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Abstract

Let H be a complex separable Hilbert space. We study the closure of the numerical range of
the generalized pencil T = P + aQ + BPQ, where (P, Q) is a pair of orthogonal projections
and (a, ) € R%. Using Halmos’ two-subspace theorem, it is shown that, under suitable

assumptions, W(T) is the closed convex hull of a family of ellipses &' (1) parametrized by
A € o(PQ). Moreover, the spectrum ¢ (T) coincides with the set of all foci of this elliptic
family, revealing a precise geometric relation between the spectrum and the numerical
range of such operators.
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1. Introduction and Preliminaries

Let H be a complex separable Hilbert space and let B(#) denote the algebra of all
bounded linear operators on . An operator P € B(H) is called an orthogonal projection if
P = P2 = P*. For T € B(H), let W(T) and ¢(T) denote its numerical range and spectrum,
respectively, i.e.,

W(T) = {(Tx,x) : x € H, ||x| =1}, o(T) = {A € C: T — Alisnotinvertible}.

Recall that W(T) is a nonempty bounded convex subset of C and that its closure W (T)
always contains o(T). For A € B(#), A* denotes its adjoint and Re(A) = A%A* is its
T, 0
0 T
and it holds that W(T; @ T») = conv(W(T;) UW(T,)). An operator U is unitary if UU* =
U*U = I, and we write A ~ B if there exists a unitary operator U such that A = UBU".
Consequently, W(A) = W(B) whenever A ~ B. We refer the reader to [1] for further
properties of the numerical range. Let P, Q € B(?{) be two nonzero projections and let
(a, B) € C2. As defined in [2], we call

real part. Moreover, for Ty, T, € B(H), the direct sum T; & T, is defined as

7

T=P+aQ+ BPQ

the generalized pencil of a pair (P, Q) of projections at («, f). In [3], Markus referred to the
operator T = P + aQ as the pencil of a pair of projections (P, Q). Cui and Ji [4] later built
upon this by establishing necessary and sufficient conditions for a self-adjoint operator
T to be represented, at a point A € R\ {—1,0}, as the pencil AP + Q of a pair (P, Q) of
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projections. Building on this, Chen, Lai and Deng [2,5] focused on the generalized pencil,
with the aim of investigating its fundamental properties and establishing necessary and
sufficient conditions for an operator to be represented in this form. Such operators arise
in several areas, including functional analysis, mathematical physics, signal processing,
numerical analysis, and statistics. Previous studies have mainly focused on algebraic
characterizations and representation conditions, while the geometric aspect, particularly
the numerical range, has received limited attention. In this paper, we take a geometric
perspective to gain deeper insight into the structure of these operators.

It is shown in [6,7] that the closure of the numerical range can be expressed as the
closed convex hull of a family of ellipses parametrized by the spectrum. Each ellipse
is determined uniquely by the spectral parameter, and degeneracies occur only at the
endpoints of the spectrum. The generalized pencil T = P 4 «Q + BPQ involves the cross
term BPQ and depends on two real parameters («, B). In contrast to the operators studied
in [6,7], which involve only a single fixed parameter, the analysis of T requires additional
algebraic constraints on the parameters. Moreover, the triviality of the four intersection
subspaces in the Halmos decomposition must also be taken into account. The support
function of the ellipses is derived via the Lagrange multiplier method, which does not
directly rely on parametric representations. This approach differs from the pointwise
differentiation technique used in [6,7]. The geometry of this elliptic family is governed
by (&, B) together with the spectrum of PQ. As the parameters vary, the ellipses undergo
geometric transitions, with degeneracies requiring a careful case-by-case analysis.

From this geometric description, we characterize the closed convex hull of the elliptic
family as the closure of the numerical range of the generalized pencil. This provides a
unified framework for describing the family and classifying its degeneracies. It also clarifies
the relationship between the spectrum and the foci of the ellipses. These results extend
the descriptions in [6,7] to the generalized pencil with two free parameters, and provide a
geometric interpretation of its numerical range and spectral structure.

The investigation uses Halmos” two-subspace theoremin in an essential way, together
with the Borel functional calculus for self-adjoint operators. Both are reviewed below.

Let P and Q be two orthogonal projections on H. The ranges of P and Q are denoted
by £ and N, respectively. According to Halmos’ two-subspace theorem (see [8,9]), there is
a representation of H as an orthogonal sum

H=(LNN)®LAND @ L AN) & (L NN D e H, (1)

where H = Mog@® My, Mg = LS (LAN) D (LNAND)), My = Lo (LENN) @
(LENN1)). We denote T = Tl : H — H, and call T the regular part of T on #. If one
of the spaces M and M is nontrivial, then these two spaces have the same dimension
and there exist two self-adjoint operators S and C on My suchthat0 < S <[,0<C <],
S2 + C? = I,Ker(S) = Ker(C) = {0}, and such that P and Q are simultaneously unitarily
equivalent to the following operator matrices

I 0 c? CS
PrI®dI®d0®0 , ~IB0BI®0 ) 2
@@@@<OO> Q @@@@(CS 52> (2)

Moreover, there exists a self-adjoint operator T satisfying 0 < Tp < 71 such that
cos(Ty) = C and sin(Tp) = S.

FLAN = LNNL =LENN = LENNE = {0}, then the pair (P, Q) is said to be
regular. In this case, H = M ® M and the operator matrices in (2) reduce to
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(1o N cos?(Tp) cos(Tp) sin(Tp)
P <O 0>' Q (Cos(To)sin(To) sin?(Tp) ) ®)

If P and Q are given by the operator matrices in (2), then

1+ (a4 B)cos?> Ty (a+ B)cos Tysin Ty
P PO~ (1 IpI I®0 . 4
+aQ+pPQ ( +1x+[3) eload® @( a cos Ty sin Ty zxsinzTo (4)
If the pair (P, Q) is regular, the above matrix reduces to
1+ (a+B)cos?> Ty (a+ B)cos Tysin Ty
p PQ ~ . 5
TaQ+pPQ ( w cos Ty sin T asin® Ty (5)

In what follows, we assume H # {0} unless otherwise stated.

Let T € B(*H) be a self-adjoint operator with spectral measure E supported on o(T).
For every bounded Borel measurable function f defined on ¢(T), the Borel functional
calculus defines an operator

which satisfies the following properties:

O (f+8)(T) = f(T) +&(T), (f)(T) = f(T)g(T), F(T) = F(T);
(i) f(T) is self-adjoint whenever f is real-valued;
(iii) f(T) > g(T) whenever f and g are real-valued and f(A) > g(A) forall A € o(T);
(iv) o(f(T)) C f(o(T)). In particular, when f is continuous, o(f(T)) = f(c(T)).

As usual, f denotes the complex conjugate of f, and f(T)* the adjoint of f(T). We
refer the reader to [10] for a detailed account of these facts; see also [11].

2. Geometric Characterization of the Numerical Range of the
Generalized Pencil

In this section, we show that, under suitable assumptions, the closure W(T) of the
numerical range of the generalized pencil can be expressed as the closed convex hull of a
family of ellipses &(A) indexed by A € o(PQ). For simplicity, orthogonal projections will
be referred to as projections.

Definition 1. Let A € [0,1] and a < 0. We denote by &(A) the (possibly degenerate) ellipse with
foci at

<1+¢x+ﬁ)\i\/(1+oc+,82\)2—4a(1—)\) 0)
5 , 0],

center at (HD‘;[M, 0), and minor axis length \/B*A(1 — A). Equivalently, its boundary satisfies
the Cartesian equation
(- ¥,

a2 +b7:
where
T+a+Br 5, (I+a+pA)?2—4da(l1—A)+BA(1-A) ,  BEA(1-1)
0272 , a-= 1 , b =

Theorem 1. Let T be the generalized pencil of the pair (P, Q) of projections at (a, B) € R?, and
assume that « <0, a +p > 0, and 0 € o(Ty), where Ty is the self-adjoint operator given by (3).
We distinguish the following two cases.
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Pw(T) (0) =

sup
Aea(PQ)\{0}

(i) IfLNN # {0}, then the closure of the numerical range of T is the closed convex hull of the
family of ellipses & (M) for A € 0(PQ), i.e.,

W(T) = conv{ Uy, (pg) €(A)}-

(ii) If L~ NN = {0}, then the closure of the numerical range of T is the closed convex hull of the
family of ellipses & (M) for A € o(PQ) \ {0}, i.e.,

W(T) = conv{ Upeq(po)\ {0} € (M) }-

We now turn to the proof of the following theorem, which holds for a regular pair
(P, Q) of projections.

Theorem 2. Let (P, Q) be a regular pair of projections, and let T be the generalized pencil of a pair
(P, Q) of projections at (a, B) € R2. Ifa < 0, then the closure of the numerical range of T is the
closed convex hull of the family of ellipses & (A) for A € o(PQ) \ {0}, i.e.,

W(T) = conv{ Uy (pg)\ {0} (M) }-
In order to prove Theorem 2, we need the following definition and lemmas.

Definition 2 (see [12,13]). Let .’ be a bounded convex set in C. Let « € R. The support function
of ., of angle 0, is defined by the following formula

p.»(0) = sup{Re(zexp(—if)) : z € ./}.
Lemma 1 (see [12,13]). We denote by .7 the closure of . We have
' ={z€C:V0, Re(zexp(—if)) < p(0)}.

Lemma 2 (see [12,13]). Let .77, %, be two bounded convex sets of the plane C with support
functions p o, (0) and p o, (0), respectively. Let .7 be such that p o () = max;—1 0, (0). Then
we have

& =conv{.A U S}

Lemma 3 (Lagrange multiplier method [14,15]). Let f, g : R* — R be continuously differen-
tiable. Consider the optimization problem

max f(x) subjectto g(x)=0.
xeR"

If x* is a local maximizer and NV g(x*) # 0, then there exists a Lagrange multiplier p* € R
such that

V() +uVe(x™) =0,

or equivalently, VyL(x*, u*) = 0, where L(x,u) = f(x) + ug(x) is the Lagrangian. Together
with the constraint g(x*) = 0, these conditions are necessary for optimality.

Lemma 4. Let (P, Q) be a reqular pair of projections, and let T be the generalized pencil of a pair
(P, Q) of projections at (a, B) € R2. Ifa < 0, then the support function of the numerical range of
the generalized pencil T is given by

% (1+0c+,8)t)cos€—l—\/((1—|—0c+[5)t)2—40((1—/\))c0529+ﬁ2/\(1—)\) .
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Proof. Let 6 € [0,27]. For any operator A, the identity Re(Ah, h) = (Re(A)h, h) holds for
every unit vector 1 € H, since Re(A) = A%A*. From Definition 2, we then have

0) = sup{Re({(P+ aQ + BPQ)h, h) exp(—if)) : h € H, ||h|| =1},
= sup{Re((exp(—i0) (P +aQ + BPQ)h,h)) : h € H, ||h|| =1},
= sup{ (Re(exp(—if)(P+aQ + BPQ))h,h) : h € H, ||h|| = 1}.

PwW(P+aQ+BPQ) (

By Halmos’ two-subspace theorem, we have

P +aQ+ BPQ I+(“+.B)COSZTO (a + B) cos Ty sin Ty
w cos Ty sin T « sin? Ty ’

P+aQ + BQP ~ +(a+ﬁ)co§ 0 acos.ozsm 0\
(¢ +B)cosTysinTy  asin® Ty

Using this together with the identity Re(A) = A+TA* for any operator A, we obtain

Re(exp(—if)(P +aQ+ BPQ)) = % [exp(—i6) (P + aQ + BPQ) + exp (i) (P + «Q + BQP)]

cosf + (a + pB) cos f cos? Ty & cos 0 cos Ty sin Ty + 2,Bexp(—zG)cos Tysin Ty (6)
« cos 0 cos Ty sin Ty + %ﬁ exp(i0) cos Ty sin T a cos 0 sin® Ty
From
(+,0) cos 0 + (a + B) cos 6 cos® t acosfcostsint + 3 Bexp(—if) costsint
acosfcostsint + JBexp(if) costsint & cos @sin? t ’

where t € [0, 7], a direct computation shows that the eigenvalues of A(t,6) are given by

v1(t,0) = [cos O(1+a+ Bcos®t) + \/c052 0((1+a+ Bcos?t)2 —4asin®t) + B2 cos? tsin® t} ,

Nl—= N

vy (t,0) = [cos()(l +a+ Beos’t) — \/COSZG((l +a + Bcos? t)2 — dasin® t) + B2 cos? t sin? t}.

Note that for « < 0and B € R, the expression under the square root satisfies
cos?0((1+ & + Bcos? t)? — 4 sin® t) + % cos? tsin’ ¢ > 0

forallt € [0, 7] and 6 € [0,27].
Recall from (5) that Ty is the self-adjoint operator with 0 < Ty < 71 provided by

Halmos’ two-subspace theorem. The entries of A(t,6) are continuous in ¢, hence bounded
Borel measurable on o (Tp). By the Borel functional calculus, the operator matrix A(Ty, 0) is

well defined. From (6) we then have

Re(exp(—i6) (P + aQ + BPQ)) ~ A(Ty,0).

~ [vi(t,0) 0
B(t,0) = ( 1 0 vz(t,9)>'

Since A(t,0) is Hermitian, it is unitarily diagonalizable. Hence, there exists a unitary

matrix U(t, ) such that

Meanwhile, define

U(t,0)A(t,0)U(t,0)* = B(t,0).
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We first construct U(t, ) for t € (0, 5) and treat the endpoints separately afterward.

_alz(f, 9) _ﬂ12(t, 9)
B n1(t,0) na(t,0)
U(t, 9) B au(t, 9) — '01<t/ 6) a11 (tr 9) — Uz(t, 6) '
ny(t,0) na(t,0)

where
a11(t,0) = cosf + (a + B) cos 6 cos t,
a12(1,60) = weos fcos tsint + 1 fexp(—if) cossint,
n1(£,6) = \/— (a11(£,6) — v1(£,0)) (v1 (1, 6) — 0a(£,6)),
na(1,0) = \/(a11(1,0) — v2(t,0)) (01 (1, 6) — va(£,6)).

A direct computation shows that U(t,0)A(t,0)U*(t,6) = B(t,0), and consequently
U(t,0)Ux(t,0) = U*(t,0)U(t,0) = I,so U(t,0) is unitary.
When t = 0, we have

A(0,0) = ( (1+a—;ﬁ)cos€ 8 >,

where
v1(0,0) = max(cos@(1+a+B),0), ©v2(0,0) = min(cosf(1+a+ f),0).

If cos0(1 + a + B) > 0, the unitary matrix

U(0,6) — ( (1) 2 )

satisfies U(0,0)A(0,0)U*(0,6) = B(0,0). If cos0(1 + a + B) < 0, the unitary matrix

u(o,0) = ( g (1) )

also satisfies U(0,6)A(0,0)U*(0,6) = B(0,0). A similar analysis applies to the case t = 7.
Thus, for every t € [0, 5] and every 6 € [0,27], there exists a unitary matrix U(t, )
such that U(t,0)A(t,0)U*(t,0) = B(t,0).
All entries of U(t,0) are continuous, hence bounded Borel measurable on ¢(Tj). By
properties (i)—(iii) stated in the Introduction, the identities

U(t,0)A(t,0)U*(t,0) = B(t,0), U(t,0)Uu*(t,0) = U*(t,0)U(t,0) =1,
which hold for every t € [0, 7], remain valid after replacing t by Ty. Consequently,
A(Ty,0) = U(To,0)B(Ty, 0)U*(Tp,0), U(To, 0)U*(Ty,0) = U (To, 0)U(Tp,0) = L.
Thus, in view of (6), Re(exp(—if)(P + aQ + BPQ)) ~ B(Ty,0). Note that for all

t € [0,5] and 6 € [0,27], the inequality v,(t,60) < 0 < v;(t,0) holds when a < 0.
Since ¢(Tp) C [0, 5] and vy, v, are continuous in ¢, the Borel functional calculus yields
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v2(Tp,0) < 0 < v1(Tp,0). Moreover, the operators vy (T, 8) and v, (Tp, 0) are self-adjoint.
Hence,
Re(exp(—i()) (P +aQ+ ﬁPQ)) ~ U](TQ,()) &) Z)z(To, 9),

with v5(Tp,0) < 0 < v1(Tp,0). Therefore,
ow(r+a0+prQ)(0) = sup {(Re(exp(—if) (P + aQ + BPQ))h, h), heH, ||h|| = 1},
= sup {((v1(To, 0)®va(To, 0) )1, 1), W eH, ||H|| = 1},
= sup {(v1(To, O)W W), W eH, |H| =1},

= [l01(To,0)|| = sup wv1(to,0).
to€o(Ty)

From Equation (3) we obtain
PQP cos?Ty 0
0 0/

o(PQ)\ {0} = a(P(PQ)) \ {0} = c((PQ)P) \ {0},
and o(PQP) = cos?*(c(Ty)) U {0}, we set A = cos? ty with tg € ¢(Ty). Then

Since

pw(r)(0) = sup v1(t,0),
to€a(Ty)

= sup % (1—0—0(—1—,3)\)c0s9+\/((14—0(—!-[%)\)2—40((1—/\))c0529+ﬁ2/\(1—)\) .
Aea(PQ)\{0}

This completes the proof. [

Remark 1. By Definition 1, the ellipse & (M) is determined by its foci, center, and axes. Its geometric
character depends on the parameters as follows.

Case p # 0. For A € (0,1), ifa < 0, then & (A) is a non-degenerate ellipse; if & = 0, the shape
depends on (1 + BA)?, giving a circle when (1+ BA)? = 0 and a non-degenerate ellipse otherwise.

For A = 0, &(A) degenerates to the line segment [c — a,c + a]. For A = 1, it degenerates to a
point when 1 4 « + B = 0, and to a line segment otherwise.

Case B = 0. In this case, &(\) degenerates to the line segment [c — a,c + a| for every
A € [0,1]. Moreover, when « = —1 and A = 1, this segment further reduces to a point.

Figure 1 shows the family &(A) for« = —0.5and p = 2. For A € (0,1), the curves are
non-degenerate ellipses drawn with different line styles. At A = 1, the ellipse degenerates
to a line segment, illustrating one of the degenerate cases described in Remark 1.

The following result shows that the support function of the ellipse &'(A) defined in
Definition 1 coincides with that of the numerical range of the generalized pencil T.

Lemma 5. For A € [0, 1], the support function of the ellipse & (A) in Definition 1 is given by:

Per)(0) = % (1+a+pBA)cosb + \/((1+zx+ﬁ/\)2—4zx(l—)\)) cos2+ BEA(1—A)|.

Proof. We proceed by distinguishing two cases.
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Case (i): B # 0. If A € (0,1), then by Remark 1 we have a> > 0 and b? > 0. Hence the
boundary of & () can be expressed in the quadratic form

(X-O)TA(X-C) =1,

<) e

is positive definite. By [13], the support function of the compact convex set &'(A) is

where

cos 0
Pen(8) = sup d'X, d=| . :
W Xe&(A) sinf

Since the supremum of a linear function over a compact convex set is attained on the
boundary, it suffices to maximize d ' X subject to the boundary constraint (X — C) T A(X —
C) = 1. By Lemma 3, we form the Lagrangian

LX) =d X +p(1- (X~ C)TA(X —C)),
and note that

a2 2
d"X = xcos@ + ysin#, (X—C)TA(X_C)ZM+]L_

a? b2
Taking partial derivatives and setting them to zero yields
%ZCOSQ—Z#%:O, g;—sinG—Zygz—O.
In vector form this reads
d—2uA(X—-C)=0,
hence d = 2uA(X — C) and .
X=C+ ﬂAfld. (7)

Substituting (7) into the constraint (X — C) T A(X — C) = 1 gives

1

dTA ld=1
42 ’

so that 1
l/l - :ti Vv dTA_ld
Inserting these values of y back into (7), we obtain two critical points

Al
VATA- 14

Evaluating the objective function at these critical points yields

d'X=d'C+VdTA 14,

X=C=£

and the maximum is attained at the plus sign. Therefore,

ps(0) =d'C+ VdTA-1d.

https:/ /doi.org/10.3390/math14101732


https://doi.org/10.3390/math14101732

Mathematics 2026, 14, 1732 9of 15

Substituting the explicit expressions for ¢, 4%, and b given in Remark 1 into the
right-hand side, we obtain

per)(0) = % [(1 +a+ BA)cosf + \/((1 +a+ pA)2 —4a(1—A)) cos? 0+ B2A(1 — /\)} (8)

It remains to verify that (8) also holds at the endpoints of [0, 1].
For A = 0, Remark 1 shows that £(0) degenerates to the line segment [c — a,c + a].

Hence
Ps)(0) = sup xcosf = ccosf+alcosf|
x€[c—a,c+a]

— %[(1—1—“—}—,8)@594—\/((1+a+ﬁ)2—4¢x)c0529}.

Setting A = 0 in (8) reduces to the same expression.

For A = 1, Remark 1 distinguishes two subcases. If 1 +a + p = 0, then & (1) degener-
ates to a point, and both the direct computation and (8) give pe(1)(0) = 0. If 1 +a + B #0,
then &'(1) degenerates to the line segment [c — a, ¢ + a], and a computation analogous to
the case A = 0 shows that its support function also agrees with (8).

Case (ii): B = 0. In this case, Remark 1 shows that £ (1) degenerates to a line segment
for every A € [0,1], and an analogous direct computation confirms that its support function
is still given by (8).

Having verified (8) for A € (0, 1) in the non-degenerate case, for the endpoints A = 0,1,
and for the degenerate case p = 0, we conclude that for every A € [0,1],

Pen)(0) = % [(1 +a+ BA)cosf + \/((1 +a+BA)2 —4a(l—A)) cos? 6+ B2A(1 — )\)}

O

A€ (0,1) ellipses

A=1 degenerate (segment)
line styles vary with A;

all curves are ellipses.

ellipses

Figure 1. The family &(A) for « = —0.5, p = 2. At A = 1 the ellipse degenerates to a line segment.

We thus obtain the following explicit characterization of the closure of the numerical
range of the generalized pencil T.

Proof of Theorem 2. From Lemmas 4 and 5, we have
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pw(r)(0) =  sup % (14+a+ BA)cos6 + \/[(1+a+[3)\)2 —4a(1—A)] cos?6+BPA(1—A)|,
A€c(PQ)\{0}

= sup  pgp)(0).
Aec(PQ)\{0}

By Lemma 2, the support function of a convex hull of a family of sets equals the
supremum of their individual support functions. Hence,

W(T) = conv{Uco(po)\ {0} (A) }-
O

Combining Theorem 2 with the decomposition (1), we obtain the main result for the
general case.

Proof of Theorem 1. From the matrix form in (2), we have

1+ (a4 pB)cos?> Ty (a+ B)cos Tysin Ty
p PQ~ (1 I®I®al®0 .
FaQ+pPQ~ (1+at+ploloald @< a cos Ty sin Ty wasin® T,
Suppose H # {0}. We consider the four intersection subspaces in turn.

() ILLNNL #{0},then T=0o0n L NNt Henceon (£L-NN1) @ H we obtain

conv{{0} Uconv{ Uycq(po)\ {0} € (A)}}

Since {0} C &(A) forall A € (0,1], the set {0} is already contained in the convex hull
of the ellipses. Therefore

W(T) = conv{ Upco(po)\ {0} € (M)}

on the space LXNNL & H.
(i) If L- NN # {0}, then T = al on £+ NN . Hence on (£ N N') @ H we obtain

conv{{a} Uconv{ Uc,(poy o} €(A)}}-

Sincew < 0,4+ B > 0,and 0 € ¢(Ty), we have {1} C &(1). Because H # {0}, the

segment [«, 1] is contained in W(T) on this subspace. Consequently,

COHV{[ZX, 1} U COI’IV{ U/\EU(PQ)\{O} 5()\)}}

Under our assumptions, & (0) = [«,1] and 0 € 0(PQ). Thus

W(T) = conv{&(0) Uconv{ Uycq(po) oy €(A)}} = conv{Uycppg) €(A)}

on the space (LLNN) @ H.
(iii) If LNNL # {0}, then T =Ton LNNL. Henceon (LNNL) @ H,

conv{{1} Uconv{ Uycq(po)\ {0} € (A)}}
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Since {1} C &(1), the point 1 already belongs to the convex hull of the ellipses.
Therefore

W(T) = conv{ Uy (pg)\ foy € () }

on the space (LNN1) @ H.
(iv) ELNN # {0}, thenT = (14+a+ B)lon LNN. Hence on (LNN) D H,

conv{{(1+a+ B)}Uconv{U,cpoy o} €(A)}}-

Since « + p > 0, the segment [0,1 + « + f] is contained in W(T) on this subspace.
Because 1 € ¢(PQ) and, under our assumptions, & (1) = [0,1+ a + B], we obtain

W(T) = conv{&(1) Uconv{ U cq(po)\ {0} € (A)}} = conv{ Upcr(pg)\ foy €(A) }

on the space (LNN) @ H.

If several of these subspaces are simultaneously nontrivial, their scalar contributions
combine within the convex hull and are already accounted for by the degenerate ellipses
&(0) or £(1), as shown in the four cases above. Hence, under our assumptions, we arrive
at the following dichotomy.

(@) If L-NN # {0}, then

W(T) = conv{ Uy, (pg) €(A)}-

(b) If L1 NN = {0}, then

W(T) = conv{ Upcs(pg)\ {0} € (M) }-
O

Corollary 1. Let T be the generalized pencil of a pair (P, Q) of projections at (a,B) € R2. If
H = 0and a < 0, then the closure of the numerical range of T is the closed convex hull of the
family of ellipses & (A) for A € o(PQ), under any of the following six conditions

G LON,LOANL, LN N are all nontrivial.

(i) LNN = {0}, while LOANL, L NN, and L+ NN+ are all nontrivial.

(iii) LNN* = {0}, while LN N and L+ NN are nontrivial, and 1+« + g > 1.

(iv) LNN = {0}, while LON and £L NN+ are nontrivial, and o = 0.

() LNN # {0}, while LAN* = {0} and L+ NN = {0}, anda =0,1+a+ B > 1.
(i) LONL £ {0}, while LAN = {0} and LX NN = {0}, and « = 0.

Proof. When H = 0, from the matrix form in (4), we have
P+aQ+pBPQ~(14+a+pB) e Idal®O.

Suppose condition (i) holds. Then W(T) = W((1+a +B)I & I @ al) = conv{{1} U
{a} U{l14+a+pB}}.If14+a+p>1,then W(T) = [a,1+ a + B]. In this case A € 0(PQ) =
{0,1}, with &(0) = [&,1] and &(1) = [0,1 + a + B], hence W(T) = conv{&(0) U&(1)}. If
0<1+a+pB<lorl+a+ B <0, theconclusion follows similarly.

Now suppose condition (ii) holds. Since £+ NN+ # {0} in this case, we have
W(T) =W & I®al) = conv{{0}U{1}U{a}} = [a,1]. Here A € o(PQ) = {0}, and
since £(0) = [a, 1], we obtain W(T) = £(0).

The remaining four conditions follow by analogous arguments; we omit the routine
details. O
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Corollary 2. Let T be the generalized pencil of a pair (P, Q) of projections at («, B) € R%. Ifa <0,
a+ B >0,and 0 € o(Ty), where Ty is the self-adjoint operator appearing in (3), then

W(T) = conv{U,cp(pg)\ 0} 6 (M) } € conv{Uye(p1)&(A)}

In particular, when L+ NN # {0} and ¢(PQ) = [0,1],

W(T) = conv{U,¢[o11¢ (M)}
Proof. By Theorem 1 and the inclusion o(PQ) C [0, 1], the result follows directly. [

3. Geometric Relations Between the Spectrum and the Numerical Range
of Generalized Pencils

While Section 2 characterized the closure of the numerical range of the generalized
pencil T in terms of the spectrum o (PQ), this section examines the geometric relationship
between the closure of the numerical range of T and ¢(PQ). As shown in Section 2, under
suitable assumptions, this closure coincides with the closed convex hull of a family of
ellipses, i.e.,

W(T) = conv{ Upeo(po)\ {0} € (M) }-

From Definition 1, the set of all foci of the ellipses in this family is given by

. {1+a+/3/\:|: \/(1+§c+ﬁA)2—4”‘(1‘A) :AEU(PQ)\{O}}'

we define the extended set F’ by allowing A to range over the full spectrum o(PQ).

Theorem 3. Let (P, Q) be a regular pair of projections, and let T be the generalized pencil of a pair
(P, Q) of projections at (a, B) € R2. Ifa < 0, then

W(T) = conv{ Usco(pg) o} € (M)},
and the spectrum of T coincides with the set of all foci of the ellipses in this family, i.e.,
o(T) =F.
Proof. From (3) we have the unitary equivalence

T 1+ (a4 pB)cos? Ty (a+ B)cos Tysin Ty
« cos Ty sin Ty asin? T, '

Denote the operator matrix on the right-hand side by A. Set H = sin® Tp; then
[—H =cos?Tyand 0 < H < [ with Ker H = Ker(I — H) = {0}. With W = \/H(I — H),
the operator matrix A can be rewritten as

a (tH@+p)(I—H) (a+pW
aW aH '

All four entries of A are continuous functions of the self-adjoint operator H, hence
they commute pairwise. For a 2 X 2 operator matrix with commuting entries, invertibility
is equivalent to the invertibility of its operator determinant. The operator determinant of
A—Alis
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Det(A —Al) = (1+ (a+ B)(I — H) — Al) (aH — AI) — a(a + B)W?
=((1+a+p—A)I—(a+p)H)(aH — AI) —a(a+ B)H(I — H).

Since all factors commute, we may expand this in the same way as scalar polynomials.
Using H as the variable, we obtain after simplification

Det(A—AI) = (a+ BA)H — (1 +a + B — A)AL
Observe that Det(A — AI) is a continuous function of H, namely g(H) with
g(x) = —(A2 = (1+a+B—Bx)A +ax), x € o(H).

By the spectral mapping property (iv) of the Borel functional calculus and continuity
of g, Det(A — AI) is invertible if and only if g(x) # 0 for all x € ¢(H). Thus, A € o(A)
precisely when det(A(x) — AI) = 0 for some x € o(H), where

A = (1T @EAA =) (&t p)va1-x)
B ay/x(1T—x) x .

A direct computation of the characteristic polynomial gives

_ l+a+p—px+t/(1+a+p—Bx)2—4ax

A 5 , x € c(H). )
Rewrite (9) intermsof y =1 —x € o(I — H):
A:1+1x+ﬁyi\/(1+a+ﬁy)2f4zx(1—y) yeoll—H). (10)

2 7

Using ¢(PQP) = o(cos? Ty) U {0} = o(I — H) U {0} and ¢(PQP) \ {0} = ¢(PQ) \
{0}, we obtain o(I — H) \ {0} = ¢(PQ) \ {0}. Since 0 is not an eigenvalue of I — H, it can
be removed without affecting the validity of (10); therefore

o(T) = {1+oc+/3/\i \/(1+;X+,B/\)2—4zx(1—/\)

A €0(PQ)\ {0}}- (11)

In this case Theorem 2 yields

W(T) = conv{ Ujco(po)\ {0} €(M) }-

From Definition 1, the set of all foci of the ellipses & (A) for A € o(PQ) \ {0} in this
family is

o {1+zx+ﬁAi \/(1+;+/3/\)2_4“(1_A),/\EU(PQ)\{O}}r

which is exactly the set on the right-hand side of (11).
Thus
o(T) =F.

Together with Theorem 2, this completes the proof. [

By Theorem 1, the result now extends to general pairs (P, Q) of projections.
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Theorem 4. Let T be the generalized pencil of a pair (P, Q) of projections at («, B) € R?, and
assume that x <0, + B > 0, and 0 € o(Ty), where Ty is the self-adjoint operator appearing in
(3). Then Theorem 1 holds and we distinguish two cases.

(i) IfLYNN #{0}and LOANL # {0}, then

o(T) = F.
(i) IfLENN ={0}and LONL = {0}, then

o(T) = F.

Proof. From the matrix form in (2), we have

1 2T, Tosin T
T~(ltat+ploloal®0o +(a+p)cos™ Ty (“+ﬁ)§0§ osinTo
a cos Ty sin Ty a sin? Ty

By Theorem 3, we have

am—{”“ﬁ“¢<l+§+m>2—4a<1—m

/ /\GU(PQ)\{O}}- (12)

The four intersection subspaces, if nontrivial, give the scalar eigenvalues
c(l+a+p)adldal®0) C{l1+a+p 1,4 0}

Therefore, the full spectrum of T is

T+a+pAt/(1+a+pAr)2—4a(l—A)

a(T)g{l—Hx—i—ﬁ,l,a,O}U{ > :AEU(PQ)\{O}}.

We now distinguish two cases.

Case (i): L NN # {0} and LNNT # {0}.On L NN wehave T = al,sox € o(T),
and PQ = 0, hence 0 € ¢(PQ). On LN N+ wehave T = I,s0 1 € ¢(T). The hypothesis
0 € 0(Tp) gives 1 € o(PQ). Since « + > 0, we have &(1) = [0,1 + a + B], and by (12) at
A = 1 the regular part T contributes its two foci as spectral points. Since 0 € ¢(PQ), the
degenerate ellipse & (0) = [«, 1] also enters the family, and its foci « and 1 coincide with the
scalar eigenvalues coming from the two intersection subspaces. Therefore,

o(T) = F.

Case (ii): L NN = {0} and LN N+ = {0}. The scalar eigenvalues « and 1 are
absent, and £(0) does not enter the family. Any remaining scalar contributions are already
contained in the spectrum of the regular part. Therefore,

o(T) = F.

O

Theorem 3 (or Theorem 4) provides a clear geometric picture of how the spectrum o (T)
sits inside the closure of the numerical range. Specifically, the spectrum ¢(T) coincides with

the set of foci of the family of ellipses that characterize W(T), offering a precise geometric

insight into the relationship between o (T) and W(T). Figure 2 shows several ellipses and
the distribution of their foci.
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Ae(0,1) ellipses
y o foci
line styles vary with A;
all curves are ellipses.

ellipses

Figure 2. The ellipses &(A) for « = —2, B = 4. The black dots indicate the foci of each ellipse.
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