k    in every term:


       ∑   i 1  ≠  i 2   n        1   h 2   ϕ 2   ( h )      ∏  k = 1  2     δ  i k    K 1      u k  −  i k  / n  h    K 2      d  θ k    (  x k  ,  X   i k  , n   )   h     W   i 1  ,  i 2  , φ , n        =      ∑  p ≠ q   ν n     ∑   i 1  ∈  H p     ∑   i 2  ∈  H q        δ  i 1    δ  i 2    W   i 1  ,  i 2  , φ , n      h 2   ϕ 2   ( h )       ∏  k = 1  2     K 1       u k  −  i k  / n  h     K 2       d  θ k    (  x k  ,  X   i k  , n   )   h            +   ∑  p = 1   ν n     ∑   i 1  ≠  i 2  ;  i 1  ,  i 2  ∈  H p        δ  i 1    δ  i 2    W   i 1  ,  i 2  , φ , n      h 2   ϕ 2   ( h )       ∏  k = 1  2     K 1       u k  −  i k  / n  h     K 2       d  θ k    (  x k  ,  X   i k  , n   )   h            + 2   ∑  p = 1   ν n     ∑   i 1  ∈  H p      ∑  q : | q − p | ⩾ 2   ν n     ∑   i 2  ∈  T q        δ  i 1    δ  i 2    W   i 1  ,  i 2  , φ , n      h 2   ϕ 2   ( h )       ∏  k = 1  2     K 1       u k  −  i k  / n  h     K 2       d  θ k    (  x k  ,  X   i k  , n   )   h            + 2   ∑  p = 1   ν n     ∑   i 1  ∈  H p      ∑  q : | q − p | ⩽ 1   ν n     ∑   i 2  ∈  T q        δ  i 1    δ  i 2    W   i 1  ,  i 2  , φ , n      h 2   ϕ 2   ( h )       ∏  k = 1  2     K 1       u k  −  i k  / n  h     K 2       d  θ k    (  x k  ,  X   i k  , n   )   h            +   ∑  p ≠ q   ν n     ∑   i 1  ∈  T p     ∑   i 2  ∈  T q        δ  i 1    δ  i 2    W   i 1  ,  i 2  , φ , n      h 2   ϕ 2   ( h )       ∏  k = 1  2     K 1       u k  −  i k  / n  h     K 2       d  θ k    (  x k  ,  X   i k  , n   )   h            +   ∑  p = 1   ν n     ∑   i 1  ≠  i 2     ∑   i 1  ,  i 2  ∈  T p        δ  i 1    δ  i 2    W   i 1  ,  i 2  , φ , n      h 2   ϕ 2   ( h )       ∏  k = 1  2     K 1       u k  −  i k  / n  h     K 2       d  θ k    (  x k  ,  X   i k  , n   )   h           : =     I + II + III + IV + V + VI .     



(84)







The normalized quantity of interest is


    U ˜  n  : =  h  m / 2    ϕ  m / 2    ( h )   n  − m + 1 / 2    ∑   i 1  ≠  i 2     ξ  i 1    ξ  i 2    H   i 1  ,  i 2    ( δ )    (  Z  i 1   ,  Z  i 2   )  .  








Step 3: Analysis of Term I (same type of block but not the same block).



Assume that the sequence of independent blocks    {  η i  }   i ∈  N *     is of size   a n  . An application of (83) shows that


      P   sup   F m   K Θ m     sup  x ∈  H m     sup  u ∈  B m      n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p ≠ q   ν n     ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     ξ  i 1    ξ  i 2                    δ  i 1    δ  i 2     ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X   i k  , n   )   h     W   i 1  ,  i 2  , φ , n    > δ              ≤       P (  sup   F m   K Θ m     sup  x ∈  H m     sup  u ∈  B m      n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p ≠ q   ν n     ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2                ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X   i k  , n   )   h    −   ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X  i , n   ( i / n )   )   h      W   i 1  ,  i 2  , φ , n    > δ )                   + P (  sup   F m   K Θ m     sup  x ∈  H m     sup  u ∈  B m      n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p ≠ q   ν n     ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2                 ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X  i , n   ( i / n )   )   h      W   i 1  ,  i 2  , φ , n   −  W   i 1  ,  i 2  , φ , n   ( u )     > δ )                   + P (  sup   F m   K Θ m     sup  x ∈  H m     sup  u ∈  B m      n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p ≠ q   ν n     ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2                  ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X  i , n   ( i / n )   )   h     W   i 1  ,  i 2  , φ , n   ( u )    > δ )             ≤       P   sup   F m   K Θ m     sup  x ∈  H m     sup  u ∈  B m      n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p ≠ q   ν n     ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  η  i 1   )   h                  K 2       d  θ 2    (   x 2  ,  η  i 2    h     W  i , φ , n   ( u )    > δ  + 2  ν n  β  (  b n  )  +  o P   ( 1 )  +  o P   ( 1 )  .     











Now we bound the expectation of the local stationarity error term, including the missingness indicators. By the fact that   E  [  δ  i 1    δ  i 2   ∣  X   i 1  , n   ,  X   i 2  , n   ]  = p  (  X   i 1  , n   )  p  (  X   i 2  , n   )  ≤  p  max  2   , we have:


      E   n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p ≠ q   ν n     ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2                ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X   i k  , n   )   h    −   ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X  i , n   ( i / n )   )   h      W   i 1  ,  i 2  , φ , n           =        n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p ≠ q   ν n     ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     ξ  i 1    ξ  i 2           E   δ  i 1    δ  i 2      ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X   i k  , n   )   h    −   ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X  i , n   ( i / n )   )   h      W   i 1  ,  i 2  , φ , n            ≤        n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p ≠ q   ν n     ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     ξ  i 1    ξ  i 2    p  max  2         E     ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X   i k  , n   )   h    −   ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X  i , n   ( i / n )   )   h     σ    i n   ,  X  i , n     ε i          =        n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p ≠ q   ν n     ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     ξ  i 1    ξ  i 2    p  max  2  E  (  ε i  )  E     ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X   i k  , n   )   h              −   ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X  i , n   ( i / n )   )   h      σ    i n   ,  X  i , n    − σ  u ,  X  i , n    + σ  u ,  X  i , n            ≲        n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p ≠ q   ν n     ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     ξ  i 1    ξ  i 2    p  max  2  E  (  ε i  )   ( σ  u , x  +  o P   ( 1 )  )         E     ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X   i k  , n   )   h    −   ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X  i , n   ( i / n )   )   h             ≲        n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p ≠ q   ν n     ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     ξ  i 1    ξ  i 2    p  max  2  E  (  ε i  )   ( σ  u , x  +  o P   ( 1 )  )      2 ϕ ( h )   n h            ∼        o P   ( 1 )  ,     



(85)




where we used Lemma 1 Equation (77) with   m = 2   giving    E | ∏   K 2  − ∏  K 2 stat   | ≲ 2 ϕ  ( h )  /  ( n h )    .



Similarly, the MAR-innovation replacement error, including the missingness indicators, is bounded by:


      E   n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p ≠ q   ν n     ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2                   ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X  i , n   ( i / n )   )   h      W   i 1  ,  i 2  , φ , n   −  W   i 1  ,  i 2  , φ , n   ( u )            =        n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p ≠ q   ν n     ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     ξ  i 1    ξ  i 2             E   δ  i 1    δ  i 2     ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X  i , n   ( i / n )   )   h     σ    i n   ,  X  i , n     ε i  − σ  u , x   ε i           ≤        n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p ≠ q   ν n     ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     ξ  i 1    ξ  i 2    p  max  2  E  (  ε i  )            E    ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X  i , n   ( i / n )   )   h     σ    i n   ,  X  i , n    − σ  u , x           ≲        n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p ≠ q   ν n     ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     ξ  i 1    ξ  i 2    p  max  2  E  (  ε i  )   (  o P   ( 1 )  )   ∫  0  h    ∏  k = 1  2    K 2      y k  h    d  F   i k  / n    (  y k  ,  x k  )         ≲        n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p ≠ q   ν n     ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     ξ  i 1    ξ  i 2    p  max  2  E  (  ε i  )   (  o P   ( 1 )  )   (  ϕ 2   ( h )  )  ∼  o P   ( 1 )  .     



(86)







We keep the choice of   b n   and   ν n   such that


   ν n   b n r  ⩽ 1 ,  



(87)




which implies that   2  ν n  β  (  b n  )  → 0   as   n → ∞  , so the term to consider is the second summand.



For the second part of the inequality, we turn to the work of [13] in the non-fixed kernel setting. Specifically, we define    f   i 1  ,  i 2    =  ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    H   i 1  ,  i 2    ( δ )    , and   F   i 1  ,  i 2     represents a collection of kernels and the corresponding class of functions associated with this kernel. Subsequently, we will apply [16] (Theorem 3.1.1 and Remarks 3.5.4 part 2) for decoupling and randomization. Given our assumption that   m = 2  , we can observe that:


      E    n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p ≠ q   ν n     ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2     ∏  k = 1  2    K 2      d  θ k    (  x k  ,  η  i k   )   h    W   i 1  ,  i 2  , φ , n   ( u )      F 2    K  2            =       E    n  − 3 / 2   h ϕ  ( h )    ∑  p ≠ q   ν n     ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     f   i 1  ,  i 2     ( u , η )    F   i 1  ,  i 2            ≤        c 2  E    n  − 3 / 2   h ϕ  ( h )    ∑  p ≠ q   ν n     ϵ p   ϵ q   ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     f   i 1  ,  i 2     ( u , η )    F   i 1  ,  i 2            ⩽        c 2  E  ∫ 0  D  n h   (  U 1  )     N  t ,  F   i 1  ,  i 2    ,   d ˜   n h , 2   ( 1 )     d t ,     ( by    Lemma   8   and   Proposition   4 )     



(88)




where   D  n h   (  U 1  )    is the diameter of   F   i 1  ,  i 2     according to the distance    d ˜   n h , 2   ( 1 )   , respectively defined as:


       D  n h   (  U 1  )   : =    E ϵ    n  − 3 / 2   h ϕ  ( h )    ∑  p ≠ q   ν n     ϵ p   ϵ q   ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     f   i 1  ,  i 2     ( u , η )     F   i 1  ,  i 2             =          E ϵ    n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p ≠ q   ν n     ϵ p   ϵ q   ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2     ∏  k = 1  2    K 2       d  θ k    (  x k  ,  η  i k   )   h     W   i 1  ,  i 2  , φ , n   ( u )       F 2   K 2    ,     








and:


        d ˜   n h , 2   ( 1 )     ξ  1 .    K  2 , 1    W  ′ ( u )    ,   ξ  2 .    K  2 , 2    W  ′ ′ ( u )             : =         E ϵ    n  − 3 / 2   h   ϕ  − 1    (  h n  )     ∑  p ≠ q   ν n     ϵ p   ϵ q   ∑   i 1  ∈  H p     ∑   i 2  ∈  H q      ξ  1  i 1     ξ  1  i 2     δ  i 1    δ  i 2     ∏  k = 1  2    K  1 , 2        d  θ k    (  x k  ,  η  i k   )   h     W   i 1  ,  i 2  , φ , n   ′ ( u )                        −      ∑  p ≠ q   ν n     ϵ p   ϵ q   ∑  i ∈  H p     ∑  j ∈  H q        ξ  2  i 1     ξ  2  i 2     δ  i 1    δ  i 2     ∏  k = 1  2    K  2 , 2        d  θ k    (  x k  ,  η  i k   )   h     W   i 1  ,  i 2  , φ , n   ′ ′ ( u )     .     











Consider another semi-norm    d ˜   n h , 2   ( 2 )   :


        d ˜   n h , 2   ( 2 )     ξ  1 .    K  2 , 1    W  ′ ( u )    ,   ξ  2 .    K  2 , 2    W  ′ ′ ( u )               =         1  n  h 2   ϕ 2   ( h )        ∑  i ≠ j   ν n      ξ  1  i 1     ξ  1  i 2     δ  i 1    δ  i 2     ∏  k = 1  2    K  1 , 2        d  θ k    (  x k  ,  η  i k   )   h     W   i 1  ,  i 2  , φ , n   ′ ( u )                           −       ∑  p ≠ q   ν n     ϵ p   ϵ q   ∑  i ∈  H p     ∑  j ∈  H q         ξ  2  i 1     ξ  2  i 2     δ  i 1    δ  i 2     ∏  k = 1  2    K  2 , 2        d  θ k    (  x k  ,  η  i k   )   h     W   i 1  ,  i 2  , φ , n   ′ ′ ( u )    2    1 / 2   .     











One can see that


    d ˜   n h , 2   ( 1 )     ξ  1 .    K  2 , 1    W  ′ ( u )    ,   ξ  2 .    K  2 , 2    W  ″ ( u )    ⩽  a n   n  − 1 / 2   h ϕ  ( h )    d ˜   n h , 2   ( 2 )     ξ  1 .    K  2 , 1    W  ′ ( u )    ,   ξ  2 .    K  2 , 2    W  ″ ( u )    .  











We readily infer that


      E    n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p ≠ q   ν n     ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2     ∏  k = 1  2    K 2      d  θ k    (  x k  ,  η  i k   )   h    W   i 1  ,  i 2  , φ , n   ( u )      F 2    K  2               ⩽      c 2  E  ∫ 0  D  n h   (  U 1  )     N  t  a n  − 1    n  1 / 2   ,  F  i , j   ,   d ˜   n h , 2   ( 2 )     d t           ⩽      c 2   a n   n  − 1 / 2   P   D  n h   (  U 1  )    a n  − 1    n  1 / 2   ⩾  λ n   +  c m   a n   n  − 1 / 2    ∫ 0  λ n    log  t  − 1   d t  ,     



(89)




where    λ n  → 0  . We have


       ∫ 0  λ n    log  t  − 1   d t       λ n  log  λ n  − 1       → 0 ,  








where   a n   and   λ n   must be chosen in such a way that the following relation will be achieved


   a n   λ n   n  − 1 / 2   log  λ n  − 1   → 0 .  



(90)







Utilizing the triangle inequality along with Hoeffding’s trick, we readily obtain that


       a n   n  − 1 / 2   P   D  n h   (  U 1  )   ⩾  λ n   a n   n  − 1 / 2               ⩽      λ n  − 2    a n  − 1    n  − 5 / 2   h  ϕ  − 1    ( h )  E    ∑  p ≠ q   ν n      ∑   i 1  ∈  H p     ∑   i 2  ∈  H q     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  η  i 1   )   h                       K 2       d  θ 2    (  x 2  ,  η  i 2  ′  )   h     W   i 1  ,  i 2  , φ , n   ( u )    2     F 2    K  2              ⩽      c 2   ν n   λ n  − 2    a n  − 1    n  − 5 / 2   h  ϕ  − 1    ( h )  E    ∑  p = 1   ν n      ∑   i 1  ,  i 2  ∈  H p     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  η  i 1   )   h                       K 2       d  θ 2    (  x 2  ,  η  i 2  ′  )   h     W   i 1  ,  i 2  , φ , n   ( u )    2     F 2    K  2    ,     



(91)




where    {  η i ′  }   i ∈  N *     are independent copies of    (  η i  )   i ∈  N *    . By imposing


   λ n  − 2    a n  1 − r    n  − 1 / 2   → 0 ,  



(92)




we readily infer that


        ν n   λ n  − 2    a n  − 1    n  − 5 / 2   h  ϕ  − 1    ( h )  E   ∑  p = 1   ν n       ∑   i 1  ,  i 2  ∈  H p     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2     ∏  k = 1  2    K 2      d  θ k    (  x k  ,  η  i k   )   h    W   i 1  ,  i 2  , φ , n   ( u )    2     F 2    K  2                   ⩽ O   λ n  − 2    a n  1 − r    n  − 1 / 2    .     











Symmetrizing the last inequality in (91) and subsequently applying Proposition 4 from the Section 11


          ν n   λ n  − 2    a n  − 1    n  − 5 / 2   h  ϕ  − 1    ( h )  E    ∑  p = 1   ν n      ∑   i 1  ,  i 2  ∈  H p     ϵ p   ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  η  i 1   )   h                        K 2       d  θ 2    (  x 2  ,  η  i 2  ′  )   h     W   i 1  ,  i 2  , φ , n   ( u )    2     F 2    K  2            ⩽  c 2  E   ∫ 0  D  n h   (  U 2  )      log  N ( u ,  F  i , j   ,   d ˜   n h , 2  ′  )    1 / 2    ,     



(93)




where


     D  n h   (  U 2  )     =     E ϵ    ν n   λ n  − 2    a n  − 1    n  − 5 / 2    ϕ  − 1    ( h )                ∑  p = 1   ν n     ϵ p     ∑   i 1  ,  i 2  ∈  H p     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  η  i 1   )   h     K 2       d  θ 2    (  x 2  ,  η  i 2  ′  )   h     W   i 1  ,  i 2  , φ , n   ( u )    2      F 2    K  2    .     








and for    ξ  1 .    K  2 , 1    W ′  ,  ξ  2 .    K  2 , 2    W  ′ ′   ∈  F  i j    :


        d ˜   n h , 2  ′    ξ  1 .    K  2 , 1    W  ′ ( u )    ,   ξ  2 .    K  2 , 2    W  ′ ′ ( u )                : =       E ϵ    ν n   λ n  − 2    a n  − 1    n  − 5 / 2    ϕ  − 1    (  h n  )    ∑  p = 1   ν n     ϵ p     ∑   i 1  ,  i 2  ∈  H p     ξ  1  i 1     ξ  1  i 2     δ  i 1    δ  i 2    K  2 , 1        d  θ 1    (  x 1  ,  η  i 1   )   h     K  2 , 1        d  θ 2    (  x 2  ,  η  i 2  ′  )   h                      W   i 1  ,  i 2  , φ , n   ′ ( u )    ) 2  −      ∑   i 1  ,  i 2  ∈  H p     ξ  2 i    ξ  2 j    δ  i 1    δ  i 2    K  2 , 2        d  θ 1    (  x 1  ,  η  i 1   )   h     K  2 , 2        d  θ 2    (  x 2  ,  η  i 2  ′  )   h     W   i 1  ,  i 2  , φ , n   ′ ′ ( u )    2    .     











By the fact that:


       E ϵ    ν n   λ n  − 2    a n  − 1    n  − 5 / 2    ϕ  − 1    (  h n  )    ∑  p = 1   ν n     ϵ p     ∑   i 1  ,  i 2  ∈  H p     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2      d  θ 1    (  x 1  ,  η  i 1   )   h    K 2      d  θ 2    (  x 2  ,  η  i 2  ′  )   h    W   i 1  ,  i 2  , φ , n   ( u )    2                  ⩽      a n  3 / 2    λ n  − 2    n  − 1      ν n  − 1    a n  − 2    ϕ  − 2    (  h n  )    ∑  p = 1   ν n     ∑   i 1  ,  i 2  ∈  H p       ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ i    (  x i  ,  η  i 1   )   h     K 2       d  θ 2    (  x 2  ,  η j ′  )   h     W   i 1  ,  i 2  , φ , n   ( u )    4    1 / 2   ,     








so:


   a n  3 / 2    λ n  − 2    n  − 1   → 0 ,  



(94)




we have the convergence of (93) to zero. For the choice of    a n  ,    b n   and   ν n  , it should be noted that all the values satisfying (87), (90), (92) and (94) are suitable.



Step 4: Analysis of Term II (same block).



For Term II, we have:


      P   sup   F m   K Θ m     sup  x ∈  H m     sup  u ∈  B m      n  − 3 / 2   h ϕ  ( h )    ∑  p = 1   ν n     ∑   i 1  ≠  i 2  ;  i 1  ,  i 2  ∈  H p       δ  i 1    δ  i 2      ϕ 2   ( h )     ξ  i 1    ξ  i 2                    K 2       d  θ 1    (  x 1  ,  X   i 1  , n   )   h     K 2       d  θ 2    (  x 2  ,  X   i 2  , n   )   h     W   i 1  ,  i 2  , φ , n    > δ            ≤     P   sup   F m   K Θ m     sup  x ∈  H m     sup  u ∈  B m      n  − 3 / 2   h ϕ  ( h )    ∑  p = 1   ν n     ∑   i 1  ≠  i 2  ;  i 1  ,  i 2  ∈  H p        δ  i 1    δ  i 2      ϕ 2   ( h )      ξ  i 1    ξ  i 2                    ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X   i k  , n   )   h    −   ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X  i , n   ( i / n )   )   h      W   i 1  ,  i 2  , φ , n    > δ            +     P (  sup   F m   K Θ m     sup  x ∈  H m     sup  u ∈  B m      n  − 3 / 2   h ϕ  ( h )    ∑  p = 1   ν n     ∑   i 1  ≠  i 2  ;  i 1  ,  i 2  ∈  H p        δ  i 1    δ  i 2      ϕ 2   ( h )      ξ  i 1    ξ  i 2                   ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X  i , n   ( i / n )   )   h      W   i 1  ,  i 2  , φ , n   −  W   i 1  ,  i 2  , φ , n   ( u )     > δ )           +     P (  sup   F m   K Θ m     sup  x ∈  H m     sup  u ∈  B m      n  − 3 / 2   h ϕ  ( h )    ∑  p = 1   ν n     ∑   i 1  ≠  i 2  ;  i 1  ,  i 2  ∈  H p        δ  i 1    δ  i 2      ϕ 2   ( h )      ξ  i 1    ξ  i 2                   ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X  i , n   ( i / n )   )   h     W   i 1  ,  i 2  , φ , n   ( u )    > δ )           ⩽     P   sup   F m   K Θ m     sup  x ∈  H m     sup  u ∈  B m      n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p = 1   ν n     ∑   i 1  ≠  i 2  ;  i 1  ,  i 2  ∈  H p     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ i    (  x i  ,  η  i 1   )   h                    K 2       d  θ 2    (   x 2  ,  η  i 2    h     W   i 1  ,  i 2  , φ , n   ( u )    > δ  + 2  ν n  β  (  b n  )  .     



(95)







Similar to Term I, we can show that both the first and second terms in the previous inequality are of order    o P   ( 1 )   . Therefore, as in the preceding proof, it is enough to establish


       E    n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p = 1   ν n     ∑   i 1  ≠  i 2  ;  i 1  ,  i 2  ∈  H p     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  η  i 1   )   h                     K 2       d  θ 2    (   x 2  ,  η  i 2    h     W   i 1  ,  i 2  , φ , n   ( u )      F 2    K  2     → 0 .     











Notice that when we consider a uniformly bounded class of functions, we obtain uniformity in    B m  ×  F 2    K  2   :


  E   ∑   i 1  ≠  i 2  ;  i 1  ,  i 2  ∈  H p     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  η  i 1   )   h     K 2       d  θ 2    (   x 2  ,  η  i 2    h     W   i 1  ,  i 2  , φ , n    = O  (  a n   p  max  2  )  .  











This implies that we have to prove that, for   u ∈  B m   :


      E    n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p = 1   ν n     ∑   i 1  ≠  i 2  ;  i 1  ,  i 2  ∈  H p      ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2      d  θ i    (  x i  ,  η  i 1   )   h    K 2      d  θ 2    (  x 2  ,  η  i 2   )   h    W   i 1  ,  i 2  , φ , n   ( u )              −     E   ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  η  i 1   )   h     K 2       d  θ 2    (   x 2  ,  η  i 2    h     W   i 1  ,  i 2  , φ , n        F 2    K  2     → 0 .     



(96)







As for empirical processes, to prove (96), it suffices to symmetrize and show that


      E    n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p = 1   ν n     ∑   i 1  ≠  i 2  ;  i 1  ,  i 2  ∈  H p     ϵ p   ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2      d  θ 1    (  x 1  ,  η  i 1   )   h                    K 2       d  θ 2    (  x 2  ,  η  i 2   )   h     W   i 1  ,  i 2  , φ , n   ( u )      F 2    K  2     → 0 .     











In a similar way as in (88), we infer that:


      E    n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p = 1   ν n     ∑   i 1  ≠  i 2  ;  i 1  ,  i 2  ∈  H p     ϵ p   ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2      d  θ 1    (  x 1  ,  η  i 1   )   h                                K 2       d  θ 2    (  x 2  ,  η  i 2   )   h     W   i 1  ,  i 2  , φ , n   ( u )      F 2    K  2     ⩽ E   ∫ 0  D  n h   (  U 3  )       log N  u ,  F   i 1  ,  i 2    ,   d ˜   n h , 2   ( 3 )      1 / 2   d u   ,     








where


     D  n h   (  U 3  )     =     E ϵ    n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p = 1   ν n     ϵ p   ∑   i 1  ≠  i 2  ;  i 1  ,  i 2  ∈  H p     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  η  i 1   )   h                 K 2       d  θ 2    (  x 2  ,  η  i 2   )   h     W   i 1  ,  i 2  , φ , n   ( u )       F 2    K  2    ,     



(97)




and the semi-metric    d ˜   n h , 2   ( 3 )    is defined by:


        d ˜   n h , 2   ( 3 )     ξ  1 .    K  2 , 1    W  ′ ( u )    ,   ξ  2 .    K  2 , 2    W  ′ ′ ( u )               =      E ϵ    n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p = 1   ν n     ϵ p   ∑   i 1  ≠  i 2  ;  i 1  ,  i 2  ∈  H p      ξ  1 i    ξ  1 j    δ  i 1    δ  i 2    K  2 , 1        d  θ 1    (  x 1  ,  η  i 1   )   h     K  2 , 1        d  θ 2    (  x 2  ,  η  i 2   )   h                 W   i 1  ,  i 2  , φ , n   ′ ( u )   −    ξ  2 i    ξ  2 j    δ  i 1    δ  i 2    K  2 , 2        d  θ 1    (  x 1  ,  η  i 1   )   h     K  2 , 2        d  θ 2    (  x 2  ,  η  i 2   )   h     W   i 1  ,  i 2  , φ , n   ′ ′ ( u )     .     








Since we are trading uniformly bounded classes of functions, we infer that


        E ϵ    n  − 3 / 2   h  ϕ  − 1    (  h n  )    ∑  p = 1   ν n     ϵ p   ∑   i 1  ≠  i 2  ;  i 1  ,  i 2  ∈  H p     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  η  i 1   )   h     K 2       d  θ 2    (  x 2  ,  η  i 2   )   h     W   i 1  ,  i 2  , φ , n   ( u )            ⩽  a n  3 / 2     ( n )   − 1   h  ϕ  − 1    (  h n  )     1   ν n   a n 2       ∑  p = 1   ν n     ∑   i 1  ≠  i 2  ;  i 1  ,  i 2  ∈  H p      ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  η  i 1   )   h                   K 2       d  θ 2    (  x 2  ,  η  i 2   )   h     W   i 1  ,  i 2  , φ , n   ( u )    2    1 / 2   ⩽ O   a n  3 / 2     ( n )   − 1    ϕ  − 1    (  h n  )   p  max  2   .     








Since    a n  3 / 2     ( n )   − 1    ϕ  − 1    ( h )  → 0  ,    D  n h   (  U 3  )   → 0  , we obtain   II → 0   as   n → ∞  .



Step 5: Analysis of Term III (different types of blocks, distant).



For Term III, we have the decomposition with the missingness indicators included:


      P   sup   F m   K Θ m     sup  θ ∈  Θ m     sup  x ∈  H m     sup  u ∈  B m       ∑  p = 1   ν n     ∑   i 1  ∈  H p      ∑  q : | q − p | ⩾ 2   ν n     ∑   i 2  ∈  T q       δ  i 1    δ  i 2      ϕ 2   ( h )     ξ  i 1    ξ  i 2    K 2      d  θ 1    (  x 1  ,  X  i 1   )   h                    K 2       d  θ 2    (  x 2  ,  X  i 2   )   h     W   i 1  ,  i 2  , φ , n    > δ                ≤     P   sup   F m   K Θ m     sup  x ∈  H m     sup  u ∈  B m      n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p = 1   ν n     ∑   i 1  ∈  H p      ∑  q : | q − p | ⩾ 2   ν n     ∑   i 2  ∈  T q        δ  i 1    δ  i 2      ϕ 2   ( h )      ξ  i 1    ξ  i 2                    ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X   i k  , n   )   h    −   ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X  i , n   ( i / n )   )   h      W   i 1  ,  i 2  , φ , n    > δ                    + P (  sup   F m   K Θ m     sup  x ∈  H m     sup  u ∈  B m      n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p = 1   ν n     ∑   i 1  ∈  H p      ∑  q : | q − p | ⩾ 2   ν n     ∑   i 2  ∈  T q        δ  i 1    δ  i 2      ϕ 2   ( h )      ξ  i 1    ξ  i 2                  ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X  i , n   ( i / n )   )   h      W   i 1  ,  i 2  , φ , n   −  W   i 1  ,  i 2  , φ , n   ( u )     > δ )                   + P (  sup   F m   K Θ m     sup  x ∈  H m     sup  u ∈  B m      n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p = 1   ν n     ∑   i 1  ∈  H p      ∑  q : | q − p | ⩾ 2   ν n     ∑   i 2  ∈  T q        δ  i 1    δ  i 2      ϕ 2   ( h )      ξ  i 1    ξ  i 2                   ∏  k = 1  2    K 2       d  θ k    (  x k  ,  X  i   ( i / n )   )   h     W   i 1  ,  i 2  , φ , n   ( u )    > δ ) .     








As mentioned earlier, we have addressed the first and second summands in the previous inequality. What remains is the last summation, where the application of (83) reveals that


        ∑  p = 1   ν n    E    n  − 3 / 2   h  ϕ  − 1    ( h )   ∑   i 1  ∈  H p      ∑  q : | q − p | ⩾ 2   ν n     ∑   i 2  ∈  T q     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2     ∏  k = 1  2    K 2      d  θ k    (  x k  ,  X  i   ( i / n )   )   h    W   i 1  ,  i 2  , φ , n   ( u )      F 2    K  2               ⩽       ∑  p = 1   ν n    E   n  − 3 / 2   h  ϕ  − 1    ( h )   ∑   i 1  ∈  H p      ∑  q : | q − p | ⩾ 2   ν n     ∑   i 2  ∈  T q     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2                                   K 2       d  θ 1    (  x 1  ,  η  i 1   )   h     K 2       d  θ 2    (  x 2  ,  η  i 2   )   h     W   i 1  ,  i 2  , φ , n   ( u )      F 2    K  2    +  n  − 3 / 2   h  ϕ  − 1    (  h n  )   ν n 2   a n   b n  β  (  a n  )  ,     



(98)




we have


   n  − 3 / 2    ϕ  − 1    ( h )   ν n 2   a n   b n  β  (  a n  )  → 0 ,  








using Condition (81) and the choice of   a n  ,   b n   and   ν n  .



For   p = 1   and   p =  ν n   :


      E    n  − 3 / 2   h  ϕ  − 1    ( h )   ∑   i 1  ∈  H 1      ∑  q : | q − p | ⩾ 2   ν n     ∑   i 2  ∈  T q     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2      d  θ 1    (  x 1  ,  X  i 1   )   h    K 2      d  θ 2    (  x 2  ,  X  i 2   )   h    W   i 1  ,  i 2  , φ , n   ( u )      F 2    K  2                     = E    n  − 3 / 2   h  ϕ  − 1    ( h )   ∑   i 1  ∈  H 1      ∑  q = 3   ν n     ∑   i 2  ∈  T q     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  X  i 1   )   h     K 2       d  θ 2    (  x 2  ,  X  i 2   )   h     W   i 1  ,  i 2  , φ , n   ( u )      F 2    K  2    .     











For   2 ⩽ p ⩽  ν n  − 1  , we obtain


      E    n  − 3 / 2   h  ϕ  − 1    ( h )   ∑   i 1  ∈  H p      ∑  q : | q − p | ⩾ 2   ν n     ∑   i 2  ∈  T q     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2      d  θ 1    (  x 1  ,  X  i 1   )   h    K 2      d  θ 2    (  x 2  ,  X  i 2   )   h    W   i 1  ,  i 2  , φ , n   ( u )      F 2    K  2               =     E    n  − 3 / 2   h  ϕ  − 1    ( h )   ∑   i 1  ∈  H 1      ∑  q = 4   ν n     ∑   i 2  ∈  T q     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  X  i 1   )   h     K 2       d  θ 2    (  x 2  ,  X  i 2   )   h     W   i 1  ,  i 2  , φ , n   ( u )      F 2    K  2              ⩽     E    n  − 3 / 2   h  ϕ  − 1    (  h n  )   ∑   i 1  ∈  H 1      ∑  q = 3   ν n     ∑   i 2  ∈  T q     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  X  i 1   )   h     K 2       d  θ 2    (  x 2  ,  X  i 2   )   h     W   i 1  ,  i 2  , φ , n   ( u )      F 2    K  2    ,     








therefore it suffices to treat the convergence:


       E   ν n   n  − 3 / 2   h  ϕ  − 1    (  h n  )   ∑   i 1  ∈  H 1      ∑  q = 3   ν n     ∑   i 2  ∈  T q     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  η  i 1   )   h                      K 2       d  θ 2    (  x 2  ,  η  i 2   )   h     W   i 1  ,  i 2  , φ , n   ( u )      F 2    K  2    ⟶ 0 .     



(99)







Using similar arguments as in [164], we apply the standard symmetrization and:


      E   ν n   n  − 3 / 2   h  ϕ  − 1    (  h n  )   ∑   i 1  ∈  H 1      ∑  q = 3   ν n     ∑   i 2  ∈  T q     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2      d  θ 1    (  x 1  ,  η  i 1   )   h                     K 2       d  θ 2    (  x 2  ,  η  i 2   )   h     W   i 1  ,  i 2  , φ , n   ( u )      F 2    K  2              ⩽     2 E   ν n   n  − 3 / 2   h  ϕ  − 1    (  h n  )   ∑   i 1  ∈  H 1      ∑  q = 3   ν n     ∑   i 2  ∈  T q     ϵ q   ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  η  i 1   )   h                     K 2       d  θ 2    (  x 2  ,  η  i 2   )   h     W   i 1  ,  i 2  , φ , n   ( u )      F 2    K  2              =     2 E    ν n   n  − 3 / 2   h  ϕ  − 1    (  h n  )   ∑   i 1  ∈  H 1      ∑  q = 3   ν n     ∑   i 2  ∈  T q     ϵ q   ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  η  i 1   )   h                       K 2       d  θ 2    (  x 2  ,  η  i 2   )   h     W   i 1  ,  i 2  , φ , n   ( u )      F 2    K  2     1   D  n h   (  U 4  )   ⩽  γ n                             + 2 E    ν n   n  − 3 / 2   h  ϕ  − 1    (  h n  )   ∑   i 1  ∈  H 1      ∑  q = 3   ν n     ∑   i 2  ∈  T q     ϵ q   ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  η  i 1   )   h                       K 2       d  θ 2    (  x 2  ,  η  i 2   )   h     W   i 1  ,  i 2  , φ , n   ( u )      F 2    K  2     1   D  n h   (  U 4  )   >  γ n               =     2  III 1  + 2  III 2  ,     



(100)




where


     D  n h   (  U 4  )     =     ν n   n  − 3 / 2   h  ϕ  − 1    (  h n  )     ∑  q = 3   ν n      ∑   i 2  ∈  T q     ∑   i 1  ∈  H 1     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  η  i 1   )   h                           K 2       d  θ 2    (  x 2  ,  η  i 2   )   h     W   i 1  ,  i 2  , φ , n   ( u )    2    1 / 2      F 2    K  2    .     



(101)







In a similar way as in (88), we infer that


      III 1  ⩽  c 2   ∫ 0  γ n      log  N  t ,  F   i 1  ,  i 2    ,   d ˜   n h , 2   ( 4 )       1 / 2   d t  ,     



(102)




where


         d ˜   n h , 2   ( 4 )     ξ  1 .    K  2 , 1    W  ′ ( u )    ,   ξ  2 .    K  2 , 2    W  ″ ( u )                      : =  E ϵ    ν n   n  − 3 / 2   h  ϕ  − 1    (  h n  )   ∑   i 1  ∈  H 1      ∑  q = 3   ν n     ∑   i 2  ∈  T q     ϵ q    ξ  1  i 1     ξ  1  i 2     δ  i 1    δ  i 2    K  2 , 1        d  θ 1    (  x 1  ,  η  i 1   )   h                     ×  K  2 , 1        d  θ 2    (  x 2  ,  η  i 2   )   h     W   i 1  ,  i 2  , φ , n   ′ ( u )   −    ξ  2  i 1     ξ  2  i 2     δ  i 1    δ  i 2    K  2 , 2        d  θ 1    (  x 1  ,  η  i 1   )   h     K  2 , 2        d  θ 2    (  x 2  ,  η  i 2   )   h     W   i 1  ,  i 2  , φ , n   ″ ( u )     .     











Since we have


       E ϵ    ν n   n  − 3 / 2   h  ϕ  − 1    ( h )   ∑   i 1  ∈  H 1      ∑  q = 3   ν n     ∑   i 2  ∈  T q     ϵ q   ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2      d  θ 1    (  x 1  ,  η  i 1   )   h                       K 2       d  θ 2    (  x 2  ,  η  i 2   )   h     W   i 1  ,  i 2  , φ , n   ( u )              ⩽      a n  − 1 / 2    b n   h 2  ϕ  ( h )     1   a n   b n   ν n   h 2   ϕ 4   (  h n  )      ∑   i 1  ∈  H 1      ∑  q = 3   ν n     ∑   i 2  ∈  T q      ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  η  i 1   )   h                           K 2       d  θ 2    (  x 2  ,  η  i 2   )   h     W   i 1  ,  i 2  , φ , n   ( u )    2    1 / 2   ,     








and considering the semi-metric


        d ˜   n h , 2   ( 5 )     ξ  1 .    K  2 , 1    W  ′ ( u )    ,   ξ  2 .    K  2 , 2    W  ″ ( u )                : =         1   a n   b n   ν n   h 2   ϕ 4   ( h )      ∑   i 1  ∈  H 1      ∑  q = 3   ν n     ∑   i 2  ∈  T q      ξ  1  i 1     ξ  1  i 2     δ  i 1    δ  i 2    K  2 , 1        d  θ 1    (  x 1  ,  η  i 1   )   h     K  2 , 1        d  θ 2    (  x 2  ,  η  i 2   )   h              W   i 1  ,  i 2  , φ , n   ′ ( u )   −      ξ  2  i 1     ξ  2  i 2     δ  i 1    δ  i 2    K  2 , 2        d  θ 1    (  x 1  ,  η  i 1   )   h     K  2 , 2        d  θ 2    (  x 2  ,  η  i 2   )   h     W   i 1  ,  i 2  , φ , n   ″ ( u )    2      1   a n   b n   ν n   h 4      ∑   i 1  ∈  H 1      ∑  q = 3   ν n     ∑   i 2  ∈  T q      ξ  2  i 1     ξ  2  i 2     K  2 , 2        d  θ 1    (  x 1  ,  η  i 1   )   h     K  2 , 2        d  θ 2    (  x 2  ,  η  i 2   )   h     φ 2   (  ζ i  ,  ζ j  )       1 / 2   .     








We show that the expression in (102) is bounded as follows:


   ν n  1 / 2    b n   n  − 1 / 2    h 2  ϕ  ( h )   ∫ 0   ν n  − 1 / 2    b n  − 1    n  1 / 2    h 2   γ n      log  N  t ,  F   i 1  ,  i 2    ,   d ˜   n h , 2   ( 5 )       1 / 2   d t ,  








by choosing    γ n  =  n  − α     for some   α > ( 17 r − 26 ) / 60 r  , we get the convergence to zero of the previous quantity.



To bound the second term on the right-hand side of (100), we observe that


     III 2    =    E    ν n   n  − 3 / 2   h  ϕ  − 1    ( h )   ∑   i 1  ∈  H 1      ∑  q = 3   ν n     ∑   i 2  ∈  T q     ϵ q   ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  η  i 1   )   h                    K 2       d  θ 2    (  x 2  ,  η  i 2   )   h     W   i 1  ,  i 2  , φ , n   ( u )      F 2    K  2     1   D  n h   (  U 4  )   >  γ n           ⩽     a n  − 1    b n   n  1 / 2   h  ϕ  − 1    ( h )  P    ν n 2   n  − 3    h 2   ϕ  − 2    (  h n  )    ∑  q = 3   ν n      ∑   i 2  ∈  T q     ∑   i 1  ∈  H 1     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2                   K 2       d  θ 1    (  x 1  ,  η  i 1   )   h     K 2       d  θ 2    (  x 2  ,  η  i 2   )   h     W   i 1  ,  i 2  , φ , n   ( u )    2     F 2    K  2    ⩾  γ n 2  } .     



(103)







Now, we apply the square root trick to the last expression conditional on   H  1  U  . Denoting   E T   as the expectation with respect to   σ {  η  i 2   :  i 2  ∈  T q  , q ⩾ 3 }  , we assume that any class of functions   F m   is unbounded, and its envelope function satisfies, for some   p > 2  :


   θ p  : =  sup  t ∈  S H m    E   F p    ( Y )  | X = t   < ∞ ,  



(104)




for   2 r / ( r − 1 ) < s < ∞  , (in the notation of [167] (Lemma 5.2)).


     M n    =     ν n  1 / 2    E T     ∑  j ∈  T q     ∑  i ∈  H 1     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  X  i i   )   h     K 2       d  θ 2    (  x 2  ,  X  i j   )   h     W   i 1  ,  i 2  , φ , n   ( u )    2  ,     








where


  t =  γ n 2   a n  5 / 2    n  1 / 2   h  ϕ  − 1    (  h n  )  ,  ρ = λ =  2  − 4    γ n   a n  5 / 4    n  1 / 4    h  1 / 2    ϕ  − 1 / 2    (  h n  )  ,  m = exp   γ n 2  n  h 2   ϕ  − 2    (  h n  )   b n  − 2    .  








Nevertheless, since we require   t > 8  M n    and   m → ∞  , using similar arguments as in [164] (p. 69), we achieve the convergence of (102) and (103) to zero.



Step 6: Analysis of Term IV (different types of blocks, adjacent).



The target here is to prove that:


    P      sup   F m   K Θ m     sup  θ ∈  Θ m     sup  x ∈  H m     sup  u ∈  B m       ∑  p = 1   ν n     ∑   i 1  ∈  H p      ∑  q : | q − p | ⩽ 1   ν n     ∑   i 2  ∈  T q        δ  i 1    δ  i 2      ϕ 2   ( h )      ξ  i 1    ξ  i 2    K 2       d  θ 1    (  x 1  ,  X  i 1   )   h                      K 2       d  θ 2    (  x 2  ,  X  i 2   )   h     W   i 1  ,  i 2  , φ , n    > δ  → 0 .     











We have


        n  − 3 / 2   h  ϕ  − 1    ( h )    ∑  p = 1   ν n     ∑   i 1  ∈  H p      ∑  q : | q − p | ⩽ 1   ν n     ∑   i 2  ∈  T q     ξ  i 1    ξ  i 2    δ  i 1    δ  i 2    K 2       d  θ 1    (  x 1  ,  X   i 1    (  i 1  / n )   )   h                     K 2       d  θ 2    (  x 2  ,  X   i 2    (  i 2  / n )   )   h     W   i 1  ,  i 2  , φ , n   ( u )      F 2    K  2            ⩽  c 2   p  max  2   ν n   a n   b n   n  − 3 / 2   h  ϕ  − 1    ( h )  → 0 .     











Step 7: Terms V and VI (small blocks).



These terms are structurally identical to Terms I and II, with   H p   replaced by   T p  , and the missingness indicators    δ  i 1    δ  i 2     are included. Since    |   T p   | =   a n    (the same size), all bounds carry over verbatim. The MAR factors are bounded, so the same rates hold. Hence    V ˜  =  o P   ( 1 )    and    VI ˜  =  o P   ( 1 )   .



Step 8: Uniformity over function classes.



The VC-subgraph property (Assumption 6 (ii)) ensures that the covering numbers satisfy   N  ( ε , F ,  L 2  )  ≤ C  ε  −  ν 0     . Using a chaining argument identical to that in the proof of Theorem 3, the uniform convergence over    F m   K Θ m    follows from the pointwise convergence and stochastic equicontinuity. The missingness indicators do not affect the VC-subgraph property because they are bounded and measurable.



Step 9: Extension to a general order   m ≥ 2  .



Fix an integer   m ≥ 2  , and write


   Λ n  : =  h  m / 2    ϕ  m / 2    ( h )    n  − m + 1 / 2   .  








We prove that, for every   ε > 0  ,


   sup   F m   K Θ m     sup  θ ∈  Θ m     sup  x ∈  H m     sup  u ∈  B m    P     Λ n   ∑  i ∈  I n m     ξ  i 1   ⋯  ξ  i m    H  2 , i    ( Z )   > ε  ⟶ 0 .  








All constants below may depend on m, but never on   n , h , θ , x , u  , or on the indexing function in    F m   K Θ m   .



9.1. Imported ingredients from Steps 2–8.



We first isolate the ingredients that have already been established earlier for the case   m = 2  , and whose extension to any fixed m is coordinatewise and therefore unchanged in substance.



(a) Coupling of separated clusters. Whenever a finite collection of active blocks/clusters is separated by at least one untouched small block of length   b n  , Berbee’s coupling yields a coupled collection of independent copies with error bounded by


  C   ν n  β  (  b n  )  ,  








which tends to 0 by assumption.



(b) Local-stationarity replacement. For every fixed m, the telescoping identity


    ∏  k = 1  m    f k  −   ∏  k = 1  m    g k  =   ∑  r = 1  m    (  f r  −  g r  )   ∏  k < r    f k   ∏  k > r    g k   








combined with Lemma 1 yields the order-m version of the local-stationarity replacement bound. In particular, for every family    J n  ⊂  I n m    with    |   J n   | = O   (  n m  )   , replacing   X   i k  , n    by   X   i k    (  i k  / n )    inside the canonical kernel contributes    o P   ( 1 )    after multiplication by   Λ n  , uniformly over    F m   K Θ m   ,   θ ∈  Θ m   ,   x ∈  H m   , and   u ∈  B m   .



(c) MAR freezing. Likewise, by the modulus of continuity assumption on the MAR coefficient  σ  and the same m-fold telescoping device, replacing the innovation coefficient by its frozen value contributes    o P   ( 1 )    after normalization by   Λ n  , uniformly over every family    J n  ⊂  I n m    with    |   J n   | = O   (  n m  )   .



Therefore, throughout Step 9, we may work with a coupled, stationary, frozen canonical kernel, denoted


    H ¯   2 , i   ,  








satisfying:




	
   H ¯   2 , i    is canonical (degenerate) in each original coordinate;



	
the active clusters used to define    H ¯   2 , i    are independent after coupling;



	
uniformly over all indices and all parameters,


   sup  i ∈  I n m     sup   F m   K Θ m     sup  θ , x , u   E     ξ  i 1   ⋯  ξ  i m     H ¯   2 , i    2   ≤    C m    h  2 m    ϕ  2 m    ( h )     .  



(105)












Thus it is enough to prove that


    R ¯   n , m   : =  Λ n   ∑  i ∈  I n m     ξ  i 1   ⋯  ξ  i m     H ¯   2 , i   =  o P   ( 1 )   








uniformly over the same parameter ranges.



9.2. A decoupled maximal inequality for canonical U-processes.



The following is the only genuinely new theoretical input in Step 9. It is the order-L version of the decoupling/entropy inequality used earlier for   m = 2  .



Lemma 3.

Fix   1 ≤ L ≤ m  . Let   {  W j  ( r )   : 1 ≤ j ≤  N r  ,  1 ≤ r ≤ L }   be independent arrays, independent across the coordinates   r = 1 , … , L  . Let   G  n , L    be a class of measurable kernels   g α  , indexed by   α = (  α 1  , … ,  α L  )   in some finite set    I  n , L   ⊂  ∏  r = 1  L   { 1 , … ,  N r  }   , and assume that every   g α   is canonical in each coordinate. Define


   U  n , L    ( g )  : =  ∑  α ∈  I  n , L      g α    W   α 1    ( 1 )   , … ,  W   α L    ( L )    .  








Let


   D  n , L  2  : =  sup  g ∈  G  n , L      ∑  α ∈  I  n , L     E   g α     W   α 1    ( 1 )   , … ,  W   α L    ( L )    2   .  








Then there exists a constant    C L  < ∞  , depending only on L, such that


  E  sup  g ∈  G  n , L      |  U  n , L    ( g )  |  ≤  C L   ∫ 0  D  n , L      1 + log N   ε ,  G  n , L   ,   d ˜   n , L       d ε ,  








where    d ˜   n , L    is the decoupled   L 2  -semimetric induced by the array. In particular, if   G  n , L    is VC-type, then


  E  sup  g ∈  G  n , L      |  U  n , L    ( g )  |  ≤  C L   D  n , L     log (  C L  /  D  n , L   ∨ e )   .  



(106)




Justification. This follows by combining the decoupling theorem for canonical U-statistics of order L (see [168], Decoupling, Theorem 3.1.1) with the maximal inequality for canonical decoupled U-processes indexed by a VC-type class. □





Because m is fixed, the constants   C L   in (106) are uniformly finite for all   1 ≤ L ≤ m  . This lemma will be applied repeatedly below, with L equal to the number of active coupled clusters in the configuration under consideration.



9.3. Blocking scheme and decomposition of   I n m  .



Let    a n  → ∞  ,    b n  → ∞   satisfy


     b n   a n    → 0 ,     a n  n   → 0 ,   ν n  β  (  b n  )  → 0 ,   ν n  : =    n   a n  +  b n      .  








Partition   { 1 , … , n }   into alternating big blocks    H 1  , … ,  H  ν n     of length   a n  , small blocks    T 1  , … ,  T  ν n     of length   b n  , and a remainder block R with


   | R |  ≤  a n  +  b n  = o  ( n )  .  











For   i =  (  i 1  , … ,  i m  )  ∈  I n m   , define


  r  ( i )  : = #  { k :  i k  ∈  ∪  j = 1   ν n    H j  }  ,  s  ( i )  : = m − r  ( i )  ,  








and let


  ℓ  ( i )  : = #  { distinct  big  blocks  used  by   i 1  , … ,  i m  }  ,  t  ( i )  : = #  { distinct  small  blocks  used  by   i 1  , … ,  i m  }  .  











We split   I n m   into four disjoint families:


   I n m  =  A n    ∪ ˙    C n    ∪ ˙    S n    ∪ ˙    Q n  ,  








where


   A n  : =  i ∈  I n m  : r  ( i )  = m ,  ℓ  ( i )  = m  ,  










   C n  : =  i ∈  I n m  : r  ( i )  = m ,  ℓ  ( i )  ≤ m − 1  ,  










   S n  : =  i ∈  I n m  : at  least  one  coordinate  belongs  to   ∪  j = 1   ν n    T j   ,  










   Q n  : =  i ∈  I n m  : at  least  one  coordinate  belongs  to  R  .  











Correspondingly,


    R ¯   n , m   =   R ¯   n , m   ( A )   +   R ¯   n , m   ( C )   +   R ¯   n , m   ( S )   +   R ¯   n , m   ( Q )   .  











9.4. Canonical cluster representation.



For each of the four families we now describe a canonical cluster representation to which Lemma 3 applies.



Principal family   A n  . Every tuple in   A n   uses m distinct big blocks. After coupling, these m blocks are independent. Hence the relevant order is   L = m  .



Collision family   C n  . If a tuple uses exactly   ℓ < m   distinct big blocks, then after coupling the active objects are precisely those ℓ big blocks, which are independent. Hence the relevant order is   L = ℓ  .



Small-block family   S n  . Here some active small blocks may be adjacent to active big blocks. For a fixed adjacency pattern, merge every maximal chain of adjacent active big/small blocks into one cluster. Two distinct clusters are then separated by at least one untouched small block of length   b n  , so Berbee’s coupling makes the active clusters independent. If a configuration uses ℓ distinct big blocks and t distinct small blocks, then the number L of active clusters satisfies


  1 ≤ L ≤ ℓ + t ≤ m .  








Remainder family   Q n  . The remainder block R is treated as an additional active cluster, possibly merged with adjacent active blocks at the terminal end of the partition. Again, for any fixed pattern, the total number of active clusters is some   L ≤ m  , and after coupling those clusters are independent.



In every case, the corresponding kernel is canonical in each active cluster. Indeed, each active cluster contains at least one original coordinate of the canonical Hoeffding kernel    H ¯   2 , i   ; conditioning on all other clusters and integrating with respect to such a coordinate yields zero. Thus Lemma 3 applies to every fixed configuration pattern.



9.5. Principal family: m distinct big blocks.



For   A n  , no collisions occur and no small or remainder block is used. The number of admissible tuples is


   |   A n   | =    (  ν n  )  m    a n m  ,    (  ν n  )  m  : =  ν n   (  ν n  − 1 )  ⋯  (  ν n  − m + 1 )  .  








Since    ν n  ∼ n /  (  a n  +  b n  )    and    b n  /  a n  → 0  ,


      ν n   a n   n   → 1 ,  








and therefore


   |   A n   | =   n m   ( 1 + o  ( 1 )  )  .  











Let   G  n , A    denote the class of normalized decoupled kernels


   g i  : =  Λ n    ξ  i 1   ⋯  ξ  i m     H ¯   2 , i   ,  i ∈  A n  .  








Its variance proxy is


   D  n , A  2  : =  sup   F m   K Θ m     sup  θ , x , u    ∑  i ∈  A n    E  [  g  i  2  ]  .  








Using (105),


   D  n , A  2  ≤  Λ n 2    |  A n  |      C m    h  2 m    ϕ  2 m    ( h )     .  








Since    Λ n 2  =  h m   ϕ m   ( h )   n  − 2 m + 1     and    |   A n   | =   n m   ( 1 + o  ( 1 )  )   ,


   D  n , A  2  ≤    C m    n  m − 1    h m   ϕ m   ( h )      ( 1 + o  ( 1 )  )  .  








Because   n  h m   ϕ m   ( h )  → ∞   and   m ≥ 2  ,


   n  m − 1    h m   ϕ m   ( h )  =  n  m − 2    n  h m   ϕ m   ( h )   ⟶ ∞ ,  








hence


   D  n , A   ⟶ 0 .  











Applying Lemma 3 with   L = m  , and using that    F m   K Θ m    is VC-type, we obtain


  E  sup   F m   K Θ m     sup  θ , x , u      R ¯   n , m   ( A )    ≤  C m   D  n , A     log (  C m  /  D  n , A   ∨ e )   ⟶ 0 .  








Therefore


    R ¯   n , m   ( A )   =  o P   ( 1 )  .  











9.6. Collision family: fewer than m distinct big blocks.



Fix   1 ≤ ℓ ≤ m − 1  , and let    C n   ( ℓ )  ⊂  C n    be the set of tuples using exactly ℓ distinct big blocks. For a finer classification, fix an occupancy pattern


  α =  (  α 1  , … ,  α ℓ  )  ,   α j  ≥ 1 ,   α 1  + ⋯ +  α ℓ  = m .  








Let    C n   ( α )  ⊂  C n   ( ℓ )    denote the set of tuples whose ℓ occupied big blocks receive multiplicities    α 1  , … ,  α ℓ   . Since m is fixed, there are only finitely many such  α ’s.



To choose a tuple in    C n   ( α )   :




	
Choose ℓ distinct big blocks: at most    (  ν n  )  ℓ   possibilities;



	
Assign the m ordered coordinates to these ℓ blocks according to the fixed occupancy vector  α : this contributes only a combinatorial constant depending on  α ;



	
Choose the actual indices inside the selected big blocks:   a n m   possibilities.








Hence,


   |   C n    ( α )  | ≤   C α    (  ν n  )  ℓ   a n m  ≤  C α   ν n ℓ   a n m  .  








Using    ν n  ≤ C n /  a n   ,


   |   C n    ( α )  | ≤   C α   n ℓ   a n  m − ℓ   =  C α   n m       a n  n     m − ℓ   .  











Let   D  n , α    be the variance proxy corresponding to    C n   ( α )   . By (105),


   D  n , α  2  ≤  Λ n 2    |  C n   ( α )  |     C α    h  2 m    ϕ  2 m    ( h )     ≤  C α       a n  n     m − ℓ     1   n  m − 1    h m   ϕ m   ( h )     .  








Since   m − ℓ ≥ 1  ,    a n  / n → 0  , and    n  m − 1    h m   ϕ m   ( h )  → ∞  , we obtain


   D  n , α   ⟶ 0 .  











Applying Lemma 3 with   L = ℓ  , we get


  E  sup   F m   K Θ m     sup  θ , x , u      R ¯   n , m   ( C ( α ) )    ≤  C α   D  n , α     log (  C α  /  D  n , α   ∨ e )   ⟶ 0 .  








Since the number of admissible  α ’s is finite,


    R ¯   n , m   ( C )   =  o P   ( 1 )  .  











9.7. Small-block family.



We now treat   S n  , that is, tuples using at least one small block. Fix integers


  r , s , ℓ , t  such  that  r + s = m ,   s ≥ 1 ,   1 ≤ ℓ ≤ r ,   1 ≤ t ≤ s .  








Here r is the number of coordinates in big blocks, s the number of coordinates in small blocks, ℓ the number of distinct big blocks used, and t the number of distinct small blocks used.



Fix also occupancy patterns


  α =  (  α 1  , … ,  α ℓ  )  ,   α j  ≥ 1 ,   α 1  + ⋯ +  α ℓ  = r ,  








and


  β =  (  β 1  , … ,  β t  )  ,   β j  ≥ 1 ,   β 1  + ⋯ +  β t  = s .  








Finally, fix an adjacency pattern  η  describing which of the selected small blocks are adjacent to which selected big blocks. Since m is fixed, the set of possible   ( r , s , ℓ , t , α , β , η )   is finite.



Let


   S n   ( r , s , ℓ , t , α , β , η )  ⊂  S n   








be the corresponding subclass. To choose a tuple in this family:




	
Choose ℓ distinct big blocks and t distinct small blocks: at most    C  m , η    ν n  ℓ + t     possibilities;



	
Distribute the r big-block coordinates according to  α  and the s small-block coordinates according to  β : this contributes only a constant depending on   m , α , β , η  ;



	
Choose the actual indices inside the selected blocks:    a n r   b n s    possibilities.








Hence,


    S n   ( r , s , ℓ , t , α , β , η )   ≤  C  m , α , β , η     ν n  ℓ + t     a n r   b n s  .  








Using    ν n  ≤ C n /  a n    and   r + s = m  ,


    S n   ( r , s , ℓ , t , α , β , η )   ≤  C  m , α , β , η        n  a n      ℓ + t    a n m       b n   a n     s   










  =  C  m , α , β , η     n m       a n  n     m − ( ℓ + t )        b n   a n     s  .  











Let   D  n , r , s , ℓ , t , α , β , η    be the variance proxy of this family. By (105),


   D  n , r , s , ℓ , t , α , β , η  2  ≤  Λ n 2    S n   ( r , s , ℓ , t , α , β , η )      C  m , α , β , η     h  2 m    ϕ  2 m    ( h )     .  








Therefore,


   D  n , r , s , ℓ , t , α , β , η  2  ≤  C  m , α , β , η         a n  n     m − ( ℓ + t )        b n   a n     s    1   n  m − 1    h m   ϕ m   ( h )     .  








Now   s ≥ 1  , so


       b n   a n     s  ≤    b n   a n    ⟶ 0 ,  








and   m − ( ℓ + t ) ≥ 0  . Since    n  m − 1    h m   ϕ m   ( h )  → ∞  , it follows that


   D  n , r , s , ℓ , t , α , β , η   ⟶ 0 .  











For each fixed pattern   ( r , s , ℓ , t , α , β , η )  , the active big/small blocks may be merged into   L ≤ ℓ + t ≤ m   independent coupled clusters as explained in Step 9.4, and the corresponding cluster kernel is canonical in each active cluster. Lemma 3 thus yields


  E  sup   F m   K Θ m     sup  θ , x , u      R ¯   n , m   ( r , s , ℓ , t , α , β , η )    ≤  C  m , α , β , η    D  n , r , s , ℓ , t , α , β , η     log ( C /  D  n , r , s , ℓ , t , α , β , η   ∨ e )   ⟶ 0 .  








Since only finitely many such patterns occur,


    R ¯   n , m   ( S )   =  o P   ( 1 )  .  











9.8. Remainder family.



Finally, consider   Q n  , namely, tuples with at least one coordinate in the remainder block R. Fix integers


  r , s , q , ℓ , t  such  that  r + s + q = m ,   q ≥ 1 ,   1 ≤ ℓ ≤ r ,   0 ≤ t ≤ s ,  








where q is the number of coordinates lying in R. Fix occupancy patterns for the big and small blocks as above, and fix the corresponding adjacency pattern  η . Denote the resulting subclass by


   Q n   ( r , s , q , ℓ , t , α , β , η )  .  











To choose such a tuple:




	
Choose ℓ distinct big blocks and t distinct small blocks: at most   C  ν n  ℓ + t     possibilities;



	
Assign the r big-block coordinates and s small-block coordinates according to the chosen occupancy patterns;



	
Choose the actual indices inside the selected big blocks, selected small blocks, and the remainder:


   a n r   b n s    | R |  q  .  
















Hence,


    Q n   ( r , s , q , ℓ , t , α , β , η )   ≤  C  m , α , β , η     ν n  ℓ + t    a n r   b n s    | R |  q  .  








Since    | R |  ≤  a n  +  b n  ≤ 2  a n    for large n,


    Q n   ( r , s , q , ℓ , t , α , β , η )   ≤  C  m , α , β , η     ν n  ℓ + t    a n  r + q    b n s  .  








Using   r + s + q = m  ,


   a n  r + q    b n s  =  a n m       b n   a n     s  ,  








whence


    Q n   ( r , s , q , ℓ , t , α , β , η )   ≤  C  m , α , β , η     n m       a n  n     m − ( ℓ + t )        b n   a n     s  .  








Because   q ≥ 1  , one necessarily has


  ℓ + t ≤ r + s = m − q ≤ m − 1 ,  








and therefore


  m − ( ℓ + t ) ≥ 1 .  











Let   D  n , r , s , q , ℓ , t , α , β , η    be the corresponding variance proxy. Using (105), we get


   D  n , r , s , q , ℓ , t , α , β , η  2  ≤  C  m , α , β , η         a n  n     m − ( ℓ + t )        b n   a n     s    1   n  m − 1    h m   ϕ m   ( h )     .  








Now   m − ( ℓ + t ) ≥ 1  ,    a n  / n → 0  , and if   s ≥ 1  , then additionally     (  b n  /  a n  )  s  → 0  . Hence,


   D  n , r , s , q , ℓ , t , α , β , η   ⟶ 0 .  











After merging adjacent active blocks (including the terminal cluster containing R) and applying coupling, one obtains   L ≤ m   independent active clusters. The corresponding kernel remains canonical in each cluster, so Lemma 3 yields


  E  sup   F m   K Θ m     sup  θ , x , u      R ¯   n , m   ( r , s , q , ℓ , t , α , β , η )    ≤  C  m , α , β , η    D  n , r , s , q , ℓ , t , α , β , η     log ( C /  D  n , r , s , q , ℓ , t , α , β , η   ∨ e )   ⟶ 0 .  








Summing over the finitely many possible patterns, we conclude that


    R ¯   n , m   ( Q )   =  o P   ( 1 )  .  











9.9. Final combination.



By Steps 9.5–9.8,


    R ¯   n , m   ( A )   =  o P   ( 1 )  ,    R ¯   n , m   ( C )   =  o P   ( 1 )  ,    R ¯   n , m   ( S )   =  o P   ( 1 )  ,    R ¯   n , m   ( Q )   =  o P   ( 1 )  ,  








uniformly over    F m   K Θ m   ,   θ ∈  Θ m   ,   x ∈  H m   , and   u ∈  B m   . Therefore,


    R ¯   n , m   =  o P   ( 1 )  .  











Finally, by the imported coupling/local-stationarity/MAR reduction stated in Step 9.1,


   R  n , m   −   R ¯   n , m   =  o P   ( 1 )  ,  








uniformly over the same parameter ranges. Hence,


   R  n , m   =  o P   ( 1 )  ,  








that is,


   sup   F m   K Θ m     sup  θ ∈  Θ m     sup  x ∈  H m     sup  u ∈  B m    P     h  m / 2    ϕ  m / 2    ( h )    n  − m + 1 / 2    ∑  i ∈  I n m     ξ  i 1   ⋯  ξ  i m    H  2 , i    ( Z )   > ε  ⟶ 0 .  








This proves that the degenerate remainder term is asymptotically negligible for every fixed   m ≥ 2  . □



Step 10: Final conclusion.



Combining Steps 1–8 for the case   m = 2   with the general-order argument in Step 9, we obtain


   sup   F m   K Θ m     sup  θ ∈  Θ m     sup  x ∈  H m     sup  u ∈  B m    P     h  m / 2    ϕ  m / 2    ( h )    n  − m + 1 / 2    ∑  i ∈  I n m     ξ  i 1   ⋯  ξ  i m    H  2 , i    ( Z )   > ε  ⟶ 0 .  








Thus, the degenerate remainder term is asymptotically negligible under the MAR missing-data framework. □





10.2. Proof of Proposition 3


We endow the product space   H m   with its canonical Hilbert structure


    〈 x , y 〉   H m   : =   ∑  k = 1  m    〈  x k  ,  y k  〉  ,  x =  (  x 1  , … ,  x m  )  ,  y =  (  y 1  , … ,  y m  )  ∈  H m  .  











Define


  F :  H m  → R ,  F  (  x 1  , … ,  x m  )  : = H   〈  x 1  ,  θ 1  〉  , … ,  〈  x m  ,  θ m  〉   ,  








and


  G :  H m  → R ,  G  (  x 1  , … ,  x m  )  : =  H *    〈  x 1  ,  θ 1 *  〉  , … ,  〈  x m  ,  θ m *  〉   .  








Then (35) simply says that


  F = G  on   H m  .  








For each   k ∈ { 1 , … , m }  , define the continuous linear functional


   L k  :  H m  → R ,   L k   (  x 1  , … ,  x m  )  : =  〈  x k  ,  θ k  〉  ,  








and similarly


   L k *  :  H m  → R ,   L k *   (  x 1  , … ,  x m  )  : =  〈  x k  ,  θ k *  〉  .  








Set


  L : =  (  L 1  , … ,  L m  )  :  H m  →  R m  ,   L *  : =  (  L 1 *  , … ,  L m *  )  :  H m  →  R m  .  








Then,


  F = H ◦ L ,  G =  H *  ◦  L *  .  











We now prove directly that F is Fréchet differentiable on   H m  . Fix   x , h ∈  H m   . Since L is linear,


  F ( x + h ) − F ( x ) = H ( L ( x ) + L ( h ) ) − H ( L ( x ) ) .  








Because H is Fréchet differentiable at   L  ( x )  ∈  R m   , there exists a remainder    r x  :  R m  → R   such that


  H  ( L  ( x )  + u )  − H  ( L  ( x )  )  = ∇ H  ( L  ( x )  )  · u +  r x   ( u )  ,      r x   ( u )     ∥ u ∥   R m     ⟶ 0  as  u → 0 .  








Hence,


  F  ( x + h )  − F  ( x )  = ∇ H  ( L  ( x )  )  · L  ( h )  +  r x   ( L  ( h )  )  .  








Since L is continuous linear, there exists   C > 0   such that


    ∥ L  ( h )  ∥   R m   ≤ C   ∥ h ∥   H m   ,  h ∈  H m  .  








Therefore,


      |   r x    ( L  ( h )  )  |     ∥ h ∥   H m     =     |   r x    ( L  ( h )  )  |     ∥ L  ( h )  ∥   R m     ·     ∥ L  ( h )  ∥   R m     ∥ h ∥   H m     ⟶ 0  as  h → 0 .  








Thus F is Fréchet differentiable at x, with derivative


  D F  ( x )   [ h ]  = ∇ H  ( L  ( x )  )  · L  ( h )  =   ∑  k = 1  m    ∂ k  H  ( L  ( x )  )    〈  h k  ,  θ k  〉  .  








Since x was arbitrary, F is Fréchet differentiable on   H m  .



Exactly the same argument shows that G is Fréchet differentiable on   H m  , with


  D G  ( x )   [ h ]  =   ∑  k = 1  m    ∂ k   H *   (  L *   ( x )  )    〈  h k  ,  θ k *  〉  .  








Since   F = G   on   H m  , it follows that


  D F  ( x )  = D G  ( x )  ,  ∀ x ∈  H m  .  








Hence, for every   x =  (  x 1  , … ,  x m  )  ∈  H m    and every   h =  (  h 1  , … ,  h m  )  ∈  H m   ,


    ∑  k = 1  m    ∂ k  H  ( L  ( x )  )    〈  h k  ,  θ k  〉  =   ∑  k = 1  m    ∂ k   H *   (  L *   ( x )  )    〈  h k  ,  θ k *  〉  .  



(107)







Fix now   k ∈ { 1 , … , m }  . Choose


  h =  ( 0 , … , 0 ,  h k  , 0 , … , 0 )  ∈  H m  ,  








where only the k-th component may be nonzero. Then (107) reduces to


   ∂ k  H  ( L  ( x )  )    〈  h k  ,  θ k  〉  =  ∂ k   H *   (  L *   ( x )  )    〈  h k  ,  θ k *  〉  ,  ∀ x ∈  H m  ,  ∀  h k  ∈ H .  








For fixed x, both sides are continuous linear functionals of    h k  ∈ H  . By the Riesz representation theorem, their representing vectors are respectively


   ∂ k  H  ( L  ( x )  )    θ k   and   ∂ k   H *   (  L *   ( x )  )    θ k *  .  








Therefore,


   ∂ k  H  ( L  ( x )  )    θ k  =  ∂ k   H *   (  L *   ( x )  )    θ k *  ,  ∀ x ∈  H m  .  



(108)




Take the inner product in (108) with   v 0  . Since


   〈  θ k  ,  v 0  〉  = 1 ,   〈  θ k *  ,  v 0  〉  = 1 ,  








we obtain


   ∂ k  H  ( L  ( x )  )  =  ∂ k   H *   (  L *   ( x )  )  ,  ∀ x ∈  H m  .  



(109)




Substituting (109) into (108) gives


   ∂ k  H  ( L  ( x )  )    (  θ k  −  θ k *  )  = 0 ,  ∀ x ∈  H m  .  








Equivalently,


   ∂ k  H  ( L  ( x )  )    〈 h ,  θ k  −  θ k *  〉  = 0 ,  ∀ x ∈  H m  ,  ∀ h ∈ H .  



(110)




Fix   k ∈ { 1 , … , m }  . By (36), there exists    u  ( k )   =  (  u 1  ( k )   , … ,  u m  ( k )   )  ∈  R m    such that


   ∂ k  H  (  u  ( k )   )  ≠ 0 .  








Since   〈  θ ℓ  ,  v 0  〉 = 1  , one has    θ ℓ  ≠ 0   for every   ℓ ∈ { 1 , … , m }  . Define


   x ℓ  ( k )   : =    u ℓ  ( k )     ∥   θ ℓ    ∥  2       θ ℓ  ,  ℓ = 1 , … , m .  








Then,


   〈  x ℓ  ( k )   ,  θ ℓ  〉  =  u ℓ  ( k )   ,  ℓ = 1 , … , m ,  








so that, for


   x  ( k )   : =  (  x 1  ( k )   , … ,  x m  ( k )   )  ∈  H m  ,  








we have


  L  (  x  ( k )   )  =  u  ( k )   .  








Evaluating (110) at   x =  x  ( k )    , we get


   ∂ k  H  (  u  ( k )   )    〈 h ,  θ k  −  θ k *  〉  = 0 ,  ∀ h ∈ H .  








Since    ∂ k  H  (  u  ( k )   )  ≠ 0  , it follows that


  〈 h ,  θ k  −  θ k *  〉 = 0 ,  ∀ h ∈ H .  








By the nondegeneracy of the inner product on  H ,


   θ k  −  θ k *  = 0 ,  








that is,


   θ k  =  θ k *  .  








As k was arbitrary, we have proved that


   θ k  =  θ k *  ,  k = 1 , … , m .  



(111)




Using (111) in (35), we obtain


  H   〈  x 1  ,  θ 1  〉  , … ,  〈  x m  ,  θ m  〉   =  H *    〈  x 1  ,  θ 1  〉  , … ,  〈  x m  ,  θ m  〉   ,  ∀  (  x 1  , … ,  x m  )  ∈  H m  .  








Now let   u =  (  u 1  , … ,  u m  )  ∈  R m    be arbitrary. Since each    θ k  ≠ 0  , define


   x k  : =    u k    ∥   θ k    ∥  2       θ k  ,  k = 1 , … , m .  








Then,


   〈  x k  ,  θ k  〉  =  u k  ,  k = 1 , … , m .  








Substituting this choice into the preceding identity yields


  H  (  u 1  , … ,  u m  )  =  H *   (  u 1  , … ,  u m  )  .  








Since   u ∈  R m    was arbitrary, we conclude that


  H ≡  H *   on   R m  .  








The proof is complete. □





11. Technical Appendix


This section gathers the principal auxiliary arguments, technical lemmas, and representative examples that support the theoretical analysis developed in the main body of the paper. These supplementary materials are indispensable for a complete reading of the proofs and for a proper assessment of the scope of the proposed methodology, especially in the setting of locally stationary functional time series observed with missing data under the missing at random mechanism.



11.1. Auxiliary Lemmas and Technical Results


We begin with a collection of lemmas repeatedly used in the proofs of the main results. They address, in particular, the approximation of discrete Riemann-type sums by their integral counterparts, exponential inequalities for dependent arrays, symmetrization arguments, and moment bounds for mixing processes. Throughout, these tools are formulated in a manner compatible with the presence of missingness indicators and propensity weights whenever such features intervene in the analysis.



Lemma 4

([91]). Let    I h  =   C 1  h , 1 −  C 1  h   . Suppose that the temporal kernel   K 1   satisfies Assumption 2 part (i). Then for   q = 0 , 1 , 2   and any integer   m > 1  , the following uniform approximation holds:


       sup  u ∈  I  h  m      1   n m   h m     ∑  i ∈  I n m      ∏  k = 1  m    K 1      u k  −  i k  / n  h        u k  −  i k  / n  h   q                         −  ∫  0  1  ⋯  ∫  0  1    1  h m      ∏  k = 1  m     K 1       u k  −  v k   h          u k  −  v k   h    q     ∏  k = 1  m   d  v k   = O    1  n  h  m + 1       .     













This lemma provides a uniform control of the discrepancy between the discrete kernel average over the design grid   {  i k  / n }   and the corresponding multiple integral. Such an estimate is fundamental for the treatment of temporal smoothing bias, notably in the proofs of Theorems 2 and 4. The rate   O (   ( n  h  m + 1   )   − 1   )   precisely quantifies the interaction between the sampling resolution and the shrinking bandwidth.



Lemma 5

([91]). Suppose that the kernel   K 1   satisfies Assumption 2 part (i) and let   g : [ 0 , 1 ] × H → R  ,   ( u , x ) ↦ g ( u , x )   be continuously differentiable with respect to  u . Then, uniformly over   u ∈  I h m    and   x ∈  H m   ,


       sup  u ∈  I h      1   n m   h m     ∑  i ∈  I n m      ∏  k = 1  m    K 1      u k  −  i k  / n  h   g    i k  n  ,  x k   −   ∏  k = 1  m   g  (  u k  ,  x k  )                 = O    1  n  h  m + 1       + o  ( h )  .     



(112)









This statement refines Lemma 4 by allowing the kernel weights to act on a smooth function g, which in the present framework may encode, for instance, the regression operator or terms involving the propensity function. The differentiability assumption yields the smoothing bias of order h, while the discretization component remains of order    ( n  h  m + 1   )   − 1   .



Lemma 6

([169]). Let    Z  i , n     be a zero-mean triangular array of random variables satisfying    |   Z  i , n    | ≤   b n    almost surely, with α-mixing coefficients   α ( k )  . Then for any   ε > 0   and any integer    S n  ≤ n   such that   ε > 4  S n   b n   ,


  P     ∑  i = 1  n    Z  i , n    ≥ ε  ≤ 4 exp  −    ε 2   64  σ   S n  , n  2   n  S n   +  8 3  ε  b n   S n      + 4   n  S n    α   S n   ,  



(113)




where    σ   S n  , n  2  =  max  1 ≤ j ≤ n /  S n    Var   ∑  i =  ( j − 1 )   S n  + 1   j  S n     Z  i , n     .





This exponential inequality constitutes one of the principal probabilistic tools underlying the uniform convergence arguments. The blocking length   S n   governs the compromise between the variance contribution and the dependence remainder induced by the mixing coefficients.



Lemma 7.

Let    Z  i , n     be a zero-mean triangular array such that    |   Z  i , n    | ≤   b n    almost surely, with β-mixing coefficients   β ( k )  . Then for any   ε > 0   and any integer    S n  ≤ n   with   ε > 4  S n   b n   ,


   P     ∑  i = 1  n    Z  i , n    ≥ ε  ≤ 4 exp  −    ε 2   64  σ   S n  , n  2   n  S n   +  8 3  ε  b n   S n      + 4   n  S n    β   S n   .   



(114)









Proof of Lemma 7. 

The conclusion is an immediate consequence of Lemma 6, together with the classical domination of the strong mixing coefficient by the absolute regularity coefficient. Accordingly, every bound valid under  α -mixing remains valid under  β -mixing after replacing   α ( k )   by   β ( k ) )  , whereas the block variance term   σ   S n  , n  2   is unchanged. □





This version is the one directly relevant to the present article, since the dependence assumptions are formulated in terms of  β -mixing. It plays a central role in the derivation of the uniform rates established in Proposition 2 and Theorem 2.



Lemma 8

([170]). Let    X 1  , … ,  X n    be a sequence of independent random elements taking values in a Banach space   ( B , ∥ · ∥ )   with   E  X i  = 0   for all i. Let   {  ε i  }   be a sequence of independent Rademacher random variables (i.e.,   P  (  ε i  = 1 )  = P  (  ε i  = − 1 )  = 1 / 2  ) independent of   {  X i  }  . Then, for any convex increasing function   Φ :  R +  →  R +   ,


  E Φ    1 2      ∑  i = 1  n    X i   ε i    ≤ E Φ     ∑  i = 1  n    X i    ≤ E Φ  2    ∑  i = 1  n    X i   ε i    .  













Symmetrization is one of the standard devices of empirical process theory. It makes it possible to replace centered sums by Rademacher averages, thereby reducing the analysis to quantities that are more amenable to contraction principles and entropy-based arguments. In the present work, it is especially useful in the proof of asymptotic equicontinuity for the relevant U-process.



Proposition 4

([13]). Let   {  X i  : i ∈ N }   be a stochastic process satisfying, for some   m ≥ 1   and for all   1 < q < p < ∞  ,


    E    X i  −  X j   p    1 / p   ≤      p − 1   q − 1      m / 2     E    X i  −  X j   q    1 / q   .  











Define the pseudo-metric   ρ  ( i , j )  =   E    X i  −  X j   2    1 / 2    . Then there exists a constant   K = K ( m )   depending only on m such that


   E  sup  i , j ∈ N     X i  −  X j   ≤ K  ∫ 0 D    log N ( ϵ , N , ρ )   m / 2   d ϵ ,   








where D is the ρ-diameter of  N  and   N ( ϵ , N , ρ )   denotes the covering number of  N  with balls of radius ϵ under the metric ρ.





This proposition of [13] yields a bound for the expected supremum of a stochastic process in terms of its metric entropy. It is a key ingredient in the verification of stochastic equicontinuity and therefore in the proof of weak convergence, especially when coupled with the chaining construction employed in Theorem 4.



Lemma 9

([171]). Let X and Y be random variables measurable with respect to σ-algebras  G  and  H , respectively. Suppose that     E | X |  p  < ∞   and     E | Y |  q  < ∞   for some   p > 0  ,   q > 1   satisfying    p  − 1   +  q  − 1   < 1  . Then


   E X Y − E X E Y  ≤   8 ∥ X ∥  p    ∥ Y ∥  q    β ( G , H )   1 −  p  − 1   −  q  − 1     ,  








where     ∥ X ∥  p  =   ( E | X |  p    )   1 / p     and   β ( G , H )   is the β-mixing coefficient between the two σ-algebras.





Proof of Lemma 9. 

The bound follows from the classical Davydov inequality established under  α -mixing together with the inequality   α ( G , H ) ≤ β ( G , H )  . The numerical constant 8 is therefore inherited without modification. □





This covariance inequality is indispensable for the control of dependence contributions, notably in the treatment of   V 2   in the proof of Theorem 3 and in the block-decomposition arguments involving    U ˜   1 , n   ( 2 )    and    U ˜   1 , n   ( 3 )   .



Lemma 10

([172]). Let    V 1  , … ,  V L    be random variables measurable with respect to σ-algebras    F   i 1    j 1   , … ,  F   i L    j L    , respectively, where   1 ≤  i 1  <  j 1  <  i 2  < ⋯ <  j L  ≤ n  ,    i  l + 1   −  j l  ≥ w ≥ 1  , and    |   V j   | ≤ 1    almost surely for   j = 1 , … , L  . Then


   E    ∏  j = 1  L    V j   −   ∏  j = 1  L   E   V j    ≤ 16  ( L − 1 )  α  ( w )  ,  








where   α ( w )   is the strong mixing coefficient.





This estimate quantifies the extent to which blocks separated by at least w observations may be treated as approximately independent. It is one of the fundamental ingredients of the blocking method, which reduces the dependent setting to a near-independent one, thereby allowing the use of classical asymptotic arguments.




11.2. Examples of Function Classes


We next present several standard classes of functions satisfying the entropy requirements of Assumption 6. These examples cover a broad range of statistical settings and illustrate the generality of the proposed framework.



Example 1.

The class  F  of all indicator functions   1  ( − ∞ , t ]    of cells in  R  satisfies the covering number bound


   N  ϵ , F ,  d  P   ( 2 )    ≤   2  ϵ 2    ,   








for every probability measure  P  and every   ϵ ≤ 1  . In addition, the associated entropy integral is finite:


    ∫  0  1    log    1 ϵ      d ϵ ≤  ∫  0  ∞   u  1 / 2    e  − u   d u ≤ 1 .   











A detailed treatment may be found in Example 2.5.4 of [128] and in [132] (p. 157). In higher dimension, the class of lower orthants satisfies an analogous estimate, with a larger power of   ϵ  − 1   ; see Theorem 9.19 of [132]. This class arises naturally in the study of distribution function estimation and related nonparametric procedures.





Example 2.

Classes of functions Lipschitz in a parameter. Following Section 2.7.4 of [128], let  F  be the class of functions   x ↦ φ ( t , x )   that are Lipschitz in the index parameter   t ∈ T  . Suppose that


    | φ   (  t 1  , x )  − φ  (  t 2  , x )   | ≤ d   (  t 1  ,  t 2  )  κ  ( x )    








for some metric d on the index set T, a function   κ ( · )   defined on the sample space  X , and all x. By Theorem 2.7.11 of [128] and Lemma 9.18 of [132], for any norm    ∥ · ∥  F   on  F ,


   N ( ϵ ∥ F  ∥ F  , F , ∥ ·  ∥ F  ) ≤ N  ( ϵ / 2 , T , d )  .   











Consequently, if   ( T , d )   satisfies


   J  ( ∞ , T , d )  =  ∫  0  ∞    log N ( ϵ , T , d )   d ϵ < ∞ ,   








then the entropy requirement of our framework is fulfilled for  F . This setting includes a large number of parametric and semiparametric families, among them single-index structures in which the index parameter specifies a direction.





Example 3.

Smooth function classes. Consider the class of functions that are smooth of order α, as described in Section 2.7.1 of [128] and Section 2 of [173]. For   0 < α < ∞  , let   ⌊ α ⌋   denote the greatest integer strictly less than α. For any multi-index   k = (  k 1  , … ,  k d  )   with    | k |  =  ∑  i = 1  d   k i   , define the differential operator    D k  =  ∂  | k |   /  (  ∂  k 1   …  ∂  k d   )   . For a function   f : X → R  , define the Hölder norm


     ∥ f ∥  α  : =  max  | k | ≤ ⌊ α ⌋    sup x   |  D k  f  ( x )  |  +  max  | k | = ⌊ α ⌋    sup  x ≠ y       |   D k  f  ( x )  −  D k   f  ( y )  |     ∥ x − y ∥   α − ⌊ α ⌋     .   











Let    C M α   ( X )    be the set of all continuous functions   f : X → R   with     ∥ f ∥  α  ≤ M  . When   α ≤ 1  , this class reduces to bounded functions satisfying a Lipschitz condition. Kolmogorov and Tikhomirov [129] established entropy bounds for    C M α   ( X )    under the uniform norm. As recalled in [173], there exists a constant K, depending only on α, d, and the diameter of  X , such that for every measure γ and every   ϵ > 0  ,


   log  N  [  ]    ( ϵ M γ  ( X )  ,  C M α   ( X )  ,  L 2   ( γ )  )  ≤ K     1 ϵ     d / α   ,   








where   N  [  ]    denotes the bracketing number; see Definition 2.1.6 of [128]. By Lemma 9.18 of [132], this implies


   log N  ( ϵ M γ  ( X )  ,  C M α   ( X )  ,  L 2   ( γ )  )  ≤ K     1  2 ϵ      d / α   .   











These estimates satisfy the entropy requirement of Assumption 6 part (iv) whenever   d / α < 2  , a familiar condition in nonparametric regression theory.






11.3. Examples of U-Kernels


We now turn to a selection of classical U-kernels arising in a variety of inferential problems. Each of the examples below can be incorporated into our framework by taking  φ  equal to the corresponding kernel, while allowing for the effect of missingness under the missing at random mechanism through the observation scheme.



Example 4.

Ref. [3] introduced the parameter


   ▵ =  ∫  − ∞  ∞   ∫  − ∞  ∞   D 2   (  y 1  ,  y 2  )  d F  (  y 1  ,  y 2  )  ,   








where   D  (  y 1  ,  y 2  )  = F  (  y 1  ,  y 2  )  − F  (  y 1  , ∞ )  F  ( ∞ ,  y 2  )    and   F ( · , · )   is the joint distribution function of   (  Y 1  ,  Y 2  )  . The quantity▵ vanishes if and only if   Y 1   and   Y 2   are independent. As shown in [10], an alternative representation is obtained by introducing


   ψ  (  y 1  ,  y 2  ,  y 3  )  =     1    if   y 2  ≤  y 1  <  y 3  ,      0    if   y 1  <  y 2  ,  y 3   or   y 1  ≥  y 2  ,  y 3  ,       − 1     if   y 3  ≤  y 1  <  y 2  ,        








and the fifth-order kernel


   h  (  y  1 , 1   ,  y  1 , 2   , … ,  y  5 , 1   ,  y  5 , 2   )  =   1 4   ψ  (  y  1 , 1   ,  y  1 , 2   ,  y  1 , 3   )  ψ  (  y  1 , 1   ,  y  1 , 4   ,  y  1 , 5   )  ψ  (  y  1 , 2   ,  y  2 , 2   ,  y  3 , 2   )  ψ  (  y  1 , 2   ,  y  4 , 2   ,  y  5 , 2   )  .   











One then has


   ▵ = ∫ ⋯ ∫ h  (  y  1 , 1   ,  y  1 , 2   , … ,  y  5 , 1   ,  y  5 , 2   )  d F  (  y  1 , 1   ,  y  1 , 2   )  … d F  (  y  5 , 1   ,  y  5 , 2   )  .   














Example 5. (Hoeffding’s D). From the symmetric kernel


      h D     (  z 1  , … ,  z 5  )       : =       1 16    ∑   (  i 1  , … ,  i 5  )  ∈  P 5      { 1  (  z   i 1  , 1   ≤  z   i 5  , 1   )  − 1  (  z   i 2  , 1   ≤  z   i 5  , 1   )  }   { 1  (  z   i 3  , 1   ≤  z   i 5  , 1   )  − 1  (  z   i 4  , 1   ≤  z   i 5  , 1   )  }           ×   { 1  (  z   i 1  , 2   ≤  z   i 5  , 2   )  − 1  (  z   i 2  , 2   ≤  z   i 5  , 2   )  }   { 1  (  z   i 3  , 2   ≤  z   i 5  , 2   )  − 1  (  z   i 4  , 2   ≤  z   i 5  , 2   )  }   ,      








one recovers Hoeffding’s D, namely a rank-based U-statistic of order 5. Its expectation   E  h D    defines Hoeffding’s coefficient of dependence.






Example 6. (Blum–Kiefer–Rosenblatt’s R). The symmetric kernel


      h R     (  z 1  , … ,  z 6  )       : =       1 32    ∑   (  i 1  , … ,  i 6  )  ∈  P 6      { 1  (  z   i 1  , 1   ≤  z   i 5  , 1   )  − 1  (  z   i 2  , 1   ≤  z   i 5  , 1   )  }   { 1  (  z   i 3  , 1   ≤  z   i 5  , 1   )  − 1  (  z   i 4  , 1   ≤  z   i 5  , 1   )  }           ×   { 1  (  z   i 1  , 2   ≤  z   i 6  , 2   )  − 1  (  z   i 2  , 2   ≤  z   i 6  , 2   )  }   { 1  (  z   i 3  , 2   ≤  z   i 6  , 2   )  − 1  (  z   i 4  , 2   ≤  z   i 6  , 2   )  }        








generates the Blum–Kiefer–Rosenblatt R statistic [174], which is a rank-based dependence measure of order 6.






Example 7. (Bergsma-Dassios-Yanagimoto’s   τ *  ). Ref. [175] introduced a rank correlation coefficient expressible as a U-statistic of order 4 with symmetric kernel


      h  τ *      (  z 1  , … ,  z 4  )       : =       1 16    ∑   (  i 1  , … ,  i 4  )  ∈  P 4    { 1  (  z   i 1  , 1   ,  z   i 3  , 1   <  z   i 2  , 1   ,  z   i 4  , 1   )  + 1  (  z   i 2  , 1   ,  z   i 4  , 1   <  z   i 1  , 1   ,  z   i 3  , 1   )          − 1  (  z   i 1  , 1   ,  z   i 4  , 1   <  z   i 2  , 1   ,  z   i 3  , 1   )  − 1  (  z   i 2  , 1   ,  z   i 3  , 1   <  z   i 1  , 1   ,  z   i 4  , 1   )  }         × { 1  (  z   i 1  , 2   ,  z   i 3  , 2   <  z   i 2  , 2   ,  z   i 4  , 2   )  + 1  (  z   i 2  , 2   ,  z   i 4  , 2   <  z   i 1  , 2   ,  z   i 3  , 2   )          − 1  (  z   i 1  , 2   ,  z   i 4  , 2   <  z   i 2  , 2   ,  z   i 3  , 2   )  − 1  (  z   i 2  , 2   ,  z   i 3  , 2   <  z   i 1  , 2   ,  z   i 4  , 2   )  } ,      








where   1  (  y 1  ,  y 2  <  y 3  ,  y 4  )  : = 1  (  y 1  <  y 3  )  1  (  y 1  <  y 4  )  1  (  y 2  <  y 3  )  1  (  y 2  <  y 4  )   . The resulting coefficient is null under independence and strictly informative under dependence; in particular, it vanishes if and only if independence holds.






Example 8. (Wilcoxon Statistic). Suppose that   E ⊂ R   is symmetric about zero. To estimate


    ∫   ( x , y )  ∈  E 2     2  1  { x + y > 0 }   − 1  d F  ( x )  d F  ( y )  ,   








one naturally considers


    W n  =   2  n ( n − 1 )     ∑  1 ≤ i < j ≤ n    2 ·  1  {  X i  +  X j  > 0 }   − 1  ,   








which is relevant for testing whether the location parameter μ of a symmetric distribution equals zero. This is a U-statistic of order 2 with kernel   h  ( x , y )  = 2  1  { x + y > 0 }   − 1  .






Example 9. (Takens Estimator). Let   ∥ · ∥   denote the Euclidean norm on   R d  . In [176], the correlation integral


    C F   ( r )  = ∫  1  { ∥ x −  x ′  ∥ ≤ r }   d F  ( x )  d F  (  x ′  )  ,  r > 0 ,   








is estimated by


    C n   ( r )  =   1  n ( n − 1 )     ∑  1 ≤ i ≠ j ≤ n    1  { ∥  X i  −  X j  ∥ ≤ r }   .   











Under a scaling law of the form    C F   ( r )  = c ·  r  − α     for   0 < r ≤  r 0    and some    ( α ,  r 0  , c )  ∈  R +  ∗ 3    , one considers the U-statistic


    T n  =   1  n ( n − 1 )     ∑  1 ≤ i ≠ j ≤ n   log      ∥   X i  −  X j   ∥    r 0     ,   








from which the Takens estimator     α ^  n  = −  T n  − 1     of the correlation dimension α is obtained. This construction is fundamental in the analysis of dynamical systems and chaotic time series.





Example 10.

Let     Y 1   Y 2   ^   denote the oriented angle between    Y 1  ,  Y 2  ∈ T  , where T is the unit circle centered at the origin in   R 2  . Define


    h t   (  Y 1  ,  Y 2  )  = 1  {    Y 1   Y 2   ^  ≤ t }  −   t π   ,  t ∈  [ 0 , π )  .   











Ref. [177] used this kernel to construct a U-process for testing uniformity on the circle. Its conditional analog, when Y depends on a functional covariate X, is naturally encompassed by the present framework.





Example 11.

For   m = 3  , consider the kernel


   φ  (  Y 1  ,  Y 2  ,  Y 3  )  = 1  {  Y 1  −  Y 2  −  Y 3  > 0 }  .   











Then,


    r  ( 3 )    ( φ ,  t 1  ,  t 2  ,  t 3  )  = P  (  Y 1  >  Y 2  +  Y 3  ∣  X 1  =  X 2  =  X 3  = t )  ,   








and the associated conditional U-statistic may be interpreted as a conditional version of the Hollander–Proschan statistic [178]. It can be used to test whether the conditional distribution of   Y 1   given    X 1  = t   is exponential against the alternative of a new-better-than-used type distribution.






Example 12. (Gini Mean Difference). The Gini index is a classical measure of dispersion corresponding to the choice   E ⊂ R   and   h ( x , y ) = | x − y |  :


    G n  =   2  n ( n − 1 )     ∑  1 ≤ i < j ≤ n    |  X i  −  X j  |  .   











This is a U-statistic of order 2 estimating the Gini mean difference, which is often viewed as a robust alternative to variance-based dispersion measures.





Example 13

([11]). Let the sample central moments of order   m = 2 , 3 , …   be given by


   θ m   ( F )  = E   (  X 1  − E  X 1  )  m  = ∫   ( x − E  X 1  )  m  d F  ( x )  .  











In this setting, the corresponding U-statistic has a symmetric kernel


      h (  x 1  , … ,  x m  )     =   1  m !    ∑ [  x   i 1   m  −    m 1     x   i 1    m − 1    x  i 2   +    m 2     x   i 1    m − 2    x  i 2    x  i 3           − ⋯ +   ( − 1 )   m − 1       m  m − 1     − 1   x  i 1    x  i 2   ⋯  x  i m   ] ,      








where the summation extends over all permutations   (  i 1  , … ,  i m  )   of   ( 1 , … , m )  . In particular, when   m = 3  ,


      h (  x 1  ,  x 2  ,  x 3  )     =   1 3     x 1 3  +  x 2 3  +  x 3 3           −   1 2     x 1 2   x 2  +  x 2 2   x 1  +  x 1 2   x 3  +  x 3 2   x 1  +  x 2 2   x 3  +  x 3 2   x 2   + 2  x 1   x 2   x 3  .      











For   m = 2  ,


    θ 2   ( F )  = E   (  X 1  − E  X 1  )  2  = ∫   ( x − E  X 1  )  2  d F  ( x )  ,   








and the kernel


   h  (  x 1  ,  x 2  )  =     x 1 2  +  x 2 2  − 2  x 1   x 2   2   =   1 2     (  x 1  −  x 2  )  2    








produces the U-statistic corresponding to the sample variance:


       U n   ( h )      =   2  n ( n − 1 )     ∑  1 ≤ i < j ≤ n   h  (  X i  ,  X j  )         =   1  n − 1       ∑  i = 1  n    X i 2  − n     1 n     ∑  i = 1  n    X i   2   =   1  n − 1       ∑  i = 1  n    X i 2  − n   X ¯  n 2   .      











See also [179] for further discussion.





Taken together, these examples illustrate the considerable breadth of the U-statistic and U-process methodology, covering dependence measurement, goodness-of-fit procedures, robust estimation, dimension estimation in dynamical systems, and geometric inference on manifolds. In each instance, the corresponding conditional problem with responses subject to missingness under the missing at random mechanism can be handled within the unified framework developed in this paper. The essential requirement is that the kernel  φ  belong to a Vapnik–Chervonenkis-type class satisfying the entropy conditions in Assumption 6; this requirement is met in all the foregoing examples because of their indicator-type or Lipschitz-type structure.
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Figure 1. Empirical power and size comparison. The solid curves correspond to the oracle single-index estimator    τ ^  OR   (true   θ 0  ), while the dashed curves represent the feasible estimator    τ ^  EST   (estimated   θ ^  ). The horizontal dashed line indicates the nominal level   α = 0.05   under    H 0  : τ ≡ 0   (signal   δ = 0  ). For   δ > 0  , the curves show the rejection rate of the test   H 0   versus    H 1  : τ > 0  . The vertical distance between the two curves quantifies the oracle gap-the price paid for estimating   θ 0   under the MAR mechanism. As n increases from 120 to 500, the gap vanishes, consistent with the uniform convergence rates of Theorem 2. The size is well-controlled for both estimators, confirming that the asymptotic Gaussian approximation of Theorem 3 is reliable even when  θ  is estimated. 
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Figure 2. Oracle gap decomposition. The left panel shows    Δ RMSE  = RMSE  (   τ ^  EST  )  − RMSE  (   τ ^  OR  )    as a function of sample size n, signal strength  δ , and observation rate   p obs  . The right panel displays the corresponding rejection rate gap    Δ power  =  power ^   (   τ ^  EST  )  −  power ^   (   τ ^  OR  )    at   α = 0.05  . Values near zero indicate that the blocked CV criterion (Section 6) recovers the true direction sufficiently well that the conditional U-process behaves as if   θ 0   were known. The gap increases with missingness (lower   p obs  ) but decays at the rate    log n / ( n  h m   ϕ m   ( h )  )    predicted by Proposition 2. For    p obs  = 0.7   and   n = 500  , the RMSE gap is less than   0.01  , representing a relative efficiency loss of only   4 %   despite   30 %   missing data. 
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Figure 3. Alignment of   θ ^   with   θ 0  . The alignment angle is defined as   ∡  (  θ ^  ,  θ 0  )  = arccos   |    〈  θ ^  ,  θ 0  〉   L 2    |     and reported in degrees, averaged over   R = 100   replications. Values near  0 °  indicate exact recovery. The angle decreases with sample size n and signal strength  δ , and increases with missingness (lower   p obs  ) because the effective sample size for FSIR is reduced. For   δ = 0.6  ,    p obs  = 0.9  , and   n = 500  , the mean alignment angle is   10.1 °  , corresponding to a cosine similarity of   0.98  . This accuracy is sufficient for the estimated SI estimator to achieve near-oracle performance. The MAR-XU mechanism yields angles about 2– 3 °  larger than MAR-X, reflecting the additional noise introduced by the spatial dependence in the propensity score. 
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Figure 4. RMSE convergence for all four estimators. The four panels correspond to different combinations of signal  δ  and observation rate   p obs  . The oracle SI (red solid) achieves the one-dimensional nonparametric rate    O P     log n / ( n  h m   ϕ m   ( h )  )   +  h  2 ( 2 m ∧ α )      from Theorem 2. The estimated SI (green dashed) approaches the oracle as   n → ∞  , with the gap attributable to the error in   θ ^   (cf. Figure 3). The full functional estimator (red dotted) decays slowly due to the curse of infinite dimension (Remark 8); its RMSE remains above   0.8   even at   n = 500  . The marginal estimator (purple dash-dot) exhibits asymptotic bias because it ignores the z argument; its RMSE plateaus at approximately   0.45  , reflecting the irreducible error from omitting the single-index covariate. Vertical bars indicate   ± 1   Monte Carlo standard error. 
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Figure 5. The relative efficiency heatmap. For each competitor (FF or MG), we compute   RE = ISE ( competitor ) / ISE (  EST - SI  )  , where ISE is the integrated squared error over the evaluation grid. Red cells (  RE > 1  ) indicate superiority of EST-SI. The gain over FF increases with signal strength  δ  and decays with missingness (lower   p obs  ), reflecting the trade-off between dimension reduction (which benefits from the single-index structure) and the additional variability introduced by estimating   θ ^   from incomplete data. For   δ = 0.6   and    p obs  = 0.9  , EST-SI is approximately 6 times more efficient than FF (  RE ≈ 6.2  ). The MG estimator has RE close to 1 only when  δ  is small (so  τ  depends weakly on z); for   δ = 0.6  , MG is about   1.5   times less efficient than EST-SI. 
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Figure 6. Four-estimator surface benchmark for a representative replication (  n = 300  ,   δ = 0.4  ,    p obs  = 0.9  , MAR-X). Row 1: true conditional Kendall surface   τ ( u , z )   (left), OR-SI estimate (centre) and EST-SI estimate (right). Row 2: estimation errors    τ ^  − τ   for OR-SI (left) and EST-SI (centre), and the one-dimensional curves produced by MG (solid purple) and FF (dashed red) at a fixed spatial location    u *  =  ( 0.5 , 0.5 )    (right). The EST-SI surface captures the main features of the true surface, with slight degradation in regions where the missingness rate is high (e.g., near   z = − 2   where    p obs  ≈ 0.6  ). The FF curve is overly smooth and biased, failing to capture the nonlinearity in z. The MG curve misses the dependence on z entirely, producing a constant (over z) estimate that averages out the variation. 
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Figure 7. Diagnostics for the blocked cross-validation selection of   θ ^  . Left panel: blocked CV loss (see Section 6) over the sieve of candidate directions. The loss surface is convex near the optimum, and the red star marks the selected   θ ^  . Right panel: estimated direction    θ ^   ( t )    (solid red) versus true direction    θ 0   ( t )    (dashed blue) as functions on   [ 0 , 1 ]  , together with pointwise   95 %   bootstrap bands (grey ribbon) computed from 200 bootstrap replications of the FSIR procedure. The two curves are nearly indistinguishable for   n = 300  ,   δ = 0.4  , and    p obs  = 0.9  . The bootstrap bands are narrow (  ± 0.1  ), indicating that the FSIR estimator is stable. The selected direction achieves a Spearman correlation of   0.87   with the pilot variable, well above the   0.5   threshold used as a stopping criterion. 
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Figure 8. Bias2–variance decomposition of the integrated squared error. For each estimator, the total ISE is partitioned into squared bias (blue) and variance (red). OR-SI sets the oracle floor, with bias decaying as   h  2 ( 2 m ∧ α )    (Assumption 3) and variance decaying as   1 / ( n  h m   ϕ m   ( h )  )   (Proposition 2). The gap for EST-SI is attributable to additional variance from estimating   θ ^  ; this gap disappears as   n → ∞  . FF has substantially higher bias at small n due to the curse of infinite dimension: the effective dimension    K fpca  = 5   forces a slower bias decay   h 2   in a 5-dimensional space compared to   h 2   in one dimension for the SI estimators. MG exhibits large bias (about   0.25   at   n = 500  ) because it omits the z argument entirely; this bias does not decay with n. 
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Figure 9. QQ plots under the null hypothesis    H 0  : τ ≡ 0   (  δ = 0  ). The quantiles of the studentised test statistic   T =  τ ^  /  SE ^   (  τ ^  )    are plotted against the theoretical quantiles of the standard normal distribution. The left column corresponds to OR-SI; the right column to EST-SI. The diagonal line indicates perfect agreement. Under   H 0  , the conditional U-process converges weakly to a Gaussian process (Theorem 3), so the QQ plots should lie close to the diagonal. The EST-SI row verifies that estimating  θ  does not distort the null distribution beyond the Monte Carlo error, provided the blocked CV selection is consistent. The slight deviations in the tails for   n = 120   are within the expected range for a sample of 100 replications (Kolmogorov-Smirnov p-values   > 0.15  ). 
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Figure 10. Kolmogorov-Smirnov calibration heatmap under    H 0  : δ = 0  . For each combination of sample size n and signal strength  δ  (here  δ  denotes the dependence parameter; under   H 0  ,   δ = 0  ), the colour indicates the p-value of a KS test comparing the empirical distribution of the studentised test statistic T to   N ( 0 , 1 )  . Dark red (  p > 0.1  ) indicates good calibration; red (  p < 0.05  ) indicates significant deviation. Both OR-SI and EST-SI are well-calibrated for   n ≥ 200   and moderate missingness (   p obs  ≥ 0.8  ). The FF estimator fails calibration even at large n (all   p < 0.001  ), confirming that the Gaussian approximation does not hold in the full functional space without dimension reduction. The MG estimator also fails calibration because its asymptotic distribution is not centred at zero under   H 0   (it estimates a different functional). 
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Figure 11. Price of missingness for the EST-SI estimator. We compare three metrics under the MAR mechanism versus a complete-data benchmark (where    δ i  ≡ 1   for all i): (left panel)   Δ Rejection =   power ^  MAR  −   power ^  complete   ; (centre panel)   RMSE  ratio =  RMSE MAR  /  RMSE complete   ; (right panel)   Δ Coverage =  Coverage MAR  −  Coverage complete   . All quantities are plotted against the target observation rate   p obs  . The degradation is modest for    p obs  ≥ 0.7  : the RMSE ratio is approximately   1.05   for    p obs  = 0.9   and   1.12   for    p obs  = 0.7  , closely matching the theoretical prediction    E [ 1 / p ( X ) ]    derived from the MAR assumption (here   E [ 1 / p ( X ) ] ≈ 1.11   for    p obs  = 0.7   under MAR-X). The MAR-XU mechanism (dashed lines) incurs a slightly higher penalty (  RMSE  ratio ≈ 1.15   at    p obs  = 0.7  ) because the propensity score is more variable. Coverage remains close to   0.95   for all    p obs  ≥ 0.7  , indicating that the inverse-probability weighting correctly adjusts for missingness. 
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Figure 12. Conditional Kendall surface and effective sample size for the Nikkei 225 data. Left panel: Estimated conditional Kendall’s tau surface    τ ^   ( u , z )    from the EST-SI estimator, plotted as a function of rescaled time   u ∈ [ 0 , 1 ]   (where   u = 0   corresponds to January 2020 and   u = 1   to December 2023) and the single-index projection   z = 〈 X ,  θ ^  〉  . The colour scale ranges from negative (blue, indicating negative dependence) to positive (red, positive dependence). A clear pattern emerges: during the COVID-19 market turmoil (mid-2020,   u ≈ 0.15  –  0.25  ) and the 2022 correction (  u ≈ 0.7  –  0.8  ), the dependence becomes strongly positive (   τ ^  ≈ 0.3  ), while during calmer periods the dependence is near zero or slightly negative. The surface also reveals that the dependence varies with z: extreme values of z (corresponding to unusual past return patterns) are associated with stronger dependence, consistent with the single-index structure posited in Assumption 3. Right panel: Effective sample size    n eff   ( u , z )  =   (  ∑ i   w i  )  2  /  ∑ i   w i 2   , where   w i   are the product kernel weights. The effective sample size is lowest in regions of extreme z and near the temporal boundaries, reflecting the reduced local information available for estimation. The median effective sample size across the surface is   28.4  , which is sufficient for the asymptotic approximation of Theorem 3 to be reliable. 
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Figure 13. Comparison of EST-SI and marginal estimators. Left panel: Marginal Kendall estimator     τ ^  MG   ( u )    which smooths only over time, ignoring the functional covariate   X  i , n   . This estimator shows a similar temporal pattern but with attenuated magnitude: the peak dependence during the COVID period is only    τ ^  ≈ 0.12  , less than half of that detected by EST-SI. This suggests that the marginal estimator suffers from omitted-variable bias: by ignoring the information in the return curve, it underestimates the true conditional dependence. Right panel: Fair comparison of the distribution of   τ ^   values across all evaluation points for both estimators. The EST-SI estimator (blue) exhibits a wider spread (  SD = 0.081   vs.   0.047  ) and larger absolute values (   mean |   τ ^   | = 0.124    vs.   0.071  ), indicating that it captures stronger and more variable dependence patterns. A Wilcoxon signed-rank test rejects the null of equal distributions (  p <  10  − 6    ), confirming that the inclusion of the functional covariate significantly changes the estimated dependence structure. The violin plot also shows that the EST-SI estimator produces more extreme positive values (right tail) while the marginal estimator remains closer to zero, consistent with the interpretation that the functional covariate contains predictive information about future dependence. 
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Figure 14. Estimated single-index direction and temporal evolution of dependence. Left panel: Estimated single-index direction    θ ^   ( t )    as a function of lag t (in trading days). The direction weights recent returns (lags 0–10 days) positively, with a peak at lag 5, while returns beyond 30 days receive near-zero or slightly negative weights. This pattern is interpretable: the most recent two weeks of returns are most informative for predicting the conditional dependence between the next day’s return and the following week’s cumulative return. The negative weights at lags 40–60 suggest a mean-reversion effect: extremely poor performance over the distant past may indicate a market that is oversold, potentially leading to different dependence dynamics. Right panel: Temporal evolution of the conditional dependence, obtained by averaging the EST-SI surface over z at each u (solid blue line) with pointwise   95 %   confidence bands (grey ribbon) computed from the effective sample size. The marginal estimator (dashed red line) is shown for comparison. The EST-SI estimator reveals three distinct regimes: (i) Pre-COVID (2020,   u < 0.1  ): weak positive dependence (   τ ^  ≈ 0.05  ); (ii) COVID crisis (mid-2020,   u ≈ 0.15 − 0.25  ): sharp increase to    τ ^  ≈ 0.28  ; (iii) Recovery and 2022 correction (  u > 0.3  ): dependence gradually declines but remains positive, with a secondary peak during the 2022 bear market (  u ≈ 0.7 − 0.8  ). The confidence bands are narrow enough to distinguish these regimes, confirming that the effective sample size is adequate for inference. 
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Figure 15. Diagnostic plots for the EST-SI estimator. Left panel: Q-Q plot of the estimated single-index projections     z ^  i  =  〈  X  i , n   ,  θ ^  〉    against the theoretical quantiles of a standard normal distribution. The points lie close to the diagonal line, and the Shapiro-Wilk test yields   p = 0.312  , failing to reject normality. This is consistent with the functional central limit theorem for the estimated scores under the conditions of Theorem 3. The approximate normality of   z ^   supports the use of the Epanechnikov kernel   K 2   with bandwidth   h z   selected on a scale that matches the standard deviation of z. Right panel: Distribution of the test statistic under the null hypothesis of conditional independence, obtained from   B = 99   circular-shift permutations. The observed test statistic    T obs  = 0.124   (vertical red line) lies far in the right tail of the null distribution, yielding a p-value   < 0.01  . This provides strong evidence against   H 0  , confirming that the conditional Kendall dependence is statistically significant. The null distribution is centred near   0.02  , reflecting the baseline variability expected under independence. 
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Figure 16. Fair comparison of EST-SI and marginal estimators: distributional comparison. This figure presents a detailed distributional comparison between the EST-SI estimator (blue) and the marginal estimator (red) across all evaluation points. The violin plots show the full density of   τ ^   values, while the boxplots inside summarise the quartiles. The EST-SI estimator exhibits: (i) a larger interquartile range (  0.043   vs.   0.031  ), indicating greater temporal and cross-sectional variation; (ii) a heavier right tail, with maximum    τ ^  = 0.34   compared to   0.18   for the marginal estimator; (iii) a mean absolute value   0.124   that is   75 %   larger than the marginal estimator’s   0.071  . These differences are statistically significant (Wilcoxon   p <  10  − 6    ). The annotation boxes report the mean and standard deviation for each estimator. The comparison demonstrates that incorporating the functional covariate through a single-index structure substantially changes the estimated dependence pattern, revealing stronger and more variable conditional dependence that is obscured by marginal smoothing. 
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Figure 17. Temporal evolution of conditional dependence by period. The evaluation period is divided into four equal temporal segments: Period 1 (January–September 2020, covering the COVID crash), Period 2 (October 2020–July 2021, recovery), Period 3 (August 2021–May 2022, pre-correction), and Period 4 (June 2023–December 2023, post-correction). The boxplots show the distribution of    τ ^   ( u , z )    within each period, aggregated over z. Period 1 exhibits the highest median dependence (   τ ^  ≈ 0.22  ) and the widest spread, reflecting the turbulent market conditions during the onset of the pandemic. Period 2 shows a decline in dependence (  median ≈ 0.08  ) as markets stabilized. Period 3 shows near-zero dependence (  median ≈ 0.02  ), consistent with the calm market conditions of late 2021. Period 4 shows a modest increase (  median ≈ 0.06  ), possibly reflecting the 2022 correction and subsequent recovery. The whiskers extend to   ± 1.5  ×    IQR, with outliers shown as points. The temporal pattern is consistent with the local stationarity assumption of Definition 1: the dependence structure evolves smoothly over time but is approximately stationary within each period. 
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Figure 18. Bootstrap test for conditional independence.Histogram of the test statistic T under the null hypothesis    H 0  : τ  ( u , z )  ≡ 0  , obtained from   B = 99   circular-shift permutations of the response   T i   (the cumulative return). The null distribution is centred at   0.018   with standard deviation   0.009  . The observed test statistic    T obs  = 0.124   (vertical red line) is more than 11 standard deviations above the null mean. The empirical p-value is   0.01   (since only one permuted statistic exceeded   T obs  ). This constitutes strong evidence against   H 0  , confirming that the conditional Kendall dependence is statistically significant. The circular-shift permutation preserves the marginal distribution of T and the dependence structure of the covariates, providing a valid test under the  β -mixing conditions of Assumption 4. The test does not rely on asymptotic normality and is therefore robust to deviations from the Gaussian approximation at finite sample sizes. 






Figure 18. Bootstrap test for conditional independence.Histogram of the test statistic T under the null hypothesis    H 0  : τ  ( u , z )  ≡ 0  , obtained from   B = 99   circular-shift permutations of the response   T i   (the cumulative return). The null distribution is centred at   0.018   with standard deviation   0.009  . The observed test statistic    T obs  = 0.124   (vertical red line) is more than 11 standard deviations above the null mean. The empirical p-value is   0.01   (since only one permuted statistic exceeded   T obs  ). This constitutes strong evidence against   H 0  , confirming that the conditional Kendall dependence is statistically significant. The circular-shift permutation preserves the marginal distribution of T and the dependence structure of the covariates, providing a valid test under the  β -mixing conditions of Assumption 4. The test does not rely on asymptotic normality and is therefore robust to deviations from the Gaussian approximation at finite sample sizes.



[image: Mathematics 14 02112 g018]







[image: Mathematics 14 02112 g019] 





Figure 19. Effective sample size comparison: EST-SI vs. marginal estimator. The effective sample size    n eff  =   (  ∑ i   w i  )  2  /  ∑ i   w i 2    quantifies the number of independent observations that contribute to the estimator at each evaluation point. The EST-SI estimator (blue) achieves a median effective sample size of   28.4   (IQR:   22.5  –  35.1  ), while the marginal estimator (red) achieves a median of   45.2   (IQR:   38.7  –  52.6  ). The lower effective sample size for EST-SI is expected because the product kernel    K 1  ×  K 2    imposes localization in both time and the single-index space, whereas the marginal kernel localizes only in time. Despite the reduced effective sample size, the EST-SI estimator produces a much larger signal (   mean |   τ ^   | = 0.124    vs.   0.071  ), resulting in a signal-to-noise ratio     n eff     |  τ ^  |    that is   2.3   times larger for EST-SI (  3.12   vs.   1.36  ). This confirms that the additional localization in z is beneficial: it reduces bias sufficiently to outweigh the increase in variance, leading to a more powerful test and more precise estimation. 






Figure 19. Effective sample size comparison: EST-SI vs. marginal estimator. The effective sample size    n eff  =   (  ∑ i   w i  )  2  /  ∑ i   w i 2    quantifies the number of independent observations that contribute to the estimator at each evaluation point. The EST-SI estimator (blue) achieves a median effective sample size of   28.4   (IQR:   22.5  –  35.1  ), while the marginal estimator (red) achieves a median of   45.2   (IQR:   38.7  –  52.6  ). The lower effective sample size for EST-SI is expected because the product kernel    K 1  ×  K 2    imposes localization in both time and the single-index space, whereas the marginal kernel localizes only in time. Despite the reduced effective sample size, the EST-SI estimator produces a much larger signal (   mean |   τ ^   | = 0.124    vs.   0.071  ), resulting in a signal-to-noise ratio     n eff     |  τ ^  |    that is   2.3   times larger for EST-SI (  3.12   vs.   1.36  ). This confirms that the additional localization in z is beneficial: it reduces bias sufficiently to outweigh the increase in variance, leading to a more powerful test and more precise estimation.



[image: Mathematics 14 02112 g019]







 





Table 1. Principal notation used throughout the paper.
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Symbol

	
Meaning






	
1. Sample structure and spaces




	
    {  (  X  i , n   ,  Y  i , n   )  }   i = 1  n   

	
Triangular array: functional covariate    X  i , n   ∈ H  , response    Y  i , n   ∈ Y  .




	
  H  

	
Semi-metric space for covariates (e.g., separable Hilbert space).




	
   d ( · , · )   

	
Semi-metric on  H .




	
   Θ ⊂ H   

	
Single-index direction space.




	
  Y  

	
Response space (kernel   φ :  Y m  → R  ).




	
   x ∈  H m    

	
Functional evaluation point.




	
   u ∈   [ 0 , 1 ]  m    

	
Rescaled temporal evaluation point.




	
   θ ∈  Θ m    

	
Single-index directions for each of m arguments.




	
2. Geometry and local stationarity




	
    d θ   ( u , v )    

	
Direction- θ  semi-metric (projected discrepancy).




	
    {  X i  ( u )   }   i ∈ Z    

	
Stationary approximation at rescaled time u.




	
   U  i , n   ( u )    

	
Control process bounding    |   X  i , n   −  X i  ( u )    |    in local stationarity inequality.




	
    r  ( m )    ( φ , u , x , θ )    

	
Target:   E [ φ  (  Y   i 1  , n   , … ,  Y   i m  , n   )  ∣ projected  X = x ]   at   ( u , x , θ )  .




	
3. Missingness




	
   δ i   

	
Response indicator (1 if observed).




	
   p ( x )   

	
Propensity score:   P (  δ i  = 1 ∣  X  i , n   = x )   (MAR).




	
    p ^   ( x )    

	
Estimated propensity score.




	
4. Kernel weighting




	
    K 1   ( · )    

	
Temporal kernel on    [ 0 , 1 ]  m  .




	
    K 2   ( · )    

	
Functional kernel on projected space.




	
   h =  h n    

	
Bandwidth (  h → 0  ,   n  h m  → ∞  ).




	
    B θ   ( x , h )    

	
Ball of radius h under   d θ  .




	
    ϕ  x , θ    ( h )    

	
Small-ball probability   P ( X ∈  B θ   ( x , h )  )  .




	
5. Function classes and entropy




	
   F m   

	
Class of admissible kernels.




	
F

	
Envelope:   | φ | ≤ F   for all   φ ∈  F m   .




	
   K  θ  m   

	
Kernel product class for fixed  θ .




	
   N ( ε , G , ∥ ·  ∥   L q   ( Q )    )   

	
Covering number of  G  at radius  ε  in    L q   ( Q )   .




	
    ψ S   ( ε )    

	
Kolmogorov entropy (log covering number).




	
6. Estimators and decomposition




	
     r ˜  n  ( m )    ( φ , u , x , θ ; h )    

	
Estimator: ratio of weighted U-statistics.




	
    ψ ^   ( · )    

	
Generic weighted U-statistic (numerator/denominator).




	
    H ^   1 , i    

	
First-order Hoeffding projection (linear term).




	
7. Dependence and weak convergence




	
   β ( k )   

	
 β -mixing coefficient at lag k.




	
    a n  ,  v n    

	
Blocking/truncation sequences.




	
  G n   (or   G n  )

	
Normalized conditional U-process.




	
  G  

	
Limiting Gaussian process.




	
   σ (  φ 1  ,  φ 2  )   

	
Asymptotic covariance of  G  for kernels    φ 1  ,  φ 2   .











 





Table 2. Complete simulation summary: RMSE, coverage, alignment, and relative efficiency.
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Scenario

	
RMSE

	
Coverage

	
Other Metrics




	
  n  

	
  d  

	
  α  

	
   p obs   

	
Design

	
Mechanism

	
OR

	
EST

	
FF

	
MG

	
OR

	
EST

	
FF

	
Alignment

	
RE(FF)

	
RE(MG)






	
120

	
2

	
0.00

	
1.00

	
unif

	
MAR-X

	
0.482 (0.008)

	
0.491 (0.009)

	
0.987 (0.021)

	
0.623 (0.014)

	
0.950

	
0.942

	
0.100

	
32.1 (2.1)

	
4.05

	
1.61




	
120

	
2

	
0.20

	
0.90

	
unif

	
MAR-X

	
0.351 (0.006)

	
0.358 (0.007)

	
0.945 (0.019)

	
0.587 (0.012)

	
0.951

	
0.945

	
0.108

	
28.4 (1.9)

	
2.77

	
1.67




	
120

	
2

	
0.40

	
0.90

	
unif

	
MAR-X

	
0.284 (0.005)

	
0.291 (0.006)

	
0.921 (0.018)

	
0.551 (0.011)

	
0.948

	
0.939

	
0.115

	
26.1 (1.8)

	
2.57

	
1.64




	
120

	
2

	
0.60

	
0.80

	
unif

	
MAR-XU

	
0.265 (0.005)

	
0.272 (0.006)

	
0.908 (0.017)

	
0.534 (0.011)

	
0.947

	
0.936

	
0.112

	
24.8 (1.7)

	
2.54

	
1.60




	
200

	
2

	
0.00

	
1.00

	
unif

	
MAR-X

	
0.341 (0.006)

	
0.348 (0.007)

	
0.912 (0.018)

	
0.578 (0.012)

	
0.952

	
0.946

	
0.102

	
25.3 (1.6)

	
3.18

	
1.58




	
200

	
2

	
0.20

	
0.90

	
unif

	
MAR-X

	
0.272 (0.005)

	
0.278 (0.006)

	
0.884 (0.017)

	
0.542 (0.011)

	
0.953

	
0.948

	
0.105

	
23.7 (1.5)

	
2.67

	
1.62




	
200

	
2

	
0.40

	
0.90

	
unif

	
MAR-X

	
0.241 (0.004)

	
0.245 (0.005)

	
0.904 (0.018)

	
0.518 (0.010)

	
0.951

	
0.945

	
0.108

	
22.1 (1.5)

	
2.85

	
1.59




	
200

	
2

	
0.60

	
0.80

	
unif

	
MAR-XU

	
0.218 (0.004)

	
0.223 (0.005)

	
0.896 (0.017)

	
0.495 (0.010)

	
0.953

	
0.941

	
0.102

	
19.2 (1.3)

	
2.74

	
1.55




	
300

	
2

	
0.00

	
1.00

	
unif

	
MAR-X

	
0.252 (0.004)

	
0.258 (0.005)

	
0.887 (0.017)

	
0.541 (0.011)

	
0.954

	
0.949

	
0.095

	
20.4 (1.3)

	
3.14

	
1.61




	
300

	
2

	
0.20

	
0.90

	
unif

	
MAR-X

	
0.208 (0.004)

	
0.214 (0.004)

	
0.861 (0.016)

	
0.505 (0.010)

	
0.955

	
0.951

	
0.098

	
18.5 (1.2)

	
2.77

	
1.60




	
300

	
2

	
0.40

	
0.90

	
unif

	
MAR-X

	
0.192 (0.003)

	
0.198 (0.004)

	
0.878 (0.017)

	
0.482 (0.009)

	
0.952

	
0.947

	
0.095

	
17.3 (1.1)

	
2.91

	
1.57




	
300

	
2

	
0.60

	
0.80

	
unif

	
MAR-XU

	
0.175 (0.003)

	
0.181 (0.004)

	
0.869 (0.016)

	
0.461 (0.009)

	
0.954

	
0.944

	
0.089

	
14.3 (1.0)

	
2.82

	
1.53




	
500

	
2

	
0.00

	
1.00

	
unif

	
MAR-X

	
0.178 (0.003)

	
0.184 (0.003)

	
0.851 (0.016)

	
0.512 (0.010)

	
0.957

	
0.952

	
0.088

	
14.8 (0.9)

	
3.11

	
1.63




	
500

	
2

	
0.20

	
0.90

	
unif

	
MAR-X

	
0.162 (0.003)

	
0.167 (0.003)

	
0.832 (0.015)

	
0.475 (0.009)

	
0.958

	
0.954

	
0.085

	
13.2 (0.9)

	
2.86

	
1.59




	
500

	
2

	
0.40

	
0.90

	
unif

	
MAR-X

	
0.154 (0.003)

	
0.159 (0.003)

	
0.842 (0.016)

	
0.458 (0.009)

	
0.956

	
0.950

	
0.082

	
12.7 (0.8)

	
2.95

	
1.58




	
500

	
2

	
0.60

	
0.80

	
unif

	
MAR-XU

	
0.138 (0.002)

	
0.144 (0.003)

	
0.835 (0.015)

	
0.434 (0.008)

	
0.958

	
0.951

	
0.078

	
10.1 (0.7)

	
2.89

	
1.54








Notes. Results are averaged over   R = 100   replications. Standard errors shown in parentheses are Monte Carlo standard error estimates. The best RMSE in each row is shown in bold. Abbreviations. OR = Oracle SI; EST = Estimated SI; FF = Full Functional (no single-index reduction); MG = Marginal (spatial smoothing only, ignores z). Coverage is the empirical proportion of pointwise 95% confidence intervals, based on the asymptotic Gaussian approximation, that contain the true  τ . Coverage values for FF and MG are heuristic. Alignment is the angle   ∡ (  θ ^  ,  θ 0  )   in degrees between the estimated and true single-index directions. Relative efficiency is defined as   RE ( competitor ) = ISE ( competitor ) / ISE ( EST )  . Values greater than 1 indicate that the competitor is less efficient than EST. Note that   RE ( FF ) > RE ( MG )   in all rows: despite using more covariates, the full-functional estimator incurs a larger dimensionality penalty than the marginal estimator relative to EST. MAR mechanism. The default mechanism is MAR-X unless otherwise noted; rows with    p obs  = 0.80   use MAR-XU. The parameter  α  denotes the signal strength, and   p obs   is the target observation rate (realized rates are within   ± 0.02  ). Design unif corresponds to a uniform spatial distribution on    [ 0 ,   1 ]  2  ; results for beta-center are qualitatively similar and are omitted for brevity.













 





Table 3. Summary of Nikkei 225 analysis results. Comparison of EST-SI (with functional covariate) and marginal (time-only) estimators. Standard errors (where applicable) are computed from the bootstrap distribution. The EST-SI estimator detects stronger conditional dependence (   mean |   τ ^   | = 0.124    vs.   0.071  ) and achieves a higher signal-to-noise ratio despite a lower effective sample size. The circular-shift bootstrap test rejects conditional independence at the   1 %   level (  p = 0.01  ).
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Metric

	
EST-SI (With SI)

	
Marginal (Without SI)






	
Sample size n

	
921

	
921




	
FPCA components

	
4 (94.2% var)

	
—




	
Bandwidth   h u  

	
0.12

	
0.15




	
Bandwidth   h z  

	
0.48

	
—




	
Mean   τ ^  

	
0.034 (0.006)

	
0.012 (0.003)




	
Mean    |   τ ^   |   

	
0.124 (0.008)

	
0.071 (0.004)




	
Standard deviation   τ ^  

	
0.081

	
0.047




	
Median   τ ^  

	
0.028

	
0.009




	
Mean   n eff  

	
28.4

	
45.2




	
Median   n eff  

	
27.8

	
44.1




	
Signal-to-noise ratio     n eff   ·  |  τ ^  |   

	
3.12

	
1.36




	
Test statistic   T obs  

	
0.124

	
—




	
Bootstrap p-value

	
0.01

	
—




	
Wilcoxon p-value (EST-SI vs. marginal)

	
<   10  − 6    








Notes: Standard errors (in parentheses) for mean estimates are computed from the bootstrap distribution. The signal-to-noise ratio is defined as     median (  n eff  )   × mean  |  τ ^  |   . The Wilcoxon test compares the distributions of   τ ^   across all evaluation points for the two estimators.
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