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Abstract

A within-host HIV dynamics model incorporating latent reservoirs, distributed time delays,
and a B-cell-mediated humoral immune response is developed and analyzed mathemati-
cally. The model includes five compartments: uninfected CD4™ T cells, latently infected
cells, actively infected cells, free virions, and B cells. Four distinct distributed delays are
introduced to account for the periods between viral entry and the emergence of latently or
actively infected cells, reactivation of latently infected cells, and intracellular virion pro-
duction. For the non-delayed system, the basic reproduction number Ry is derived using
the next-generation matrix method. Using Lyapunov functions and LaSalle’s Invariance
Principle, a sharp threshold dynamic is proven: the infection-free equilibrium is globally
asymptotically stable (GAS) when R < 1, whereas a unique endemic equilibrium is GAS
when Ry > 1. For the full distributed-delay system, a delay-dependent reproduction
number R is defined. The global asymptotic stability of the infection-free equilibrium
is established for R < 1, and the global asymptotic stability of the endemic equilibrium
is established for RY > 1, using suitably constructed Lyapunov functionals that account
for the delay history. Numerical simulations validate the analytical threshold behavior. A
sensitivity analysis of R identifies the most influential parameters for potential interven-
tion. A treatment-dependent reproduction number is derived, and the critical drug efficacy
required for viral eradication is determined. The intracellular production delay is shown to
act as a critical threshold for infection clearance.

Keywords: HIV dynamics; latent reservoirs; infection latent delays; global stability; basic
reproduction number; antiretroviral therapy

MSC: 34D23; 37N25; 92D25; 93A30

1. Introduction

Human Immunodeficiency Virus (HIV) infection remains a major global health chal-
lenge, with approximately 39 million people living with the virus and 1.3 million new
infections occurring annually [1]. The within-host dynamics of HIV are extraordinarily com-
plex, involving multiple cell types, viral replication cycles, latent reservoirs, and immune
responses. Mathematical modeling has emerged as a powerful tool for unraveling this
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complexity, providing insights into infection progression, treatment design, and potential
eradication strategies.

A major barrier to HIV eradication is the existence of latent reservoirs, i.e., populations
of resting CD4" T cells that harbor an integrated but transcriptionally silent provirus. The
definitive identification of this reservoir was provided by Chun et al. [2] and Finzi et al. [3],
who demonstrated that latently infected cells have an estimated half-life of approximately
44 months, making viral eradication impossible with current antiretroviral therapy (ART)
alone. These cells can persist for decades and reactivate upon treatment interruption,
reseeding active infection [4]. Subsequent work by Siliciano and Siliciano [5] quantified
that the latent reservoir contains approximately 10° to 107 cells in infected individuals, with
decay rates of only 2-3% per year under suppressive therapy.

The time lag between viral entry and the production of new virions, termed the
infection latent delay, was first quantified by Herz et al. [6] using mathematical modeling of
clinical data from patients treated with protease inhibitors. They estimated this intracellular
delay to be approximately 1-2 days and showed that neglecting it leads to underestimation
of key kinetic parameters by up to 50%. Perelson et al. [7] refined these estimates using a
more detailed model of HIV-1 dynamics, demonstrating that productively infected cells
have a half-life of approximately 1.6 days, while the intracellular phase contributes an
additional delay of 0.9 days on average. These findings established that viral dynamics
are governed not only by rates of infection and clearance but also by the timing of critical
intracellular events.

The introduction of highly active antiretroviral therapy (HAART) in the mid-1990s
transformed HIV from a fatal disease to a manageable chronic condition. Hammer et al. [8]
showed in a landmark clinical trial that triple-drug therapy (zidovudine, lamivudine, and
indinavir) reduced plasma HIV RNA to undetectable levels (<500 copies/mL) in 60-80%
of patients, compared to less than 20% with dual therapy. Gulick et al. [9] demonstrated
sustained viral suppression for over one year with indinavir-containing regimens, establishing
the feasibility of long-term viral control. However, Paterson et al. [10] established that
adherence levels below 95% are associated with a significantly increased risk of virologic
failure and drug resistance, highlighting the challenges of long-term treatment. More recently,
integrase strand transfer inhibitors (INSTIs) such as dolutegravir have achieved even higher
efficacy, with Hightower et al. [11] reporting over 99% inhibition of viral integration.

Building on these foundational studies, mathematical modeling has become indis-
pensable for understanding HIV pathogenesis. Herz et al. [6] and Perelson et al. [7] not
only quantified viral dynamics but also established the methodological framework for
estimating in vivo rate constants from clinical data. Their work revealed that the rapid
turnover of HIV in blood (half-life of approximately 6 h) masks a highly dynamic pro-
cess of continuous viral replication and immune-mediated killing. Since the pioneering
models of [7,12], a rich literature [13-16] has developed, capturing various aspects of HIV
pathogenesis through ordinary differential equations (ODEs). These models have been
instrumental in quantifying viral turnover, estimating infected cell lifespans, and predicting
the effects of antiretroviral therapy [17-21].

The incorporation of immune responses into HIV models has been a major focus of
subsequent research. While early models focused primarily on CD4* T cell dynamics and
cytotoxic T lymphocyte (CTL) responses, the role of humoral immunity mediated by B cells
has received increasing attention. Murase et al. [22] were among the first to introduce B-cell
dynamics into an HIV model, showing that antibody-mediated responses can reduce viral
load by up to 2 logs under optimal conditions and that the timing of antibody appearance
critically affects infection outcome. Their stability analysis of pathogen-immune interac-
tion dynamics [22] demonstrated that delayed antibody responses can lead to oscillatory
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behavior and that the strength of B-cell stimulation determines whether infection is cleared
or becomes chronic. Subsequent work by Ganusov et al. [23] explored the role of B cells in
controlling viral escape mutants, demonstrating that humoral immunity provides a crucial
backup when CTL responses are compromised.

Characterizing the duration of latent infection has been approached through different
mathematical frameworks. Time delay models use discrete or distributed delays to repre-
sent the intracellular phase of viral replication. Nelson and Perelson [24] developed delay
differential equation models of HIV-1 infection, estimating that the average delay between
infection and viral production ranges from 0.5 to 2 days, with variability depending on cell
type and activation state. Culshaw and Ruan [14] analyzed a delay-differential equation
model of HIV infection of CD4* T cells, showing that time delays can destabilize the system
and lead to sustained oscillations.

More recently, age-structured models have provided finer resolution of infection
dynamics. Rong et al. [25] used infection-age structure to show that the timing of treatment
initiation critically affects the decay rate of latently infected cells, with earlier treatment
leading to faster reservoir decay. Li et al. [26] extended this approach to include both CTL
and antibody immune responses, demonstrating that the combination of age-structure
and delayed antibody production can produce complex dynamical behaviors, including
Hopf bifurcations and periodic solutions. Their analysis revealed that the delayed antibody
response plays a crucial role in determining whether infection progresses to chronicity or
is controlled.

The integration of latent reservoirs, time delays, and immune responses remains an
active area of research. Recent studies by Prakash et al. [18] have explored bifurcation
analysis in models with multiple infections and intracellular delay, while Lv et al. [19]
investigated the dynamics of delayed HIV models with both viral and cellular infections.
Alalhareth et al. [27] examined global dynamics and optimal control of dual-target HIV
models with latent reservoirs, and Almuhashi and El Hajji [28] analyzed the effects of time
delays on treatment outcomes.

While our recent works have explored various aspects of HIV dynamics [27-31], the
present study introduces several distinct features that have not been previously integrated.
First, whereas our previous delay models considered at most two discrete delays [28],
the current model incorporates four distinct distributed delays with general probability
kernels, capturing variability in (i) the time to establish latent infection, (ii) the time to
establish active infection, (iii) delay in reactivation of latently infected cells, and (iv) the
intracellular delay in virion production. Second, neither Ref. [27] nor Ref. [28] included
any immune compartment; the current model is the first in our series to incorporate a B-cell
compartment with stimulation by free virions, capturing the humoral immune response.
Third, the extension to distributed delays requires fundamentally different analytical
techniques: the Lyapunov functionals constructed in Section 4 incorporate memory terms
that account for the entire delay history, generalizing the approach of Korobeinikov [32]
beyond the discrete-delay analysis in [28]. Fourth, a novel contribution not present in any
of our previous work is the derivation of an explicit expression for the critical intracellular
delay 77" (Section 5.4), identifying pharmacological prolongation of viral maturation as
a potential therapeutic strategy. Finally, our systematic sensitivity analysis of the delay
parameters themselves (1;, T;, F;) reveals which biological latencies most critically affect
infection outcomes, informing where therapeutic interventions might be most effective.
These combined features represent a significant advance beyond our recent publications,
providing the most integration of latency, distributed delays, and humoral immunity in
our research program to date.

Table 1 provides a brief comparison of the previous models [27,28] with the current one.
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Table 1. Comparison of the previous models [27,28] with the current one.

Feature Current Model [27] [28]
Compartments Xu, X1, Xi, X0, X5 Xu, X1, Xi, Xy Xu, X1, Xi, Xy
Immune response B cells (humoral) None None
Delay structure Distributed (4 delays) None Discrete (2 delays)
Global stability proven Yes Yes Yes
Optimal control Yes Yes No

The remainder of the paper is organized as follows: Section 2 formulates the
model; Section 3 analyzes the ODE case; Section 4 extends the analysis to distributed
delays; Section 5 presents numerical results; and Section 6 concludes with discussion and
future directions.

2. Mathematical Model Derivation

In this section, we formulate a within-host mathematical model to describe the dynam-
ics of HIV infection, incorporating biological features such as latent reservoirs, distributed
time delays, and the humoral immune response mediated by B cells. The model is struc-
tured as a system of delay differential equations (DDEs) that captures the interactions
between uninfected CD4* T cells, latently infected cells, actively infected cells, free virions,
and B cells. Distributed delays are introduced to account for the time lags between viral
entry and the emergence of infected cell populations, as well as delays in viral production
and B cell activation. The model considers the stimulation of B-cell proliferation in re-
sponse to viral presence, capturing the activation of the humoral immune response during
HIV infection. A complete description of state variables, parameters, delay distributions,
and initial conditions is provided, along with fundamental analytical results—such as the
boundedness and positivity of solutions—that ensure the model’s biological consistency
and mathematical tractability.

The schematic diagram (Figure 1) illustrates the compartmental structure and interac-
tion pathways of the model. It shows the five state variables—uninfected CD4* T cells (X),
latently infected cells (X), actively infected cells (X;), free virions (X;), and B cells (Xp)—
along with the infection routes (B, «), delay stages (w1, wp, w3, ws), and key processes such
as latent cell activation (v), viral production (5 ), and B-cell stimulation (¢) in response to
free virions.

Therefore, the proposed model illustrates the coupled, delay-dependent structure
of HIV pathogenesis, emphasizing the roles of latency, delayed viral replication, and the
role of B cells in antiviral response. In particular, the mathematical model provides the
following key elements:

e Two routes of infection—latent ((1 — «)B) and active (af)—with distributed delays
(w1, W2).

e Latent cells (X)) activate at rate v to become active cells (X;)—with distributed delay (w3).

*  Active cells produce virions after intracellular delay wy.

¢ The presence of HIV stimulates the proliferation of B cells at a rate X, Xp.

Fori = 1,2,3,4, the functions ;(7) represent probability density functions for the
distributed delays, defined on [0, w;| with w; possibly infinite, satisfying

Zi(t) >0, /0 () dr =1, /0 Y r(D)eTdr <o (1> 0) where TT(t) = {;(T)e .

wi
We define F; = / IT;(7) dt, satisfying 0 < F; < 1.
0
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Figure 1. Schematic diagram of the HIV within-host model with latent reservoirs, distributed delays,
and B cell immune response (system (1)—(5)).

Based on the schematic diagram (Figure 1), we consider the following system of delay
differential equations that describes the within-host dynamics of HIV infection, taking
into account latent reservoirs, distributed delays in infection and viral production, and the
immune response mediated by B cells:

Xu(t) = Au — duXu () — BXu(£)Xo(t), (1)
X,(t) = (1—a)B /Ow1 T (1) X (f — )Xo (E — T) dT — (v +d)) X, (1), @)

X (1) :a/a/owz Ty (7) X (f — T) Xo (£ — 7) dT—i—v/Ow3 ()X, (f — 7) dt — diXi(t), (3)

Xo(t) = 1o /Ow“ Ty (7) X (F — 7) dT — doXo(£) — 1 Xo(£) X5 (£), @)
XB(t) = AB + SXU(f)XB(t) - dBXB(t), (5)
forallt > 0.

For each delay process i = 1,...,4, a probability density function {;(7) is introduced,
defined on the interval [0, w;] with w; possibly infinite. These density functions satisfy
gi(t) > 0and /0 “ i(t)dt = 1. To incorporate both the distribution of the time lag and the
decay of infected cells or virions during the delay period, the effective kernel is defined as
IT;(7) = {i(T)e ™", where n; > 0 is a decay rate. The total contribution from all past times
to a given compartment at time ¢ is then represented by the integral /0 “ IL(T)Y(t — 71)dT,

where Y denotes the relevant variable (e.g., X, X, for infection terms, or X; or X; for
activation and production terms). This formulation generalizes discrete delays (obtained
when ; is a Dirac delta function) and allows for more realistic distributions such as gamma
or uniform delays. The net effect of each delay on the infection threshold is summarized
wj
by the factor F; = / IT;(7)dt, which satisfies 0 < F; < 1 and appears explicitly in the
0

delay-dependent basic reproduction number R4.
The system (1)—(5) is equipped with initial values given by continuous functions on
the delay interval [—7*,0]:

Xu(0) = 91(0), X1 (0) = ¢2(0), Xi(6) = ¢3(0), Xo(0) = ¢4(6), Xp(0) = ¢5(6), 0 € [-7",0], (6)
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where 7% = max{wy, wy, w3, wy}, and ¢; € C([—~7*,0],R). The equations describe the
HIV dynamics on ¢ > 0 with initial values given on [—7*,0].

Assumption 1 (Model Assumption). The death rates satisfy: d, < d; < d;.

This inequality establishes a biologically motivated hierarchy for the natural turnover
rates of the T-cell populations. In fact, healthy cells are the most stable, latently infected
cells form a persistent reservoir, and actively infected cells are short-lived due to viral
cytotoxicity and immune attack.

Biological Interpretation of Terms

e A,: Constant recruitment rate of uninfected CD4* T cells.

e Apg: Production rate of B cells.

e B Infection rate for both latent and active infections.

e a: Proportion of infections that directly lead to active infection. The remainder (1 — «)
leads to latent infection.

e v: Activation rate of latently infected cells.

*  ry: Number of virions produced per actively infected cell per unit time.

*  7: Neutralization rate of virions by B cells.

* & Rate of B-cell proliferation stimulated by free virions. This term reflects the activation
and expansion of the B-cell population in response to viral antigen, which enhances
the humoral immune response.

e dyd;,d;dy,dp: Death rates of uninfected T cells, latently infected cells, actively in-
fected cells, free virions, and B cells, respectively.

*  Delays account for time between infection and appearance of latently /actively infected
cells (w1, wy), delay in latent cell reactivation (w3 ), and intracellular delay in virion
production (wy).

A summary of the biological interpretation of all variables and parameters in the
distributed-delay HIV model (1)—(5) is given in Table 2.

Table 2. Biological interpretation of all variables and parameters in the distributed-delay HIV
model (1)—(5).

Symbol Biological Meaning (Units Where Applicable)

Xy (1) Concentration of uninfected CD4* T cells at time ¢ (cells-mm~3)

X;(t) Concentration of latently infected CD4" T cells at time ¢ (cells-mm~2)

X;(t) Concentration of actively infected CD4* T cells at time ¢ (cellssmm )

Xy () Concentration of free HIV virions in plasma/tissue at time ¢ (virions-mm~3)
Xp(t) Concentration of B cells (humoral immune response) at time ¢ (cellssmm—3)
Ay Constant recruitment rate of uninfected CD4™ T cells (cells-mm’3-day’1)
Ap Constant production rate of B cells from bone marrow (cells-mm’3-day’1)
dy Natural death rate of uninfected CD4* T cells (day ')

d; Death rate of latently infected CD4" T cells (day 1)

d; Death rate of actively infected CD4" T cells (day 1)

dy Clearance rate of free virions (day’l)

dp Natural death rate of B cells (day’l)

B Infection rate (mm3-virions’1-day’1)

o Fraction of infections that directly lead to active infection (0 < a < 1)

v Activation rate of latently infected cells into actively infected cells (day ')
o Viral production rate (virions-cell !-day 1)

1 Neutralization rate of free virions by B cells (mm3-cells~!-day 1)

€ Proliferation rate of B cells stimulated by free virions (mm?-virions~!-day ')
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Table 2. Cont.
Symbol Biological Meaning (Units Where Applicable)
w1 Time between infection and appearance of latently infected cells (days)
wy Time between infection and appearance of actively infected cells (days)
w3 Delay in latent cell reactivation (days)
Wy Intracellular delay in virion production from actively infected cells (days)
gi(t) Probability density function for distributed delay i, defined on [0, w;]
IT(7) Defined as IT;(7) = {;(t)e "7, incorporating decay during delay
wi
F; F = / IT;(7) dt, satisfies 0 < F; < 1; appears in Rg
0
n; Decay rate in the delay kernel IT;(7) (day ')
$;(0) Continuous initial history function for variable j on [—7*,0]

Tmax For discrete-delay case, Tmax = max{1y, o, 73, 1 } (days)

Remark 1. wy and w, describe the time from viral entry into a target cell until the cell becomes
either latently infected (w1) or actively infected (wo). During this period, reverse transcription,
integration, and transcriptional silencing (for latency) or activation (for active infection) occur.
This is the establishment delay. ws reflects the time from when a latently infected cell receives an
activation stimulus (e.g., antigen encounter, cytokine signaling) until it transitions to an actively
infected cell that produces virions. This is the reactivation delay. Thus, wq and ws do not double-
count latency; rather, latency is the state in between. A latently infected cell exists for a period (with
mean residence time 1/ (v + d;)) before reactivation, and the w3 delay represents the intracellular
signaling and transcriptional initiation steps after stimulation.

Having established the full distributed-delay model with latent reservoirs and B-cell
response, we next turn to a foundational analysis of the system in the absence of delays.
This simplification allows us to derive the basic reproduction number and establish global
stability properties in a more tractable setting, which will serve as a crucial benchmark for
the subsequent analysis of the delayed system.

3. Global Analysis of the HIV Model Without Distributed Delays

Analyzing the non-delayed system first allows us to isolate the intrinsic dynamics of
HIV infection from the effects of time lags. The threshold behavior established here provides
a baseline against which the impact of distributed delays can be quantified in Section 4.
This section presents an analysis of the within-host HIV dynamics model in the absence of
distributed delays. By setting all delay terms to zero, system (1)—(5) reduces to a system of
ordinary differential equations (ODEs) that captures the fundamental interactions between
uninfected CD4" T cells, latently infected cells, actively infected cells, free virions, and B cells.
The simplified model allows for a more tractable examination of the system’s qualitative
behavior, including the existence and stability of equilibria. We begin by establishing basic
properties such as non-negativity and boundedness of solutions, ensuring the biological well-
posedness of the model. Subsequently, the basic reproduction number R is derived using the
next-generation matrix method, serving as a critical threshold that dictates the persistence or
clearance of the infection. The global asymptotic stability of the infection-free equilibrium is
proven for Ry < 1, while the existence and global stability of a unique endemic equilibrium
are established for Ry > 1. These analytical results provide a foundational understanding
of the system’s long-term behavior, which will later be extended to the more complex case
incorporating distributed delays.
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The HIV model without distributed delays is given hereafter.

Xu (t) = Au duXu(t) - ,BXM (t)Xv(t)r (7)

Xi(t) = (1 —a)BXu ()Xo (t) —vX(t) — d; X (1), 8)

X;(t) = aBXu(t) Xo(t) +vX;(t) — d; X;(t), )

Xv(t) = 1o X;(t) — doXo(t) — nXo(t) Xp(t), (10)

XB(i') = Ap +€Xv( )XB( ) - dBXB(t), (11)

for all t > 0 with initial condition (X9, X?, X9, X9, XJ) € R?.. The equations describe the
HIV dynamics on t > 0 with initial values given at t = 0.

3.1. Basic Properties: Positivity, Boundedness, and Invariant Region

This subsection establishes the fundamental mathematical properties of the ODE
system (7)—(11) that ensure its biological plausibility and analytical tractability. We first
prove that all state variables, uninfected CD4* T cells X,,(f), latently infected cells X;(t),
actively infected cells X;(t), free virions X, (), and B cells Xp(t) remain non-negative for all
time t > 0 given non-negative initial conditions. This positivity property is essential for the
model to represent meaningful biological concentrations. Subsequently, we demonstrate
that the solutions of the system are ultimately bounded. By constructing appropriate
Lyapunov-like functions and differential inequalities, we derive explicit upper bounds
for each compartment and identify a positively invariant region I' in the non-negative
orthant R.. This region acts as a global attractor, meaning all trajectories eventually enter
and remain within I'. Establishing these basic properties, positivity, boundedness, and the
existence of a compact invariant set, forms the necessary foundation for the equilibrium and
stability analysis carried out in the subsequent subsections. Let d = min{d,, d;/2,d,, dg}.

Lemma 1. Dynamics (7)—(11) admit a positively invariant attractor set given by

= d " 2rped’
2rye\,  Ap
ddy | d }

A dnA
r:{<X"'X1'Xf'xvaB>eRi;Osxu<t>,xz<t>,xi<t>< u y 2185

21y nAB
———0< <
dd: + od ,0< Xp(t) <

0< Xot) <

Proof. We have

Xu|x,=0 = Ay >0,

Xilx,—0 = (1 —a)BXuXy >0, VXy, Xy >0,
Xilx,—0 = afXuXo +vX; >0, VX, Xu, X; >0,
Xp|x,=0 = 10X; >0, VX; >0,
Xp|xz—0 = Ap > 0.

Thus (Xu, X;, X, Xo, Xp)(t) € R forall t > 0 when (Xy, X, X;, Xo, Xp)(0) € R>.. Now, let
us show the boundedness of the model’s solution. We we define ¢(t) as

din
2ry€

d:
Y=Xu+ X +Xi+ —Xo + Xg.
2ry
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Then, we get
P =X, +X +XZ+EXU+ ZTUSXB
= Ay — du Xy — BXuXo + (1 — a) BXuXo — vX) — di X + afXu Xy + vX) — diX;
d; d;
+ D1, X — dyXo — 1XoXp] + L [Ap + eXo X5 — dpX5]
21y 2ry€
i Ag di o didy dindg
=A ! —d, X, —d X - =2X, - 222X, -2 X
ut 2ry€ wAH T AL T T YT e OB
din/Ap d; din
< 4l AB 44 i
<A, + roe d XM+XI+XI+2TUXU+21’1,€XB
dinAp
= A el S
u + erg dlpr
Thus,
ANy | dinAp Ay dinAp
) < — f < — .
p(t) < d * 2ryed it $(0) < d * 2rped
Ay diﬂAB
< < — > 0.
and hence, 0 < ¢(t) < 7 + 2roed ! forany t >0
The non-negativity of solutions implies that 0 < X, (t), X;(t), X;(t) < % + dzl;?[;; ,
v
2ry Ay | AB 2roe Ay Ap .
< < — LI < < —_— s .
0 < Xolt) < 10 00 Xp(t) < i d T d X,(0) + X;(0) + X:(0) +
d; din Ay | dinAp
—X X < — .
21y o(0) + 2ry€ 5(0) < d * 2ryed

3.2. Threshold Quantification and Equilibrium Analysis: The Basic Reproduction Number and
Steady States

This subsection focuses on determining the long-term outcomes of the within-host
HIV infection as predicted by the ODE model (7)—(11). The central object of this analysis
is the basic reproduction number, denoted R, which serves as a critical epidemiological
threshold. Ry is derived using the next-generation matrix method [33,34], explicitly ac-
counting for both direct infection pathways (via actively infected cells) and the indirect
contribution from the latent reservoir. We analytically characterize all possible steady-
state solutions (equilibria) of the system. The infection-free equilibrium &, representing
the complete clearance of the virus, is shown to always exist. Furthermore, we establish
that a unique endemic (chronic) equilibrium £*, corresponding to a persistent infection
state, exists if and only if Ry > 1. The proof of existence and uniqueness relies on con-
structing an auxiliary function and applying monotonicity arguments. This threshold
condition, Ry > 1, precisely delineates the parameter regime where the virus can establish
a sustained infection, thereby framing the subsequent stability analysis in Section 3.3. Let

00 (1-a)pa"

us start by defining the matrices F and V as follows: F = |4 N ﬁ& and
duy
00 0
v+d, 0 0
V = v a; 0 . Therefore, the spectral radius representing the basic
A
0 —1y dyp+ 17—8
dp

reproduction number is the dominant eigenvalue, given by
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_ Au”vﬁdB (V + dl‘x)
d,’du (dUdB + 17/\3)(1/ + dl) '

Ry = p(FV1

Lemma 2.
*  Dynamics (7)—~(11) admits a trivial steady state denoted by &y = (9—;’, 0,0,0, 2—5).
*  IfRo > 1, then dynamics (7)—(11) admits an endemic steady state £* = (X;;, XJ, X7, X3, X3).

Proof. Steady states are obtained by setting all equations of dynamics (7)—(11) to zero:

0= Ay — duXy — BXuXo,
0=(1—a)pXyX, —vX; —d; X,
0 = afX, Xy +vX; — d; X,
0=rpX; —do Xy — 11 Xu X3,

0 = Ap + eXy,Xp — dpXp.

We find that the given model (7)-(11) has two equilibria:

Ay Ag
00,0, )

*  Endemic equilibrium, £* = (X}, X}, X}, X3, X3;), where

. Infection-free equilibrium, & = (

o WHAX] L d-nX XXXy L Ag
YT A-w)pXy T (vrd) T o "B dp — Xy
«_d .. . . . 2
where 0 < X} < = which satisfies the following equation: a1 X3 + a2 X, + a3 =0,
where

ap = didyﬁs(v + dl)/

ay = didydoe(v +dy) — didofpdp (v +d;) — din ApP(v +d;) — AyroPe(v +djar),
asz = AurvﬁdB (V + dllx) - didudUdB (V + dl) - diduUAB (V + dl)

We define the quadratic function ®(X,) as ®(X,) = a;X2 + apX, + az. Since
a1 = didyBe(v +d;) > 0, @ is a strictly convex function on R. Furthermore, we have

CI)(O) = AuTU,BdB(V + dlt’() — didudvdg (1/ + dl) — diduﬂAB(V + dl)
= didu(l/ + dl>(T]AB + dUdB)(RO — 1).

d
Therefore, ®(0) > 0if Ry > 1 as well as d><€B) < 0. Since @ is continuous

on [0, EB} , the intermediate value theorem ensures the existence of at least one

Xy € (0, %B) such that ®(X;) = 0. Since a; > 0, the function @ is strictly con-
vex, and therefore, it can have at most two real roots. Moreover, its derivative is
@' (X) = 2a1 X + ap, which is strictly increasing on R.

Assume, for contradiction, that & admits two distinct positive roots 0 < X; < Xj.
Then, by Rolle’s theorem, there exists ¢ € (X3, X3 ) such that

@' (c) =0.

a

Since @’ is strictly increasing, it has exactly one zero, given by Xmin = — T
1

Thus,

® decreases on (—co, Xpin) and increases on (Xpin, +0).
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d
Now, since ®(0) > 0 and CI><£B> < 0, the function must be strictly decreasing at

least on an interval starting from 0, which implies Xpnin > 0. Therefore, ® is strictly
decreasing on (0, Xpin) and strictly increasing on (Xmin, +00).

This implies that ® can cross the horizontal axis at most once in (0, Xpin) and at most
once in (Xmin, +00). However, since ®(0) > 0 and <I>(%B) < 0, the sign change occurs
before reaching the minimum point Xpin. Hence, the root lies in the strictly decreasing

region (0, Xmin). Consequently, ® can admit only one root in the interval (O, d€B> .

d
Thus, there exists a unique X;, such that 0 < X} < ?B satisfies ®(X;;) = 0. As a result,
we get X;; >0, X[ >0, X] > 0and X3 > 0.
O

3.3. Global Stability Analysis of Equilibria

This subsection establishes the global asymptotic stability properties of the equilibria
identified in Section 3.2, providing a complete qualitative picture of the system’s long-term
dynamics for all possible initial conditions. We employ the method of Lyapunov functions,
constructing suitable scalar energy-like functions for each equilibrium [35]. First, for the
case Ry < 1, we prove that the infection-free equilibrium & is globally asymptotically
stable (GAS). This result implies that regardless of the initial viral load, the infection will be
cleared from the host if the basic reproduction number is at or below unity. Conversely,
when Ry > 1, we demonstrate that the unique endemic equilibrium £* is GAS. This means
the system will converge to the chronic infection state for any non-trivial initial condition,
confirming the epidemiological threshold established earlier. The proofs leverage the
classical LaSalle’s Invariance Principle and careful algebraic manipulations to show the
negativity of the Lyapunov derivatives. These global stability results confirm the threshold
dynamics governed solely by R, with no possibility of bistability or oscillatory persistence
in the non-delayed model.

Define H as the nonnegative function H(z) = z — 1 — Inz that only vanishes at z = 1.

Theorem 1. The trivial equilibrium point &y is globally asymptotically stable once Ry < 1.

Proof. The proof is based on the Lyapunov function Fy (X, X;, X;, X0, Xp) given by

Fom Dy

: <duXu) v v+d; e di(v+dp) X din(v+dp) MH(dBXB).
u

X
Ay v+duw l+v+dluc " die) T rpe(v 4+ dia) dp Ap

and uses LaSalle’s Invariance Principle [36] to prove that & is GAS if Ry < 1. More details
are given in Appendix A.1. [

Theorem 2. The endemic equilibrium E* is GAS when Ry > 1.
Proof. The proof is based on the Lyapunov function F*(Xy, X;, X;, Xy, Xp) given by
Xu v X (v+dp) Xi
*= XfH|— |+ ———X'H| - | + ——=X'H| —
e (X;>+<v+dza> l (X7)+<v+dla> X
di(v+4d)) Xy din(v+d;) X3
—— 2 X*H( — — = " XiH(| — |.
+rv(v +da) 0\ Xz + roe(v+dja) "B\ X3

and by using LaSalle’s Invariance Principle [36] to prove that £* is GAS if Ry > 1. More
details are given in Appendix A.2. O
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In conclusion, Section 3 has provided a complete analytical framework for the within-
host HIV model in the absence of distributed delays. We established the model’s well-
posedness by proving the positivity and ultimate boundedness of solutions, confining
the dynamics to a biologically relevant invariant region I'. The critical threshold for
infection persistence was precisely quantified through the basic reproduction number R,
derived via the next-generation matrix method. Our analysis demonstrated that the system
exhibits a sharp threshold dynamic: when Ry < 1, the infection-free equilibrium & is
globally asymptotically stable, guaranteeing viral clearance, whereas when Ry > 1, a
unique endemic equilibrium £* emerges and is globally asymptotically stable, leading to
chronic infection. These results, proven using Lyapunov function techniques and LaSalle’s
Invariance Principle, establish a solid foundation for understanding the basic interaction
dynamics. The insights gained here form a crucial benchmark against which the more
complex effects of distributed delays, analyzed in the subsequent section, can be evaluated.

4. Dynamics with Distributed Delays: Incorporating Realistic Time Lags

This section extends the analysis of the within-host HIV model by incorporating
distributed time delays, which account for essential biological latencies in the infection
process. The model (1)—(5) generalizes the ODE system (7)—(11) by introducing four distinct
distributed delays: w; and w, for the time between viral entry and the emergence of latently
and actively infected cells, respectively; w3 for the intracellular delay in virion production;
and wy for the delay in B-cell activation. These delays are modeled using general probability
density functions {;(7), making the framework adaptable to various delay distributions
(e.g., discrete, gamma-distributed). We begin by establishing the fundamental properties of
the delay system, including the non-negativity and ultimate boundedness of solutions, and
identify a positively invariant attracting region. Subsequently, we derive the corresponding
basic reproduction number R4, which incorporates the delay kernels through integral
factors F;. We prove the existence of a unique endemic equilibrium when RY > 1. The core
of this section is dedicated to proving the global asymptotic stability of both the infection-
free equilibrium (for R§ < 1) and the endemic equilibrium (for R§ > 1), employing
suitably constructed Lyapunov functionals that explicitly account for the distributed delays.
This analysis reveals how time lags quantitatively alter the threshold condition and system
dynamics while preserving the qualitative threshold behavior established in the non-
delayed case.

4.1. Basic Properties of the Delay System

This subsection establishes the fundamental mathematical properties of the distributed-
delay HIV model given by system (1)—(5). Ensuring the biological plausibility and analytical
tractability of the model requires proving that its solutions remain nonnegative at all times—
reflecting the physical reality of cell and virus concentrations—and that they are ultimately
bounded within a biologically feasible region. We demonstrate the nonnegativity of solu-
tions using a recursive argument based on the form of the equations and the nonnegative
initial conditions specified in (6). Subsequently, we prove the ultimate boundedness of all
state variables by constructing appropriate auxiliary functions and deriving differential
inequalities that yield explicit upper bounds. These bounds collectively define a compact,
positively invariant set I' in the nonnegative orthant RS, which acts as a global attractor for
the system’s trajectories. Establishing these basic properties—nonnegativity, boundedness,
and the existence of an invariant region—forms the essential foundation for all subsequent
equilibrium and stability analysis in the presence of distributed delays, guaranteeing that
the model is well-posed and that its long-term dynamics are confined to a biologically
meaningful domain.
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Lemma 3. Solutions of model (1)—(5) with the initial states (6) are nonnegative and ultimately
bounded. Furthermore, the set

A 1—a)A a A\ (1l —a)A
r:{(xu,xl,xi,xv,xg)eci:nxuus—",nxlnsi( a1z < @ VA= 0w
dy dy dy dy
A 1—a)A A A 1—a)A A
o] < T Ut 108 xy < Toe o0t o
Ldn 7 s nid, Y 7

is positively invariant with respect to model (1)—(5).

Proof. Let us show the nonnegativity of solutions of model (1)—(5). Clearly, Equations (1)
and (5) of model (1)—(5) give

Kuly =M >0, Xply _o=Ap>0.

Hence, X, (t) > 0 and Xp(t) > 0 for any ¢ > 0. In addition, we have
X,(8) = g2 () 1 (1— a)p /Of o (vHd)(t-0) /O“” T (7) Xa (6 — )Xo (6 — 7) d7df > 0,
Xi(t) = ¢3(0)et + /Ot edi(t=0) {aﬁ /sz I (1) X, (6 — T)Xo (6 — 1) dT
+v /W3 I(7)X;(0 — 1) dr} de >0,
0

) — on(0)e |} o+ nXa ()

t
- dy + 1 Xg(x))dx rw
—0—72,/0 e /6( 1Xe(x)) /0 41‘[4('r)Xi(9—T)d'rchZO,

for any t € [0, 7*]. Hence, by recursive argumentation, we obtain (X, X;, X,)(t) > 0 for
any t > 0.
Let us prove the ultimate boundedness of solution (X, X, X;, Xy, Xp). From

Equation (1), we have limsup X, (t) < % To prove the ultimate boundedness of X;(t),
t—o0 u
we define

= (1—a) /0“” I (7) Xu (£ — ) d + X).

Then, we get
. w1 w1
§1= (L=m)Ay [ Th()dT = (1= m)dy [ (1) Xt = ) dT = (v + )X

<(A-wa)A,F—d, {(1 —u) /Owl I (t)X,(t—T)dt + Xl]
< (1 - D‘)Au - dullJ1-

It follows that

t—o0 du
and then . A
limsup X;(t) < (_d#'
t—o0 u
Define

P = a/owz T (1) Xu (t — 7) dT + X;.

https:/ /doi.org/10.3390/math14101675


https://doi.org/10.3390/math14101675

Mathematics 2026, 14, 1675

14 of 36

Then, we get

o = lXAu/O

W

[ w
21'[2(77) dT—duD(/ 2H2(T)Xu(t—‘l,') dT+V/ 31'[3(77))(,(1&—77) dt —d; X;
0 0

— W
< aA,F + 1/1%% —dy [oc/ ’ IL(T)X,(t—T1)dt+ XZ}
u 0
<aA,+ v% — dyipy.
u

It follows that A . A
limsup ¢, (t) < A0 ( _dl;) £,
u

t—o0 dy

then A . A
limsup X;(t) < A% —I—V( _z) “
t—oc0 du du

Now, let us define
P3 = Xo + gXB-

Then, we obtain

. Wy
P3 = 1’0/0 [y () X;(t — 1) dt — dp Xy — nXoXp + Z(AB +eXyXp —dpXp)

w,
= ro [T Xi (- ) dr o X+ @ - @XB

w.
<ro [P X - 1)+ 10— a,x, - 120,
0

aly | (1—a)Ay) | 7Ap 1
Srz,F4( Lt >+ - —g[XU+EXB]

roalNy | rov(l—a)Ay
dy d2

u

A
< +17€B—€1P3,

where { = min{d,, dp}. It follows that

ro Ay L Ty (1—a)Ay  yAB

limsu < — v + ,
v e P S e
and thus,
. o 0y ro (1—a)Ay  nAB
limsup X,(t) < — +v— +
Xl S TE VT E T
and A (1-w)A, A
. E Ty XLy €Ty - u B
limsup Xg(t) < —— Vo — = 2
iR PN S
O

4.2. Equilibria and Thresholds

This subsection establishes the existence and uniqueness of equilibrium points for
the distributed-delay HIV model (1)—-(5) and derives the corresponding basic reproduction
number ’Rg. The analysis proceeds by setting the time derivatives in system (1)—-(5) to zero
and solving the resulting algebraic equations. Two distinct steady states are identified: the
infection-free equilibrium Sg, which always exists and represents the complete absence
of the virus, and an endemic equilibrium £¢, which exists if and only if the basic repro-
duction number exceeds unity. The threshold Rg is derived via the next-generation matrix
method [34] applied to the linearized system at the infection-free state. Crucially, Rg incor-
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oy
porates the distributed-delay kernels through the integral factors F; = / gi(Tt)e Mtdr,
0

which quantify the net effect of the time lags on viral transmission and progression. This
generalized reproduction number reduces to the non-delay counterpart Ry when all delays
vanish (F; = 1). The existence proof for the endemic equilibrium employs an auxiliary
function and monotonicity arguments, demonstrating a unique biologically feasible chronic-
infection state when Rg > 1. These results extend the threshold analysis of Section 3 to
the more realistic setting with distributed delays, confirming that the qualitative threshold
dynamics—characterized by a transcritical bifurcation at R4 = 1—are preserved despite
the incorporation of biological latencies [37].

We proceed by calculating the delayed reproduction number RY by deriving it from
the linearization of the distributed-delay system around the disease-free equilibrium (DFE),
and by showing how the delay kernels lead naturally to the appearance of the factors
F; [34,38].

From the model (1)-(5), the disease-free equilibrium is

A A
d __ (22 2B
EO (u,0,0,0, B).

Let us define the infected variables vector

The dynamics of x(t) is obtained from (2)—(4). Linearizing around Eg (i.e., replacing X, (t)
and Xp(t) by their DFE values), we obtain

X,(t) = (1— a)ﬁ[;—: /:'1 T (1) Xo (£ — 7) dt — (v +d)) X, (1),

Xi() = ap 5t [ Ta(0Xo(t -0 dr v [T a(0Xi( -7 dr - diXi(o),
Xo(t) = 1o /Ow4 Iy (7)X;(t — 1) dt — <dv+77[;§)xv(t)-

The above system is a linear system with distributed delays of convolution type. It
can be written abstractly as

x(t) = F(x) = V(x(1)),

where F contains the new infection terms (with delays), and V contains transition and
removal terms.

Crucially, the delay terms represent the probability that an individual survives the
delay period and contributes to infection at time . Indeed, each kernel has the form

IT;(7) = Zi(T)e ™7,

so that IT;(7)dt is the probability density that the transition occurs after a delay T
with survival.

To compute the basic reproduction number, we consider exponential solutions
of the form eM. Substituting X;(t — 7) = e *7X;(t), the delay integrals become
Laplace transforms:

w;
/ I1;(7)e *dr.
0
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At the threshold (A = 0), these reduce to

Wi
Fi = / Hi(T) dr.
0

Thus, at the invasion threshold, each delayed transition contributes a factor F;, which
represents the expected survival through the delay period.
Using the above reduction, the linearized system becomes equivalent (at threshold) to
the following ODE system:
X = (Fg — Va)x,

where
Au
u
_ A _ | —vF d; 0
Fa=lo 0o aptm |0 Va7 > .Y
0 0 Ou 0 —1oFy U+17—dB
Here,

e F4 collects new infection terms,
* V4 describes transitions and removals (including delayed transitions weighted by F).

The delayed basic reproduction number is defined as the spectral radius of the next-
generation matrix:
RG = p(FaVa ™).

After explicit computation, this yields

Rd _ AurvﬁdBF4 (och(v + dl) =+ F1F31/(1 — 0())
0 did, (dydp + 1 Ap) (v +d;)

Each factor F; arises rigorously from the Laplace transform of the delay kernel evalu-
ated at A = 0 and represents the probability that an individual:
¢ Survives the delay,

*  Successfully contributes to the next infection stage.

Thus, the distributed-delay system induces a natural modification of the next-
generation matrix, where each infection pathway is weighted by the corresponding survival
probability through delays.

The Lemma 4 systematically analyzes the resulting algebraic system, distinguishing
between the infection-free and endemic cases. We demonstrate that a unique endemic
equilibrium emerges if and only if the delay-dependent reproduction number Rg exceeds
unity, mirroring the threshold behavior observed in the non-delayed case.

Lemma 4.
*  Dynamics (1)—(5) admits an infection-free equilibrium Eg = (%’(‘,O, 0,0, %}?)'

o If R& > 1, then dynamics (1)~(5) admits a unique endemic equilibrium E? =
(X5, X[, X5, X5, X5).

Proof. Note that for an equilibrium, all time derivatives are zero and state variables are
constant. Substituting constants X,,, Xj, X;, Xy, Xp into the integral terms gives:

wi wi
/ I (7)X(t — T)dt = X/ I;(7)dt = XF,
0 0

https://doi.org/10.3390/math14101675


https://doi.org/10.3390/math14101675

Mathematics 2026, 14, 1675 17 of 36

which holds because X(t — 7) = X (constant). Thus the equilibrium equations become
algebraic and the factors F; appear naturally.

The existence of equilibria for the distributed-delay system is established by solving
the steady-state equations derived from setting the time derivatives in (1)—(5) to zero.

0= Ay —d,Xy, — BXuXy,
0=(1-a)FBX,Xy —vX; —d; X,
0 = abBBX, Xy + v X) — d; X;,
0=roF4X; — do Xy — 11X X3,

0= Ap +¢eX,Xp —dpXp.

We find that the given model (1)—(5) admits two equilibria:

1.  Infection-free equilibrium, Eg = (9—:, 0,0,0, 9—5).

2. Anendemic equilibrium, £; = (X}, X[, X}, X5, X};), where

o X GRO-0X X yXX;
LT (1 —-a)RBXy N T aR(v+d) +FFBv(l—a) T roFs ’
Ap
Xh=—2
B dB —EX;;

where X7 satisfies the following equation:

by X2 + b1 Xy + by dp
= X 2B
dg — Xy 0, o€ |0 e )’

where

by = d;dyPe(v +dp),
by = didudoe(v +d;) — didoPdp(v +dy) — dinApP(v +d;) — AuroeFa(abr (v +d;)
+ [ Bv(1—a)),
bo = AuroPdpFy(abz (v +d;) + FiFsv(1 — ) — didudodp(v +dy) — didun Ap(v + dp).

Let us define a function G(X,) as G(Xy) = bp X2 + b1 Xy, +by, Xy € (O, %B). Func-

tion G(Xy) is continuous on X, € (0, dTB). Then, we have

G(0) = didy (v +d;) (nAp + dpdp) (RE —1) >0, if RE>1,

and G dTB < 0. Similarly to the proof of Lemma 2, G(0) > 0 if RE > 1 as well

d . . . d . .
as G ( :) < 0. Since G is continuous on [0, SB} , the intermediate value theorem

ensures the existence of at least one X} € (O, ‘%B) such that G(X}) = 0.

Since a1 > 0, the function G is strictly convex, and therefore it can have at most two
real roots. Moreover, its derivative is G'(X) = 2a1 X + ay, which is strictly increasing
on R.

Assume, for contradiction, that ® admits two distinct positive roots 0 < X; < Xj.
Then, by Rolle’s theorem, there exists ¢ € (X1, X) such that G'(¢) = 0. Since G is

. . . . . a
strictly increasing, it has exactly one zero, given by Xpin = —i. Thus, G decreases
1
on (—00, Xpin) and increases on (Xmin, +9).
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d
Now, since G(0) > 0 and G(gB < 0, the function must be strictly decreasing at

least on an interval starting from 0, which implies Xin > 0. Therefore, G is strictly
decreasing on (0, Xmin) and strictly increasing on (Xmin, +00). This implies that G can
cross the horizontal axis at most once in (0, Xpin ) and at most once in (Xpin, +0).
However, since

G(0) >0 and G(dSB) <0,

the sign change occurs before reaching the minimum point Xp,in. Hence, the root lies
in the strictly decreasing region (0, Xpin ). Consequently, G can admit only one root in

d
the interval ( 0O, ?B . Thus, there exists a unique X}, such that 0 < X3 < ?B satisfies

G(X3) = 0. As aresult, we get X;; > 0, X;' > 0, X > 0 and X} > 0. This provides
the existence and uniqueness of the endemic equilibrium £7 once RY > 1.
O

4.3. Global Stability

This subsection is devoted to establishing the global asymptotic stability properties of
the equilibria for the distributed-delay HIV model (1)-(5). We construct explicit Lyapunov
functionals that incorporate integral terms to account for the distributed delays, thereby
extending the Lyapunov function techniques [32] used in the non-delayed case. For the
infection-free equilibrium &£, we prove that it is globally asymptotically stable (GAS)
whenever RY < 1, implying that the infection will be cleared from the host regardless of
the initial viral load if the basic reproduction number is at or below the critical threshold.
Conversely, when RY > 1, we demonstrate that the unique endemic equilibrium &7 is
GAS, ensuring convergence to a chronic infection state for all positive initial conditions.
The proofs rely on the construction of carefully chosen Lyapunov functionals that include
memory terms capturing the delay history, and the application of LaSalle’s Invariance
Principle [32] for delay systems. These results confirm that the qualitative threshold
behavior—where the dynamics are governed solely by Ré—persists even in the presence
of distributed delays, with no emergence of bistability or sustained oscillations. The
analysis thus provides a foundation for understanding how biological latencies influence
the long-term fate of the infection without altering the fundamental eradication-persistence
dichotomy.

Let us define the number K = aF(v +d;) + FiFv(1 — a). Note that RY =

NAytoBdpFsK
didy(dodp +nAp) (v +d;) '

Theorem 3. The system (1)—(5) is globally asymptotically stable (GAS) around the infection-free
equilibrium 3 if R4 < 1.

Proof. The proof is based on the Lyapunov function ]-'61 (Xu, X;, Xi, Xy, Xp) given by

A dyX di(v+4dp) din(v+d;) A dgX
d i Uy ) i 1 i 1) AB BAB
]:0 =K dy ( Ay ) B+ (V )X+ roFy Xot ryeFy dp H Ap

(1 — a)F /O'w1 I, (%) /ti X, (0) X (6) dodt
(v +dy) /0 “ (7 /t; X, (8) X, (6) dodt

wvw+d) [C (o) /tiTXl(G)deT—&—di(vFijdl)/om 1, (1) /tt_T Xi(6) dbdr.

and by using the Lyapunov-LaSalle asymptotic stability theorem [32] to prove that Sg is
GAS if Rg < 1. More details are given in Appendix B.1. [
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Theorem 4. The system (1)—(5) is GAS around the endemic equilibrium £ once Rg > 1.

Proof. The proof is based on the Lyapunov function F; (Xu, X1, Xi, X0, Xp) given by

Fi :Kx;H(ﬁ)+uF3x7H(ﬁ) (v+d)X'H (X)JrMXH(X

X; X? Xt T'Z;F4 X*
dﬂ7(1/+d1) * X _ " */ t Xu(e)Xz;()
+WXBH X* + ‘B(]. o F3XuX Hl(T) ‘/tiTH W dedr
+ap(v+d) X, X5 / x;:x* )d@d
v+ d)x; [ () / ( 2 )aoc

+di(%dl)x;f (/Ow4H4(r)/tiTH<XX(*))d9d

and by using the Lyapunov-LaSalle asymptotic stability theorem [32] to prove that £ is
GAS if R > 1. More details are given in Appendix B.2. [

In conclusion, Section 4 has successfully extended the analytical framework of the
within-host HIV model to incorporate distributed time delays, reflecting essential biological
latencies in infection and immune response processes. We established the well-posedness
of the delay system by proving the non-negativity and ultimate boundedness of solutions,
confining the dynamics to a biologically meaningful invariant region. The generalized
basic reproduction number R& was derived, explicitly incorporating delay kernels through
integral factors F;, and shown to govern a sharp threshold for infection persistence. Using
carefully constructed Lyapunov functionals that account for the delay history, we proved
the global asymptotic stability of the infection-free equilibrium when Rg <1 and of the
endemic equilibrium when Rg > 1. These results demonstrate that although distributed
delays quantitatively alter the threshold condition and system dynamics—by reducing
Rg through the factors F; < 1—they do not change the fundamental qualitative behavior:
the system still exhibits a transcritical bifurcation at Rg = 1, with no introduction of
bistability or persistent oscillations. This analysis provides a robust theoretical foundation
for understanding the impact of biological time lags on HIV dynamics and sets the stage
for the numerical exploration of sensitivity, treatment effects, and delay-induced critical
thresholds in Section 5.

5. Numerical Results and Discussion

This section presents a numerical investigation of the distributed-delay HIV model to
illustrate the analytical results derived in previous sections and to explore the quantitative
impact of key biological and pharmacological factors. We begin by specifying the delay
structure, choosing the Dirac delta function §(7 — T;) as a particular probability density,
which reduces the general distributed-delay system to a discrete-delay model as the one

given in [28] with fixed delays 7; and survival probabilities e~ "%

. Using a biologically
plausible set of parameter values (Table 3), we perform numerical simulations to validate
the stability theorems: first, by selecting parameters such that R4 < 1 and demonstrating
convergence to the infection-free equilibrium &£f; and second, by increasing infection
rates to achieve R > 1 and showing convergence to the endemic equilibrium £9. We
then conduct a detailed sensitivity analysis of R¢, deriving and computing normalized
sensitivity indices to rank parameters by their influence on the basic reproduction number.
This analysis identifies the most effective targets for intervention. Furthermore, we examine
the dynamics under antiretroviral treatment by incorporating an efficacy parameter x,
deriving the treatment-dependent reproduction number R{*™"(x) and determining the

critical drug efficacy " required for viral eradication. Finally, we investigate the specific
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impact of the intracellular production delay 74 on the threshold condition, computing
the critical delay 7;* that suppresses the infection. Together, these numerical explorations
bridge the theoretical analysis with practical insights, highlighting how delays, treatment,
and parameter variations shape the within-host dynamics of HIV.

By choosing the Dirac delta function J(-) as a specific form of the probability distri-
bution, we define (;(t) = (1 —7),i = 1,--- ,4. Incase w; = o0,i = 1,--- ,4, we get

/Ooo gi(t)dt =1,and F; = /0 S(t—m1)e Mtdr =¢ %,i=1,--- ,4. Then,
/Ooo S(t—m)e M X, (t—T)Xp(t —T)dT =X, (t — 1) X (t —T1),
/Ooo S(T—m)e ™ X,(t —T)Xp(t — 1) dT = 72X, (t — )Xo (t — 1),
/Ooo d(t—m)e M X (t—1)dTt = BBX(t — 13),
/(:0 S(t—m)e ™MTX;(t—1)dt = e ™MUX;(t — 1g).

Hence, model (1)-(5) can be written as

Xu(t) = Ay — duXu(t) - ﬁXu( )Xv(t)

X(t) = (1—a)Be M Xu(t — )Xot — 1) — (v +dp) X (1),

Xi(t) = aBe™ "2 X, (t — 1) Xo(t — 1) +ve BBX) (¢ — 13) — d; X;(t), (12)
Xo(t) = roe ™BX;(t — 14) — dp Xo(t) — 71X (£) Xp ()

Xp(t) = Ap + Xy (t) Xp(t) — dpXp(t),

for all t > 0 where the initial values are picked as constants functions on [—7*,0]. For
simplicity, in all numerical simulations, we choose the delay parametersas 7y = 7 = 13 =
T = 0.1.

The basic reproduction number of model (12) is given by:

AyrpBdp (txe’”ﬂz (v+d)) + e (mutnms)y (1 — oc))e’”‘lf‘1
dudi(dvdg + 7’]AB) (1/ + dl)

RE =

Table 3. Numerical values of the model parameters that are derived from the cited sources. § and T;

are varied.

Symbol Value Source
Ay 10 cells mm~3 day ! [14,39]
dy 0.01 day ! [40,41]
d; 04 day‘1 [39]
e 38 viruses cells ! day_1 [41,42]
dy 2.4 day ™! [14,39,41]

i 0.1 cells™! mm? day~!
Ap 48 cells mm 3 day_1 [43]
€ 0.01 viruses~! mm? day~! [44]
dp 0.24 day ! [43]
! 0.1 [45]
v 0.01 day ! [45]
d 0.04 day ! [45]
n; 1day~! [46,47]
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5.1. Validation of Global Stability

This subsection provides numerical validation of the global stability theorems es-
tablished in Sections 3 and 4 by simulating the dynamics of the discrete-delay HIV
model given by system (12). Using the baseline parameter values from Table 3 with
71 =T = 13 = 14 = 0.1, we select two distinct incidence rates (B) to illustrate the threshold
behavior governed by the basic reproduction number Rg. Note that our aim is qualitative
validation of analytical stability results, not quantitative clinical prediction; nonetheless,
the parameters lie within physiologically plausible ranges.

First, with infection rate f = 0.0002, we obtain Rg = 047 < 1, confirming that the
infection-free equilibrium &J is globally asymptotically stable (GAS). Simulations of all
compartment trajectories, uninfected CD4* T cells, latently infected cells, actively infected
cells, free virions, and B cells demonstrate clear convergence to 881 = (%‘,0, 0,0, 2—5),
as shown in Figure 2. Second, by increasing the infection rate to f = 0.0008, we obtain
RE = 1.89 > 1, which ensures the existence and global stability of the unique endemic
equilibrium £%. Corresponding simulations (Figure 3) show convergence of all state
variables to positive steady-state values, illustrating the establishment of a chronic in-
fection. These numerical results not only corroborate the analytical stability proofs but
also visually demonstrate the sharp threshold dynamics: the system transitions from viral
clearance to persistent infection precisely as Rg crosses unity. The simulations were per-
formed using standard delay differential equation solvers with biologically consistent initial
conditions, further confirming the model’s robustness and the practical relevance of the
theoretical threshold.

Figure 2 demonstrates convergence of all compartment trajectories to Eg =

2—;‘, 0,0,0, 2—5). This confirms the theoretical result that when Rg < 1, the infection is
cleared and the system returns to a healthy state regardless of initial viral load. Figure 3
shows trajectories converging to positive steady-state values, illustrating the establish-
ment of a chronic infection. It validates the analytical prediction that a unique endemic
equilibrium exists and is globally stable when Rg > 1.

1000 T T — 04

‘;Set lf‘Set 2 : Set 3‘7Set 4‘759‘[ 5 : Set 6‘

03

0.2

a0l | 0.1 1
‘7Set 1—Set 2 Set 3—Set 4 —Set 5 —Set, 6‘
0 ! 0 L L L

0 100 200 300 400 500 600 0 100 200 300 400 500 600 700 800
t t

(a) Uninfected CD4* T cells (b) Latently infected CD4* T cells

Xr(t)
Xi(t)

04

‘ ‘75% ifset 2 : Set 375"91 47$et‘5 Set 6‘ ‘ ‘;Se‘r lf‘Set 2 : Set 3‘759,', 4‘7Se‘r 5 : Set 6‘

0.3 I
~Z0.2f

0.1\

(c) Actively infected CD4* T cells (d) Free virions

Figure 2. Cont.
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Figure 2. Time series of the model variables for different constant history values (see Table 2).
Each color corresponds to one set of initial history values listed in Table 4. For § = 0.0002, we get
Rg = 0.47 < 1, therefore, Sg is GAS.

Table 4. Sets of constant initial history values of (X, (8),X;(0), X;(0), Xv(0), Xg(0)) for 6 <
[—Tmax, 0] = [—0.1,0] used for Figure 2.

Variable Set1 Set 2 Set 3 Set4 Set 5 Set 6
X, (0) 100 240 380 520 660 800
X;(0) 0.03 0.06 0.09 0.12 0.15 0.18
X;(0) 0.1 0.16 0.22 0.28 0.34 0.4
X, (0) 0.1 0.18 0.26 0.34 0.42 0.5
Xp(0) 10 44 78 112 146 180
800 T T T T " 240 T T T T T

‘*Set 1—Set 2 Set 3—Set 4 —Set 5 —Set. G‘ ‘*Set 1—Set 2 Set 3—Set 4 —Set 5 —Set 6‘
750 220 1

S =200

g " — >€ 180
650 160
600 160 260 360 460 560 660 700 I4”0 ]60 260 360 460 560 660 700

t t
(a) Uninfected CD4* T cells (b) Latently infected CD4" T cells
8 T T T T " 10 T T T T
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7t B o

/\6 —~
=5 = 6H L
= > %

4
4
3
20 IGO 260 360 460 560 660 700 20 160 ZGU 360 400 500 600 700
t t
(c) Actively infected CD4* T cells (d) Free virions

[—Set 1—Set 2 Set 3 —Set 4 —Set 5 —Set 6]
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t
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Figure 3. Time series of the model variables for different constant history values (see Table 3).
Each color corresponds to one set of initial history values listed in Table 5. For § = 0.0008, we get
Rg = 1.89 > 1; therefore, Sf is GAS.
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Table 5. Sets of constant history values of (X, (0), X;(0), X;(0), X,(0), Xg(0)) for 6 € [—Tmax,0] =
[—0.1,0] used for Figure 3.

Variable Set1 Set 2 Set 3 Set4 Set 5 Set 6
X, (0) 600 640 680 720 760 800
X;(0) 160 170 180 190 200 210
X;(0) 2 3.2 44 5.6 6.8 8
X, (0) 4 4.8 5.6 6.4 7.2 8
Xp(0) 255 259 263 267 271 275

5.2. Sensitivity Analysis of R
To quantify how variations in individual model parameters influence the basic repro-

duction number R, we perform a normalized forward sensitivity analysis [48,49]. The

normalized sensitivity index (or elasticity) of R with respect to a parameter p is defined
IRY
as Sy = Ld =0
RE dp
Aui’yﬁdBF4 [uch(v + dl) + F1F31/(1 — IX)]
didy, (dydp + nAp) (v +4d;) ’

wi
where the delay factors are given by F;, = / i(t)e ™" dt. The partial derivatives of R
0

The analytical expression for RY is R =

with respect to each parameter are computed, and the corresponding sensitivity indices are
as follows:

e  Parameters appearing linearly in the numerator:

Sp, =1, S, =1, Sp=1.

v

*  Parameters appearing linearly in the denominator:

dvdB
S, = —1 S, = —1 S, = —
2 ’ 4 ’ o dodp + 1A’
S, — dgnAp S — _ nAp s A
dp dUdB—f—T]ABI g dvdB—f—l’]ABI Ap dUdB+77AB.

. Parameters in the activation term:

o _ Y FF5(1—a) d
v 1—a)
v+d; DLF2+F1F3V1(/+dI) v+d;
dl 1/(1 — DC)F1F3
Sa, =

- 1+ .
vHd aF(v+d;)+v(l1—a)FF
*  Parameters in the delay factors F;:

FEv(l—a)mm FEv(l—a)mm

Sm = aR(v+d) +FBv(l—a) Su = aR(v+d) + FRBv(l—a)
5, — ab(v+d)nm 5. — ab(v+d)nm

2 aF(v+d)+FHFEv(l—a) 2 aF(v+d) +FFEv(l—a)
g __ FFEv(l—a)n3t s __ FFEv(l—a)n3t

"3 aF(v+d)+FFRBv(l—a) °° aF(v+d) +FHFv(l —a)
Sm = —NyTy, 5-54 = —TN4Ty.
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Numerical Sensitivity Ranking

Using the baseline parameter values from Table 3 with 7y = 7, = 73 = 7y = 0.1, the
computed sensitivity indices are as shown below in Figure 4 and Table 6.

Table 6. Numerical sensitivity indices for Rg (baseline parameters).

Parameter p Ay Ty B v dp Ny, Tr ni, T
Sensitivity Index Sy, +1 +1 +1 +0.649 +0.214 —0.015 —0.085

Parameter p nz, T3 dy Ny, Tg d; 7 Ap dy d;
Sensitivity Index S, ~ —0.085 —0.107 -0.1 —0.53 —0.893 —0.893 -1 -1

The bar chart in Figure 4 displays normalized sensitivity indices (S;) for each parame-
ter, quantifying their relative influence on Rg. Positive values (e.g., Ay, v, B, v) indicate
that increasing the parameter raises R4 while negative values (e.g., d;, du, A, 17, d;, delay-
related parameters) signify a reducing effect. This visualization helps identify priority
targets for intervention.

Ar v, B vdgmmngm m 1 ngd 7 ng dp 0 Agdr di

Sensitivity indices

Parameters

Figure 4. Sensitivity analysis for Rg.

5.3. Treatment Effects

Drugs such as zidovudine (AZT), tenofovir, and emtricitabine inhibit the reverse
transcription of viral RNA into DNA, thereby blocking new infections. In our model, this is
represented by reducing the infection rate by a factor (1 — «), where x € [0, 1] represents
drug efficacy:

Pett = (1 —x)p. (13)

Clinical studies by Deeks et al. [50] report that RTIs typically achieve 70-90% inhibition
of viral replication when used as monotherapy, and 90-95% when combined with other
agents. The efficacy parameter x can be interpreted as the fraction of reverse transcription
events that are successfully blocked.

The corresponding basic reproduction number under treatment, R{e¥™ent () = (1 —
x)RE, decreases linearly with increasing drug efficacy, directly linking pharmacological
intervention to the infection threshold. We derive the critical drug efficacy ¥ = 1 —1/R¢%,
which represents the minimum treatment effectiveness required to reduce R{feam™ent (i)
below unity and ensure viral eradication. Using numerical simulations, we explore how
varying « influences the system’s long-term behavior. Table 7 summarizes the values of
Riyeatment (i) for different efficacies, illustrating the transition from endemic persistence
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(x < x°") to infection clearance (x > «). Figure 5 visually demonstrates this transition
by plotting compartment trajectories for representative x values, showing how effective
treatment suppresses viral load and enables immune recovery. These results highlight the
critical role of treatment adherence and efficacy in achieving undetectable viral loads and
provide a quantitative framework for assessing the necessary intervention intensity to shift
the system from chronic infection to a disease-free state.

The model in the presence of treatment with an efficacy parameter « € [0, 1] is given

as follows:
Xu(t) = Ay — dyXu(t) — (1 — ) BXy (£) Xo(t),
Xi(H)=(1—a)(1—x)Be MOX,(t — 1) Xo(t —11) — (v+d)) X (t),
Xi(t) = a(1 = x)Be ™2 X, (t — 1) Xo(t — T2) +ve WX (t — 13) —d; X;(t),  (14)
Xo(t) = roe ™MUX;(t — 1) — doXo(t) — 1 X0 () Xp(t),
Xp(t) = Ap +eXo(t)Xp(t) — dpXp(t),

for all t > 0 where the initial values are picked as constant functions on [—7*,0].
The basic reproduction number in the presence of treatment can be expressed as
follows: REeatment(yc) — (1 — x)RE < RA. The critical drug efficacy necessary for viral

d

1
eradication is obtained by solving the following inequalities: x* = 1 — =i ensuring
0

Riyeatment (46) < 1 for all k > k.

By using the baseline parameter values from Table 3 and fixing the parameters =
0.001 and 11 = » = 13 = 74 = 0.01, and varying «, we study the impact of drug efficacy,
x, on the stability of £J. The approximated critical value of ¥ is given by k" ~ 0.6734.
If x°* > 0.6734, then Rg(K) < 1, and the global stability of Eg . However, if x* < 0.6734,
R(x) exceeds 1, destabilizing 5.

Table 7. Impact of treatment efficacies x on R{femMent (i),

% 0.3 0.4 0.6734 0.8 0.9
Rreatment () 2.1431 1.8369 1 0.6123 0.3062

1000 T T T 250

900

w00 [—5=03""k=04-K=06734—r=08—r =09 =
~

Xr(t)

—k=03--k=04-k=06734—k=08—~r=0.9
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0 100 200 300 400 500 0 100 200 300 400 500
t t

(a) Uninfected CD4* T cells (b) Latently infected CD4* T cells
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(c) Actively infected CD4" T cells (d) Free virions

Figure 5. Cont.
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t

(e) B cells

0 100

Figure 5. Impact of treatment efficacies x on the dynamics starting from the same constant initial
history values (X, (6), X;(0), X;(8), Xo(0), Xg(#)) = (850,120, 3,5,250) for 6 € [—Tmax, 0] = [-0.1,0].

The plots in Figure 5 illustrate how varying levels of antiretroviral therapy affect
viral load and immune cell populations. As « increases, R{*™"(x) decreases, leading
to suppression of the virus and eventual convergence to the infection-free state when
K >k = 0.6734.

5.4. Delay Impact

This subsection examines the specific influence of the intracellular production delay 14,
representing the time between active infection and virion release, on the infection threshold
and long-term dynamics. The basic reproduction number R4 depends exponentially on
74 via the factor e~"4™, making this delay a critical modulator of infection persistence. We
derive an explicit expression for the critical delay 7;" by solving Rg (1a) = 1, yielding

T = max{(), nl ln<AurvﬁdB [anzrz (v+dp) +emnmBy(l - DC)] > }
4

didy(dvdp +1nAp) (v +dp)

If 74 > 747, then RY < 1 and the infection-free equilibrium is globally stable; conversely,
if 4 < 147, the endemic equilibrium prevails. Using baseline parameters, we compute
Ty ~ 1.1289 days. Figure 6 illustrates the effect of varying 74 on system trajectories,
showing how increasing 14 progressively suppresses viral load and can eventually lead
to infection clearance. This analysis underscores the potential role of delay-inducing
therapeutic strategies, such as drugs that prolong the intracellular viral maturation phase,
in pushing R below the critical threshold. It also highlights the sensitivity of the infection
outcome to variations in this biological latency, providing insight into how natural or
induced delays can fundamentally alter the course of HIV infection.

didu(dvdg + 77/\3) (1/ + dl)

To guarantee that Rg (14) <1, we compute the critical values 7{" as

o fo Ly (Aarobpfae " + ) e (1 — )]
e ' N4 didu(dvdB +17AB)(1/—|—dl) :

By using the baseline parameter values from Table 3, fixing the parameters § = 0.001
and 1 = ©» = 13 = 0.01, and varying 7, we study the impact of the time delay, 74, on
the stability of £J. The approximated critical value of 7{" is given by 75" ~ 1.1289. If
77 > 1.1289, then Rg(m) < 1, and the global stability of Sg . However, if 77" < 1.1289,
R (7a) exceeds 1, destabilizing 5.
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Figure 6. Effect of the maturation delay 74 on system (7)—(11) starting from the same constant initial
history values (X, (0), X;(0), X;(0), Xo(0), Xg(0)) = (850,120, 3,2,220) for 8 € [—Tmax,0] = [—0.1,0].

Figure 6 and Table 8 show how increasing the intracellular production delay 74 reduces
viral load and can shift the system from an endemic to an infection-free state when 74 > T‘fr .
This highlights the potential therapeutic benefit of prolonging viral maturation.

Table 8. Effect of the maturation delay 74, on R (1y).

7 0.5 0.7 1.1289 14 1.6
Rd(14) 1.8756 1.5356 1 0.7626 0.6243

6. Conclusions

This paper presented a mathematical analysis of a within-host HIV infection model
incorporating latent reservoirs, distributed time delays, and a B-cell-mediated immune
response. The model, formulated as a system of nonlinear delay differential equations,
captures essential biological features: time lags between viral entry and infected cell
emergence, latent cell reactivation, intracellular viral production, and B-cell proliferation in
response to viral stimulation.

The study established well-posedness by proving non-negativity and boundedness of
solutions, identifying a positively invariant region. For the non-delayed system, the basic
reproduction number Ry was derived, and a sharp threshold dynamic was proved using
Lyapunov functions and LaSalle’s Invariance Principle: the infection-free equilibrium is
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globally asymptotically stable (GAS) when Ry < 1, while a unique endemic equilibrium
is GAS when Ry > 1. These results were extended to the distributed-delay system,
yielding a generalized reproduction number R¢ incorporating delay kernel integrals F;.
The same threshold behavior persists: the infection-free equilibrium is GAS when Rg <1,
and the endemic equilibrium is GAS when R¢ > 1, confirming that distributed delays
quantitatively alter the threshold but do not introduce bistability or sustained oscillations.

Numerical simulations validated the analytical results. Sensitivity analysis identified
the most influential parameters for intervention, including viral production rate r, recruit-
ment rates A, and Ap, infection rate 8, neutralization rate 7, and death rates d,, and d;.
Treatment effects were explored, showing that drug efficacy « linearly reduces R¢, with
critical efficacy «“* derived for viral eradication. The intracellular delay 74 was shown to
act as a critical threshold, where increasing 74 can suppress R below unity, highlighting
potential delay-inducing therapeutic strategies.

The model has several limitations: linear incidence terms (may not capture all
virus—cell and immune nonlinearities); absence of spatial heterogeneity, drug resistance
mutations, and CTL dynamics; the need for precise biological forms of delay kernels; and
inter-patient variability affecting quantitative generalizability. The B-cell proliferation term
assumes purely stimulatory effects without incorporating potential HIV-induced B-cell
impairment or exhaustion, representing a baseline scenario for future extension once more
detailed biological data become available.

Several future directions emerge: first, incorporating drug-specific mechanisms (re-
verse transcriptase inhibitors, protease inhibitors) and pharmacokinetics would improve
representation of combination ART; second, extending the model to include CTL responses
and viral mutation dynamics would allow study of immune escape and long-term treat-
ment failure; third, connecting within-host to between-host transmission dynamics could
bridge individual-level pathogenesis to population-level epidemiology; fourth, validating
the model with longitudinal clinical data would enable patient-specific parameter estima-
tion; fifth, exploring optimal control strategies based on sensitivity analysis could inform
personalized treatment schedules, minimizing viral load while limiting toxicity and resis-
tance; sixth, determining whether the global stability results extend to saturated (Holling
type II) or other nonlinear incidence functions—numerical simulations suggest persistence
of threshold behavior, but rigorous Lyapunov construction is non-trivial. Seventh, the
distributed-delay formulation connects naturally to survival analysis frameworks: delay
kernels IT;(7) = {;(7)e "™ can be interpreted as survival-weighted probability densities,
and factors F; correspond to cumulative survival probabilities. This opens the door to
estimating delay parameters from clinical survival data using inverse Gaussian or other
parametric survival models [51,52], with future work combining survival analysis with
DDEs. Eighth, while the present analysis proves global stability for positive kernels, bi-
furcation phenomena may arise under alternative assumptions; a systematic bifurcation
analysis is deferred to future work, investigating saturated incidence, gamma-distributed
delays, oscillatory kernels, and numerical bifurcation continuation to map stability regions
and possible periodic solutions.

In summary, this work provides a mathematical framework for understanding the
roles of latency, distributed delays, and immune response in HIV dynamics, under-
scoring threshold-based approaches for predicting infection outcomes and identifying
therapeutic avenues.
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Appendix A. Proof of Theorems 1 and 2

Appendix A.1. Proof of Theorem 1

Proof of Theorem 1. Assume that Ry < 1, and define the Lyapunov function Fy(Xy, X;,
Xi/ XU/ XB) as

Ay dy Xy v v+d di(v+d) din(v+d;) Ap dpXp
= — X X; X —H .
o < Ay ) vt da! Ty +dia”t " (v +dia) + roe(v+dix) dp Ap

=4,

Clearly, Fo(Xu, X;, Xi, Xo, Xg) > 0 for any X,, X;, X;, Xy, Xp > 0, and .7-'0(9—;‘,0, 0,0, 9—5) =
0. Calculate % along the solutions of model (7)-(11):

dfoZ( 5 >+ Vg vy dilvrd) o

“su 1_ u X
dt d, X, v+da l+v+dl¢x (v +d) T

din(v+dj) Ap \«
T e T da) ' dpXp )P

From Equations (7)-(11) we get

dFy Ay

= _(1 duXu)(A“ Ao = BXuXo) S (1= 0)BXuXo — VX — d1X))
v+d . di(v+dp) ’
v dlt)t (D(‘BXqu + VX] dZXZ> + m(m}(l dev WXUXB)
din(v+d) Ap
rve(v—l—dlzx) 1 dBXB (AB +SXUXB dBXB)'

Collecting terms we get

“

i _ Ay Ay d;d, (1/ + dl)
dt _(l duxu>(A” O O )

dn(v+d) (o Ap B _dip(v+d)) Ap
7’1)8(1/4‘!1106) 1 dpXp (Ap = dpXsp) T’z;(V-i-dllX) dp
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Then, we obtain

ro(v+da) 7 ree(v+dia)Xp

it~ X, d. g
_din(v+d) A
rv(v + dl“) dp
du (y _ Du 2 dpdi(v+dp) <. _ A 2
—tx,—=r) - 2B T (xp — 2E
Xy dy roe(v +dja) Xp dp
+< Ay dido(v+dp) 171(1/+d1)/\3)
dy ro(v+de) ro(v+djn) dp
_ iy A 2 dgdm(v+d)) <. DB 2
= w— ) - = T2 (X — =2
Xu dy Tyfi(l/ —|—d10¢)XB dp
n di(l/ + dl)(dvdg + 77/\3)
rvdB(V+dl“)

dF du( Au> /z didv(v+d1)X dpdin (v +dy) (X AB)2
du

(Ro—1)Xo.

Hence, di < 0is satisfied if Ry < 1. Furthermore, di =0when X, = ﬂ, X = ﬁ,
dt dt dy dp

(Ro — 1)X, = 0. Solutions of the system converge to the largest invariant subset [53] of

{ (X, Xy, X, X, Xp) : % = O} = {&}. Applying LaSalle’s Invariance Principle [36], we

get that & is GAS. O

Appendix A.2. Proof of Theorem 2

Proof of Theorem 2. We assume Ry > 1, so the endemic equilibrium £* =
(X5, X7, X7, X5, X5) exists and is unique. Consider a candidate Lyapunov function
]:*(Xu/ Xi, Xi/Xv/XB):

* Xu v * Xi (V+dl) * &
Fr=x H(X*) + (v—i-dlzx)XlH(Xl*) + (v—l—dlzx)XiH X

di(v+d) o Xo din(v+4dp) X3
+rz,(v—kalwc)X”H Xz +rvs(1/+dltx)XBH X*

By Lemma 2, when R > 1, the endemic equilibrium E* exists and is unique. Therefore,
the Lyapunov function is well-defined.

*

Calculating %, we get

AT X v X; (v +d)) X7\ o
dat (1 xu)x“ <v+d1a><1 Xz>Xl+(V+d11X) =% )%

di(i/-f—dl) X5 d,-17(1/+dl) B Xig .
+rz;(v+dloc) 1= Xo Xv+rv£(v+dlzx) ! Xz Xb.

From system (7)—(11) we get

adFr* X
dat :< - XZ) (Au - duXu - ,BXMXU)

v
(1/ +dllX)

<1 );;lk > ((1 — Dé)IBXuXU VXI — lel)
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v+d X
W (1 - x) (#BXuXo + VX — d;X))
1
di(v+d X*
din(v+dp) X3
m 1 X73 (AB+€XUXB dBXB)-

Collecting terms:

4z (1—X*>( duXa) + BXiX, — YU ”‘) Xl/suxv vt d) o

dt Xu (v+da) X (v+da)
ROE PP L M TITNR TIAe )
e s aw e e (1 ) (e -
_ mxvxg.

Applying the equilibrium conditions,

Ay = d, X; + BXEXE

(1 - a)BX; X5 = (v+d)X;
aBXEXE + X = diX},
roXF = dy X5 + 1 XE X5,
Ap = —eX; X5+ dpX3,

we obtain

* _ *)2 . _ *\2 *
di _ _du<(XM XXu) ) _ dBle(V"i_dl) (XB XB) + (1 o X),BX*X* +IBX*X1;

dt u roe(v + djw) Xp
v(l—a) Xj v(vt+d) o, a(v+d) Xf v(v+dp) X
wrd) X Pt a0 X T v de % P T e X X
dl(v+dl)X* Cdilv+d) X5, didz,(v+dl)X n didy (v +d)
(v+d) " (vda) Xo o f re(vdia) T (v +die)
rv(v+dlo¢)XUXB 1o (v + dja) 1 X XoXp — rv(v~|—dloc)X”XB'

Finally, after simplifications using the equilibrium conditions, we obtain

E —_d (Xy — X;)z B dgdin(v+d;) (Xp — Xg)z
dt u Xy roe(v + dja) Xp
(1/ +dl) X* X*XuXU X*Xl
TN X*X* _ 2w Xy
HET RIS A 6 O &

N v (1— )BX:X <4 X, X XuXe XiXp o X;Xz)
(v+du) Xy  XiXiX5  XiX[  XoX{
We obtain that < 0. Moreover, T 0if Xy = X;, X; = X[, X = X[, Xo = X3,
Xp = Xj. Solutions of the model converge to £*. Consequently, LaSalle’s Invariance
Principle [36] reveals that £* is GAS. O
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Appendix B. Proof of Theorems 3 and 4
Appendix B.1. Proof of Theorem 3

Proof of Theorem 3. Define the candidate Lyapunov function ]-'g (Xu, X;, X, X0, Xp) as

d,X di(v+d) din(v+d;) A dpX

d _ u i ! in 1) 1AB BAB
F K “H + X+ (v+d)X; + X —H

dy < Ay ) vEs ! (U dl) ! roFy ¢ rveFy dB Ap

up(l—)F / Uy (7) /t;xu(e)xv(e) dodr
+rx,8(v+dl)/ Ty (t )/t X, (0) X, (6) dodt

t—T

v+dl/ r/ l(e)dedr+Mfomm(r)/;xi(e)dedr.

4

Obviously, ]-"g(Xu,Xl,Xi,XU,XB) > 0 for any X, X;,X;,Xy,Xg > 0, and
d [ Ay Ap) _
7§ (4+,0,0,0,42) 0.

dFy
Let us calculate d—to along the solutions of model (1)—(5):
drg Ay ¢ . . di(v+d))
W - K<1 B duXu ) Xu + VF3XI + (U + dl)Xl + I’UF4 Xv

dn(v+d) (o Ap g _ @ _ _ _
AR (1 0 )X vB( - 0Fs [ () (XaXo — Xa(t = T)Xo(t ~ 7))t

+ap(v+d) /sz I (1) (XuXo — Xu(t — T)Xo(t — 7))dT

o+ dy) / s () (X; — X, (t — 7))dt + w / (1) (X — X;(t — 1))
Jo 4 Jo
Using Equations (1)—(5), we obtain
d
% = K<l - di\)"(u ) (Ay — du Xy — BXuXo)

+vF; <(1 —a)B /(;wl IL(T)Xu(t— 1) Xo(t —T)dT — (v + dl)X1>

+(v+dy) <uc/3 ./sz T (7) Xa (f — )Xo (t — 7) dT + v/ow?, I3 (7)X; (F — 7) dT — d,x,)

. (W,
4 dilvtdy) (rv/ L () X (E— T) dT — do X — qxvxg>
roFy 0

diﬂ(l/+dl) 1_ AB
1’1;81:4 dBXB

) (Ap + Xy Xp — dpXp)

+uB(1— a)Fs /O“” T (7) (X Xo — Xu(F— T)Xo(f — 7))dT

+ap(v+d) /0“’2 T (7) (X Xo — Xu(F — T)Xo(t — 7))dT

(v +dy) /Owg T (1)(X; — X (t — 7))dT + M /O““ I14(7)(X; — X;(t — 7))d.

4
Collecting terms, we obtain

dFg du AN dim(v+d) dp Ap)? Ay
70 — S S A — KB— —1 X,
TS (X" du> reeFs Xp (XB dB) +< P )

ot A\* dim(v+d) dg Ag\?
B KXu(XM du) roeFy  Xp b

dp
di(l/ + dl)(dydB + 11[\3)
+
deBF4

(R —1)X,.
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dFg dFg A A
When ’Rg <1, then —% < 0. Furthermore, —2 = 0 when X, = —%, X = —B, and
At dt du dp
(RZ—1)X, = 0. Solutions of the model (1)—(5) converge to the largest invariant subset
dFd

of {(XM,XI,Xi, Xo, XB) : TtO = 0} = {&4}. Applying the Lyapunov-LaSalle asymptotic

stability theorem [32], we get that Eod is GAS. O

Appendix B.2. Proof of Theorem 4
Proof of Theorem 4. Construct (X, X;, X;, Xy, Xp):

Xu X B X di(v+dp) Xy
Fj =KX H(X*) +VF3XZH<XI*> (v+d)X;] (X*) +TX H X*

W)y (X ORI C o Xu©%:(6)
+WXBH X* +Vﬁ(1 14 F3X11XU/ Hl(T) /thH XZXZH; dodrt
+aplv+d)X;X; [ X*X* )ded
+ulv+d)X; [T (e >/ ( O )aoe

L di(VF:rdl)x; /Ow“ I1(7) /ttTH(XX(f))d()d

By Lemma 4, when RY > 1, the endemic equilibrium &] exists and is unique. Therefore,
the Lyapunov function is well-defined.
Take the derivative of F; along the solution of model (1)-(5):

dF; X;
dtd = K(]_ — Xiu) (Au - duXu - ﬁXuXv)

+uE (1 - %) <(1 - zx)/%/owl Ty (1) Xu (£ — 7) Xo (£ — T)dT — (v + dl)X,)

*

+(wtd) <1 - %) (tx,B /sz Ty (7) Xo (t — T)Xo (£ — T)dT + v/om T (7) X, (f — 7)dT — d,xi)

. * w.
L dilvtdp) (1 f{ > <rv/0 L (1) X (- T)dT — dyXo — r,vaB)
v

roFy
+ %};d’) (1 - %) (Ap +eXyXp — dpXp)
+V,B(17Q)F3X*X*/ m(ﬂggig 7Xu(t—;;§;(t—ﬂ +1n(xu(t XL;: (t—1) )}
+a/3(v+dl)XZX§j/ HZ(T)B(;;(; _ Xu(f—)gi;(f—f) +1n(X u(t xiiz(t_ﬂ)}d

+v(v+d1)Xl*/ (7 )[;ﬁ _%lzf)ﬂn(%:ﬂ)}dr

di(v+dp) 0 (@4 Xi  Xi(t—1) Xi(t—1)
+ 5, X; /0 II4(7) X: —x +In —x dr.

1

Summing the terms and using the following equilibrium conditions,

(1—-a)FBXy Xy = (v+d)X], abBpX;X; +vBX] =d X[, rohX; = dyX; +1X; X5,
AB = dBXE - EX;;XE,
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we obtain
df N 7K%,(X” - X0t %;;dl) X[;;B (Xp — X5)* = KH(%)ISXMXU
— - R [ mon( T DR g
—apto+anxix; [ mpon (DRI
—v(v+d)X] /ow3 HS(T)H(XI(tXl:);)Xi*)dT B di(vF;s- dp) X /0“’4 H4(T)H(%)dt

. dF; ar; . .
Obviously, s < 0 for any Xy, X;, X;, Xo, Xp > 0. Moreover, T 0if X, = X,
X=X}, X; = X}, Xy = X3, and Xp = Xj. Solutions of the model converge to the largest
invariant subset of {(XM,XZ,XZ-, Xy, Xp) 0 T4 = 0} where X, = X%, X, = X7, X; = X,
Xy = X3, and Xp = Xj. Thus, by the Lyapunov-LaSalle asymptotic stability theorem, £ is
GAS. O
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