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Abstract

The paper concerns the solution of the ordinary differential equation y′′ ± xmy = 0, which
may be designated the generalized Airy equation, since the original Airy equation corre-
sponds to the particular case m = 1 with the + sign. The solutions may be designated
generalized circular (hyperbolic) sines and cosines for the + (−) sign, since the particular
case m = 0 corresponds to the elementary circular (hyperbolic) sines and cosines. There
are 3 cases of solution of the generalized Airy equation, depending on the parameter m: (I)
for m a non-negative integer, the coefficient xm is an analytic function, and the solutions
are also analytic series; (II) for m complex other than an integer, the coefficient xm has a
branch point at the origin, and the solutions also have a branch point multiplied by an
analytic series; (III) for m a negative integer, the coefficient xm has a pole of order m, and the
generalized Airy equation is singular. Case III has four subcases: (III-A) for m = −1, the
coefficient x−1 is a simple pole, and the solutions are Frobenius–Fuchs series of two kinds;
(III-B) for m = −2, the coefficient is a double pole, and the solutions are a combination
of elementary functions, namely exponential, logarithmic, and circular (hyperbolic) sine
and cosine for the + (−) sign; (III-C,D) for m = −3,−4, . . ., the coefficient is a pole of
multiplicity |m|, and the generalized Airy differential equation has an irregular singularity
of degree |m| − 2 at the origin. In the sub-cases (III-C,D), the solutions can be obtained by
inversion as asymptotic series of descending powers specified by (III-C) Frobenius–Fuchs
series of two kinds for a triple pole m = −3; (III-D) for higher-order poles m = −4,−5, . . .
by generalized circular (hyperbolic) sines and cosines of 1/x. It is shown that in all cases
the ascending and descending series are absolutely and uniformly convergent with the
n-th term decaying like O

(
n2). This enables the use of a few terms of the series to obtain

tables and plot graphs of the solutions of the generalized Airy differential equation as
generalized circular and hyperbolic sines and cosines for several values of the parameter m.
As a physical application, it is shown that the generalized circular (hyperbolic) cosines and
sines specify the motion of a linear oscillator with natural frequency a power of time in the
oscillatory (monotonic) case when the origin is an attractor (repeller).
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1. Introduction
The differential equation

y′′ ± xmy = 0 (1)

may be designated generalized Airy differential equation since the particular case m = 1
with a + sign is the original Airy differential equation [1]. Its solutions are the Airy
functions Ai(x) and Bi(x), about which there is an extensive literature [2] covering many
properties [3]. This overlaps with the literature on the Bessel functions [4], of which
the Airy functions are a particular case [5]. The Airy functions appear in a variety of
physical phenomena [6], including acoustic [7] and electromagnetic [8] waves near a
caustic. The latter represents the transition from light to shadow, with the Airy function
decaying in the shadow zone and oscillating towards a non-zero value in the light zone.
The solution of the generalized Airy Equation (1) with a + (−) sign may be designated
generalized circular (hyperbolic) cosine and sine, since in the particular case m = 0, the
solutions are the original elementary circular (hyperbolic) cosine and sine functions [9].
The purpose of the paper is to solve the generalized Airy differential equation for both
signs ± and all complex values of the parameter m.

There are three cases of solutions of the generalized Airy differential Equation (1),
depending on whether the parameter m is: (I) a non-negative integer; (II) a non-integer
complex number; (III) a negative integer. In case I of parameter m being a non-negative
integer, the coefficient xm is an analytic function in the finite complex plane |x| < ∞, and
the solutions are [10] analytic functions in the finite disk, specified by ascending power
series, multiplied by an integral power of x with positive integer exponent a if the origin is
a zero of degree a:

|x| < ∞ : y(x) = xa
∞

∑
n=0

Cn(a)xn. (2)

In case II, when m is a complex number other than an integer, the coefficient xm has a branch
point [11] at the origin; the solution may also have a branch point at the origin, with the
factor xa with a possibly different complex exponent a ̸= m multiplying an analytic series
(Section 2), leading again to (1) with a complex instead of a non-negative integer index a.
Thus, in both cases I and II, that is, for all complex values of the parameter m excluding
negative integers, the solution is of the form (2), with index a determined by an indicial
equation and coefficients Cn specified by a two-term recurrence relation (Section 3).

Cases I and II were discussed in detail in an earlier paper [12] and are reviewed here
briefly as a preliminary discussion. Case III is when m is a negative integer, which is the
main focus of this follow-on paper. The Airy differential Equation (1) has a singularity
at the origin that is a regular singularity [13] for m = −1 and m = −2 and an irregular
singularity [14] of degree |m| − 2 for m = −3,−4, . . . Thus the case III, when the generalized
Airy differential equation is singular, has four sub-cases corresponding to the coefficient
xm having (III-A) a simple pole for m = −1; (III-B) a double pole for m = −2; (III-C) a
triple pole for m = −3; (III-D) a higher-order pole for m = −4,−5, . . . In the sub-case (III-A)
of m = −1, when the coefficient 1/x has a single pole, the generalized Airy differential
Equation (1) has a regular singularity at the origin, and the Frobenius–Fuchs method leads
to a function of the first kind, specified by an ascending power series solution like (2); since
the exponent difference is an integer, the second linearly independent solution is a function
of the second kind [15], consisting of a logarithm multiplying the function of the first kind
(1), plus a complementary function specified by an ascending power series possibly starting
at a higher order n = s:

x /∈ (0,+∞) : y(x) = xa log x
∞

∑
n=0

Cn(a)xn +
∞

∑
n=s

Dn(a)xn, (3)
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and the solution is valid in the complex x-plane with a branch-cut from the origin to infinity.
In the case (III-B) of m = −2, when the coefficient has a double pole 1/x2, the gener-

alized Airy’s differential equation has a regular singularity, but the power series solution
simplifies to a single power with a complex exponent and can be expressed in elemen-
tary terms as the product of a power by circular (hyperbolic) cosines and sines for the
+ (−) sign, with an argument involving logarithms. In the remaining sub-cases (III-C,D)
of m = −3,−4, . . ., when the coefficient xm has a pole of order higher than 2, the general-
ized Airy differential Equation (1) has an irregular singularity at the origin with degree
|m| − 2. The inversion of the independent variable x → 1/x leads to descending power
series solutions: (III-C) for m = −3, corresponding to a triple pole 1/x3 in the coefficients,
the solutions are Frobenius–Fuchs series of the first (2) and second (3) kinds and vari-
able 1/x, thus valid respectively outside the origin |x| > 0 and outside the branch-cut
x /∈ (0,+∞); (III-D) for m = −4,−5, . . ., corresponding to poles of order higher than 3 in
the coefficient xm, the solutions are generalized circular (hyperbolic) functions for the +

(−) sign, with variable 1/x and parameter −m − 4 = 0, 1, . . .
In the sub-case (III-D), the solutions of the generalized Airy differential Equation (1)

for m = −4 simplify (Section 4) to circular (hyperbolic) cosines and sines for sign + (−) with
variable 1/x. In the sub-case (III-D) with m = −5,−6, . . ., the solutions of the generalized
Airy differential equation are (Section 5) generalized circular (hyperbolic) functions for
sign + (−), with variable 1/x and parameter −m − 4 = 1, 2, . . . In all cases the ascending
and descending power series have a general n-th term decaying like O

(
n−2) and converge

rapidly, as demonstrated in Table 1 for the first n = 10 terms of 20 functions, namely
the generalized circular and hyperbolic cosines and sines of variable unity x = 1 with
five values of the parameter m = 0, 1/2, 1, 2,−1/2. These 20 functions are plotted in
Figures 1–4 over the range 0 ≤ x ≤ 3 or 4. The eight functions with m = ±1/2, namely
generalized circular and hyperbolic cosines and sines, also appear in Table 2 for 16 values of
x in the range 0 ≤ x ≤ 100. These functions describe the motion of a linear oscillator with a
natural frequency varying as a power of time, with the generalized circular (hyperbolic)
functions for the oscillatory (monotonic) case when the origin is an attractor (repeller).
The conclusion summarizes the solutions of the generalized Airy differential Equation (1)
for all values of the variable x and parameter m in their complex planes (Table 3).

2. Generalized Airy, Circular, and Hyperbolic Functions
The generalized Airy differential Equation (1) has a coefficient xm with a branch

point at the origin [16] when the parameter m is a complex number excluding integers.
Two theorems applying to a linear homogeneous second-order ordinary differential equa-
tion with a branch point in the coefficients are proved (Section 2.1) as a preliminary to the
solution [Sections 2.2 and 2.3] of the generalized Airy differential equation with the + (−)
sign when the parameter m is a complex number excluding negative integers.

2.1. Ordinary Differential Equation with Branch Point in the Coefficients

It is recalled that for a linear second-order ordinary differential equation, the coefficient
of the first-order derivative can be suppressed by a change of dependent variable.

Theorem 1. A linear homogeneous second-order ordinary differential equation

u′′ + P(x)u′ + Q(x)u = 0 (4)
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can be transformed through the change of dependent variable

u(x) = y(x) exp
{
−1

2

∫ x
P(ξ)dξ

}
(5)

into the invariant form
y′′ + J(x)y = 0, (6)

where the first-order derivative w′ does not appear, and thus there is only one coefficient

J = Q − 1
2

P′ − P2

4
. (7)

Proof. The solution of the linear homogeneous second-order ordinary differential Equation (4)
is sought as the product of two functions:

u(x) = v(x)y(x), (8)

leading on substitution in (4) to

y′′ +
(

P + 2
v′

v

)
y′ +

(
Q + P

v′

v
+

v′′

v

)
y = 0. (9)

The first-order derivative y′ can be suppressed by equating its coefficient to zero

v′

v
= −P

2
, (10)

specifying the function

v(x) = exp
{
−1

2

∫ x
P(ξ)dξ

}
. (11)

Substitution of (11) in (8) proves (5); also (9) simplifies to (6), with the coefficient given by

J = Q + P
v′

v
+

v′′

v
= Q + P

v′

v
+

(
v′

v

)′
+

(
v′

v

)2

. (12)

Substitution of (10) in (12) proves (7).

If the coefficients P and Q in (4) have a single same branch point, the same applies to
the coefficient (7) in (6). Thus, it is sufficient to consider the latter with the branch point
moved to the origin.

Theorem 2. The linear homogeneous second-order ordinary differential Equation (4) in invariant
form (6) with a coefficient having a branch point at the origin

y′′ + xm j(x)y = 0, (13)

where j(x) is an analytic function, and m is a complex number, has solutions in the form of
Frobenius–Fuchs series of the first (2) and possibly second (3), kind.

Proof. The solution of (13) is sought in the form of a product, with the branch point
multiplying a function q(x) to be determined:

y(x) = xmq(x). (14)
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Substitution of (14) in (13) gives

xm
[

q′′ +
2m
x

q′ +
m(m − 1)

x2 q + xm jq
]
= 0. (15)

Since xm ̸= 0, the function q satisfies the ordinary differential equation

x2q′′ + 2mxq′ +
[
m(m − 1) + xm+2 j

]
q = 0, (16)

that has a regular singularity at the origin and hence a solution as a Frobenius–Fuchs series
with index α and coefficients Cn:

q(x) = xα
∞

∑
n=0

Cnxn. (17)

Substituting (17) in (14) leads to a Frobenius–Fuchs series of the first kind (2), with index

a = m + α, (18)

generally different from m. There are two indices, as is well known in the Frobenius–Fuchs
method, and if they differ by an integer, the second linearly independent integral is of the
second kind (3).

Theorem 2 is used [Sections 2.2 and 2.3] to obtain the general integral of the generalized
Airy differential Equation (1) with a + (−) sign, whose two linearly independent particular
integrals are the generalized circular (hyperbolic) cosine and sine.

2.2. Generalized Hyperbolic Cosine and Sine Functions

Theorem 3. The generalized Airy differential Equation (1) with a lower − sign is the generalized
hyperbolic differential equation

y′′ − xmy = 0, (19)

whose general integral is a linear combination with arbitrary constants C0 and C1,

y(x) = C0 cosh(x; m) + C1 sinh(x; m), (20)

of the generalized hyperbolic cosine with variable x and parameter m specified by the series of
even powers

cosh(x; m) = 1 +
xm+2

(m + 1)(m + 2)
+

x2m+4

(m + 1)(m + 2)(2m + 3)(2m + 4)

+
x3m+6

(m + 1)(m + 2)(2m + 3)(2m + 4)(3m + 5)(3m + 6)
+ . . . , (21a)

and the generalized hyperbolic sine with variable x and parameter m specified by the series of
odd powers

sinh(x; m) = x +
xm+3

(m + 2)(m + 3)
+

x2m+5

(m + 2)(m + 3)(2m + 4)(2m + 5)

+
x3m+7

(m + 2)(m + 3)(2m + 4)(2m + 5)(3m + 6)(3m + 7)
+ . . . . (21b)

The series (21a) and (21b) and general integral (20) are valid: (i) in the case of m ∈ N0, a non-
negative integer m = 0, 1, 2, . . . in the finite disk with center at the origin |x| < ∞; (ii) in the case
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of m ∈ C−Z, a complex number other than an integer m ̸= 0,±1,±2, . . . in the complex x-plane
with a branch-cut joining the origin to infinity x /∈ (0, ∞).

Remark 1. The designation generalized hyperbolic cosine and sine for the functions specified by the
series (21a) and (21b) is justified by the particular case m = 0, leading, respectively, to the ordinary
hyperbolic cosine

cosh(x; 0) = 1 +
x2

2!
+

x4

4!
+

x6

6!
+ . . . =

∞

∑
k=0

x2k

(2k)!
= cosh x (22a)

and the ordinary hyperbolic sine

sinh(x; 0) = x +
x3

3!
+

x5

5!
+

x7

7!
+ . . . =

∞

∑
k=0

x2k+1

(2k + 1)!
= sinh x (22b)

Remark 2. In the particular case of unit parameter m = 1, the ordinary differential Equation (1)
simplifies to the Airy equation

y′′ − xy = 0, (23)

whose general integral is a linear combination with arbitrary constants C0 and C1,

y(x) = C0 Ai(x) + C1 Bi(x), (24)

of the Airy functions of the first kind

cosh(x; 1) = 1 +
x3

2 × 3
+

x6

2 × 3 × 5 × 6
+

x9

2 × 3 × 5 × 6 × 8 × 9
+ . . .

= 1 +
∞

∑
k=1

x3k
k

∏
l=1

1
(3l − 1)3l

= Ai(x), (25a)

and the Airy function of the second kind

sinh(x; 1) = x +
x4

3 × 4
+

x7

3 × 4 × 6 × 7
+

x10

3 × 4 × 6 × 7 × 9 × 10
+ . . . = x +

∞

∑
k=1

x3k+1
k

∏
l=1

1
3l(3l + 1)

= Bi(x). (25b)

Proof. The proof is made together for both signs in the Airy generalized differential
Equation (1), which, excluding the cases of poles in the coefficient for a negative integer m
(m ̸= −1,−2, . . .), has a solution in the form (2), leading to

0 =
∞

∑
n=0

Cn(a)
[
(n + a)(n + a − 1)xn+a−2 ± xa+n+m

]
, (26)

that can be rewritten

0 =
∞

∑
n=0

xn+a−2[(n + a)(n + a − 1)Cn(a)± Cn−m−2(a)], (27)

and leads to the recurrence formula for the coefficients

Cn(a) = ∓ 1
(n + a)(n + a − 1)

Cn−m−2(a). (28)
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The non-zero coefficients are obtained at the lowest order for n = m + 2,

Cm+2(a) = ∓ 1
(m + 2 + a)(m + 1 + a)

C0(a). (29)

The next non-zero coefficient is of order 2(m + 2),

C2m+4(a) = ∓ 1
(2m + 4 + a)(2m + 3 + a)

Cm+2(a)

= (∓1)2 1
(m + a + 2)(m + 1 + a)(2m + 4 + a)(2m + 3 + a)

C0(a), (30)

and likewise for all subsequent non-zero coefficients,

Cnm+2n(a) = (∓1)nC0(a)
n

∏
k=1

1
(km + 2k + a)(km + 2k + a − 1)

. (31)

Setting n = 0 in (27) gives the indicial equation

a(a − 1)C0(a) = 0. (32)

We must have C0(a) ̸= 0; otherwise, a trivial solution follows from (31) with Cnm+2n(a) = 0
and (2) with y(x) = 0. Hence, either a = 0 or a = 1. Substituting a = 0 in (2) and (31)
leads to

∞

∑
n=0

Cnm+2n(0)xnm+2n = C0(0)

{
1 +

∞

∑
n=1

(∓1)nxnm+2n
n

∏
k=1

1
(km + 2k)(km + 2k − 1)

}
, (33a)

whereas for a = 1 follows

C0(1)
∞

∑
n=0

Cnm+2n(1)xnm+2n+1 = C0(1)x

+
∞

∑
n=1

(∓1)nxnm+2n
n

∏
k=1

1
(km + 2k + 1)(km + 2k + 2)

. (33b)

The generalized hyperbolic differential Equation (23) corresponds to the generalized
Airy differential Equation (1) with the lower sign −, and choosing the lower sign + in
(33a) and (33b) specifies, respectively, the power series for the generalized hyperbolic cosine
(21a) and sine (21b). The linear combination is the general integral (20) for the non-negative
integer parameter m = 0, 1, 2, . . . If the coefficient in (19) is analytic and the general integral
(20) is valid in the finite complex plane |x| < ∞. For a complex parameter m other than
an integer m ̸= 0,±1,±2, . . . the coefficient in (19) has a branch point at the origin, and
the general integral is valid in the complex x-plane with a branch-cut joining the origin to
infinity x /∈ (0,+∞), in agreement with Theorem 2, completing the proof of Theorem 3.

2.3. Generalized Circular Cosine and Sine Functions

Choosing the upper instead of the lower signs in the preceding derivations passes
from generalized hyperbolic to generalized circular functions.

Theorem 4. The generalized Airy differential Equation (1) with upper sign + is the generalized
circular differential equation

y′′ + xmy = 0, (34)
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whose general integral is a linear combination

y(x) = C0 cos(x; m) + C1 sin(x; m), (35)

with arbitrary constants C0 and C1, of the generalized circular cosine

cos(x; m) = 1 − xm+2

(m + 1)(m + 2)
+

x2m+4

(m + 1)(m + 2)(2m + 3)(2m + 4)

− x3m+6

(m + 1)(m + 2)(2m + 3)(2m + 4)(3m + 5)(3m + 6)
+ . . . , (36a)

and the generalized circular sine

sin(x; m) = x − xm+3

(m + 2)(m + 3)
+

x2m+5

(m + 2)(m + 3)(2m + 4)(2m + 5)

− x3m+7

(m + 2)(m + 3)(2m + 4)(2m + 5)(3m + 6)(3m + 7)
+ . . . , (36b)

with variable x and parameter m, specified by the same series as the hyperbolic case (21a) and (21b),
respectively, with alternating sign and the same conditions of validity for m and x.

Remark 3. The designation “generalized circular cosine and sine” for the series (37a) and (37b) is
justified by the particular case m = 0, leading, respectively, to the ordinary circular cosine

cos(x; 0) = 1 − x2

2!
+

x4

4!
− x6

6!
+ . . . =

∞

∑
k=0

(−1)k

(2k)!
x2k = cos x, (37a)

and the ordinary circular sine

sin(x; 0) = x − x3

3!
+

x5

5!
− x7

7!
+ . . . =

∞

∑
k=0

(−1)k

(2k + 1)!
x2k+1 = sin x. (37b)

Proof. The proof of Theorem 4 is the same as Theorem 3, choosing in (26) to (36a) and (33b)
lower instead of upper signs.

Next is considered the case III excluded from Theorems 3 and 4, namely the cases of
negative integer parameter m ̸= −1,−2, . . . corresponding to a pole of order −m in the
power coefficient of the differential Equation (1).

3. Singular Cases of the Generalized Airy Differential Equation
The singular case III of the generalized Airy differential equation corresponds to

negative integer values of the parameter m, implying a pole of order −m in the coefficient
and leading to four sub-cases: (III-A) a simple pole m = −1 in the coefficient corresponds
to a regular singularity of the differential equation, with integer difference of the indices
in the Frobenius–Fuchs method leading to functions of two kinds (Section 3.1); (III-B) the
double pole m = −2 in the coefficient also corresponds to a regular singularity of the
differential equation, and in this case the Frobenius–Fuchs series reduces to just one term,
that is a single power with complex exponent, leading to elementary solutions consisting
of a power with real exponent multiplied by a circular or hyperbolic cosine and sine
with logarithmic argument (Section 3.2); (III-C) a triple pole m = −3 in the coefficient
corresponds to an irregular singularity of the differential equation, and the inversion of
the variable x → 1/x leads to a regular singularity at infinity, hence Frobenius–Fuchs
series of 1/x that is descending powers, again of two kinds since the exponent difference
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is an integer (Section 3.3); (III-D) the poles of order higher than three m = −4,−5, . . . in
the coefficient correspond to irregular singularities of the differential Equation (11) and
the inversion of the independent variable x → 1/x leads to another generalized Airy
differential equation, with parameter −m − 4 = 0, 1, 2, . . . that is a non-negative integer,
hence reducing the solution to case I of generalized circular and hyperbolic cosines and
sines, now of variable 1/x instead of x, and descending instead of ascending power
series (Section 4.1).

3.1. Simple Pole and Regular Integral of Two Kinds

The case of a simple pole m = −1 in (1) leads to a regular singularity and general
integral specified by a linear combination of regular integrals of the first and second kinds.

Theorem 5. The linear second-order ordinary differential Equation (1) with a simple pole, m = −1,
has a regular singularity

xy′′ ± y = 0, (38)

and its general integral
y±(x) = C1y±1 (x) + C0y±0 (x) (39)

is specified by a linear combination with arbitrary constants C1 and C0 of: (i) a function of the
first kind

|x| < ∞ : y±1 (x) = x ∓ x2

2!
+

x3

2!3!
∓ x4

3!4!
+

x5

4!5!
∓ . . . ; (40)

(ii) a function of the second kind

x /∈ (0, ∞) : y±0 (x) = log x y±1 (x) + y±2 (x), (41)

involving a logarithmic factor multiplied by the functions of the first kind that vanishes at the origin,
x log x → 0 as x → 0, plus a complementary function

y±2 (x) = 1 ∓ x[ψ(1) + ψ(2)] +
x2

2!
[ψ(2) + ψ(3)]

∓ x3

2!3!
[ψ(3) + ψ(4)] +

x4

3!4!
[ψ(4) + ψ(5)]∓ . . . , (42)

where the digamma function appears [17]. The integral of the first kind (40) is valid in the finite disk
with center at the origin, and the function of the second kind (41) and (42) in the complex x-plane
with a branch-cut from the origin to infinity.

Proof. The differential Equation (38) has regular integrals

y(x) = xa
∞

∑
k=0

xkCk(a), (43)

with exponent a and a recurrence formula for the coefficients Ck(a) to be determined.
Substitution of (43) in (38) leads to

∞

∑
k=0

(k + a)(k + a − 1)xk+a−1Ck(x)±
∞

∑
n=0

xa+nCn(a) = 0, (44a)

with the change of index of summation k = n + 1 leading to

xa
∞

∑
n=0

xn[(n + a)(n + a + 1)Cn+1(a)± Cn(a)] = 0. (44b)
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From (44b) follows the recurrence formula for the coefficients

(n + a)(n + a − 1)Cn(a) = ∓Cn−1(a), (45)

and n = 0 specifies the indices a± = {0, 1}. The higher index, a+ = 1, leads to the coefficients

Cn(1) = ∓ Cn−1(1)
(n + 1)n

= (∓1)n C0(1)

(n + 1)n2(n − 1)2 . . . 22
= (∓1)n C0(1)

(n + 1)! n!
. (46)

Setting C0(1) = 1, one particular integral of the differential Equation (38) is

y±1 (x) =
∞

∑
n=0

(∓1)n

n!
xn+1

(n + 1)!
, (47)

which is a regular integral of the first kind (40).
Since the indices a± = {0, 1} differ by an integer, the second particular integral linearly

independent from (47) is a regular integral of the second kind, second type specified [11] by

y±0 (x) = lim
a→0

∂

∂a

[
a

∞

∑
n=0

xa+nCn(a)

]
, (48)

with the coefficients determined (45) by recurrence

Cn(a) =
(∓1)nC0(a)

(n + a)(n + a − 1)2 . . . (a + 1)2a
. (49)

Substituting (49) in (48), the vanishing factor a → 0 cancels in the numerator and denomi-
nator, and setting C0(a) = 1 leads to

y±0 (x) = lim
a→0

∂

∂a

{
xa

[
a +

∞

∑
n=1

(∓x)n

(n + a)(n + a − 1)2 . . . (a + 1)2

]}
. (50)

The evaluation of (50) is split for clarity into four steps: (i) the differentiation with regard
to a

∂

∂a

{
xa

[
a +

∞

∑
n=1

(∓x)n

(n + a)(n + a − 1)2 . . . (a + 1)2

]}

= xa log x

[
a +

∞

∑
n=1

(∓x)n

(n + a)(n + a − 1)2 . . . (a + 1)2

]

+ xa

[
1 +

∞

∑
n=1

(∓x)n

(n + a)(n + a − 1)2 . . . (a + 1)2

(
− 1

n + a
− 2

n + a − 1
− . . . − 2

a + 1

)]

= xa

{
1 + a log x +

∞

∑
n=1

(∓x)n

(n + a)(n + a − 1)2 . . . (a + 1)2

×
[

log x − 1
n + a

− 2
n + a − 1

− . . . − 2
a + 1

]}
; (51)

(ii) taking the limit a → 0 simplifies (51) to

y±0 (x) = 1 +
∞

∑
n=1

(∓x)n

n!(n − 1)!

(
log x − 1

n
− 2

n − 1
− . . . − 2

)
; (52)
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(iii) introducing [18] the Euler digamma function

ψ(n) =
1

n − 1
+

1
n − 2

+ . . . + 1 − γ, (53)

where γ is the Euler–Mascheroni constant, leads to

y±0 (x) = 1 +
∞

∑
n=1

(∓x)n

n!(n − 1)!
(log x + ψ(1 + n) + ψ(n)− 2γ); (54)

(iv) introducing in (54) the function of the first kind (47) leads to the function of the
second kind

y±0 (x) = 1 + log xy±1 (x)−
∞

∑
m=0

(±x)m+1

m!(m + 1)!
[ψ(2 + m) + ψ(1 + m)− 2γ], (55)

consisting of the sum of three terms: (iv-1) a constant preliminary function equal to
unity; (iv-2) a logarithmic factor multiplying the function of the first kind (47); (iv-3) a
complementary function involving digamma functions. The constant factor −2γ in the
square brackets is a constant multiple of (47) and can be incorporated in the arbitrary
constant C0 in the general integral (39) of (38); omitting −2γ from (55) leads to (41) and (42)
as the particular integral of the second kind that is linearly independent from the particular
integral of the first kind (40) in the general integral (39) of (38).

The case m = −2 of (1) is simpler because it leads to exact integrals in finite
terms (Section 3.2).

3.2. Double Pole and Elementary Integrals

The case of a double pole m = −2 in (1) also leads to a regular singularity, but in this
case, the Frobenius–Fuchs series reduces to one term, leading to an elementary complex
power solution.

Theorem 6. The generalized hyperbolic (19) differential equation with a double pole, m = −2,
in the coefficients of

x2y′′∓ ∓ y∓ = 0, (56)

with a − sign has a general integral

y−(x) = x1/2

[
C0 cosh

(√
5

2
log x

)
+ C1 sinh

(√
5

2
log x

)]
, (57)

as a linear combination with arbitrary constants C0 and C1 of a power multiplied by hyperbolic
cosines and sines of logarithms. The generalized circular (34) differential equation with a double
pole, m = −2, in the coefficients of (56) with a + sign, has the general integral

y+(x) = x1/2

[
C0 cos

(√
3

2
log x

)
+ C1 sin

(√
3

2
log x

)]
, (58)

as a linear combination with arbitrary constants C0 and C1 of a power multiplied by circular cosines
and sines of logarithms.

Proof. The differential Equation (56) has power solutions y(x) = xa with exponents satisfying

a(a − 1)± 1 = 0, (59a)
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whose roots are
2a± = 1 ±

√
1 ± 4. (59b)

The choice of upper signs in the radical in (59b) leads to

a± =
1
2
±

√
5

2
, (60a)

to the powers with real exponents

xa± =
√

x x±
√

5/2 (60b)

=
√

x

[
cosh

(√
5

2
log x

)
± sinh

(√
5

2
log x

)]
, (60c)

that are replaced by hyperbolic cosines and sines of logarithms (60c) in (57). The lower
signs in (59b) leads to

a± =
1
2
± i

√
3

2
, (61a)

to the powers with complex conjugate exponents,

xa± =
√

x x±i
√

3/2 (61b)

=
√

x

[
cos

(√
3

2
log x

)
± i sin

(√
3

2
log x

)]
, (61c)

corresponding to circular cosines and sines of logarithms (61c) in (58).

The remaining cases of (1) are poles of order higher than the second, leading to an
irregular singularity at the origin and irregular integrals starting at m = −3 with a triple
pole (Section 3.3).

3.3. Triple Pole and Asymptotic Integrals

The case m = −3 of a triple pole leads to an irregular singularity at the origin for the
differential Equation (1), and inversion of the variable x → 1/x leads to a regular singularity
at infinity and hence to integrals specified by regular asymptotic Frobenius-Fuchs series of
descending powers.

Theorem 7. The generalized hyperbolic (19) and circular (34) differential equations with a triple
pole, m = −3,

x3y′′ ± y = 0, (62)

have the general integral
y(x) = C0y±0 (x) + C1y±−1(x), (63)

specified by a linear combination, with arbitrary constants C0 and C1, of: (i) an asymptotic regular
integral of the first kind specified by a series of descending powers

x ̸= 0 : y±0 (x) = 1 ∓ 1
2!x

+
1

2!3!x2 ∓ 1
3!4!x3 +

1
4!5!x4 ∓ 1

5!6!x5 + . . . ; (64)

(ii) an asymptotic regular integral of the second kind

x /∈ (0, ∞) : y±−1(x) = x − log x y±0 (x) + y±3 (x), (65)
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consisting of the sum of (ii-1) a preliminary function x, (ii-2) the integral of the first kind (64)
multiplied by a logarithm and (ii-3) a complementary function given by

y±3 (x) = −ψ(1)− ψ(2)± ψ(2) + ψ(3)
2!x

− ψ(3) + ψ(4)
2!3!x2 ± ψ(4) + ψ(5)

3!4!x3

− ψ(5) + ψ(6)
4!5!x4 ± ψ(6) + ψ(7)

5!6!x5 − . . . . (66)

Proof. The generalized circular (19) and hyperbolic (34) differential equations,

y′′ ± x−3−py = 0, (67)

with a pole of order higher than two, m = −3 − p, in which p ∈ N0, in the coefficient, have
an irregular singularity of degree 1 + p at the origin, and hence the solution is an irregular
integral, that is, involving unending descending powers x−n. This suggests a change of
variable, the inversion relative to the origin, ξ = 1/x, leading, with w(ξ) = y(x), to the
differential equation

ξw′′ + 2w′ ± ξ pw = 0. (68)

In the case of a triple pole, m = −3 and p = 0, the differential Equation (68) has a regular
singularity at infinity

ξw′′ + 2w′ ± w = 0, (69)

and the solution is specified by regular or irregular integrals in the inverse ξ or direct x
variables, respectively,

∞

∑
n=0

ξn+aCn(a) = w(ξ) = y(x) =
∞

∑
n=0

x−n−aCn(a), (70)

with index a and coefficients Cn(a) to be determined.
Substitution of (70) in (69) leads to

∞

∑
k=0

(k + a)(k + a + 1)ξk+a−1Ck(a)±
∞

∑
n=0

ξn+aCn(a) = 0, (71a)

which is equivalent to

ξa
∞

∑
n=0

ξn[(n + a + 1)(n + a + 2)Cn+1(a)± Cn(a)] = 0, (71b)

with the change of summation variable, k = n + 1. The vanishing of the coefficients of all
powers in (71b) leads to the recurrence formula for the coefficients

(n + a)(n + a + 1)Cn(a) = ∓Cn−1(a); (72)

setting n = 0 leads to the indices a± = {−1, 0}. The recurrence Formula (72) may be
applied iteratively,

Cn(a) = ∓ Cn−1(a)
(n + a + 1)(n + a)

=
(∓1)nC0(a)

(n + a + 1)(n + a)2 . . . (a + 2)2(a + 1)
, (73)
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up to the zero-order coefficient, to which may be given the value unity, C0(a) = 1.
The higher index, a+ = 0, together with C0(a) = 1 and (73), substituted in (70), leads to

y±0 (x) =
∞

∑
n=0

x−nCn(0) =
∞

∑
n=0

(∓x)−n

n!(n + 1)!
, (74)

which is a regular asymptotic integral of the first kind, specified by a converging series of
descending powers in agreement with (64).

Since the indices a± = {−1, 0} differ by an integer, a linearly independent solution
is [19] a regular integral of the second kind type that can be evaluated as in (50)–(56),

w±
−1(ξ) = lim

a→−1

∂

∂a

[
(a + 1)ξa

∞

∑
n=0

ξnCn(a)

]

= lim
a→−1

∂

∂a

{
ξa

[
a + 1 +

∞

∑
m=1

(∓ξ)m

(m + a + 1)(m + a)2 . . . (a + 2)2

]}

= lim
a→−1

ξa

[
1 + (a + 1) log ξ

+
∞

∑
m=1

(∓ξ)m

(m + a + 1)(m + a)2 . . . (a + 2)2

×
(

log ξ − 1
m + a + 1

− 2
m + a

− . . . − 2
a + 2

)]
= ξ−1 + ξ−1

∞

∑
m=1

(∓ξ)m

m!(m − 1)!

(
log ξ − 1

m
− 2

m − 1
− . . . − 2

)
= ξ−1 +

∞

∑
n=0

(∓ξ)n

n!(n + 1)!
[log ξ − ψ(2 + n)− ψ(1 + n) + 2γ], (75)

consisting of a preliminary function, plus the function of the first kind (74) multiplied by a
logarithm, plus a complementary function. The constant factor 2γ in the complementary
function (75) multiplies the integral of the first kind (74) and may be incorporated in the
arbitrary constant C0 in the general integral (63) of (62). Omitting the term 2γ in (75)
leads to the asymptotic regular integral of the second kind (65) and (66), which is linearly
independent from the asymptotic regular integral of the first kind (64) and specifies the
general integral (63) of (62).

The only remaining case of the solution of the generalized circular (34) and
hyperbolic (19) differential equations is the case of a pole of order more than three that
is solvable in terms of generalized circular and hyperbolic functions, respectively, of the
inverse variable (Section 4).

4. Convergent Asymptotic Series Solution
The remaining case of the differential Equation (1) with the coefficient having a pole of

order higher than three, m = −4,−5, . . ., leads by inversion ξ = 1/x to a similar differential
equation with a non-negative integer parameter, −m − 4 = 0, 1, 2, . . ., and an asymptotic
variable 1/x. Thus, the generalized circular and hyperbolic functions with parameters
m = −4,−5, . . . are related (Section 4.1) to generalized circular and hyperbolic functions
with parameter −4 − m = 0, 1, 2, . . . and inverse variable. The simplest case is a pole
of fourth-order m = −4 that leads −4 − m = 0 to (Section 4.2) generalized circular and
hyperbolic functions expressible as ordinary circular and hyperbolic functions of variable
1/x. The next case is a pole of order five, m = −5, leading to −4 − m = 1 to Airy functions
of variable 1/x. The relations between generalized circular and hyperbolic functions of
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(i) variable 1/x and parameter −4 − m can be extended to complex non-integer m, thus
providing converging asymptotic series (Section 4.3).

4.1. General Case of Pole of Order Above Three

Theorem 8. The generalized hyperbolic (19) and circular (34) differential Equation (1) with power
coefficient with a pole of order higher than three, m = −4,−5, . . ., has general integral specified by
a linear combination with arbitrary constants B0 and B1 of generalized hyperbolic,

y−(x) = x
[

B0 cosh
(

1
x

;−m − 4
)
+ B1 sinh

(
1
x

;−m − 4
)]

, (76)

and circular,

y+(x) = x
[

B0 cos
(

1
x

;−m − 4
)
+ B1 sin

(
1
x

;−m − 4
)]

, (77)

cosines and sines with parameter −m − 4 = 0, 1, 2, . . . and inverse variable 1/x, with premultipli-
cation by x.

Proof. The general hyperbolic (19) and circular (34) differential equations, with a pole
of order higher than three, m = −4,−5, . . ., lead for the inverse variable ξ = 1/x and
w(ξ) = y(x) to the differential equation

ξw′′ + 2w′ ± ξ−m−3w = 0, (78a)

that may be written as
(ξw)′′ ± ξ−m−4ξw = 0; (78b)

comparing (78b) with (19) or (34), it follows that it is a generalized hyperbolic or circular dif-
ferential equation, respectively, with a non-negative integer parameter −m − 4 = 0, 1, 2, . . .,
whose solutions

ξw(ξ) =
1
x

y(x) (79)

are given by a linear combination of generalized hyperbolic (20),

ξw−(ξ) = B0 cosh(ξ;−m − 4) + B1 sinh(ξ;−m − 4), (80)

or circular (35),
ξw+(ξ) = B0 cos(ξ;−m − 4) + B1 sin(ξ;−m − 4), (81)

cosines and sines with arbitrary constants B0 and B1 in agreement with (76)
or (77), respectively.

In the case of a pole of order four, m = −4, these solutions involve the original circular
and hyperbolic cosine and sine, whereas in the case of a pole of order five, m = −5, these
solutions are Airy functions (Section 4.2).

4.2. Circular, Hyperbolic, and Airy Functions of the Inverse Variable

Setting m = −4 in the Equations (76) and (78b), the following theroem follows.

Theorem 9. The generalized hyperbolic differential Equation (19) with a pole of order four

x4y′′ − y = 0 (82a)

https://doi.org/10.3390/math14010052

https://doi.org/10.3390/math14010052


Mathematics 2026, 14, 52 16 of 28

has the general integral specified by

y(x) = x
[

B0 cosh
(

1
x

)
+ B1 sinh

(
1
x

)]
, (82b)

which is a linear combination with arbitrary constants B0 and B1 of hyperbolic functions of the
inverse variable 1/x multiplied by the variable x. The generalized circular differential Equation (34)
with a pole of order four

x4y′′ + y = 0 (83a)

has the general integral specified by

y(x) = x
[

B0 cos
(

1
x

)
+ B1 sin

(
1
x

)]
. (83b)

that is a linear combination of circular functions of the inverse variable 1/x multiplied by the
variable x.

Setting m = −5 in (77) and (78b) and using the Equations (25a) and (25b), it follows
the next theorem.

Theorem 10. The generalized hyperbolic differential Equation (19) with a pole of order five

x5y′′ − y = 0 (84a)

has general integral

y(x) = x
[

C0 Ai
(

1
x

)
+ C1 Bi

(
1
x

)]
, (84b)

specified by a linear combination with arbitrary constants C0 and C1 of the two Airy functions of
the inverse variable 1/x multiplied by the variable x.

The integrals of the generalized hyperbolic (19) and circular (34) differential equations
in ascending, (20) and (35) respectively, and descending, (76) and (77) respectively, powers
may be compared to specify asymptotic series expansions for the generalized hyperbolic
and circular cosine and sine with complex non-integer parameter m (Section 4.3).

4.3. Relations Between Functions of Inverse Variables

The general integrals of the differential Equation (1) have been obtained: (i) in ascend-
ing powers excluding m = −1,−2, . . . in (21a), (21b), (25a), and (25b), but allowing m = −1
from (38)–(42), and also allowing m = −2 from (56)–(58), so that only m = −3,−4, . . . is
excluded; (ii) in descending powers for m = −3 from (62)–(66), and for m = −4,−5, . . . in
(76) and (77). For non-integer m, there are either ascending power series for generalized
hyperbolic (20) and circular (35) functions or descending power series for generalized
hyperbolic (76) and circular (77) functions, leading to asymptotic relations.

Theorem 11. For non-integral values of the parameter, m ̸= 0,±1,±2, . . ., and in the whole
complex plane excluding the origin and infinity, 0 < |x| < ∞, the asymptotic relations hold for the
generalized hyperbolic cosine

cosh(x; m) = Amx sinh
(

1
x

;−m − 4
)

, (85a)
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with coefficients

Am =
cosh(1; m)

sinh(1;−m − 4)
, (85b)

and for the generalized hyperbolic sine

sinh(x; m) = Emx cosh
(

1
x

;−m − 4
)

, (86a)

with coefficients

Em =
sinh(1; m)

cosh(1;−m − 4)
. (86b)

Also hold the asymptotic relations for the generalized circular cosine

cos(x; m) = Smx sin
(

1
x

;−m − 4
)

, (87a)

with coefficients

Sm =
cos(1; m)

sin(1;−m − 4)
, (87b)

and for the generalized circular sine

sin(x; m) = Tmx cos
(

1
x

;−m − 4
)

, (88a)

with coefficients

Tm =
sin(1; m)

cos(1;−m − 4)
. (88b)

Proof. If the parameter m is not an integer, m ̸= 0,±1,±2, and the variable is not zero
or infinity, 0 < |x| < ∞, the generalized hyperbolic differential Equation (19) has general
integral (20) ≡ (76)

C0 cosh(x; m) + C1 sinh(x; m) = B1x sinh
(

1
x

;−m − 4
)
+ B0x cosh

(
1
x

;−m − 4
)

(89a)

and the generalized circular differential Equation (34) has general integral (35) ≡ (77)

C0 cos(x; m) + C1 sin(x; m) = B1x sin
(

1
x

;−m − 4
)
+ B0x cos

(
1
x

;−m − 4
)

. (89b)

Both in (89a) and (89b), the first term on the left-hand side and right-hand side is O(1), and
the second is O(x); thus, the left-hand side and right-hand side of (89a) and (89b) must be
proportional through a constant independent of x that may depend on m: this proves the
Equations (85a)–(88a). Since the constants do not depend on x, and x = 1 lies in the range
0 < |x| < ∞, the constants may be evaluated in (85b), (86b), (87b), and (88b) by setting
x = 1 in (85a), (86a), (87a), and (88a), respectively.

The asymptotic relations in Theorem 9 apply for parameter m not an integer; thus,
they do not include the asymptotic expansions for Airy functions that correspond to integer
parameter unity m = 1. All of the preceding ascending and descending power series
have coefficient Cn ∼ O

(
n−2), ensuring rapid convergence in numerical calculations and

physical application (Section 5).
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5. Tables, Graphs, and Physical Application
The generalized circular and hyperbolic functions for all values of the parameter m are

specified by ascending or descending power series of the variable x or 1/x, with coefficient
Cn ∼ O

(
n−2) that ensure absolute and uniform convergence (Section 5.1) and enable

accurate computation with few terms of the series (Table 1). This is used (Table 2) to
plot (Section 5.2) in Figures 1–4 all four generalized functions: generalized circular and
hyperbolic cosine and sine, each for five values of the parameter m = 0, 1/2, 1, 2,−1/2.
These functions have physical applications (Section 5.3) for mechanical mass-spring systems
and electrical self-capacitor circuits with natural frequency varying like a power of time.

5.1. Summation of Convergent Ascending and Descending Power Series

The convergence of the ascending and descending power series solutions of the
generalized Airy differential Equation (1) is covered by the following.

Theorem 12. The coefficients are of order Cn ∼ O
(
n−2) for all power series solutions of the gener-

alized Airy differential Equation (1), for all values of the parameter m, namely: (a) ascending power
series solutions—(20), (21a), (21b), (35), (36a), and (36b)—for complex m other than negative inte-
gers, and (39)–(42) for m = −1; (b) descending power series solutions—(63)–(65) and (60c)—for
m = −3 and (76) and (77) for m = −4,−5, . . . The power series with coefficients Cn ∼ O

(
n−2)

are absolutely and uniformly convergent, and thus: (i) can be integrated and differentiated term-
by-term; (ii) their sum is not changed by deranging the order of terms; (iii) keeping the order of the
terms provides the highest accuracy with the least number of terms.

Remark 4. In the case m = −3, the solution in finite terms (53)–(55) does not raise
convergence issues.

From the fast convergence of the ascending and descending power series for gener-
alized circular and hyperbolic functions, it follows that a few first terms of the truncated
series provide a reasonable approximation with several significant digits. This is shown in
Table 1 for the variable unity x = 1. The sum of the first n = 1, 2, . . . , 10 terms of the series
is given for the four functions: generalized circular and hyperbolic sine and cosine:

y(x) = sin(x; m), cos(x; m), sinh(x; m), cosh(x; m), (90)

each for five values of the parameter

m = 0, 1/2, 1, 2,−1/2, (91)

for a total of twenty functions.
The five choices of parameters in (91) may be justified as follows: (i) m = 0 is the reference

case of the original hyperbolic and circular cosines and sines—(22a), (22b), (37a), and (37b);
(ii) m = 1 corresponds to the Airy functions—(25a) and (25b)—as generalized hyperbolic
cosines and sines, and the corresponding generalized circular cosines and sines are given by
the same series with alternating signs; (iii) the intermediate value of the parameter m = 1/2
leads—(21a), (21b), (36a), and (36b)—to the generalized hyperbolic and circular cosines

{cosh, cos}
(

x;
1
2

)
= 1 ± 22x5/2

3 × 5
+

22x5

3 × 5 × 4 × 5
± 24x15/2

3 × 5 × 4 × 5 × 13 × 15
+ . . . (92a)
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and generalized hyperbolic and circular sines

{sinh, sin}
(

x;
1
2

)
= x ± 22x7/2

5 × 7
+

22x6

5 × 7 × 5 × 6
± 24x17/2

5 × 7 × 5 × 6 × 15 × 17
+ . . . ; (92b)

(iv) likewise for larger parameter m = 2 the generalized hyperbolic and circular cosines

{cosh, cos}(x; 2) = 1 ± x4

3 × 4
+

x8

3 × 4 × 7 × 8
± x12

3 × 4 × 7 × 8 × 11 × 12
+ . . . (93a)

and generalized hyperbolic and circular sines

{sinh, sin}(x; 2) = x ± x5

4 × 5
+

x9

4 × 5 × 8 × 9
± x13

4 × 5 × 8 × 9 × 12 × 13
+ . . . ; (93b)

(v) smaller exponents for negative parameter m = −1/2, leading to the generalized
hyperbolic and circular cosines

{cosh, cos}
(

x;−1
2

)
= 1 ± 22x3/2

1 × 3
+

22x3

1 × 3 × 2 × 3
± 24x9/2

1 × 3 × 2 × 3 × 7 × 9
+ . . . (94a)

and generalized hyperbolic and circular sines

{sinh, sin}
(

x;−1
2

)
= x ± 22x5/2

3 × 5
+

22x4

3 × 5 × 3 × 4
± 24x11/2

3 × 5 × 3 × 4 × 9 × 11
+ . . . . (94b)

The twenty examples in Table 1 show that for the value unity of the variable x = 1: (i) to
obtain four significant digits, it is sufficient to sum 4 or 5 terms of the series; (ii) the number
of terms is less for larger |m| when the convergence is faster.

Table 1. Summation of the first ten terms n = 1, . . . , 10 of the power series for the generalized
circular and hyperbolic sine and cosine, of variable unity x = 1, for five values of the parameter:
m = 0, 1/2, 1, 2,−1/2.

Number of Terms of the Series

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 n = 9 n = 10

sinh(1; 0) ≡ sinh 1 1 1.1667 1.1750 1.1752 1.1752 1.1752 1.1752 1.1752 1.1752 1.1752
sinh(1; 1/2) 1 1.1143 1.1181 1.1182 1.1182 1.1182 1.1182 1.1182 1.1182 1.1182

sinh(1; 1) ≡ Ai(1) 1 1.0833 1.0853 1.0853 1.0853 1.0853 1.0853 1.0853 1.0853 1.0853
sinh(1; 2) 1 1.0500 1.0507 1.0507 1.0507 1.0507 1.0507 1.0507 1.0507 1.0507

sinh(1;−1/2) 1 1.2667 1.2889 1.2898 1.2898 1.2898 1.2898 1.2898 1.2898 1.2898

cosh(1; 0) ≡ cosh 1 1 1.5000 1.5417 1.5431 1.5431 1.5431 1.5431 1.5431 1.5431 1.5431
cosh(1; 1/2) 1 1.2667 1.2800 1.2803 1.2803 1.2803 1.2803 1.2803 1.2803 1.2803

cosh(1; 1) ≡ Bi(1) 1 1.1667 1.1722 1.1723 1.1723 1.1723 1.1723 1.1723 1.1723 1.1723
cosh(1; 2) 1 1.0833 1.0848 1.0848 1.0848 1.0848 1.0848 1.0848 1.0848 1.0848

cosh(1;−1/2) 1 2.3333 2.5556 2.5697 2.5701 2.5701 2.5701 2.5701 2.5701 2.5701

sin(1; 0) ≡ sin 1 1 0.8333 0.8417 0.8415 0.8415 0.8415 0.8415 0.8415 0.8415 0.8415
sin(1; 1/2) 1 0.8857 0.8895 0.8895 0.8895 0.8895 0.8895 0.8895 0.8895 0.8895

sin(1; 1) ≡ Bi(1) 1 0.9167 0.9187 0.9186 0.9186 0.9186 0.9186 0.9186 0.9186 0.9186
sin(1; 2) 1 0.9500 0.9507 0.9507 0.9507 0.9507 0.9507 0.9507 0.9507 0.9507

sin(1;−1/2) 1 0.7333 0.7556 0.7547 0.7547 0.7547 0.7547 0.7547 0.7547 0.7547

cos(1; 0) ≡ sin 1 1 0.5000 0.5417 0.5403 0.5403 0.5403 0.5403 0.5403 0.5403 0.5403
cos(1; 1/2) 1 0.7333 0.7467 0.7464 0.7464 0.7464 0.7464 0.7464 0.7464 0.7464

cos(1; 1) ≡ Bi(1) 1 0.8333 0.8389 0.8388 0.8388 0.8388 0.8388 0.8388 0.8388 0.8388
cos(1; 2) 1 0.9167 0.9182 0.9181 0.9181 0.9181 0.9181 0.9181 0.9181 0.9181

cos(1;−1/2) 1 −0.3333 −0.1111 −0.1252 −0.1248 −0.1248 −0.1248 −0.1248 −0.1248 −0.1248
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5.2. Plots of Functions for Distinct Values of Parameters

Table 2 gives the values of the eight generalized hyperbolic and circular sines and
cosines with parameters m = ±1/2

y(x) = sin
(

x;±1
2

)
, sinh

(
x;±1

2

)
, cos

(
x;±1

2

)
, cosh

(
x;±1

2

)
, (95)

for eighteen values of the variable

x = {0.5, 1.0, 2.0, 3.0, 4.0, 5.0, 10.0, 20.0, 30.0, 40.0, 50.0, 80.0, 90.0, 100.0}. (96)

Fifty terms of the series are used, and there is a clear contrast between the oscil-
latory and monotonic cases associated with, respectively, generalized circular and
hyperbolic functions.

Table 2. Values of the generalized circular and hyperbolic sine and cosine, for the parameter m = 1/2
(m = −1/2), specified by ascending (descending) power series, for sixteen values of the variable x,
in the range 0 ≤ x ≤ 100.

x sinh
(

x; 1
2

)
sinh

(
x;− 1

2

)
cosh

(
x; 1

2

)
cosh

(
x;− 1

2

)
sin
(

x; 1
2

)
sin
(

x;− 1
2

)
cos
(

x; 1
2

)
cos
(

x;− 1
2

)
0.5 0.510 0.55 1.05 1.50 0.49 0.45 0.95 0.56
1.0 1.118 1.29 1.28 2.57 0.89 0.75 0.75 −0.12
2.0 3.56 3.91 2.99 6.90 0.93 0.81 −0.13 −1.28
3.0 1.19 × 101 9.39 9.63 1.63 × 101 −0.16 0.31 −0.79 −1.60
4.0 4.48 × 101 2.05 × 101 3.62 × 101 3.54 × 101 −0.96 −0.37 −0.27 −1.03
5.0 1.86 × 102 4.21 × 101 1.50 × 102 7.27 × 101 −0.14 −0.88 0.67 0.05
10.0 6.02 × 105 9.70 × 102 4.70 × 105 1.68 × 103 −2.01 × 104 0.86 −2.17 × 104 −0.10
20.0 9.65 × 1011 1.73 × 105 4.76 × 1011 2.91 × 105 −5.34 × 1011 −2.09 × 103 −2.77 × 1011 −6.89 × 103

30.0 1.07 × 1016 1.28 × 107 3.61 × 1015 1.92 × 107 −8.67 × 1015 −1.13 × 106 −2.96 × 1015 −2.43 × 106

40.0 8.76 × 1018 4.43 × 108 2.21 × 1018 5.63 × 108 −7.89 × 1018 −9.25 × 107 −2.01 × 1018 −1.47 × 108

50.0 1.62 × 1021 8.32 × 109 3.29 × 1020 8.94 × 109 −1.53 × 1021 −2.73 × 109 −3.11 × 1020 −3.43 × 109

60.0 1.16 × 1023 9.86 × 1010 1.97 × 1022 9.10 × 1010 −1.12 × 1023 −4.23 × 1010 −1.90 × 1022 −4.40 × 1010

70.0 4.33 × 1024 8.28 × 1011 6.28 × 1023 6.67 × 1011 −4.22 × 1024 −4.24 × 1011 −6.13 × 1023 −3.75 × 1011

80.0 9.94 × 1025 5.34 × 1012 1.26 × 1025 3.81 × 1012 −9.76 × 1025 −3.09 × 1012 −1.24 × 1025 −2.38 × 1012

90.0 1.58 × 1027 2.80 × 1013 1.78 × 1026 1.79 × 1013 −1.56 × 1027 −1.77 × 1013 −1.76 × 1026 −1.21 × 1013

100.0 1.88 × 1028 1.24 × 1014 1.91 × 1027 7.20 × 1013 −1.86 × 1028 −8.40 × 1013 −1.89 × 1027 −5.13 × 1013

This suggests that when plotting over the range

0 ≤ x ≤ 3 or 4, (97)

the twenty functions (92a)–(94b) are illustrated in four figures, Figures 1–4. The Figure 1 for
the generalized hyperbolic sine shows monotonic growth with the variable 0 ≤ x ≤ 3, with,
for the same value of the variable x, larger values for larger parameter m, appearing in the
exponents. The Figure 2 for the generalized hyperbolic cosine shows again a monotonic
growth with the variable x in the range 0 ≤ x ≤ 3, but the larger values for larger parameter
m ≥ 0 are reached for larger variable x due to the exponent, whereas for small x the larger
m ≥ 0 in the denominator of the series leads to smaller values of generalized hyperbolic
cosine; the case m = −1/2 is the exception because smaller values of the denominator lead
to larger values of the generalized hyperbolic cosine for small x ≤ 2.5. The Figure 3 for the
generalized circular sine starts at zero for x = 0, as does the generalized hyperbolic sine in
Figure 1, but instead of increasing monotonically for larger m, it oscillates more noticeably
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for larger m, with larger amplitude and smaller wavelength. Figure 4 for the generalized
circular cosine starts at unity for x = 0, like the generalized hyperbolic cosine in Figure 2,
but, instead of monotonic growth increasing with m, shows oscillations more noticeably for
larger m, with larger amplitude and shorter wavelength, as for the generalized circular sine
in Figure 3.

0 0.5 1 1.5 2 2.5 3

0

5

10

15

20

25

30

35

40

Figure 1. Plots of the generalized hyperbolic sine sinh(x; m) of variable x in the range 0 ≤ x ≤ 3
for five values of the parameter m = 0, 1/2, 1, 2,−1/2, corresponding to ascending power series.
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5

10

15

20

25

30

Figure 2. As Figure 1 for the generalized hyperbolic cosine cosh(x; m).
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0 0.5 1 1.5 2 2.5 3 3.5 4

-1
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0

0.5

1

1.5

Figure 3. As Figure 1 for the generalized circular sine sin(x; m) in the range 0 ≤ x ≤ 4.

0 0.5 1 1.5 2 2.5 3 3.5 4

-2

-1.5

-1

-0.5

0

0.5

1

Figure 4. As Figure 1 for the generalized circular cosine cos(x; m) in the range 0 ≤ x ≤ 4.

The contrast between the oscillatory and monotonic behaviour of, respectively, the
generalized circular and hyperbolic functions extends to mechanical and electrical circuits
with natural frequency a power of time (Section 5.3).

5.3. Mechanical/Electric Circuits with Natural Frequency and Power of Time

As a first physical example, consider (Figure 5) a linear mechanical system consist-
ing [20] of a mass M(t) attached to a spring of resilience K(t), both possibly dependent on
time, so that the displacement ζ(t) satisfies the equation of motion

M(t)
d2ζ

dt
+ K(t)ζ(t) = 0. (98)

The resilience K(t) of the spring could be changed by moving the support, leading to
an attractive spring for K(t) > 0 or a repulsive spring for K(t) < 0. A second physical
example [21] is (Figure 6) the analogue electrical circuit consisting of a self with inductance
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L(t) and a capacitor with capacity C(t), both possibly dependent on time, so that the electric
current j(t) satisfies

L(t)
d2 j
dt2 +

1
C(t)

j(t) = 0. (99)

K(t)

M(t)

ζ(t)

Figure 5. Linear mechanical system consisting of a mass M(t) suspended from a spring of resilience
K(t) that may both depend on time; by moving the support of the spring, it may be attractive K(t) > 0
or repulsive K(t) < 0.

L
C j(t)

Figure 6. Electrical circuit consisting of a self with inductance L(t) and condenser with capacity
C(t), analogous to the mechanical circuit (Figure 5) with M ↔ L, K ↔ 1/C, and displacement ζ and
electrical current j as response.

The electro (99)—mechanical (98) analogy is specified by the response

η(t) ≡ {ζ(t), j(t)}, (100)

as a function of time
d2η

dt2 + [ω(t)]2η(t) = 0, (101)

with natural frequency

ω(t) =

{√
K(t)
M(t)

,
1√

L(t)C(t)

}
. (102)

Next is considered the case of natural frequency a power of time

[ω(t)]2 = ±ω2
0

(
t
T

)m
, (103)

with value ω = ω0 at reference time t = T.
The solution of (101) and (103) with suitable initial conditions is given by the

next theorem.

Theorem 13. The linear system (101) ≡ (98)–(100) with natural frequency (102) a power of
time (103)

d2η

dt2 ± ω2
0

(
t
T

)m
η(t) = 0, (104)
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initial value (105a) and derivative (105b)

η(0) = η0, (105a)

lim
t→0

dη

dt
= η̇0, (105b)

when: (a) the origin is an attractor with a + sign in (104), has an oscillatory solution specified by a
linear combination of generalized circular cosines and sines

η(t) = η0 cos
(

b
t
T

; m
)
+

η̇0T
b

sin
(

b
t
T

; m
)

; (106)

(b) the origin is a repeller with a − sign in (104) and has a monotonic solution specified by a linear
combination of generalized hyperbolic cosines and sines

η(t) = η0 cosh
(

b
t
T

; m
)
+

η̇0T
b

sinh
(

b
t
T

; m
)

. (107)

In both cases, the time scaling parameter is given by

b ≡ (ω0T)2/(2+m). (108)

Proof. The rescaling of time

x = b
t
T

(109)

transforms (104) with

η(t) = y(x) = y
(

b
t
T

)
(110)

into the ordinary differential equation

d2y
dx2 ± ω2

0T2b−2−mxmy(x) = 0. (111)

This coincides with the generalized Airy differential Equation (1) choosing the dimension-
less scaling parameter to satisfy

ω2
0T2b−2−m = 1, (112)

leading to (108). The case (104) with the upper + signs (lower −) sign leads by (35) and (20),
respectively, to (106) and (107) with variable (109). It remains to determine the arbitrary
constants (A, B) in (20) and (35). From (21a), (21b), (36a), and (36b) follows

lim
t→0

{cos, cosh}
(

b
t
T

; m
)
= 1, (113a)

lim
t→0

{sin, sinh}
(

b
t
T

; m
)
= 0, (113b)

and hence A = η0. Also,

lim
t→0

d
dt

[
{cos, cosh}

(
b

t
T

; m
)]

= 0 (114a)

lim
t→0

d
dt

[
{sin, sinh}

(
b

t
T

; m
)]

=
b
T

, (114b)

implying η̇0 = b
T B, that is, B = η̇0T/b in the second coefficient in (106) and (107).
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Remark 5. In the case of constant natural frequency ω(t) = ω0, corresponding to m = 0 in (103)
and b = ω0T in (108), the oscillatory solution (106) simplifies to the original circular cosine
and sine

η(t) = η0 cos(ω0) +
η̇0

ω0
sin(ω0t) (115)

and the monotonic solution (107) simplifies to the original hyperbolic cosine and sine

η(t) = η0 cosh(ω0) +
η̇0

ω0
sinh(ω0t). (116)

The more general cases m ̸= 0 are illustrated in Figures 1–4.

6. Conclusions
The general integral of the generalized Airy differential equation has been obtained

for all values of the parameter m, with the + (−) sign in the generalized circular (34)
[hyperbolic (19)] differential equation leading to a linear combination of generalized
circular (hyperbolic) cosines and sines as indicated in Table 3: (i) for all values of
the parameter m excluding negative integers the two linearly independent integrals in
the general integral (35) [(20)] are generalized circular (hyperbolic) cosines (36a) [(21a)]
and sines (36b) [(21b)]; (ii) the case m = 0 reduces to the original circular (hyper-
bolic) cosines (37a) [(22a)] and sines (37b) [(22b)]; (iii) the case m = 1 leads to Airy
functions (25a) and (25b) for the + sign, with the − sign corresponding to the same se-
ries in alternating form; (iv) in the case m = −1 corresponding to a simple pole in the
coefficient and a regular singularity of the generalized Airy differential Equation (38),
the general integral (39) is a linear combination of Frobenius–Fuchs solutions of the first (40)
and second (41) and (42) kinds; (v) in the case m = −2 of double pole in the coefficient,
the generalized Airy differential Equation (56) also has a regular singularity, but the Frobe-
nius–Fuchs series reduces to a single power with a complex exponent, corresponding to a
real power multiplying circular (58) [hyperbolic (57)] cosines and sines with logarithmic
variable; (vi) in the case m = −3 of a triple pole in the coefficient the generalized Airy
differential Equation (62) has an irregular singularity at the origin x = 0, that becomes by
inversion x → 1/x a regular singularity at infinity, leading to a linear combination (63) of
descending Frobenius–Fuchs solutions of first (64) and second (65) and (66) kinds; (viii) the
case of a pole of order higher than three m = −4,−5, . . . in the generalized Airy differen-
tial equation also corresponds to an irregular singularity at the origin, and the inversion
x → 1/x leads to solutions in descending power series specified by generalized circular (77)
[hyperbolic (76)] functions with variable 1/x and parameter −m − 4 = 0, 1, 2, . . .; (ix) the
simplest particular case of (viii) is a pole of fourth order m = −4 in the coefficient of gener-
alized circular (83b) [hyperbolic (82b)] sines and cosines of variable 1/x; (x) the next case
of a pole of fifth order m = −5 in the coefficient of the generalized hyperbolic differential
Equation (84a) leads to solution (84b) in terms of Airy functions of variable x.
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Table 3. Solutions of the generalized Airy differential equation, over the whole complex x-plane,
except for a pole or branch-cut, for all complex, real, or integer values of the parameter, in nine cases,
sub-cases, and particular cases.

Differential Equation y′′ + xmy = 0 y′′ − xmy = 0

m ̸= −1,−2, . . . (35), (36a) and (36b) (20), (21a) and (21b)
m = 0 (37a) and (37b) (22a) and (22b)
m = 1 (36a) and (36b) * (36a) and (36b)

m = −1 (39)–(42) (39)–(42)
m = −2 (58) (57)
m = −3 (63)–(66) (63)–(66)
m = −4 (83b) (82b)
m = −5 (84b) * (84b)

m = −6,−7, . . . (77) (76)
* With alternating sign.

Concerning the validity of solutions in the complex x-plane, there are three cases:
(i) for integer parameter m and ascending power series, including the Frobenius–Fuchs
series of the first kind, validity in the finite disk with center at the origin |x| < ∞; (ii)
for integer parameter m and descending power series, including Frobenius–Fuchs series
of the first kind, validity in the complex x-plane excluding the origin |x| > 0; (iii) in
all other cases of complex parameter, or Frobenius–Fuchs series of the second kind with
logarithmic terms, the branch point at the origin implies validity in the whole complex
x-plane excluding a branch-cut from origin to infinity (0, ∞). All series solutions, ascending
or descending, have coefficients decaying like Cn ∼ O

(
n−2), and hence are absolutely

and uniformly convergent, can be differentiated and integrated term-by-term, and the
derangement of terms does not change the sum. The convergence is rapid, as shown in
Table 1, and enables calculation for a wide range of variables in Table 2 and the plotting
of the generalized circular and hyperbolic functions in Figures 1–4 for five values of
the parameter. The oscillatory (monotonic) behavior of generalized circular (hyperbolic)
cosines and sines applies to mechanical mass-spring systems (Figure 5) and analog electrical
self-capacitor circuits (Figure 6), generalizing the case of constant natural frequency to a
natural frequency varying like a power of time. This physical application of generalized
circular and hyperbolic sines and cosines is distinct from the use of the original Airy
functions in connection with diffraction of light in optics [22], tracing of sound rays near
caustics [23], transition from light to shadow in electromagnetic waves [24] and from sound
to silent zones in refraction of acoustic waves [25], quantum mechanics of a particle in
a one-dimensional force field [26], the Chernoff’s distribution in statistics [27], and the
Jeffreys [28], Wentzel [29], Kramers [30], Brillouin [31], or JWKB approximation in wave
theory [32].
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