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Abstract

This paper considers an unreliable system together with a repairman operating in a doubly
stochastic environment. The system operates in a stochastic environment which alternates
between two levels, namely less load and heavy load. The intrinsic life-time of the system
is exponentially distributed with varying means depending on whether the system is
working in less load period or heavy load period. Environment dependent shocks arrive
to the system according to a Poisson process with different rates depending on whether
the environment is in less load or in heavy load period. At the occurrence of a shock,
the operating system fails and it is immediately taken to the repair facility and the repair
commences instantaneously. The repair time is exponentially distributed whose mean is
dependent on the type of failure and the level of the environment. After each repair, the
system begins to function in heavy load environment or less load environment according
to the level of the environment at the time of completion of the repair. The repair facility is
unaffected by shocks. Kolmogorov equations governing the behaviour of the system are
derived and the probability distribution of the states is obtained. The availability function
is also obtained and the model is highlighted with a numerical illustration.

Keywords: availability; doubly stochastic environment; poisson shock model;

load-dependent failure; environment-dependent repair

MSC: 90B25

1. Introduction

Shock models have been used to study several cases such as earthquake occurrences,
reliability of mechanical systems, production systems and inventory systems. The mono-
graph of Nakagawa [1] cites a huge number of research articles that have been published
in the past on shock models. Gaver [2] introduced the notion of stochastic environment in
studying a class of stochastic models for system reliability. Esary et al. [3] studied some
shock models for obtaining life time distribution of a component which is subjected to Pois-
son shocks. A-Hameed and Proschan [4] obtained the life distribution of a device subject to
a sequence of shocks occurring randomly in time according to a non-stationary pure birth
process. Rade [5] studied a parallel reliability system which is subject to shocks generated
by a renewal point process. Shanthikumar and Sumita [6] introduced shock models which
can be applied to study several random phenomena such as occurrences of earthquakes,
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failure of mechanical systems, production systems and inventory systems. Gut [7] de-
scribed cumulative shock models by developing a theory of stopped two-dimensional
random walks and obtained certain limit theorems for lifetime/failure time of a system
subjected to random shocks. Petakos and Tsapelas [8] developed reliability analysis for
systems operating in a random environment where shocks occur and cause component
failure in a specific way. Skoulakis [9] proposed and obtained some performance measures
for a general shock model for a reliability system. Wang and Zhang [10] obtained an
optimal replacement policy for a shock model with two-type failures. In his monograph,
Nakagawa [11] summarized his research work on maintenance policies and reliability prop-
erties for system reliability models by using stochastic processes. Zhao and Nakagawa [12]
surveyed some of the research work done on advanced maintenance techniques with shock
and damage models in computer systems and mechanical systems. Munoli and Suhas [13]
studied a problem of modelling and assessment of survival probability of a component
experiencing two types of shocks, one type causing mild damage to the system not affecting
the functioning of the system, and the other type causing complete failure of the system.
Wu and Cui [14] developed two Markov renewal shock models with multiple failure
mechanisms and obtained reliability functions and other reliability indices. Zhao et al. [15]
considered the problem of obtaining maintenance policy for mission-oriented systems sub-
ject to degradation and external shocks. Wu et al. [16] developed two novel critical shock
models based on Markov renewal processes and obtained the reliability function and the
mean time to failure. Hu and Zhu [17] presented a review of system reliability models with
random shocks and uncertainty citing numerous articles on reliability problems. Hussien
and El-Sherbeny [18] have studied the reliability and availability of an unreliable one-unit
system with a single technician to perform repair and maintenance in the presence of shocks
occurring at random times. These shocks damage the unit and degrade its performance
cumulatively over time.

The main feature of shock models studied in the aforementioned research papers
is the arrival pattern of the shocks experienced by reliability systems over the time axis.
The arrival pattern is modelled as a stochastic point process on the time axis [0, %) (see
Snyder [19], Srinivasan [20], Jacobsen [21], Sigman [22]). Each shock renders a random
amount of damage to the system. The amount of each damage may be small or large
depending on the behaviour of the system. If the system continues to function with a
decreased effectiveness after a shock, then the damage is considered to be mild. On the
other hand, if the system breaks down at the occurrence of a shock, then the damage
is considered to be fatal. Instead of allowing the system to function with a decreased
effectiveness after the occurrence of a mild shock, it is reasonable to halt the system as a
preventive measure and perform maintenance repair to bring back the system to a new
one. Furthermore, the system may operate under the influence of a random environment
in the sense that there may be heavy load and less load alternately on the system. The life
time of the system may not be same in heavy load and less load intervals. Frequencies of
occurrence of shocks may be different in heavy load and less load intervals.

Petakos and Tsapelas [8], in their model, do not incorporate environment-dependent
shock arrivals with environment-dependent intrinsic failure and repair simultaneously.
Rade [5] and Skoulakis [9] analysed reliability systems only under a single environment.
Shanthikumar and Sumita [6] developed general shock models with correlated renewal
sequences not determined by external Markov environment. Sigman [22] gives a general
theory of stationary marked point processes but does not address doubly stochastic shock-
modulated repairable systems. In this paper, we study a stochastic model of a reliability
system subjected to shocks in a random environment wherein the intrinsic failure rate,
the shock arrival rate and the repair rate are jointly modulated by a two-state Markov

https://doi.org/10.3390 /math14101730


https://doi.org/10.3390/math14101730

Mathematics 2026, 14, 1730

30f24

environment, so that all three time-scales respond to the load level. Further, failures
are classified dichotomously into intrinsic and shock-induced types, and the repair rate
depends both on the type of failure and on the environment level at the time of failure. To
the best of our knowledge, this combination has not been analysed in closed form in the
prior literature.

The plan of the paper is as follows: In Section 2, the stochastic model of a reliability
system is proposed. Equations governing the system are derived in Section 3. Section 4
provides a solution for the probability distribution of the states. The availability function is
obtained in Section 5. A reliability analysis is presented in Section 6. Section 7 derives the
mean time to failure. Section 8 introduces the efficiency measure. Section 9 highlights the
model with a numerical illustration. A conclusion is included in Section 10.

2. Description of the Stochastic Model

We consider a single component (one unit) reliability system together with a repair-
man operating in a doubly stochastic environment. The system operates in a stochastic
environment which alternates between two levels, namely less load (level 0) and heavy
load (level 1). Shocks arrive to the system according to a Poisson process with rate 7 or #;
depending on whether the environment is in level 0 or in level 1 respectively. At the occur-
rence of a shock, the operating unit fails and it is immediately taken to the repair facility
and the repair commences instantaneously. The repair time is random and immediately
after repair, the unit becomes a new unit. The repair time of a failed unit is exponentially
distributed with mean

%, if the unit failure has occurred in less load environment due to life-failure
%, if the unit failure has occurred in heavy load environment due to life-failure
1
Y107
1
Y117

if the unit failure has occurred in less load environment due to shock

if the unit failure has occurred in heavy load environment due to shock

After each repair, the unit begins to function in heavy load environment or less load
environment according to the level of the environment at the time of completion of the
repair. The repair facility is unaffected by shocks. The life-time of the unit is exponentially
distributed with mean % or % depending on whether the unit is operating in less load
environment or heavy load environment.

The exponential distributions are assumed for the intrinsic life-time and the re-
pair time fundamentally because the memoryless property makes the joint process
{(X(t),Y(t)) : t > 0} a continuous-time Markov chain on a finite state space, and hence
enables the closed-form Laplace-domain solution and the explicit availability and reliability
expressions obtained in the paper.

If the exponential assumption is relaxed—for example, by adopting a Weibull life
time to capture wear-out, or a general repair-time distribution—the closed-form avail-
ability would in general be lost. This generalization may be taken up as a direction for

future research.

Assumptions and Notation
Let X(t) be the state of the unit at time t. We define

0 if the unit is in the failed state at time ¢ due to its life-failure.
X(t) =< 1 if the unitis in the failed state at time t due to shock occurrence .
2 if the unit is in the working state at time ¢ .
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Let Y(t) be the state of the environment at time . We define

Y(t) = 0 if the environment is loaded mildly at time ¢ .
~ | 1 if the environment is loaded heavily at time ¢ .

Let {Y(t)|t > 0} be a two-state Markov process with transition probabilities
defined by

PrlY(t+A) = 1|Y(t) = 0] = aA +o(A), Pr[Y(t+A) = 0]Y(t) = 1] = BA +o(A).

Let V(t) = (X(¢),Y(t)). Then, {V(t)|t > 0} is a two-dimensional Markov process
with state space Q = {(7,/)|i = 0,1,2;j = 0,1}. Assume that at time t = 0, the load of the
environment is heavy and repair of unit is just completed. Then V(0) = (2,1). Define

PG, j,t) = Prlv(t) = (i, )[V(0) = (2,1)],(i,]) € Q.

3. Governing Equations

The governing equations are derived by applying the law of total probability over an
infinitesimal interval (¢, t + dt].

Using probability law for additive events, and the transition diagram for each state of
the model, we have derived the governing equations as shown below (see Figure 1):

Figure 1. In-Flow & Out-Flow Centered at (0,0).

Consider

P(0,0,t +dt) = P(0,0,)(1 — adt — yoodt) + P(0,1, £)Bdt + P(2,0, ) podt + o(dt),
t)

P00+ d;)t —POOY _ —(a+700)P(0,0,£) + BP(0,1,¢) + puoP(2,0,t) + —"(ddt ,

Taking the limit as dt — 0, we have

P'(0,0,t) = —(a + 700)P(0,0,) + BP(0,1,£) + uoP(2,0,t). 1)

(see Figure 2)

Yo1 u

Figure 2. In-Flow & Out-Flow Centered at (0,1).

Consider

P(0,1,t+dt) = P(0,1,)(1 — Bdt — yordt) + P(0,0, t)adt + P(2,1,t)pydt + o(dt)

P(0,1,t 4+ dt) — P(0,1,¢ dt
0,1t + d>t OLY _ (gt o) P(0,1,8) + €P(0,0,8) + 1 P(2,1,8) + "(dt ),
Taking the limit as dt — 0, we have
P'(0,1,¢) = —(B+701)P(0,1,) +aP(0,0,t) + i1 P(2,1, ). @)
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(see Figure 3)

Figure 3. In-Flow & Out-Flow Centered at (1,0).

Consider

P(1,0,t+dt) = P(1,0,t)(1 — adt — yq0dt) + P(1,1,t)Bdt + P(2,0, t)nodt + o(dt),

P(1,0,t+dt) — P(1,0,t dt
( di ( ) :_(0‘+’Y10)P(1,0,t)+:3P(1/1,t)+770P(2,0,t)+O(dt),
Taking the limit as dt — 0, we have
P'(1,0,t) = — (& +7110)P(1,0,8) + BP(1,1,1) + 1oP(2,0,1). ®)
(see Figure 4)
a
= Len T oo D

Y1

Figure 4. In-Flow & Out-Flow Centered at (1,1).

Consider

P(1,1,t+dt) = P(1,1,£)(1 — Bdt — yy1dt) + P(1,0,t)adt + P(2,1, t)ydt + o(dt),

P(1,1,t +dt) — P(1,1,¢ dt
(LLt+ d)t WLLY (g4 y)P(1,1,8) + aP(1,0,8) + 1 P21, £) + O(dt),
Taking the limit as dt — 0, we have
P'(1,1,t) = —(B+m11)P(1,1,t) +aP(1,0,) + ;1 P(2,1, ). @)

(see Figure 5)

Figure 5. In-Flow & Out-Flow Centered at (2,0).
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Consider
P(2,0,t+dt) = P(2,0,t)(1— podt — adt — nodt) + P(2,1,t)Bdt
+P(0, 0, t)’)’oodt + P(l, 0, t)’)/lodt + O(dt),
P(2,0,t+dt) — P(2,0,t
( di ( ) = —(po+a+n0)P(2,0,t)+pP(2,1,1)
dt
+700P(0/ 0/ t) + 7101)(1/ 0/ t) + O(dt )/
Taking the limit as dt — 0, we have
Pl (2/ Or t) - *(VO +a+ ﬂO)P(Z/ 0/ t) + ABP(zl 1/ t) + f}/OOP(OI 0/ t) + f}/lOP(ll 0/ t) (5)
(see Figure 6)
Y11 n
(o T o en Fio )
K
Yo1
Figure 6. In-Flow & Out-Flow Centered at (2,1).
Consider
P(2,1,t+dt) = P(2,1,t)(1 — uydt — Bdt — mydt) + P(2,0, t)adt
P(2,1,t+dt) — P(2,1,t
( d)t &Ly _ —(m+B+m)P(21,t) +aP(2,0,t)
dt
+’YOlP(0/ 1/ t) + ’Yllp(l/ 1/ t) + %/
Taking the limit as dt — 0, we have
P'(2,1,8) = — (1 + B+ 1)P(2,1,0) +aP(2,0,8) + 50 P(O, L 1) + ynP(LLD.  (6)

In the above Equations (1)-(6), we have used the notation

d ... ro
aP(z,],t) =P (i,j,t).

4. Transient State Probabilities

Using Laplace transform technique, we obtain the transient solution for the state
probabilities. Denoting the Laplace transform of P(i, ], t) by P*(i,],s), the governing
Equations (1)—(6) yield,

(s +a+v00)P*(0,0,5) = BP*(0,1,5) + uoP*(2,0,s), ?)
(s+ B+ v01)P*(0,1,s) aP*(0,0,s) + u1P*(2,1,s), (8)
(s +a+710)P*(1,0,5) BP*(1,1,s) + noP*(2,0,s), 9)
(s+B+711)P*(1,1,5) aP*(1,0,s) + ;1 P*(2,1,9), (10
(s + po +a +170)P*(2,0,5) BP*(2,1,5) + v00P*(0,0,5) + 110P*(1,0,5), (11)
(s+wu1+B+m)P*(2,1,s) = 1+aP*(2,0,5)+v01P*(0,1,5) +v11P*(1,1,5). (12)
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Using (7)-(10), we obtain
. ~ po(s+ B+ v01) HiB .
P00s) = FEGEETEP (2,0 + fUSP2Ls), (13)
* _ Hok s .”1(5"""+’YOO) *
P*(0,1,5) = l%()P(ZOJ)+4——7%E§——fP(Zlﬁ% (14)
. _ Bn . 7o(s + B+ 711) s
P*(1,0,5) = Dl()P(zl )+~——72E5——7P(20ﬁh (15)
X .Y/ - 71(s +a +710) ,«
P*(1,1,5) = Dl@)P @Axs)+4———5157———P (2,1,5), (16)
where
Dy(s) = (s +a+y00)(s + B+ 701) —ap,
Di(s) = (s +a+710)(s + B+ 711) — ap.
Consequently, (11) and (12) yield
P*(2,0,5) = £z$2)P*(2,1,s) (17)
* _ DO(S)Dl(S) B(S *
P21 = St gt 209 (18)
where
A(s) = BDo(s)Di(s) + u1BvooD1(s) + Brir10Dol(s)
B(s) = aDo(s)Di(s) + poayorD1(s) +anor11Do(s)
Dy(s) = (s+po+a+10)Do(s)D1(s) — poroo(s + B+ vo1)D1(s)
= 1ov10(s + B+ 7111)Do(s)
D3(s) = (s+p1+pB+n1)Do(s)D1(s) — p1vo1(s +a+ v00) D1(s)
— my1(s+a+710)Do(s).
Substituting (17) into (18), we get
Dy (s)D1(s) Da(s)
P = B 0Ds6) - AG)BG) )
Substituting (19) into (17), we get
A(s)Do(s)D1(s)
(09 = b, )Ds(s) - A)BG) 20
Substituting (19) and (20) into (13)—-(16), we get
. _ po(s + B+ 701)A(s)D1(s) + p1BD1(s) Da(s)
P00 = D2(5)Ds(5) — A(9)B(S) ' )
) _ powA(s)Ds(s) + (s + a + 700) D1(s) D2 (s)
Pr0Ls) = Dy(5)Ds(s) — A(3)B(5) ‘ (22)
. _ BmDo(s)Da(s) +1o(s + B+ 711) A(s)Do(s)
o) = D2(5)Ds(s) ~ A(B(S) ' )
pr(1,1,s) = “M0AE)Do(s) +imls +at 710)Do(s)Da(s) (24)

D (s)Ds(s) — A(s)B(s)

We now proceed to invert (19)—(24). First, we consider the fact that, by (19)—(24), each of

1(5)

P*(i,j,s), (i,j) € Q is a rational function of the form i (s), Where the degree of Fi(s) is less
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than that of F,(s). In fact, F,(s) = Dy(s)D3(s) — A(s)B(s) is a 10th degree polynomial in s.
Since F,(0) = 0, one of the zeros is 0. Let the other zeros be §;,i = 1,2,...,9. Then, we have

D, (s)D3(s) — A(s)B(s) = SH?:l(S —¢j)-
After simplification, we get

) = s +dys+dop,
) s + dyis + dya,
) s* + do11s® + doios® + doizs + dons,
) Bst + a1s% 4 aps® + azs + ay,
B(s) = as*+ b5 + bos® + bzs + by,
) aBs® 4 c157 + 25 + ¢35 + cys* + c55% + cg5% 4 75 + cs,
) $° + 115 + 1hs® + I35% + Iys + 15,
) 7 + mys* + mys® + m3s? + mys + ms,
) = 510”4 nps® 4 nas” + mys® + nss®
+n6s4 + n7s3 + n852 + ngs + nqo,
Dy(s)D3(s) — A(s)B(s) = s+ m8” +1ps® 4 1387 + 1r48° + 158°

+r6s4 + 1785 + rgs2 + 195 + 110,

where
dn = a+B+70+ 701,
dp = (a+v0)(B+701)—ap,
di = a+p+7r0+71,
dp = (a+710)(B+711) — 2B,
don = di+do,
doiz = diz +dodn +do,
dois = dodiz + doadan,
dota = doadia,
ap = Pdon,
ay = Pdorz + p1Bryoo + Priros
as = Pdorz + u1Broodnn + Briviodor,
ag = Pdora + p1Pyoodiz + Br1v10d02,
by = adoy,
by = adon + poryor +anoyin,
by = adps+ poayodn +anorido,
by = adops+ poayordiz + anoyiido,

(b1 + aay),

(b2 + a1b1 + aaz),
(b3 + a1by + axby + waz),

cs = (baf+a1bs + azby +asby + aay),
(
(
(

Cs5 a1by + azbs + azby + agby),

c6 = (asby+azbz+ashy),

cz = (azby+agbs),

cg = by,

L= don+ (po+a+mo),

L = doa+ (o +a+1n0)donn — HoYoo — o710,
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ms

= doz + (po + &+ 710)do12 — d11 000 — 0177010 — HoYoo (B + Yo1)
—1o710(B + 711),

= dows + (Ho + & +70)do13 — d12#0700 — doaroy10 — d11#0Y00(B + Yo1)
—doirov10(B + 111),

= (po +a+1no)dora — diapoyoo (B + v01) — do2f0v10(B + Y11),

= dou+ (ma+B+m),

= doa +dont (1 +B+1m) — 1vor — 11,

= doiz +dor2(p1 + B+ 1) — dirprvor — dormryin — Havor (& + Yoo)
=11y (& +710),

= dow +doz(p1 + B+ 1) — diaprrvor — dupvor (@ + vo0) — do2ii 1
—do1171711 (% + 710),

= dowa(p1 + B+ 1) — drzprvor (& + Yo0) — doar1yn (& + Y10),

ng = m+h,

ny = my+lhm+Db,

nyg = mg+limy+hm +1,

ny = mg+hmg+lhmy+Igmy +1y,

ns = ms+lymg+ lhms + lzmy + lymy + 15,
ng = Iims+lamy + Igmz + lymy + Ismy,
ny = lyms+Izmy + lymz + Ismy,

ng = lsms+ lymy + Isms,

ng = lyms+Ismy,

np = Isms,

r=ny, rp=mny—af, r3=nzg—cy, r4=ng—C I5=1n5—C3,

Te = N6 — C4, r7 =nz —Cs, rg = ng — Ce, r9 = ng — ¢y, rip = 1o — Cs-

Splitting into partial fractions, (19)-(24) yield

where

Eooo
Eqo;
Eo1o
Epyj
E100

Eqo;

Eooo 2 EOO/ E010 9 EOl]
P*(0,0,5) = =% + )" , P(01s) +Z
S j=1 (S_érj) i—1 5_§]

-

Emo ER STy E11o
P*(1,0,5) = P*(1,1,5) =
]; (s —CJ) s

Eqj

1 (5_61)

Exnj

1 (S_é{])

_|_
Mo

-
Il

M\o

E ° E E
P*(2,0,5) = —2X +X ¢ 2 Pr(2,1,5) = =20 4 )
j=1 S - gf s

-
I

#o(B + 701)A(0)D1(0) + u1BD1(0) D2(0)
$16283648586675889 ’
lim (s = ¢)mo(s + B +701)A(s)D1(s) + u1BD1(s) Da(s)]
s Dy (s)Ds(s) — A(s)B(s)
_ #oxA(0)D1(0) + 1 (& + 700) D1(0) D2 (0)
$18283848586678880 ’
lim (s = ¢j)[mowA(s)D1(s) + 1 (s + & + v00) D1(5) D2 (8)]
s Dy (s)D3(s) — A(s)B(s)
~ B11Do(0)D2(0) + 170(B + 711)A(0) Do (0)
$18283848586678889 ’
fim (s = ¢j)[B11Do(s)D2(s) +no(s + B+ v11) A(s) Do (s)]
58 Dy (s)Ds(s) — A(s)B(s)

=12,

=12,

=12

'/9/

(25)

(26)

(27)
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_ an9A(0)Dg(0) + 171 (& + 710) Do (0) D2(0)

Fio €18283C4C586G7C8Co ’
b - E)EAODIE) s et m0)Do()DaE)] L
R Dy (s)D3(s) — A(s)B(s) A= R
Py~ __AD©O)D(0)
C1828384C586C7CsCo”
(5= &)A(E)Do(s)Da(s)]
Boj = I 5 D) — AG)BG) T Y
Eyo = - Dy(0)D1(0)D,(0)
0 E18283CaC5C6C7C8C0”
- (s — &)[Do(s)D1(s)Da(s)]
oy = B D) —A@BG) T Ve

From (25)—(27), we obtain the steady-state probabilities by applying the final value theorem
of Laplace transform theory 7(i, j) = lims_,0 sP*(i,},s) as given below:

7t(0,0) = Eooo, 7(0,1) = Eg1o, (28)
7'[(1,0) = ElOO/ 7T(1,1) = E110, (29)
7'[(2, 0) = EZOO, 7'[(2,1) = E210. (30)

By taking inverse Laplace transform on both sides of (25)—(27), we obtain the transient
probabilities as given below:

9 9
P(0,0,t) = Eoo+ Y Eooje®’,  P(0,1,t) = Eqio + Y, Eo1je®", (31)
=1 =1
9 9
P(1,0,t)  =Ewo+ Y Ewje®’,  P(L1,t)=Eng+ Y Eqyje’, (32)
=1 i=1
9 9
P(2,0,t) = Eyqo + Z Ezojeéjt, P(2,1,t) = Exyg + Z E21j€§jt. (33)
=1 =1

5. Availability Analysis

Let A;;(t) be the conditional probability that the system is available at time ¢ given that
the system started in the state (7,7),i = 0,1,2;j = 0,1 at time ¢ = 0. Using renewal-theoretic
arguments, we obtain

Ap(t) = a./of e~ @008 A0 (+ — u)du + o0 ./Ot e~ F100 Ao (F — ) du, (34)
An(t) = B /Ot e~ (BH100)" Ay (t — u)du + yor /Ot e~ BI04 Ay (t — u)du, (35)
Aolt) = @ /ot e~ (MO Ay (£ — w)du + 710 /0‘ e~ (@m0 Any (f — u)du, (36)
Ap(t) = ﬁ/o'fe*(ﬁﬂn)qu(t — Wi+ /Ote*(ﬁ”m“z‘lzl(t — w)du, 37)
Axp(t) = e~ (Hotatio)t | “/()'t87<;,0+a+770)11A21(t —w)du

“+Ho /Ot e~ (motatio)t Ao (F — u)du + 1o /or e~ (Mot AL )y, (38)
Ap(t) = e UmtPtmi g ./ot e B A (F — 1)

+1 '/Ot e+ A (f — w)du + 1 ‘/0’ GBI AL (F — ). (39)
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Taking Laplace transform on both sides of (34)—(39), we obtain
Ap(s) = (SJF“IXWA&(S) + WY%AZU(S)/ (40)
An(s) = M‘%VMASO(S) + ﬁA;l(s), (41)
Afp(s) = m/‘ﬁ( )+ (5_1_371_:3%0)1450(5): (42)
Af(s) = W‘%,m)flfo(s) + mf‘i(s)r (43)
A(s) = G+ o+ at10) + (S+H0+“+’70)A21(S)
Ho * o *
+(5+HoJrﬂéJrHo)AOO(s)Jr (S+Ho+lx+’70)Aw(s)' (44)
* _ 1 .B *
Anls) = (s+u1+B+m) + (s + 1 +ﬁ+m)A20(s)
H £ (g m *(g).
erm e O G g 0 #5)
From (40)—(45), we obtain
A¥ (S) 700(s+ﬁ+'701) * (S)+ Xy01 * (S) (46)
o Tyl g A
. BYoo ,« Yo1(s + &+ 700) ,+
Api(s) Do(s) Aj(s) + T Do) A31(8), (47)
« Y10(s +B+711) 4« AV 4
Afo(s) T D) 50(s) + T(S)Am(s)/ (48)
. /3710 Y11(s + &+ 710) ,+
A% (s Ao (s) + PETETTIO) g5 (), 49
11( ) ( ) 20( ) Dl(S) 21( ) ( )
. Do(s)D1(s) | aDo(s)D1(s) + poayo1 D1(s) +ay110Do(s) .
AZO(S) DZ( ) =+ Dz(S) A21 (S)/ (50)
. Do(s)D1(s) | BDo(s)D1(s) + p1ByvooD1(s) + Br1omDo(s) , .
AZl(S) D3(S) + D3(S) AZO(S)' (51)
Using (50) and (51), we get
e Aopo(s)
4200) = B, (5)D5(s) — A)B(s)’ 2
" An1p(s)
A = , 53
2105) = B, 5)Ds(s) — A(5)BG) )

Do(s)D1(s)[D3(s) +aDo(s)D1(s) + poayorD1(s) + ay1110Do(s)],

Do(s)D1(s)[D2(s) +

BDo(s)

Using (52) and (53) in (46)—(49), we get

where

Ago1(s) + Agoz(s)

Ag(s) =

Ap(s) =

D;(s)D3(s) — A(s)B(s)’
Ao11(s) + Ao12(s)

Ajp(s) =

Dy (s)D3(s) — A(s)B(s)’
Aq01(8) + A102(8)

Dy (s)Ds3(s) — A(s)B(s)”
A111(s) + A112(s)

Af(s) =

Ds(s)Ds(s) — A(s)B(s)’

D1 (s) + p1Bv00D1(s) + Br1om1Do(s)]-

(54)
(55)
(56)

(57)
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Aoo1(s) = 700(s + B+ v01)D1(s)[D3(s) +aDo(s)D1(s) + poayor D1(s) + ay11170Do(s)],
Ago2(s) ay01D1(s)[D2(s) + BDo(s)D1(s) + p1Br00D1(s) + Br1011Do(s)],
Ao1(s) BryooD1(s)[D3(s) + aDo(s)D1(s) + poayor D1(s) + ay11170Do(s)],
Ap2(s) Yo1(s + & + 700) D1(s) [Da(s) + BDo(s) D1 (s) + u1Bv00D1(s) + Br10mDo(s)],
At01(8) Y10(s + B+ 711)Do(s)[D3(s) + aDo(s) D1 (s) + poayor D1(s) + ay1170Do(s)],
A102(s) = ay11Do(s)[Da(s) + BDo(s)D1(s) + u1Br00D1(s) + Briom Do(s)],
A111(8) Br10D0(s)[D3(s) +aDo(s)D1(s) + poayor D1(s) + ay11170Do(s)],
Anz2(s) = (s +a+710)Do(s)[D2(s) + BDo(s)D1(s) + p1Bv00D1(s) + Brio71Do(s)]-
Inverting (52)—(57), we obtain the system availability functions as follows:
9 9
Ago(t) = Fooo + Y_ Fooje®" Agi(t) = Foro + Y_ Forje®", (58)
=1 =1
9 9
Avo(t) = Figo + Y_ Fioje®" Avi(t) = Fio + Y Fiyje®t, (59)
= =
9 9
Ax(t) = o+ Y_ Fgje¥',  Ax(t) = Faio+ Y_ Faje®f’, (60)
=1 =1
where
_ A1(0) + A2 (0) o (5=¢5)[Ao(s) + Ao2(s)] .
00 = et tattelrtsls’ M T I TDy(s)Ds(s) — A()B(s) () P
__ Ami(0) + Ao12(0) o (s=8)[Ao(s) + Aoa(s)]
Foro = 162838485C6878sCo” Foj = Sli)ngj Dy (s)D3(s) — A(s)B(s) * J=1205
_ A101(0) + A12(0) (=8 [ (s) + Awe(s)]
A0 = e Etitstetrtsts’ T M TD(s)Da(s) — AGBG) () P
_ A1m(0) + Aa(0) e (=) [Am(s) + Aa(s)] L
Fo = $162638485C687GsCo” Fuj = slgrélj D;(s)Ds(s) — A(s)B(s) ’ J=129
_ A200(0) (s — &j)A200(s) _
Fa0 = 162838485C6878sCo” sh%r;‘] Dy (s)Ds3(s) — A(s)B(s)” J=1209
_ A210(0) (S - (:]')A210 (S) _
Fa10 = $1628384C58687GsCo” Faj = sh—>rr€l] D, (s)D3(s) — A(s)B(s)’ j=12..9

6. Reliability Analysis

Let Ry;(t) be the probability that the system has not visited the down state until time ¢
given that the system was in upstate and the environment level was j,j = 0,1 at time t = 0.
Then, we obtain the following integral equations:

t

Rzo(t) = 8_(V0+a+’70)t + Dé/ 6_(y0+a+770)uR21(t — u)du, (61)
0
t

Ry (t) = e (mtptm)t 4 '3/ e~ (MHBHIUR . ( — u)du. (62)
0

Taking Laplace transform on both sides of (61) and (62), we get

(s+po+a+10)Ry(s) = 1+aRy(s), (63)
(s+pm+Pp+m)Ry(s) = 14 PRy(s). (64)
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Solving (63) and (64), we get
. (stmtat+p+m)
R54(s) = , 65
(s) (s+ po +a+10) (s + p1 + B+ 1) — ap (©>
) (s+pota+p+ipo)
R5: (s . 66
20) = Gt )G B )~ ap )
Inverting (65) and (66), we get
Titpmtatptm) re Totptatp+m)
Ry(t) = el — e, 67
2(t) (I —T2) (1 —Ty) ©7)
(Ti+pot+a+pB+mo) ry  Ta+pot+a+pB+1m0)
Ry(t) = el — e?, 68

where I'1 and T'; are the zeros of (s + o +a +19)(s + 1 + B +11) — aB. Both I'1 and I,

are negative.

7. Mean Time to Failure

An important measure of system performance is the mean time to failure of the system.

We obtain an expression for the same.

Case (i) We assume that, at time t = 0, the load of the environment is less and the unit
is just put online. Then, V(0) = (2,0). Let Ty be the random time such that the unit has
not failed in the interval (0, Tp| and enters into failure state in the interval (Ty, Ty + A]. Let

fo(t) be the probability density function of Ty. Then, we have

fo()A4+0(A) = Pr(t<Ty<t+A)
= Pr(To<t+A)—Pr(Ty <t)
= Pr(To>1t)—Pr(Ty > t+A)
= Roo(t) = Roo(t+A).

Consequently, we obtain

_ dRy(t)
Hence the mean time to failure is given by
E(T) = [ thta
- - / tdRao (1)
0
— [T Ry(t)dt
| Ral®)

+ta+p+
E(To) _ (‘141 rlrf 771)

(69)

(70)

Case (ii) We assume that, at time t = 0, the load of the environment is heavy and the
unit is just put online. Then, V(0) = (2,1). Let T be the random time such that the unit
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has not failed in the interval (0, T;| and enters into failure state in the interval (T, T + A].
Let f1(t) be the probability density function of T;. Then, we have

ABA+o(A) = Prit<Ty <t+A)
Pr(Ty <t+A)—Pr(Ty <t)
= Pr(Ty >t)—Pr(Ty > t+A)
= Ry(t) = Ru(t+4).

Consequently, we obtain

) = -Fal) @

Hence the mean time to failure is given by

Em) = [ tad
_ /O ~ tdRoy (1)
/0°°R21(t)dt

8. Efficiency of the System

Another important measure of system performance is the mean value of system down
time in a given interval. To obtain an expression for the measure, we define a Bernoulli
random variable

) 0, ifV(t) €{(2k) k=0, 1}
J{t) = { 1, otherwise

Let the initial condition be that at time ¢ = 0, the load of the environment is heavy and
repair of unit is just completed so that V(0) = (2,1). Let D(t) be the random variable
representing the total down time of the system in the interval [0,¢]. Then, D(t) can be
expressed as a stochastic integral

D(t) = /Ot](u)du. 73)

Consequently, the mean down time of the system in [0, ¢] is given by

ED(H)] = /Ot PrJ(u) = 1]du
- /Ot[l — Pr(J(u) = 0)]du
t
E[D(H)] = /O [1— P(2,0,u) — P(2,1,u)]du. (74)

Using (33) in (74), we obtain

9 at
E[D(t)] = t— (Exo+ E2o)t — Y (Exoj+ Ea1j) (e ] 1)- (75)
j=1

Gj

https://doi.org/10.3390 /math14101730


https://doi.org/10.3390/math14101730

Mathematics 2026, 14, 1730

15 of 24

The efficiency of the system at any given time is given by the measure

EID(1)]

Eff(t) =1- ;

9. A Numerical Illustration

For the purpose of illustration, we assume the following values of the system parameters:

a=0.38; Ho = 1.0; Yoo = 1.1; Yo1 = 2.1; o = 0.1;
‘B = 0.6; H1 = 2.0; Y10 = 1.2; Y11 = 1.3; M = 0.2.
These parameters are chosen only for illustrative purposes; in practical applications,

they would be estimated from observed failure and repair logs of the system under study.
We have computed the time-dependent state probabilities and plotted them as Figures 7-12.
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Figure 7. P(0,0, ) as a function of .
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Figure 8. P(0,1, ) as a function of t.
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Figure 12. P(2,1, ) as a function of t.

We observe that the state probabilities are non-decreasing in less load environment
and non-increasing in heavy load environment. They approach the steady values

7(0,0) = 0.1940, 77(1,0) = 0.0220, 7(2,0) = 0.2126,
7(0,1) = 0.2600, 77(1,1) = 0.0381, 77(2,1) = 0.2734.

These values are consistent with the model parameters since

(i) The repair rate of intrinsic failure is higher than that of shock failure in heavy load (79; = 2.1
and 17 = 1.3); in less load the two rates are comparable (yp) = 1.1 =~ 9 = 1.2);

(i) The rate of arrival of shocks in the less load environment is lower than that in the
heavy load environment (7o = 0.1 and #; = 0.2);

(iii) The intrinsic failure rate dominates the shock failure rate in both environments
(o = 1.0, 43 = 2.0 versus 79 = 0.1,77; = 0.2), so that the steady-state probability mass
in the life-failure states (0,.) is roughly an order of magnitude greater than in the
shock-failure states (1,.);

(iv) The switch-over rate from less load environment to heavy load environment exceeds
that from heavy load environment to less load environment (x = 0.8 and g = 0.6),
so that the system spends a larger fraction of time, ﬁ = % =~ 0.571, in the heavy-
load regime which is reflected in the heavy-load steady-state probabilities 7t(., 1),
each of which exceeds the corresponding less-load probability (., 0); numerically,
m(0,1) = 0.2600 > 7(0,0) = 0.1940, r(1,1) = 0.0381 > 7(1,0) = 0.0220, and
7(2,1) = 0.2734 > 7(2,0) = 0.2126.

The influence of (po, 41, o, 171) on the steady-state distribution can be read directly from
the governing equations. An increase in y raises 77(0,0) and lowers 77(2,0): more intrinsic
failures occur in less-load periods, and probability mass is shifted from the operational
state in level 0 to the corresponding repair state. The effect of 1 on 77(0,1) and 71(2,1)
is symmetric. An increase in 7 raises 77(1,0) at the expense of 77(2,0); 71 does the same
for 71(1,1) and 71(2,1). Since the steady-state availability is A(c0) = 71(2,0) 4+ 77(2,1), itis
monotonically decreasing in each of o, j1, 0, 71 and monotonically increasing in each of
Y00, Y01, Y10, Y11- These monotonicity properties translate into immediate design guidance:
any reduction in the failure or shock rates, and any reduction in the mean repair time,
increases the long-run availability.

The graphs in Figures 7-12 show a brief boundary-layer adjustment from the initial
condition V(0) = (2,1), followed by rapid stabilization within roughly ¢ ~ 5 time units.
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Next, we have computed system availabilities Al-]-(t),i =0,1,2;,j = 0,1 as functions of
time t and plotted them as Figures 13-18.
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Figure 13. Ag(t) as a function of t.
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Figure 15. A1y (t) as a function of t.
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Figure 16. A11(t) as a function of t.
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Figure 18. Ay (t) as a function of t.

We observe that availabilities are non-decreasing if we start with failed unit; that
is, Aij(t),i = 0,1;j = 0,1 are non-decreasing. On the other hand, availabilities are non-
increasing if we start with working unit; that is, Ai]-(t),i = 2;j = 0,1 are non-increasing. It
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is interesting to note that whatever be the initial condition, all availability functions reach

the same steady-state value 0.4859.

We have computed the values of the reliability functions Ryg(t) and Rp;(t) for various

values of t and presented them in Table 1.

Table 1. Reliability comparison table.

t Rzo(t) R21(t) t Rzo(t) R21(t)
0.1 0.8922040 0.8051423 4.1 0.0024304 0.0011438
0.2 0.7905155 0.6523885 4.2 0.0020869 0.0009821
0.3 0.6965552 0.5318249 4.3 0.0017920 0.0008432
0.4 0.6110390 0.4360175 4.4 0.0015387 0.0007239
0.5 0.5340895 0.3593676 4.5 0.0013213 0.0006216
0.6 0.4654538 0.2976392 4.6 0.0011345 0.0005337
0.7 0.4046541 0.2476112 4.7 0.0009742 0.0004582
0.8 0.3510905 0.2068199 4.8 0.0008365 0.0003934
0.9 0.3041094 0.1733706 4.9 0.0007183 0.0003378
1.0 0.2630496 0.1457965 5.0 0.0006168 0.0002901
1.1 0.2272697 0.1229551 5.1 0.0005296 0.0002490
1.2 0.1961660 0.1039501 5.2 0.0004547 0.0002138
1.3 0.1691812 0.0880738 5.3 0.0003905 0.0001836
14 0.1458086 0.0747636 54 0.0003353 0.0001577
1.5 0.1255926 0.0635691 5.5 0.0002879 0.0001354
1.6 0.1081271 0.0541276 5.6 0.0002472 0.0001162
1.7 0.0930523 0.0461447 5.7 0.0002123 0.0000998
1.8 0.0800515 0.0393806 5.8 0.0001823 0.0000857
1.9 0.0688471 0.0336384 5.9 0.0001565 0.0000736
2.0 0.0591963 0.0287557 6.0 0.0001344 0.0000632
2.1 0.0508878 0.0245980 6.1 0.0001154 0.0000543
2.2 0.0437377 0.0210533 6.2 0.0000991 0.0000466
2.3 0.0375866 0.0180282 6.3 0.0000851 0.0000400
2.4 0.0322965 0.0154440 6.4 0.0000730 0.0000343
2.5 0.0277480 0.0132349 6.5 0.0000627 0.0000295
2.6 0.0238380 0.0113452 6.6 0.0000539 0.0000253
2.7 0.0204773 0.0097278 6.7 0.0000462 0.0000217
2.8 0.0175893 0.0083427 6.8 0.0000397 0.0000187
29 0.0151078 0.0071562 6.9 0.0000341 0.0000160
3.0 0.0129757 0.0061393 7.0 0.0000293 0.0000138
3.1 0.0111442 0.0052677 7.1 0.0000251 0.0000118
3.2 0.0095708 0.0045203 7.2 0.0000216 0.0000101
3.3 0.0082193 0.0038793 7.3 0.0000185 0.0000087
3.4 0.0070585 0.0033295 7.4 0.0000159 0.0000075
3.5 0.0060615 0.0028578 7.5 0.0000137 0.0000064
3.6 0.0052052 0.0024531 7.6 0.0000117 0.0000055
3.7 0.0044699 0.0021058 7.7 0.0000101 0.0000047
3.8 0.0038384 0.0018077 7.8 0.0000087 0.0000041
3.9 0.0032960 0.0015519 7.9 0.0000074 0.0000035
4.0 0.0028303 0.0013323 8.0 0.0000064 0.0000030

Both reliability functions decay nearly exponentially, with decay rate close to |I';|, the
largest root (closest to zero) of (s + po + a +19) (s + p1 + B + 171) — aB, which determines
the long-term rate at which the survival probability tends to zero. The slightly slower decay

of Ryo(t) compared with Ry (t) reflects the lower failure pressure experienced when the

system starts in the less-load environment.

Figure 19 provides a comparative picture of Ry (t) and Ry;(t).
We find that for the chosen values of the parameters, Ry () < Rpo(t) for all t.
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By using (70) and (72), we computed the mean time to failure (MTTF) of the system.
The MTTF is 0.7438 if the system is put on line in less load environment at time ¢t = 0 and
0.5165 if the system is put on line in heavy load environment at time t = 0.

We have also computed the system efficiency over time for the model and exhibited
the same in Figure 20.

It is observed that the system efficiency decreases over time. The stationary efficiency
of the system is found to be 0.4859421.
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Figure 19. Comparison of Ryo(t) with Rpq (¥).
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Figure 20. System Efficiency against time.

9.1. Application to a Power-Distribution Transformer

The above model may be applied to a regional power-distribution transformer under
a daily duty cycle. The two environment levels correspond to off-peak and peak demand
periods (night versus evening). Intrinsic failures represent insulation and winding degra-
dation, and hence y1; > ug because heating accelerates ageing during peak load. Shocks
correspond to lightning strikes, feeder short-circuits and switching transients, and thus
71 > 1o for the same period. A single utility maintenance crew (the repairman) handles
all outages, and repair duration depends on whether the failure is degradation-driven or
shock-driven, and on whether crews and parts are mobilized during a day shift (level 1) or
a night shift (level 0). In this scenario, 77(2,0) + 77(2,1) is the long-run availability used in
service-level agreements, E(Tj) and E(T) inform spare-transformer inventory sizing, and
the system efficiency curve in Figure 20 supports preventive-maintenance scheduling.
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9.2. Parameter Sensitivity

From the steady-state distributions derived in Sections 4 and 5, we observe that three
groupings of parameters are of practical interest:

First, the failure-rate parameters (1, 11,10, 71) all act as out-flow rates from the
operational states (2,0) and (2,1); the steady-state availability A(co) = 71(2,0) 4+ 7r(2,1) is
therefore strictly decreasing in each of them, and 1, and 77 exert stronger influence than
Ho and 179 whenever the environment spends a larger fraction of time in heavy load—that
is, whenever ﬁ is large.

Second, the repair-rate parameters (Yoo, Y01, Y10, Y11) act as in-flow rates to the opera-
tional states; A(o0) is strictly increasing in each, and the yg; and 717 terms dominate when
heavy-load occupancy is high.

Third, the environment-switching rates (&, ) reshape the stationary distribution of
Y (t) without directly affecting failure or repair, but they govern the relative weight given
to level-0 versus level-1 contributions; the ratio g is therefore the single most influential
design factor when the heavy-load regime is significantly harsher than the less-load regime.

From Section 7, for the mean time to failure, Equations (70) and (72) show that
E(T;) is inversely proportional to the product I'1I';, which is itself a polynomial in
(Mo, M1, M0, 171, &, B); the MTTF is consequently most sensitive to whichever of these rates
is currently smallest, since reductions in the dominant time-scale produce the largest
relative gain.

Hence, we observe that when shock arrival rates are externally fixed (for instance, by
the ambient lightning frequency in the transformer application of Section 9.1), the most cost-
effective improvement is typically to reduce repair times in the heavy-load regime—that is,
to lower %01 and %

10. Conclusions

In this paper we have introduced a single-unit repairable reliability model operating in
a doubly stochastic environment, in which a two-state Markov environment process simul-
taneously governs the intrinsic failure rate, the shock arrival rate and the type-dependent
repair rate. The state space comprises six states obtained by considering three unit con-
ditions (intrinsic failure, shock failure, operational) with two environment levels. We
have derived the Kolmogorov equations, obtained the Laplace transforms of the transient
state probabilities and inverted them in closed form, derived the steady-state probabilities
through the final-value theorem, and developed explicit expressions for the availability
functions Aj;(t), the reliability functions Ry;(t), the mean time to failure E(T;) and the
system efficiency Ef(f).

The major contribution of this paper is the joint treatment of environment-modulated
failure, shock arrival and repair within a single tractable Markov framework, together with
the dichotomous classification of failures into intrinsic and shock-induced types with type
and environment-dependent repair. The closed-form availability and reliability expressions
extend the single-environment results of [12,13,15] to the doubly stochastic setting.

The numerical illustration showed that, regardless of the initial condition, the availabil-
ity functions converge to a common steady-state value (0.4859 for the chosen parameters),
and that the mean time to failure is higher when the system is put online in a less-load
environment (0.7438) than in a heavy-load environment (0.5165). These outputs translate
directly into design and operational guidance for power-distribution systems as discussed
in Section 9.1.
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The limitations of the model such as the assumption of exponential life times and
exponential repair times, a single-unit configuration, instantaneous fatal shocks (every
shock leads to immediate failure), and a perfect repairman who is unaffected by shocks
and never engaged in any other task may be relaxed individually or in a combined manner
which will lead to analytical complexities. Further, the two-level environment itself may be
extended to incorporate a more complex load process.

This work may be extended to (i) generalizing the life-time and repair-time distribu-
tions to phase-type or general distributions through a semi-Markov or supplementary-
variable formulation; (ii) multi-unit systems with redundancy (cold, warm or hot standby)
and a shared repair facility; (iii) introducing cumulative damage from non-fatal shocks
together with a damage-threshold failure rule; and (iv) relaxing the two-state environment
to a finite-state, or even diffusion-modulated, environment.
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