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Abstract

This paper formulates a latent HIV infection model with saturated immunity, two general
infection rates (virus-to-cell and cell-to-cell transmission), and three time delays (infected
cell activation delay, virus production delay, and immune response delay). The dynamical
behaviors and equilibria stability of the model are theoretically analyzed. By constructing
appropriate Lyapunov functions, sufficient conditions for the global asymptotic stability of
the infection-free, immune-free, and coexistence equilibria are derived. All theoretical re-
sults are validated using numerical simulations. The simulation results reveal the difficulty
of suppressing HIV infection for cases with a sufficiently large basic reproduction number.
For patients with a high basic reproduction number, a single therapeutic strategy that only
enhances the reversion rate of latently infected cells may not be effective.

Keywords: HIV model; global stability; time delays; latent; saturated immunity; general
incidence rates

MSC: 92D30; 34K20

1. Introduction

Mathematical models serve as powerful tools to reveal the infection dynamics of
infectious diseases and clarify their progression mechanisms [1]. They generate quantitative
analytical results for research and provide theoretical guidance for clinicians to adjust
medication plans tailored to individual patients.

During many viral infections, including human immunodeficiency virus (HIV) infec-
tion, a biological process known as the eclipse phase exists. It refers to the period from
initial infection to the release of new virions. Many infectious diseases such as HIV infection
are notoriously difficult to cure. One plausible reason is that infected CD4™ T cells can
escape recognition and clearance by cytotoxic T lymphocytes (CTLs) during the eclipse
phase. Chun et al. [2] argued that latent infection constitutes the main obstacle to eradicat-
ing the virus. After HIV invades resting CD4" T cells, viral RNA may not be completely
reverse-transcribed into complementary DNA [3]. Consequently, some latently infected
cells can return to an uninfected state before the viral genome integrates into the genome of
host lymphocytes [4].
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To characterize these biological processes, a series of dynamical models have been
developed in the previous literature. Rong et al. [5] established a four-dimensional model
taking the eclipse phase of infected cells into consideration, and Bruno et al. [6] further
explored the global stability of this baseline model.

The above classical model adopts the bilinear incidence rate to describe viral trans-
mission [7,8]. In practice, it is hard to identify the true incidence rate for most infectious
diseases. In recent years, many researchers have adopted general incidence rates in viral
dynamic models [9-11]. Meanwhile, the CTL immune response plays a key role in regulat-
ing the pathogenesis of HIV infection. Given the complexity of immune responses, some
nonlinear functional forms for immune responses have been proposed and developed.
Typical forms include the bilinear term [7,12], the saturated CTL response [13,14], and the
generalized form [15,16]. Considering the above factors, Wang et al. [17] constructed a
mathematical HIV model with a general infection rate and saturated CTL immune response
in 2021.

Cell-to-cell transmission is not taken into account in the above model. Studies [18,19]
have demonstrated that CD4"T cells can be infected via two pathways: virus-to-cell
transmission and cell-to-cell transmission. Virus-to-cell transmission describes the process
where free HIV virions released from infected cells diffuse in the extracellular environment
and then invade susceptible CD4*T cells. In contrast, cell-to-cell transmission refers to
direct viral transmission between infected cells and their adjacent healthy cells, which
does not rely on the extracellular environment. In fact, over 50% of HIV infections are
established via direct cell-to-cell transmission [19]. Given that cell-to-cell transmission is
more efficient than the free virion pathway, some studies have investigated viral infection
models with cell-to-cell transmission [10,20].

When mathematically modeling viral infection dynamics, introducing time delays [21-23]
is biologically necessary to characterize realistic physiological processes. These delays
account for the fact that infected cells require a finite period to generate mature virions and
that the immune system needs time for clonal expansion and differentiation. Accordingly,
incorporating time delays into viral infection models can improve their biological rationality
in describing infection progression and immune regulation.

Motivated by the above discussions, we establish a latent HIV infection model that
incorporates saturated immunity, dual general incidence rates and three distinct time
delays: infected cell activation delay, virus production delay, and immune response delay.
We will study the effects of these delays on the global stability of the equilibria.

The remainder of this paper is organized as follows. Section 2 presents the notations,
fundamental hypotheses and model formulation. In Section 3, preliminary results are
provided, which mainly include the boundedness of solutions and the basic reproduction
number. Section 4 analyzes the existence and uniqueness of all equilibria. In Section 5, we
construct appropriate Lyapunov functions to derive sufficient conditions for the global
asymptotic stability of the infection-free equilibrium, immune-free equilibrium and coexis-
tence equilibrium. Numerical simulations are performed in Section 6 to verify analytical
results. Finally, main results and several open problems are summarized in the last section.

2. Model Formulation

In this section, we first list all notations for state variables and time delays adopted in
the whole paper. Then we formulate the improved HIV model. Finally, we present
mathematical hypotheses for nonlinear incidence functions required for subsequent
theoretical analysis.
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2.1. Notations
All biological variables and time delays are defined below:

e x(#): uninfected CD4 T cells;

e w(t): latently infected CD4"T cells in eclipse phase;
e y(t): productively infected CD4™ T cells;

e p(t): free HIV virions;

e z(t): cytotoxic T lymphocytes (CTLs);

* T19: infected cell activation delay;

* Ty virus production delay;

*  13: immune response delay.

2.2. Improved Model

We revisit two classical HIV models from existing literature, then establish our
novel delayed HIV dynamic model, and present mathematical hypotheses for nonlinear
incidence functions.

First, Rong et al. [5] proposed a four-dimensional HIV model considering the eclipse phase:

"= A —dx— Bxv+kw,
"= Bxv — (uy +ki)w,
= kow — uyy,

g w
|

1)

/!

ISR

= k3y — Uuso,

where A is the production rate of uninfected CDA4ATT cells; d, uy, us, u3 represent natural
mortality rates of corresponding cells and virions, respectively. f is virus-to-cell infection
rate; k; denotes the reversion rate of latent infected cells; k; and k3 are cell transition rate
and virus production rate, respectively. Bruno et al. [6] completed the global stability
analysis for this model.

Further considering generalized incidence and saturated CTLs immunity, Wang et al. [17]
constructed the following model:

¥ =A—dx—Bxf(v),
y' = Bxf(v) —uay — pyz,

v' = ky — uzv, 2)
r_ Yz
T e M

Combining dual transmission modes, three biological time delays and latent infection
characteristics, we propose the improved HIV model:

X' = A —dx — p1xf1(v) — Baxfa(y) + k1w,

w' = B1xfi(v) + axfo(y) — (u1 +k1)w,

Y =kw(t— 1) — ugy — pyz, 3)
v = ksy(t — ) — u3v,

S cy(t — 13)z(t — 13)
1+ ez(t — 13)

— Uyz,

where 1, B> stand for infection rates of two transmission pathways; p is the killing rate of
CTLs to infected cells; c is CTLs proliferation rate; e is immune saturation constant; and u4
is death rate of CTLs. The meaning of the other parameters is the same as that in model (1).
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The nonlinear incidence functions fi (v) for virus-to-cell transmission and f, () for cell-
to-cell transmission are continuously differentiable and satisfy the following hypotheses
forall x > 0:

fi(0)=0, fi(x)>0, f'(x)<0, i=12

These hypotheses are biologically reasonable. The conditions f;(0) = 0 mean no
infection occurs without infectious sources. The conditions f/(x) > 0 indicate that infection
risk rises with the increase of infectious individuals or free viruses. The concave conditions
f/'(x) < 0 describe the saturation phenomenon of actual infection, which is consistent with
real HIV transmission characteristics.

Based on the above concave hypotheses, we derive a critical inequality for later

Lyapunov stability analysis:
xfl(x) < fi(x) < xf/(0), x>0,i=1,2.

3. Preliminaries

Denote the Banach space of continuous functions ¢ : [—7,0] — R by C with the norm

loll = sup |g(0)],

—17<60<0

where T = max(1, T, 73). The initial conditions of model (3) are

x(0) = ¢1(0), w(0) = ¢2(0), y(6) = @3(8), v(0) = @a(0), z(0) = ¢5(6),
¢i(6) >0, 0 €[-1,0], ;(0) >0 (i=1,23,4,5),

where ¢1, 92, 93, ¢4, 95 € C([=7,0], Ry).

Under the hypotheses of model (3), by virtue of the continuity and local Lipschitz
continuity of the right-hand side functions, based on the basic theory of functional dif-
ferential equations (cf. Theorem 2.3 [24]), it follows that model (3) has a unique solution
(x(8), w(8), y(8), 0(t), 2())-

According to the methods presented in [3], it is easy to obtain the nonnegativity of the
solutions. We only focus on proving the boundedness of solutions of model (3). We will
give the following basic results of model (3).

3.1. Boundedness of Solutions

Theorem 1. There is an M > 0, for any positive solution (x(t),w(t),y(t), v(t),z(t)) of model (3),
we have x(t) < M,w(t) <M, y(t) <M, v(t) < M, z(t) < M.

Proof. Define the following function

Uiup

up
4k2k3v(

t+n+ 1)+ 7—z(t+71 + 1).

N(t) = x(t)+w(t)+ﬂy(t+ﬁ)+ 2kyc

2ky
Calculating the derivative of N(t) along the solutions of model (3) yields
N'(t) = A —dx(t) — ugw(t)

u
+ g, e (t) =y (t 1) = py(t+m)z(t+ 7))
+ w[kg,y(t + T1) — M3?J(t + T + Tz)]

koks

up [ey(t+m)z(t+m)

2koc| 1+ez(t+m)

—uz(t+ 1 + 13)
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uq Uy Uq
<A—d-x(t) > w(t) > 2k2y(t+ )
Uiy up
U3 4k2k3v( +T+ 1) —uy 2k2cz( +17+ 1)
. uip up
< — — = .
<A mm{d, ) ,u3,u4}N(t)
. ui Uup .
Denote h = min{d, oo uy}, we obtain

N'(t) < A —hN(t).
Hence, , litf sup N(t) < % We conclude all solutions are ultimately bounded. Therefore,
—r 400

there exists an M > 0 such that x(t) < M, w(t) < M,y(t) < M,v(t) < M, z(t) < M. O

Define the following invariant set for model (3)

D = {(x, w, y, v, z) € RL| x(t),w(t),y(t),0(t),z(t) < M}

3.2. Calculation of the Basic Reproduction Number

Using the framework of the next generation matrix [25] and the definition of the
reproduction number [26], we compute the basic reproduction number of model (3). The
corresponding result is stated in the following theorem:

Theorem 2. The basic reproduction number of model (3) is

o kz.‘)CO
07 (ug + ky)uguz

[B1k3f1(0) + Bausf>(0)],

where xg = %

Proof. The basic reproduction number quantifies the average number of new infections
generated by a single infected cell in the absence of any pre-existing infections. Obviously,

the infection-free equilibrium of model (3) is Qyp = (x¢,0,0,0,0), where xy = —.

Following the concept of the next generation matrix, the spectral radius of the matrix is
Ro = p(FV ).

The nonlinear terms F and V are given by

B1xf1(v) + Baxfa(y) (1 +k)w
F = 0 V= | —kw(t—1)+uy+ pyz
0 —ksy(t — ) + uzv

The Jacobian matrices of F and V at Qg are

0 Baxofp(0) Pixofi(0) up+k; 0 0
F = O 0 0 7 V - _kZ uz O
0 0 0 0 —ks us

The basic reproduction number Rq can be derived as the spectral radius of FV 1. So,

o kz.‘)CO
07 (ug + ky)uguiz

[B1k3f1(0) + Bausf>(0)].
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O

, Bixokaksf(0) B2xok2f5(0)
Notice that Ry = Ry + R,, where R, = , Ry, =
0 ¢ y ‘ (ul +k1)u2u3 Y (Lll +k1)u2

Ry is the contribution of virus-to-cell infection, and Ry accounts for cell-to-cell infection.
Consequently, ignoring cell-to-cell spread leads to an underestimate of the basic reproduc-
tion number.

. Obviously,

4. Existence and Properties of the Equilibria

In this section, we discuss the existence and uniqueness of equilibria of model (3).
At any equilibrium, the following equations always hold:

A —dx — B1xf1(v) — Baxfo(y) + kaw =0,
B1xf1(v) + Baxfo(y) — (u1 +k1)w =0,

kow — upy — pyz =0, 4)
ksy —usv =0,

yz _
T+ez ™57 0

(@)Ifz=0and v =0,
Notice that f1(0) = 0 and f(0) = 0. The infection-free equilibrium

QO = (xOIOIOIOIO) - <2,0,0,0,0>

always exists, which corresponds to virus extinction.
(b)Ifz=0and v # 0,

From the last equation in (4), setting z = 0, we derive the immune-free equilib-
rium Qq = (%1, @1, ¥1,71,0). The existence and uniqueness of this equilibrium are given
as below.

When z = 0, from the third and fourth equations of (4), we obtain

Uz Uy  Uplj

R
Adding the first and second equations of (4) yields

A wmw A ujuoug

X =

A d —d dkoks O

Akok
From the biological perspective, we require x > 0, which implies v < ﬁ Denote
1U2U3
20— Akoks

gtz
Substituting the expression of x into the second equation of (4), we introduce the

following function:

. )Lkzkg ) G(U)
a upus  d(uy + k) +ui1G(v)

F(v) -0, ©)

where G(v) = B1f1(0) —l—ﬁzfz(l;;v). Since f/(x) > 0and f(x) < 0 (i = 1,2), we have

F"(v) < 0. Consequently, F(v) is concave for 0 < v < o°.
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Clearly, F(0) = 0 and

< 0.

F(o) = Akoks —d(uy +kq)
U U U3 d(lx[1 + kl) + M1G(?JO)

By the properties of concave functions, the equation F(v) = 0 has a unique positive
root in (0,2°) if and only if F/(0) > 0.
We have

F(0) = % [Biksf1(0) + P f3(0)] ~1 = Ro—1.

d(uq + k1) ugu

Hence, there exists a unique positive root 7 € (0,7°) of F(v) = 0 when Ry > 1, and
thus we obtain the unique immune-free equilibrium Q; = (%, @, 7, 9,0). This implies that
the immune response is not activated.
(o) Ifz #0,

Using the fourth equation in (4), we have y = %v. Combined with the last equation

3
of (4) and z # 0, we get
oy —uy  cuzv —ksuiy

ya =
€y eksuy

. . . . . . k3u kau
From biological considerations, z > 0 is required, so v > =22 Denote vy = ——=.
CUs CuUs

From the second equation of (4),

Bixfi1(v) +[32xfz<l;;’v)

w =

u +kq
Substituting w into the first equation of (4) leads to
A
us ’
{ﬁlfl (v) + Baf2 (kgv>:|

U

d+
uy +kq

From the third equation of (4), we obtain

o M2yt pyz
ko

Summing the first two equations of (4) gives

A —dy = mw = 2Py
k>

and hence

o Al tpz)y

d kod

Construct the following function:

A A uqupuzv  uipuzv  cuzv — bks

1 u3 B [d dkoks dkoks beks
a+ uy + kq [ﬁ1f1(0) MGE < ks U)]

S(v) =

One can show that §”(v) > 0 forall v > 0 and S(0) = 0. Then S(v) = 0 admits a
unique positive root if and only if §'(0) < 0 and S(vp) < 0.
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Direct calculation gives

Mluzus( ~Ro) uipus

/ — —
S (0) N dk2k3 0 dk2k3€.

Thus S$'(0) < 0 whenever Ry > 1.
In addition, S(vy) < 0 is equivalent to

A _ Akoc — uqupuy

[ﬁlfl(vo) + Baf2 (:;UOH dkyc <0,

S(vo) =

U
d+
U+ kq

which implies

(Akoc — uruizuy) [ﬁlfl(vo) + Baf2 <Z;’00>] > (ug +ky)upduy.

Using the inequality f;(v) < vf/(0), we further rewrite the above condition as

Uy

Ry>1+ ——m—-+—
0 + c(uy + ky)uszd

[B1k3f1(0) + B2uz f5(0)].

Denote
Uiy

Ri=14——7-—
! + c(uy +ky)usd

[B1k3f1(0) + Bauz f5(0)].

Therefore, when Ry > Rj, there exists a unique positive root 9 of S(v) = 0, corre-

AAAAA

means the immune response is successfully triggered.
The above conclusions are formulated into the following theorem:

Theorem 3. The equilibria of model (3) are summarized below:

(1) The infection-free equilibrium Qy = (xo,0,0,0,0) always exists.

(2) The immune-free equilibrium Qq = (%, @, 7,7, 0) exists when Ry > 1.

(3) The infection-immune coexistence equilibrium Q, = (X,W, 1,9, 2) exists when Ry > Ry > 1.

For convenience of the following discussion, we state a lemma below.

Lemmal. If1 < Ry < Ry, thenj < %.

Proof. Let F(v) be the function given by (5). Substitute vy = ks% into the expression of
3
F(v), then
Akoks G(vo)
F = . —
(20) upuz  d(ug +kq) +M1G(00) “
_ Akoks G(vo) Uiy
o upuz | d(uq + k1) + u1G(vg)  Akac
k3

"~ wpuze[d(un + k1) + G (op)] [(Akae = 14z144) G (v0) = d(u1 + Ky Juuzita]

k[ (Akac — urupug)G(vg) — d(ug + ky)usiy]
UpUsC [d(ul + kl) + M]G(Uo)} ’

When 1 < Rg < Ry, the inequality

(Meae — uqunug)G(vg) < d(uq + ky)uguy
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holds, so F(vg) < 0. Combining with the properties of F(v), we conclude 7 < vp.
Consequently,

ug Uzl Uy cuz0 — katiy < cuzvy — kg .

]/_?—E_T cks - cks

0,

which yields 7 < %. The proof is complete. [

5. Global Stability of the Equilibria

In this section, we investigate the global stability of the equilibria. For simplicity, we
introduce the notation

X =X(t—7), Xe{yvz} i=123,

1

and define the function
H(x)=x—1—1Inx.

Theorem 4. If Ry < 1, then the infection-free equilibrium Qy = (x0,0,0,0,0) is globally
asymptotically stable for all 1 > 0, T, > 0 and 13 > 0.

Proof. We construct the following Lyapunov functional:

B X kq B 2 uy+ky . Bi1xofi(0)
L(t) = on(xO> + CESTEN [(x —x0) +w]" +w+ o v+ i v
(ug +k1)p

no Bixofi(0), [
+ koc z+ (g —l—kl)/o w(t— 1) dr+7u3 k3/0 y(t—1)dt
(1 +k1)p /T3 yt=dz(t-7)
ka 0

+ 1+ ez(t— 1)

Calculating the derivative of L(t) along the solutions of system (3), we get

L'(t) = =2 [A —dx — Bixfi(0) — Baxfa(y) + k]
+ m [(x = x0) + w] [A — dx — wyw] + [B1xf1(0) + Baxfa(y) — (u1 + k1) w]
+2 ,:; 5 kytor, — nay — pyz] + ﬁlxig{(o) [ksyz, — u30]
! Z2k1)p [lyfz;; - %z] + (1 + k) [ — wy |

i ,31x0f1/(0)k (ul +k1)p[ Yz _ Y2ty
us

3y —ym] + k> 14+ez 1+4ezg"
Note that A = dxy and

kiw(x —x) _ kiw(x — x)? N kyw(x — xg)

X XX0 X0

Substituting this relation yields

URY
L'(t)y = _(xxsz) <dx0 +kw + dcjflulx> — (dlel)xowz +x0(B1La(v) + Bafa(v))
— zzkl)uZy — Bixof1(0)v + 'leofl/(o)k3y O, kl)pwz _elat kl)pyzz.

us k2C kz(l + SZ)
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Since f1(v) < vf{(0) and f>(y) < yf3(0), we further obtain
x —xp)? dkq kiu
L'(t) < _(xxOO) (dxo +hw+ - - 1x> e +lu11)x0w2 — B1xo(vf1(0) — f1(v))
(w1 +k)ua (1— Ro)y — (1 +ky)pug e + k) pyz*

sz kz(l + €Z)

From the given hypotheses, we have vf](0) — fi(v) > 0. If Ry < 1, then L'(t) < 0,
and L'(t) = 0 holds if and only if x = xo, w = 0, ¥y = 0, z = 0. From the fourth equation
of model (3), the set Ml = {Qy} is the largest invariant subset of L'(t) = 0. By LaSalle’s
invariance principle, we conclude that the infection-free equilibrium Qg = (x0,0,0,0,0) is
globally asymptotically stable. This completes the proof. [J

iz
Theorem 5. If1 < Ry < Ry and ky < Ex, then the immune-free equilibrium Q1 = (%,@,7,9,0)
is globally asymptotically stable for all Ty > 0, o > 0 and 13 > 0.

Proof. Define a Lyapunov functional

X k1

L(t) = zH()+ )+ B12f1(9) + B2xfo( )-H(Z)

ko ]

m[(xff)+(wszJ)]z+ﬁ)H(
+’51Z}(”)5H(z)+(”ﬁf” + [B12f1(5) + Bozfo ()] /OTlH<w(t_T))dT

w

B1%A1(9) /()H(W)dw(”“’“p/ (“T)“‘T))ﬁ.

1+ez(t—1)

SHES

Calculating the derivative of L(t) along the solutions of model (3), we have

L) = (1= ) A = dx = Buxfi(o) - paxfaly) + kv

(d+k11>,z[(x%)+(w D)][A — dx — uguw]
+< Z) Bixfi(v) + Boxfo(y) — (u1 + k1)w]
L PrtA(0)

ko ( i) (ko — w2y — pyz]

ﬁzifil)( ) < - g) [kaT1 — Uy — PJ/Z] ﬁl kfl( ) < Z> [k3y72 - M3U]

3Y
+ (u1 I:rzfl)r’ [162:3;:3-3 — u4z} [B1%f1(D) + Baxfo(y )][ (g) _ H(ﬂ_ﬁ)]

+ﬁ1xf1<a)[H(;>—H<y?>}+<”1+k1)”[ vz yrazq )

7 ko 1+ez 14ezg)|
At the immune-free equilibrium Q;, the following relations hold:
A = dx+ p1%f1(0) + 2% f2(7) — ka,
A =dx+u®,
prefi(0) + ﬁzxfz( )

Uq +k
kyw
u2 - 7—/
y
_ sy
BT
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L'(t)

h(w-w)(l_f) _ hw-@)x -2 | khw-d)x-5)

Substituting these into L’(t) and simplifying, we have

(x — J?)z dkq kiuq

= g Wrth@ -+ Grma - e s (- o)
o X xfi(v) | fi(o) _x xfly) | L)
+ﬁle1(v)[1 x ffl( )+f( )]+182xf2( )[ X fo(]]) +f2(]7)}
g W wxfi(v) | xfi(v) ce W wxfoly) | xfa(y)
‘I‘,lefl(?))[l TI) wxfl( ) + xf (—)] "‘ﬁzxfz(]/)[l w wffz(y) + ffZ(]?)}
iA@Y - T T g o)y -9
AL~ Tl T - path ) - 0)
sl - 5 - Y20 +y;1+(“l Aty
+HEAO)S — L —In 2 +In L]+ BEfa() — —t —In s +In 0]
Y Yo Y yTz (u1 +ki)p, yz Yuln
+ﬁ1xf1(v)[y 7 —In y+ln 7 ]+ % ! v 1+ez13]'
Hence, we have
(x—%2[,, . _ dk kiu i
por _(dx—klw)+k1w+ (d—i—lul)x} — (d_:ull)f(w—w)2

+ Brefi () 5_§_mf1 v _wn]/_yrzv_lng_lng_Jrln@Jrlnyﬂ_vfl(ﬁ)

+ B1xf1(9) -—1 -5t

0)
+ﬁszz<y')_4—f_—%2<y>_w_l Y i wn_}/fz(?)]

)

7) wy 7o W 7 W 7 0f1(v)
) . vf1(9)

Ac >]

(
x  wifi(

fi(

fi(o

L x wxfa(y) @y o 9f(y)
oo y L) }/fz( )], (wi+k)p o ug\  e(ur +ki)pyz?
#Bathls)| 1 - ¥+ i+ S|4 TR () il
(x—22[,. dk kyu ]
- _(dx—klw)—i-klw—i— (d+lul)x} J:ull X( w—)?

pussol[n(2) (DT (2

— B1%f1(D) Ao allA
N e @xfa(y) W § yf2(7)
— Baxfa () _H x) H<wxf§(g)> +H< wy ) +H<y_f§(y)>}
Caeh [ 20 _v][£L@) ]
,82 fZ(y) _fZ( ) 7] _fZ(y)

_emtk)pyz? | (m+k)p (7-4).

) () ()

Ai) o)A@

zZ\Y

kz(l + €Z) kz c

Note that f{(v) > 0, so f1(v) is increasing with respect to v. In addition, the function

fi()
0

is decreasing with respect to v. Consequently,
(fl(fi) B ?) <f1(77) B 1) >0,
h@) 9/ \Al)

https:/ /doi.org/10.3390/math14122057



https://doi.org/10.3390/math14122057

Mathematics 2026, 14, 2057

12 of 22

The same argument gives

(fz(y_) B %) (fz(]?) B 1) >0,
L(G) 7))\ faly)

By Lemmal, 7 < — 4 whenever 1 < Ry < Ry. Thus, if 1 < Ry < Ry and k1 < d;x
we obtain L'(t) < 0. L() = Oholdsifand only if x = ¥, w = @,y = §, v = 0 and

z = 0. By LaSalle’s invariance principle, we conclude that the immune-free equilibrium
Q1 = (x,@,7,7,0) is globally asymptotically stable. This completes the proof. [

A

dz ) . )
Theorem 6. If Ry > Ry > 1, k1 < ) and t3 = 0, then the infection-immune coexistence

equilibrium Qy = (%, 0,9, 9,2) is globally asymptotically stable for all g > 0,7 > 0.

Proof. Define a Lyapunov functional

L(H) = ;eH(x)+M[u—f)ﬂw—m]um@)
ﬁlel( ) + Batfa( ) B12f1(0) ... v\ (mtk)(A+e)p, z
kzw (y) + k3yA UH(@) + sz H(ﬁ)

+[ﬁ13?f1(?7)+ﬂ29?f2(}?)]/0T1H(W)“*‘ﬁﬁfl( ) ( >

Calculating the derivative of L(t) along the solutions of model (3), we have

V() = (- —dr— pixfi(o) - faxfaly) + kyw)
gl = ) (= 0)JA = dx — g
+(1 = D)[prxfi(0) + paxfaly) — (1 + k1))
ﬁfw@)( g)[kan_WV py]
2P0 (0 D)k, — ay ) + P (1 oy, —
[
+[B12£1(6) + B2 (DI[H () — HED)] + prafi @) H(E) — H(L2)).

@ y y
At the infection-immune coexistence equilibrium Q5, we have the following equations

A =dg+ B12f1(0) + B22f2(F) — kD,
A =dX+ud,

w4+ ky = PrEACG )+l32sz( )

u ko® Pz
2 = ~ 7
Y
M3=k3Ay
0
_ 9
e = + ez’
(1-5) - w06 9" | bt a)a )
xx X
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L'()

Substituting these into L' (t) and simplifying, we have

_2\2

Ok w-a) + (d”_lflu EE (diﬂ;l)x( _ @)

% xfi(v)  fi(o) 2 xh(y) | fy)
RO (o) ' o 5)) F RO " 50 T )

_w_wxfi(v) | xfi(0) cp v @ @xfoy) | xfaly)
+,51Xf1( )[1 D 1( )+ f (ﬁ)]‘Fﬁzxfz(]/)[l o Wffz(ﬁ) +3?f2(]2)}
+ﬁ1ff1<z>>[1g“;;yy+w;1W(yg)(z@
+pash@1 - - Sl g By BEROR G, gy
MA@ - 2 - }’y +¥2) *kl,)ci”sz)"(z—f)[ljgz -
+ﬁ1xf1(v)[% 1 %Jrl ]
+,32xf2(]/)[%—%—1 %Jrl Sy
+/51xf1(z3)[%—%2 InY 4+ 1n 22,

Hence, we have
dkl k11/l1

L'(t) = - w)?

—<x_£)2[(d32—ku§)+kw+ x| — (w
x% ! WA+ wm)” T d+us
f o wxfl(v) . ley o yTsz 711,19

0

x T wifi(@)  ay | fo

o A ¥ W Yn
Prf 7 5 7

eponoc i
o)l —ﬁ—m—zﬁ—l ERRE o]
a1 - 44 200 SO e hpyte 2
= O s k) ko B - 2
RAAOIHC) + HOEAED + HCRD + D) + G
~pifi O - A0
—Ba2fa(1) [H(f) + H(Zi{;g;) + H(wgyﬁ) + H(iﬁg; )
el +k1)Py( £)?
ka(1+ ez) '

Note that f{(v) > 0, so f1(v) is increasing with respect to v. In addition, the function

hi()
0

is decreasing with respect to v. Consequently,

filo) v f1(0)
@ a0
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Similarly,

L) vy, @)
w7 Ry 120

%
Hence, when Ry > Ry > 1,k; < Ex and 73 = 0, then L'(¢) < 0. L'(t) = 0if and only if
x =% w=wy=17,0v=02z= 2 By LaSalle’s invariance principle, the infection-immune

coexistence equilibrium Q, = (%,®, 7, 9, 2) is globally asymptotically stable. This completes
the proof. O

6. Numerical Simulations

In this section, numerical simulations are carried out to validate the previous theoreti-

cal results. The saturated incidence functions f1(v) = 77 and f2(y) = satisfying

1+a oY
the required assumptions are adopted in model (3). The specific model is presented

as follows:
X =A—dx— 1@:;]00 lﬁifgzyy + kiw,
w' = 55+ R~ (n k),
y’ = kow(t — ) — 2y — pyz, ©6)
v =ksy(t — ) — u3o,
cy(t—13)z(t — 13
7= y(l + sz()t (— T3) - Haz.

Baseline parameters for numerical simulations are summarized in Table 1, most of
which are derived from clinical trial data. We choose 1 as the varying parameter to
examine the basic reproduction number Rj and verify the theorems in Section 5.

Table 1. Descriptions and values of parameters used for simulations.

Parameters Descriptions Values References

A Recruitment rate of uninfected CD4™ T cells 10 [10,27]

d Death rate of uninfected CD4" T cells 0.1 [28,29]

B1 Infection rate via virus-to-cell transmission 0.001 [11]

B2 Infection rate via cell-to-cell transmission 0.001 [11]

m Saturation constant for virus-to-cell infection 0.1 [10]

a, Saturation constant for cell-to-cell infection 0.2 [10]

k1 Reversion rate of latently infected cells 0.02 [6]

ko Transition rate from latent to productive infection 0.8 [27]

k3 Viral production rate 2 [28]

p Killing rate of infected cells by CTLs 0.2 [10]

up Death rate of latently infected cells 0.6 [28]

Uy Death rate of productively infected cells 2 [28]

Us Death rate of free HIV virions 2 [10]

Uy Death rate of CTLs 1 [29]

Proliferation rate of CTLs 0.5 [11]

Saturation constant for CTLs 0.5 [28]

T Infected cell activation delay 1 Assumed

o) Virus production delay 1 Assumed

T3 Immune response delay 1 Assumed

To verify Theorem 4, we choose 31 = 0.003. A simple calculation gives Ry = 0.266 < 1.
As illustrated in Figure 1a, we conduct numerical simulations to explore how the infected
cell activation delay 7 affects the dynamics of uninfected cells x, virions v and CTLs z
when 15 = 13 = 1. Increasing 71 reduces the number of uninfected cells and increases
the number of virions. All variables quickly reach steady states: the virus is gradually
cleared, the immune response cannot be activated, and the infection-free equilibrium is
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stable. Similar behaviors are observed in Figure 1b, where we vary the virus production
delay 7, and set 71 = 13 = 1. Interestingly, in Figure 1c with 17y = 7, = 1, we adopt the
immune response delay 73 as the parameter. Compared with Figure 1a,b, the parameter 13
has little effect on the dynamics of uninfected cells x and virions v in Figure 1c. As shown
in Figure 1, when Ry = 0.266 < 1, the infection-free equilibrium Qg = (100,0,0,0,0) is
globally asymptotically stable for all time delays. The virus is eventually eliminated, and
the disease vanishes.

120 5 3
. 7,=3 25 =3
= 4 =8 =8
= 100 7= 7=
) = 7,=20 —~ 2 7,=20
= = 1 = 1
8 =3 =
E 80 g ’3 15
2 E2 g
E =2 1
5w 1
7 =20 0.5
40 0 0
0 50 100 0 50 100 0 50 100
Time ¢ Time ¢ Time ¢
(a
120 5 3
s 72=3 25 'r2=3
= 4 -8 =8
5 100 Ty= Ty=
2 = T,=20 —~ 2 7,=20
T T3 2 = 2
<o %) R
E 80 g £ 15
g 2 [
5 52 O
E > 1
5w 1
0.5
40 0 0
0 50 100 0 50 100 0 50 100
Time t Time ¢ Time t
(b)
120 5 3
s 4 73=3 25 73=3
= -8 7,=8
7 100 Ta= 3
. — = — 2 =
% % 3 7'3—20 o Ty 20
[} " N
E 80 g £ 15
3 E2 g
E > 1
E 1
74=20 05
40 0 0
0 50 100 0 50 100 0 50 100
Time ¢ Time ¢ Time ¢

(0)

Figure 1. When the basic reproduction number Ry = 0.266 < 1, the infection-free equilibrium Q) is
globally asymptotically stable for all time delays. The virus will eventually die out, and the disease
will disappear. (a) The effect of the infected cell activation delay 73 on dynamics of x, v and z when
B1 = 0.003. (b) The effect of the virus production delay 7, on dynamics of x, v and z when 1 = 0.003.
(c) The effect of the immune response delay 73 on dynamics of x, v and z when ; = 0.003.

To verify the stability of the immune-free equilibrium in Theorem 5, we keep other
parameters unchanged as shown in Table 1 and take 1 = 0.02. The corresponding calcula-

d
tions yield Ry = 1.3977, Ry = 1.4193, k; = 0.02, Ex = 2.5577. All conditions specified in
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Theorem 5 are met. Similar to Figure 1, we carry out numerical simulations to examine the
impacts of time delays on the dynamics of uninfected cells x, virions v and CTLs z. As pre-
sented in Figure 2, the immune-free equilibrium Q; = (81.0019, 3.1670, 1.2657, 1.2647, 0) is
globally asymptotically stable for all time delays. The immune response becomes exhausted
and fails to activate, resulting in persistent infection.

120 5 3
7 =3 7 =3 7 =3
— 25
= T, = 4 T, = T, =
< 400 1 1 1
8
= 0 2 =20 _ 2 =20
fon ] = £
g =9 =
’8 80 é: S 15
g .8 [
g 52 3
b= =2 1
0.5
40 0 0
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
Time ¢ Time ¢ Time t
(@)
120 3
T,=3 7,=3
= 72 25 72
-~ = =
I 100 2 2
" ‘r2=20 = 2 7'2=20
=1 > o
E 5 ¥
g 80 g q”l 15
g 5 5
< = S
‘= 60
P 0.5
40 0 0
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
Time ¢ Time ¢ Time ¢
(b)
120 5 3
‘r3=3 7'3=3 os T3=3
S T,=8 4 7,=8 : T,=8
T 100 8 3 3
- 7'3=20 = 7'3=20 5 T3=20
= ol =
8 =3 w
E 80 g AVJ 1.5
S E2 &
& = S
g 60
! 05
40 0 0
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
Time ¢ Time ¢ Time t
(c)

Figure 2. When the basic reproduction number satisfies 1 < Ry = 1.3977 < R; = 1.4193 and the
corresponding condition in Theorem 5 holds, the immune-free equilibrium Q; is globally asymptoti-
cally stable for all time delays. The immune response is exhausted and cannot be activated, leading
to persistent infection. (a) The effect of the infected cell activation delay 73 on dynamics of x, v and
z when 1 = 0.02. (b) The effect of the virus production delay 75 on dynamics of x, v and z when
B1 = 0.02. (c) The effect of the immune response delay 73 on dynamics of x, v and z when 8; = 0.02.

We set B; = 0.05 and 13 = 0 to verify Theorem 6. The corresponding parame-
%
ter values are Ry = 3.3943, R; = 2.0183, k; = 0.02 and Ex = 0.4783. All condi-

tions of Theorem 6 hold. Consequently, the infection-immune coexistence equilibrium
Q, = (44.3535,9.2742,3.2848,3.2871,1.2873) is globally asymptotically stable for any
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and 7. As can be seen in Figure 3, although the immune response is activated, the virus
persists and maintains stable coexistence with the immune response in the long term.

60 5 3
— = 45 25 7=
-~
= T, =8 7 =8
= 55 =20 = 4 2 7,=20
g s
k! 235 15
] 2 Ao
E 5 =
E 50 > 3 1
=i
= 2.5 0.5

45 2 0

0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
Time ¢ Time t Time ¢
(a)

60 55 3
. 7,=3 5 7,=3 7,=3
N =8 =8 =8
8 o= 45 o= 25 o=
2 7,=20 S 7,=20 — 7,=20
o 2 — 2 + 2
g 50 = 4 Y
ke 2 w2
< 45 2 35 =
9] = D @)
) " s hOL A
= 15
- 40

25 n
v
35 2 1
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
Time t Time t Time t
(b)

Figure 3. When the basic reproduction number Ry = 3.3943 > R; = 2.0183 > 1,73 = 0 and the
corresponding condition in Theorem 6 holds, the immune-free coexistence equilibrium Q) is globally
asymptotically stable for all 71 and 7,. The immune response is activated, and the virus and immune
response coexist stably in the long term. (a) The effect of the infected cell activation delay 7; on
dynamics of x, v and z when ; = 0.05. (b) The effect of the virus production delay 7, on dynamics
of x, v and z when 1 = 0.05.

Furthermore, when the restrictive condition 73 = 0 in Theorem 6 is violated, numerical
simulations show that the infection-immune coexistence equilibrium remains stable even if
the time delay rises to a sufficiently large magnitude. All parameter values are the same as
those in Figure 3, and we take 73 = 50, 80 and 200, setting 71 = T» = 1. As can be seen in
Figure 4, the infection-immune coexistence equilibrium Q, remains stable. It appears that
the time delay 73 does not destabilize this equilibrium. However, a complete theoretical
proof to verify this conclusion is non-trivial and is left for further investigation.

One interesting phenomenon in the model (6) is that parameter k; (0 < k1 < 1) de-
scribes the rate at which latently infected cells revert to the uninfected state. For sufficiently
small values of k1, such as k; = 0, the conditions k1 < % and k1 < %x in Theorems 5 and 6
are trivially satisfied. Note that the basic reproduction number R is a decreasing function
of kj. Therefore, we investigate whether these restrictive conditions can be replaced by
the conditions associated with Ry. By taking k; as a varying parameter and increasing it
from 0 to a sufficiently large value (e.g., k1 = 1), numerical simulations show that if the
corresponding equilibria exist, the parameter k; is always smaller than d multiplied by the
ratio of uninfected cells to latently infected cells, which means the above two constraints
always hold.
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Figure 4. When the restrictive condition 73 = 0 in Theorem 6 is violated, numerical simulations show
that the infection-immune coexistence equilibrium Q; remains stable.

These observations further imply that the stability conditions derived in Theorems 5 and 6
might be relaxed to the simpler criterial < Rg < R; and 1 < Ry < Ry (13 = 0), suggesting
that the actual parameter range for global asymptotic stability is wider than our theoretical
conditions indicate. This result is consistent with the findings in [6].

In other words, the constraints k; < dfx and k1 < de in Theorems 5 and 6 may be
further relaxed or even removed. Figure 5 illustrates the g]xistence and global asymptotic
stability regions of the three equilibria under the relaxed conditions in the Ry-R( parameter
plane. However, constructing suitable Lyapunov functions or adopting other approaches
to verify this conclusion remains a challenging open problem.

To further explore the effect of k1 on equilibrium stability, we perform a analysis with
k1 chosen as the parameter. All other parameters remain unchanged as listed in Table 1, and
we set f1 = 0.025. When k; = 0, calculations show that the infection-immune coexistence
equilibrium Q5 is globally asymptotically stable. Recall that R is a decreasing function of
k1. As kq increases beyond the critical threshold (Ry = R;), the equilibrium Q, no longer
exists and Q; becomes globally asymptotically stable. If k; continues to rise to another
threshold such that Ry < 1, Q; disappears and the infection-free equilibrium Q) is globally
asymptotically stable. As illustrated in Figure 6, starting from Ry > 1 at k; = 0, a small
initial value of Ry implies that increasing k; will sharply reduce Ry to below 1, thereby
resulting in disease elimination. Notably, when the initial Ry is large, it declines slowly
with the increase of k1, as shown in Figure 7.
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Qo, @1 and Q> coexist, and P

Qs is GAS when 73 = 0. , 4

/
/ Qo and Q) exist, and

Q1 is GAS for all delays.

Ry
\

Qo exists and is GAS for all delays.

Ry

Figure 5. The existence and global asymptotic stability regions of equilibria under relaxed conditions.
The pink, green and blue areas denote the parameter domains where Q,, Q1 and Qy are globally
asymptotically stable (GAS), respectively.

1.8

—4— ()5 is stable

—#— ()1 is stable

1.6

—e— () is stable

T

0.8

0.6 ‘ ‘
0 0.2 0.4

Figure 6. Stability transition diagram of equilibria with k; as the varying parameter under a low initial
value of Rg. %, * and o represent the stable infection-immune coexistence equilibrium, immune-free
equilibrium and infection-free equilibrium, respectively.
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3.5
3 —&— (), is stable
—#— () is stable
257
=
2 -
1.5} %
1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1

ky

Figure 7. Stability transition diagram of equilibria with k; as the varying parameter under a high
initial value of Ry. ¥ and * represent the infection-immune coexistence equilibrium and the immune-
free equilibrium, which are stable respectively.

Finally, we perform a sensitivity analysis using the Partial Rank Correlation Coefficient
(PRCC) method to examine the impact of parameters on Ry. Latin Hypercube Sampling
(LHS) is employed to compute PRCC values based on 20,000 simulations, where each
parameter is uniformly sampled from 0.5 to 4 times its baseline value. As shown in Figure §,
A, B1, B2, k2 and k3 are positively correlated with Ry, indicating that interventions targeting
these factors could effectively limit disease spread. Conversely, clearance and death rate
parameters (d, uq, up, us) exhibit strong negative correlations with Ry, highlighting their
potential as therapeutic targets. Notably, k; shows negligible influence on R.

T T T T T T T T T T

1 ]

PRCC

1t ]

1 1 1 1 1 1 1 1 1 1
Aod B B ki ouwr ke ur k3 wus

Figure 8. Partial rank correlation coefficient (PRCC) values between the basic reproduction number

Rp and the model parameters.

7. Conclusions and Open Problems

This paper presents an improved HIV model combining dual transmission modes,
three biological time delays and latent infection characteristics. We first establish the
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References

boundedness of solutions, and analyze the existence and uniqueness of the equilibria
associated with the basic reproduction number. By constructing suitable Lyapunov func-
tions, we derive sufficient conditions for the global asymptotic stability of the infection-
free equilibrium, the immune-free equilibrium and the infection-immune coexistence
equilibrium, respectively.

We note that both virus-to-cell and cell-to-cell infections contribute to the basic re-
production number of the model. Consequently, neglecting the cell-to-cell transmission
pathway will result in an underestimation of the threshold value of the basic reproduction
number. When the basic reproduction number is less than one, the virus will eventually
die out completely, regardless of time delays. If transmissibility remains at a moderate
level and certain conditions are met, the immune-inactive state will stay stable for all time
delays, meaning the immune response is exhausted and fails to activate. When the disease
spreads intensely and relevant requirements are satisfied, the virus and immune responses
can coexist steadily. Numerical simulations are carried out to validate the analytical results.

Compared with the classical latent HIV model (1), the extended model (3) incorporates
an immune response component and further enriches the original modeling framework.
Mathematically, a novel equilibrium associated with immune exhaustion emerges, which
characterizes the state of failed immune activation and better conforms to real biological
observations. Furthermore, unlike the existing models in (1) and (2), the present work
adopts two general nonlinear incidence functions to improve the versatility of the classical
models, which can be applied to broader viral infection research scenarios.

Meanwhile, we perform numerical simulations to plot the stability transition diagram
of equilibria, taking k; (the reversion rate of latently infected cells) as the parameter, and
conduct sensitivity analysis with respect to Ry. As illustrated in Figures 7 and 8, when Rg
exceeds a certain threshold, the infection cannot be eradicated even if k; is sufficiently large.
This result highlights the challenge of suppressing HIV infection under such circumstances.
For patients with a high basic reproduction number, a single therapeutic strategy that only
enhances parameter k; may not be effective.

It remains an open problem to relax the conditions in Theorems 5 and 6 by means of
suitable Lyapunov functions or other geometric methods. To gain further insight into HIV
infection dynamics, reaction-diffusion theory, optimal control and other approaches can be
adopted for model improvement.
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