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Abstract

The paper is concerned with three-dimensional Hall-magnetohydrodynamics for partial
viscosity terms. By applying basic inequality and energy estimates, we prove the global
existence of classical solution for small initial data. Additionally, the local existence of
classical solution is also obtained. The smallness conditions are given by the suitable
Sobolev norms. Furthermore, the existence of classical solutions with large initial data can
be obtained when the coefficients of viscosity sufficiently large.
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1. Introduction
This paper investigates the following three-dimensional Hall-MHD system (Hall-MHD):

b —Ab=(b-V)o—V x ((Vxb)xb)— (v-V)b,

010+ V(p+ 1)+ (v- V)0 = 110x,x;, + V2Uxyx, + V30Ux3x; + (b- V)b,
V-b=V-v=0,

0lt=0 = vo, bli=0 = bo.

1)

where b, v represent the magnetic field and velocity vector field, p denotes the scalar
pressure, 7 is a scalar, and v1,v2,v3 > 0 are the kinematic viscosity. The Hall-MHD
is indeed needed for such problems as magnetic reconnection in space plasmas, star
formation, neutron stars and geo-dynamo. Compared with the MHD system, the Hall-
MHD equations have the Hall term V x ((V x b) x b), which plays an important role in
magnetic reconnection, which is happening in the case of large magnetic shear. Hall-MHD
is an essential feature in relation to the problem of magnetic reconnection; it corresponds to
changes in the topology of magnetic field lines which are ubiquitously observed in space.

There exist many results on incompressible Hall-magnetohydrodynamic equations:
In paper [1]’s given derivation of model (1), Chae, Degond and Liu [2] established
well-posedness for Hall-magnetohydrodynamics. Chae and Lee [3] established the
blow-up criterion and small data global existence for the Hall-magnetohydrodynamics.
The papers [4,5] investigated temporal decay and singularity formation for the Hall-
magnetohydrodynamic equations. Paper [6] studied the partial regularity for the steady
Hall-magnetohydrodynamics system followed by paper [7]. Ye [8] obtained the well-
posedness results for the 3D incompressible Hall-MHD equations with fractional dissipa-
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tion. Liu [9] established the global existence to Hall-MHD system. Dai [10] obtained almost
certain well-posedness for Hall-MHD.

Dumas and Sueur [11] derived weak solutions to the Maxwell-Landau-Lifshitz
equations and to Hall-magnetohydrodynamic equations. Paper [12] established well-
posedness for the axisymmetric incompressible viscous Hall-magnetohydrodynamic equa-
tions. Homann and Grauer [13] investigated the bifurcation analysis of magnetic re-
connection in Hall-MHD systems. Li [14] investigated the local well-posedness of a 3D
ideal Hall-MHD system with an azimuthal magnetic field. The global well-posedness of
3D incompressible hyper-dissipative Hall-MHD equations in anisotropic Besov spaces
was obtained in [15]. Danchin and Tan [16] established the well-posedness of the Hall-
magnetohydrodynamics system in critical spaces.

To inspire this research, we recall related important contributions to incompressible
Hall-MHD equations. Fei and Xiang [17] researched Hall-magnetohydrodynamics for
partial dissipation, and obtained a blow-up criterion of classical solutions. Du [18] investi-
gated 2.5D Hall-magnetohydrodynamics with partial dissipation and proved the classical
solutions that followed in [19]. Two blow-up criteria of smooth solutions and two improved
classical solutions with small initial data for the Hall-magnetohydrodynamics with partial
viscosity terms were established in paper [20,21]. Additionally, 3D magnetohydrodynamics
with partial diffusion have been analysed by Ye and Zhu [22], who obtained the existence
of the global classical solutions.

2. Preliminaries

This paper concerns three-dimensional Hall-magnetohydrodynamics (1) with partial
viscosity—that is, the case of v, = 0,v1,v3 > 0. We should point out that this case is mainly
a mathematical simplification, but it is theoretically significant in mathematics due to the
partial viscosity terms leading to no smoothing effect on the vertical derivative. We show
the global well-posedness and, more precisely, we prove the global existence and the local
existence of classical solutions for system (1) with partial viscosity terms.

In this paper, || - |2 = || - || 2, C represent a generic positive constant, and 9 and vy
indicate the corresponding k-th components of V, v, respectively.

VP = 9lfl jaf1af2afs,
where g = (1,2, f3) € (NU{0})® with |B| = 1 + B2 + B3 < 3.

¢ :=min{vy,v3} > 0.

Y, = (31,0,33).

3. Results

The paper researches the global well-posedness for model (1) with v, = 0,v1,v3 > 0.

Theorem 1. Suppose 3D Hall-magnetohydrodynamics (1) with v, = 0, and v1,v3 > 0, and
assume V -vg = V - by = 0 and (by,vg) € H>(R3). Then, there exists T = T(||vo]| 3, ||bol| g2)
such that there exists a unique solution (b,v) € L®(0, T; H3(R3)).

Based on the local existence of classical solutions for system (1) with the partial

viscosity terms in Theorem 1, we can establish the following global-in-time existence of the
classical solution for the system (1) with v, = 0,v7,v3 > 0.
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Theorem 2. Consider model (1) with vy = 0, and vy, v3 > 0, and assume (vo, by) € H3(R3) with
V by =V -vg = 0. Then, there exists ¢y > 0, if

(IIbol3 + lloll3) (lvoli + l1Boll32)

€4 S €. (2)
System (1) has a unique classical solution (b, v), satisfying
(b,0) € L*(0, T; H*(R)), (Vo,Vb) € L*(0, T; H*(R?)), ®)

Remark 1. Compared to previous results, the existence of classical solutions with large initial
data can be obtained when the coefficients of viscosity are sufficiently large. In addition, the initial
data (oo |3+ Bol3) (ool 2, + 1bol1% ) instead of (0o 12 + 1Bol2, m > 3) in paper (2] are
sufficiently small.

Remark 2. It will be interesting if one could obtain the global regularity in terms of only one com-
ponent of the velocity in system (1), as there is an essential difficulty due to the quadratic Hall term.

4. Local Existence

Proof of Theorem 1. Applying V¥ to the first two equations of (1), and taking the inner
product of the resulting equations with VAo and VPb, respectively, and adding them
together, we obtain

1d

E&(H”H%ﬂ + Hb||12qa) + V1||alv||%43 +V3||a37f||12qa + ||Ab||%43
N / VAo Vo) Vhodx+ Y / VA(b- Vb) - Vhodx
0<|pi<3’F’ 0<|pl<3’®’
- ¥ [ VP-Vb) - VPhdx+ ¥ [ V(b Vo). Vodx (4)
0<|p<3 /R 0<|pl<3 /B
. / VA(V x ((V x b) x b)) - VPbdx
0<|pl<3 /B’
=001+ Q2+ Q3+ Qs+ 0Qs.

Notice that |f| = 0, and the above equality becomes (11). Using calculus inequality
and Sobolev inequality, one obtains

Qil=1 ) /[Vﬁ(v-V)v—(v-V)vﬁv]-vﬁvdx|
0<|pl<3’F’
< Y VP V)o—(o- V)V |20l 5)
0<|pl<3

< C(IVoll=Vollg + ol sl Vollee) [0l 5
< Clloll3.

Applying Leibnitz formula and Sobolev inequality, we obtain

Q2| < C(IIbll gl Vb[ e + [ L= IV 3) [0l 12
< ClplZalollys + ClIVOl s 161 0]l s 6)

1
< SlIVBIlEs + Clblizs ol
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In a similar manner, we obtain
1
|Qs| < §||Vb||i{3 + Cllb)13s 10)13s- ?)

Integrating by parts in Q4, and then similarly to the above calculation, one obtains

1
|Qal < glIVBIEs + CllblEs [[0l1Zs- (8)
By cancellation property, calculus inequality and Sobolev inequality, one can estimate
Qs as
Qs =1 & [IVP((Y xb) xb) = VAV x b) x b] - VF(V x b)dx]
o<lpi<s’®
< Y VPV xb) x b) = VP(V x b) x b||2[| Vb
0<|B|<3 ©)
< CUIVOle VOl g2 + ([0l 3 [ VOl 1) [ VD s
< ClblIa V| g5
1
< SIVBIEs + Clbllzs.
Combining (4)—(9), we obtain
d
7 (ol + 11Bl3s) + 2l Vpolis + 1VOIEs < Clllollfs + [1b13:)* (10)

. . . : - _ 1
Applying nonlinear Gronwall’s inequality to (10), and choosing T = = (ool T ool

we can then obtain
[0l + 110115 < 2([lvoll o + [lboll 1) ¥t € (0, T),
which completes the proof of Theorem 1. [

5. Priori Estimates

In this section, we require the following useful inequality.

Lemma 1 ([23]). Assume that h, f,g,Vf,038, Vph € L*(R3); then, the following inequal-
ity holds:

SR S | 1 1 1
/R3 g fldx < ClIflIZ 1IN 1B IV pflI2 11928l [V phll3 -
Given a classical solution (v,b) on (0, T) x R3 to (1) with v, = 0,vy,v3 > 0, we define

G(t) £ sup ([Vo(s) |7+ [VB(s)[Z+ [V20(s) |7+ V20(s)[3), 0<t<T.

0<s<t

Under v, = 0, and vy, v3 > 0, and taking scalar products of the first two equations of
model (1) with v and b, respectively, one obtains

1d

5 (IPl3 + 11813) + 21V poll3 + [ VB]3) = 0. 11)

Based on the above equality, one can obtain the energy inequality as following.
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Lemma 2. Suppose (b, v) solves (1) with the vo = 0,v1,v3 > 0 0n [0, T] x R3; then,

IolI3 + Hb||§+25/OT(Hva|I§+ IVB]13)dt < flooll3 + [[boll3- (12)
Next, we will structure energy estimates of b, v.
Lemma 3. Suppose (v, b) solves (1) with v, = 0, and v1,v3 > 0on [0, T] x R3, if
G(T) < 2(|Vool3 + [ Vbol3 + V2003 + [ V2bol13), (13)
and (2) holds, and € is sufficiently small. Then,

T
sup (||Vb|3 + IIWII§)+ZC/0 (V2603 + 1V, Vol3)dt

0<t<T
< | Vboll3 + [ Vool|3-

(14)

Proof of Lemma 3. Applying V to the first two equations of model (1), taking the inner
products with Vb, Vv and then summing them together results in

1d

2di

:—/ Vv-V(v-V)vdx—/ Vb-V(v-V)bdx+/ Vo V(b V)bdx
R3 R3 R3

(IVol3 + Vb]3) + 1] Voro]3 + vs]| Va3 + | Abl13
(15)
+/RSVb'V(b‘V)vdx—/RSVb-V[V % ((V x b) x b)]dx
=3 K.
One can split K; into three parts:
Ky =— /RS(VPU -V)v - Vyvdx — /RS(E)ZUP V) - dvdx + /RS(VP - 0p)030 - 0pvdx
= K1 + K2 + Kys.
Applying Holder inequality, Young’s inequality and interpolation result in
K < Cl[Vol2|[ Vol 5[V polls
1 1
< Cl[Voll2[[ Vol [VVpoll; [V poll2
3 1
< C[VVpol3 [ Voll2[[Vpoll;
¢l
6

C
< ?HVUH%HVPUH%"' [VV,ol3.

By Lemma 1, one has

1 1 1 1 1 1
K12 < Cl[020]13 [V 0[5 [1020]|5 102V p0[ 5 |02V 0|5 |02V 0|5
3 1
< CIVV,ol[7 IVoll2[| Vo3
C 4
< ?HVUH%HVWH% + g”vvzﬂ’”%‘

In a similar manner, we can obtain

C ¢
Kiz < ?HVUH%HVPUH% + 6||vav||%.
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Therefore,
Ki < S IVolIV,0lB+ 519,003 (16
17 2[lVplliz T 5 poli2-
By Holder inequality, we obtain
K| = |'/Rs Ab- (v V)bdx|
< ClIVol|ps ol s [ Ab]2
1 1
< Cllav|i[Vol3 [ VollzllAvl2 (17)
3 1
< Cl|ab] [IVollz [Voll2
C
< SIVOISIoI3 + §labl3
Using the cancellation property, we rewrite K3 + Ky as
K3+K4:/Re’(Vb-V)b-Vvdx+/Ra(Vb-V)v-Vbdx
Hence, one can apply the same procedure as Kj to obtain
Ks+ Ki| < S (Vo4 VbIE + & Ab|2
[Ks + Kaf < 7lIVol2[ VEI2 + 1 Abll2: (18)
Based on cancellation property, one obtains
IKs| :|—/RSV(V><b)~V((V><b) x b)dx|
< C||Vb|z]lAbl-
2413 | b V2 1)
< CIVElz VO[3 17012
C 4
< ?IIAHI%IIWII% + Sllab]3.
Combining (15)—(19) results in
d
7 (IVoI3 + [VBI3) + C(IVVpoll3 + [ 80]13)
C
< 5(HWH§+ IV2612) (VB3 + 1V pol3)-
Therefore,
2 2 T 2 2
sup ([|Voll + \IVb\Iz)+C/ (IVVpollz +[|1Abl12)dt
0<t<T 0
C T 20
< = sup (IVo()[+ IV2(08) [ (IVeI3 + | p0l3)de 20)
0<t<T 0

+ (IVholI3 + | Voo 13)-

Collecting Lemma 2, (13), (20), one obtains

2 2 T o212 2
sup (||Vbl[3 + HVZ’H2)+§/ (IVZbll3 + IV Vpol3)dt
0<t<T 0

< cUleoll3 + 11bolI3) (I Veoll3 + VoI5 + [[V200l13 + [[V2b0]I3)
< o
x sup ([|Vollz+ [IVBIZ) + (I Voll3 + [ Vbol3),

0<t<T

https:/ /doi.org/10.3390/math14112009


https://doi.org/10.3390/math14112009

Mathematics 2026, 14, 2009

7 of 15
which, together with (2), and upon choosing a sufficiently small €y, yields (14). O
Lemma 4. Under the same conditions of Lemma 3,
T
sup ([|V20l3+ [ V26[13) +2¢ | (V29003 + || V2b|3)at
0<t<T 0 (21)
< [ V20013 + [ V2ol 3.
Proof of Lemma 4. Similarly to the derivation of (15), one has
1d
5 77 (IV2013 + [ V20113) + 11 V29103 + va | V050113 + || V0] 3
— — [ A(w-V)o- Avdx— [ AV2D- (0 V)bdx + [ Ao A(b- V)bdx
[aw-v) [avie-(o-V)bdx+ [ a0-a(b-9) o)

+ /A(b-V)v-Abdx— /Ab-A[V % ((V x b) x b)]dx
=T1+T+ T3+ Ty + Ts.
T; can be rewritten as
T, = —/3(V20~V)v~Vzvdx—Z/s(Vv~V)Vv-Vzvdx
R R

Using the same procedure as H? estimates in [19], we can split T1; and Ty, into
three parts, respectively.

Ty

—/RS(VV,,U-V)U~VVPvdx
- /R3(8§vp “Vp)o- G%de—l—/R3(82Vp - 0p) 00 - 30dx
=T + Tz + T,

and
Tip = —2 /Rs(w V)V 0 V'V 0dx

2 2. 2
- Z/R3 (020p - V)0pv - d5vdx + 2/R3(Vp - Up)050 - 070dx
= Tho1 + Tapp + Thos.
By Holder and Young's inequality, we obtain
Tin < C|[Voll [ VV,oll7s
SO 3 1
< Vol IVl V=V pollz [[Vpullz
3 1
< CIV2Vpoll3 ([IVoll2 + [ V20l2) | Vpoll3

C
< €—3(IIVUH§ +IV20l3)IIVpolz + %HVZVPUH%'

Applying Lemma 1, we estimate T115, T113 as follows.

5 1 P SRS 1 1, 1
Ti12 < Cll00]|3 [[Vpoll3 (1020115 102V pol5 193V pol5 102V pol 5
1 1
< CIV2V 02|V V012 V202 [| Vol 2
3 1
< CIV2V,0[13 [ V20l|2[| Vol 3

C 4
< EIIVZUII‘%HWUH% +51V2Vp0l3,

https:/ /doi.org/10.3390/math14112009
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and

and

1 1 1 1 1 1
Ty < Cl|92V 0|12 [|020]|3 [1050]12 105V pol13 102V pol|3 |95V o] |2
1 1
< CI V2V 0|2V Vo2 V0|3 | Vo 2
2 3 o213 3 3
< C[VEVpollz [VZoll7 [Vl [Vpoll3
3 1
< C| V2V 0|3 (IIV?0]|2 + (| V]|2)|| Vo3
C 4
< é(HVZUH% + Vo)V ,ol5 + EHVZVWH%-

Therefore,
Ty < E vZ 4 v 4 v 2 g VZV 2
1< Cg(ll vllz + Vo) Vpollz + £ IVVoll2.
Clearly, Ti21, T122, and Typ3 can be estimated as Ty11, T113, and Tj1p; thus, one has
Tia < < (I920]4 + [ Vol8) |V ,0l2 + & | V2V 02
12 < é—g,(” vllz + Vo) Vpollz + £ IVVoll2.
Hence, we can obtain
C
Tl S ?

One decomposes T into two terms:

(1%l + Vol V52l + 51929013 @)

T, = — /R3(V20-V)b - V2bdx —2/RS(W V)V - V2bdx
= To1 + Tao.
Using interpolation, one obtains
Ty < C|[V20ll2[ Vb1 V2b] s
< V20l [ 90113 9253 V%
< ClIVbll} [ V20| Vb3

C 4
< 5IIV20H3HWH§ + 3 IVo0l3,

T2 < C|[Vo 5[ V20l
5 1 1 1 3 3
< Cl[VZo[ Vol (Vo] [[V70ll3
3 1
< CIIVP0ll3 (V202 + [ Voll2) I Vbl
C 4
< 5(HVZUII§ + Vol [Vo]15 + 2 IVo0]5

Thus, one obtains

|

Ty < = (IV20ll2 + [Voll) [ Vo]Z + %IIV%II%- (24)

(O8]

4
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Based on cancellation property, one can write T3 + Ty into four terms:

/(V2b~V)b-V20dx+/ (V26 V)o - V2bdx
R3 R3

+2 [ (Vb-9)Vb- Vrodx+2 [ (Vb-V)Vo- Vbix

= Tag1 + T3ap + T343 + T344.

(T341, T343, T344), and T34y can be estimated as T>1 and T»y; hence, one has

27
T3+ Tul < g3(\|Vzvl|z+IIVUIIz)HVszJr IV30]13.

Similarly to (19), we obtain
ITs| = |/ ((V x b) x b) - A(V x b)dx]|
< ClIV2b|[2[I VBl 611 V201l 15

1 1

< ClIVPbl[2[I V2Bl V2015|2813
3 3
< V3|3 [V?bl;

_€3IIV2szIIV2sz+ IV°B13.

Putting (22)-(26) together results in

CT(IIvz oD+ IV26(1)IIR) + Z(IV2Vpol3 + [[V20]3)
<7 (HVZDIIz + V20l + Vol (VB3 + [ Vol).

Hence, one obtains

T
sup (AbJ +[[V20l3) +¢ [ (IV2V,0(t)[ + Vb (6)]3)dt
0<t<T 0

C
s (IV2o(8) 12+ V26112 + [V oll2)

<t<T
T
></0 (I1Vpol3 + [VBl3)dt + ([ V?bol13 + [ VZ0l[3)-

Combining Lemma 2, (13) and (27), we obtain

T
sup (\IVZUII§+I|V25H§)+C/O (1aV,0)13 + I V30[13)dt

0<t<T

< ¢ loll2 + 19ol12) ol + l1boll2)

x OiugT(llvsz% V20113 + [IV0]13) + (IIV200l12 + V200l 13),
<t<

which, together with (2), and taking € as sufficiently small, results in (21). O

(25)

(26)

(27)

Proposition 1. Suppose (v, b) solves the system (1) with case v, = 0, and vy, v3 > 0, and there

exists g > 0; if (2) and (13) hold, then

G(T) < (IIVvollz + I VholI3 + (V20012 + | V2bo[3)-

(28)
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Proof of Proposition 1. Based on the following Lemmas 3 and 4, adding (14) and (21)

results in 5 S o -
sup ([[Vol3 + [ VoI31 V20l + |V2[3)
0<t<T
T
+20 [ (199,003 + V2613 + V29,013 + | Vb|3)ds
< (1900l + Vb0l 92003 + [[V2b0l3
Therefore,

sup (|| Voll3 + [IVBI3]V?0l[3 + | V2b]3)

0<t<T
< (IVooll3 + [ Vbol311V?oo 13 + | V2bol[3)-
This completes the proof of Proposition 1. [

From Proposition 1, one deduces energy estimates as follows.
Proposition 2. Under the same conditions as in Proposition 1,

sup ([V2o(t)[3 + [[V°b(1)]3)
0<t<T

T
+22 [ (1YY, + [V *bl)de )
< C(IV%00l3 + 1|V bol13)-
Proof of Proposition 2. Similarly to (15), one obtains
d
(V@13 + [V2p(1)]13)

+v1[|V2910]13 + v3 | V30203 + [ V4013
= —/ V3(U'V)U~V3vdx—/ V3(v- V)b - V3bdx
R3 R3

N —

(30)
+/3 V3 (b- V)b - Viodx + /3 V3 (b- V)0 V3bdx
R R

- /R3 V3V x ((V x b) x b)] - V3bdx
=X1+Xo+ X3+ X4+ Xs.
One can rewrite X into three parts:
- / (V30 -V)v- Vivdx — 3/ (Vv -V)Vo - Vodx
R3 R3

— 3/]R3(VU . V)VZU . V3de = X11 + X120 + X13.

Similarly to the H?3 estimates in paper [19], X;1 and Xj, can be decomposed into
three parts, respectively.

2 2 3 3
—/R3(V Vpo-V)o-V vadx—/Rs(aszvp)vﬂzvdx
+ /R3 (93Vp - 0p)020 - B3vdx = X111 + X1z + Xuns,

and
—3/R3(vv,,v V)0 V2V vdx —3/Rs(a§v,, - V,)000 - Bvdx

+ 3 A3(azvp . Up)a%U . E)%vdx = X121 + X122 + X123.

https:/ /doi.org/10.3390/math14112009
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Using Holder inequality results in

X1 < Cl[V2V o[l Vol 6 [ V2 Vol 1s
1 1
< ClIV2Vyollal|V20l2l| VOV 03 V2V o3
1 3
< CIVAVoll3 192V o3 [ V202
3 303,12 (|02
< C[ VAVl [VP0l3 V20l
4 4
< CIV2IB [V3ol3 + F5 V2V o3

By Lemma 1, one can estimate Xj17, X113 as follows:

3 s a3 s 1A3 1 1 3 1
Xi12 < Cllo30|3 [[Vpol3 192113 [0V poll3 02V |7 192V poll3
1 1
< CIVEV ol [ Vil 2l VY pol3 V03
< CIIVPVoll2 /| V2oll2(IIV Vo2 + [V 0]2)

4
< C(IVVpo[3 + VIR V0I5 + 5 VVpol3,

and 2 3 31133112 1133 3 31133 3
X113 < Cl|03Vpol|3 10203 10303 |03V pol|3 102V pol|3 (102 Vpoll;3

3 3 1 2 1 1 1
< CIVIVpo[2f[ V2ol [VEVpol7 [V Vpoll7 [ Vol3
< CIVEVp 2 V20 l2(V Vpoll2 + (| V2]l2)

¢
< CIVVpoll3 + Vol V70l3 + 51V V,0l3.
Therefore,
¢
X1 < C([VVpol3 + [ Vo[3 + IV l3) V0[5 + ZIIV2 Vo3
Via applying a similar process as with Xj11, one obtains
2 2
Xizn < C[VVpol16]| V702 VIV 0| 15
2 2 3 3 o2 3
< CIIVEVpo[2]|[ V0|2 V2V 0|3 [ VEV 013
3 2192 3102
< CIVoV ol [IVAV 0|7 | V70l
3 2193512 (|02
< CIIVIVpollz Vool [Vooll2
4
< IVl 9%0 [ + = V3V 03
Based on Lemma 1, we estimate X7y, as follows:
" TS B 1 1 s 1
Xizm < C[|930]13 [[02Vpoll3 192017 1|02V poll2 |92V p2ll7 192V 0l
1 1 1 1
< CIIVOVpoll;3 [IV2Vp0ll2 ]| VE05 IV Vo3 V203
3 2103012 (102
< CIVEVpol3 Vool [V Eoll2
4
< IVl V%013 + S V° 9,013
One can apply same procedure as X1y, to obtain

i ¢
Xiz3 < C[[V20]; V013 + EIIVWMI%-
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Thus,
: 4
X1z < C[[V2%0|l3 [V72l3 + 2V Vpol3.
Obviously, X153 can be estimated as X;1; hence,
T3 2
Xi3 < C([VVpol3 + [ Vo[3 + IV l3) VP03 + ZIIV2 Vo5
Collecting these above estimates, we obtain
2 2,112 2 O3 2
X1 < C(|VVp[3 + V0] 3)IV30[15 + ZIIV3V 05 (31)
One can write X, into three parts:
- 3/3(% V)V - Vibdx — 3/3(V20 - V)Vb- V3bdx
R R
_ /S(V% V)0 V3udx = Xo1 + Xop + Xa3.
R
Applying Young’s inequality and interpolation results in
Xo1 < C[| Vol V2012 V20|l 5
1 1
< CIV20ll2 [ V30|l V3013 V401 5
2 31113 (1042
< ClIV7ol2lIV7ol3 [ V70lI3
4
< IVl V%613 + & 1 9*8l3
In a similar manner, one can obtain
X2 < C|[V20]2l| V20|15 V2D 5
2 3 3p112 (10412
< ClIV70ll2[Vbl2[I V7B [ V7013
2 34113 104p 2
< C[[V7oll2[[V7bll3 [V70ll3
4
< IVl 19213 + 2148l
and
X3 < C[|V20|2]| V]| 15[ V°b6
1 1
< ClIV2ollal Vo3 V20113 1A%l
< C[V%0ll2( Vo2 + | Abl12) 1A% 12
< %I\Azbllﬁ +C(IABI3 + [ VBID) [ Vol3.
Hence, we obtain
4 37
2 2112 3,112 37112 47112
Xo < C([[V7oll +[IV70I2) (IV70ll2 + [V70l12) + 5 (V702 (32)

Applying cancellation property, one writes X3 + X4 into six parts:
/R3(V3b V)b - Viodx + 3/R3(v2b V)V Vb dx
+3/R3(Vb . V)V2b - Vioudx + /R3(v3b . V)o- V3bdx
+3/RS(Vb V)V - V2udx + 3 /RB(vzb V)V V udx

= Xag1 + X340 + X343 + X344 + X345 + X346.
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X34 can be further divided into two terms:
—3/3(v3b.V)Vb-vzvdx—3/3(v2b-V)v2b-vzvdx.
R R
(X341, X343, X346)/ (X342, X345), and X344 can be estimated as le, Xzz, and Xz?,; therefore,
4 7
X5+ Xa| < C(IV?0l3 + V2[R (V3013 + [ V°6]13) + éIIV‘*bII%- (33)
One can apply a similar process as in (13) to deduce that
X5 = | — /RB V3(V x b) - V3[(V x b) x bldx|
< ClIIV*2l Vbl 6| Vo0l 15
4 2 31012 (104 2
< CIIVZpl2l Vbl V713 [[V7bI13 (34)
4013 192 32
< Cl[V70l3 [[VZbll2[V7blI3
< VBl + S5 IVl
Combining (30)—(34) results in
d
= (IV%0]13 + V20]I3) + £ (V2 Vo3 + | V*6]13)
dt
< C(IV20l3 + V2613 + [IVBI3) (V303 + [ V2b]3).

Based on Gronwall’s inequality, we obtain
ong(W%H% +IVoDI3) + C/OT(IIV:”V;»UIE + [ VblI3)dt
< (V%03 + Vbl 3)[C /OT(IIVbH% + [|Ab]J3 + [|A0]13)dt]
xexp(C [ (170l + V2[4 + | VbIB)ar).

The above inequality, together with Lemmas 3 and 4, results in (29). O

6. Global Existence

Proof of Theorem 2. Based on the Theorem 1 and Propositions 1 and 2, one can imply

the following:

d
(1812 + IollFe) + 21V poliEs + 1VEIEe)

< Cllole + 1Bl + 1B17:) Ulolls + 18113;0)-

Applying Gronwall’s inequality results in

T
(ol + 115170) +€/0 (IVpollfs + V0|25 )dt

sup
0<t<T
< ¢ leollz + [1Bol13) (l12o Iz + llboll)

x sup ([oF + 16l + [01F) + (loollEs + 1bolFs).
0<t<T
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We can observe that (||vgl3 + ||170||%)(Hvo||%1,2 + ||bo||%qz)/§4 < ep; therefore, if
€ < %,then

T
191135 + 16170 +ZC/0 (IVpollfs + V0135 )t
< 2([loolls + llbollFs),

which ends the existence of classical solutions that can be obtained; one can use the
L2-method to prove the uniqueness of classical solution. [J

7. Conclusions

In this paper, we establish the global existence and the local existence of classical
solutions to the incompressible resistive Hall-magnetohydrodynamic equations with partial
viscosity terms. There exist two main difficulties: the first one is due to the partial viscosity
terms that mean there is no smoothing effect on the vertical derivative; the other one
arises from the Hall term, which is quadratic in the magnetic field and involves second-
order derivatives. To overcome these two difficulties, we apply delicate estimates for the
energy method. It is very important to establish the global regularity for three-dimensional
Hall-magnetohydrodynamic equations with partial magnetic diffusion, which need new
technical means to overcome the difficulties that arise from the Hall term.
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