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Abstract

This paper investigates the problem of stability analysis for Takagi-Sugeno fuzzy systems
with time-varying delays. By integrating an augmented delay-dependent Lyapunov-
Krasovskii functional (LKF) structure, a refined LKF based on auxiliary function-based
integral inequalities, and utilizing a linear switching method, this paper proposes less
conservative stability criteria that effectively enhance fuzzy membership characteristics.
The proposed stability criteria are formulated in the framework of linear matrix inequalities.
Through three numerical examples, the effectiveness and superiority of the proposed
approach are demonstrated by achieving significantly improved maximum delay bounds
compared to the existing literature.

Keywords: linear matrix inequality; linear switching method; stability; time-varying delays;
T-S fuzzy system

MSC: 34K20; 34K25

1. Introduction

The Takagi-Sugeno (T-S) fuzzy model is one of the widely used frameworks for repre-
senting nonlinear systems by interpolating a set of local linear models through membership
functions. The modeling concept is straightforward, since nonlinear behavior is repre-
sented by several local linear models that are blended by membership functions to form
the overall dynamics [1]. Because many analysis and synthesis conditions can be formu-
lated as linear matrix inequalities (LMIs), the T-S framework provides a tractable bridge
between nonlinear system modeling and convex optimization-based analysis [2]. However,
stability conditions based on a Lyapunov function x” (¢) Px(t) are often conservative. To
reduce this conservatism, various Lyapunov constructions have been developed, including
fuzzy weight-dependent, augmented, and asymmetric Lyapunov or Lyapunov—Krasovskii
functionals (LKFs) [3]. Another important issue is the treatment of membership functions
in Lyapunov analysis. In particular, when membership-dependent Lyapunov functions are
employed, the time derivatives of the membership functions may appear explicitly and
complicate the analysis. To overcome this difficulty, alternative fuzzy Lyapunov construc-
tions have been proposed, among which the line-integral-based fuzzy Lyapunov approach
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is a representative example [4]. Along a related direction, membership-function-dependent
Lyapunov constructions combined with switching ideas were also developed to exploit
fuzzy weighting information more effectively and to further reduce conservatism [5].

Time delay is also unavoidable in practical systems where sensing, computation, com-
munication, and actuator dynamics introduce delayed information. For T-S fuzzy systems
with time-varying delays, delay-dependent stability is usually analyzed by constructing a
LKEF, whose effectiveness strongly depends on both the structure of the functional and the
tightness of the inequalities used to bound its derivative. To reduce conservatism, various
integral inequalities have been proposed to estimate the integral terms in the derivative of
the LKF, including Jensen’s, Wirtinger-based, Bessel-Legendre, auxiliary-function-based,
free-weighting matrix integral inequalities [6~10]. In addition, when time-varying delays
are considered, reciprocal delay-related terms often appear during the estimation of the
LKF derivative. Reciprocally convex techniques are therefore commonly employed to
preserve an LMI-based formulation [11,12].

Recent studies have continued to improve delay-dependent stability criteria for de-
layed T-S fuzzy systems by enriching the LKF and tightening the estimation of its deriva-
tive [12-27]. For example, augmented LKFs and fuzzy line-integral constructions have been
introduced for T-S fuzzy systems with time-varying delay, while membership-function-
dependent LKFs and switching schemes have been shown to enlarge the admissible delay
bound by making more direct use of fuzzy weighting information [5,13]. Asymmetric LKFs
were also proposed to relax the symmetry and positive-definiteness requirements imposed
on internal matrices, thereby reducing computational complexity [14]. In addition, less con-
servative treatments of reciprocal convex terms and delay-dependent couplings have been
developed through parameter-dependent reciprocally convex inequalities, quadratic-delay-
product methods, and delay-product-dependent LKFs [15-17]. More recently, refined
line-integral-type LKFs together with improved negative-determination conditions for
high-order delay-dependent terms have also been reported to further enlarge admissible
delay bounds [18]. Nevertheless, existing results may still leave room for improvement
when multi-integral state components, delay-subinterval information, or richer couplings
among current, delayed, and integral states are not explicitly embedded in the LKF [19,20].

Motivated by these observations, this paper investigates delay-dependent stability
for continuous-time T-S fuzzy systems with time-varying delay. The main objective is
to construct an LKF that explicitly incorporates multi-integral state components so that
the relationships among the current, delayed, and integral states can be captured more
effectively. By combining equality constraints, Finsler’s lemma, and the Schur complement,
the resulting stability condition is derived in an LMI form. The main contributions of this
paper are summarized as follows.

* A delay-dependent stability criterion is constructed for continuous-time T-S fuzzy sys-
tems with time-varying delays satisfying 7(f) < 7p. To this end, a time-varying-delay-
dependent LKF with explicit multi-integral state vector components is constructed,
which leads to improved stability results for a relatively less explored delay condition.

*  The term ftt_ ™ x(v) dv — x(s) is included in the double integral term, so that more
delay-related state information can be incorporated, leading to reduced conservatism.

¢ A membership-function-dependent switching scheme [5] is introduced to further
improve the admissible delay bound in numerical computations.

The main stability conditions are derived, and numerical examples are presented to
demonstrate the effectiveness of the proposed method.

Notation: R" and R"*" represents the n-dimensional Euclidean space and m x n
real matrices. X > 0 and X > 0 signify that the matrix X is a real symmetric positive
definite matrix and positive semi-definite. I, denotes the n x n identity matrix. 0, and
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Omxn denotes the n x n and m x n zero matrix, respectively. * represents the elements
below the main diagonal of a symmetric matrix. X¢;); € R™*" indicates that X|¢(; is the
matrix with respect to f(t), i.e, X(g) = X[f(1)=f,)- Sym{X} denotes X + XT. ® denotes the
quadratic form of the matrix. X* denotes a basis for the null space of X.

2. Problem Statements

Consider the following T-S fuzzy system with a time-varying delay.
Plant Rule i: If z1(t) is Ji1, ... and vp(t) is Jp, then

x(t) = Aix(t) + Agix(t — (1)), x(t) = ¢(t),t € [—Tm, 0] (1)

where A; € R"*" and A;; € R"*" are system matrices, x(t) € R" is the state vector, and
T(t) is time-varying delay satisfying

0<t(t) <typ, T(t) <71p. )
Also, vj(t)(j = 1,...,p) denotes the premise variable, J;j(i=1,...,r;j=1,...,p) is

fuzzy set associated with the jth premise variable in the ith rule and r is the number of
fuzzy rules. Using the fuzzy rules, system (1) can be denoted as

r

x(t) = ) vi(o(t) (Aix(t) + Agx(t — 7(1))) 3)
where

P
vi(v(t)) = @) w;(v(t)) = jll]z‘j(vj(t))‘

In the above, v;(v(t)) is the normalized membership function and J;;(v;(t)) is the
grade of membership of v;(t) in J;;. Suppose w;(v;(t)) > 0and Y[_; w;(vj(t)) > 0, then
the membership function satisfy

14
Y ulo() =1, Y. vi(u(t) =0. @)
i=1 j
Before giving the main results, several useful lemmas are introduced.

Lemma 1 ([10]). Let x(-) : [v, u] — R" be a continuously differentiable function and augmented
vector §(t) € R®. For given scalars v, u with v < u, positive matrix R € R"*", and any matrices
L, M, N € R ", the following inequality holds:

- /vu xT(a)Rx(a)da < Sym{&T(t)Leq (v, u) + T (t)Mea (v, u) + &1 (t)Nez(v,u)}

u

+ (- o) R 7g(w + U D mr M) + e NR N D) ©)

where
e1(v,u) = /u x(w)da,
£2(0,11) = —/vux(zx)dtva(uz_v)/vu /;x(,s)d/sda,

e3(v,u) = /Uu x(a)do — ﬁ /Uu/a x(B)dBdu + (uizv)z /vu /“u /ﬁu x(y)dydBda.
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Lemma 2 ([5]). For matrices K, = Y|_, v;i(v(t))Kjand J, = Yi_; vi(v(t))]; with K; > 0 and
J; > 0. We have K, < 0 and [, < 0 if the following inequalities are satisfied:

vj(o(t)) <0:Kj <Ky, Jj <y, 6)
1'/]'(0(15)) >0: K]' > Ky, ]j > Jr )

wherej=1,2,...,r—1.

Lemma 3 (Finsler’s lemma [28]). Let v € R", F = FT € R"™", G € R™*". The following
formulas are equivalent:

(i) v Fu <0, YGo =0, v #0,
(iiy IE€R”™:F+EG+GTET <,
T
(iii) (Gi) FGL <.
3. Main Results

In this section, the main delay-dependent stability conditions for the considered T-S
fuzzy system with time-varying delay are presented. For simplicity, some expressions are
listed as follows:

T

,
Rk,v:Z i(v ())sz(k—123 :Z NI/GV_ZVI wav—zvz )W,
i=1 i=1 i=1

q0 = Ot7nxn € R,
qi = [Onx(i—l)n'Iﬂronx(17—i)n]T € anxn(i =12,...,17),

px(t) = ["(1),57(n)] ,

@it = [0 —an, [ oas [ [ s
(Dz(f,S):: /qo w)du, 7 (£), x (t—rM)} ,
@a(t,5) = [+(5), [ o (), () T<t—rM>}T,

@4(t,8) = -xT(s),xT(s),/th(v)dv, /t.t x(v)do — x(s)} T,

—Tu
t—1(t)

&(t) = _xT(t) T (E— (1)), T(t—TM),xT(t),xT(t—TM),/tt (t)xT(s)ds,/tiT « (s)ds,
/t e / duds Y /t /t Tm u)duds,
ﬁ / < (s)ds, TMlT(t) /ttT;(t)xT(S)ds,
T2 /t “ // dvduds /tt 0 /t Tt)/t B v)doduds,
T2 /t « / duds /tt v /t Tt) u)duds,
/tTM s)ds, /t TM/ duds] ,
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0 0 0
I Onxn Ouxn Onxn
Ii’l OVl><7’l

0
0 = ML @ = | =1L, Ouxn Ouxn Onxnl,
Onxn In Opxn O . :
Onxn  Onxn I n YUnxn Unxn Unxn

T = [A;, Ad Onscns —In, 0130l
Enie(ry) = Sym{lqr, a3, 916, 17)(Re; + T(H)Ray + (T — T())Rs )94, 95,91 — 93, Tmd1 — 6]’ }
+ (91,93, 716, 17) (t0 (Ray — R3.1)) 91, 93, F16, 017]
B0 = (71,94, 90,90, 91, 93] N1 91, 94, 90, 90, 91, 93]
— 143,95, 916,91 — 93,91, 93] Ni[q3, 95, 16, 91 — 93, 91,93
+ Sym{[q16, 1 — 93, 17, TMT1 — G16, 91 TMA3] N[0, G0, 91, 94, 94, G5
Ea1,1 = 1,90, 90, 91,931 G1[1, 90, 90, 91, 93]
— (1= 1)[q2,96, 01 — 92,91, 93]G1(q2, 96, 91 — 92,91, 93
B 1e()) = Sym{[qe, T(£)gs, T(E)q1 — g6, T(£)q1, T(£)43]G1[q0, 91,94, 94,95 },
B4 = Tl9a, 91,90, G16 — 71)Ql94, 91, 90, G16 — 1)

7

]T
]T

4

}T

7

+ Sym{ [TM% — 16,917, (Th1/2)q1 — 917, (Tar /2) 16 — %7} Qlq0,90, 94,31 — )" },
Eqinry = Sym{Li[q1 — 92,96, T(1)q1 — 96, T(1)q16 — q6) " }

+ Sym{M[q1 + 92 — 2410, —46 + 298,96 — 248,96 — 24]" }

+ Sym{N1[q1 — 92 + 6410 — 12914, 96 — 648 + 12912, —q¢ + 645 — 12412,
—q6 + 695 — 12912},

Bty = Sym{La[q2 — 43,97, (tm — T())q1 — 47, (tm — () ) 916 — 97]" }

+ Sym{Ma[q2 + 45 — 2911, —q7 + 299,97 — 249,97 — 240]" }

+ Sym{Na[q2 — g3 + 6q11 — 12415, 97 — 649 + 12413, —q7 + 649 — 12413,
—q7 + 690 — 12913},

Es = [q1,90, 916 — 1111 (41,90, 916 — 01]" + 92,01 — 42,916 — 42 (P2 — P1) 92,01 — 92, 916 — 2]
— 193,91 — 93,916 — 93] P2193, 91 — 93,916 — 073]T,
Bein(t)) = Sym{(t(t)q10 — 96)¥1} + Sym{((tm — T(t))q11 — q7)¥2}

+ Sym{(t(t)q14 — q8)¥3} + Sym{((tm — T(t))q15 — 99) ¥4}

+ Sym{ (916 — 96 — 97) ((T(t) /T;m)¥5 + ((t;m — T(t)) /™) ¥6) }

+ Sym{(q17 — t(t)qs — (tm — T(t) )96 — (Tm — T(t))q9) ¥7},

Qaugt = Q + Sym{O1 P10}, Quuga = Q + Sym{©1 %O, },
71 = TqaWiq; — tmgsWigs — Sym{(q1 — 43)Wi(ga — 45)"}

— 3Sym{(—q1 — 43 + 2/ ) q16) Wi (—qa — 45 + (2/Tna) (91 — 43)) "}

— 5Sym{(q1 — g3+ (6/ ) q16 — (12/Thy)q17) W,
X (91— g5+ (6/Tam) (1 — 93) — 641 + (12/T3y)16) "},

Eife(t) = Eije(e)] T B2 + 311 + B 11e(r)) + B4+ Barfer)] + Eaze(r)) + E5 + Egjney) T E7,-

Theorem 1. For given constants tyy > 0 and tp, the time-delay T-S fuzzy system (3) is asymp-
totically stable for all delays satisfying 0 < t(t) < Ty, and Tyr(t) < Tp, if there exist positive
definite matrices N, € ROmx6n G e RS O ¢ R4 W, ¢ R, symmetric matrices
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Ri, € R4”X4"(i =1,2,3), PP € R37%31  and any matrices ¥; € ]R"XU"(Z' =1,---,7),
Ly, Ly, My, My, Ny, Ny € RY7mx41 gyl that the following LMIs hold forl =1,--- ,r

Riy <0, Ry <0, R3p <0, N, <0, G, <0, W, <0, (8)
Ryj+Ry; >0, 9)
Rij+R3; >0, (10)
Ry;—R3; >0, (11)

(T Erpe(y =y (@T) O (tale) @) (zaMr) (T (zmNy) |
* _TMQaugl O x4n O x4n <0, (12)
* * _3TMQaug1 O x4n
* * * _5TMQaug1 J
T Eieo) TF)  (TH) T (tmL2) TP (tuMz)  (TF)T (1 N2)|
* _TMQaugZ O4p1x4n Oy x4n <0. (13)
* * _3TMQaug2 O4p1x4n
* * * _5TMQaug2 i

Proof. Let us consider the LKF candidate as follows:
V(t) = Vi(t) + Va(t) + V3(t) + Va(t) + Vs(t)
where

Vi(t) = @ () (Riy + T(H)Rop + (T — T(£))R3,) (@),

Va(t) = /ti @I (1,5)N, (©)ds,

Va(t) = /t @I (t,5)Gy (©)ds,

/ /co4 (t,u)Q(®)duds,
t ™

Vs(t) = h/HM T(s)W,%(s)ds — (/ttTMx(s)ds> va(@)
—3</ttT s——/t T/ duds) W, (®)
_5</t; ds——/t T/ duds+— . // dvduds) W, (®).

The time derivatives of V;(f) are induced as

(1)
V0) = 200 () (Ryy + T(0Ras + (i~ ()R | _(f e

Tmx(t) — f x(s)ds
+ @] (1) (t()(Ray — Ray) + Ryy + T(H)Ropy + (T — T(t ))R3,V) (®).  (14)
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If LMI (11) is satisfied, then (14) can be derived as follows.
Va(t) < Y vi(e(8)ET (D8 (S (+)
+ Y vi(v(t)@f (Ry;i + T(t) R + (T — T(£))R3,) (®). (15)
i=1

The time derivatives of V;,(t)-V4(t) are given as follows.

o) 1 o(t =)
- o 0 nx ft—TM(P(u)du
Va(t) =2 ;(t)l N,(®) — - Ny(®)
x(t —Tm) x(t —1wm)
fttfr q) ! 0211 %1
J ZTMf qv(u)duds o(t) Y SRS
42 Jt ) N, (1) +/HMw2 (t,5)Ny(®)ds
Tmx(t — Tym) x(t— 1)
= Y u(e) (=0 + [ @l 9Ni(@)ds 6
i=1 t=Tm
(1) x(t—(t) '
_ | O . Ji ey (s)ds
B =] T | G - R | Ge)
x(t — ) x(t =)
tt—T(th(S)ds ! O x1
ft_T( )fs @(u)duds o(t) t ¢
+2| Jt ’;M(t)x(t) Gy (1) + A (t,5)Gy(®)d
()x(t — ) X(t—1m)
< iW(ZJ(t))gT(t)(EZ%l,i+E32,i[r(t)])g(t) + tt (t)a)g(t,s)Gi(@)ds, (17)
i=1 -7
Vi(t) = tjey (,5)Q(O) — /t; @] (t,5)Q(®)ds
ft ™ f duds ! 0n><1
Ji—ey Jo x(u)duds O
e ft i fof v)doduds Q x(t)1
ft TMf f v)dv — x(u ))duds x(t) — x(t — )
"z - [ eftsQ@)s as)
Let us consider the following two augmented zero equalities with Py, P, € R3%*3",
x(s) ’ x(t—1(t)) !
X1:0= { Om Pi(©) - x(t) —x(t—(t)) Py(©)
Jiy, x(s)ds — x(t) S x(s)ds — x(t— (1))
72/7 \ T(15)0, P, @y (0)ds, (19)
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x(t—1(t)) ! x(t = Ty) !
X210 = x(£) — x(t — T(t)) Py(0) — x<t> — x(t—Ty) Py (o)
Sy ¥(s)ds = x(t = 7(1)) S x(5)ds — x(t = Ty)
_2 /t t:(t)wg(t,s)(alpz@z(@)ds. (20)

By adding the following zero equality to (18), it follows that
_ t
Va(t) 430+ = ET 0850 — | @ (1) Quuga (9)ds
-7

t—1(t)
- /t cDZ(t,s)Qﬂugz(Q)ds. (21)

—Tm

Then, by applying Lemma 1 to the integral terms in (21), the following results are obtained.
t
- / wélT(t/S)Qaugl(®>dS
t—1(t)
< Sym{gT(f)Lﬂh(f) +&T ()M (t) + §T(t)N1’73(f)}

T
127 (0 MQu LT + 3¢k MT + 5NN ) 200

T
=g'(t) <E‘41[T(t)] + Tm(t )(LlQngLl + MlQngM1 + NlQng ) )(j(t), (22)

t—T(t)

- @I(ffS)Qaugz@)dS

t*TM

< Sym{&"(t)Lana(t) + & (£)Mons(t) + &7 (£)Norge (1)}

T
+ (TM - T(t))‘:T(t) (LZQuugZLZ + MZQuugZMZ +z N2Qaug2 T) §<t)

T
=g (Ewm + (tm — (1)) (LZQa_ulgszT + %MZQ;ulgzMzT + %NZQ;ulgzNzT ) )C(t) (23)
where
m(t) = 01 — 92,96, ()31 — 96, T (£)G16 — q6] €(1),
ma(t) = (91 + 92 — 2410, — 6 + 278,96 — 248,96 — 248] " &(1),
73(t) = 91 — 92 + 6410 — 12q14, 96 — 645 + 12912, —46 + 648 — 12q12, —q6 + 645 — 12q12] " &(t),
na(t) = 92 — 43,97, (Tm — T(6))q1 — a7, (Tst — T(£))916 — 7] E(E),
15(t) = (92 + 93 — 2911, —q7 + 249,97 — 240,47 — 2q0] " &(t),
N6(t) = 02 — 43 + 611 — 1215,47 — 649 + 12q13, —q7 + 699 — 1213, —q7 + 649 — 12q13] & (#).

So, a novel bound of Vy(t) + x1 + x2 is
Va(t) + x1+x2 < &7(1) (34 + Eg1[e(r)] + Banfr(r)) + Es

T
+TM( )<L1Qaulg1LT + MlQauglMl + NlQaugl >

_ 1. 1. T
+(tm — (1)) (LzQuulgszT + 51\/12Qm}g21v1§ + g1\erm}g2z\rzT > )C(t). (24)
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From the relationship among the elements of ¢ (t), the following zero equalities are
introduced with ¥;(i = 1,--- ,7) € R™17",

10 = &T (1) Sym{(T(t)g10 — 96)¥1}E (1), (25)
X4:0= T(t)Sym{((w—r( )1 — q7) Y2} (), (26)
x5:0 =" (t)Sym{(t(t)q1s — q8) ¥3}E(t), (27)
Xe:0= T(t)Sym{((TM T(t))q15 — q9) ¥4 }E (1), (28)
x7:0= ¢ (t)Sym{(q16 — 96 — q7) (T(t) /Tan) Y5 + ((tsr — T(£)) /) ¥6) }E(),  (29)
xs: 0 =& ()Sym{(q17 — T(t)gs — (tm — T(t))q6 — (tnr — T())q9) ¥7}E(t). (30)

By combining the zero equalities (25)—(30), the obtained equation can be written as

0= &' (1) Zqpe(n)E(1). (31)
The time derivative of V5(t) is written by

Vs(t) = tnx T (W () — T T (8 — ) Wy (F — Tag)
—2(x(t) — x(t — TM)) Wy (%(t) — x(t — ™))

: T
- 6(—x( ) —x(t—tm) + 2 x(s)ds) W, (—x(t) —x(t—tm) + %(x(t) —x(t— TM))>

t—Tm
_10<x( )—x(t—TM)—i—: tt /t / duds) Wy
X <5c(t) (=) + %(x(t) Cx(t—y)) — %x(t) 4 i—f/ x(s)ds>
T
= Y u(e()ET (HZr2 (). )

=1

If LMI (8) is satisfied, then it follows from (15)—(32) that the following stability condi-
tion holds.

t) < Z Vl'(U(i‘))(:T(t) (‘Ei[r(t)] + T(t> (LlQaulglLT

MlQauglMl +z NlQaugl )
i=1

1
3

1
+ (TM ( )) <L2Qaug2L2 + MZQaugZMZ + 5N2Qaug2N2))C( )

By using Lemma 3 with the equality constraint }_}_; v;(v(#))I,¢(f) = 0, the following
is obtained:

r _ 1
gvi(v(t))(r#)]"(:‘i[r(t)} + T(t) (LlQuuglLl + 3M1Qaug1Ml +z NlQaugl )
1=
_ 1 _ 1 _
+ (tm — (1) (Lsz}gzLE + 3MaQuuo M3 + = N2Quua N7 ))(Ff) <0. (33)

Finally, by applying the Schur complement, the derived stability condition is equiva-
lently transformed into the LMIs (12) and (13) in Theorem 1. Hence, if the LMIs (12) and (13)
are satisfied foralli =1, - - - ,r and for all admissible membership functions v;(v(t)), then
the T-S fuzzy system (3) is asymptotically stable. This completes the proof. [

Remark 1. Different from existing works, where the delay-dependent term in V4 (t) is constructed
in the form of @] ()Rq,(®) + T(t)xT (t)Ra,(®) and only the current state vector x(t) is used
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in the T(t)-dependent part, the proposed LKF extends this term by using the augmented vector
@1(t). This enriched structure enables the LKF to capture more detailed coupling relationships
among the current state, delayed state, and integral states over the delay interval. Moreover,
not only the T(t)-dependent term but also the (Ty; — T(t))-dependent term is constructed with
@1 (t). In addition, to guarantee the Vy(t) > 0 for all T(t) € [0,Tp]|, the LMI conditions
Ryj+1(t)Ryy + (tm — T(t))R3; > 0(I =1, -- - ,r) is imposed.

Remark 2. In the proposed Lyapunov—-Krasovskii functional, the fourth vector component in Vy(t)
is explicitly incorporated into the stability analysis of the T-S fuzzy system. Compared with existing
results for T-S fuzzy systems with time-varying delays, this construction makes a more direct use of
multi-integral state information. As a result, additional cross-coupling terms are introduced into
the resulting LMIs, which helps reduce the conservatism of the derived stability criterion.

Remark 3. The proposed LKF V5(t) is constructed by using the auxiliary-function-based integral
inequality (AUXII) so that additional information on the integral terms of the augmented vector can
be included in the analysis. This AUXII-based construction allows more delay-related information
to be retained in the functional.

Remark 4. In Theorem 1, membership-function-dependent LKFs are employed in Vy(t), Va(t),
V3(t), and Vs(t). Since their time derivatives generate additional terms related to the membership
functions, LMI (8) is required to guarantee these terms. To guarantee LMI (8), which is derived
from the membership-function-dependent LKF, the linear switching method in Lemma 2 is employed.
In Theorem 1, the matrices Ry, (k = 1,2,3), Ny, Gy, and W, are constructed as membership-
function-dependent matrices, and their time derivatives include the terms related to v;(v(t)). The
sign of v;(v(t)) is associated with the corresponding matrix-ordering conditions, and the derivative
terms of the membership-function-dependent matrices are guaranteed to satisfy LMI (8).

To verify the effect of the proposed LKF, the following corollary is derived from
Theorem 1 by removing the delay-dependent terms and V5(t).

Corollary 1. For given constants Tyy > 0 and tp, the time-delay T-S fuzzy system (3) is asymptot-
ically stable for all delays satisfying 0 < T(t) < Ty, and Ti(t) < Tp, if there exist positive definite
matrices Ry, € Rémxdn N e ROm¥61 G e RS ( ¢ Rénmxdn symmetric matrices Py, P, €
R3"%31  gpd any matrices ¥; € R”XU"(i =1,---,7), L1, Ly, My, Mp, N1, N, € RI7mx4n gy cp
that the following LMIs hold for | =1,-- - ,r:

Rl,l/ S 0/ Nl/ S Or GV S O/ Wl/ S OI (34)

T ey =y DT T (tmLy)  (TH) T (taM1)  (TF) T (N1 |
* _TMQaugl O x4an O x4n <0, (35)
* * *3TMQaug1 O x4n
* * * 75TMQaug1 ]
T Eie=o) TF)  (TH) T (tml2) TP (tuMz)  (TF)T (tpmN2) |
* —TmQaug2 O x4n O x4n <0, (36)
* * =3t Qaug2 O x4n
* * * —=5TMQaug> |
where
& = Sym{[q1,93, 916, 17) R0,i[74, 95, 1 — 33, Tmd1 — 916) " }
+ o, + Ba1,i + E3pife(1)] + B4 + FEq1r(0)] T Eazjr(r)] T E5 + Bz (r))- (37)
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o

- 1+ e—2x1 (OM

Proof. Let us consider the LKF candidate as follows:
V(1) = @ (t)Ry,,(®) + Va(t) + Va(t) + Va(t).
The other process is very similar to the proof of Theorem 1, so it is omitted. O

4. Numerical Examples

The superiority of the proposed method is illustrated through three representative
numerical examples.

Example 1. Consider the following T-S fuzzy system with time-varying delay:

2
(1) = Y vi(x(t))(Aix(t) + Agx(t — (1)) (38)
i=1

where

0.1 ~11 01 ~19 0 09 0

L Ay = A, = A, = )
—0.91 a1 [—0.8 —0.9] 2 [—0.2 —1.11 d2 l—l.l —1.21
va(t) =1 =1 (t).

By applying the proposed LMI-based stability criteria in Theorem 1 and Corollary 1 to
Example 1, the maximum admissible delay upper bound 7, is computed for several values
of Tp. The obtained results are summarized in Table 1, where a direct comparison with
existing approaches [13,21-23] is provided. It can be observed that the proposed method
provides larger delay bounds, which indicates a reduced conservatism.

Table 1. Maximum sampling intervals 7y for system (Example 1).

Methods 0 0.1 0.5 Condition NoDVs*
Theorem 1 (m = 3) [21] 4.37 341 1.95 t(t) <1p 15.5n> +6.5n
Theorem 1 (m = 4) [22] 4.61 - - t(t) = 9.5n% +4.5n

Theorem 1 [23] 5.58 - - t(t) = 4.5n% 4+ 2.5n
Theorem 1 [13] 5.5826 4.2044 2.0685 () < 1p 20912 + 9n
Corollary 1 5.6897 4.2662 21735  t(t)<tp  693n% +20n
Theorem 1 5.6897 4.2652 2.1785 t(t) <1p 7261 +29n

NoDVs*: The number of decision variables.

More precisely, the membership-function-dependent inequalities give rise to two comple-
mentary switching cases, which can be described by the following matrix-ordering patterns:

Case 1: {Ry;1 < Ry, Ro1 < Rpp, R31 < Rzp, Ny < Na, Gy < Gy, Wy < Wa},
Case 2: {Ry;1 > Ry, Ro1 > Rpp, R31 > Rzp, Ny > Np, Gy > Gy, Wy > Wa

For each case, the corresponding LMIs are solved independently, and the final admis-
sible delay bound is determined by taking the minimum value that guarantees feasibility
over all admissible switching scenarios. For instance, in Example 1 with 7p = 0.1, Theo-
rem 1 gives Ty = 4.2690 for Case 1 and 1)y = 4.2672 for Case 2. Hence, the final bound is
selected as Ty = min{4.2690, 4.2672} = 4.2672.

To numerically verify the stability of the system under the computed admissible delay
bound, the simulation is carried out with the initial condition x(0) = [1, —1]T and the
time-varying delay 7(t) = 1.0893 + 1.0893sin(0.5¢/1.0893), which satisfies 0 < 7(t) < Ty
with Ty = 2.1786 and tp = 0.5. The resulting state responses are shown in Figure 1.
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From the figure, the responses converge to the origin, which provides numerical evidence
that the system remains stable even when the delay varies up to the computed maximum
allowable bound.

- = - (1)
- Cd = = ~ - -~ = ———
1
_1 | | | | |
0 5 10 15 20 25 30
Time(s)
Figure 1. The state responses of the system (38).
Example 2. Consider the following T-S fuzzy system with time-varying delay described by:
2
() = ) vi(x(1) (Aix(t) + Agx(t — (1)) (39)
i=1
where
-2 0 -1 0 1 0 -1 0
A= , Aqp = Ay = , = ,
"o —0.9] o [—1 -1| “* |os 1] ie [0.1 —1]
1 1
Y1 (t> o (1 N 1+ e*5(x1 (t)—m/6) > 1+ 6*5(9‘10)*”/6) ’
va(t) =1 —vi(t).

Table 2 shows the admissible delay bounds obtained by applying Theorem 1 and Corol-
lary 1, along with those reported in [14,16-19]. It can be seen that the proposed method
significantly enlarges the admissible delay bounds for 7p € {0,0.1,0.4,0.9}. Although sev-
eral compared results are derived under the constraint |7(¢)| < 7p, the proposed condition
under 7(t) < 1p still yields improved bounds, which demonstrates the effectiveness of the
proposed construction.

Table 2. Maximum sampling intervals 7y for system (Example 2).

Methods 0 0.1 0.4 0.9 Condition NoDVs
Theorem 1 [14] 3.6167 - - - t(t) = 13n% + 5n
Theorem 1 [16] 3.6446 3.2464 - - |t(t)] <1p 315.5n2 +50.5n1

Theorem 1 (0, < 3y [19] - - 2.0925 17950  |t(t)| <t 2660 +22n
Theorem 1(N = 2,C = 0.4) [17] - - 2.1281 1.8742 |t(t)] < tp 230.5n2 +25.5n
Theorem 1(N =1,C = 0.9) [18] - - 2.1994 1.9101 |t(t)| < tp 243.5n +28.5n

Corollary 1 6.1686 4.7878 2.7355 1.7787 (t) < 1p 69312 + 20n
Theorem 1 6.1686 4.7910 2.7453 1.7865 t(t) < 1p 726n% 4291

To numerically verify the stability under the computed admissible delay bound, a
time-domain simulation is performed with the initial condition x(0) = [1,—1]T and the
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time-varying delay 7(t) = 0.8932 + 0.8932si1(0.9t/0.8932) with 1)y = 1.7865 and tp = 0.9.
The resulting state responses are shown in Figure 2.

T T
z1(1)
- = (1)
I
_-1 | | | | | | | | |
0 2 4 6 8 10 12 14 16 18 20
Time(s)
Figure 2. The state responses of the system (39).
Remark 5. Most of the existing works dealing with the condition t(t) < Tp are relatively old,
so they are not enough for a full comparison with recent results. Therefore, this example also
compares the proposed method with recent criteria developed under the condition |t(t)| < tp. Since
|T(t)| < Tp is less restrictive than T(t) < Tp, it usually gives larger admissible delay bounds.
Nevertheless, the proposed method still yields better results for Tp = 0.4.
Example 3. The system matrices for Example 3 are given as:
2
() = ) vi(x(t)) (Aix(t) + Ag,x(t — h(t))) (40)
i=1
where
-2 0 -1 0 -1.5 1 -1 0
A = y A = A 7 A 4
"Tlo —o9 T [—1 ~1] 7 o —ors| T l 1 —0.85]

n—(1 1 1
n®) = 1~ T esmo—7e ) T e smm—re”

1/2(1’) =1- 1/1(1’).

Table 3 provides a comparison of the maximum allowable delay bounds obtained
from Theorem 1 and Corollary 1 with several recent criteria [12,15,20,25-27]. It is clearly
observed that the proposed method yields substantially larger admissible bounds for all
tested values of Tp, which demonstrates a remarkable reduction in conservatism.

Table 3. Maximum sampling intervals 7y for system (Example 3).

Methods 0.2 0.4 0.6 Condition NoDVs
Corollary 1 [25] 1.6409 1.4588 1.3905 lt(H)| <1p  10.5n* +3.5n
Corollary 2 [26] 1.7805 1.5339 1.4082 lt(H)| <t  113n*+17n
Theorem 1 [27] 1.8728 1.6517 1.5205 lt(t)| <t 137n%+31n
Theorem 1 [12] 2.0101 1.8487 1.7349 lt(H)| <1 309n% +31n
Theorem 3.1 (¢; = 0.1, ¢, = 0.9) [15] 2.1406 1.9132 1.7597 lt(t)| <1p  84.5n* +7.5n
Theorem 1 [20]
(N = 3,B1 = 0.5hp, B2 = 0.9h) 2.2401 2.0811 1.9475 |t(t)] <tp  94.5n% +20.5n
Corollary 1 3.9202 2.8412 2.2540 i(t) < 1p 693n% + 20n
Theorem 1 3.9162 2.8421 22732 i(t) < 1p 726n% +29n
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To numerically verify the stability under the computed admissible delay bound,
a time-domain simulation is carried out with x(0) = [1,—1]T and 7(t) = 1.1366 +
1.1366sin (0.6t /1.1366) with Ty = 2.2732 and tp = 0.6. The corresponding state responses
under this worst-case delay setting are presented in Figure 3.

$1<t)
- - =aa(t)]

I
I
|
0

Ay

A,

vy (x(t))

1 4 ex1(t)+057

5 10 15 20 25 30
Time(s)
Figure 3. The state responses of the system (40).

Example 4. This example deals with a truck-trailersystem introduced in [13]. The system parame-

ters are
— iT r { b _ -
—c% 0 0 —(1- c)% 0 0 %
CQLUTOQ 0 0 ’ Ad,l = (1 - C);TOZ 0 0 ’ Bl - 0 ’
f 7 f 7
i Cvzétzj ?Tf 0 i (I—¢) vzétz] %Ot 0 | L 0 ]
i P r P 1 © of T
—c? 0 O —(1- c)% 0 0 %
CZLUTOZ 0 0], Ap= (1- C)zLToz 0 0|, Bo=| 0 |,
V2(£)?  dof v-(F) f
| €214, % 0 _(1*0)2Lt0 %0 0_ L 0 ]
1
va(x(t) =1 —vi(x(t)). (41)

where L =0.5,F=2.0,1 =28, ty =0.5,¢c = 0.7, and d = 10ty / 7. By fixing the control gains
Ky = [20.6936, —51.9608, 0.5275] and K, = [20.6902, —51.9170,0.5256], the T-S fuzzy system
can be expressed as follows with A; = Ay + B1Kq, Ay = Ay + BoKs.

x(t) = ) vi(x())(Aix(t) + Agix(t — h(t))) (42)

M

i=1

Table 4 provides a comparison of the maximum allowable delay bounds obtained
from Theorem 1 and Corollary 1 with recent criteria [13]. It can be observed that Corollary 1
gives a smaller admissible delay bound than the previous results, whereas Theorem 1 gives
a larger one.

Table 4. Maximum sampling intervals 7y for system (Example 4).

Methods ™D =0.9 Condition
Theorem 1 [13] 9.3915 T(t) < 1p
Corollary 1 9.2125 (t) < 1p
Theorem 1 9.4344 () < 1p

Remark 6. From Example 1 with tp = 0.1 and Example 3 with tp = 0.2, it is observed that
Corollary 1 yields larger admissible delay bounds than Theorem 1. On the other hand, Theorem 1 is
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derived from a delay-dependent LKF, so that more information on hp is included in the resulting
LMIs. Hence, as Tp becomes larger, Theorem 1 tends to provide larger admissible delay bounds.

5. Conclusions

This paper has addressed the delay-dependent stability problem for continuous-time
T-S fuzzy systems with time-varying delay. To reduce conservatism, improved LKFs
were constructed by explicitly incorporating multi-integral state components. Moreover, a
time-varying-delay-dependent augmented term was introduced to capture more detailed
coupling information among the current state, delayed state, and integral states over the
delay interval. Furthermore, by applying the AXUII, the proposed LKF was constructed
in a more effective form, and a membership-function-dependent switching scheme was
adopted to further reduce conservatism and enlarge the admissible delay bounds. Based
on these developments, the delay-dependent stability conditions were derived in the form
of LMIs. Finally, numerical examples were provided to show the effectiveness of the
proposed method.
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