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Abstract


This study examines the micro-level mechanisms through which increasing market concentration and the entrenchment of competitive advantage arise. We develop a theoretical framework based on a constant elasticity of substitution (CES) production function and a CES demand structure, integrating—within a unified analytical chain—firms’ inter-firm cost competition, cost-plus pricing, demand allocation, and market-share decision-making. Methodologically, we first derive the relationship between firm prices and productivity from cost minimization and optimal pricing rules and then obtain explicit expressions for market shares and sales under CES demand. We subsequently introduce endogenous learning effects, in which firms’ market shares feed into future productivity growth via a learning curve mechanism, thereby characterizing the conversion of static advantage into dynamic competitive advantage. We further incorporate technology-factor substitutions, such as robotics, into firms’ production and cost structures to analyze how cost savings and efficiency gains accelerate the evolution of concentration and to show how learning disadvantages induced by insufficient market shares deter potential entry. The results indicate that firms’ market shares are primarily determined by their relative productivity, while profits respond asymmetrically to productivity differentials. Learning and technological substitution support the accumulation of advantages for incumbent firms and endogenously generate barriers to entry. Overall, this paper explains how the entrenchment of competitive advantage is reinforced through dynamic feedback, driving industries toward higher levels of concentration.






Keywords:


CES production function; cost competition; market share; low markups and high sales volume; robots




MSC:


49N90; 91B02; 91B24; 91B38; 91B50












1. Introduction


In the context of the global economy, the continuous rise in market concentration and the entrenchment of competitive advantage have become increasingly prominent, emerging as central issues in industrial organization theory and competition policy [1,2,3,4,5,6,7,8]. In particular, amid the current wave of a new industrial revolution characterized by digitalization and automation, the rapid development and adoption of disruptive innovations such as robotics not only fundamentally alter firms’ production processes and cost structures but may also accelerate this trend under existing market mechanisms—thereby strengthening the advantages of leading firms to an unprecedented degree and further shaping innovation, employment, and income distribution [9,10,11,12,13,14,15,16,17]. In parallel, recent research on artificial intelligence highlights that the scaling of intelligent technologies similarly drives market concentration and creates new forms of entry barriers [18]. Therefore, it is of both theoretical and practical significance to investigate how firms’ relative advantages are transformed from productivity differentials into long-run market power through market interaction mechanisms, how this transformation interacts with frontier technological innovation, and how it can endogenously drive industry concentration.



At the level of static analysis, firms’ heterogeneity is the starting point for understanding both market structure and divergence in performance. Productivity differences are widely regarded as a key driver of performance heterogeneity across firms [19,20]. Within a monopolistic competition framework, more efficient firms typically face lower marginal costs, which provides the basis for their advantage in price competition. Autor et al. (2020) [21] and Firooz et al. (2025) [22] demonstrate that automation technologies, including robotics, amplify the “superstar firm” effect, enabling high-productivity firms to capture disproportionately large market shares and profits. The classic model of Dixit and Stiglitz (1977) [23], along with subsequent developments, employs constant elasticity of substitution (CES) preferences, thereby offering a standard toolkit for analyzing firms’ pricing decisions, demand allocation, and market shares [24]. Firms often adopt cost-plus pricing strategies [25], in which the optimal price is closely related to marginal cost and the demand substitution elasticity. Against this backdrop, the introduction of automation technologies such as robots can, by significantly raising labor productivity and streamlining production processes, directly reduce firms’ marginal costs [26,27,28]. This productivity advantage can be translated into a pricing advantage, and—through the CES demand structure—allows firms equipped with advanced automation technology to obtain higher sales and larger market shares [29].



However, the evolution of market concentration is not merely a mechanical reflection of static efficiency differences. Empirical evidence suggests that disparities in market share not only persist but are often accompanied by systematic dynamic amplification effects. Cross-country evidence from Bajgar et al. (2025) [30] shows that industry concentration and markups have risen in both Europe and North America, indicating a pervasive trend. Dynamic theories underscore the pivotal roles played by learning effects and cumulative advantages in the evolution of market structure. Arrow (1962)’s “learning by doing” framework posits that firms can continuously reduce unit costs and improve efficiency through the accumulation of production experience [31]. This implies that a firm that secures an early market-share advantage not only operates at a larger scale, but also benefits from a faster pace of experience accumulation, thereby further accelerating productivity growth and establishing a positive feedback loop [32,33]. Aghion et al. (2023) [34] provide a theory of falling growth and rising rents, showing that when growth slows, incumbent firms can extract higher rents, further solidifying their dominant positions. In particular, the deployment of automation technologies such as robots is typically associated with substantial fixed investment and technological learning costs [9,35,36]. Once a firm successfully deploys and masters these technologies, its advantages in production efficiency and costs become increasingly difficult to imitate. Moreover, such advantages can be sustained and further widened through scale economies and learning-by-doing effects, thereby extending the gap relative to competitors [7]. Dynamic industrial organization theory also extensively examines the complex processes of firm entry, exit, growth, and decline. Within this framework, the sustained expansion of leading firms and the marginalization of laggards are viewed as the joint outcomes of cumulative advantages and failure to catch up [27,37].



Although both static and dynamic analyses offer important perspectives for understanding market concentration, existing research still faces challenges in building an integrated framework. Many models either examine the static effects of productivity on market share in isolation or treat learning effects as a relatively exogenous dynamic process, without rigorously capturing the closed-loop feedback among productivity, market share, profits, and learning within a unified setting. In addition, theories of entry barriers often emphasize structural factors such as fixed costs, sunk costs, or economies of scale [38], but have paid relatively less attention to how incumbents’ productivity can be continuously enhanced through ongoing learning and technological innovation (e.g., robot adoption). Specifically, these improvements may dynamically erode prospective entrants’ expected profits, thereby endogenously generating entry barriers. This “catch-up gap” constraint arising from the accumulation of dynamic advantages is crucial for understanding the path dependence of industry concentration—particularly in the context of accelerating technological change.



This paper aims to bridge the aforementioned research gap by theoretically deriving rigorous mathematical propositions. Through the construction of a unified theoretical framework, this study comprehensively analyzes the micro-mechanisms underlying the increase in market concentration and the entrenchment of competitive advantages. In particular, it highlights the accelerating role of technological innovations in automation, such as robotics, thereby laying a solid analytical foundation for future empirical validation. Specifically, this paper first establishes a static analytical chain—productivity → costs → pricing → CES demand → market share → profits—and rigorously derives how a firm’s market share is determined by its relative productivity. It also uncovers the asymmetric sensitivity of profits to productivity differences, namely that high-productivity firms can translate efficiency advantages into profit advantages more substantially [11]. We then focus on how robot technology operates as a vehicle for productivity improvement, thereby intensifying the accumulation of such advantages. Building on this static foundation, we further introduce endogenous learning effects, allowing a firm’s market share to shape its future productivity growth through a learning curve mechanism [31]. This extension transforms static advantages into dynamic ones. Taken together, this integrated mechanism explains how market leaders achieve continuous productivity gains through sustained learning and early investment in, as well as optimization of, cutting-edge technologies such as robots. Finally, we show that potential entrants, due to insufficient initial market share, are unable to catch up with incumbents effectively in the learning race. This difficulty is especially pronounced as barriers related to automation technologies become increasingly stringent, leading to an endogenous formation of entry barriers and, consequently, driving the industry toward higher levels of concentration.



Herein, the main contributions can be summarized in three aspects: Firstly, an integrated theoretical framework. We develop a complete and highly coherent theoretical system that embeds the dynamic feedback relationship among productivity (including the contribution of robotics), cost-plus pricing, CES demand, market share, profits, and learning effects within a unified setting. This provides a consistent microeconomic explanation for the entrenchment of competitive advantages. Secondly, asymmetric sensitivity of profits to productivity differences. This paper explicitly identifies a substantial and asymmetric sensitivity of profits to productivity gaps. We further show that the substitution elasticity magnifies the advantage of high-productivity firms and accelerates the concentration of profit distributions—an effect that is even stronger in the presence of technology-enhanced capabilities such as robotics. Thirdly, endogenizing entry-barrier formation via dynamic learning. By characterizing the shrinkage of the “catch-up space” induced by dynamic learning, we endogenize the mechanism underlying the formation of entry barriers. Specifically, incumbents’ ongoing learning and their early adoption, mastery, and optimization of robotic technologies reduce potential entrants’ expected returns, thereby deterring entry. This deepens our understanding of the path dependence of industry concentration.




2. Model


2.1. Model Setup


When analyzing firms’ competitiveness, we first need to build a theoretical framework that characterizes the relationships among production costs, product prices, sales, and market share. Arrow (1962) point out that the CES production function can flexibly reflect the substitutability among different inputs [31,39], and it also nests the Cobb–Douglas production function as a special case, thereby offering broader applicability. Given that the production process allows for substitutability between capital and labor, we employ a CES production function to characterize production technology. Consider an industry with n firms; the production function of firm i is as follows:


   Q i  =  A i      α  K i  − ρ   +   1 − α    L i  − ρ       −   ν ρ      



(1)




where    Q i    denotes output,    K i    denotes capital input,    L i    denotes labor input, and    A i    denotes the production efficiency.   α ∈   0 , 1     is the distribution parameter,   ρ > − 1   is the substitution parameter, and   ν > 0   is the elasticity parameter. As shown by these parameter restrictions, when   ρ → 0  , the CES production function converges to the Cobb–Douglas production function; when   ρ → − 1  , it converges to the pure substitution (perfect substitutes) case. This specification endows the model with flexibility to accommodate the technological characteristics of different industries.



In addition, the factor prices faced by firm i are the capital price r and the wage rate w. Since we focus on how production costs affect competitiveness, we need to derive the cost function from the production function. Based on the cost-minimization principle and assuming constant returns to scale (  ν = 1  ), firm i’s unit cost function is as follows:


   c i  =   θ   A i      



(2)




where   θ =      α    1  1 + ρ       r    ρ  1 + ρ      +     1 − α       1  1 + ρ       w    ρ  1 + ρ             1 + ρ  ρ       denotes the weighted average of factor prices.



According to Dixit and Stiglitz (1977) [23], in monopolistically competitive markets, firms generally adopt a cost-plus pricing strategy, and the optimal pricing satisfies as follows:


   p i  =   ε  ε − 1     c i  = μ  c i   



(3)




where   ε > 1   is the price elasticity of demand, and   μ =   ε  ε − 1      is the markup rate. This pricing rule not only considers the firm’s costs but also reflects the degree of market competition through  ε . In a perfectly competitive scenario, as   ε → ∞  , then   μ → 1  , at which point the price equals the marginal cost.



Substituting the cost function (Equation (2)) into the pricing formula (Equation (3)), we obtain


   p i  =    μ θ    A i      



(4)







Equations (2) and (4) clearly indicate an inverse relationship between price and productivity, and the transmission mechanism is that productivity influences production prices through production costs. Proofs of equations can be found in Appendix A.




2.2. Demand Function and Market Share


To enable the consumer utility function to capture consumer preferences for product variety, drawing upon the classic framework of Dixit and Stiglitz (1977) [23], we consider a representative consumer’s utility function to take the following CES form:


  U =       ∑  i = 1  n    q i    σ − 1  σ             σ − 1  σ      



(5)




where    q i    is the consumption of product by firm i, and   σ   > 1     is the elasticity of substitution between products. By solving the utility maximization problem, we can obtain the final product demand function faced by firm i:


   q i  = M  P  σ − 1    p i  − σ    



(6)




where   P =       ∑  j = 1  n    p j  1 − σ           1  1 − σ        is the price index.



Equation (6) shows that the sales volume of firm i is inversely proportional to its price raised to the power of  σ , meaning lower prices lead to higher sales, and this relationship is not linear but exponential.




2.3. Market Share and Competitive Advantage


The market share of firm i is defined as follows:


   s i  =     p i   q i      ∑  j = 1  n    p j   q j       =     p i   q i   M    



(7)







Substituting the demand function (Equation (6)) and the pricing formula (Equation (4)), we can obtain:


   s i  =        μ θ    A i          ∑  j = 1  n         μ θ    A i        1 − σ        =     A i  σ − 1       ∑  j = 1  n        A j      1 − σ         



(8)







Equation (8) indicates that a firm’s market share is determined by its relative productivity: higher productivity leads to a larger market share.




2.4. Derivation of the Firm’s Profit Function


At market equilibrium, the sales volume of firm i equals its output    Q i   , and the total market sales volume is   Q =   ∑  i = 1  n    Q i     . The sales volume of firm ii can be expressed as follows:


   Q i  =    M  A i σ        μ θ    σ    ∑  j = 1  n    A j  σ − 1         



(9)







Substituting Equation (9) into the profit function, we can obtain


   π i  =      μ − 1   M   n     μ θ     σ − 1      ⋅         A i    A ¯        σ − 1    



(10)




where    A ¯  =       1 n     ∑  j = 1  n    A j  σ − 1           1  σ − 1        is the weighted average of productivity.



Equation (10) indicates that firm profit is directly proportional to the     σ − 1     power of its productivity.




2.5. Comparison of Low-Margin, High-Volume and High-Price Strategies


In reality, the choice of markup rate reflects a firm’s market positioning and competitive strategy. Firms can choose a cost leadership strategy (corresponding to a lower markup rate) or a differentiation strategy (corresponding to a higher markup rate). In this model, we assume that firms can adjust their markup rates within a certain range. Therefore, to compare the advantages and disadvantages of low-margin, high-volume versus high-price strategies, we consider the profit differences for the same firm under two pricing strategies.



Case A (Low-profit, high-volume sales): The enterprise adopts a lower markup rate    μ L   , such that    μ L  = 1 + δ  , where  δ  is a small positive number.



Case B (High-price strategy): The enterprise adopts a higher markup rate    μ H   , such that    μ H  = 1 + k δ  , where   k > 1  .This gives the ratio of firm profits under scenarios A and B:


      π A     π B     =   1 k          1 + k δ   1 + δ       σ   











To determine which strategy is superior by analyzing the relationship between       π A     π B       and 1, we can conclude that


  σ >    ln k     k − 1   δ     



(11)







In Equation (11),      ln k     k − 1   δ      is the threshold value for a firm adopting a low-margin, high-volume strategy versus a high-price strategy. When the degree of market competition ( σ ) exceeds this threshold value, the low-margin, high-volume strategy outperforms the high-price strategy. This leads to Proposition 1.



Proposition 1.

When the degree of market competition (σ) is sufficiently high, the low-margin, high-volume strategy is superior to the high-price strategy.





Figure 1 clearly illustrates this proposition, showing that in highly competitive markets, firms that can achieve low costs through increased productivity and effectively implement a low-margin, high-volume strategy will rapidly gain dominance, accumulate more profits and market share, and thus further solidify their competitive advantage. Therefore, when formulating pricing strategies, firms must thoroughly analyze the degree of competition in their market (i.e., the value of  σ ). In a highly competitive environment, blindly pursuing high prices may lead to a double loss of market share and profits. Consequently, investing in productivity improvement is fundamental for enterprises, as it provides the cost basis for executing a low-margin, high-volume strategy.





3. Long-Term Profit, Entry Barriers, and Market Structure Evolution


3.1. Strategic Value of Market Share


To further demonstrate the importance of market share to enterprises, we introduce a dynamic competition model. Consider an enterprise’s market share at time t as St, and its productivity as At. According to Arrow’s (1962) research, the growth of an enterprise’s productivity is positively correlated with cumulative output [31]. Therefore, we assume the productivity growth rate is as follows:


     d  A t    d t    = β  Q t   A t   α A     











The reason for setting this function is that the more cumulative production experience gained, the faster the production efficiency improves, but with diminishing marginal returns.



Since    Q t  =  s t   Q t  m a r k e t    , where    s t    is the firm’s sales and    Q t  m a r k e t     is the total market demand, we get


     d  A t    d t    = β  s t   Q t  m a r k e t    A t   α A     











Assuming total market demand is stable, i.e.,    Q t  m a r k e t   =  Q ¯   , then we get


      A t  1 −  α A    −  A 0  1 −  α A      1 −  α A     = β  Q ¯     ∫ 0 t    s τ     d τ  











Assuming market share is relatively stable in the short term, i.e.,    s t  ≈ s  , then we get


   A t  =      A 0  1 −  α A    +   1 −  α A    β  Q ¯   s t        1  1 −  α A        



(12)







In Equation (12),    A t    denotes the firm’s total factor or specific factor effective productivity at time t;    A 0    is the productivity base when the firm enters the market or at the initial observation point (t = 0), reflecting the firm’s inherent endowment or initial technological investment.   Q ¯   is the steady state total market demand, representing the total quantity of products that the entire industry or market can absorb.  β  (  β > 0  ) is the learning efficiency parameter, measuring the firm’s technology conversion rate that translates accumulated production experience (output) into actual productivity gains; it represents the firm’s endogenous learning conversion efficiency, and its magnitude reflects the industry’s technological characteristics of learning by doing.    α A  ∈   0 , 1     is the marginal return parameter of learning, which characterizes the degree to which the firm’s productivity growth rate gradually slows down as experience accumulates over the long production process. Now consider two firms: Firm 1 adopts a low-margin, high-volume strategy with an initial market share of    s 1  > 0.5  ; Firm 2 adopts a high-price strategy with an initial market share of    s 2  = 1 −  s 1  < 0.5  . Assume both have the same initial productivity,    A 1   0  =  A 2   0  =  A 0   .



At time t:


   A 1   t  =      A 0  1 −  α A    +   1 −  α A    β  Q ¯   s 1  t       1  1 −  α A        










   A 2   t  =      A 0  1 −  α A    +   1 −  α A    β  Q ¯   s 2  t       1  1 −  α A        











Calculate the productivity ratio as follows:


      A 1   t     A 2   t     =         A 0  1 −  α A    +   1 −  α A    β  Q ¯   s 1  t    A 0  1 −  α A    +   1 −  α A    β  Q ¯   s 2  t          1  1 −  α A        








when   t → ∞  :


    lim   t → ∞       A 1   t     A 2   t     =         s 1     s 2           1  1 −  α A       > 1  











As the productivity gap widens, according to the market share formula (8), we get


   s 1   t  =     A 1     t    σ − 1      A 1     t    σ − 1   +  A 2     t    σ − 1       











Differentiating    s 1   t    with respect to t, we get


     d  s 1    d t    =      σ − 1    A 1  σ − 2     d  A 1    d t   ⋅  A 2  σ − 1   −  A 1  σ − 1     σ − 1    A 2  σ − 2     d  A 2    d t          A 1  σ − 1   +  A 2  σ − 1      2      











Since      d  A 1    d t    = β  Q ¯   s 1   A 1   α A      and      d  A 2    d t    = β  Q ¯   s 2   A 2   α A     , and    s 1  >  s 2   , it can be proven that


     d  s 1    d t    > 0  



(13)







Equation (13) indicates that the initial market share advantage will amplify over time. From Equations (12) and (13), Proposition 2 can be derived.



Proposition 2.

The higher the market share, the faster the productivity growth, and the initial market share advantage will amplify over time.





Figure 2 numerically simulates the evolution of market shares of two firms over time. Initially, Firm 1 has a higher market share,    s 1   0  >  s 2   0   . According to the theorem’s assumption, as time progresses, the firm with the higher market share will achieve faster growth due to its productivity advantage. Consequently,    s 1   t    monotonically increases and gradually approaches its upper limit, while Firm 2’s market share continuously decreases and converges to a lower level. Therefore, a higher initial productivity leads to an increase in market share, and an expanded market share, in turn, promotes productivity improvement, thereby forming a continuously expanding competitive advantage.




3.2. Cumulative Effects and Entrenched Competitive Advantage


Furthermore, we analyze the cumulative effects of firm profits. Assume that the cumulative profit of firm i within time     0 , T     is as follows:


   Π i   T  =    ∫ 0 T   exp      − r t    π i   t  d t  








where r is the discount rate. Substituting the profit function (12) into this, we obtain a new profit function:


   π i   t  =      μ − 1   M  A i     t    σ − 1         μ θ     σ − 1      A 1     t    σ − 1   +  A 2     t    σ − 1         











For Firm 1, which adopts a low-price strategy, the cumulative profit function is as follows:


   Π 1   T  =    ∫ 0 T   exp      − r t        μ − 1   M  A 1     t    σ − 1         μ θ     σ − 1      A 1     t    σ − 1   +  A 2     t    σ − 1        d t  











The cumulative profit function for Firm 2, which adopts a high-price strategy, is as follows:


   Π 2   T  =    ∫ 0 T   exp      − r t        μ − 1   M  A 2     t    σ − 1         μ θ     σ − 1      A 1     t    σ − 1   +  A 2     t    σ − 1        d t  











Then, the cumulative profit ratio can be expressed by the following formula:


      Π 1   T     Π 2   T     =       ∫ 0 T   exp      − r t    A 1     t    σ − 1   d t      ∫ 0 T   exp      − r t    A 2     t    σ − 1   d t     











Since    A 1   t  >  A 2   t    holds for all   t > 0  , and the gap widens over time, therefore


      Π 1   T     Π 2   T     >         A 1   0     A 2   0         σ − 1   = 1  











More importantly, when   T → ∞  , this ratio approaches infinity:


    lim   T → ∞       Π 1   T     Π 2   T     = ∞  



(14)







Equation (14) indicates that in long-term competition, a high-volume, low-margin strategy, through the accumulation of market share advantage, can gain an overwhelming competitive advantage.




3.3. Entry Barriers and Market Structure Evolution


Based on the above analysis, we can further deduce the evolutionary patterns of market structure. Consider a potential entrant, whose entry into the market requires a fixed cost F. After entry, the new firm’s initial productivity is    A E   .



The condition for the new firm to be profitable is that its expected present value of profits is greater than the entry cost:


     ∫ 0 T   exp      − r t    π E  ( t ) d t > F  











Since the incumbent firm (adopting a high-volume, low-margin strategy) has already established a high market share and high productivity advantage, the new firm’s initial market share is very small, i.e.,


   s E   0  =     A E  σ − 1      A 1  σ − 1   +  A E  σ − 1      ≈     A E  σ − 1      A 1  σ − 1      =         A E     A 1         σ − 1    











If    A 1  >  A E   , then the new firm’s initial profit is as follows:


   π E   0  =      μ − 1   M  A E  σ − 1         μ θ     σ − 1      A 1  σ − 1   +  A E  σ − 1        <      μ − 1   M       μ θ     σ − 1      ⋅     A E  σ − 1      A 1  σ − 1       











Since the new firm’s market share is small and its learning effect is slow, its productivity growth rate is as follows:


     d  A E    d t    = β  Q ¯   s E   A E   α A    < β  Q ¯   s 1   A 1   α A    =    d  A 1    d t     











This implies that the productivity gap continues to widen, making it difficult for new entrants to catch up with incumbent firms. Specifically, let us calculate the entry condition:


     ∫ 0 ∞   exp      − r t        μ − 1   M  A E  σ − 1         μ θ     σ − 1      A 1  σ − 1   +  A E  σ − 1        d t > F  



(15)







Since    A 1    grows faster than    A E   , the value of the above integral decreases over time. Define the critical productivity    A E *    such that the entry condition just satisfies equality. Then, when the incumbent firm’s productivity reaches    A 1  >  A E *   , the market closes to new entrants, forming a natural monopoly or oligopoly. From Equations (14) and (15), Proposition 3 can be derived.



Proposition 3.

In long-term competition, a high-volume, low-margin strategy gains an overwhelming competitive advantage through market share dominance, thereby building entry barriers and solidifying its market position.





Figure 3 clearly illustrates Proposition 3, revealing two core conclusions: First, over time, Firm 1, with an initial slight advantage, gains more market share and subsequently achieves faster productivity iteration through dynamic learning mechanisms. The two market share evolution curves show a significant “scissor difference” pattern, with Firm 1’s market share asymptotically approaching a monopoly level, while Firm 2 is gradually marginalized (   s 2  → 0  ). Second, the expected profit curve of potential entrants (   π E   ) in the figure shows an exponential decay over time. As the productivity of the incumbent advantageous firm (Firm 1) continuously breaks through, the market’s competitive potential rises sharply, and the central product price shifts downward. For potential entrants with ordinary initial productivity, the remaining market demand they can capture shrinks dramatically. When the evolution reaches period    t *   , the potential entrant’s expected profit has fallen below the fixed entry cost line (   π E  < F  ), marking the formal formation of insurmountable endogenous entry barriers. This simulation result rigorously demonstrates the scientific validity of Proposition 3 from a mathematical evolutionary logic perspective; that is, in a highly competitive market, early cost advantages not only determine current profits but also determine the long-term market structure and industry moats.





4. Robot Applications and Market Competition


4.1. Labor Substitution Effect of Robots


Currently, production-side robots have become the third factor of production, in addition to labor and capital. Therefore, this section expands upon the basic framework established previously by considering firms introducing robots as a new factor of production. According to Acemoglu and Restrepo (2018) [9,10], robots can be regarded as a special type of capital good, but their substitutability with human labor is more direct. Therefore, we extend the production function to a nested CES production function incorporating three factors: physical capital (K), human labor (L), and robots (R).


  Q = A      α 1   K  −  ρ 1    +  α 2      β  L  −  ρ 2    +   1 − β    R  −  ρ 2            ρ 1     ρ 2           −   ν   ρ 1        



(16)




where    α 1    measures the relative importance or weight of physical capital (K) in total output.    α 2    measures the relative importance of the composite input consisting of human labor and robots in total output.    ρ 1    is the outer substitution parameter, which determines the elasticity of substitution between physical capital and the “labor-robot” composite input.    ρ 2    is the inner substitution parameter, which determines the direct elasticity of substitution between human labor (L) and robots (R). ν is the returns-to-scale parameter. When   v = 1  , it indicates constant returns to scale.   v > 1   or   v < 1   represents increasing or decreasing returns to scale, respectively.



Define comprehensive labor input:


   L ˜  =     β  L  −  ρ 2    +   1 − β    R  −  ρ 2        −   1   ρ 2        



(17)







Then the production function can be rewritten as follows:


  Q = A      α 1   K  −  ρ 1    +  α 2    L ˜   −  ρ 1        −   ν   ρ 1        



(18)







Assume the factor prices faced by the enterprise are: physical capital rental  r , human labor wage  w , and robot usage cost    w R   . The costs of a robot include initial purchase cost, maintenance cost, energy cost, and depreciation. Let the robot purchase price be    P R    and its service life be    T R    years. Then the annualized cost for the enterprise is as follows:


   w R  =     P R     T R       1 + r   + m + e  



(19)







Among them, m is the maintenance cost rate, and e is the unit energy cost. In contrast, labor costs  w , including wages, social security, and benefits, are typically rigid and increase over time.



Assume


   w R  =  θ R  w  








where    θ R    is the robot cost coefficient. Although the initial investment in robots is substantial, the annualized cost is generally lower than that of human labor, especially in developed countries and regions with higher labor costs. Therefore, we set    θ R  < 1  .



Thus, by minimizing the firm’s cost at a given output level, we can derive the following:


    L R   =       β  1 − β    ⋅  θ R        1  1 +  ρ 2       =        β  θ R    1 − β          1  1 +  ρ 2       =        β  θ R    1 − β         σ 2     



(20)




where    σ 2  =   1  1 +  ρ 2       is the elasticity of substitution between labor and robots.



Substituting Equation (20) into Equation (17), we can obtain the following:


  L =  L ˜      β +   1 − β         R L       −  ρ 2        −   1   ρ 2        



(21)






  R =  L ˜      β       L R       −  ρ 2    +   1 − β       −   1   ρ 2        



(22)







Substituting Equation (20) into Equations (21) and (22), we can obtain the minimum cost of composite labor:


   C  L ˜   = w L +  w R  R =  L ˜  w      β   σ 2     θ R   σ 2  − 1   +     1 − β      σ 2     θ R   σ 2          1   σ 2        











Define the effective price of composite labor:


   w ˜  = w      β   σ 2     θ R   σ 2  − 1   +     1 − β      σ 2     θ R   σ 2          1   σ 2        



(23)







Then the cost of composite labor is    C  L ˜   =  w ˜   L ˜   .




4.2. Impact of Robot Substitution on Total Cost


Given output  Q , the firm chooses physical capital K and composite labor   L ˜   to minimize total cost:


    min   K , L   r K +  w ˜   L ˜   










  s . t .   A      α 1   K  −  ρ 1    +  α 2    L ˜   −  ρ 1        −   ν   ρ 1       = Q  











When there are constant returns to scale (  ν = 1  ), the unit cost is as follows:


  c =      α 1   σ 1     r  1 −  σ 1    +  α 2   σ 1      w ˜   1 −  σ 1          1  1 −  σ 1       ⋅  A  − 1    



(24)




where    σ 1  =   1  1 +  ρ 1       is the capital–labor elasticity of substitution.



Substituting Equation (23) into Equation (24) yields:


  c =  A  − 1   ⋅      α 1   σ 1     r  1 −  σ 1    +  α 2   σ 1     w  1 −  σ 1         β   σ 2     θ R   σ 2  − 1   +     1 − β      σ 2     θ R   σ 2           1 −  σ 1     σ 2             1  1 −  σ 1        



(25)







Taking the partial derivative of Equation (25) with respect to    θ R    yields:


       ∂ c   ∂  θ R     =  A  − 1   ⋅  α 2   σ 1     w  1 −  σ 1    ⋅    1 −  σ 1     σ 2         β   σ 2     θ R   σ 2  − 1   +     1 − β      σ 2     θ R   σ 2          1 −  σ 1     σ 2     − 1       ⋅    β   σ 2       σ 2  − 1    θ R   σ 2  − 2   +     1 − β      σ 2     σ 2   θ R   σ 2  − 1     > 0    



(26)







Equation (26) shows that a decrease in the robot cost coefficient    θ R    will lead to a decrease in the firm’s unit production cost c.




4.3. Dynamic Feedback Effects: Economies of Scale and Learning Curve


Whether a firm adopts robots depends on cost comparison. Assume the cost for a firm not using robots is    c 0   . If the firm invests in purchasing robots, it needs to pay a fixed cost    F R   , and the cost after using robots is    c R   . Therefore, the cost saving rate is as follows:


  Δ c =     c 0  −  c R     c 0      











The net present value for a firm adopting robots is as follows:


  N P  V R  =    ∫ 0 ∞   exp   − r t         c 0  −  c R    Q d t −  F R   











Assuming stable output,    Q t  =  Q ¯   , then


  N P  V R  =       c 0  −  c R     Q ¯   r   −  F R   











The condition for a firm to adopt robots is   N P  V R  > 0  , which means that


   Q ¯  >    r  F R       c 0  −  c R       =    r  F R     c 0  Δ c     











From this, the critical output for using robots can be derived as follows:


    Q ¯  *  =    r  F R     c 0  Δ c     



(27)







Equation (27) indicates that only firms whose output exceeds the critical value will adopt robots. The critical value is inversely proportional to the cost saving rate   Δ c  , meaning the greater the cost saving, the lower the critical output, and more firms will adopt robots.



Assuming the firm’s output follows the distribution function   G  Q   , the proportion of firms adopting robots is:


   π R  = 1 − G     Q ¯  *    = 1 − G      r  F R     c 0  Δ c       











Taking the derivative with respect to    θ R    yields:


     ∂  π R    ∂  θ R     = − g     Q ¯  *    ⋅    ∂   Q ¯  *    ∂  θ R      








where


     ∂   Q ¯  *    ∂  θ R     = −    r  F R     c 0  Δ  c 2     ⋅    ∂ Δ c   ∂  θ R     > 0  











Since   Δ c   is a decreasing function of    θ R   , it follows that      ∂  π R    ∂  θ R     < 0  . This implies that a decrease in robot costs will increase the industry’s robot adoption rate.



Drawing on learning curve theory, an increase in cumulative production reduces the unit cost. Assume the price of robots is as follows:


   P R   t  =  P R   0  ⋅       ∑  s = 0  t    Q R   s        − λ    








where    Q R   s    is the robot output at time s, and   λ > 0   is the learning parameter.



Robot output depends on demand, and demand comes from the number and scale of firms adopting robots:


   Q R   t  =    ∫    Q ¯  *   t   ∞   R  Q     ⋅ g  Q  d Q  








where   R  Q    is the amount of robots used by a firm with product output  Q .



This forms a positive feedback loop: a decrease in robot price (   P R   ) leads to a decrease in the robot cost coefficient (   θ R   ), which in turn leads more firms to adopt robots (   π R   ). This increases robot output (   Q R   ), further driving down robot prices (   P R   ). This cycle can be expressed by the iterative equation:


   θ R    t + 1   =  θ R   t  ⋅     1 + λ ln       Q R   t     Q R    t − 1            − 1    



(28)







As    Q R    continues to grow,    θ R    continues to decrease until it reaches the technological frontier.



Defining the growth rate of robot adoption as    g π  =    d  π R    d t     , it can be written in the following form:


   g π  =    d  π R    d  θ R     ⋅    d  θ R    d t     











Since      d  θ R    d t    ∝ −  Q R   , and    Q R  ∝  π R   , thus    g π  ∝  π R   ; at the same time, there is an upper limit    π R  ≤ 1  , so


     d  π R    d t    = k  π R    1 −  π R     



(29)







This is a logistic differential equation; solving it yields:


   t *  =   1 k   ln      1 −  π 0     π 0        



(30)






       d  π R   /  d t      π R     = k   1 −  π R     



(31)







From Equation (31), when    π R    is small, the growth rate approaches k; when    π R    approaches 1, the growth rate tends to 0; when    π R    = 0.5, the growth rate is 0.5 k, and the absolute growth rate is maximized. Therefore, the growth rate accelerates when    π R    < 0.5 and decelerates when    π R    > 0.5. The inflection point is at    π R    = 0.5. This indicates that robot adoption exhibits an S-shaped curve phenomenon of technology diffusion, meaning slow growth in the initial stage, accelerated growth in the middle stage, and saturation in the later stage.



Assume that with continuous technological progress, the cost of robots continuously decreases exponentially, i.e.,


   θ R   t  =  θ R 0  exp   − λ t    











And the diffusion speed is affected by


  k  t  =  k 0  + β    θ R 0  −  θ R   t    =  k 0  + β  θ R 0    1 − exp   − λ t      











The modified equation for (32) is as follows:


     d  π R    d t    =    k 0  + β  θ R 0    1 − exp   − λ t       ⋅  π R    1 −  π R     











Let   K  t  =    ∫ 0 t   k  s     d s =  k 0  t + β  θ R 0    t +   1 λ     exp   − λ t   − 1      , we can obtain


   π R  ≈   1  1 +     1 −  π 0     π 0      exp   − K  t        



(32)







Furthermore, we can deduce that


    lim   t → ∞   K  t  = ∞ ⇒   lim   t → ∞    π R   t  = 1  



(33)







Equation (33) shows that for smaller  t ,   K  t  ≈  k 0  t  , and the robot adoption rate resembles a standard S-curve. After t increases to a certain extent, the growth rate of   K  t    accelerates, making the growth in the intermediate stage steeper. As t continues to increase, the stage that should have saturated will experience a significantly prolonged saturation time due to the continuous increase in   K  t   .



From Equations (31)–(33), Proposition 4 can be derived.



Proposition 4.

Robot adoption exhibits an S-shaped curve phenomenon of technological diffusion, characterized by slow initial growth, accelerated middle-stage growth, and late-stage saturation. However, technological advancement makes the middle-stage growth steeper and significantly prolongs the time to reach saturation.





The “prolonged saturation + steeper middle-stage” of robot adoption signifies that society has lost its “golden adaptation window.” Ostensibly, there appears to be ample preparation time, but in reality, the impact will erupt intensively within a very short period. It is like a frog slowly boiled in warm water, suddenly finding itself in boiling water; by the time you realize the severity, it is too late to react. Even worse, just when one might expect to enter a stable period after enduring this wave of impact, continuous technological upgrades lead to ceaseless disruptions. This compels workers to constantly learn new skills throughout their lives, traps businesses in short-term decision-making, leaves government policies perpetually lagging, and continuously widens social inequality. This is no longer a “one-time technological transformation pain” but has evolved into a “permanent adaptation crisis,” fundamentally challenging the traditional economic assumption that “markets will automatically adjust to a new equilibrium.”




4.4. Robot Adoption and Market Share


Now consider the heterogeneity of firm productivity [40,41]. Assume that the total factor productivity    A i    of firms follows a distribution   F  A   , with density function   f  A   .



For a firm with productivity A, its cost is


  c   A ,  θ R    =   1 A        α 1   σ 1     r  1 −  σ 1    +  α 2   σ 1     w  1 −  σ 1         β   σ 2     θ R   σ 2  − 1   +     1 − β      σ 2     θ R   σ 2           1 −  σ 1     σ 2             1  1 −  σ 1        











After adopting robots, effective productivity improves. Let the adoption of robots increase effective productivity from A to   A ˜  , where the increase is as follows:


   A ˜  = A ⋅ ϕ    θ R     











Here,   ϕ    θ R      is the efficiency gain coefficient. According to the cost-productivity relationship   c =   θ A     (assuming constant returns to scale), we have


     c   A ,  θ R      c   A , 1      =    A ˜  A    











Therefore,


  ϕ    θ R    =    c   A , 1     c   A ,  θ R       =   1  1 − Δ c     











The market share of firms adopting robots is as follows:


   s i R  =        ϕ    θ R     A i      σ − 1       ∑   A j  <  A *      A j  σ − 1   +   ∑   A k  ≥  A *         ϕ    θ R     A k      σ − 1           











The market share of firms not adopting robots is as follows:


   s i  N R   =     A i  σ − 1       ∑   A j  <  A *      A j  σ − 1   +   ∑   A k  ≥  A *         ϕ    θ R     A k      σ − 1           











Calculate market share ratio:


      s i R     s i  N R      = ϕ      θ R      σ − 1   =       1  1 − Δ c        σ − 1    



(34)







Since   Δ c   > 0, we have       s i R     s i  N R      > 1  , and this ratio increases with the cost saving rate Δc and with the degree of market competition σ.



Proposition 5 can be derived from Equation (34).



Proposition 5.

Firms adopting robots not only reduce costs but also expand their market share through price advantages, and this market share advantage is amplified in highly competitive markets.





Proposition 5 indicates that an increase in the cost savings rate brought by robots simultaneously leads to higher effective productivity, thereby creating a price advantage under cost-plus pricing. This price advantage is then transformed into a relative expansion of market share through the substitution mechanism of CES demand. Figure 4 shows that as the horizontal axis   Δ c   increases, the market share ratio monotonically increases overall and rises sharply as it approaches the upper bound. This suggests that the market share advantage does not accumulate non-linearly but is further amplified in highly competitive environments. Comparing the curves for  σ  = 2.0 and  σ  = 1.5, it can be seen that when the elasticity of substitution is higher, the market share ratio increases more steeply. Therefore, robots not only reduce costs but also strengthen the advantages of leading firms through price-demand substitution-market share mapping, driving the industry towards greater concentration.





5. Conclusions


In this study, a theoretical framework is constructed based on the CES production function and demand structure, with the purpose of deeply analyzing the microeconomic mechanisms behind increasing market concentration and entrenched competitive advantages. By integrating productivity differences, cost-plus pricing, market share, profits, and endogenous learning effects, and specifically considering the substitution of technological factors represented by robotics.



The research findings indicate that, at a static level, the distribution of firm market share and profits is profoundly influenced by relative productivity differences. We demonstrate that highly productive firms, leveraging their cost advantages and optimal cost-plus pricing strategies, can secure larger market shares within a CES demand structure characterized by elasticity of substitution. More importantly, this study reveals a significant asymmetric sensitivity of profits to productivity differences: even a small lead in productivity can be transformed into a disproportionate profit advantage through market competition mechanisms, and this effect is amplified with increased demand elasticity of substitution, thereby accelerating the concentration of profits among a few highly efficient firms.



On the dynamic level, the core contribution of this paper lies in endogenizing the learning effect and transforming static advantages into dynamic competitive advantages. The model clearly demonstrates that market share is not merely a result of performance; rather, it serves as a crucial resource that accelerates firms’ productivity improvements through a “learning by doing” mechanism. This implies that initial market leaders, by virtue of the faster learning speed brought about by their larger market shares, can continuously widen the productivity gap with followers, thereby consistently solidifying their market position.



It is noteworthy that this study specifically investigates the reinforcing role of technological factor substitution, exemplified by robot application, in this process. Robotics, by significantly boosting production efficiency and reducing unit costs, not only statically endows leading firms with stronger cost and price advantages but also dynamically accelerates their learning curves and productivity growth. This accumulation of technological advantages further accelerates the process of increasing market concentration and has a profound impact on the industry structure. Ultimately, due to insufficient market share and lagging learning speeds, potential entrants find the catch-up costs too high and expected returns on investment diminish, thereby endogenously creating barriers to entry for incumbents. These barriers are no longer merely traditional fixed or sunk costs but rather stem from differences in learning capabilities and the solidification of technological advantages in dynamic competition, driving the continuous evolution of industry structure towards high concentration.



The theoretical contributions of this paper are reflected in the following aspects: First, it provides a complete and analytically tractable chain of competitiveness transmission from productivity, costs, pricing, demand, and market share to profits, offering a unified micro-foundation for firm performance heterogeneity. Second, it endogenizes learning effects into a dynamic mechanism closely linked to market share, successfully depicting how static advantages transform into long-term dynamic dominance through positive feedback loops. Third, it deeply analyzes the critical role of technological factor substitution, such as robotics, in accelerating market concentration and solidifying competitive advantages. Finally, by revealing the limited scope for dynamic catch-up, this study endogenously elucidates the formation of entry barriers, providing a new perspective for understanding industry concentration.



The findings of this study offer important policy insights. Based on our theoretical propositions, we suggest that policymakers might consider that, given highly productive firms may continuously accumulate advantages under current market mechanisms, and that technological factor substitution may further accelerate this process, antitrust authorities should closely monitor the dynamic evolution of market concentration and scrutinize potential abuses of market dominance. This could prevent excessive concentration from harming market vitality and innovation. Furthermore, if these theoretical mechanisms hold empirically, it highlights the importance of fostering knowledge spillovers to mitigate monopolistic advantages. Specifically, accompanying policies that encourage technological innovation and talent development in small and medium-sized enterprises (SMEs) may help to weaken the monopolistic learning advantages of leading firms, thereby creating conditions for maintaining a certain dynamism in market competition.



While this study rigorously derives propositions regarding market concentration, technology substitution (such as robotics), and learning-by-doing effects through a CES framework, we acknowledge a significant limitation: the absence of empirical testing. This paper is explicitly framed as a purely theoretical contribution. The analytical results, though mathematically sound, have not yet been validated against real-world firm-level or industry-level data. Testing our theoretical propositions requires highly granular panel data, ideally from the manufacturing or technology sectors, where capital–labor substitution (e.g., robotics adoption) and learning-by-doing effects are most pronounced. Future empirical research is highly encouraged to bridge this gap. For instance, researchers could utilize firm-level panel data to empirically test how initial productivity disparities asymmetrically affect profit margins and market share over time, as proposed in our model. Furthermore, the empirical quantification of the ‘barriers to entry’ generated by these theoretical mechanisms remains a critical next step. By outlining these theoretical mechanisms, we hope to provide a structured roadmap for future empirical scholars to validate, refine, or challenge our findings using econometric analyses.
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Appendix A


Appendix A.1. Proof of Equation (2)


According to the principle of cost minimization:


    min    K i  ,  L i    r  K i  + w  L i   










  s . t .    A i      α  K i  − ρ   +   1 − α    L i  − ρ       −   ν ρ     =  Q i   











Construct the Lagrangian function:


  L = r  K i  + w  L i  + λ    Q i  −  A i      α  K i  − ρ   +   1 − α    L i  − ρ       −   ν ρ        











The first-order conditions are


     ∂ L   ∂  K i     = r − λ  A i  ⋅   ν ρ       α  K i  − ρ   +   1 − α    L i  − ρ       −   ν ρ   − 1   ⋅ α   − ρ    K i  − ρ − 1   = 0  










     ∂ L   ∂  L i     = w −  λ i   A i  ⋅   ν ρ       α  K i  − ρ   +   1 − α    L i  − ρ       −   ν ρ   − 1   ⋅   1 − α     − ρ    L i  − ρ − 1   = 0  











Dividing the two equations yields the optimal factor input ratio:


      K i     L i     =       α  1 − α    ⋅   w r         1  1 + ρ       











Substituting this into the constraint condition, and after derivation, we can obtain the unit cost function for firm i:


   c i  =   1   A i   1 ν            α    1  1 + ρ       r     ρ  1 + ρ       +     1 − α       1  1 + ρ       w     ρ  1 + ρ              1 + ρ  ρ     ⋅  Q i    1 ν   − 1    











Assuming constant returns to scale, we can obtain Equation (2).




Appendix A.2. Proof of Equation (6)


Use Equation (5) to express the representative consumer’s utility function, and assume that  M  denotes total expenditure. Let the consumer’s budget constraint be     ∑  i = 1  n    p i   q i    = M  . Construct the Lagrangian function:


  L =       ∑  i = 1  n    q i    σ − 1  σ             σ − 1  σ     + λ   M −   ∑  i = 1  n    p i   q i       











First-order condition:


     ∂ L   ∂  q i     =   σ  σ − 1          ∑  i = 1  n    q i    σ − 1  σ             σ − 1  σ     ⋅    σ − 1  σ    q i  −   1 σ     − λ  p i  = 0  











Rearranging, we obtain


   U    1  σ − 1      ⋅  q i  −   1 σ     = λ  p i   











For all i and j:


      q i  −  1 σ       q j  −  1 σ       =     p i     p j      











That is


      q i     q j     =         p i     p j        σ   











Combining the budget constraint with the above relationship, we can derive firm i’s demand function:


   q i  =     p i  − σ       ∑  j = 1  n    p j  1 − σ        M  











Therefore, Equation (6) is obtained.




Appendix A.3. Proof of Equation (8)


Using Equation (7), define the market share of firm i.



Substituting the demand function:


   s i  =     p i  M  P  σ − 1    p i  − σ    M   =  P  σ − 1    p i  1 − σ    











Expanding the price index:


   s i  =     p i  1 − σ       ∑  j = 1  n    p j  1 − σ         











Substituting into the pricing formula    p i  =    μ θ    A i      , we obtain Equation (8).




Appendix A.4. Proof of Equation (10)


Firm i’s total cost is   T  C i  =  c i   Q i  =   θ   A i      Q i   , and total revenue is   T  R i  =  p i   Q i   .



Profit function:


   π i  = T  R i  − T  C i  =  p i   Q i  −  c i   Q i  =    p i  −  c i     Q i   











Substituting    p i  = μ  c i   :


   π i  =   μ  c i  −  c i     Q i  =   μ − 1    c i   Q i   











Firm i’s sales can be expressed as follows:


   Q i  =  q i  = M  P  σ − 1    p i  − σ    











Substituting Equation (4) into the expression, we obtain Equation (9).



Substituting it into the profit function:


   π i  =   μ − 1     θ   A i        M  A i σ        μ θ    σ    ∑  j = 1  n    A j  σ − 1        =      μ − 1   M  A i  σ − 1         μ θ     σ − 1     ∑  j = 1  n    A j  σ − 1         











Rearranging the above equation yields Equation (10).




Appendix A.5. Proof of Equation (11)


In scenario A, the firm’s price is    p A  =  μ L  c =   1 + δ   c  , and the quantity demanded is:


   Q A  = M  P  σ − 1    p A  − σ   = M  P  σ − 1         1 + δ   c     − σ    











Profit is


   π A  =    μ L  − 1   c  Q A  = δ c ⋅ M  P  σ − 1         1 + δ   c     − σ   =    δ M  P  σ − 1         1 + δ    σ   c  σ − 1       











In scenario B, the price is    p B  =  μ H  c =   1 + k δ   c  , and the quantity demanded is


   Q B  = M  P  σ − 1    p B  − σ   = M  P  σ − 1         1 + k δ   c     − σ    











Profit is


   π B  =    μ H  − 1   c  Q B  = k δ c ⋅ M  P  σ − 1         1 + k δ   c     − σ   =    k δ M  P  σ − 1         1 + k δ    σ   c  σ − 1       











Calculate the profit ratio:


      π A     π B     =    δ ⋅     1 + k δ    σ    k δ ⋅     1 + δ    σ     =   1 k          1 + k δ   1 + δ       σ   











To determine which strategy is better, we analyze the relationship between       π A     π B       and 1:


      π A     π B     > 1 ⇔        1 + k δ   1 + δ       σ  > k  











Take the following logarithm:


  σ ln      1 + k δ   1 + δ      > ln k  











Using Taylor expansion, when  δ  is small:


  ln      1 + k δ   1 + δ      = ln   1 + k δ   − ln   1 + δ   ≈ k δ − δ =   k − 1   δ  











Therefore


  σ   k − 1   δ > ln k  











Hence, Equation (11) is obtained.




Appendix A.6. Proof of Equation (12)


Assume the total market demand is stable,    Q t  m a r k e t   =  Q ¯   , then


     d  A t    d t    = β  s t   Q ¯   A t   α A     











This is a differential equation, separating variables


   A t  −  α A    d  A t  = β  s t   Q ¯  d t  











Integrating


     ∫   A 0     A t      A  −  α A    d A =    β  Q ¯     ∫ 0 t    s τ     d τ  











Hence, we have:


      A t  1 −  α A    −  A 0  1 −  α A      1 −  α A     = β  Q ¯     ∫ 0 t    s τ     d τ  











Hence, Equation (12) is obtained.




Appendix A.7. Proof of Equation (20)


The firm’s cost minimization problem for a given output  Q  is


    min   K , L , R   r K + w L +  w R  R  










  s . t .    A      α 1   K  −  ρ 1    +  α 2      β  L  −  ρ 2    +   1 − β    R  −  ρ 2            ρ 1     ρ 2           −   ν   ρ 1       = Q  











We adopt a two-stage optimization method for solving this. Firstly, in the second layer nested problem, given aggregate labor   L ˜  , minimize human and robot costs:


    min   K , L , R   w L +  w R  R  










  s . t .        β  L  −  ρ 2    +   1 − β    R  −  ρ 2        −   1   ρ 2       =  L ˜   











Construct the Lagrangian function:


   L 2  = w L +  w R  R +  λ 2     L ˜  −     β  L  −  ρ 2    +   1 − β    R  −  ρ 2        −   1   ρ 2          











First-order conditions:


     ∂  L 2    ∂ L    = w −  λ 2  ⋅   1   ρ 2         β  L  −  ρ 2    +   1 − β    R  −  ρ 2        −   1   ρ 2     − 1   ⋅ β   −  ρ 2     L  −  ρ 2  − 1   = 0  










     ∂  L 2    ∂ R    =  w R  −  λ 2  ⋅   1   ρ 2         β  L  −  ρ 2    +   1 − β    R  −  ρ 2        −   1   ρ 2     − 1   ⋅   1 − β     −  ρ 2     R  −  ρ 2  − 1   = 0  











Dividing the two equations:


    w   w R     =    β  L  −  ρ 2  − 1       1 − β    R  −  ρ 2  − 1       











Rearranging to get the optimal factor ratio:


    L R   =       β  1 − β    ⋅   w   w R           1  1 +  ρ 2        











Substitute    w R  =  θ R  w  , we obtain:


    L R   =       β  1 − β    ⋅  θ R        1  1 +  ρ 2       =        β  θ R    1 − β          1  1 +  ρ 2       =        β  θ R    1 − β         σ 2     












Appendix A.8. Proof of Equations (31) and (30)


Rewrite the Equation (29) by moving the terms containing    π R    to the left side and the terms containing t to the right side:


    1   π R    1 −  π R       d  π R  = k d t  











To integrate the left side, we need to decompose the fraction. Assume


    1   π R    1 −  π R       =   A   π R     +   B  1 −  π R      











Finding a common denominator yields:


  1 = A   1 −  π R    + B  π R   











Let    π R  = 0  , we get   A = 1  .



Let    π R  = 1  , we get   B = 1  .



Therefore,


    1   π R    1 −  π R       =   1   π R     +   1  1 −  π R      











Substitute the decomposed expression back into the separated equation and integrate both sides:


    ∫     1   π R    +  1  1 −  π R         d  π R  =   ∫  k d t     











The integration result is


  ln    π R    − ln   1 −  π R    = k t + C  











Combine the left side using the properties of logarithms:


  ln       π R    1 −  π R       = k t + C  











Take the exponential of both sides:


      π R    1 −  π R     =  e  k t + C   =  e C   e  k t   =  C 1   e  k t    








where    C 1  =  e C    is a new arbitrary constant.



Using the initial condition at   t = 0  ,    π R  =  π 0   , substitute into the above equation:


      π R    1 −  π R     =  C 1   e 0  =  C 1   











Substitute    C 1    back into the original equation:


      π R    1 −  π R     =     π R    1 −  π R      e  k t    











Solve for    π R   :


   π R  =   1 −  π R        π R    1 −  π R      e  k t    










   π R  =     π R    1 −  π R      e  k t   −  π R      π R    1 −  π R      e  k t    











Rearrange terms and factor out the common factor    π R   :


   π R    1 +     π R    1 −  π R      e  k t     =     π R    1 −  π R      e  k t    










   π R   t  =       π R    1 −  π R     e  k t     1 +    π R    1 −  π R     e  k t       











To obtain a more common form, divide both the numerator and the denominator by    e  k t    :


   π R   t  =       π R    1 −  π R       e  − k t   +    π R    1 −  π R        











Then multiply both the numerator and the denominator by   1 −  π 0   :


   π R   t  =     π 0      1 −  π 0     e  − k t   +  π 0      











Next, divide both the numerator and the denominator by    π 0   :


   π R   t  =   1  1 +   1 −  π 0     π 0     e  − k t       











The first derivative is known as


     d  π R    d t    = k  π R    1 −  π R    = k  π R  − k  π R 2   











Differentiating with respect to t again using the chain rule:


      d 2   π R    d  t 2     =   d  d t      k  π R  − k  π R 2    = k    d  π R    d t    − 2 k  π R     d  π R    d t     











Factor out      d  π R    d t     :


      d 2   π R    d  t 2     =    d  π R    d t      k − 2 k  π R    = k    d  π R    d t      1 − 2  π R     











The inflection point occurs where the second derivative is 0:


      d 2   π R    d  t 2     = 0  











Since in an S-shaped curve, the derivative      d  π R    d t    ≠ 0   (except at the asymptotes), it must be that


  1 − 2  π R  = 0 ⇒  π R *  = 0.5  











Substitute    π R *  = 0.5   into the compact form:


  0.5 =   1  1 +     1 −  π 0     π 0       e  − k  t *        











Take the reciprocal:


  2 = 1 +      1 −  π 0     π 0        e  − k t *    











Rearranging yields:


  1 =      1 −  π 0     π 0        e  − k t *    











Multiply both sides by    e  k t *    :


   e  k t *   =    1 −  π 0     π 0      











Take the natural logarithm of both sides:


  k  t *  = ln      1 −  π 0     π 0        











Solving for the inflection time yields:


   t *  =   1 k   ln      1 −  π 0     π 0        
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Figure 1. Market competition and the low-margin, high-volume strategy. The horizontal axis is the firm’s product price, which reflects the level of the markup rate, and the vertical axis is the firm’s profit). The peak of the curve represents the optimal pricing that maximizes profit. 






Figure 1. Market competition and the low-margin, high-volume strategy. The horizontal axis is the firm’s product price, which reflects the level of the markup rate, and the vertical axis is the firm’s profit). The peak of the curve represents the optimal pricing that maximizes profit.



[image: Mathematics 14 01892 g001]







[image: Mathematics 14 01892 g002] 





Figure 2. Time evolution trend of the initial market share advantage. With time t on the horizontal axis and market share on the vertical axis, Enterprise 1 holds a slight advantage in market share at the initial moment. 
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Figure 3. Market advantage of the high-volume, low-margin strategy. The horizontal axis represents time t. The left vertical axis shows the evolution of the incumbent firm’s market share, while the right vertical axis represents the expected profit that a potential entrant can obtain upon entering the market. The horizontal dashed line  F  denotes the fixed entry cost. When    π E  < F  , an endogenous entry barrier is formally established, and the market closes to new entrants. 
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Figure 4. Relationship between robot cost savings rate and market share. The horizontal axis is the cost saving rate from robot adoption, and the vertical axis is the market share ratio between robot-adopting firms and non-adopting firms. 
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