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Abstract

This paper addresses the prescribed-time (PT) bounded consensus tracking problem for
high-order nonlinear multi-agent systems subject to actuator faults, system uncertainties,
and unmatched disturbances under directed communication topologies. A sufficient
condition for PT bounded stability is established by introducing a smooth and bounded
time-varying scaling function, which avoids singular time-varying scaling gains in the
resulting control design. Based on this condition, an adaptive neural network-based control
protocol is developed within a backstepping framework to approximate unknown nonlinear
dynamics. To enhance implementability, a finite-time differentiator is incorporated to
circumvent the explosion of complexity problem, while an adaptive fault compensation
mechanism is constructed to address actuator effectiveness loss and bias faults. Rigorous
Lyapunov analysis demonstrates that all closed-loop signals remain bounded and the
consensus tracking errors converge to a small neighborhood of the origin within a user-
specified time. Finally, simulation results are provided to illustrate the feasibility of the
proposed approach and the bounded closed-loop behavior under the considered actuator-
fault scenarios.

Keywords: multi-agent systems; prescribed-time control; consensus tracking; actuator
faults; fault-tolerant control
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1. Introduction

Cooperative control of multi-agent systems (MASs) has been extensively investigated
over the past decades due to its broad applications in engineering systems such as un-
manned aerial vehicles [1,2], microgrids [3,4], and mobile robotic networks [5,6]. Among
various cooperative control problems, consensus tracking plays a fundamental role, aiming
to design distributed control protocols such that follower agents can track a leader’s trajec-
tory based solely on local information exchange [7-10]. In practical scenarios, MASs often
exhibit high-order dynamics, nonlinear behaviors, and various uncertainties. Therefore,
studying consensus tracking for high-order nonlinear multi-agent systems (HONMASs)
is of significant importance. To handle system nonlinearities, backstepping techniques
combined with universal approximators such as neural networks (NNs) or fuzzy logic sys-
tems have been widely employed [11-17]. However, most existing results only guarantee
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asymptotic convergence, which may lead to slow transient responses and is insufficient for
time-critical applications.

To improve convergence performance, finite-time control has received considerable
attention in recent years [18-21]. Compared with asymptotic approaches, finite-time con-
trol ensures convergence within a finite time and exhibits enhanced robustness. Recent
studies have further extended finite-time cooperative control to more complex MAS sce-
narios. Finite-time adaptive NN consensus control was investigated for nonlinear MASs
modeled by PDEs in [22], while finite-time cooperative output regulation was studied
for heterogeneous nonlinear MASs subject to switching DoS attacks in [23]. Nevertheless,
the convergence time of finite-time control typically depends on the initial conditions,
which limits its practical applicability. To overcome this limitation, fixed-time stability was
introduced in [24], for which the settling-time upper bound is independent of the initial
conditions. Owing to this appealing property, fixed-time control has been widely studied
in MASs and applied to various consensus problems [25,26]. Recently, an event-based
adaptive NN fixed-time cooperative formation control scheme was developed for nonlinear
MASs with dynamic uncertainties and limited communication resources [27]. Despite these
advantages, the settling time in fixed-time schemes is usually determined implicitly by
design parameters, making it difficult to specify in advance.

Motivated by the need to assign the convergence deadline in advance, prescribed-
time (PT) control has emerged as an effective framework in which the convergence time
can be explicitly specified by the designer [28]. This property provides greater flexibility
in transient-performance design than finite-time and fixed-time control. Distributed PT
consensus and containment control based on a time-varying scaling function was developed
in [29], enabling a designer-specified convergence time for networked MASs under both
undirected and directed topologies. An observer-based PT formation tracking scheme
was developed in [30] for second-order MASs over directed topologies, where the leader
states and formation tracking errors are estimated and regulated within a user-specified
time. In addition, PT leader-following scaled consensus for HONMASs was investigated
in [31], where the followers achieve a prescribed scaling relationship with the leader within
a predefined time. However, some conventional PT designs rely on time-varying gains
that increase sharply or become unbounded as the prescribed time is approached, which
may lead to singular control expressions and implementation difficulties. Related efforts
toward practically implementable time-performance control have been reported in the
literature. A TBG-based practical fixed-time consensus scheme with a pre-designated
settling time was developed for integrator-type MASs in [32], which alleviates the large
initial control input issue associated with some conventional fixed-time protocols. A
continuous nonsingular practical predefined-time output-feedback consensus scheme was
developed for disturbed MASs under directed topologies in [33], and practical PT tracking
control with bounded time-varying gain was studied for strict-feedback systems subject
to non-vanishing uncertainties in [34]. Nevertheless, practical PT consensus control for
HONMASs operating under multiple nonideal conditions remains a challenging issue.

Among these nonideal conditions, actuator faults are frequently encountered in prac-
tical MASs and may severely deteriorate cooperative performance, induce undesirable
oscillations, or even destabilize the overall network. To address this issue, various fault-
tolerant control (FTC) strategies have been developed for MASs subject to actuator faults.
For instance, a distributed control reconfiguration and accommodation scheme was de-
veloped for consensus achievement in MASs subject to actuator faults [35]. Distributed
adaptive FTC was investigated for uncertain MASs by compensating for actuator faults and
system uncertainties within local control protocols [36]. Cooperative fault-tolerant output
regulation was addressed through a distributed adaptive FTC approach [37], while fuzzy
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adaptive consensus control was studied for nonlinear MASs with intermittent actuator
faults [38]. As another representative design, a virtual actuator/sensor-based fault-tolerant
consensus scheme was developed for homogeneous linear MASs [39].

To further improve transient performance in the presence of actuator faults, finite-time
and fixed-time FTC methods have also been investigated for nonlinear MASs. For exam-
ple, an adaptive NN-based finite-time FTC scheme was proposed to handle actuator gain
and bias faults [40]. A dynamic-surface-control-based adaptive finite-time FTC method
was developed for hybrid actuator faults [41], while an adaptive fixed-time FTC scheme
employing Nussbaum-type functions was studied [42]. Regarding PT performance, PT
fault-tolerant consensus control for nonlinear MASs subject to actuator faults and input
quantization was investigated in [43] based on a practical PT stability inequality involving
fractional-power terms. Nevertheless, PT FTC results for HONMASs remain relatively
limited, particularly when high-order nonlinear dynamics, actuator faults, unknown non-
linearities, unmatched disturbances, and singularity-free PT bounded convergence are
considered simultaneously.

Motivated by the preceding discussion, this paper addresses PT bounded consensus
tracking for HONMASs in the presence of actuator faults, uncertain nonlinear dynamics,
and unmatched disturbances. To this end, a nonsingular PT stability formulation with
a bounded scaling mechanism is embedded into an adaptive NN-based fault-tolerant
backstepping design, such that the tracking errors can be driven into a bounded neighbor-
hood by a user-assigned time without introducing singular time-varying gains. The main
contributions are stated as follows:

1. A PT bounded stability criterion is derived by means of a smooth scaling function that
remains finite over the entire operation interval. Unlike PT formulations involving
singular time-varying terms, the resulting Lyapunov condition yields an explicit-form
residual estimate after the prescribed time and facilitates the subsequent fault-tolerant
controller construction.

2. A distributed adaptive fault-tolerant control architecture is formulated for high-order
nonlinear agents affected by actuator failures and unmatched perturbations. Neu-
ral approximators are incorporated to compensate for unknown nonlinear terms,
adaptive laws are designed to accommodate actuator fault effects, and finite-time
differentiators are introduced to eliminate the need for repeatedly differentiating
virtual controllers in the recursive design.

3. The closed-loop analysis establishes boundedness of all internal signals and guaran-
tees that the consensus tracking errors reach an adjustable residual region no later
than the prescribed time. The effect of the relevant design parameters on the residual
estimate is further explained, revealing the practical compromise between tracking
precision and control effort.

The remainder of this paper is structured as follows: Section 2 introduces the prelimi-
naries and formulates the problem. Section 3 devises the proposed adaptive prescribed-time
control scheme and conducts a stability analysis. Section 4 showcases the simulation results,
and Section 5 offers the conclusion.

2. Preliminaries and Problem Formulation
2.1. Preliminaries

Consider the nonlinear system
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where {(t) € R" is the system state, u € R/ is the control input, and p : Ry x R"” x Rl — R"
is a nonlinear mapping.

Definition 1. System (1) is said to be finite-time stable if it is asymptotically stable and there exists
a settling time T (o) < oo such that {(t,{o) = 0, Vt > T({p).

Definition 2. System (1) is said to be fixed-time stable if it is finite-time stable and there exists a
constant Tmax > 0, independent of the initial state, such that {(t,{y) = 0, ¥t > Tmax-

Definition 3. System (1) is said to be PT stable if for any initial state (, there exists a pre-specified
time t, > 0 such that {(t,(o) = 0, Vt > t).

Definition 4. System (1) is said to be PT bounded stable if for any initial state o, there exist a
pre-specified time t, > 0 and a constant € > 0, such that ||{(t,{o)|| <& Vi > t).

Remark 1. Finite-time stability guarantees convergence within a finite time depending on initial
conditions [18,19]. Fixed-time stability removes this dependence by ensuring a uniform upper
bound on the settling time [24]. PT stability further allows the convergence time to be explicitly
specified by the designer [28]. However, many existing PT control strategies rely on time-varying
gains that tend to infinity as t — t,;, which may lead to controller singularity and excessively
large control inputs, thereby limiting practical implementation [28-30]. Therefore, PT bounded
stability provides a more practical framework by allowing convergence to a small neighborhood while
avoiding singular behavior and improving implementability.

To facilitate the subsequent analysis, define the following smooth function

g (T
Iy (1) = r(tp t nsm(fp)), te[0,ty), ?

0, t € [tp,00),

where r > 0 is a constant. The function h, (t) possesses the following properties:
(1) ht,(t) € C2[0,00);

(2)  hy,(t) is strictly decreasing on [0, t,), with k¢, (0) = rt, and limHt; he,(t) = 0;
(3) The first-order derivative of 1, (t) is given by

hit, (t) = r(—l - cos(j:)),

which is monotonically increasing on [0, ¢,) and satisfies ht,, (0) = =2r,lim,_, b ht,, (t)=0;

(4) The second-order derivative of /i, (t) is given by

which is bounded and nonnegative on [0, ;).

Next, define the scaling function

o+ htp (1)
Ktp(lx,(f, t) = W, (3)
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where & > 4r is a design constant and ¢ > 0 is a small adjustable parameter. Its derivative
is given by ) . .
e, (8) (e, (1) + ) — (o + e, (£)) e, (1)

Kt (“r g, t) = 2 (4)
: (l’ltp (f) + 0')
Based on the above properties of 1, (t), it follows that
(1) Kt, (a,0,t) € CH0,00);
(2) xt,(a,0,t) > 0forallt >0;
(3) «t,(a, 0, t) is monotonically nondecreasing on [0, tp,);
(4) Kt, (a,0,t) is bounded on [0, o) and satisfies Kt, (w,0,t) =%, Vt>ty,
(5) %t,(a,0,t) is continuous and bounded on [0, 00) and satisfies #;,(a, 0, t) > 0, Vt €
0,tp).

Remark 2. Since —2r < htp (t) <0 fort € [0,ty), the weaker condition a > 2r is sufficient to
ensure Ktp(ﬂé, o,t) > 0and ktp(oc, o,t) > 0. However, the stronger condition a > 4r is imposed in
this paper because the proof of Lemma 1 requires o + 2h,(t) > a — 4r > 0, which guarantees the
decay estimate of the transformed Lyapunov function.

Remark 3. The proposed scaling function provides a bounded time-varying convergence rate and
avoids gain singularity near the prescribed time. Since the scaling gain is finite at the initial instant,
the design does not require an unbounded initial time-varying gain. However, large transient control
inputs may still occur when a very short prescribed time or large initial tracking errors are imposed.

Lemma 1. Consider the system (1) satisfying the following differential inequality:
V(g, t) < Kt (“/‘77 i’)V(g, t) + @, ®)

where @ > 0, & > 4r, and Ktp(zx, 0, t) is defined as in (3). Then, for all t > t,,

Vo )
<
V(g't)0<rtp+a+a—4r>’ (6)

and moreover,
limsup V({,t) <

t—o0

. @)

ow
o

Proof. Introduce an auxiliary function g(t) = hy,(t) + o and define Y({, t) = V({,t)/q(t).
For t € [0,t), it follows from (3) and (5) that

V(g ()

Y(g,t) = q(t) - q2(t) V(ért)
o+ g, (t) @  u,(t)
fWV(C,t) + ORE0] V(1) (8)
. _DC +2l;ltp(t) i
“ T e

Since —2r < htp(t) < 0and & > 4r, one has « +2htp(t) > a —4r > 0. Then, (8)

leads to A
. x —4r @

x —4r
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Applying the comparison principle over [0, t,) yields

@

Y(Gt) < Y(,0) + —

(10)

By utilizing the boundary conditions (0) = rt, + ¢ and q(t,) = o, (10) implies

V(g,tp)ga( W, @ ) (1)

rty+o  a— 4r
For t > tp, ht,(t) = 0and J, (t) = 0, which yields xt, (, 7, t) = £. Thus, (5) reduces to
V(b < —%V(g, H+, V>t (12)
Solving (12) directly results in

V(g t) <e etV ) + o (1 - e*%*frﬂ)). (13)

o

Since e~ ¢ (=) € (0,1] and 22 < U(rt:,/io + uﬂlr), the convex combination property

ensures that
Vo @

rtp+ 0 o —4r

V(1) < (7( ) Vi >, (14)

which satisfies (6).
Finally, taking the upper limit as t — co on both sides of (13) yields

limsup V({,t) < 7o

t—o0

(15)

The proof is completed. O

Remark 4. According to Lemma 1, the prescribed time t,, can be specified a priori, while the residual
bound can be reduced by appropriately selecting the design parameters. If there exist class-Keo
functions a(-) and &(-) such that

a(lIgl)) < v(Z, 1) <=(ll),

then the conclusion of Lemma 1 implies PT bounded stability of system (1).

Remark 5. The proposed PT bounded stability criterion differs from the practical predefined-time
result employed in [43]. Specifically, the stability analysis in [43] is based on the fractional-power
Lyapunov inequality
V< —l(v“% + Vlf%) A,
Ts

where 0 < ¢ <1, Ts > 0, and A > 0. In contrast, the present criterion is established through
the linear time-varying inequality (5), in which the smooth scaling function «,(«, o, t) remains
bounded over the entire time interval and becomes constant after t,. Consequently, the proposed
formulation provides a bounded convergence-rate mechanism and an explicit residual-bound estimate
after the prescribed time. Hence, the principal distinction lies in the bounded-scaling-function-based
linear time-varying stability formulation, rather than the fractional-power decay structure adopted
in [43].
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2.2. Graph Theory

Consider a group of N follower agents whose communication relationships are mod-
eled by a directed graph G = (V,€). Here, V = {1,2,...,N} denotes the set of nodes,
while £ C V x V represents the set of directed edges. The interaction among agents is
quantified by the adjacency matrix A = [a;;] € RN*N where a;; > 0 indicates that agent
i can receive information from agent j, i.e., (j, i) € &; otherwise, a;j = 0. Based on A, the
Laplacian matrix is constructed as £ = [I;;] € RN*N with [;; = Z]-I\Ll ajj, lij = —a;j, i #j. To
incorporate the leader—follower interaction, define a diagonal matrix B = diag(by, ..., bn),

where b; > 0 means that agent i has access to the leader’s information, and b; = 0 otherwise.

2.3. Problem Formulation

Consider an HONMAS consisting of one leader and N followers. The leader’s dynam-

{ &o = po(&o) (16)

ics are given by

Yo = o

where ¢y € R is the leader state, ) is its output, and py(-) is a nonlinear function.
The dynamics of the ith follower (i = 1, ..., N) are described by

8i = Pri(8ki) + 1 + @i k=1,...,n; -1,
éni,i = pni,i(g_ni,i) + 8illfi + Wy, iy (17)
vi = Cui

where ¢ ; = [C14,-- -, Ck,i]T € RF denotes the partial state vector and y; € R is the system
output. The nonlinear functions py ;(-) are unknown but smooth, @y ; represent external
disturbances, and g; is an unknown control gain with a known sign.

Following [38], the actuator fault is modeled as

ug = Bi(t)u; + pi(t) (18)

where u; is the designed control input, B;(t) denotes the actuator effectiveness factor,
and p;(t) represents the additive fault. It is assumed that B;(t) and y;(t) are bounded,
satisfying 0 < Bi < Bi(t) <1, —pyi < ui(t) < ppgi, where Byi, Ui, and ppg; are unknown
positive constants.

The considered fault model includes the following typical cases:

(1) Loss of Effectiveness: 0 < B;(t) < 1and p;(t) = 0.
(2) Bias Fault: 0 < B;(t) < 1and yu;(t) # 0.
(3) Fault-Free: B;(t) = 1 and p;(t) = 0.

Remark 6. The fault model in (18) captures both multiplicative and additive actuator faults, which
are commonly encountered in practical networked control systems. This general formulation allows
the proposed controller to handle a wide range of fault scenarios.

Control Objective: Design a neural network-based prescribed-time adaptive fault-
tolerant controller such that all follower agents track the leader trajectory. Specifically, the
goal is to ensure that all closed-loop signals remain bounded and the tracking errors satisfy
lyi(t) —yo(t)| <& Vt > t,, wheret, > 0is a prescribed time.

The following standing assumptions are adopted.

Assumption 1. The communication graph contains a directed spanning tree with the leader as the
root node.

https://doi.org/10.3390/math14111919
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Assumption 2. The disturbances @y ; are bounded, i.e., there exist unknown constants @y ; > 0
such that |(Dk,1" < a_)k,i'

Assumption 3. The control gain g; has a known sign and satisfies 0 < g,,i < |gi| < gni, where

Smi and gpg; are unknown positive constants.

Remark 7. The above assumptions are commonly adopted in the analysis of nonlinear MASs.
The spanning tree condition ensures global information accessibility from the leader. The bounded
disturbance assumption is essential for robustness analysis, while the known control gain signs
facilitate the adaptive control design.

2.4. Auxiliary Lemmas

This subsection presents several technical lemmas that will be used in the subsequent
controller design and stability analysis.

Lemma 2 ([42]). The radial basis function neural network (RBFNN) can be employed to ap-
proximate uncertain nonlinear functions. Consider a continuous function H : Q7 C Rl — R
defined on a compact set Q7. Then, there exist a positive integer m € N, a basis function vector
W(Z) = [Wi(Z),...,Wn(Z)]T € R™, and an ideal weight vector G* € R™ such that

H(Z)=G"TW(Z)+6(Z), VZecQy, (19)

where 6(Z) denotes the approximation error satisfying |6(Z)| < 8, with § > 0 being an un-
known constant.
The Gaussian radial basis functions are defined as

_ |2
Wi(Z):exp<—|Zl,QT’H>, i=1,...,m,

1

where T; € R! and 8; > 0 denote the center and width of the ith neuron, respectively.
Lemma 3 ([15]). Consider the following finite-time differentiator (FTD)

$1 = —cysig(¢r —a(t)) + ¢,

. (20)
$2 = —casign(dz — a(t)),

where c1,c, > 0 are design parameters and sig(z) = sign(z)|z|'/2. For a bounded signal a(t)
piecewise continuously differentiable on compact time intervals, the differentiator states ¢1(t)
and ¢, (t) can estimate w(t) and its derivative &(t) in finite time. Moreover, the corresponding
estimation error is bounded after a finite transient; that is, there exists an unknown positive constant
0 such that |0(t)] < 0.

Lemma 4 ([44]). Forany v € Rand v > 0, the following inequality holds

0< |y —rsg(r,v) <v, (1)
- _
where sg(y,v) = e
Lemma 5. Forany X,Y € R, the following inequality holds
Lo 1o
X(Y-X) < _EX + EY . (22)
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Vii =21 (WiCz,i +GiIWi(Z4,) + Dl,i) -

Remark 8. The above lemmas constitute essential analytical tools for handling unknown nonlin-
earities, performing derivative estimation, and supporting Lyapunov-based stability analysis in the
subsequent control design.

3. Main Results
3.1. Adaptive PT Control Design

By employing an n;-step recursive backstepping procedure, an adaptive PT controller
is systematically designed. First, the coordinate transformation variables z; (k =1, - - ,n;)
of the ith follower are set as

1 1 + b 1
Zﬂ] 81,0 — ¢1,j) +bi(G1,i — Co) 23
Zgi = Ck,i — g1,

where a)_1 ; denotes the virtual control signal to be designed recursively.
Step 1: Taking the time derivative of z; ; yields

21 = 1i(Eai +01,i(81i) + @14) — bipo(Zo) — Z a;j (8o +p1j(G1j) +@1)  (24)
j=1

N
wheren; = }_ a;; + b;.
j=1
To facilitate controller design, define the lumped uncertainty as

Hl z(Zl z) = NiP1,i 611 Z aij 62,] + pl,](gl,])) - biPO(@O)- (25)

where Zy; = [¢1,¢; ;, Co] -
According to Lemma 2, the function H ;(Z; ;) can be approximated by an RBFNN as

Hy,i(Z1,) = Gy Wai(Za) + 61,(Z4,), (26)

where the approximation error satisfies |41 ;(Z1 ;)| < 51,1‘, 51,1- > 0.
Substituting (26) into (24) leads to

21, = 1iCai + Gy Wi,i(Z1,) + Duj, (27)

N
where Dy ; = 11, — 421 a;j@1,j + 61,i(Z1,i)-
]:
Consider the Lyapunov candidate

1 1 - 1
Vl,i = *Zz -+ “Ijz

4 =2
27T 2g0 (1) "M 2py (1) !

—=1,i

(28)

where g7 ; > 0and p; ; > 0 are designed parameters. ¥; ; and Z; ; denote adaptive estimates
Y7, and &, respectively, with estimation errors ¥y = Y], — ¥y and By = 1 1
The scaling function «;(t) = «t,(«, 0, t) is defined in (3).

Taking the time derivative of V; ; gives

o 1 - . O OE
Yi1,:¥1,— 1,8, i) 2 i) g (29)

prici() T 2qu02(H) M 2p i (h)

1
q1,i%i (t)
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By applying Lemma 4, the following inequalities are established:
T
21,iG1 i W,i(Z1,) <lz,il[[W1,i(Z1,:)[|'F7 (30)
<W7v1; + ¥ 20| Waill sg(z1il[Waill, v1)-
and
z1,:D1,i < |z1,i|27; 1)
< B V1, + 8 21,88 (21,i, U1,i)
T = N A 5 :
where ‘I’i‘,i = HGL. , ET,:’ = 1;®1,; + '21 a;j@1,j + 61,i, and vy; > 0 is a small constant.
]:
(32)

From the properties of «t, (a,0,t), it follows that
i) - o,
20

=3

Wi illsg(z1,i ]| Wh,ill, v1,i)
(33)

Substituting (30)—(32) into (29) yields
Vi, <Hiz1izoi + 1izaicni + 9701, + 8101 + ¥ 21,
1

=
1,i—=1,i-

[11:

1 .
Y k()

R L) — ———F
+ 1,121,1sg<21,11vl,1) ql,iKi(t) 1,

Design the virtual control as
1/1 =
M= <2Ki(t)zl,i + Y1l Waillsg(zillWaill, v1i) +E1is8(z,i,v1,)). (34)
1
(35)

Choose adaptive update laws as

W1, =qu,i%i (£) 21,1l |Wh il Isg (z1,i [ Waill, v1,i) — Ki(£) 1,3,
— ;i (t)Eq,:.

E1i =p,iki(t)z1,88(z1,i, V1)

Substituting (34) and (35) into (33) gives
. 1 ; - -
Vii < —=xi()23; + miz1izo + — V1%, + — 81,81 + Y501 + B v (36)
2 q1,i P,
According to Lemma 5, we finally obtain
y * ks 1 *2 1 =2
Vii < —xi(8)Vii+mize,izo; + ¥7 01 + B 01 + 5— 15+ 5815 (37)
2‘71,1 Zpl,z
Step k (2 < k < n; — 1): The time derivative of z; ; can be obtained as
(38)

Zki = Chy1,i + Hii(Zki) + @i — dx—1,i

where Hy;(Zyi) = pii(Ck,;) and Zy; = G-
Similar to Step 1, the unknown nonlinear function Hy ;(Zy ;) is approximated by an
(39)

Hyi(Zi) = G Wi (Zii) + 0k (Zii)

RBEFNN as
where the approximation error satisfies | & ;(Z ;)| < dy; with §; > 0.
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To avoid the “explosion of complexity” issue in backstepping, the FTD introduced in
Lemma 3 is employed to estimate &y_1 ; as

P1i = —C15i8(P1 ki — k1) + Po ki
. ) (40)
Poji = —CoSign(Poii — Xk—1,7)-

where ¢, c; > 0 are design parameters. Then, the derivative d;_; ; can be expressed as

&1, = Poki + ki (41)

where 6; ; denotes the FTD estimation error, and by Lemma 3, |6y ;| < 6 ; holds for an
unknown positive constant ék,i.

Remark 9. The FTD input condition is satisfied recursively. The first virtual control wy; is
composed of smooth bounded functions, adaptive states, and smooth RBFNN-based terms, and is
therefore piecewise continuously differentiable on compact intervals. If ay_4 ; satisfies this regularity
condition, Lemma 3 is applicable and the recursively generated wy ; possesses the same property.
Thus, the FTDs are well defined throughout the backstepping design. The constants 0y ; are unknown
bounds used only for stability analysis.

Substituting (39) and (41) into (38), we get
2i = Cri1i + Gij Wii(Zki) + Dii — o (42)

where Dk,i = (5k,i(Zk,,<) + @ — ek,i'
Define the Lyapunov function candidate as

1 o 1 o

1
Vii = Vieri+ 520 + 5 i+ 5 B
i i k,i qu,iKi(t) ki ZPk,iKi(t) k,i

> (43)

where gq; > 0 and p;; > 0, and Y;; and & ; denote adaptive estimates ¥} ; and &,
respectively, with estimation errors ¥ ; = ¥;, — ¥i; and &y ; = B, — By .

From (42), taking the time derivative of V ; gives

1 s 1

Viei =Vi1,i + 2k (Eks1,i + Gij Wiei(Zii) + Dii — o) — m‘yk,ilfk,i - mék,igk,z
1™ 1™
. . ’ ' (44)
_ ki(t) q;% o ki(t) E% )
2qpiki () 2pgi ()
Let ¥}, = H GZIT and Ef ; = @y,; + 0, + ;- By applying Lemma 4, one has
276G Wiei(Zii) < Jziil||[Wiei (Zii) ||k (45)
< Wi ki + Y82k | Wi - 58 (zki || Wii |, vki),
and
=k
2k,iDyi <|zi| Zf (46)

—x —%
<8y iUk, + E izk,i58(2k,ir Uki),

where vy ; > 0 is a small constant.
Combining (44)-(46) and using the property %;(t) /x?(t) > 0, we obtain
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Vii < = 1 (E) Vi1, + YkZk—1,iZki + 2k, (Zk1,i + 0k — Poi) + ¥ 2kl [ Wi |58 (2 [ Wi || vk,)
k-1
- - - [
+ i 12k,i98 (2k,is Uki) + Y j0k,i + i jUki + ]; <‘I’j*,l-vj,i + 5y + %T]*l + 2 »’*-a}ii) (47)
¥, ¥ LIRS
— =YV — —— 5k
qii(t) " pa () T
k=2
where 7, = i

1, 2<k<n—-1"
Design the virtual control as

1 _
A = _EKi(t)Zk,i = MZk—1,i T P2k — Vil Whiil|58(zki || Whiill Vki) — Ekis8(2k,i ki), (48)
The adaptive laws are selected as
Yri =0k, (1) 251 || Whi| |58 (25,1 | Wi, ]|, ki) — i (8) P @)
Bpi =Pk,iki(t) 21,88 (Zkis ki) — i () e
Substituting (48) and (49) into (47) yields
Vii < = xi() Vi + 2izieei + Y + B ki + ) (‘I’}k,ivj,i +Ejvji oY+ 5 8
=1 4i,i Pj,i (50)

1 . 1 -
+ — Vi Vi + — il
ki Pk,i

Using Lemma 5, this simplifies to

1
2q;,

Vii < —Ki(t)Viei + 2k iz, + Z (Tf,ivj,i + vy +

. 2 1 2
¥2y _— w2 (51)
4 ]:1 ] 2p]’l I

Step n;: In the final step, the dynamics of z,, ; can be written as

Zni = Gi(Bi()ui + pi(t)) + Huyi(Zn i) + @i — b1 i (52)
where Hni,i<zn,»,i) = pni,i(gn,»,i) and Z,,; = 5ni,i'
Similar to the previous steps, the unknown nonlinear function H,, ;(Z,, ;) is approxi-
mated by an RBENN as
Hini(Zni) = Gl iWoi(Zo i) + 0 (Zo, 1) (53)

where |6, (Zy, ;)| < 8y, for &, ; > 0.
Using the FTD, the derivative of the virtual control can be estimated as

Dz?l,‘*l,l‘ = ¢2,7’li,i + an,i (54)

where 6, ; denotes the FTD estimation error, and by Lemma 3, |6n,v,i| < 9,11,,1‘ holds for an
unknown positive constant én,',i-
Substituting (53) and (54) into (52) yields

Zn,-,i = gi.Bi(t)ui + G;:i]:iwni,i(zni,i) + Dni,i - (PZ,ni,i (55)

Where Dni,i = gl}’ll(t) + 5ni,i(Zni,i) + ('Dni,i - 91’11‘,1"
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According to the fault model (18), define the unknown constant
Ai = tlgg|81|ﬁl(t) = miPmi (56)
Construct the Lyapunov function candidate as
1 Gr2 1 &2 )\l 32
HE ; 7
Wit @

1
Vii=Vy 1i+-22 +—— 92 4~
e I D i () T 2 imi(F)
where g,,,; > 0, p,i > 0,and 7; > 0 are design parameters. The variables ¥, ;, &, ;, and ¢;
are the estimates of the unknown constants ‘I’,’;i i EZI_ ;»and 97, respectively, with estimation
errors defined by an,-,i ‘I’:;i,i — YWy, iBni = E:i,i — En,-,i/&z‘ =07 -9,
Taking the time derivative of (57) gives

Vi1, + Zn, i (giﬁ‘(f)ui + Gy W, i(Zii) + Do = Gy i+ i — "‘"f">
(58)

Vi’l,’,i =
1 . 1 . . Ao
S S W " — 7| 2
Gy itci(£) T () T g (8)
Ri(t) g0 AiKilt) 5
i p(e)

ki) g
2q,. k2 (t) " 2py,. i3 ()

where «,,, ; is an auxiliary variable.
= gMiHMi + @n,i + On,i + 0, ;. By applying Lemma 4,

Let lP;kli,i = |l Gziri ||,E::iri
one obtains
Zn,-,iG;,Tng Z(Zn, i) <Y, iUn;i + T:z,-,z‘zn,-,iHWn,-,i” sg(zn,-,i”Wn,-,iHrUnl-,i)r (59)
and
Zni/l'Dni/i S E“ni,ivn,‘,i + ‘E‘;kli/izni,l' Sg(zni,i/ Uﬂ,’,i)l (60)
where v, ; > 0 is a small constant.
Design the auxiliary variable as
1 -
Ki(t)zni,i + Zp;—1,i — (PZ,ni,i + 1IIn,»,i Wni,i Sg(an-,i Wni,i ’ Um,') + Ei, i Sg(zni,i/ Unz-,i)/ (61)

Wﬂ,‘,i H/ Uni,i) - Ki(t)‘Pn,',i/ (62)

al’li ,i = 2
and choose the adaptive laws

sg(zi’li,i

Wi =G, i%i (£)Zn, [ Wi, i
P’li,i = pn,-,iKi(t)Zni,i Sg(zl’li,i’ UYli,i) - Ki(t)Eni,i-

[z}

The fault-tolerant control input is designed as
(63)

U= — Sgn(gi)ﬁi“ni,i Sg(zni,iﬁi“ni,i/l‘)

where 1; > 0 is a design constant.
Using (56), (63), and Lemma 4, it follows that

Z,,i&iPBi ()i < — |8i|Bi(t)zn,,i0ittn, i5g(Zn, i Oittn, iy Li)
< — SmiBmiZn, i0in, iSG(Zn, iOitn, is t;) (64)
SNty = Aizy, 187 0y i + Aizy, Bitty,

SAiti = Zp iy, i+ AiZp, i0ifty, i

1

*
where 0} = yvE
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Choose the adaptive law for ¢; as
B = Tk ()2 it i — wi(£) 0. (65)

Substituting (59)-(65) into (58) gives

. . 1 A - 1 1.
Vi < Vi1, — EKi(t)Zyzz,,i = Zn,iZn;—1,i + Aili — ﬁﬁiﬁi +—%, Y, + ; -y, iy,
1 n;,1 ni,n
) ) " ) ' (66)
LYy 4 EE o Ki(t) g Ki(t) = AKi(E) 5
ot SOt = g 0 20 2w (h)

Following the same procedure as in Step k and applying Lemma 5, one finally obtains

Ai oy
Eﬂiz. (67)
1

. i 1
an—,i < _Ki(t)vn,-,i + Z <T;F,ivj,i + E;-iiv]‘,i + 2 +
=1

=2
2qj, =) ) + Aiti +

2pji A
3.2. Stability Analysis

The following theorem establishes the PT bounded consensus performance of the
closed-loop system under the proposed adaptive FTC scheme.

Theorem 1. Consider the HONMASs in (17) under Assumptions 1-3. If the control input (63), the
virtual control laws (34), (48), and (61), the adaptive laws (35), (49), (62), and the fault-parameter
update law (65) are applied, then all closed-loop signals remain bounded. Moreover, the distributed
consensus errors zj ; and the output tracking errors y; — yo enter adjustable residual neighborhoods
within the prescribed time t.

Proof. Consider the composite Lyapunov function
N
V= Z V. i (68)

According to (67), the time derivative of V satisfies

N n; 2 E*z A
y = i it i g*2
V< Z [— Ki(t>vni,i + Z (T;‘F,ivj/i + \:.;iivjli + 20,5 + 2p; ) + At + iﬂj ] . (69)
i=1 j=1 It 7 i
Let
Kmin(1) = min {i(1)}, (70)
and define the positive constant
N [ n 2 g2
A= Z Z T;‘Kjvj,i + E‘;'Kivj,i + 24 i + Ajt + ﬁl?;& . (71)
i=1 | j=1 ! ’ qu,i 2pj,i 27;
Then, (69) can be rewritten as
v < *Kmin(t)v +A. (72)

Since ;(t) = xt,(a,0,t) for all i, one has

Kmin (t) = &, (&, 0, 1).
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Therefore, by applying Lemma 1 to (72), it follows that, for all t > ¢,
W A
Vit) < t >ty 73
()_U(rtp+0+oc—4r>' =7 3)

From the definition of V in (68), it is immediate that V() is bounded. Hence, all error
variables z; ;, the adaptive parameters Yy ;, & ;, and ¢;, together with their corresponding
estimation errors, remain bounded. By the recursive backstepping construction, all signals
of the resulting closed-loop system are bounded.

Furthermore, from (28), one has

1

EZ%’I' S Vn].,i S V(t)

Combining this inequality with (73) yields, for all t > t,,

Vo A
<42 , t >ty 74
21l < \/ U(rtp+(7+ a—4r> = @4

]T

Letz; = [z1,1,...,z1N]" and ey = [y1 —Yo,..., YN — Yo]T. From the definition of zq ;,

one has
z1 = (L+ B)ey.

Under Assumption 1, L 4 B is nonsingular. Therefore,
lleyll < (L +B) || [|z1]].

Combining the above inequality with (74), one obtains

|ey<t>||s||<L+B>l|\/2No( L ) = 75)

rty +0 o —4r

Therefore, the output tracking errors enter an adjustable residual neighborhood within
the prescribed time. The proof is completed. O

Remark 10. Theorem 1 guarantees PT bounded consensus rather than exact PT consensus. The
residual bound in (74) contains unknown constants associated with NN approximation errors,
external disturbances, and actuator faults, and is therefore used mainly as a theoretical upper bound.
According to (74), decreasing o or increasing the margin o — 4r can reduce the theoretical residual
bound. However, these choices may increase the time-varying scaling gain and the resulting control
effort. Therefore, the parameters «, v, and o should be selected by balancing tracking accuracy and
control magnitude.

Theorem 1 establishes the PT bounded consensus performance of the proposed con-
troller. From a practical implementation viewpoint, it is also necessary to evaluate the
online computational burden introduced by the recursive backstepping design, RBFNN
approximation, and FTD-based derivative estimation. Therefore, the computational com-
plexity of the proposed distributed controller is analyzed below.

Let df denote the number of information sources used by follower 7, including its
neighboring followers and, when b; > 0, the leader. Let M ; denote the number of RBFNN
nodes used at the kth backstepping step of follower i. The calculation of the distributed
tracking error z; ; requires O(d?) operations. At each recursive step, evaluating the RBFNN
basis functions requires O (M ;) operations, whereas the FTD, adaptive laws, and robust
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compensation terms involve constant-order scalar calculations. Consequently, the online
computational complexity of follower i at each control update is

k=1

C; = O(d?-i— i(Mk,i-Fl)). (76)

Let £, denote the augmented communication-edge set including the follower—follower
communication links and the leader—follower information links. Since Y~ ¢ = |&|, the
overall online computational complexity of the network is

N n;
c—o<|5a|+2 Z(Mk/ﬂrl)). (77)

i=1k=1

Define nmax = maxj<j<n 7; and Mmax = max; x M ;. The above complexity can then
be upper bounded by
C = O(|&]| + Ntimax(Mmax + 1)). (78)

For a sparse communication topology satisfying |€;| = O(N) and a fixed num-
ber of RBFNN nodes at each backstepping step, the computational complexity becomes
O(Nnmax)-

Remark 11. The complexity estimate in (78) shows that the additional online computational
burden mainly originates from the RBFNN evaluations and the recursive adaptive control structure.
Nevertheless, the proposed scheme is distributed, and each follower only performs local calculations
using its available information. For sparse communication graphs and a moderate number of
neural nodes, the proposed high-level controller is potentially implementable on onboard companion
computers or embedded edge-computing platforms in UAV and robotic applications. Practical
implementation issues, including controller discretization, actuator saturation, and hardware-in-
the-loop validation, will be considered in future work.

4. Simulations

This section presents two numerical examples to illustrate the tracking performance
and feasibility of the proposed adaptive PT FTC scheme. Example 1 investigates a group of
heterogeneous nonlinear agents under topological constraints, whereas Example 2 evalu-
ates the controller on an engineering-oriented model of single-link robotic manipulators.

4.1. Example 1: Heterogeneous Nonlinear Multi-Agent System

Consider an MAS consisting of one leader (indexed as node 0) and five followers
(indexed as nodes 1-5). The directed communication topology is depicted in Figure 1.
The dynamics of the heterogeneous follower agents are described by

$ri=Goi+ ﬁé‘%, + 0.1sin(t)

. . 1 (79)
Ga,i = &ittfi + G1,isin g + 0.1 cos(¥)
wherei=1,...,5,and §;;,{2; € R represent the system states.
The initial states of the five followers are selected as & (0) = [6,1]7, &(0) = [-6,2],
&(0) = [-3,3]T, &4(0) = [3,4]7, and &(0) = [1,5]T. The leader output trajectory is

selected as y(t) = &o(t) = 5sin(2t), which corresponds to &y(t) = 10 cos(2t). All adaptive
parameters are initialized at 0.1. The control and design parameters are configured as g; = 1,
qji = pj; = 0.001, 7; = 0.001, and vji =t = 0.001 fori =1,...,5and j = 1, 2. For the finite-

https:/ /doi.org/10.3390/math14111919


https://doi.org/10.3390/math14111919

Mathematics 2026, 14, 1919

17 of 24

time differentiator (FTD), the design constants are set to ¢c; = c; = 6. The performance
scaling function Kt, (a,0,t) is parameterized with « = 2.5, 7 = 0.5, and ¢ = 0.01.

Figure 1. Directed communication topology of the heterogeneous MASs in Example 1.

The actuator fault profiles injected into the system are summarized in Table 1. Con-
cretely, follower 1 experiences concurrent loss-of-effectiveness and time-varying bias faults,
follower 3 undergoes a time-varying loss-of-effectiveness fault, while followers 2, 4, and 5
operate under fault-free conditions.

Table 1. Actuator fault profiles of the follower agents (Example 1).

Follower Bi(t) ui(t)
1 1, t<4s, 0, t <3s,
0.2sin(t) + 0.6, t>4s, 2sin(t) +1, t>3s,
2 1 0
3 1, ' t<5s, 0
0.7 —0.3sin(t), t>5s,
1
1

To investigate the influence of the prescribed time on transient tracking and control
effort, two cases are considered, while all remaining parameters are kept unchanged:

Case 1: ty = 2s, Case 2: ty = 0.5s.

The responses of Example 1 are presented in Figures 2-5. For t, = 2 s, Figure 2
shows that the follower outputs enter a small neighborhood of the leader trajectory by the
assigned time, while the second-state trajectories remain bounded. When the prescribed
time is reduced to t, = 0.5 s, Figure 3 indicates a substantially faster transient response.
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Figure 2. Responses of Example 1 with t, = 2 s: (a) follower outputs y;
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(b) second-state trajectories ¢, ;. The shaded area indicates the prescribed-time interval [0, t,].
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Figure 3. Responses of Example 1 with ¢, = 0.5 s: (a) follower outputs y; = {;; and leader output yo;
(b) second-state trajectories ¢, ;. The shaded area indicates the prescribed-time interval [0, t,].
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Figure 4. Commanded control inputs of Example 1 under different prescribed times: (a) t, = 2's;

(b)t, = 05s.
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Figure 5. Per-agent control-effort comparison for Example 1 over t € [0,2] s: (a) maximum

commanded-input magnitude ule2 .

. . 02
max,i+ (P) cumulative commanded-input energy 1[“. I,

Figure 4 compares the commanded control inputs under the two prescribed-time
settings. The shorter prescribed time results in markedly larger transient input peaks,
which is consistent with the increased control demand required for rapid error reduction.
To quantify this effect, define the per-agent indices

2
Ul = max [u(t), 0 = /0 2(Hdt, i=1,...,5
The interval [0,2] s contains both prescribed times and precedes the activation of the
actuator faults in Table 1. Hence, the indices primarily characterize the transient control
demand induced by the prescribed-time selection.

As shown in Figure 5, reducing ¢, from 2 s to 0.5 s increases both Ur[gfll ;and | 1[252] for
all followers in this simulation. For example, the maximum input magnitude of follower 4
increases from approximately 612.3 to 1886.1, while its cumulative input energy increases
from approximately 3.25 x 10% to 1.97 x 10°. These numerical observations indicate that the
bounded scaling construction prevents singular time-varying gains, while faster prescribed-

time responses still require increased transient input effort.

4.2. Example 2: Single-Link Robotic Manipulators

To examine the applicability of the proposed controller to an engineering-oriented non-
linear benchmark, consider a cooperative network of three single-link robotic manipulators.
The communication topology is shown in Figure 6. The mathematical model describing the
dynamics of the i-th manipulator is given by

1 .
Mz + wiz; + Emigli Sll‘l(Zi) =T, (80)
where z; € R represents the angular displacement, Z; € R denotes the angular velocity,
and 7; € R is the applied control torque. The structural parameters M;, w;, m;, l;, and g

denote the link inertia, viscous friction coefficient, link mass, physical link length, and
gravitational acceleration, respectively.
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L J

Leader

Figure 6. Directed communication topology of the robotic-manipulator network in Example 2. The
numbers denote the labels of the follower robotic manipulators.

By designating the system state variables as {;; = M;z; and ;, = M;Z;, and treating
the actuator-driven torque as the control input u; = T;, the fault-actuated manipulator
dynamics can be cast into the following state-space form:

¢1,i = Cais
61,1

; w; 1 . ; (81)
gZ,i = ufi - ﬁéz[{ - Emigli sm( M)

1

For comparative consistency, the actuator fault profiles injected into this three-agent
manipulator system follow the exact formulation defined in Table 1 (applied to followers
1, 2, and 3). The mechanical constants are chosen uniformly as M; = 1.5 kg - m?, w; =
1N-m-s/rad, m; =1kg,and [; = 0.8 m for i = 1, 2,3, with the gravitational acceleration
setto ¢ = 9.81 m/s%.

The initial system states are set to &1(0) = [9,3]7, &(0) = [~7,2]T, and &(0) = [5,1]7,
while all adaptive estimation variables are initialized at 0.1. The leader state is generated
by & = sin(t), &(0) = 0. The controller configuration parameters are selected as gj; =
p;j; = 0.01, 7; = 0.005, and v =1 = 0.01 fori =1,2,3 and j = 1,2. The FTD gains are
maintained at ¢; = ¢ = 6. For the performance scaling function Kt, (a,0,t), the design
parameters are selected as &« = 1, r = 0.2, and ¢ = 0.01. The system is evaluated under two
distinct convergence speed requirements: Case 1 (f, = 3.0 s) and Case 2 (t, = 6.0 s).

Figures 7-10 present the responses of the robotic-manipulator example. For Case 1
with t, = 3 s, Figure 7 shows that the manipulator outputs enter a small neighborhood
of the leader trajectory by the assigned time, while the second-state trajectories remain
bounded. For Case 2 with t, = 6 s, Figure 8 indicates a slower but less aggressive transient
response under the relaxed prescribed-time setting.

Figure 9 compares the commanded control inputs under the two prescribed times.
The shorter setting ¢, = 3 s produces larger initial input peaks, whereas increasing the
prescribed time to t, = 6 s reduces the early transient control demand. To quantify this
behavior, define

2
U2 = max |u(0)],  JOA = / 20 dt, i=1,23.
Jo
The interval [0, 2] s precedes the actuator-fault activation instants and therefore isolates
the early control effort induced by the prescribed-time selection. As shown in Figure 10,

the shorter prescribed-time setting requires larger initial control magnitudes and higher
cumulative input energies for the simulated manipulators.
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These numerical results illustrate the prescribed-time tracking and control-effort
behavior of the proposed method on an engineering-oriented nonlinear benchmark under

the selected operating conditions. They are not intended to establish universal superiority
over existing fault-tolerant control schemes.

25
t t s
p -1 P == =W
" 201 — ]
Y2 [SX]
y3| | 15+ — o3|
—4
s
78 L 725 L
0 2 1 6 8 10 2 4 6 8 10
Time (s)
(a) (b)

Figure 7. Responses of the robotic-manipulator network with t, = 3 s: (a) manipulator outputs

y; = G1, and leader output yo; (b) second-state trajectories ;. The shaded area indicates the
prescribed-time interval [0, £,,].

===t
— &
10 - &2 |
— &

—15

Time (s)
(a) (b)

Figure 8. Responses of the robotic-manipulator network with ¢, = 6 s: (a) manipulator outputs

y; = {1, and leader output yp; (b) second-state trajectories ¢,,;. The shaded area indicates the
prescribed-time interval [0, £,].
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Figure 9. Commanded control inputs of Example 2 under different prescribed times: (a) t, = 3 s;
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Figure 10. Per-manipulator control-effort comparison for Example 2 over ¢ € [0,2] s: (a) maximum

commanded-input magnitude U[O’Z]

max,i” (b) cumulative commanded-input energy ]1[3112].

5. Conclusions

This study addressed PT bounded consensus tracking for HONMASs affected by
actuator faults, uncertain nonlinear dynamics, and unmatched disturbances. A bounded-
scaling PT condition was combined with an adaptive NN-based backstepping design to
obtain a nonsingular fault-tolerant control framework. Theoretical analysis shows that
the closed-loop signals remain bounded and that the output tracking errors enter an
adjustable residual neighborhood within the prescribed time. The numerical examples
illustrate the resulting tracking behavior under the selected operating conditions. Future
work will consider systematic comparisons with related FTC schemes, hardware-oriented
validation, and extensions to networks with switching topologies, output constraints, and
cyber-attacks.
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