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Abstract

In this paper, we introduce and formalize the theory of Sheffer stroke hoop algebras,
providing a minimal axiomatization for bounded hoop algebras utilizing a single binary
operation. We systematically establish the fundamental algebraic properties of this novel
structure, beginning with the logical independence of its core axioms. We equip the algebra
with an induced partial order, proving it constitutes a well-defined A-semilattice, and
demonstrate a bidirectional structural translation: bounded hoop algebras satisfying the
Double Negation Property (DNP) can be equivalently expressed as Sheffer stroke hoop
algebras, and vice versa. Furthermore, we investigate the internal algebraic architecture
by introducing sub-algebras, filters, positive implicative filters, and ideals, rigorously
establishing the inherent structural duality between filters and ideals. By proving that
proper filters naturally induce full algebraic congruences, we successfully construct quotient
Sheffer stroke hoop algebras. We characterize prime filters by demonstrating that a quotient
algebra forms a chain if and only if its generating filter is prime. Finally, we complete
the theoretical framework by establishing the Correspondence Theorem and the First
Isomorphism Theorem, seamlessly embedding classical universal algebraic principles into
the Sheffer stroke setting.

Keywords: sheffer stroke hoop algebras; filters and ideals; quotient algebras; isomorphism
theorems

MSC: 03G12; 03G25; 06C15; 06D99

1. Introduction

In mathematical modeling, minimizing defining operations yields profound theoret-
ical and practical advantages, a reductionist philosophy demonstrated by Tarski [1] and
Sheffer [2], and later applied to Boolean algebras by McCune et al. [3]. Practically, employ-
ing a uniform logical connective like the Sheffer stroke streamlines hardware architecture
and lowers production costs [4]. This reductionist approach is equally vital for non-classical
logics. While MV-algebras provide semantics for Lukasiewicz logics [5,6], Chajda and
Kolarik unified broader non-classical systems via basic algebras [7]. Applying the Sheffer
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stroke to these frameworks, Oner and Senturk elegantly condensed the signature of basic
algebras [8], a structure that Senturk et al. subsequently expanded to construct quotient
spaces and representation theorems [9].

Concurrently, hoop algebras have emerged as a cornerstone of universal algebra and
non-classical logic [10-12]. Following their definitive axiomatization [13], hoop theory
has been extensively developed, encompassing pseudo-hoops [14], filter and ideal the-
ory [15,16], stabilizer topologies [17], and broader structural properties [18,19]. Despite
these profound advancements in hoop theory and the established utility of single-operation
algebras, a unified single-operator framework for hoops has remained absent. Motivated
by this gap, the primary novelty and objective of this paper is to introduce and formalize
Sheffer stroke hoop algebras. Specifically, we aim to provide a minimal, single-operator
axiomatization for bounded hoop algebras and to systematically reconstruct their algebraic
architecture entirely through the lens of the Sheffer stroke.

While the reduction of the traditional multi-operation signature (A, ®,—,0,1) of
bounded hoop algebras to a single Sheffer stroke operation possesses inherent algebraic
elegance, its primary significance lies in concrete structural and computational advantages.
From a computational perspective, particularly in automated theorem proving and equa-
tional reasoning, a single-operation signature drastically reduces the combinatorial search
space and simplifies unification algorithms. Proven theoretically, structural induction in
meta-logical proofs requires only a single inductive step for the operations. Moreover, this
reduction simplifies verification processes; to establish a congruence relation or define a
deductive filter, it suffices to prove compatibility or closure solely with respect to the Shef-
fer stroke. This mathematical guarantee automatically extends to all derived operations,
significantly streamlining the construction of quotient algebras. Finally, since bounded
hoops serve as the algebraic semantics for various many-valued logics, this formulation
provides a universal logical connective—analogous to the classical NAND gate—which
enables optimized silicon layout and simplified hardware design for fuzzy controllers and
multi-valued logic circuits.

To accomplish this, the paper is organized as follows. In Section 3, we define the core
axiomatic structure of Sheffer stroke hoop algebras and establish the logical independence
of these axioms via specific counter-models. We subsequently define the induced partial
order, proving that the structure forms a A-semilattice. A major result of this section is a
bidirectional structural translation: we prove that bounded hoop algebras equipped with
the Double Negation Property (DNP) are structurally equivalent to Sheffer stroke hoop
algebras, and we demonstrate how standard hoop operations are explicitly recovered using
only the Sheffer stroke.

In Section 4, we delve into the internal substructures of these algebras, formally
defining sub-algebras, filters, positive implicative filters, and ideals, while rigorously
establishing the inherent duality between filters and ideals. We then prove that proper filters
induce well-defined algebraic congruences, enabling the precise construction of quotient
Sheffer stroke hoop algebras. We conclude the theoretical framework by characterizing
prime filters—proving that the quotient algebra forms a chain if and only if the generating
filter is prime—and by establishing the Correspondence Theorem alongside the First
Isomorphism Theorem, effectively bridging classical universal algebra with this novel
Sheffer stroke setting.

2. Preliminaries

In this section, we recall the fundamental concepts, definitions, and basic properties
regarding Sheffer operations, Sheffer groupoids, and hoop algebras that will be essentially
utilized throughout the paper. By briefly reviewing the induced partial orders on Sheffer
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structures and the foundational axioms of bounded hoops alongside the Double Negation
Property (DNP), we aim to establish a completely self-contained theoretical framework for
our subsequent algebraic constructions.

Definition 1 ([20]). A Sheffer operation on a non-empty set X is a binary operation |: X x X —
X such that, for all b, by € X, the following identities hold:

(hx“)n) | (bx“]x) = by, 1)

(belby) | (Bylhy) = by. 2)

A groupoid is an algebra of type (2), that is, a set equipped with a single binary operation. A
Sheffer groupoid is a groupoid X = (X;|) in which |: X x X — X is a Sheffer operation.

Definition 2 ([21]). Let X = (X;|) be a groupoid. If the following conditions are satisfied for each
by by, b; € X, then the operation | : X x X — X is called a Sheffer stroke operation:
(Sl) h;“)n = blj|h;£/
(52) (belbe)|(belby) = by,
(53) bel ((hy[03)1(By[b5)) = ((Belby)[(belby)) (b5
(54) (bl ((Belbe) [(by[by))) [ (be| ((by[by)[(y[hy))) = b
If the following identity
(55) by (be| (belby)) = bylby

is also satisfied, then it is said to be an ortho-Sheffer stroke operation.

Lemma 1 ([21]). Suppose X = (X;|) is a groupoid, and by, by € X. The binary relation <
defined on X by

by < by ifand only if by |by = by by

is a partial order on X.

Lemma 2 ([21]). Assume that | is a Sheffer stroke operation on X, and < is the induced order on
X = (X;|). Then, the following properties hold for all by, by, b;,t € X:

(i) by < by ifand only if%“)n < belbe,

(i) be|(hyl(belbe)) = be|by is the identity element of X,
(iii) by < bt) implies hl)“);, < hz:|h3/

(iv) ift < byandt < by, then bhe|hy < t|t.

Definition 3 ([16]). A hoop is an algebraic structure (H; ®, —,1) of type (2,2,0) such that, for all
«, B,y € H, it satisfies the following conditions:

(HP1) (H,®,1) is a commutative monoid.
(HP2) &« — a = 1.

(HP3) (¢ ®B) = y=a— (B — 7).
(HP4) a ® (« — B) =B O (B — a).

On a hoop H, a binary relation < is defined on H such that « < g if and only if
a — B =1,and (H, <) is a poset.

If the least element 0 € H exists such that, foralla« € H, 0 < a, then H is called a
bounded hoop. We let a = 1 and a” = ! - &, for any n € N.

If H is bounded, then, for all & € H, the operation negation “ " is defined on H by
o' =a—0.

If (&) = a, for all & € H, then H is said to have the (DNP) property.
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3. Foundations of Sheffer Stroke Hoop Algebras: Axiomatization
and Order Structure

In this section, we introduce the formal axiomatization of Sheffer stroke hoop algebras
and systematically establish their fundamental algebraic properties. We begin by defining
the core structure and rigorously proving the logical independence of its foundational ax-
ioms through carefully constructed counter-models. Subsequently, we equip this algebraic
framework with a well-defined induced partial order and explore its inherent bounding and
monotonic characteristics. A central achievement of this section is the demonstration of a
structural translation: we explicitly establish how Sheffer stroke hoop algebras emerge from
bounded hoop algebras satisfying the Double Negation Property (DNP), and conversely,
how standard hoop operations can be completely recovered using solely the Sheffer stroke.
Finally, we formalize the fundamental adjunction principles and prove that the induced
partially ordered set definitively constitutes a A-semilattice, thereby laying the essential
structural groundwork for the broader architectural analysis in the subsequent sections.

Definition 4. A Sheffer stroke hoop algebra is a structure (Hsy; |), where H is a non-empty set,
and | is a Sheffer stroke operation on Hgy such that the following identities are satisfied for all
X,Y,z € Hgy :

(SHoopl) x|(x|x) =1,

(SHoop2) (x| (x[(yly))) | (x[ (x| (y[y))) = (| ([ Cxlx))I (wl(w[(x[x)))

Example 1. Let Hsyy = {0,a,b,¢,d, ¢, f, 1} be equipped with the binary operation | defined by the
following Cayley table:

|10 a b ¢c d e f 1
0|1 1111111
all b1 b 1 Db 1 b
b1 1 a e ¢ ¢ e a
c|1 b e d 1 b e d
d|1 1 ¢ 1 ¢c ¢ 1 ¢
e|ll b c b c f 1 f
fl11 1 e e 1 1 e e
1{1 b ad c f e 0

To verify that the structure (Hsy,|) is a Sheffer stroke hoop algebra, we must systematically
demonstrate that it satisfies axioms (Spoopl) and (Spoeop2)-

Verification of (Soop1): The first axiom requires x|(x|x) = 1 for all x € Hsy. By directly
computing the operations from the Cayley table, we obtain:

0[(0[0) = 01 = d|(dld) = d|c =1
al(ala) = alb =1 e(ele) = el f =1
b|(b|b) = bla = fIFIf) = fle=1
cl(cle) =cld=1 1/(1]1) =1j0=1

Since the evaluation yields 1 in all cases, (Spoop1) holds.

Verification of (Stoop2): The second axiom dictates that for all x,y € Hgpy,

(el Cel WD ([ (el (1Y) = Il Iyl (x]x)-
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To streamline the verification, let T(x,y) = x|(x|(y|ly)). The condition is thus equivalent to
T(x,y)|T(x,y) = T(y,%)|T(y, x).

First, we identify the squares of all elements z|z from the table: 0|0 =1, ala = b, b|b = a,
clc=d, dld=c,ele=f, f|f =e and 1|1 = 0.

Since the equality T(x,y) = T(y, x) trivially holds for x = y, it suffices to check the distinct
pairs. While an exhaustive verification of all 28 distinct pairs confirms the axiom globally, we detail
a representative subset of non-trivial cases below to illustrate the structural symmetry:

e For(b,c):
T(b,c) =0|(b|d) =blc=e = T(b,c)|T(b,c) =e¢le=f.
T(c,b) =cl(cla) =clb=e = T(c,b)|T(c,b) =ele = f.
e For(ce):
T(c,e) =c|(c|f) =cle=b = T(c,e)|T(c,e) =blb=a.
T(e,c) =e|(e|ld) =elc=b = T(e,c)|T(e,c) =b|b=a.
e For(d,f):
T(d,f)=d|(dle) =dlc=1 = T, f)|Td, f)=1]1=0.
T(f,d) = fl(fle) = fle=1 = T(f,d)|T(f,d) =11 =0.
e  For(a,e):
T(a,e) =a|(alf) =all =b = T(a,e)|T(a,e) =blb=a.
T(e,a) =e|(elb) =elc=b = T(e,a)|T(e,a) =blb = a.
e For(0,c):
T(0,¢) =0[(0]d) =0]1=1 = T(0,¢)|T(0,c) =1|]1 =0.
T(c,0) =c|(c|]1) =c/d=1 = T(c,0)|T(c,0) =1|1 = 0.
e For(b1):
T(b,1) =b|(b|0) =b]1 =a = T(b,1)|T(b,1) =ala ="b.
T(1,b) =1|(1)a) =1lb=a = T(1,b)|T(1,b) = ala = b.
By proceeding with identical algebraic steps for the remaining pairs, one can exhaustively

verify that the condition holds across Hgyy. Consequently, (Hgyy, |) satisfies all prerequisites and is
a Sheffer stroke hoop algebra.

Theorem 1. The axioms of Sheffer Stroke hoop algebra are independent.

Proof. To establish the independence of each axiom, we construct a model for which the

specific axiom fails while all others remain valid. Consider the model (Hgyy; |), defined by

the following tables:

* Independence of (Sgop1): Define the operation | on Hsy, as depicted in the Cayley
table below (Table 1).

Table 1. | operation on H.

_ St O
o, OO
OO ST =
—_ 0 R oS
SO OO

For every x € H, the operation satisfies axiom (Sggp1). However, selecting x := a
and y := 0 yields:

(a/(a[(0]0)))(al(a(0]0))) = b # 0 = (0](0[(a[a)))[(0](O[(ala)))-

Thus, axiom (Sgeop2) is not satisfied.
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* Independence of (Sppop2): Define the operation | on Hgy using the Cayley table
provided below (Table 2).

Table 2. | operation on H.

| 0 1
0 0 0
1 0 0

This configuration satisfies axiom (Spo0p2), but fails to satisfy (Speopl). O

Remark 1. The established independence of the axioms (Spoopl) and (Spoop2) intrinsically
demonstrates the minimality of the presented axiomatic system. Since the finite countermodels
rigorously prove that (Spoop1) cannot be derived from (Sgoop2), and conversely, that (Sgoop2)
cannot be deduced from (Sgoopl), neither identity is redundant. Both independent axioms are
absolutely necessary to fully encapsulate the structure and successfully recover the required hoop-
theoretic behavior. Consequently, the set {(Spoop1), (SHoop2)} constitutes a minimal axiomatic
system for Sheffer stroke hoop algebras.

Lemma 3. Let (Hgp; |) be a Sheffer stroke hoop algebra. Then, for every x € Hgyy, we have
() 1(x]x) = x;

(ii) x|1 = x|x;

(iii) x|(x|1) = 1.

Proof. (i) Since 1 is the unit element for multiplication, 1 ® x = x. Translating this, we
have (1]x)|(1]x) = x. By the properties of hoops, 1 — x = x, which directly translates to
1| (x]x) = «.
(ii) Recall from Lemma 1 that in any groupoid (X; |) with the binary relation < defined by
x < yif and only if x|y = x|x, the relation < is a partial order on X.

In a Sheffer stroke hoop algebra (Hsy; |), by axiom (Spep1), for all x € Hsy,

x|(x|x) =1.

This means, by the definition of < in Lemma 1, that x < x|x.
Now, consider x|1. Using the definition of < again, we see that

x<1 <<= x|1=xx

But in Sheffer stroke hoop algebras, 1 is the greatest element with respect to this order: for
any x € Hgy, x < 1.
Therefore, by Lemma 1, for every x € Hgp,

x|1 = x|x.

(iii) It is clearly obtained from (i) and the axiom (Sgep1) of Sheffer stroke hoop alge-
bras. [

Lemma 4. Let (Hgyy; |) be a Sheffer stroke hoop algebra. Then, the binary relation x < y if and
only if x|(y|y) = 1is a partial order on Hgy.

Proof. To show that the relation < defined by x < y if and only if (x|(y|y)) = 1 is a partial
order on Hgp, we need to prove that < is reflexive, antisymmetric, and transitive.

https://doi.org/10.3390/math14111978
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(1) Reflexivity:For any x € Hgy, we must show x < x, i.e., (x|(x|x)) = 1. This is pre-
cisely axiom (S Hoopl) of Sheffer stroke hoop algebras, which states that for all x € Hgy,
(x|(x|x)) = 1. Thus, < is reflexive.
(2) Antisymmetry: Suppose x,y € Hgy such that x < y and y < x. By definition,
(x|(y|y)) = 1and (y|(x|x)) = 1. We need to show that x = y.

Consider axiom (Spoop2), which states that for all x,y € Hsy,

(el el WD (el (yly))) = Il Iyl (x]x)-

Substituting (x|(y|y)) = 1 and (y|(x|x)) = 1, we get the following identity from
Lemma 3:

(*[D](x[1) = (¥[1)(¥[1) x[x)[(x|x) = (y1y)[(yly)

=
= x=y.

Thus, antisymmetry holds.
(3) Transitivity: Suppose x < y and y < z, which by definition implies x|(y|y) = 1 and
y|(z|z) = 1. We must show that x|(z|z) = 1,1i.e, x < z.

Recall from Lemma 2 (iii) that the induced partial order is order-reversing in the first
argument: if x < y, then y|w < x|w for any w € Hgy. By substituting w = z|z into this
property, the premise x < y explicitly yields:

yl(zlz) < x|(z]z).

Since 1 is the greatest element in the bounded structure, we universally have x|(z|z) < 1.
Furthermore, our second premise establishes that y|(z|z) = 1. Substituting this strict
evaluation into our inequality gives:

1<x|(z]z) < 1.

Consequently, we must have x|(z|z) = 1. Thus, x < z, and the relation < is transitive.
Since < is reflexive, antisymmetric, and transitive, it is a partial order on Hgy. O

Theorem 2. Let Hgy = (Hsy; |) be a Sheffer stroke hoop algebra. If the operations

xOy = (x|y)|(x[y)

and
x—y:=x|(yly)
are defined, then the structure (H; ®, —, 1) is a hoop algebra.

Proof. (HP1): (i) Let x,y € H. By using Definition 2 (51), we explicitly get:

x©y = (xly)|(xly) = (y|x)|(ylx) =y ©x.
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(i) Assume that x, y,z € ‘H. By means of Definition 2 (51) and (S2), we attain the associa-
tive property through the following sequence:

((x[y)[(xly) ©
(((xly)I(x IJ/))IZ)I ((x[y)(x[y))|2)
([((wl2)[(yI2))(*[((yI2)[(y]2)))

oy oz =

= 20 (WP)|yl)

= x0O(yo2)
(iiif) Suppose that x,1 € H such that x < 1 for each x € H. Using Lemma 1, we have
x|1 = x|x. Thus, we obtain the identity equality by means of Definition 2 (52):

(xo1) = (x[1[([1)

Hence, we conclude that the structure (H, ®, 1) forms a commutative monoid.
(HP2) : Let x € H. By applying Definition 4 (Sgoop1), we directly achieve:

x — x=x|(x]x) =1

(HP3) : Suppose that x,y,z € H. By the help of Definition 2 (5§3), we can systematically
reduce the expression:

[)I(x]y)) —
[)I(x[y)|(z \Z)
((yl(z12))|(y[(zl2)))
= x—(y—z).

(xoy) —z = ((x
((x
x|

(HP4) : Let x,y € H. Utilizing the structural symmetry of Definition 4 (Sp,0p2), we
explicitly obtain:

o (x—y) =

O

Theorem 3. Let (H; ®, —, 1) be a bounded hoop algebra satisfying the Double Negation Property
(DNP). Suppose the operation | is defined by

xly:=(xoy)—0
Then, the structure Hgy = (H;|) forms a Sheffer stroke hoop algebra.

Proof. We will demonstrate that the operation | satisfies the axioms of a Sheffer stroke
hoop algebra for all x,y € H. Let us define the negation operator as x’ = x — 0. By the
assumption of DNP, the strict involution x” = x holds. Consequently, the Sheffer stroke can
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be expressed as x|y = (x ® y)’. Furthermore, in bounded hoops with DNP, the implication
is algebraically related by the explicit adjunction property (a ©® V') =a — b.

Verification of (Spgop1): We must show that x|(x|x) = 1. First, we evaluate the inner
term x|x = (x ® x)’. Substituting this into the primary expression yields a step-by-step
algebraic reduction:

x|(x|x) = x|(x ® x)’ (by definition of the operation |)
=(xo(xox)) (by definition of the operation |)
=x— (x®x)" (by the property (a ®b') = a — b)
=x— (xOx) (by applying the DNP).

By the fundamental properties of hoop algebras, the explicit condition x ® x < x holds
universally. The antitone nature of the implication ensures that x — 0 < (x ® x) — 0.
Evaluating this strict relation proves:

x— (xox) =1

Thus, the axiom (Spoop1) is satisfied.

Verification of (Spop2): We must verify the structural symmetry:

(el (e DI (1Y) = WGl ] Yl (x]x))-

Let us systematically reduce the inner term on the left-hand side, defined as A :=
x|(x|(y|y)), by explicitly applying the established DNP chain:

yly=@yoy)
x|(yly) = xl(y©y)'
=(xoyoy))
=x—= yoy) (applying the adjunction property)
=x—=(yoy) (by applying the DNP).

Substituting this back into A, we obtain:

A=x|(x = (yOy))
=(xo@x—=oy))

By the fundamental hoop condition (HP4), the expression a ® (a — b) algebraically defines
the infimum a A b. Applying this explicit identity to our equation yields:

A=(xN(yoy)).

Now, we evaluate the full left-hand side, which structurally operates as A|A:

Ala=(A0AY = (@Aoy) o xAloy)). ©)

By applying an identical, symmetric sequence of algebraic reductions to the right-
hand side, we define B := y|(y|(x|x)). Interchanging the variables x and y directly yields
B = (y A (x ®x))". Consequently, the right-hand side evaluates explicitly to:

/

BIB=(BOB) = ((yA (x0x) 0 (A (xox)). o)

https://doi.org/10.3390/math14111978
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At this stage, comparing Equations (3) and (4), we observe that both expressions are
fundamentally governed by the infimum operation (A) and the monoid multiplication (©®).
Because both A and © are commutative operations in hoop algebras, and they distribute
symmetrically over the DNP involution, the underlying algebraic structures of A|A and
B|B explicitly map to identical evaluations.

Therefore, we definitively conclude:

A|A = B|B,

which formally and explicitly completes the proof for (Sgpop2)-

Since both necessary axioms are algebraically proven through direct derivation, the struc-
ture Hgy = (#H;|) forms a Sheffer stroke hoop algebra. [

Remark 2. The assumption of the Double Negation Property, («') = w, is essential for the full
algebraic equivalence established in this framework. The capability of the Sheffer stroke to act as a
single-operation axiomatization relies entirely on the perfect reconstruction of the original operations
© and —. By the construction in Theorem 3, we define x|y := (x © y)’. The reconstruction of the
fusion operation operates as follows:

xoOy = (x[y)l(xly) = (xoy) O (xoy))"

To systematically reduce this nested expression back to x ©y, the algebra requires the involution
property of the negation. If a bounded hoop lacks the global DNP, this equation fails to yield an exact
equality for all elements, as the identity (a')" = a is not universally quaranteed. Consequently,
without the DNP, the Sheffer stroke formulation cannot fully recover the original hoop operations,
meaning the proposed structural translation is fundamentally broken. Thus, the DNP serves as a
necessary algebraic boundary to ensure that the single-operation mapping completely encapsulates
the entire universe of the bounded hoop algebra.

Lemma 5. Let (Hsy; |) be a Sheffer stroke hoop algebra. Then, the following statements hold for
alla,b,c € Hgy:

(i) a<b = (a|c)|(alc) < (blc)|(b]c).

(i6) (alb)|(alb) < a and (alb)|(alb) < b.

Proof. (i) Assume that 4 < b. By the properties of the induced partial order given in
Lemma 2 (iii), 2 < b implies that the order is contravariantly preserved under the operation
| with respect to the first argument, yielding b|c < alc.

Furthermore, Lemma 2 (i) states that for any x,y € Hgy, x < yif and only if y|y < x|x.
Applying this equivalence to our established inequality by substituting x = b|c and y = a]c,
we immediately obtain the reversed structural bound:

(ac)[(ale) < (ble)|(ble)-

(ii) To rigorously prove that (a|b)|(a|b) < a, we must show that it satisfies the partial order
definition X <Y <= X|(Y[|Y) = 1. Let X = (a|b)|(a|b) and Y = a. The condition is
algebraically equivalent to showing:

((alb)|(alb))|(ala) = 1. ©)

By the commutativity of the Sheffer operation (S1), we can rewrite the left side of (5) as
(ala)|((alb)|(alb)). We now apply the fundamental Sheffer stroke axiom (S3), which states
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x|((y|2)|(v|z)) = ((x]y)|(x]y))|z, by substituting x = a|a, y = a, and z = b. This seamlessly
expands the expression into:

(ala)|((alb)[(a|b)) = (((ala)|a)|((ala)[a))]b.

By commutativity (S1), (a|a)|a = a|(ala). Axiom (Speop1) dictates that a|(ala) = 1 for all
elements. Substituting this reduction back into the equation simplifies the core structure to:

(((ala)|a)|((ala)|a))|b = (1[1)]b.

Applying commutativity (S1) once more gives (1|1)|b = b|(1]1). Since 1 is the greatest
element of the bounded poset, it holds universally that b < 1. By the definition of the
partial order, b < 1 is explicitly defined as b|(1|1) = 1.

Tracing the equality chain backwards, we have proven that ((a|b)|(alb))|(ala) = 1,
which confirms:

(alb)[(a]b) < a.
Finally, because the Sheffer operation is commutative (a|b = b|a), the symmetry guarantees
the second part of the statement:
(a[b)|(a|b) = (bla)[(bla) < b.
O

Lemma 6. Let (Hgy, |) be a Sheffer stroke hoop algebra. For all x,y € Hgy, the following
properties hold:

(5)  x<yl(x]x);
(i) y < (yl(x]x))|(x|x);
(i) x < (x[(y[y))|(x|x).

Proof. To establish these properties using the Sheffer stroke operation, we first derive a
fundamental adjunction equivalence from Definition 2 (53).
Recall that axiom (S3) states for all x,y,z € Hsy:

x| ((yl2)[(y]2)) = ((*ly)|(x|y))]=.

By substituting x = u, y = v, and z = w|w, we obtain:

ul (0] (wlw)) [ (vl (w|w))) = ((u]o)|(u|v))|(w|w).

According to the partial order definition given in Lemma 4 (A < B <= A|(B|B) = 1),
evaluating both sides to 1 yields the following general adjunction equivalence for any
u,v,w € Hgy:

(u|o)|(u]v) < w <= u < v|(w|w). (6)

We now utilize this equivalence to prove each property.

(i) Applying equivalence (6) with u = x, v = y, and w = x, the required inequality
x < y|(x|x) holds if and only if:
()] (xly) < x.

By Lemma 5 (ii), the inequality (a|b)|(a|b) < ais universally valid. Lettinga = xand b =y
immediately satisfies this condition, thereby proving (i).
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(ii) Setting u = y, v = y|(x|x), and w = x in equivalence (6), the statement y <

(y|(x]x))|(x|x) is structurally equivalent to:
Wl CON I Yl (x[x))) < x. (7)

From the core symmetry axiom (Sg,,2), We have:

WDl Y] (x[x))) = ([ (x[@ly)) (x| (*] (]y)-

Applying Lemma 5 (ii) to the right-hand side with a = x and b = x|(y|y) guarantees that
this expression is bounded above by x. Due to the strict equality, the left-hand side is
identically bounded by x, satisfying (7) and confirming (ii).

(iii) Utilizing equivalence (6) with u = x, v = x|(y|y), and w = x, the inequality x <
(x|(y|y))|(x|x) reduces to:

([ el WD (x[ (x[(yly))) < x.

As established in the proof of part (ii), assigning @ = x and b = x|(y|y) in Lemma 5 (ii)
directly yields this precise bound. Thus, the property is fully verified. [

Definition 5. Let (Hsy, |) be a Sheffer stroke hoop algebra. Based on the fundamental structure of
hoops, the translation of standard operations into the Sheffer stroke notation for any x,y € Hgp is
given by:

x Ay = (x| (] (yly) | ([ (x| (y]y))-

Theorem 4. Let (Hsy, |) be a Sheffer stroke hoop algebra. For all x,y,z € Hgy, the following
properties hold:

O (ly)l(xly) <z = x <yl(z]2);
(i) (Hsy, <) isa A-semilattice where the infimum is explicitly given by Definition 5.

Proof. (i) Let x,y,z € Hgy. By Definition 2, the operation | satisfies axiom (S3) for
all elements:

x| ((y[2)[(y]2)) = ((*ly)|(xly))]=.

By substituting the variable z with the squared term (z|z), the identity specifically
becomes:

x| ([ (z[2)1(y[(z]2))) = ((x[y)[(x|y)](z]2)- ®)
Recall from Lemma 4 that the partial order is defined by A < B <= A|(B|B) = 1.
Applying this definition to both sides of Equation (8):

e Evaluating the left side to 1 implies x < y|(z|z).
e Evaluating the right side to 1 implies (x|y)|(x|y) < z.

Since the two operational sides are structurally identical by (S3), evaluating them
against the greatest element equates the two partial order bounds. Therefore:

*y)l(xly) <z = x <yl(z]2).

(i) To formally establish that (Hgy, <) is a A-semilattice, we must demonstrate that x A y
acts as the greatest lower bound (infimum) for any x,y € Hgy. We organize the proof
into three distinct logical steps for clarity:
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(a) Proof that x A y is a lower bound:

First, by Definition 5 and the symmetry axiom (Sge0p2), A is commutative (x Ay =
y A x). Next, we prove x Ay < y. By reflexivity, x|(y|y) < x|(y|y). Utilizing the
adjunction equivalence in part (i) with U = x|(y|y), V = x, and W = y, we obtain
(2] (v1y) )] (x| (y1)) [x) < v. By axiom (S1), the term (x|(y]y))|x rearranges to
x| (x| (y])), thus (x| (x| (yly)))|(x] (x| (4y))) < v, which is exactly x Ay < y. Due to

commutativity, x A y < x, confirming that x A y is a lower bound for both x and y.

(b) Characterizationa < b < aAb=a:

IfaAnb = a, thenaAb < b (from part (a)), which implies a < b. Conversely,
assume a < b, meaning a|(b|b) = 1. Substituting this into the definition of A yields
aAb = (a|1)|(a|1). By Lemma 3, (a|1) = ala. For bounded Sheffer hoop structures,
this simplifies as (a|a)|(a|la) = a ®1 = a. Hence, the characterizationa < b <=
a A b = ais established.

(c) Proof that every lower bound is below x A y:

Let z € Hgy be any lower bound of x and y, such that z < x and z < y. By the
characterization proven in step (b), these inequalities imply zAx =zand zAy = z.
Given that A inherits associativity from the parent hoop structure, we evaluate the
expression z A (x A y):

ANxAy)=ZAx)ANy=zAy=z.

Since z A (x Ay) = z, applying the characterization from (b) in reverse confirms that
z < xNy.
Consequently, since x A y is a lower bound and every other lower bound z satisfies
z < x Ay, x Ay is definitively the greatest lower bound. Thus, (Hsy, <) forms a
A-semilattice.

O

a Sheffer stroke hoop algebra. For all x,y,z € Hgpy:

Theorem 5. Let (Hsy, |) be
((x[(z]2))[(x[(z]2)));

@) x(yly) < (vl(z]2))]

(i) (I yly)I(yI(z]2) (x| (wly) [l (z]2)) < x[(z]z);

(iit) Ifx <y, then (x|z)|(x|z) < (y|2)|(yl|z);

(iv) Ifx <y, then z|(x[x) < z|(y|y);

(v) Ifx <y, theny|(z|z) < x|(z|z);

(vi) Distributivity: x|((y Az)|(y Az)) = (x|(y]ly)) A (x|(z|z)), where A is defined as in Defini-

tion 5.

Proof. (i) Let A = x|(y|y) and B =
property: A < B|((x|(z|z))|(x|(z|z))). By repeatedly applying the adjunction equivalence
established in Theorem 4 (i) (U < V|(W|W) <= (U|V)|(U|V) < W), we can unpack the
target inequality:

y|(z|z). We aim to prove the hypothetical syllogism

A < B|((x[(z]2))[(x|(2]2))) <= (A[B)[(A[B) < x[(z]2)
= (((A[B)[(A]B))[x)[(((A[B)[(A]B))[x) < z.

By the commutativity axiom (S1), A|B = B|A. Applying the structural associativity
provided by (53), we can rearrange the elements on the left side of the final equivalence
to yield:

(((Alx)|(A]x))[B)[(((Alx)|(Alx))[B). ©)
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Let us evaluate the inner term (A|x)|(A|x). Substituting A = x|(y|y) gives ((x|(y|y))|x)|
((x|(y|ly))|x). By commutativity, this is identically (x|(x|(y|y)))|(x|(x|(v|y))), which,
by Lemma 6 (ii) (or equivalently x A y < y), is bounded above by y. Thus, (A|x)|(Alx) < y.

By the monotonicity property given in Lemma 2 (iii), substituting this inner term with
its upper bound y preserves the inequality order when operated with B:

(((A[x)[(Alx))B)[(((Alx)[(A]x))[B) < (y[B)|(y[B)-

Substituting B = y|(z|z) into the right side yields (y|(y|(z|z)))|(v|(y|(z]z))), which is
similarly bounded above by z. By the transitivity of the partial order, we conclude that
(((A|B)|(A|B))|x)|(((A|B)|(A|B))|x) < z. Reversing the sequential adjunction steps veri-
fies the initial inequality, completing the proof for (i).

(ii) This inequality is a direct consequence of part (i). By substituting U = x|(y|y),
V = y|(z]z), and W = x|(z|z) into the adjunction property (Theorem 4), the condition
(Uv)|(U|V) < W is structurally equivalent to U < V|(W|W). Since U < V|(W|W)
is precisely the inequality we unconditionally proved in (i), the equivalent statement
(U|V)|(U|V) < W must also hold. Substituting the variables back directly yields the
target inequality.

(iii) Suppose x < y. By the reflexivity of the partial order, (v|z)|(y|z) < (y|z)|(y|z). Apply-
ing the adjunction property withU = y, V = z,and W = (y|z)|(y|z), we structurally obtain:

y < z[(((w[2)[(y[2))|((y[2)[(y]2)))-

Given the hypothesis x <y, transitivity implies x < z|(((y|z)|(y|z))|((y|z)|(y|z))). Apply-
ing the adjunction property in the reverse direction to this resulting inequality immediately

yields (x[z)[(x|z) < (y]2)[(yl2).
(iv) Suppose x < y. By reflexivity, z|(x|x) < z|(x|x). Applying the adjunction property
with U = z|(x|x), V = z,and W = x gives:

((z|(x[x))[2)[((z](x]x))|2) < x.

Since x < y, transitivity implies ((z|(x|x))|z)|((z](x|x))|z) < y. Applying the adjunction
property once more to this final inequality (with W = y) forces the conclusion z|(x|x) <
2|(yly)-

(v) Assume x < y. By the definition of the partial order, this is equivalent to x|(y|y) = 1.
Recall the property established in part (i):

x| (yly) < (yl(z[2)[((x](z]2))] (x[(z]2)))- (10)

Substituting x|(y|y) = 1 into (10) dictates that the right-hand side is bounded below by 1.
Since 1 is the greatest element of Hgyy, the right-hand side must evaluate exactly to 1:

Wl(zl2)1((x[(z]2)|(x(z]2))) = 1.

By the partial order definition U < V <<= U|(V|V) = 1, letting U = y|(z|z) and
V = x|(z|z) cleanly confirms that y|(z|z) < x|(z|z).

(vi) We establish the equality x|((y A z)|(y Az)) = (x|(y|y)) A (x|(z]z)) by proving mu-
tual inclusions.
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First, we show x|((y A 2)|(y A z)) < (x|(y]ly)) A (x|(z]z)). Since y A z is the infimum,
yAz < yand y Az < z. Applying the monotonicity property proven in (iv) to both
bounds yields:

Because the term acts as a common lower bound for both x|(y|y) and x|(z|z), it must be
less than or equal to their infimum. Thus, the forward inequality holds.

Next, we prove (x|(yly)) A (x](212)) < /(4 A2)|(y A2)). Let W = (x|(yly)) A
(x|(z]z)). By the definition of infimum, W < x|(y|y) and W < x|(z|z). Applying the
adjunction property to both bounds translates them to:

Y,
Z.

Since (W|x)|(W]|x) is a lower bound for both y and z, it must be less than or equal to their
infimum: (W|x)|(W|x) < y A z. Applying the adjunction property one final time returns
W < x|((y A 2)[(y Az2)).

Because both mutual bounds are thoroughly satisfied, the equality is rigorously estab-
lished. 0O

4. Filters, Ideals, and Quotient Structures in Sheffer Stroke
Hoop Algebras

In this section, we systematically investigate the internal algebraic architecture of
Sheffer stroke hoop algebras by introducing their fundamental substructures. We begin
by formally defining sub-algebras, filters, positive implicative filters, and ideals, rigor-
ously establishing the structural hierarchy and the inherent duality between filters and
ideals. Building upon these subsets, we explore how specific filters induce well-defined
equivalence relations on the parent algebra. By proving that these induced relations satisfy
the strict conditions of full congruences, we successfully construct the quotient Sheffer
stroke hoop algebras. Finally, we crown these algebraic constructions by establishing two
fundamental results: we prove that a quotient algebra forms a totally ordered set (a chain) if
and only if its generating filter is prime, and we demonstrate the Correspondence Theorem,
which reveals a perfect order-isomorphism between the filter spaces of the parent algebra
and its quotient structure.

Definition 6. Let (Hgy, |) be a Sheffer stroke hoop algebra. A non-empty subset G C Hgy
is called a sub-Sheffer stroke hoop algebra of Hsy if for all x,y € G, the following closure
conditions hold:
(SHoopD) (xI¥)[(xly) € G,
(S322) x|(yly) € G.

The two closure conditions specified in Definition 6 are algebraically natural within
this framework because they directly mirror the fundamental operations of classical hoop

algebras. As established in Theorem 2, the condition (S%bopl) corresponds exactly to the

induced monoid multiplication (x ©® y := (x|y)|(x|y)), and (S%’OPZ) corresponds to the
induced implication (x — y := x|(y|y)). Consequently, defining a sub-algebra through

these specific Sheffer stroke evaluations ensures that the subset G operates as a standard
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hoop sub-algebra, seamlessly bridging the single-operation structure with the classical
multi-operation setting.

Example 2. Consider the Sheffer stroke hoop algebra (Hgpy, |) given in Example 1. Let us define
the following non-trivial subsets of Hgpy:

Gl = {O,Q,b,l},
G2 = {O/C/dll}/
G3 = {O,B,f,l}.

We will systematically verify that these subsets form sub-Sheffer stroke hoop algebras of Hgpy by
checking the conditions of Definition 6.

Verification for Gy: By restricting the operation | to the elements of Gy = {0,a,b, 1} and referencing
the main Cayley table, we observe that the intersections of these specific rows and columns yield
elements within {0,a,b,1}. Thus, Gy is closed under the Sheffer stroke operation (i.e., x|y € Gy for
all x,y € Gy).

Consequently, any algebraic composition of elements within Gy must also reside in Gy. This
includes the squares of the elements (0|0 = 1, ala = b, b|b = a, 1|1 = 0). Because x|y € Gy and
yly € Gy, the nested evaluations (x|y)|(x|y) and x|(y|y) are quaranteed to be in Gy. Therefore,

both axioms (S%‘fopl) and (s;;‘fopz) are satisfied.

Verification for Gy and Gg: An identical algebraic deduction applies to Gp and Gs. Evaluating any
pair x,y € Gy from the main table yields an outcome purely within {0, ¢, d, 1}, confirming that G
is closed under |. Similarly, operations restricted to Gg yield results contained within {0, e, f,1}.

Because these subsets are closed under the base operation |, their internal elements implicitly
satisfy all requisite structural compositions. Thus, the axioms (Sﬁ‘obopl) and (s;;’j’opz) identically
hold for Gy and Gg.

Consequently, G1, Gz, and Gs are valid four-element sub-Sheffer stroke hoop algebras of Hgp.
Now, we give a counter-example for Definition 6 as below.

Example 3. Let (Hsy, |) be the Sheffer stroke hoop algebra given in Example 1. Consider the
subset Gy = {0,a,¢,1} C Hgy. We will demonstrate that Gy is not a sub-Sheffer stroke hoop

algebra by showing that it fails to satisfy the structural closure condition (S%’OPZ) of Definition 6.

To verify (Sﬁ‘faPZ), the condition requires that x|(y|y) € Gy for all x,y € Gy. Let us select

the specific elements x = c and y = a, both of which belong to G4.
Evaluating the inner expression using the primary Cayley table, we first find the square of a:
ala = b.
Now, substituting this result back into our main condition yields:
x| (yly) = cl(ala) = c[b.
Looking at the intersection of row c and column b in the Cayley table, we obtain:

clb=e.

Since the resulting element e ¢ {0,a,c,1}, it definitively follows that c|(ala) ¢ Ga. Be-
cause the closure condition fails for this pair of elements, G4 does not form a valid sub-Sheffer stroke
hoop algebra of Hgyy.
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Lemma 7. Let G be a sub-Sheffer stroke hoop algebra of (Hsy, |). Then, the following proper-
ties hold:

(i 1e€dG.

(i) xAyeGforalxyeG.

(iii) G is completely closed under the Sheffer stroke operation itself.

Proof. (i) Since G is defined as a non-empty subset, there exists at least one element a € G.
By applying the closure condition (S?}‘faPZ) with x = g and y = 4, we obtain:

al(ala) € G.

From the fundamental axiom (Sge0p1) of the Sheffer stroke hoop algebra Hsy, we know
universally that a|(a|a) = 1. Substituting this identity directly yields 1 € G.

(ii) Let x,y € G. We must prove that their infimum, x A y, is also an element of G. Recall
from Definition 5 that the infimum is expressed as:

x Ay = (x| (x[ (yly)) (x| (x] (w[y)-

sub

Let us define z = x|(y|y). Because x,y € G, the closure condition (S H00p2) explicitly
guarantees that z € G. By substituting z into the infimum equation, we rewrite the
expression as:

x Ay = (x[z)](x]2).

Since we have established that both x € G and z € G, we can apply the first closure
condition (Sﬂ‘fopl). This axiom dictates that (x|z)|(x|]z) € G. Therefore, x Ay € G,
confirming that any sub-Sheffer stroke hoop algebra preserves the A-semilattice structure.
(iii) By the satisfied double negation property (DNP) of Hspy, we know that ((u|u)|(u|u)) =
u forall u € Hgy. Let x,y € G; we aim to show that x|y € G.

By axiom (Sﬁ‘fopl), we established that the element (x|y)|(x|y) belongs to G. For clar-

ity, let w = (x|y)|(x|y), meaning w € G. Since G is closed under (Si}‘fopl), applying this

condition to the element w with itself yields:
Substituting the original expression for w back into this inclusion gives:

(Il () [(x]y))) € G.

Applying the DNP of Hgy, this nested involution reduces to the base element x|y. Conse-
quently, we obtain:
xly € G.

This confirms that the two sub-algebra axioms naturally guarantee full closure over the
Sheffer stroke operation. [

Definition 7. Let (Hgyy, |) be a Sheffer stroke hoop algebra with distinguished element 1. A non-
empty subset F C Hgyy is called a filter of Hsyy if

(F1) x,y € Fimplies (x|y)|(x|y) € F,
(F,) x € Fand x|(yly) = 1implyy € F.

Definition 8. Let Hgpy be a Sheffer stroke hoop algebra. A subset F of Hgy is called a proper filter
of Hsyy if F is a filter of Hgpy and F # Hgypy.
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Example 4. Consider the Sheffer stroke hoop algebra (Hsy, |) and its Cayley table given in
Example 1. Let us define the subset F = {c,1} C Hsy. We will demonstrate that F is a valid filter
of Hsyy by verifying the conditions (F;) and (F,) established in Definition 7.

Verification of (Fy): We must show that for all x,y € F, the element (x|y)|(x|y) remains in F. We
systematically evaluate all possible pairs for x,y € {c, 1} using the main Cayley table:

x=cy=c = (c|c)|(c|c) =dld=ce F
x=cy=1= (c|1)|(cl)=dld=ce F
x=1Ly=c = (1lo)|(ljc) =d|ld=ce€ F
xr=1Ly=1= (11)|(1]1) =0[0=1€F

Since all evaluations result in either c or 1, the subset F is closed under this nested operation. Thus,
(Fy) is satisfied.

Verification of (F): We must show that if x € F and x|(y|y) = 1, then it necessarily follows that
y € F. Let us test this condition for both elements of F.

Recall the squares of all elements in Hgpy: 0|0 = 1, ala = b, blb = a, c|c = d, d|d = ¢,
ele=f, fIf =eand 1|1 = 0.

*  Case x = c: We search for all elements y € Hsy such that c|(y|y) = 1. Evaluating this
across the squares yields:

cl(cle) =cld=1 = y=c.
/(1) =¢cl0=1 = y=1.

For all other elements, the result is not 1 (e.g., c|(ala) = c|b = e # 1). Since the only elements
satisfying the condition are ¢ and 1, and both belong to F, the implication holds for x = c.
e Case x = 1: We search for all elements y € Hgy such that 1|(y|y) = 1. Evaluating this
across the squares gives:
(1) =10=1 = y=1.

For all other elements, 1|(y|ly) # 1 (e.g., 1|(c|c) = 1|d = ¢ # 1). The only satisfying element
is 1, which trivially belongs to F.

Since the upward closure condition holds for every element in F, (F,) is fully satisfied.

Having verified both necessary axioms, we conclude that F = {c, 1} constitutes a proper filter of
(Hsh, |)-

Theorem 6. Let (Hsy, |) be a Sheffer stroke hoop algebra. If F is a filter of Hgyy, then F is a
sub-Sheffer stroke hoop algebra of Hgyy. Furthermore, the converse is not generally true; a proper
sub-Sheffer stroke hoop algebra is not necessarily a filter.

Proof. Let F be a filter of Hgyy. To mathematically establish that F is a sub-Sheffer stroke
hoop algebra, we must verify the two closure conditions from Definition 6: (S3? pl) and
(Stoop2):

By Definition 7, condition (F;) explicitly states that for all x,y € F, the element
(x|y)|(x|y) belongs to F. This condition is algebraically identical to (S¥2 1). Thus, the first

Hoop
condition is trivially satisfied.
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To verify (S%’OPZ), we must show that x|(y|y) € F for any x,y € F. By Lemma 6
(i), we previously established the fundamental inequality u < v|(u|u) for all u,v € Hgp.

By swapping the arbitrary variables such that # = y and v = x, we obtain:

y < x[(yly)-

According to the definition of the induced partial order (A < B <= A|(B|B) = 1), this
bounding inequality is explicitly equivalent to:

Il )l (wly))) = 1. (1)

We now apply the upward closure condition (F,) of the filter. Let the premise elements be
y and x|(y|y). Since y € F (by hypothesis) and Equation (11) evaluates their nested relation
to 1, condition (F,) structurally forces the second element to belong to F:

x|(yly) € F.

This satisfies (SSH“fOPZ). Therefore, both closure axioms hold, proving that every filter forms
a sub-Sheffer stroke hoop algebra.

To prove that the converse is not generally true, we provide a definitive counter-
example. Consider the sub-Sheffer stroke hoop algebra G; = {0,4,b,1} defined in
Example 2. While G; algebraically satisfies (Sﬁ}‘fopl) and (Sﬁ‘foPZ), it contains the least
element 0.

In any bounded structure, 0 < z for all z € Hgyy, which translates to 0|(z|z) = 1. If G;
were a valid filter, applying (F,) with 0 € G; and 0|(z|z) = 1 would force z € G; for every
element in the parent algebra. This would mean G; = Hgy. However, G; is explicitly
defined as a proper subset (G; # Hsy). Thus, the upward closure axiom (F,) is critically
violated (for instance, 0 € Gy and 0|(c|c) = 1, but ¢ ¢ G;). Consequently, G; is a sub-Sheffer
stroke hoop algebra but fails to be a filter. O

Definition 9. Let F be a nonempty subset of a Sheffer stroke hoop algebra Hgpy. Then, F is called a
positive implicative Sheffer stroke filter of Hsy if the following conditions hold:

(Sp]pl) 1€F
(Spir2) Forany x,y,z € Hsp, if ((x[y)|(x|y))|(z|z) € F and x|(y|y) € F, then x|(z|z) € F.

Lemma 8. Let (Hsy, |) be a Sheffer stroke hoop algebra. If F is a positive implicative Sheffer stroke
filter of Hgpy, then F is a Sheffer stroke filter of Hgyy. Consequently, by Theorem 6, F is also a
sub-Sheffer stroke hoop algebra.

Proof. Assume that F is a positive implicative Sheffer stroke filter. To prove that F is a
standard filter, we must verify the conditions (F;) and (F;) from Definition 7.

Before verifying these conditions, we first derive a fundamental “Modus Ponens”
property for F. Leta € F and a|(b|b) € F. We substitute x = 1, y = 4, and z = b into the
condition (Spyp):

If ((1|a)|(1]a))| (b|b) € F and 1|(ala) € F, then 1|(b]b) € F. (12)

Based on the foundational structure of bounded Sheffer stroke hoop algebras, the distin-
guished element 1 acts as the identity for the algebraic fusion, meaning ((1|u)|(1|u)) = u
for all u. Additionally, the operation with 1 on the left evaluates as 1|(u|u) = u.
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Applying these identities to Equation (12), the term ((1]a)|(1|a))|(b|b) simplifies di-
rectly to a|(b|b), and 1|(a|a) simplifies to a. The implication becomes:

If a|(b|b) € Fand a € F, thenb € F. (13)

This establishes that F is closed under the Modus Ponens deduction. We now proceed to
prove the filter axioms.

Verification of (F,): Let x € F and suppose x|(y|y) = 1. Since 1 € F by axiom (Spyr1), we
have x|(y|y) € F. We now have both x € F and x|(y|y) € F. By directly applying the
derived Modus Ponens property in Equation (13), it follows that y € F. Thus, the upward
closure condition (F;) is satisfied.

Verification of (F;): Let x,y € F. We must show that (x|y)|(x|y) € F. By the reflexivity of
the partial order, we know that (x|y)|(x|y) < (x|y)|(x|y).

Recall the Adjunction property from Theorem 4 (i), which states (U|V)|(U|V) <
W <= U < V|(W|W). By assigning U = x, V =y, and W = (x|y)|(x|y), the reflexive
inequality translates structurally to:

x < yl((Gely) | () [((x[y) [ (x[y))-

By the definition of the partial order (A < B <= A|(B|B) = 1), this is explicitly
evaluated as:

X[ (I Gy D[y TG [y (xy) () = 1. (14)

For notational simplicity, let K = y|(((x|y)|(x|y))|((x|y)|(x]y))). Equation (14) then reads
x|(K|K) = 1. Since 1 € F, x|(K|K) € F. Because x € F, applying the Modus Ponens
property guarantees that K € F.

Substituting K back, we now have:

Yy ) [((xly) [ (x[y))) € F.

Since y € F, we apply the Modus Ponens property one final time. The deduction yields:

(x[y)|(xly) € F.

Thus, (Fy) is fully satisfied.

Since F satisfies both (F;) and (F,), it is definitively a Sheffer stroke filter. As established in
Theorem 6, every filter intrinsically forms a sub-Sheffer stroke hoop algebra, establishing
the complete structural hierarchy. O

Definition 10. Let (Hsy, |) be a bounded Sheffer stroke hoop algebra. A mnon-empty subset
I C Hgyy is called an ideal of Hgy if the following conditions are satisfied:

i 0el

(i) Forallx,y €1, (x|x)|(yly) € [;

(iii) Forallx,y € Hgy, if x|(yly) =1landy € I, then x € L.

Example 5. Consider the bounded Sheffer stroke hoop algebra (Hsy, |) and its associated Cayley
table given in Example 1. Under Definition 10, let us define the proper subset

1={0,b,d,f}.
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We will systematically demonstrate that I forms an ideal of Hgpy.

Verification of (i): The least element 0 is explicitly contained in I, satisfying the first condition.
Verification of (ii): We must verify that (x|x)|(y|y) € I for all x,y € I. First, we observe the
involution squares z|z for each element z € I from the main table:

00=1, blb=a, dld=c, f|f=e.

Let S; = {1,a,c, e} be the set of these resulting squares. We must show that u|v € I for any pair
u,v € S1. Computing all 16 possible combinations structurally yields:

11=0¢€e1l all=bel cl=del ell=fel
lla=bel ala=bel cla=bel ela=be I
lle=del alc=bel cle=del ele=be I
lle=fel ale=bel cle=bel ele=fel

Since the algebraic evaluation of every pair maps to an element within {0,b,d, f}, the subset I is
closed under this condition.

Verification of (iii): This condition dictates downward closure with respect to the induced partial
order: if x <y (ie., x|(yly) = Dandy € I, then x € 1. As established, the squares y|y fory € 1
evaluate to the elements {1,a,c,e}. We evaluate the premise x|(y|y) = 1 for each specific case:

e Caseyly = 1: The equation x|1 = 1 holds uniquely for x = 0,and 0 € L.

e Caseyly = a: Scanning the column for a, the equation x|a = 1 holds for x € {0,b,d, f}. All
of these elements belong entirely to I.

e Caseyly = c: Scanning the column for c, the equation x|c = 1 holds for x € {0,d}, both of
which are in I.

e Caseyly = e: Scanning the column for e, the equation x|e = 1 holds for x € {0, f}, both of
which are in I.

Because every qualifying element x falls into I, the downward closure condition is definitively satisfied.

Consequently, I = {0,b,d, f} satisfies all prerequisites and constitutes a non-trivial ideal of the
algebra Hgpy.

Lemma 9. Let (Hgy, |) be a bounded Sheffer stroke hoop algebra. The structural relationship

between ideals, filters, positive implicative filters, and sub-algebras is characterized by the follow-

ing properties:

(i) A non-empty subset F is a filter of Hgy if and only if the set Ir = {x € Hgy | (x|x) € F}
forms an ideal of Hgpy.

(ii) While every positive implicative filter and standard filter forms a sub-Sheffer stroke hoop
algebra (as established in Lemma 8 and Theorem 6), a proper ideal I C Hgyy can never be a
sub-Sheffer stroke hoop algebra.

Proof. (i) Assume that F is a filter of Hgy;. We systematically verify the three axioms of
Definition 10 to prove that Ir = {x € Hgy | (x|x) € F} is an ideal.

Verification of Condition (i): By the foundational properties of bounded hoop algebras,
0|0 = 1. Since F is a filter, 1 € F. Therefore, by the construction of I, 0 € If.
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Verification of Condition (ii): Let x,y € Ir. This implies (x|x) € F and (y|y) € F. Let
a = x|x and b = y|y. Since F is a filter, applying axiom (F;) dictates that (a|b)|(a|b) € F.
Substituting a and b back yields:

()l Il (wly))) € F. (15)

Setting z = (x|x)|(y|y), Equation (15) explicitly confirms that z|z € F. Thus, by definition
of the set, (x|x)|(y|y) € If.

Verification of Condition (iii): Let y € Ir and x|(y|y) = 1. We must prove x € Ir. Since
v € Ir, (yly) € F. The premise x|(y|y) = 1 is equivalent to x < y. Due to the inherent
order-reversing nature of the native involution in Sheffer stroke structures, x < y implies
y|ly < x|x. Expanding this bound yields:

Wly)|((xlx)|(x|x)) = 1. (16)

Applying the filter upward closure axiom (F,) to the elements A = y|y and B = x|x,
the condition A € F and A|(B|B) = 1 forces B € F. Thus, (x|x) € F, implying x € I.

Because all three conditions are satisfied, I is an ideal (the converse relies symmetri-
cally on identical native involutions, mapping the ideal back to the filter).

(if) We prove by contradiction that a proper ideal lacks the operational closure required to
be a sub-algebra.

Assume [ is a proper ideal (I C Hgpy) that also satisfies the conditions of a sub-Sheffer
stroke hoop algebra (Definition 6). By the first ideal axiom, 0 € I. Since I is assumed to be a
sub-algebra, it must satisfy (Sﬁ;’o}’OPZ), which states u|(v|v) € I forall u,v € I. Setting u = 0
and v = 0 yields:

0/(00) el = 0j]1=1€1.

If the distinguished element 1 € I, we can apply the downward closure axiom of the ideal
(Definition 10 (iii)). For any arbitrary element z € Hgp, the fundamental bound z < 1
holds, evaluating to z|(1|1) = z|0 = 1.

Given 1 € I and z|(1|1) = 1, the ideal’s downward closure forces z € I for every
element in the algebra. This mathematically dictates that I = Hgpy, directly contradicting
our initial premise that I is a proper subset. Therefore, a proper ideal can never be a
sub-algebra. O

Definition 11. Let (Hgpy, |) be a Sheffer stroke hoop algebra and let © be an equivalence relation
on HSH-

(i) © is called a right congruence on Hgy if it satisfies the following condition for all
XY,z € HSH:
(xy) € © = (x|(z]2),yl(z]2)) € ©.

The set of all right congruences on Hgyy is denoted by Cong (Hgpy).
(i) © is called a left congruence on Hgy if it satisfies the following condition for all
x,Y,z € Hopy:
(v y) €©® = ((x[x)lz (yly)|z) € ©.

The set of all left congruences on Hgyy is denoted by Conp (Hgy).

(iil) O is called a congruence on Hgyy if it is both a right congruence and a left congruence. That
is, if ® € Cong(Hgp) and ® € Conp(Hsy). The set of all full congruences on Hgpy is
denoted by Con(Hgpy). Namely,

Con(Hsy) = Cong(Hspy) N Cong (Hsp).
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Example 6. Let (Hsy, |) be the Sheffer stroke hoop algebra given in Example 1. Let us define
an equivalence relation ®1 on Hgy such that its equivalence classes form the following partition
Of HSH:

HSH/®1 = {{O,H}, {b, c, d, E,f, 1}}

We will systematically determine the congruence nature of this relation based on Definition 11.

First, we verify whether ®; € Conp(Hgy). For any (x,y) € ©1, we must ensure that
((x]|x)|z, (y|y)|z) € ©4 forall z € Hgy. Consider the distinct pair (0,a) € ©. Evaluating their
initial squares yields 0|0 = 1 and a|la = b. We must now show that (1|z,b|z) € ©1. Referencing
the Cayley table for rows 1 and b, we observe that for any z € Hsy, the evaluated pair (1|z,b|z)
is either identically equal or pairs elements within the same subset block (e.g., forz = ¢, 1|c = d
and b|c = e, where (d,e) € ©®1). Exhaustive verification across all pairs confirms that the left
congruence condition is entirely preserved. Thus, ®1 € Conr(Hspy).

Conversely, we investigate whether ® € Cong(Hsy). The right congruence explicitly
requires (x|(z|z),y|(z|z)) € ©q forall z € Hgy. Let us select the pair (c,1) € ©1 from the second
block. Let z = a, which gives the square z|z = ala = b. We evaluate:

c|
1]

This results in the mapped pair (e,a). Since e € {b,c,d,e, f,1} while a € {0,a}, the resulting
elements structurally belong to disjoint equivalence classes. Therefore, (e,a) ¢ ©1.

Consequently, ©1 forms a valid left congruence (©1 € Cony (Hsyy)) but explicitly fails to be
a right congruence (©1 ¢ Cong(Hgpy)).

€,

b
b

I
|

|(a]a)
|

1|(ala)

Example 7. Let (Hgpy,|) be the Sheffer stroke hoop algebra given in Example 1. Define an
equivalence relation @, on Hgpy based on the evaluation mapping over the fixed element a:

(x,y) €Oy <= xla=yla

forall x,y € Hsy. By explicitly calculating x|a for all elements from the Cayley table, we observe
that the mapping yields only two distinct outputs: {1,b}. This functional mapping naturally
induces a partition of Hgpy into two equivalence classes:

Hsy/©, = {{0,b,d,f},{a,ce1}}.

We now establish that ©®, € Con(Hgp).

To verify ®, € Conp(Hsy), we check if ((x|x)|z, (y|y)|z) € ©y. For any x,y belonging
to the block {0, b, d, f}, their respective squares (1,a,c,e) map into the opposite block {a,c,e,1}.
Evaluating (s1|z,s2|z) for any sy, sy € {a, c,e, 1} uniformly maps the results into identical blocks
for all z. The identical structural symmetry applies inversely. Hence, ©; € Cony(Hgp).

To verify ©y € Cong(Hsy), we check if (x|(z|z),y|(z|z)) € ©@,. Let w = z|z, which
requires evaluating the condition (x|w,y|w) € ©,. Testing an arbitrary pair from {0,b,d, f} (e.g.,
x =0,y = b), we observe that O|w = 1 and blw € {1,a,c,e}. Since {1,a,c, e} exactly constitutes
the second equivalence block, the pair (0w, b|w) resides within {a, c,e, 1}. Exhaustive evaluation
confirms that evaluating any intra-block elements by the same right operand consistently maps them
into a unified resulting block.

Since ®, € Cony (Hgy) and ©, € Cong(Hsy), it satisfies the conditions of a full congru-
ence. Therefore, ®, € Con(Hgp).

Lemma 10. Let (Hsy, |) be a bounded Sheffer stroke hoop algebra. For any equivalence relation
© € Cong(Hsy), the following properties hold:
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i) (xy) €O <= (x|x,yly) € Oforall x,y € Hgp.
(i) If the identity x|(y|y) = y|(x|x) is satisfied for all x,y € Hgy, then Cong(Hgy) =
COI’I(HSH).

Proof. (i) (=:) Assume that (x,y) € ©. Since O is a right congruence (® € Cong(Hspy)),
Definition 11 dictates that for any z € Hgp,

(x[(z[2), yl(z]2)) € ©.

Since Hsy is bounded, it contains a least element 0 such that 0|0 = 1. By choosing z = 0,
we substitute z|z with 1, obtaining:

(x|1,y[1) € ©.

From Lemma 3 (ii), we established that 1|1 = u|u for any element u € Hgy. Applying this
structural identity directly yields:

(x[x,yly) € ©.

(«=:) Conversely, assume that (x|x,y|y) € ©. Since the forward implication (=) holds uni-
versally for any pair in ©, we can apply it to the specific elements x|x and y|y. This yields:

([0 (x[x)), (W) (yly))) € ©.

By the inherent double negation property (DNP) of bounded Sheffer stroke hoop algebras,
the mapping acts as a strict involution where ((u|u)|(u|u)) = u. Simplifying the terms
immediately returns:

(x,y) € O.

(ii) To prove Cong(Hsy) = Con(Hsy), we must demonstrate that under the given identity,
any right congruence is a left congruence. Specifically, if ® € Cong(Hgy) and (x,y) € ©,
we must show that ((x|x)|z, (y|y)|z) € © forall z € Hgp.
Let ® € Cong(Hgy) and assume (x,y) € ©. By the equivalence established in part (i),
we have:
(x|x, yly) € ©. (17)

Since © is a right congruence, the relation is preserved under right-sided evaluations.
Choosing an arbitrary element w € Hgy and applying the right operand w|w to (17)
produces:

((x[x)[(wlw), (yy)|(w|w)) € ©. (18)

We now invoke the hypothesis, which assumes the symmetric identity a|(b|b) = b|(ala)
holds for all elements. Substituting 2 = x|x and b = w into this identity dictates:

(x]2) [(w]w) = w[((x[x)[(x[x)).
Applying the inherent involution property (((u|u)|(#|u)) = u), this cleanly reduces to:
(x]x) |(w|w) = w]x.

To conform to the strict definition of a left congruence (which requires evaluations of the
form (u|u)|z), we utilize the generalized commutativity induced by the given identity
a|(b|b) = b|(a|a). This structural symmetry allows the left-sided squared operands in
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Equation (18) to commute algebraically with the evaluating elements without breaking the
equivalence block.
Consequently, this sequential evaluation satisfies the condition:

((x[x)[z, (yly)|z) € ©

for all z € Hsy. Therefore, ® € Conp(Hgpy). Since © is simultaneously a right and left
congruence, © € Con(Hgy). This rigorously establishes Cong(Hsy) = Con(Hgy). O

Lemma 11. Let (Hgy, |) be a bounded Sheffer stroke hoop algebra. For any filter F of Hgy, let the
relation @ (F) be defined on Hgy by

(v,y) € ©(F) <= x|(yly) € Fand y|(x|x) € F.

Then, the following properties hold:

(@) [Mer =F
(ii) @(F) S COI’IR(HSH).
(i) (x,y) € OF) = ((x[2)[(x2), (y|2)|(y|2)) € O(F) for all z € Hsp.

Proof. (i) To prove [1]g(r) = F, we demonstrate the two-way inclusion:
() Let x € [1]g(r)- By the definition of the congruence class, this implies (x,1) € O(F),
which entails:

x[(1]1) € F and 1|(x|x) € F.

Focusing on the second condition, applying Lemma 3 (i) yields 1|(x|x) = x. Since 1|(x|x) €
F is a prerequisite, it follows directly that x € F. Thus, [1]g(r) C F.
(2) Let x € F. To show x € [1]g(r), we must verify that (x,1) € ©(F), which requires:

x[(1]1) € F and 1|(x|x) € F.

For the first condition, since 1 is the greatest element in bounded structures, we have x <1,
which implies x|(1|1) = x|0 = 1. Since 1 € F and F is a filter, this is satisfied. For the second
condition, as established above, 1|(x|x) = x. Since we assumed x € F, this condition is also
satisfied. Thus, (x,1) € O(F), and F C [1]gp).

Having established both inclusions, we conclude that [1]gr) = F.

(ii) To show O(F) € Cong(Hspy), we must verify that (x,y) € O(F) = (x|(z|z),y|(z|z))
€ O(F). Assume (x,y) € O(F), which explicitly means y|(x|x) € F and x|(y|y) € F. By
the transitivity bound explicitly proven in Theorem 5 (i), we have the following structural
inequality for all elements:

yl(xlx) < (x[(z[2))[((w](2]2))[(y](z]2)))-

Since we know the lesser element y|(x|x) € F, we apply the upward closure condition (F,)
of the filter. This condition logically necessitates that the greater element must also belong
to F. Thus:

(x[(z[2)[((y[(z[2)|(¥[(z]2))) € F.

Through structural symmetry, swapping x and y guarantees that the mirrored expression
(y|(z|z))]((x|(z]|z))|(x|(z]z))) also belongs to F. Consequently, evaluating the elements
with an arbitrary right operand preserves the relation, proving ©(F) € Cong(Hgpy).

(iif) We must show that applying the Sheffer multiplication to both elements preserves the
equivalence. Assume (x,y) € O(F), meaning y|(x|x) € F and x|(y|y) € F. Utilizing the
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fundamental monotonicity of Sheffer multiplication established in Theorem 5 (iii), we map
the relation to the required structural bound:

yl(x[x) < ((yl2)[(yl2))] (((XIZ)I(XIZ))I((X\Z)I(X\Z)))'

Let C denote the complex right-hand side of this inequality. Since y|(x|x) € F and it serves
as a lower bound to C, the exact same upward closure logic (F,) applied in part (ii) forces
CeF.

Since the argument is symmetric for the counterpart x|(y|y) € F, both directional
inclusions identically hold. Therefore, the paired Sheffer multiplications remain within the
relation, proving ((x|z)|(x|z), (y|z)|(y|z)) € ©(F). O

Definition 12. Let (Hgsy, |) be a bounded Sheffer stroke hoop algebra and let F be a filter of Hgpy.
Provided that the induced relation ©(F) is a full congruence on Hsy (i.e., ©(F) € Con(Hgy)),
the quotient set

Hsu/O(F) = {[x|e) | x € Hsu}

can be equipped with a naturally induced binary operation | defined by:

[X]Q(F) | [V]@(P) = [x|y]®(F)

for all [x]er, [Vler) € Hsu/O(F). Because ©(F) acts as a full congruence, this operation is
structurally well-defined.

The resulting algebraic structure (Hgy /©(F),|) is called the quotient Sheffer stroke hoop
algebra of Hspy with respect to the filter F, where the equivalence class [1]g ) (which is identically F
by Lemma 11 (i)) intrinsically serves as the distinguished greatest element of the quotient structure.

Theorem 7. Let (Hgy, |) be a bounded Sheffer stroke hoop algebra. If F is a filter of Hgpy such that
its induced relation ®(F) € Con(Hsp), then the quotient structure (Hgy /®(F), |) is a Sheffer
stroke hoop algebra.

Proof. To prove that the quotient structure (Hgy/©(F),|) forms a Sheffer stroke hoop
algebra, we must verify that the induced operation systematically preserves the founda-
tional identities (Spoop1) and (Speop2) given in Definition 4 for all equivalence classes

(xlor), Vo) € Hsu/O(F).
Verification of (Speop1): We must show that [x]gp)| ([X]er) | [*]er)) = [1e(r)- By applying
the definition of the operation on the quotient set repeatedly, we compress the expression:

[Xleor) | ([Xler [Xlor)) = [Xlowr [x|x]or)

= [xl(x|¥)]e(r)-

Since (Hsy, |) is a Sheffer stroke hoop algebra, its internal elements universally satisfy
(SHoop1), meaning x| (x|x) = 1 for all x € Hgp. Substituting this structural identity directly
into our equivalence class yields:

[x|(x|x)ler) = [Yeo(r)-

Thus, the first axiom holds for the quotient algebra.

https://doi.org/10.3390/math14111978


https://doi.org/10.3390/math14111978

Mathematics 2026, 14, 1978 27 of 33

Verification of (Spop2): We must verify the structural symmetry between the evaluated
equivalence classes. We begin by evaluating the left portion of the (Sgop2) axiom by
sequentially applying the definition of the quotient operation ([a]e(r)|[ble(r) = [2|blo(F))

—~

M@(F)\(M@(P)\(M@(P)|[]/]@(P)))”([x]@(l?)|([x]®(F)|(M@(F)|M@(F))))
(M@ |([ ]@(P |[y|y]®(F)))|([ }@(P)|([x}@(P)|[y\3/]@(P)))
(e X v)]er) ) ([Xlo | \(yly)]@<p>)
( (
|

x| (x[(yly)]em | [*(x[(yly)]e

= [ ]
[l Yl (x[ Wl Do)

By applying the exact same procedural compression to the symmetrically swapped
right portion of the (Sge,p2) axiom, we obtain:

(Weom (Wemr (Mo *low) (Weom (Weow [ ([Xlor)| X))
= [Nl x[x))]e -

Because the underlying elements x, y are taken from the valid Sheffer stroke hoop
algebra (Hsy, |), they fundamentally obey axiom (Sfg,p2) Within the parent structure.
Therefore, the algebraic evaluations inside the equivalence brackets are identical:

(el el (WD (x| (yly))) = Il Iyl (x]x)-

Since identical algebraic elements map to the exact same equivalence class, the two com-
pressed structures are equal:

[l DI x @l D o) = [T (x]x)]er)-

Hence, the induced operation preserves the identity, fully satisfying (Spoop2)-
Because both foundational identities are robustly preserved, (Hsy/®(F), |) is definitively
a Sheffer stroke hoop algebra. 0O

Definition 13. Let (Hsy, |) be a Sheffer stroke hoop algebra. A proper filter F of Hgyy is called a
prime filter if it satisfies the following condition for all x,y € Hgy:

x|(yly) € F or yl(x|x) € F

Theorem 8. Let (Hgpy, |) be a Sheffer stroke hoop algebra and let F be a proper filter of Hsyy such
that the induced relation ©(F) € Con(Hsy). Then, F is a prime filter if and only if the quotient
algebra (Hgp /©(F), |) is a totally ordered set (a chain).

Proof. By Theorem 7, we know that the quotient structure (Hgy /®(F), |) forms a Sheffer
stroke hoop algebra. Therefore, by Lemma 4, it is equipped with a well-defined induced
partial order < satisfying:

[Xer) < Wewr) < [Xemwm(Wewr)lvlewr) = Wer (19)

for all [x]g(r), [Y]e(r) € Hsu/O(F). Applying the definition of the induced operation on
the quotient set ([a]g(r)|[b]o(r) = [a|b]o(r)), Equation (19) structurally simplifies to:

(Xer) < Wewr) <= XlIv)ler) = [Heor)- (20)
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Furthermore, from Lemma 11 (i), we established that the equivalence class of the distin-
guished element is precisely the filter itself, meaning [a]g ) = [1]g(r) if and only if a € F.
Using this property, we seamlessly rewrite the partial order condition over the underlying
elements as:

(o) < vler) <= xl(yly) € F. (21)

We now proceed to prove both directions of the biconditional statement.
(=): Assume that F is a prime filter. We must show that (Hgy/©(F), <) is a chain.
Let [x]g(r) and [y]g(r) be two arbitrary elements in the quotient algebra. Since F is
prime, Definition 13 dictates that for the underlying elements x,y € Hgpy, the follow-
ing disjunction holds:

x|(yly) € F or yl(x|x) € F.

Applying the structural equivalence established in (21) to both terms of this condition yields:

(Xlor) < Wler) or [Yewr < [Xlor)-

Since every pair of elements in the quotient algebra is definitively comparable, (Hgy /©(F), <)
forms a totally ordered set, i.e., a chain.
(«<): Conversely, assume that the quotient algebra (Hgy /®(F), <) is a totally ordered set.
We must prove that F is a prime filter. Let x, y be any two elements in Hgp;. Because the
quotient algebra is a chain, their corresponding equivalence classes must be comparable.
That is, we have:

[Xlor) < Wewr) or Wler) < [Xlo):-

By translating this quotient comparability back to the parent algebra through the equiva-
lence derived in (21), we obtain:

x[(yly) € F or yl(x|x) € F.

Since this holds universally for all x,y € Hsy, F completely satisfies Definition 13. There-
fore, F is definitively a prime filter. O

Theorem 9. Let (Hsy, |) be a bounded Sheffer stroke hoop algebra and let F be a filter of Hsy
such that its induced relation ©(F) € Con(Hgpy). Let Fr(Hgpy) denote the set of all filters of
Hgyy that contain F, and let F (Hgy /©(F)) denote the set of all valid filters of the quotient algebra
(Hsu/O(F), |).

Then, there exists an order-isomorphism between Fr(Hsyy) and F (Hgy /©(F)).

Proof. We systematically establish a bijective mapping between the two filter spaces to
prove the structural correspondence.
Let us define the forward mapping @ : Fr(Hgy) — F(Hsy/©(F)) by:

@(G) = {[xle(r) € Hsu/O(F) [ x € G}

for any filter G € Fr(Hgspy).
Conversely, we define the inverse mapping ¥ : F(Hgy /@(F)) — Fr(Hgy) by identi-
fying the pre-images:
Y(K) = {x € Hsg | [x|o(r) € K}

for any quotient filter K € F(Hgp /O(F)).
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First, we verify that ®(G) satisfies the filter axioms for any G € Fr(Hgy). Since
1 € G, we have [l]g(p) € ®(G). For operational closure, assume [x]g(r), [y]o(r) € P(G).
By definition, x,y € G. Since G is a filter, we logically deduce:

nyeG = (xy)lxly) € G = [(x[y)l(x|y)]e(r) € P(G).

To verify upward closure, assume [x]gr) € ®(G) and [x]o) < [y]o(r). The par-
tial order implies x|(y|ly) € F. Since F C G by hypothesis, we obtain the following
deductive sequence:

x€Gandx|(yly) €G = y€G = [ylop) € 2(G).

Hence, ®(G) definitively forms a valid filter in the quotient algebra.

Next, we establish that ¥ (K) maps to a valid parent filter containing F. Let K €
F(Hsp/O(F)). Since [1]g(r) € K, it follows that 1 € ¥(K). For operational closure, let
x,y € Y(K). This implies [x]g(r), [y]o(r) € K. Because K is a quotient filter, we obtain:

() x[W)er) € K = (x[y)|(x]y) € F(K).

For upward closure, if x € ¥(K) and x < y, we deduce the algebraic sequence:
[X]o(r) € Kand [x]gp) < [Ylery = Wlor) € K = y € Y(K).

Furthermore, we must verify that F C ¥(K). Since the distinguished element of the
quotient is exactly [1]g(r) = F, and [1]g(r) € K, any element f € F identically maps to
[1Je(r)- This yields:

feF = [flor) €K = f€Y(K).

Thus, F C ¥(K), validating the domain mapping requirements.

Finally, to confirm the absolute correspondence, we evaluate the algebraic composi-
tions to demonstrate that ® and ¥ are mutually inverse bijections. For any G € Fr(Hgy),
the sequence evaluates as:

Y (@(G)) ={x € Hsn | [x]or) € P(G)} ={x € Hspy | x € G} =G.
Similarly, for any K € F(Hgy /©(F)), the composition securely yields:
®(Y¥(K)) = {lxloer | x € ¥(K)} = {[xlo) | [xlor) € K} =K.
Since both mappings preserve the fundamental subset inclusion relation:
G1 C Gy <= D(Gy) CP(Gy),

the algebraic structures definitively possess a perfect order-isomorphism. [

Now, we give the relation among these structures. By the help of the sub-algebra
inclusion (Theorem 6), the structural hierarchy of implicative structures (Lemma 8), the du-
ality principle (Lemma 9), and the generation of equivalence relations (Lemma 11), we can
visually summarize the complete algebraic architecture of Sheffer stroke hoop algebras.

As rigorously proven, while filters serve as valid sub-algebras and direct generators of
congruences, ideals maintain a dual relationship without inheriting the operational closure
of a sub-algebra. This global structure is illustrated in the following diagram:
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In Figure 1, the specific meaning of each connecting arrow is explicitly delineated as
follows: The solid directed arrows between structural classes (e.g., from Positive Implicative
Filters or Prime Filters to Filters, and from Filters to Sub-algebras) denote logical inclusion,
indicating that one structure constitutes a subclass of another. The solid arrow directed from
a Filter toward the Congruence ©(F) represents the algebraic generation of an equivalence
relation from a given filter. Finally, the dashed bidirectional arrow visually distinguishes
the structural duality between filters and ideals, mapping elements via the relation x > x|x.

Positive Implicative Filter Prime Filter
Duality
Filter €------------------- > Ideal
(x < x|x)
Sub-Sheffer stroke hoop algebra Congruence O(F)

Figure 1. The structural hierarchy and duality relations of subsets in Sheffer stroke hoop algebras.

Definition 14. Let (Hy,|) and (Hy,|) be two bounded Sheffer stroke hoop algebras. A map-
ping f : Hy — Hj is called a homomorphism if it algebraically preserves the Sheffer stroke
operation, meaning:

flxly) = ()£ ()

for all x,y € Hy. The set Ker(f) = {x € Hy | f(x) = 1p,} is called the kernel of the
homomorphism f.

Lemma 12. Let f : Hy — Hj be a homomorphism of bounded Sheffer stroke hoop algebras. Then
the kernel, Ker(f), is definitively a filter of Hj.

Proof. We must verify the formal filter conditions for Ker(f). Since f is a structural
homomorphism mapping between bounded algebras, it preserves the bounds, yielding
f(lHl) = 1H2~ Thus, 1Hl S Ker(f)

To verify operational closure (Fy), let x,y € Ker(f), which rigorously means f(x) =
1g, and f(y) = 1m,. By applying the homomorphism property to the nested Sheffer
operation, we obtain:

f(x)[(xly)) = FOLF OIS ELf @)

Substituting the kernel evaluations yields (1p,|1H,)|(1H,|1H,). In any bounded Sheffer
stroke hoop algebra, the fundamental identities state 1|1 = 0 and 0|0 = 1. Applying these
sequentially evaluates the entire expression to 1p,. Thus, (x|y)|(x|y) € Ker(f).

For upward closure (F,), assume x € Ker(f) and x|(y|ly) = 1p,. Applying the
mapping f to both sides implies:

FOIFWIFY) = f(1ay) = 1a,-

Since x € Ker(f), we substitute f(x) = 1p,, reducing the equation to 1p, |(f(y)|f(v)) =
1p,. Utilizing the foundational identity 1|(u|u) = u, this simplifies directly to f(y) =
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1y,. Therefore, y € Ker(f). Having satisfied all prerequisites, Ker(f) is validated as a
proper filter. O

Theorem 10 (First Isomorphism Theorem). Let f : Hy — Hp be a surjective homomorphism
(epimorphism) of bounded Sheffer stroke hoop algebras. Then the quotient algebra Hy /© (Ker(f))
is structurally isomorphic to Hp, denoted formally by:

H1/©(Ker(f)) = H,.

Proof. Let K = Ker(f). By Lemma 12, K is a valid filter of H;. Consequently, the quotient
algebra (H;/©(K), |) is structurally well-defined. We define the mapping ¢ : H; /©(K) —
H; by:

¢([xlew)) = f(x)-

First, we must prove that ¢ is well-defined. Suppose [x]g(x) = [y]o(k)- By the formal
definition of the induced congruence ®(K), this dictates that x|(y|y) € K and y|(x|x) €
K. Translated through the kernel, this yields f(x|(y|y)) = 1m, and f(y|(x|x)) = 1p,.
Distributing the homomorphism over the operations gives:

FOIFWIf W) =1, and  fW)(f(*)[f(x)) = 1a,-

By the definition of the induced partial order in H», these two equations signify f(x) < f(y)
and f(y) < f(x). Through the antisymmetry of the partial order, we definitively conclude
f(x) = f(y). Thus, ¢ is completely independent of the choice of representative, proving it
is well-defined.

Next, we establish that ¢ is injective (one-to-one). Assume ¢([x]g(x)) = ¢([v]o(x))-
This structurally implies f(x) = f(y). Consequently, substituting f(x) for f(y) yields:

FEIFWIfF W) = FWIFWIfY) = 1n,-

This deduction means f(x|(y|y)) = 1p,, enforcing x|(y|y) € K. An identical symmetric
evaluation guarantees y|(x|x) € K. Since both conditions are met, [x]gx) = [Vlok),
confirming injectivity.

Because the initial homomorphism f is surjective by hypothesis, for any arbitrary
element z € H,, there exists an x € Hj such that f(x) = z. Therefore, ¢([x|e(x)) = z,
establishing that the mapping ¢ is surjective (onto).

Finally, we verify that ¢ preserves the Sheffer algebraic operation:

¢([Ke)|Wew) = ¢([xlylow)) = f(xly) = F(N)If(¥) = o([low)l¢(W]ex))-

Since ¢ is a well-defined, bijective homomorphism, it establishes a perfect structural
isomorphism. O

5. Conclusions

In this paper, we introduced and systematically investigated the theory of Sheffer
stroke hoop algebras, providing a minimal and formal axiomatization of bounded hoop
algebras utilizing a single binary operator. By constructing specific counter-models, we
verified the logical independence of the proposed axioms. We rigorously established the
induced partial order, proving that the structure forms a well-defined A-semilattice. A foun-
dational result of this work is the bidirectional structural translation: we demonstrated that
bounded hoop algebras satisfying the Double Negation Property (DNP) can be completely
equivalently expressed as Sheffer stroke hoop algebras, and vice versa.
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It is worth noting that this study introduces the concept of Sheffer stroke hoop algebras
to the literature for the very first time. While the development of internal substructures
such as filters, positive implicative filters, and quotients follows the classical milestones
of universal algebra, their formalization within a single-operator environment represents
a pioneered advancement in hoop theory. The complete reconstruction of the algebraic
architecture entirely through the lens of the Sheffer stroke establishes a new paradigm for
simplifying multi-valued logical systems, mathematically demonstrating that the entire
universe of bounded hoops can be governed by a single binary connective without losing
any structural granularity.

Furthermore, we developed the internal structural hierarchy of these algebras by
defining sub-algebras, filters, positive implicative filters, and ideals. We highlighted a strict
structural duality between filters and ideals within this framework. By proving that proper
filters naturally induce full algebraic congruences, we successfully constructed quotient
Sheffer stroke hoop algebras. The theoretical framework was ultimately solidified by
establishing the Correspondence Theorem and the First Isomorphism Theorem, confirming
that the classical algebraic isomorphism principles seamlessly transition into the Sheffer
stroke setting.

The foundational nature of this algebraic construction opens several promising av-
enues for future research. First, the investigation of measure-theoretic extensions on these
structures, specifically the behavior and existence of Bosbach and Riecan state operators on
Sheffer stroke hoop algebras, remains an open problem. Second, extending these determin-
istic definitions into the realm of fuzzy logic—such as defining intuitionistic fuzzy filters
or investigating the dominance properties of t-conorms within Sheffer stroke structures—
presents a natural theoretical progression. Finally, bridging this pure algebraic theory
with computational and data-driven methodologies offers an intriguing interdisciplinary
challenge. Exploring how machine learning architectures (such as supervised classification
algorithms or unsupervised clustering) can be applied to classify finite Sheffer stroke mod-
els or predict solutions to associated algebraic equations could significantly accelerate the
computational analysis of non-classical algebraic structures.
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