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Abstract

This paper establishes new Kneser-type oscillation criteria for a class of third-order half-
linear dynamic equations on time scales. The analysis is based on a Riccati-type trans-
formation, which reduces the original equation to an associated dynamic inequality and
yields explicit oscillation conditions. The obtained criteria extend existing results from
second-order to third-order equations and provide a unified treatment of continuous and
discrete cases. To the best of our knowledge, no comparable Kneser-type oscillation criteria
have been reported for equations of the form considered here. Several examples illustrate
the applicability of the main results.
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1. Introduction

Mathematical models describing oscillatory phenomena arise in many applied fields,
including biological processes and diffusion-type problems. For example, chemotaxis equa-
tions and porous medium equations are commonly used to model nonlinear interactions
and diffusion mechanisms in applied sciences [1-3]. In recent years, considerable attention
has been given to half-linear third-order differential and dynamic equations, owing to their
role in describing nonlinear processes with higher-order effects and time delays. Such
equations arise naturally in models where the evolution depends on interactions between
present and deviating states; see [4-7].

Recent developments have extended oscillation theory to dynamic equations on
time scales, allowing a unified treatment of continuous and discrete cases. Within this
setting, numerous oscillation criteria have been established for second-order dynamic
equations; see [8-10]. For third-order dynamic equations, many oscillation and asymptotic
results have also been reported, particularly for equations involving delays and mixed
nonlinearities [11-14], as well as in [15-17]. Additional qualitative results, including
Hille-Nehari-type criteria, can be found in [18-21]. Further studies addressing asymptotic
behavior and functional dynamic equations under more general assumptions are presented
in [22-26].
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Kneser-type criteria constitute a classical part of oscillation theory and are closely
related to Sturm comparison theory and its nonlinear extensions for half-linear equations;
see [27-30]. Another line of research concerns Kneser solutions, which belong to a special
class of nonoscillatory solutions. A solution x is called a Kneser solution if it satisfies
the conditions

x(H)x2(t) <0 and x(£)x*2(t) >0

for sufficiently large t. Studies in this direction, including [26,31], focus on the existence
and qualitative properties of such nonoscillatory solutions for third-order delay dynamic
equations on time scales.

In contrast, the present paper is concerned with oscillation criteria of Kneser type.
Although third-order dynamic equations have been extensively studied, results of this type
remain limited for third-order half-linear dynamic equations with deviating arguments
of the general form considered here. The aim of this paper is to derive new Kneser-type
oscillation criteria for a general class of third-order half-linear functional dynamic equations
with deviating arguments and to establish conditions ensuring that every solution is either
oscillatory or convergent.

We investigate the third-order half-linear functional dynamic equation

L ([0 (20)]) )+ a5 =0 <1>

defined on a time scale T with sup T = co. Here t € [tg, 00)T := [tg,00) NT, tyg >0, tp € T,
and ¢, (u) := |u|7"lu for v > 0. The parameters a1, a; > 0 satisfy & = ajap > 0.

The coefficient functions rq, ¥, and g are assumed to be positive and rd-continuous on
T and satisfy the canonical condition

©f 1 \Ve .
/to (n(ﬂ) AT =00, i=1,2. @)

The deviating function g : T — T satisfies

lim ¢(t) = oco.
t—o0 g< ) *°
teT
A function x is said to be a solution of (1) if it is nontrivial, real-valued, and satisfies

x € Cly[Ty, 00)1 for some Ty > to, together with

(O (2 0), 2090 ([ On (2 0)] ) € ChlT ).

In addition, x(¢) must verify Equation (1) for all t € [Ty, c0)t, where C,q is the space of
right-dense continuous functions. A solution x(#) of Equation (1) is said to be oscillatory if it
is neither eventually positive nor eventually negative; otherwise, it is called nonoscillatory.
Equation (1) is said to be oscillatory if all its solutions are oscillatory.

A time scale T, introduced by Hilger [32], is a nonempty closed subset of R that unifies
continuous and discrete analysis. The forward jump operator ¢ : T — T is defined by

o(t) =inf{s € T:s > t},

and the Delta derivative x*(t) is understood in the usual sense of time-scale calculus;
see [7,33,34].
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In particular, when T = R, Equation (1) reduces to

(ra(Oas ([ (D90, (¥ (1)]") ) + () (x((6))) =0,

which is a third-order half-linear differential equation with deviating arguments, while for
T = Z it takes the form of a difference equation. Other examples of time scales include g™,
hN, and T,,.

The development of oscillation theory for equations associated with (1) draws upon
classical results for second-order differential equations, where Euler-type equations have
long served as a primary tool for understanding oscillatory behavior. A representative

x"(t) + tﬁzx(t) =0,

case is

which is oscillatory precisely when B > 1. This benchmark motivates a wide range of
comparison arguments that lead to Kneser-type criteria (see [35]) for second-order equations
of the form

() +q()x(t) =0,

with oscillation ensured whenever

I

liminf 2q(t) >
iminf °q(t)
Extensions of such results have appeared in numerous studies addressing various classes
of second-order differential equations, see [36-38].

Within time-scale calculus, analogous developments have been established for dynamic
equations. In particular, oscillation criteria have been obtained by Hassan et al. [39], for

0|+ a0l 50) =0 ©
and established that if

« a+1
liminfrl/"‘(t)R(t)R“(Q(t))q(t)>1( ) ,

t—00 th(oc-i-l) a+1
where y
t : .. R()
R(t) == /to (r(T)) At, 9:= htrgglf RE@)’
and
g(t), g(t) <t
Qa(t) :=
t, g(f)y >4,

then every solution of (3) is oscillatory.

In view of the above discussion and the related developments reported in [35-39],
this paper establishes new Kneser-type oscillation criteria for the third-order dynamic
Equation (1) defined on an arbitrary time scale. The contribution generalizes the known
oscillation results for second-order dynamic Equation (3) and extends them to the third-
order setting, covering both continuous and discrete cases. The analysis is based on a
Riccati-type transformation that converts the original equation into an associated Riccati
dynamic inequality. This approach provides an effective mechanism for deriving oscillation
criteria via comparison arguments and the structural properties of time-scale calculus. It is
worth noting that no restrictive assumptions are imposed on the time scale T beyond being
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unbounded. Therefore, the obtained results are applicable to a wide class of time scales,
including the continuous case T = R. In the continuous setting, the studied equation
reduces to a third-order half-linear differential equation with deviating arguments. To
the best of the authors” knowledge, Kneser-type oscillation criteria for such third-order
differential equations do not appear to be available in the existing literature. Consequently,
the present results provide new contributions even in the classical case.

Throughout this paper, all limits are taken along the time scale T and we let

xll = r,»(pai([x[i_”]A), i=1,2, withx0 =y, 4)
and
A= liminfry (1) Hi (£, to) Hy* (9(t), o) (1),
with . ) ”
Hl(t, S) = /s (}’2(1')) AT,
t(Hy(t,s)\ /" “
Ho(t,s) — [ [ ;1<(T) N el
and

2. Main Results

First, we establish the following lemmas, which play a crucial role in proving our
main results.

Lemma 1. Assume that (2) holds. If x(t) is an eventually positive solution of Equation (1), then
there are only the following two cases:

W > 0220 >0, (x2()” <o
an () <o, x2(t) >0, (xPJ(t))A <0,

eventually.

From case (II) of Lemma 2, it follows that x2/(¢) is eventually positive and decreasing,
and hence admits a finite limit. Consequently, x[!/ (£) and x(t) are monotone for sufficiently
large t, which leads to the convergence of the solution, as stated in the following lemma.

Lemma 2. If x(t) is an eventually positive solution of Equation (1) and satisfies (II) of Lemma 1,
then xUl (#),i=0,1,2, converge as t — 0.

We note that ¢ (1) = |u|7"1u, 7 > 0is strictly increasing, and hence invertible. Its
inverse is given by
¢yt () = [ul/"" T,y > 0,

which is also strictly increasing. Consequently, the monotonicity of compositions involving
¢y ! follows directly.

Theorem 1. Assume that (2) holds. If

liminfry* (£) Hi (¢, to) H3? ((t), ) q () = oo, (5)

t—
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then every solution of (1) is either oscillatory or convergent as t — co.

Proof. Suppose Equation (1) has a nonoscillatory solution x on [ty, o). Then, without loss
of generality, assume x(t) > 0 and x(g(¢)) > 0 on [tj, o0)7. Then if case (I) of Lemma 1
holds, so that

. A
xll(t) >0,i=1,2, and [xm(t)} < 0on [t o).

Then for t € [tg, 00)T,

A > t%;(x[z](,[))( 1))”“2AT

= ¢ (*B0)) Hi(t o). ©)

Hence, we conclude that for ¢ € (g, 00),

ORY
<H1(f,fo)> <?

t o« Hi (1, )\ /™
x(t) > /tO%f(Hl(T,tO))( il(ﬂo) o
20\ gt i)\
2 sball(Hl(t,tO))/m(mm) “
x[1 «
- wli)enon

Hence, there exists a t; € (ty, o0)T such that for t € [t1,c0),

Therefore,

xm(t) A “0 -
Hy (8, to) '
1]
4 (5(0) 2 1 1), ®

and, from the definition of A, we obtain that for any € > 0,
ry/ " (£ Ha (£ o) Hy? ((t), o)q(t) > A—e. ©9)

Integrating (1) from t; to t € [t;,00)T, we obtain
ot
K2 (11) 2 22 () =520 = [ g(0)u(x(s(0)))a. (10)
Jh
First, consider the case when g(f) < t eventually. Using (7) and (8), we have

[ (g(t))
Puy (x(g(1))) > Hi(g(b), fo)

xl ()
Hy(g(t),to) > MHZ(SU)JO)' (1)
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Next, consider the case when g(t) > t eventually. Using the fact that x(t) is strictly

increasing and (7), we obtain

x[l](t)

(Pl%] (X(g(t))) Z 4)“1 (x(t)) Z Hl(t/ tO)

Hy(t, tp).

It follows from (11) and (12) that

Pu(x(8(1)) > oy (<1 (1)) (W)M for t € [t1,00)p.

Hence, (10) becomes

A
Due to (xm) > 0, then x1 (1) > x[1(#;) := ¢ > 0 for T > #;, then

xm(tl) > Cﬂéz/

5]

t(Hy(@(T),t0) \™
( i[1(1',150)0) (AT

From (9) and (14), we have for ¢ € [t1,00)T,

teo1 A\
() > 2 (A-¢ ( ) —AT.
( 1) - ( )/h r2(T) HT2+1(T, fo)

Using the Potzsche chain rule ([Theorem 1.90] [34]), we obtain

A
-1
()
1 1\ Ve
B /[ hYHi (7, to) + hHY (x, )]“2+1dh<rz(f))
1

[L%) (
)

2] > Lo A— . - : )
x5(t) = a ( S)(Hfz(h,to) Hy? (,to)

Letting t — oo and using (2), we obtain a contradiction with (5).

IA

1/0(2 1
(7) ) HE (1, 8)

Thus,

(12)

(13)

(14)

(15)

Now if case (II) of Lemma 1 holds, then by Lemma 2, it follows that x(t) is convergent

ast — oo, t € T, which completes the proof. O

From Theorem 1, we can assume in the next theorem that
11{n1nfrl/“2( YH (t, to) H32 (@(t), to)q(t) < oo.

Theorem 2. Assume that (2) holds. If

1
.. 1/a o 1 (1%} w2t
timint 13/ () (1, ) S (o0, 10)0(0) > o (27)

(16)
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where

| := liminf
t—o0

then every solution of (1) is either oscillatory or convergent as t — oco.

Proof. Suppose Equation (1) has a nonoscillatory solution x on [y, co). Then, without loss
of generality, assume x(¢) > 0 and x(g(t)) > 0 on [t;,o)7. Then, if case (I) of Lemma 1
holds, so that

A A
xll(t) >0,i=1,2, and {x[z](t)} < 0on [t;, o).

Define [2]( |
xel(t
20 = ClT) 17)

Hence, we obtain

NSO 1 \°

20 = +< o (t))w) (a8
NCIO) ((E)=)s
= (x[l](t))“Z (x[l](t))"‘l(x[l]( ()))azxz(a(t)).

From the definition of z(¢) and (1), we see that

L galx(g(0)  (x()m)
)= i) 1O g
As shown in the proof of Theorem 1, there exists a t; € [ty, o)1 such that g(t) > tg and
9o (x(3(1) — ( Halg(t),to) }
%( () - ( H (1, o) ) for t € [11,e0)r.

Hence, we conclude that for t € [t1,00)T,

2(p(t) o) (W (5)2)°
(1) < - ((ttof) gt - G e,

()
By the Potzsche chain rule, we obtain
%2 [x[”(dt))]“z_l (), o< <
((x(8))2)% =
a [xm(t)rrl (x(e)», ay > 1

If0 < ap <1, wehave

2(@(t), ¢
2 < - ( Hy(t, to)

£l £l “2
0)) 4(t) — 1(f))A< 150(tt))> 27(1); (18)

and if a» > 1, we obtain

2(9(t), to) (M ()2 xM (o () o
ZA(t> < _< Hl(t/ t(])o > Q(t) _azxm ((T(t)) x[”( ) ( ) (19)
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Due to x!!(#) is strictly increasing, we have for ay > 0,

1/0424);21 x[Z](t)
, 0)> a(t) _a2<r2b)> x[ll((a(t)))za(t)' 20)

ZA(t) < - < ( ((tt)t

t
,to)

Also, since x? () is strictly decreasing, we obtain

1/, 2 o1/
ZA(t) < ( ((Ef)t;’;o)) Q(f)—lxz(rit)) [((;{a}(g;@)] z7(t)
_ 2(¢(t), to) (1 /a2 L0 (p)) 1+
- () w0-a(yy) eore @

Integrating from () to v, we obtain
—27(t) < z(v) — z(¢)
’ Hz((P(T)/tO))M v ( 1 )1/az I 1+1/ap
= THi(tto) AT - — AT. (22
< /(T(t)( Hi (7, o) g(T)AT — oy /U(t) " (0) (z7(1)) 7. (22)

From the definitions of I and A, we obtain that, for any ¢ > 0, there exists a t; € [t1,00)7
such that for t € [tp, c0)T,

Hl(t/tO) 2 1/ay ®
e | 2 H2(g(t), to)q(t) > A — 2
{Hl(a(t),to) >1—¢ and 1, *(t)Hy(t, to)Hy* (@(t), to)q(t) = e, (23)
and
Hi‘z(t, to)ZU(t) Z I — g, (24)
where
r:.= li{niani‘z (t,t0)z7 (t). (25)
— 00

We note that 0 < T <1 due to (6) and (17). Using (23) and (24) in (22), we obtain

o1 \Ve
—z27(t) < —(A—¢ / ( ) At
®) ( ) () \12(T) H2 (7, 1)
v 1/an
—ap(T —S)Hl/az/ ( : ) w +11 At
o(t) \12(T) H2M (7, 1)
_ v 1/an
= —[A : +(T—£)1+1/“2]/ o < : > AT, (26)
o o(t) H2 (1, 49) \72(7)
Substituting (15) into (26), we have
A A
— € 1+1/oc
-z’(t) < - 2 / A
Z’(t) < {lxz * }a(t(H“th()) °
— —_ A_S+ 1+1/062 1
%) Hy2(o(t), to) H 12(v, to)

Letting v — oo, we see

Y A—¢ /oo 1
. (t)g—[ ot ](hWt)m))
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Therefore,
A —e < ayH2(0(t), )27 (F) — ap(T — ) /%2,
Using (23), we achieve
o
A—e< iHi‘z(t, to)z7 () — ap(T — €)' 71/%2, 27)
Taking lim inf;_, of (27), we obtain
A—e< l“_—zgl" —ap(T —¢) /%,
Since ¢ is arbitrary, we arrive at
A < %1—' _ “21~1+1/a2‘
Let
&2
X := T x:=uway, U:=T, and v := ay.
Using the inequality
xr+1 Y
XU — yutl/v < il X,Y >0, (28)

YT ()Y

A< 1 X ap+1
— Jax+1 ay +1 /

which gives us the contradiction with (16).
Now if case (II) of Lemma 1 holds, then by Lemma 2, it follows that x(t) is convergent

we conclude that

ast — oo, t € T, which completes the proof. O

3. Examples

The following examples illustrate the importance of the findings presented in this
paper. Please note that the underlying time scale T is not specified explicitly, since the
example is formulated for general time scales. The deviating function g : T — T is also
not specified explicitly and is assumed to satisfy the general hypotheses stated in the
Introduction; in particular,

lim g(t) = oo.

t—o0
teT

Example 1. Consider the nonlinear third-order functional dynamic equation

A
A 5
Tk xA(t)] 1 2@ 29
t l”lx%ﬂ +“\x<g<t>>|3 >

h
where 4 5 1

1
X1 = 5 Ky = 7 rl(t) = %/ ”2(t) = %r Q(t) = s

It is not difficult to see that conditions (2) hold since

1) 1 1/aq o)
/ () At= | TAT = o0,
£ r1(7)

0 ( fo

https://doi.org/10.3390 /math14111966
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and

o/ 1\ ® AT
—_— AT - == = o0,
/tO (FZ(T)) Jtg \5/?
due to [Example 5.60] [7]. Using Potzsche chain rule, we obtain
to1 N\ Y t AT
mt) = [ () ot= [ o
1{ffo) to <r2(7)> to V/T
5 [t/ A 5(5s
> = 4 . 4 _ 5/44
>3 [ () ar Ayt ﬁg,

which implies that

liminfry* (£) Hi (, to) H3? ((t), to)q (#)

t—
5 Vi (s
Z liminf — 4 _ 5/44) 7/ 5 —
> 1 htrgglf p (\/? \/a> \/ H3 (@(t), tg) = 0.
Then, by Theorem 1, every solution of (29) is oscillatory or convergent as t — oo.

Remark 1. This example verifies that all the conditions of Theorem 1 are satisfied, and hence every
solution of Equation (29) is oscillatory or convergent. It also illustrates the applicability of the
obtained criteria in a general time scales.

Example 2. Consider a third-order half-linear functional dynamic equation for t € [ty, co),

218\ ° N 6
5/.( 5 B (5 1 B
#(M <o) ) “o(e) mmm s =0

where all quantities appearing in this example, such as H;, i = 1,2, and the deviating function g,
are defined as in the preceding sections. The constant B > 0 is chosen to ensure that the assumption
of Theorem 2 is satisfied. It is evident that conditions (2) hold due to

ERE
T = 72001
o \71(7) o VT

o/ 1 \Mm © AT
—_— AT: :OO,
/to (72(7)) to /T

due to [Example 5.60] [7]. Using Potzsche chain rule, we obtain

and

t 1 1/a t AT
Hi(bty) = /<> ar= [ 2T
l( O) to r2(T> to \/5 T4

S/t:(%)AAT =5(Vi-¥h),

v

and so,

liminf 3/ 2 (£) Hy (1, to) HS2 (9 (t), t0)q(t)

t—o0
56 (5\° .fw(%—\%)_w 5\°
> %(3) =)

https://doi.org/10.3390 /math14111966


https://doi.org/10.3390/math14111966

Mathematics 2026, 14, 1966

11 0f 13

Therefore, by applying Theorem 2, every solution of (30) is oscillatory or convergent as t — oo if

1
B>z

Remark 2. This example shows that the assumptions of Theorem 2 hold. Hence, if B > %, every
solution of (30) is either oscillatory or convergent. The proposed criteria build on earlier results and
remain effective for half-linear third-order dynamic equations on time scales, while also providing
new conditions that extend existing oscillation results.

Example 3. Consider the nonlinear third-order advanced dynamic equation

{t“z‘% ([f‘“ (AU))}A)}A+W%(x(g(t)))zo,g(t)zn (1)

tHy2(t, 1)

where a1 > 0, ap > 1, and where all quantities appearing in this example, such as H;, i = 1,2,
and the deviating function g are defined as in the preceding sections. The constant B > 0 is chosen
to ensure that the assumption of Theorem 2 is satisfied. It is not difficult to see that conditions (2)

holds since y
) &i )
/ ( 1 > ac= | AT =12,
to \7i(T) o TITV/A
due to [Example 5.60] [7]. By Potzsche chain rule, we see
t 1 1/112
Hi(t o) = / (72( ) _/ 71— 1/zx2
1/‘12 — 1/0&2 _ 1/0(2
ocz/t (T ) AT «x2<t to )

0

A\

Hence,

liminfry* () Hy (, to) Hy? (1), to)q(1)

t—o00
tl/az _ tl/“2

1
> zx“2+ liminf —— 9 — ga%*
ﬁ t—o0 t1/az 2

Then, using Theorem 2, every solution of (31) is oscillatory or convergent as t — oo if B >
1 1
ja+1 (a2+1)zx2+1 .

Remark 3. This example shows that all the assumptions of Theorem 2 are satisfied; hence every
solution of equation (31) is oscillatory or convergent under the stated condition on B. In particular,
it shows that the proposed criteria are effective for advanced third-order dynamic equations with
g(t) > t on time scales. This illustrates their generality and provides an extension of existing
oscillation results for second-order equations (see, e.g., [4—6,37,38]), which have been widely studied
in the classical continuous setting.

4. Conclusions and Discussion

The obtained results establish new Kneser-type oscillation criteria for third-order
half-linear dynamic equations on general time scales. In particular, in the continuous case
T = R, the results yield new oscillation criteria for the corresponding third-order differ-
ential equations, complementing the well-developed theory for second-order equations.
The approach based on Riccati-type transformations allows the treatment of equations
with deviating arguments, which are not fully covered in the existing literature. Conse-
quently, the results provide extensions beyond classical oscillation criteria while remaining

https://doi.org/10.3390 /math14111966
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applicable to both continuous and discrete cases. The effectiveness of the proposed criteria
is illustrated through several examples, including delay and advanced cases.

An interesting direction for future research is the development of Kneser-type criteria
for third-order equations in the noncanonical case, i.e.,

oo 1 1/a;
/ <> AT < oo, i=1,2.
to \7i(T)
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