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Abstract

An optimization method for the spare parts configuration of marine equipment is investi-
gated based on spare parts support probability and utilization rate indicators. First, a gen-
eral expression for the spare parts utilization rate is presented, and analytical expressions
for the spare parts support probability and utilization rate are derived for Gamma-type
spare parts with non-exponential life distributions, which are commonly found in marine
spare parts. The relationship between two calculation methods for the utilization rate of
exponential-type spare parts, as a special case of Gamma-type spare parts, is discussed.
Second, as the analytical expression for the Gamma-type spare parts utilization rate is
relatively complex, an approximate calculation method for the spare parts utilization rate is
provided. Under the condition of given support probability requirements, the spare parts
utilization rate is calculated through three approaches: theoretical calculation, approximate
calculation, and simulation experiment. The calculation results demonstrate the validity
of the analytical expression for the spare parts utilization rate and the applicability of the
approximate algorithm. Furthermore, an approximate algorithm for the Weibull-type spare
parts utilization rate is presented and verified through simulation calculations. Subse-
quently, considering both spare parts support probability requirements and utilization
rate requirements, a spare parts configuration optimization model is established with the
objective of maximizing the cost ratio, and the calculation procedures are provided. Finally,
the feasibility of the spare parts configuration optimization model is illustrated through
case analysis.

Keywords: marine equipment; spare parts utilization rate; spare parts support probability;
spare parts configuration scheme

MSC: 60-02

1. Introduction
Ships are highly integrated complex systems composed of thousands of equipment

components. These equipment components operate in harsh marine environments with
diverse failure modes and varying life cycles. Consequently, spare parts support research
has achieved numerous results in recent years [1–4], and spare parts configuration optimiza-
tion [5,6] has become an important subject in spare parts support. Spare parts configuration
decision-making for marine equipment is far from a simple matter of “stocking more or
less”; rather, it is a complex systems engineering problem involving the interdisciplinary
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integration of reliability engineering, maintenance strategies, inventory management, space
constraints, cost control, and mission demand forecasting. It is necessary to ensure rapid re-
covery when critical equipment fails, avoiding mission failure or major safety accidents due
to parts shortages while preventing excessive stockpiling of non-critical or low-failure-rate
spare parts, which would result in resource waste and space burden. Therefore, exploring
and applying scientific and intelligent spare parts configuration optimization models and
methods is crucial for achieving precise and efficient ship logistics support.

Different spare parts configuration schemes can be formulated based on various
theoretical indicators and constraint conditions. For instance, in logistics transportation,
the mean time between failures is typically simplified to equate with spare parts demand,
thereby serving as the spare parts configuration indicator [7]. In ship spare parts support,
to ensure the successful completion of system missions, the maximum support probability
of system spare parts has been adopted as the configuration indicator [8]. In certain
tunnel engineering projects, scholars have proposed the system satisfaction rate as a
constraint condition for spare parts configuration in tunnel boring machine spare parts
management, taking into account practical financial situations [9]. It can be observed that
in equipment support processes, the current spare parts configuration primarily focuses on
indicators such as spare parts support probability, the spare parts satisfaction rate [10,11],
and the inventory turnover rate [12], without fully considering spare parts utilization.
Consequently, this often leads to issues such as excessive spare parts allocation. Therefore,
it is necessary to flexibly select spare parts configuration schemes according to different
constraint conditions to simultaneously achieve the objectives of successful support and
optimal resource utilization.

The spare parts utilization rate represents the ratio between the quantity of spare
parts consumed during equipment mission operations and the initial spare parts allocation
quantity. This metric not only reflects the actual usage of spare parts in practice but also
indicates maintenance support effectiveness. Although a higher quantity of spare parts
allocation leads to an increased spare parts support probability, it simultaneously results
in lower spare parts utilization rates [13]. When the spare parts utilization rate remains
low while the allocation quantity is excessive, issues such as elevated procurement costs
and warehouse inventory accumulation arise. Therefore, the spare parts utilization rate
serves as a crucial indicator for establishing spare parts configuration schemes, enabling
the optimization of spare parts allocation by maximizing utilization rates while ensuring
mission support success. Regarding this utilization rate indicator, scholars have conducted
various studies. For instance, Reference [14] estimated spare parts utilization rates from an
engineering practice perspective, Reference [15] investigated the integral equation for spare
parts utilization rates, Reference [16] examined factors influencing spare parts utilization
rates, and Reference [17] established an evaluation system for spare parts configuration
schemes considering indicators such as spare parts utilization rates. However, overall,
the aforementioned research primarily applies to electronic products, with limited studies
addressing products whose spare parts lifespans follow non-exponential distributions.

The fundamental contribution of this work, which distinguishes it from the existing
literature, lies in its transformation of the “utilization rate” from a post-event descriptive
metric into a pre-event decision-making tool. While conventional research predominantly
focuses on measuring, analyzing, or predicting the utilization rate as an indicator, our
study pioneers its application as the core driving objective and a direct constraint in the
optimization model to generate specific spare parts configuration schemes. This paradigm
shift reorients the configuration process from the traditional goal of “meeting service-level
thresholds” towards “maximizing resource efficiency,” thereby fundamentally mitigating
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blind resource allocation and offering a novel, directly implementable solution for lean
spare parts management.

Based on the requirements of spare parts support probability and utilization rate
indicators, this study investigates the optimization scheme for marine equipment spare
parts configuration.

First, starting from the statistical definition of the spare parts utilization rate provided
in the national military standard, a general model for the spare parts utilization rate is
presented. For the commonly encountered non-exponential Gamma-type spare parts, ana-
lytical expressions for spare parts support probability and utilization rates are derived, and
the relationships among different expressions of exponential-type spare parts utilization
rates are further explored.

Second, to facilitate practical application, an approximate algorithm for the Gamma-
type spare parts utilization rate is provided, and the calculation procedures for three
methods, namely, analytical expression, approximate calculation, and simulation calcula-
tion, are presented. The calculation results demonstrate the rationality of the analytical
expression and the applicability of the approximate algorithm. An approximate algo-
rithm for the Weibull-type spare parts utilization rate is also provided, with simulation
verification confirming the applicability of the approximate algorithm.

Furthermore, based on the requirements of the spare parts support probability and
utilization rate, an optimization model for the spare parts configuration is established, and
the calculation procedures for the model are presented. Finally, through case analysis, the
rationality of the proposed spare parts configuration optimization model is illustrated.

2. Spare Parts Utilization Rate Model
Extensive and in-depth research has been conducted by scholars on the calculation of

exponential-type spare parts utilization rates [15,18]. For the analytical expression of non-
exponential spare parts utilization rates, a derivation has been performed for Gamma-type
spare parts commonly encountered in engineering practice.

2.1. General Model for Spare Parts Utilization Rate

The utilization rate serves as a crucial indicator in spare parts configuration, measuring
the effective degree to which inventory spare parts are actually employed in maintenance
activities. According to the national military standard GJB1909A-2009 Demonstration of
Equipment Reliability, Maintainability and Supportability Requirements [17], the concept of the
utilization rate can be obtained. The spare parts utilization rate refers to the ratio of actually
used spare parts to the total spare parts possessed at a specified level within a specified
time period [19]. For a single component, the spare parts utilization rate L is calculated by
the following equation:

L =

{
n
N , 0 ≤ n ≤ N
1, n > N

(1)

where n represents the number of spare parts actually required during the mission time
and N represents the number of spare parts determined based on the spare parts support
probability requirement and support mission time. When the actual number of required
spare parts n exceeds the configured number of spare parts for the mission, the utilization
rate L equals 1.

Equation (1) represents a statistical calculation based on actual usage. As support
activities have not yet been implemented, the actual number of spare parts required for
a mission cannot be known in advance during practical spare parts configuration work.
However, the lifetime distribution of spare parts can be determined according to the
equipment production process. Let X(T) denote the number of failures that occur during
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component usage within the support mission time [0, T], which is a random variable. Based
on the lifetime distribution, the probability of requiring n spare parts can be calculated,
i.e., P(X(T) = n). As X possesses randomness, n also exhibits randomness, making
the utilization rate L expressed in Equation (1) a random variable in the statistical sense.
Therefore, the calculation of the utilization rate is essentially the expectation of a discrete
random variable and is computed using the standard method for calculating expectation in
probability theory. In engineering practice, its expected value is typically regarded as the
spare parts utilization rate L, namely:

L =
N
∑

n=0
P(X(T) = n)× n

N
+

+∞
∑

n=N+1
P(X(T) = n)

= 1 −

N
∑

n=0
[P(X(T) = n)× (N − n)]

N
= 1 −

N−1
∑

n=0
[P(X(T) = n)× (N − n)]

N

(2)

According to Equation (2), under the condition of determining the spare parts lifetime
distribution, the number of spare parts N to be configured can be determined through the
spare parts support probability requirement and support mission time, thereby calculating
the spare parts utilization rate. Engineering experience indicates that considering the spare
parts utilization rate during the determination process of spare parts configuration schemes
can optimize the types and quantities of spare parts configurations, improve maintenance
efficiency, and reduce spare parts configuration costs.

2.2. Gamma-Type Spare Parts Utilization Rate Model

Spare parts whose lifetime distributions follow the Gamma distribution are referred to
as Gamma-type spare parts. In engineering practice, Gamma-type spare parts represent a
common category of non-exponential spare parts, with exponential-type spare parts being
a special case of Gamma-type spare parts. A non-negative random variable T is said to
follow the Gamma distribution if the failure density of T is:

f (t) =
λα

Γ(α)
tα−1e−λt (3)

denoted as T ∼ Γ(α, λ), where α, λ represents the parameter (α > 0, λ > 0, t > 0,), and
Γ(α) is the Gamma function Γ(α) =

∫ ∞
0 xα−1exdx.

During the support mission time [0, T], assuming that N spare parts are configured,
with each spare part having a lifespan of X1, X2, . . . , XN , and X0 representing the lifespan
of the component installed on the equipment, where the lifespans of both spare parts and
components follow the Gamma distribution and are mutually independent, with their
probability density functions all being f (t) lifespan, then the sum of component and spare
part lifespans is Tn = X0 + X1 + X2 + . . .+ Xn (1 ≤ n ≤ N), where Tn is the sum of random
variables. The distribution of the sum of independent and identically distributed random
variables can be calculated through convolution.

If a component fails once during equipment operation and a spare part is replaced,
the relationship between the probability density function fx0+x1(t) and the distribution
function of the random variable T1 = x0 + x1 is:

F(2)(t) = P(T1 ≤ t) =
∫ T

0
fx0+x1(t)dt (4)
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Equation (4) shows that the probability of the spare parts support mission is the
integral of the sum of random variables. According to the distribution of functions of
random variables:

fx0+x1(t) = f (t) ∗ f (t) (5)

The calculation of the lifetime distribution when configuring n spare parts requires
n + 1-fold integration. Direct computation of the n + 1-fold convolution is excessively
complex. By combining the properties of convolution operations and Laplace transforms, it
can be determined that the Laplace transform of the n + 1-fold convolution of a probability
density function equals the n + 1-th power of the Laplace transform of the probability
density function. The Laplace transform of the Gamma-type spare parts probability density
function, namely, Equation (3), is:

L(s) = L[ f (t)] =
∫ +∞

0
f (t)e−stdt =

∫ +∞

0

λα

Γ(α)
tα−1e−λte−stdt =

λα

(s + t)α (6)

Equation (6) raised to the power of n + 1 is:

Ln+1(s) =
λ(n+1)α

(s + λ)α(n+1)
=

λ(n+1)α

Γ[(n + 1)α]
× Γ[(n + 1)α]

(s + λ)α(n+1)
(7)

Performing the inverse Laplace transform on Equation (7) yields the result of the
n + 1-fold convolution of Equation (3) as:

f (n+1)(t) =
λ(n+1)α

Γ[(n + 1)α]
t(n+1)α−1e−λt (8)

The n + 1-th power in Equation (8) considers the lifetimes of components installed on
the equipment and n spare parts. According to the definition of lifetime distribution, the
distribution function of component lifetime at this moment is obtained as:

F(n+1)(t) = P(Tn ≤ t) =
∫ t

0

λ(n+1)α

Γ[(n + 1)α]
t(n+1)α−1e−λtdt

The definition of support probability indicates that the probability of the sum Tn of
the service life of equipment and its allocated spare parts exceeds the mission support time
T, expressed as:

Pn(t) = P(Tn > T) = 1 − P(Tn ≤ T) = 1 −
∫ T

0

λ(n+1)α

Γ[(n + 1)α]
t(n+1)α−1e−λtdt (9)

The distribution P(X(t) = n), (1 ≤ n < N) of the number of failures X(t) that occur
within mission time [0, T] is:

P(X(t) = n) = P(Tn−1 < t ≤ Tn) = P(t ≤ Tn)− P(t ≤ Tn−1)

= F(n)(t)− F(n+1)(t) =
∫ T

0

{
λnα

Γ(nα)
tnα−1 − λ(n+1)α

Γ[(n+1)α]
t(n+1)α−1

}
e−λtdt

(10)

If no failure occurs within mission time [0, T], then X(t) = 0, and its probability is:

P(X(t) = 0) = P(X0 > t) = 1 −
∫ T

0

λα

Γ(α)
tα−1e−λtdt (11)

If all spare parts configured within mission time [0, T] are completely consumed,
then X(t) = N, where N represents the number of spare parts configured for the mission
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determined according to the spare parts support probability requirement and support
mission time, and the probability is:

P(X(t) = N) = P(TN−1 < t) =
∫ T

0

λnα

Γ(nα)
tnα−1e−λtdt (12)

From Equations (10)–(12), the distribution of the number of failures X(t) that occur in
the component during mission time [0, T] can be expressed as:

P(X(t) = n) =



1 −
∫ T

0
λα

Γ(α)
tα−1e−λtdt, n = 0∫ T

0

{
λnα

Γ(nα)
tnα−1 − λ(n+1)α

Γ[(n+1)α]
t(n+1)α−1

}
e−λtdt, 1 ≤ n < N

∫ T
0

λNα

Γ(Nα)
tNα−1e−λtdt, n = N

(13)

Substituting Equation (13) into Equation (2) yields the analytical expression for the
Gamma-type spare parts utilization rate:

L =
1
N

N

∑
n=1

∫ T

0

λnα

Γ(nα)
tnα−1e−λtdt (14)

In engineering practice, when calculating the utilization rate of Gamma-type
spare parts, the spare parts configuration quantity N is first determined according
to the spare parts support probability requirement and support mission time, com-
bined with Equation (9), and then the spare parts utilization rate is calculated based
on Equation (14). The analytical expression for the Gamma-type spare parts utiliza-
tion rate given by Equation (14) involves integral problems, making the calculation
relatively complex.

2.3. Exponential Spare Parts Utilization Rate Model

When parameter α equals 1 for Gamma-type spare parts, they become exponential-type
spare parts. Combined with Γ(n) = (n − 1)!, the analytical expression for the utilization
rate of exponential-type spare parts is obtained as:

L =
λ

N

N

∑
n=1

∫ T

0

λn−1

(n − 1)!
tn−1e−λtdt =

λ

N

N−1

∑
n=0

∫ T

0

λn

n!
tne−λtdt=

λ

N

∫ T

0
P(N − 1, t)dt (15)

where P(N − 1, t) represents the support probability when N − 1 spare parts are configured

for a component, P(N − 1, t) =
N−1
∑

n=0

(λt)n

n!
e−λt. The exponential spare parts utilization

rate expression given in Equation (15) is consistent with the analytical expressions in
References [15,20].

From Reference [21], it can be known that:

P(N − 1, t) =
∫ ∞

t

λN xN−1e−λx

Γ(N)
dx (16)

Therefore, ∫ T

0
P(N − 1, t)dt =

∫ T

0

∫ ∞

t

λN xN−1e−λx

Γ(N)
dxdt
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By changing the order of integration, the following is obtained:

∫ T
0 P(N − 1, t)dt =

∫ T
0

∫ x
0

λN xN−1e−λx

Γ(N)
dtdx +

∫ ∞
T

∫ T
0

λN xN−1e−λx

Γ(N)
dtdx

=
∫ T

0
λN xNe−λx

Γ(N)
dx +

∫ ∞
T

TλN xN−1e−λx

Γ(N)
dx

=
Γ(N + 1)

λΓ(N)

[
1 −

∫ ∞
T

λN+1xNe−λx

Γ(N + 1)
dx

]
+
∫ ∞

T
TλN xN−1e−λx

Γ(N)
dx

Combined with Equation (16), the following is obtained:

∫ T

0
P(N − 1, t)dt =

N
λ
[1 − P(N, T)] + T · P(N − 1, T) (17)

Substituting Equation (17) into Equation (15) yields another analytical expression for
the exponential spare parts utilization rate:

L = 1 − P(N, T) +
λT
N

· P(N − 1, T) (18)

Equation (18) is identical to the analytical expression for the exponential spare parts
utilization rate in Reference [19], indicating that Equations (15) and (18) are interchangeable
and represent two forms of the exponential spare parts utilization rate. Additionally,
Equation (18) does not involve integral calculation, making the computation relatively
easier. Moreover, during the optimization process of exponential spare parts configuration,
it is necessary to determine the spare parts configuration quantity by calculating the spare
parts support probability.

3. Approximate Algorithm for Spare Parts Utilization Rate
The analytical expression for the Gamma-type spare parts utilization rate presented

in Section 2.2 involves integral calculations, which are relatively complex. To facilitate
engineering applications, it is necessary to investigate approximate algorithms for the
utilization rate.

3.1. Approximate Algorithm for Gamma-Type Spare Parts Utilization Rate

As the calculation method for the exponential-type spare parts utilization rate in Equa-
tion (18) is relatively simple, consideration is given to transforming the calculation problem
of the Gamma-type spare parts utilization rate into that of the exponential-type spare parts
through the failure rate equivalence method, thereby reducing computational complexity.

Failure rate equivalence, also referred to as λ-equivalence, is based on the core prin-
ciple that Gamma-type spare parts and exponential-type spare parts with failure rate λ∗

possess identical failure rates within the support mission time [0, T], namely:

∫ T

0
λ(t)dt = λ∗T (19)

The failure rate λ(t) of a component with a lifetime distribution density function f (t)
can be calculated using equation [18] as λ(t) = f (t)/[1 − F(t)]. For Gamma-type spare
parts, combining with Equation (3) yields:

λ(t) =
tα−1e−λt∫ ∞

t tα−1e−λtdt
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The failure rate λ∗ of the exponential-type spare parts equivalent to the Gamma-type
spare parts failure rate is calculated as:

λ∗ = − 1
T

∫ T

0

1∫ ∞
t tα−1e−λtdt

d
∫ ∞

t
tα−1e−λtdt = − 1

T
ln
(

1 − λα

Γ(α)

∫ T

0
tα−1e−λtdt

)
(20)

For Gamma-type spare parts with an average lifespan of E = α/λ, according to
Reference [22], when the mission support time exceeds the average lifespan, the failure rate
λ∗ of its equivalent exponential spare parts is:

λ∗ = − 1
E

ln
(

1 − λα

Γ(α)

∫ E

0
tα−1e−λtdt

)
(21)

Based on Equations (20) and (21), the final equivalent failure rate λ∗ for Gamma-type
spare parts can be calculated as:

λ∗ =


− 1

T
ln
(

1 − λα

Γ(α)
∫ T

0 tα−1e−λtdt
)

, T ≤ E

− 1
E

ln
(

1 − λα

Γ(α)
∫ E

0 tα−1e−λtdt
)

, T > E
(22)

3.2. Rationality Analysis of Gamma-Type Spare Parts Utilization Rate Approximation Algorithm

Under the given conditions of the spare parts support probability requirement and
support mission time, three methods are employed to calculate and analyze the spare parts
utilization rate: analytical expression, approximate calculation, and simulation analysis.

(1) The calculation steps for the spare parts utilization rate are as follows:

Step 1: Determine the spare parts support probability requirement P0, support mission
time T, and parameter values of the Gamma-type spare parts lifetime distribution.

Step 2: Calculate the spare parts support probability using Equation (9), and determine
the spare parts configuration quantity N1 based on N1 = min

n
Pn(T) ≥ P0.

Step 3: Calculate the failure rate λ∗ of the equivalent exponential-type spare parts using

Equation (22), calculate the spare parts support probability using P(n, T) =
n
∑

i=0

(λT)i

i!
e−λT ,

and determine the spare parts configuration quantity N2 based on N2 = min
n

P(n, T) ≥ P0.

Step 4: Set the number of spare parts as n, generate 10,000 groups of n + 1 random
numbers following the Gamma distribution using the gamrnd statement in Matlab2021
software. For each group of random numbers, calculate the sum of the array using the
sum statement. Specifically, calculate the total lifetime of components and spare parts.
Count the number m among the 10,000 summation results that exceed the support mission
time T; then, Pn = m/10, 000 represents the support probability when the spare parts
configuration quantity is specified. Determine the spare parts configuration quantity N3

based on N3 = min
n

Pn ≥ P0.

Step 5: Determine the spare parts configuration scheme N = max{N1, N2, N3}.
Step 6: Combined with the spare parts configuration scheme, calculate the spare parts

utilization rate L1 using the analytical result expression (14).
Step 7: Combined with the spare parts configuration scheme, calculate the spare parts

utilization rate L2 using the approximate algorithm expression (18).
Step 8: Generate N + 1 random numbers following the Gamma distribution, and

calculate the cumulative sum of the array using the cumsum statement for these random
numbers. Each element in the output result represents the cumulative value of the current
position and all previous elements. Count the maximum value of positions in the output
result that are less than mission time T, thereby obtaining the number of spare parts k used
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within mission time T. If every element in the output result is greater than T, then k = 0.
The spare parts utilization rate in one simulation data is k/N. Repeat 10,000 times and
calculate the average value of utilization rates to obtain the simulation result L3 of the spare
parts utilization rate.

(2) Analysis of calculation results for Gamma-type spare parts utilization rate.

Assuming the life distribution of Gamma-type spare parts is T ∼ Γ(1.3, 0.002), the
support mission time is 600 : 100 : 1500, and the spare parts support probability requirement
P0 is 0.9, when the support mission time takes different values, the spare parts configuration
quantity is calculated according to the steps of three types of spare parts utilization rates.
The calculation results are shown in Table 1. The definitions of N1, N2, and N3 used in
Table 1 are explained in detail within the calculation steps provided in Section 3.2.

Table 1. Calculation results of the type Γ(1.3, 0.002) spare parts configuration quantity when the
support probability requirement is 0.9.

T 600 h 700 h 800 h 900 h 1000 h 1100 h 1200 h 1300 h 1400 h 1500 h

N1 2 2 2 3 3 3 3 4 4 4
N2 2 2 3 3 3 4 4 4 4 5
N3 2 2 2 3 3 3 3 4 4 4

As shown in Table 1, for Gamma-type spare parts under the condition of a support
probability requirement of 0.9, the spare parts configuration numbers calculated using ana-
lytical expressions and simulation methods are completely identical across all considered
support durations. As the spare parts configuration number is an integer, the approxi-
mation algorithm exhibits certain deviations. In Table 1, the approximation algorithm
allocates one additional spare part across four support mission times (800 h, 1100 h, 1200 h,
1500 h), indicating that the approximation algorithm is conservative, but the deviation is
not significant.

For comparison purposes, the number of spare parts obtained by the approximation
algorithm was selected as the spare parts configuration scheme, and three spare parts
utilization rate calculation methods were employed for computation. The utilization rate
calculation results are presented in Table 2, and the curve showing utilization rate variation
with support mission time is illustrated in Figure 1.

According to Table 1, the errors among the three spare parts utilization rates are
err12 = max|L1 − L2| = 0.0148, err13 = max|L1 − L3| = 0.0088, and
err23 = max|L2 − L3| = 0.0140, respectively.

Given a spare parts support probability requirement P0 of 0.75, the method for deter-
mining the spare parts configuration scheme remains the same as when P0 is 0.9. The calcu-
lation results of the spare parts utilization rate are shown in Table 3, and the curve showing
the variation in the utilization rate with support mission time is illustrated in Figure 2.

Table 2. Calculation results of the type Γ(1.3, 0.002) spare parts utilization rate when the support
probability requirement is 0.9.

T 600 h 700 h 800 h 900 h 1000 h 1100 h 1200 h 1300 h 1400 h 1500 h

L1 0.3850 0.4468 0.3658 0.4124 0.4574 0.5007 0.4265 0.4619 0.4964 0.5300
L2 0.3998 0.4597 0.3794 0.4220 0.4629 0.5021 0.4304 0.4630 0.4946 0.5253
L3 0.3938 0.4457 0.3680 0.4152 0.4565 0.5031 0.4275 0.4649 0.4933 0.5356
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Figure 1. Variation curve of the type Γ(1.3, 0.002) spare parts utilization rate over time when the
support probability requirement is 0.9.

Table 3. Calculation results of the type Γ(1.3, 0.002) spare parts utilization rate when the support
probability requirement is 0.75.

T 600 h 700 h 800 h 900 h 1000 h 1100 h 1200 h 1300 h 1400 h 1500 h

L1 0.5821 0.4468 0.5047 0.5585 0.6079 0.6530 0.5421 0.5814 0.6186 0.6535
L2 0.5821 0.4597 0.5110 0.5585 0.6021 0.6420 0.5393 0.5746 0.6080 0.6395
L3 0.5753 0.4452 0.5064 0.5532 0.6071 0.6536 0.5452 0.5890 0.6163 0.6534

Figure 2. Variation curve of the type Γ(1.3, 0.002) spare parts utilization rate over time when the
support probability requirement is 0.75.

As shown in Table 3, the errors between the spare parts utilization rates are
err12 = 0.0129, err13 = 0.0076, and err23 = 0.0145, respectively.

According to Tables 2 and 3, Figures 1 and 2, under given spare parts support proba-
bility requirements, the spare parts utilization rate increases in stages with the extension of
support mission time. The primary reason lies in the variation in spare parts configuration
quantities. When the spare parts configuration quantity remains constant, the extension
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of the support mission duration leads to an increase in the consumption of spare parts,
thereby resulting in a concomitant rise in the utilization rate. The three calculation results
of the spare parts utilization rate demonstrate high consistency, with the maximum error
being 0.0148 when the support probability requirement is 0.9, and 0.0145 when the support
probability requirement is 0.75, with errors at the percentage level. Therefore, it can be
concluded that the analytical expression calculation method for the spare parts utilization
rate is correct, and the approximate algorithm is effective in engineering practice.

3.3. Analysis of the Impact of Parameters on the Theoretical Calculation of Gamma-Type
Spare Parts

The previous sections analyzed the spare parts utilization rate through analytical,
approximate, and simulation calculations, discussing the convergence among these three
methods. To examine the robustness of the research model, this section investigates changes
in the utilization rate when parameters are varied in the theoretical calculation for Gamma-
type spare parts. Using a spare part with a lifetime distribution of T ∼ Γ(1.3, 0.002) as an
example, and given a support mission duration 600 : 100 : 1500 and a required spare parts
support probability P0 of 0.9, Table 4 presents the variation in the spare parts utilization
rate when parameter α is adjusted by specific percentages while parameter λ remains
unchanged. Specifically, parameter α is increased or decreased by 2%, 4%, 6%, 8%, and 10%
from its baseline value. The utilization rate error is defined as the maximum absolute error
resulting from these variations, as shown in Table 4.

Table 4. Impact analysis of parameter α on the theoretical calculation of Gamma-type spare parts.

T 600 h 700 h 800 h 900 h 1000 h 1100 h 1200 h 1300 h 1400 h 1500 h

2% 0.0103 0.0107 0.1497 0.0102 0.0106 0.0109 0.1266 0.0106 0.0109 0.0111
4% 0.0208 0.0215 0.1179 0.0208 0.0215 0.0219 0.1377 0.0981 0.0221 0.0224
6% 0.0731 0.0478 0.1641 0.1516 0.1393 0.0313 0.1284 0.1210 0.1136 0.0320
8% 0.0426 0.0438 0.0975 0.1047 0.0440 0.0447 0.0736 0.0773 0.0801 0.0457

10% 0.0957 0.0710 0.1877 0.1753 0.0626 0.0511 0.1526 0.1454 0.0699 0.0521

As can be seen from Table 4, for the given support mission times, the variation
in parameter α has only a minor impact on the theoretical utilization rate, with most
calculation errors remaining within 0.1. However, a support duration of 800 h exhibits
relatively significant deviations caused by parameter changes. This is because the variation
in the parameter leads to a change in the configured quantity, which consequently alters
the utilization rate. Similarly, this phenomenon is observed in certain cases of parameter
variation at support durations of 900 h, 1200 h, 1300 h, and 1400 h. Although the utilization
rate error exceeds 0.1 in some instances, the majority of cases maintain an error below this
threshold, demonstrating that the model is acceptable for practical engineering applications.

Similarly, Table 5 presents the variation in the spare parts utilization rate when param-
eter λ is adjusted by specific proportions while parameter α remains constant. Specifically,
parameter λ is increased or decreased by 2%, 4%, 6%, 8%, and 10% from its original value.
The utilization rate error is calculated as the maximum absolute value of the errors resulting
from these parameter variations, as shown in Table 5.

As observed in Table 5, variations in parameter λ also result in only minor errors
in the theoretical utilization rate for the given support mission times, with most errors
remaining within 0.1. Similarly, at a support duration of 800 h, parameter variations cause
relatively larger deviations, which can be attributed to the change in the configured quantity
of spare parts induced by the parameter adjustment. An analogous pattern is observed
under certain parameter variation scenarios at support durations of 900 h, 1200 h, 1300 h,
and 1400 h. Although the utilization rate error exceeds 0.1 in some instances, the majority
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of cases still exhibit errors below this threshold, indicating that the model is acceptable for
practical engineering applications.

Table 5. Impact analysis of parameter λ on the theoretical calculation of Gamma-type spare parts.

T 600 h 700 h 800 h 900 h 1000 h 1100 h 1200 h 1300 h 1400 h 1500 h

2% 0.0077 0.0084 0.1478 0.0083 00089 0.0094 0.1252 0.1095 0.0096 0.0100
4% 0.0154 0.0169 0.1566 0.0166 0.0178 0.0188 0.1348 0.0994 0.0192 0.0200
6% 0.0231 0.0255 0.1117 0.0250 0.0268 0.0284 0.1441 0.0890 0.0289 0.0302
8% 0.0310 0.0342 0.1023 0.1078 0.0359 0.0380 0.0759 0.0786 0.0387 0.0404

10% 0.0388 0.0429 0.0929 0.0979 0.0450 0.0477 0.0657 0.0680 0.0696 0.0507

3.4. Approximate Algorithm and Analysis of Weibull-Type Spare Parts Utilization Rate

In addition to Gamma-type spare parts, Weibull-type spare parts are also commonly
found in marine equipment. Let the lifetime be T ∼ W(m, η), and its probability density
function [17] is expressed as:

f (t) =
m
η
(

t
η
)

m−1
e−( t

η )
m

, t ≥ 0 (23)

where m is referred to as the shape parameter, with m > 0, and η is referred to as the
characteristic life.

The density function expression (23) for Weibull-type spare parts cannot be used to
calculate the Laplace transform expression of the density function in the same manner as
the density function expression (3) for Gamma-type spare parts. Therefore, an analytical
expression for the spare parts utilization rate cannot be derived as it can be for Gamma-type
spare parts. For practical convenience, an approximation algorithm is employed to calculate
the utilization rate of Weibull-type spare parts.

The failure rate function of Weibull-type spare parts is λ(t) = m
η (

t
η )

m−1, with an

average life of E = ηΓ( 1
m + 1). By combining Equation (19) and Reference [22], the failure

rate λ∗ of the equivalent exponential-type spare parts is obtained as:

λ∗ =

{
Tm−1

ηm , T ≤ E
Em−1

ηm , T > E
(24)

The utilization rate of Weibull-type spare parts is calculated through both simulation
analysis and approximate calculation methods to verify the rationality of the approximate
algorithm. The component lifetime is set as T ∼ W(2, 1000), the support mission time is
set as 600 : 100 : 1500, and the spare parts support probability requirement P0 is set to 0.9.
When the support mission time takes different values, the spare parts utilization rates L2

and L3 are calculated following steps similar to those used in the approximate algorithm
and simulation calculation for Gamma-type spare parts. The spare parts configuration
scheme is determined according to the approximate calculation method. The calculation
results of the spare parts utilization rate are presented in Table 6, and the curve showing
the variation in the spare parts utilization rate with time is shown in Figure 3.

Table 6. Calculation results of the type W(2, 1000) spare parts utilization rate when the support
probability requirement is 0.9.

T 600 h 700 h 800 h 900 h 1000 h 1100 h 1200 h 1300 h 1400 h 1500 h

L2 0.3023 0.3874 0.3040 0.3700 0.4051 0.4389 0.4712 0.3714 0.3974 0.4229
L3 0.2980 0.3680 0.2590 0.3325 0.3695 0.4330 0.4760 0.3623 0.4180 0.4393
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Figure 3. Variation curve of the type W(2, 1000) spare parts utilization rate over time when the
support probability requirement is 0.9.

From Table 4, it can be observed that the error between the spare parts utilization rates
is err23 = 0.045.

When the spare parts support probability requirement P0 is 0.75, the calcula-
tion results of the spare parts utilization rate are shown in Table 7, and the curve is
illustrated in Figure 4.

Table 7. Calculation results of the type W(2, 1000) spare parts utilization rate when the support
probability requirement is 0.75.

T 600 h 700 h 800 h 900 h 1000 h 1100 h 1200 h 1300 h 1400 h 1500 h

Approximate calculation 0.3023 0.3874 0.4727 0.5496 0.5878 0.4389 0.4712 0.5020 0.5314 0.5594
Simulation calculation 0.3030 0.3940 0.5010 0.5670 0.6110 0.4255 0.4750 0.5255 0.5805 0.6265

Figure 4. Variation curve of the type W(2, 1000). spare parts utilization rate over time when the
support probability requirement is 0.75.

From Table 5, it can be observed that the error between the spare parts utilization rates
is err23 = 0.0671.

Based on Tables 4 and 5, as well as Figures 3 and 4, under the condition of a given
support probability requirement, as the support mission time increases, the growth trends of
the spare parts utilization rate obtained from approximate calculation and simulation results
remain essentially consistent. When the spare parts support probability requirements are 0.9
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and 0.75, the errors are 0.045 and 0.0671, respectively. The calculation results demonstrate
high consistency, indicating that the approximate algorithm is effective.

4. Spare Parts Configuration Optimization Model and Its Solution
4.1. Spare Parts Configuration Optimization Model

In the spare parts configuration process, if only the basic requirement of meeting the
spare parts support probability is considered, the spare parts configuration optimization
model aims to ensure the availability of spare parts when equipment failures occur as much
as possible. To improve support efficiency, the spare parts utilization rate indicator also
needs to be considered. Assume that the number of spare parts types for a certain type of
equipment is M, the cost corresponding to each type of spare parts is ci, the support proba-
bility requirement for each type of spare parts is P0i, the support probability for each type
of spare parts is Pi, the utilization rate requirement for each type of spare parts is L0i, the
utilization rate for each type of spare parts is Li, the configuration quantity is Ni under the
given support mission time, spare parts support probability requirements and utilization
rate requirements, and the spare parts configuration scheme is N = (N1, N2, . . . , NM), then
the total cost ratio W of the spare parts is:

W =

M
∑

i=1
Ni × ci × Li

M
∑

i=1
Ni × ci

(25)

Therefore, the spare parts configuration optimization model aims to maximize the
total cost ratio while satisfying the requirements of the spare parts support probability and
utilization rate, namely:

obj = max(W)

s.t. Pi > P0i, Li > L0i, (i = 1, 2, . . . , M)

4.2. Model Solution

The spare parts configuration optimization model aims to maximize the cost ratio by
identifying the scheme with the highest cost ratio. The specific steps are as follows:

Step 1: Determine the support mission time T, the support probability requirement
P0i for each type of spare part, and the utilization rate requirement L0i according to
mission requirements;

Step 2: Identify the types of spare parts and calculate the required quantity of each
type under the condition of meeting the support probability requirement, which represents
the lower limit of spare parts configuration quantity;

Step 3: Calculate the upper limit of configuration quantity for each type of spare part
that satisfies the utilization rate requirement;

Step 4: Select feasible schemes that meet both the spare parts support probability re-
quirement and the utilization rate requirement, and calculate the cost ratio for each scheme;

Step 5: Compare the cost ratios corresponding to different schemes and select the
scheme that achieves the maximum cost ratio as the optimal configuration scheme by the
spare parts configuration optimization model.

5. Case Study
Suppose it is necessary to determine the spare parts configuration scheme for three

types of components in a certain type of marine equipment. The three types of components
are exponential-type spare part 1 with a failure rate of 0.002, Gamma-type spare part 2 with a
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lifetime of Γ(1.3, 0.002), and Weibull-type spare part 3 with a lifetime of W(2, 1000). Among
these, spare part 3 is a critical component. The support mission time T is set to 3000 h, and
the spare parts support probability requirements are P01 = 0.7, P02 = 0.7, and P03 = 0.7,
respectively. The spare parts utilization rate requirements are L01 = 0.7, L02 = 0.65, and
L03 = 0.6, respectively. The unit prices of the spare parts are shown in Table 8.

Table 8. Spare parts lifetime distribution types and unit prices.

Spare Part Type Spare Parts Support Probability
Requirement

Spare Parts Utilization
Rate Requirement Unit Price/Yuan

Spare Part 1 0.7 0.7 1500
Spare Part 2 0.7 0.65 3540
Spare Part 3 0.7 0.6 4500

The analytical method is used to calculate Gamma-type spare parts, while the ap-
proximate method is applied for Weibull-type spare parts. The spare parts configuration
results obtained according to the requirements of the spare parts support probability and
utilization rate are shown in Table 9.

Table 9. Range of theoretical calculation configuration schemes for each spare part.

Spare Part Type Spare Part
1

Spare Part
2

Spare Part
3

Minimum configuration quantity meeting support probability requirements 7 5 3
Maximum configuration quantity meeting utilization rate requirements 8 6 4

Table 9 shows that any combination of the three types of spare parts configurations
can satisfy both the spare parts support probability requirement and the utilization rate
requirement. Further calculations were conducted to determine different spare parts
configuration schemes and their corresponding cost ratios, with the results presented in
Table 10. Please refer to Equation (25) for the calculation of the cost ratio.

Table 10. Spare parts configuration schemes and their corresponding cost ratios.

Scheme No. Number of Exponential
Spare Parts

Number of Gamma
Spare Parts

Number of Weibull
Spare Parts Cost Ratio

1 7 5 3 0.7552
2 7 5 4 0.7086
3 7 6 3 0.7183
4 7 6 4 0.6784
5 8 5 3 0.7379
6 8 5 4 0.6944
7 8 6 3 0.7035
8 8 6 4 0.6660

As shown in Table 8, the cost ratio difference between Scheme 1 and Scheme 5 is
minimal. From the perspective of configuration schemes, the difference lies in one expo-
nential spare part, primarily because the unit price of exponential spare parts is relatively
lower than the other two types of spare parts. Based on the cost ratio results, Scheme 1
should be selected. From the decision-maker’s perspective, under the premise of meeting
the support probability requirements, a configuration scheme with fewer quantities can
maximize economic benefits, which further demonstrates the consistency between the cost
ratio model and engineering practice.

https://doi.org/10.3390/math14010035

https://doi.org/10.3390/math14010035


Mathematics 2026, 14, 35 16 of 17

6. Conclusions
Starting from the statistical definition of the spare parts utilization rate, this study

derives its general model and obtains the analytical expression for the Gamma-type spare
parts utilization rate. As a special case of Gamma-type spare parts, exponential-type spare
parts are investigated, and the relationship between the two calculation formulas is studied.
Subsequently, to address the integral calculation problem in the analytical expression of the
Gamma-type spare parts utilization rate, an approximate calculation method is proposed.
Through failure rate equivalence, the calculation is transformed into that of exponential-
type spare parts. Detailed procedures for three methods, namely, analytical expression
calculation, approximate calculation, and simulation calculation, are presented for the spare
parts utilization rate. Numerical analysis demonstrates the rationality of the analytical
expression and the applicability of the approximate method. Furthermore, Weibull-type
spare parts, another common non-exponential spare part category, are considered. Due to
the special form of their lifetime density function, an approximate algorithm for their spare
parts utilization rate is proposed, with numerical calculations illustrating the applicability
of the approximate algorithm. Finally, based on the requirements for spare parts support
probability and utilization rate indicators, an optimization model for marine equipment
spare parts configuration is established. In the practical configuration process of marine
spare parts, this method can enhance support efficiency. However, this study only discusses
the calculation of the spare parts utilization rate for individual components. Future research
can be extended to specific marine systems, investigating system support probability and
system utilization rate for marine systems.
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