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Abstract

Due to the complexity of multi-objective engineering problems, solutions obtained by many
algorithms often exhibit poor distribution, and the algorithms tend to fall into local optima.
To effectively alleviate these issues, an improved multi-objective moth-flame optimization
algorithm (IETMFO) is proposed in this paper, with three core novelties: A hybrid mutation
mechanism (integrating two mutation techniques) is first used to generate a new popula-
tion, and then an indicator-based selection mechanism is adopted to produce a high-quality
initial population, enhancing solution distribution. Enhanced Brownian motion is intro-
duced as a local search strategy to reduce the risk of falling into local optima. An improved
flame update mechanism is incorporated to maintain flame diversity, boosting the algo-
rithm’s adaptability. The IETMFO is tested on 49 benchmark functions and 6 constrained
engineering problems, and then compared with seven well-known algorithms (including
NSGA-II, MOEA /D, and traditional MFO). The experimental results show the following:
in benchmark function tests, IETMFO reduces the IGD value by an average of 32.7% and
increases the HV value by an average of 28.5% compared with NSGA-II; on ZDT series
functions, it outperforms the seven contrast algorithms in solution distribution uniformity;
in the six engineering problems, its optimal solution proportion reaches 66.7%, and the risk
of falling into local optima is reduced by 41.2%. These results demonstrate that the IETMFO
achieves competitive performance in addressing multi-objective engineering problems.

Keywords: multi-objective moth—flame optimization; multi-objective engineering problem;
hybrid mutation mechanism; flame update mechanism

MSC: 68W50

1. Introduction

Optimization can be defined as the process of searching for the optimal solution from
a set of feasible solutions [1,2]. In the field of engineering, many optimization problems are
encountered, but these problems are characterized by non-linearity and a lack of analytical
solutions. Furthermore, these problems often involve multiple objectives or functions that
may even conflict with each other, i.e., multi-objective optimization problems (MOPs).
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Consequently, sophisticated optimization tools are required to determine the optimal
solution in such scenarios [3,4].

In the past, the traditional optimization methods, such as gradient descent and New-
ton optimization, have struggled to find the optimal solutions for the complicated MOPs in
engineering, where they are time-consuming and inefficient [5]. In recent years, with the
rapid advancement of computation, meta-heuristics and evolutionary algorithms (EAs)
have been extensively developed and adopted for addressing the MOPs in engineering,
whose construction and interaction among these modules form the core of the algorithms,
and their relevance to specific problems is relatively minor [6]. Therefore, these algorithms
do not rely on domain-specific knowledge, giving them an advantage when tackling new
or complex problem domains, which has contributed to their rapid development [7,8].
Numerous reliable meta-heuristic algorithms have been extensively studied, such as par-
ticle swarm optimization [9], Harris hawks optimization [10], firefly optimization algo-
rithm [11], grey wolf optimization algorithm [12], ant lion optimization algorithm [13],
whale optimization algorithm [14], moth—flame optimization algorithm [15], and marine
predators algorithm [16]. These algorithms are based on nature-inspired meta-heuristic
techniques and are designed to find optimal or satisfactory solutions for single-objective
optimization problems.

With the development of nature-inspired meta-heuristic techniques, some multi-
objective optimization algorithms have been proposed based on the classical single-
objective algorithms [17]. In the initial stage, a multi-objective genetic algorithm (MOGA)
was proposed by Fonseca et al. [18], which is based on a rank fitness assignment
mechanism. Srinivas and Deb discussed the non-dominated sorting method proposed
by Goldberg [19]—namely, NSGA [20]—and combined it with a genetic algorithm to
search for the location of Pareto optima. At present, many multi-objective optimiza-
tion algorithms based on nature-inspired meta-heuristic techniques have been proposed
to solve complicated problems, such as the Multi-Objective Water Cycle Algorithm
(MOWCA) [21], Multi-Objective Dragonfly Algorithm (MODA) [22], Multi-Objective
Grasshopper Optimization Algorithm (MOGOA) [23], Multi-Objective Search Group Algo-
rithm (MOSGA) [24], and Multi-Objective Firefly Algorithm (MOFA) [25]. However, the
main drawbacks of these algorithms lie in the limited diversity of solutions and their
ease of falling into local optima. Therefore, some operators were merged into these meta-
heuristic algorithms to enhance their adaptability and exploration ability [26]. In 2024,
Zhang et al. [27] further verified this optimization direction that proposed a multi-objective
algorithm with adaptive hybrid operators, which combined Gaussian mutation and dy-
namic selection operators to solve the defect of limited solution diversity, and its perfor-
mance on ZDT test functions was 18% better than that of traditional operator-enhanced
algorithms. For example, a non-dominated Pareto-optimal solution and roulette wheel
selection method were introduced to the ALO to develop the multi-objective ant lion op-
timization algorithm by Mirjalili et al. [28], which they applied to solve cantilever beam
design and brushless DC motor design. Mirjalili et al. [29] incorporated an archive-updating
mechanism and a leader selection mechanism into the MVO [30] algorithm, resulting in
the development of the multi-objective MVO algorithm. Pereira et al. [31] extended the LA
algorithm by combining a stochastic search based on population and trajectory in a single
optimizer, leading to the development of the MOLA, which they compared with NSGA-
II [32] and MOPSO [33] on ZDT and obtained a set of exceptional solutions. Tao et al. [34]
proposed a multi-objective firefly optimization algorithm with an adaptive mechanism
and applied it to the design of helical compression springs and welded beam structures.
Savsani et al. [35] designed a multi-objective moth—flame optimization (MFO) algorithm
based on non-dominated sorting (NSMFO) and applied it to engineering problems such as
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spring structure design and gearbox structure design. In 2025, Li et al. [36] updated the
multi-objective MFO framework that proposed chaotic mutation in the NSMFO algorithm
and optimized the flame update logic of NSMFO, reducing the risk of local optima by 23%
in engineering constraint problems, which provides the latest reference for the MFO-based
multi-objective optimization studied in this paper. In 2024, Wang et al. [37] focused on the
engineering application of multi-objective algorithms and proposed a constraint-adaptive
multi-objective algorithm, which adjusted operator parameters according to engineering
problem characteristics (e.g., brake design, gear design), and its average running efficiency
in six typical engineering problems was 30% higher than that of traditional algorithms.
However, the obvious drawback of these optimization algorithms that are utilized for
addressing MOPs in engineering is the use of different operators [38]. Notably, these
algorithms also struggle with practical engineering scenarios—such as chemical process
optimization (a classic MOP application since 1999) and mechanical structure design—due
to poor constrained handling and inefficiency of weighted single-objective runs (repeated
calculations for different weightings). IETMFO targets these real-world pain points by
integrating problem-adaptive mechanisms. The classification of multi-objective algorithms
and their performance characteristics are shown in Table 1. Currently, there are three core
research gaps in multi-objective algorithms: Firstly, most algorithms struggle to simulta-
neously achieve both convergence and uniformity of solution distribution. For instance,
NSGA-III has excellent distribution but slow convergence in non-convex scenarios, while
MOEA /D has strong convergence but the solution distribution depends on weight design.
Secondly, the mutation mechanism lacks theoretical support, and parameter settings rely on
experience. For example, the chaotic mutation in CMFO has no clear adaptive adjustment
rules. Thirdly, in engineering problems, the balance between computational efficiency and
solution quality is insufficient. For instance, SMS-EMOA has high solution quality but has
high computational cost, making it difficult to adapt to large-scale engineering scenarios.

Due to the different characteristics of problems, some operators are not suitable for
some algorithms to find the optimal Pareto front (PF). Meanwhile, due to the coupling
relationships among individual objective functions, it is difficult to find the solutions that
can satisfy all of the objective functions. In accordance with the No-Free-Lunch theorem [39],
itis recognized that no optimization method can address all optimization problems, and any
enhancement achieved in one aspect is inevitably accompanied by an impact on other facets.
Thus, it is challenging to find the solutions that satisfy all objectives for MOPs. The essence
of solving MOPs lies in identifying a solution set that faithfully characterizes the optimal
PFE, and in ensuring that this set is widely distributed along the optimal PE. However, it is
evident from these instances that, due to the uniqueness of each problem, the PF cannot be
universally predefined, which implies that each distinct problem might exhibit a unique
PF [6]. Therefore, there is an urgent need to enhance the performance of current algorithms
or propose novel algorithms to better tackle a diverse array of MOPs.

Building upon the foregoing analysis, this study presents a novel multi-objective moth-
flame optimization (MFO) algorithm, termed IETMFO, for addressing multi-objective
engineering challenges. First, to enhance the distribution of solutions generated by the
algorithm, a hybrid mutation mechanism integrating Gaussian mutation and Cauchy mu-
tation is adopted to construct high-quality initial moth populations. Second, an enhanced
Brownian motion is introduced as an improved local search component; specifically, a scalar
parameter k is utilized to constrain the search range based on the bounds of the optimiza-
tion problem, facilitating escape from local optima. Additionally, an improved flame update
mechanism is developed to accommodate the unique characteristics of both unconstrained
and constrained problems, enabling adaptation to various complex Pareto fronts and fur-
ther improving solution distribution. To validate the effectiveness and superiority of the
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proposed algorithm, IETMFO is compared with seven other state-of-the-art multi-objective
optimization algorithms across 49 multi-objective test functions. The simulation results
demonstrate that the proposed algorithm not only achieves wide distribution over complex
Pareto fronts but also delivers the optimal overall performance among all tested algorithms.
The main contributions of this study are summarized below:

e A new population initialization mechanism is proposed, which combines a hybrid
mutation mechanism with an indicator-based selection mechanism to enhance the
diversity of the individuals and balance the ability of exploration and exploitation.

e A constrained Brownian motion is proposed, which can facilitate individuals to con-
duct thorough exploration of the space, further aiding the algorithm in escaping
local optima.

e  Animproved flame update mechanism is proposed to enhance the adaptability of the
algorithm to solve the unconstrained and constrained MOPs better.

e  The performance of the proposed IETMFO algorithm is validated on unconstrained
and constrained benchmark test functions, as well as six engineering problems,
and compared with several state-of-the-art algorithms.

Table 1. Classification and performance characteristics of multi-objective algorithms.

Method Type

Representative

Algorithms Core Methods

Advantages Limitations

Non-Dominated
Sorting

Slow convergence on
non-convex Pareto
front; high
computational
overhead for
high-dimensional
objectives

Non-dominated sorting
and crowding degree
calculation

Good uniformity of

NSGA-IT, NSGA-III solution distribution

Decomposition-Based

Solution distribution

MOEA/D

Multi-objective
decomposition and
weight guidance

Strong convergence

depends on weight
design; prone to local
concentration

Moth-Flame
Optimization

Traditional MFO,
NSMFO

Flame guidance and
non-dominated sorting
(NSMFO)

Simple and
easy-to-implement
basic framework

Traditional MFO:
Insufficient flame
population diversity,
prone to local optima;
NSMFO: Low
computational
efficiency of
non-dominated sorting

Mutation-Improved

CMFO

Traditional algorithm
and chaotic mutation

Improved exploration
capability

Weak local refinement
ability, low solution
quality; mutation
parameters lack
adaptive rules

Indicator-Guided

SMS-EMOA

Hypervolume indicator
and population update

High solution quality

Large hypervolume
calculation overhead;
poor adaptability to
large-scale/high-
dimensional problems

The rest of this paper is structured as follows: Section 2 presents relevant preliminary
concepts. The IETMFO algorithm is elaborated in Section 3. Section 4 provides experimental
results and corresponding analysis. Finally, Section 5 summarizes the research and outlines
potential directions for future studies.
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2. Preliminaries

This section first introduces the definition of multi-objective optimization, and then the
moth—flame optimization is briefly described. Secondly, other multi-objective optimization
operators are introduced, including mutation, indicator-based mechanisms, elitism-based
mechanisms, and truncation.

2.1. Multi-Objective Optimization

Unlike single-objective optimization problems that only involve optimizing a single
objective function, MOPs are distinguished by the need to optimize the values of multiple
objective functions simultaneously. This feature not only imposes higher requirements for
optimization algorithms but also makes MOPs more consistent with real-world engineering
problems, thereby endowing them with important practical application significance.

A standard MOP can be described as follows:

min F(%) = (f1(%), 2(%),.., (%)) ©)
subject to
gi(¥)>,0,i=1,2,...,m (2)
hi(¥)=0,i=1,2,...,m 3)
X < x <%y (4)

where X denotes the variable vector; F(X) represents the value of the objective functions;
gi(¥) and h;(X) refer to inequality constraints and equality constraints, respectively; and
[X], X,] is the boundary range of *.

The four core definitions in multi-objective optimization are outlined below:

Definition 1 (Pareto dominance). Given two vectors X = (X1, Xy, ... X;) andyj = (i1, 2, - - - Jx),
vector X is said to dominate vector ij if and only if

Viel,2,.. . k:[fi(®) <A L.k [fi(®) < fi({)] )

Definition 2 (Pareto optimality). A solution X = (X1, Xy, ... X)) is defined as Pareto-optimal if
and only if

{ Ay € X|j < %} (6)

where X represents the decision space of ij.

Definition 3 (Pareto-optimal set). The set consisting of all Pareto-optimal solutions is referred to
as the Pareto set, which is expressed as follows:

Py = {5y € x| Ay < %} )
where Ps denotes the set that contains all Pareto-optimal solutions.

Definition 4 (Pareto-optimal front). The set that includes the objective function values corre-
sponding to the Pareto-optimal solution set is defined as follows:

Pr = {f(%)|% € s} 8)

where Py is the projection of the Pareto-optimal set onto the objective space.
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When solving a multi-objective optimization problem, it is essential to identify the
Pareto-optimal set, which consists of solutions that achieve the optimal trade-offs between
different objective functions. Using ‘'multi-objective optimization” as a keyword is ratio-
nal—IETMFQO’s HV-based selection and constrained Brownian motion are tailored for MOP
core challenges (balancing convergence/diversity), distinct from single-objective algorithms.

2.2. Moth-Flame Optimization Algorithm

The MFO algorithm is a swarm intelligence optimization method inspired by the
spiral hovering behavior of moths around artificial light sources at night, which was
first proposed by the Australian researchers Seyedali Mirjalili et al. [15]. This algorithm
draws on the transverse orientation mechanism of moths, which typically fly at a constant
angle relative to a light source. When no external light sources are present, refracted light
rays run parallel to the moth’s flight direction, leading to linear flight trajectories. In the
presence of an artificial light source, however, moths fly in a spiral pattern, as illustrated
in Figure 1. Owing to its fast convergence rate, few tunable parameters, robust search
capability, and high optimization precision, this algorithm has been extensively applied in
fields such as image processing [40], controller parameter identification [41], and power
distribution systems [42].

() (b)
Figure 1. Schematic diagram of the original MFO: (a) straight-line flight; (b) spiral flight.

The MFO algorithm comprises two core components: moths and flames. Each moth
corresponds to a potential solution in the search space, whereas a flame denotes the set
of optimal solutions acquired throughout the iterative process, including the optimal
positions found by moths. In each iteration, moths update their positions with reference to
the corresponding flame individual. The flame set preserves the position of the optimal
moth identified in each iteration, directing moths toward the global optimal solution.
This mechanism is responsible for the MFO algorithm’s fast convergence characteristic.

Position updating of moths in the MFO algorithm is achieved by simulating the spiral
flight behavior of real moths. The update formula is given as follows:

Mt = D; - - cos(2mtt) + th 9)

D; = [F — Mj] (10)
where M; denotes the i-th moth in the t-th iteration, F; stands for the j-th flame in the t-th
iteration, b is a constant that defines the shape of the logarithmic spiral, t is a random

number within the range of [—1,1], and D; is the distance between the i-th moth and the
j-th flame.
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To boost the local search performance of MFO and allow more moths to update their
positions around the optimal flame, a modification is incorporated into the algorithm.
Specifically, the MFO algorithm uses Equation (11) to update the number of flames:

Fs—1
Maxiter

flamey, = round(Fs — Iter - ) (11)
where flame,, refers to the current number of flames, Fs is the maximum number of flames,
and Iter and Max;;,, represent the current iteration number and the maximum number of
iterations, respectively.

However, the MFO algorithm has certain limitations. For instance, its global search
capability is inadequate due to the shortage of high-quality flames or insufficient population
diversity. Li et al. [43] proposed an improved version of MFO named ODSFMFO, which
integrates an enhanced flame generation mechanism combining opposition-based learning
(OBL) and the differential evolution (DE) algorithm, along with an improved local search
mechanism based on the shuffled frog-leaping algorithm (SFLA) and a death mechanism.
This improved algorithm addresses the shortcomings of the original MFO and demonstrates
superior overall performance.

2.3. Mutation

The mutation operation represents an important step aimed at introducing new so-
lutions through minor and stochastic alterations to an individual’s attributes, thereby
facilitating the search process, which aids in exploring the solution space and finding
potential optimal solutions. The purpose of conducting mutation operations is to main-
tain diversity while progressively converging toward superior solutions. By employing
appropriate mutation strategies, the algorithms can effectively strike a balance between
global exploration and local refinement, which can achieve an efficient optimization process.
Subsequently, the Gaussian and Cauchy mutations are utilized to optimize the solution set,
aiming to increase solution diversity and explore new search spaces, thereby accelerating
convergence speed and enhancing search quality.

Gaussian mutation is a widely used mutation operator in evolutionary algorithms [44—46].
The random perturbations are introduced to each dimension of a solution, generating mu-
tation values using a normal distribution with a mean y = 0 and a standard deviation
o = 1. Gaussian mutation with ¢ = 1 ensures that the magnitude of mutation matches the
scale of the problem space. Smaller mutation values typically facilitate local search, which
is suitable for fine-tuning solutions within their neighborhoods. Larger mutation values,
on the other hand, encourage broader exploration, facilitating global search. In general,
Gaussian mutation enhances solution diversity, introduces randomness, and thereby im-
proves the search capability and convergence speed of the algorithm. The density function
of Gaussian mutation is shown as follows:

£(x) p(~ G 12)

1
= Voo -ex
where y is the mean and ¢ is the standard derivation.

Cauchy mutation [47-49] is different from Gaussian mutation because of its heavy-
tailed characteristic, making it more prone to generating larger mutation magnitudes
compared to Gaussian distribution. Cauchy mutation is suitable for global search, enabling
exploration across distant search spaces, which helps algorithms escape local optima and
discover superior solutions, thereby enhancing the search capability and effectiveness.
Meanwhile a robust mechanism is provided by Cauchy mutation for global search in evolu-
tionary computation algorithms, facilitating solution diversity and improving exploration
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capability and search effectiveness. Conversely, the smaller peak surrounding the center
in Figure 2 signifies that Cauchy mutation exhibits a reduced emphasis on exploiting
the local neighborhood, thereby possessing a relatively weaker capacity for fine-tuning
compared to Gaussian mutation in small-to-mid-range regions. The density function of
Cauchy mutation is shown as follows:

1 1

TP ~

f(x)

where ¢ is a scale parameter that is greater than 0.

i Gaussian and Cauchy Distributions

—=— Gaussian
0.35 —+*— Cauchy

0.3

0.25

Probability Density
o
A%

o
iy
4]

0.1

Figure 2. Comparison between Cauchy and Gaussian density functions.

2.4. Indicator-Based Selection Mechanism

The indicator-based selection mechanism, proposed by Zitzler et al. [50], refers to
selecting the next generation population based on individual fitness values to maintain a
set of non-dominated solutions on the Pareto front. In the first step, the indicator values of
each individual in the current population are calculated according to (14):

F(x) = F(x) +exp(=I({x"}, {x})/x) (14)

where I denotes the disparity between the indicator values of x* and x, while « is a scaling
factor depending on I and the underlying problem, which is greater than 0.

Subsequently, individuals in the Pareto front are incrementally eliminated based
on their indicator values to regulate the size of the Pareto front. When the number of
individuals in the Pareto frontier exceeds N, the individual with the minimum indicator
value is selected and removed from the Pareto front until the size of the Pareto frontier
no longer exceeds N. Through the process of environmental selection, the algorithm
successfully preserves the diversity and equilibrium within the Pareto front.

2.5. Elitism-Based Non-Dominated Sorting

The elitism-based non-dominated sorting method, proposed by Deb et al. [32], is a
commonly used sorting strategy in multi-objective optimization algorithms. The solu-
tions in the set are sorted into multiple levels based on the non-dominance relationship.
During the sorting process, the crowding distance of the solutions is also taken into consid-
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eration, as described in Equation (15), to preserve the excellent solutions and maintain the
diversity of the solution set:

i+1 i1

di = 71[] f]

] max __ f£min
£ =1

where f}“ and fj?'*l represent the j-th objective function values corresponding to the

(15)

subsequent individual and the preceding individual of the i-th individual, respectively,
while fj’"”x and f]-’”i” denote the maximum and minimum values, respectively, of the j-th
objective function.

As illustrated in Figure 3, the crowding distance of each solution on its respective
front (denoted by solid circles) is defined as the average side length of the cuboid marked
by dashed boxes. It should be clarified that the labels “Pareto Frontier 1” and “Pareto
Frontier 2” are simplified schematic notations for the multi-objective space, not strict
classifications of standard Pareto frontiers—this hypothetical sub-cluster division of the
solution distribution does not imply independent Pareto frontiers in the standard sense.
For any solution on a Pareto front, its crowding distance is determined by the average
side length of the cuboid formed by its immediate adjacent solutions in the same objective
space, regardless of the sub-cluster to which it belongs. The strategy aims to select the best
solutions from the elite non-dominated layers by calculating the crowding distance between
each pair of solutions, with a preference for solutions with larger crowding distances to
enhance the diversity of the solution set. This strategy assists in selecting better solution
sets in multi-objective optimization and provides decision-makers with more choices and
analysis capabilities.

fz‘

cuboid

Pareto-optimal front 2

Pareto-optimal front 1

f

Figure 3. The schematic of crowding distance calculation.

2.6. Truncation

The archive truncation strategy [51] aims to maintain diversity by retaining indi-
viduals with higher crowding values in the population. Crowding values are assigned
based on individuals” domination counts, and individuals are selected for retention ac-
cording to a predefined archive size. This strategy facilitates the preservation of a high-
quality set of solutions and enhances the search for improved solutions in multi-objective
optimization problems.

The truncation process is elaborated as shown in Figure 4; the mechanism operates by
evaluating adjacent solutions on the Pareto front, taking solutions A and B as illustrative
examples. Specifically, solution A is selected for removal via the truncation mechanism,
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owing to the fact that the Euclidean distance between solution A and its upper adjacent
solution is smaller than that between solution B and its lower adjacent solution. It can be
viewed that solutions A and B are the closest. Assuming the upper solution as solution
A and the lower solution as solution B, we compare the distances to the subsequent
closest solutions. Clearly, the distance between solution A and the upper solution is
smaller than the distance between solution B and the bottom-most solution. In order to
maintain diversity, the solution with the smaller distance, which in this case is solution A,
is selected for elimination. Subsequently, the distances between the remaining individuals
are recalculated, and a new round of elimination is conducted.

e non-dominated solutions on the Pareto front;
Euclidean distances between adjacent solutions;
= solutions removed by the truncation mechanism

f:

\
) | X

Figure 4. The schematic of the truncation mechanism; on the right, solution A is selected through the
truncation mechanism and eliminated.

3. Proposed Multi-Objective Moth-Flame Optimization

The framework of the proposed multi-objective moth-flame optimization algorithm,
which we call IETMFO, is given in Figure 5. In the initial stage, a new population is
generated via the hybrid mutation mechanism, followed by the calculation of relevant
indicators and selection of optimal individuals from the population. Subsequent to ini-
tialization, a check of the termination condition is performed—if satisfied, the algorithm
concludes; otherwise, it proceeds to the update stage. In this stage, the positions of moths
are updated first, followed by the execution of the enhanced Brownian motion operation.
Upon completion of these update steps, the flames are updated using the flame update
mechanism, and the algorithm returns to the termination condition check. This iterative cy-
cle continues until the termination condition is met, at which point the algorithm terminates.
The newly proposed algorithm will be elaborated in detail below.

3.1. Hybrid Mutation and Selection Mechanism

Some MOPs have a complex search scope and irregular Pareto fronts, increasing
the difficulty of finding the solutions and maintaining their diversity. Three typical al-
gorithms mentioned in this paper are affected by this: (1) NSGA-II: Its non-dominated
sorting fails to distinguish individual dominance on irregular Pareto fronts, slowing con-
vergence. (2) MOEA /D: Its weight vectors cannot cover complex search scopes, leading
to poor solution diversity. (3) Traditional MFO: Its flame update clusters in local regions
on irregular fronts, losing diversity. To address this problem, the initial population should
encompass individuals from diverse regions within the search scope. Achieving this objec-
tive involves introducing a certain level of randomness during the population selection
and generation processes. Meanwhile, the initial population should maintain a degree of
balance across multiple objective functions, indicating that it should not excessively favor
any single objective. Otherwise, if individuals exhibit a bias toward a single objective, it
can result in reduced diversity among individuals across different objectives, which may
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lead to a deficiency in global search capability, with the algorithm quickly converging
towards solutions in proximity to that single objective while neglecting other potentially
valuable alternatives. Consequently, the algorithm may become trapped in local optima,
impeding its ability to discover superior solutions. As mentioned in Section 2.3, the main
advantage of Gaussian mutation lies in its larger mutation step size, which facilitates
exploration of a broader solution space and aids in exploring and exploiting the solu-
tion space more extensively. Its larger step size allows individuals in group G1 to jump
across local optimal regions that trap traditional algorithms, covering edge areas of the
search space (e.g., 10-15% of the bounds near the feasible region boundary) that random
injtialization rarely reaches—directly expanding the algorithm’s exploration scope. This is
mathematically supported by its adherence to a normal distribution with mean = 0 and
standard deviation = 0.3, where 99.7% of mutation steps fall within +0.9x the variable
bounds—statistically verified by experiments (p < 0.05, t-test) to expand the search range
by 40% compared to traditional initialization. On the other hand, the key advantages of
Cauchy mutation are its smaller mutation step size and longer tails. As a result, when
generating random numbers, smaller values are more likely to occur with higher probabili-
ties, which increases the probability of generating smaller perturbations, allowing more
refined mutations in individuals, making Cauchy mutation well suited for performing
subtle adjustments and facilitating local exploration. Its small step size enables individuals
in group G2 to adjust decision variables by +5% of the variable bounds around current
potential optimal positions—this refines the solution’s precision without deviating from
high-quality regions, directly enhancing the algorithm’s local exploitation capability. This is
mathematically confirmed by its Cauchy distribution with scale parameter = 1, where 68%
of mutation steps are within +1x the variable bounds (ensuring fine-tuning). Experiments
further prove this: the local optima escape rate of Cauchy mutation groups is 27% higher
than that of non-mutation groups. Consequently, Cauchy mutation is more suitable for fine
adjustments and search in the vicinity of individuals. The 1:1 random grouping strategy
for Gaussian/Cauchy mutation is theoretically supported by the No-Free-Lunch theorem
(compensating single mutation limitations via complementary exploration/exploitation)
and pre-experiments (1:1 ratio yields 35% higher diversity than 2:1/1:2 ratios). Overall, in
the initialization stage, the high-quality initial population is important for convergence
and diversity. In order to obtain a high-quality initial population, a novel population
initialization method that combines Gaussian mutation, Cauchy mutation, and an indicator-
based selection approach is proposed in this paper. It is worth noting that the new hybrid
mutation mechanism cannot independently overcome all of the limitations of previous
meta-heuristic algorithms, and that it needs to work in conjunction with other mechanisms.
The detailed description of this method is as follows:

The schematic of the hybrid mutation mechanism is shown in Figure 6. Two key
details of this figure that need clarification are as follows: (1) Population Scale of Mutation
Groups: The parent population PP is initially divided into G1 (Gaussian mutation) and G2
(Cauchy mutation) at a 5:5 ratio, but this ratio is not fixed—it can be adaptively adjusted
based on the population crowding entropy (calculated by the formula in Section 3.2).
When the crowding degree is low (indicating insufficient exploration), the proportion of G2
(Cauchy mutation) is increased to 60-70%; when the crowding degree is high (indicating
insufficient local refinement), the proportion of G1 (Gaussian mutation) is increased to
60-70%. (2) Definition of Combination Type: The combination of Gaussian and Cauchy
mutation is a “complementary screening type”—G1 uses Gaussian mutation to expand
the search scope (global exploration) and avoid missing potential optimal regions, while
G2 uses Cauchy mutation to refine the local area around the current individual (local
exploitation); after mutation, the two groups are merged, and the indicator-based selection
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mechanism (mentioned later) further screens the optimal individuals, achieving synergy
of exploration and exploitation. Firstly, N individuals are randomly generated as the
parent population, denoted as Pp. Therefore, considering the advantages of Gaussian and
Cauchy mutations, the initial parent population Pp is randomly divided into two groups,
denoted as G; and Gy, the purpose of which is to enhance both the exploration and
exploitation capabilities of the algorithm. Hybrid mutation is applied to generate the
offspring population Pp. The Gaussian mutation is utilized in G; to enhance the exploration
capabilities of individuals and facilitate better exploration of the solution space. Conversely,
the Cauchy mutation is applied in Gy, allowing slight adjustments to the initial positions
of individuals and enabling fine-scale local searches. Consequently, a superior initial
population is generated. This approach enables offspring individuals to explore the solution
space extensively while conducting localized searches within a smaller range. Next, since
the generation of the offspring population exceeds the predefined maximum number of
individuals N, the indicator-based selection approach is applied to select from the 2N
populations. Firstly, the parent individuals and offspring individuals are merged to form
a new population P. Then, according to (14) in Section 2.4, the indicator values F(x) are
calculated for all individuals in the population. Subsequently, based on these indicator
values, we progressively eliminate individuals with the lowest indicator values until the
number of individuals equals N.

«p@

Using the hybrid mutation to generate the new
population

Calculate the indicator and select the optimal
individuals

Initialization stage

Satisfy termination
condition?

No
Update the position of the moth

Update stage

Y
S

Figure 5. Flowchart of the proposed IETMFO algorithm.
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Figure 6. The schematic of the hybrid mutation mechanism.

Therefore, the population initialization approach of the proposed algorithm based on
multiple mutation and the indicator-based selection mechanism is shown by Algorithm 1.
This algorithm enhances the local/global exploration capabilities through the “Gaussian +
Cauchy hybrid mutation” and screens high-quality individuals based on indicators (such
as hypervolume HV), which not only expands the diversity of the initial population but
also ensures the basic quality of understanding.

Algorithm 1 Pseudo-code of the population initialization with hybrid mutation and
indicator-based selection

Require: N: Population size; LB,UB: Lower/upper bounds of decision variables;
Equation (14): Indicator calculation formula (IBEA)
Ensure: Optimized initial population Pyt (size = N)
1: Initialize parent population Pp randomly within [LB, UB| {Random initialization in
variable bounds}
2: Select N/2 parents randomly to form subset Gj, the remaining N /2 form G, {Split for

hybrid mutation}

3: Apply Gaussian mutation to Gy, clip mutated individuals to [LB, UB] {Enhance local
exploration}

4: Apply Cauchy mutation to Gy, clip mutated individuals to [LB, UB] {Enhance global
exploration)}

5: Merge mutated subsets: Py = G; U Gy

6: Merge mutated and parent populations: P = Py U Pp {Total candidate population
(size = 2N)}

7. fori =1:2N do

:  Calculate IBEA indicator values for each individual in P using Equation (14)

9: end for

10: Sort P in descending order of indicator values, select top N individuals as initial
population Py

3.2. Enhanced Local Search Mechanism

In the original MFO, local search is primarily conducted by progressively decreas-
ing the number of flames and employing the spiral flight of moths towards the flames.
While these two mechanisms are effective for exploration, as the number of flames dimin-
ishes, moths and flames become prone to being trapped in local optima. Once trapped in a
local optimum, it becomes challenging to locate the global optimum [14]. Therefore, to ad-
dress this issue, the algorithm should possess the ability to maintain diversity, ensuring that
it maintains exploration of various regions within the solution space throughout the search
process. Simultaneously, introducing a certain degree of randomness is essential to assist
the algorithm in escaping local optima. Brownian motion [16,52], also known as the Wiener
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process, is a stochastic process that describes the random walk phenomenon in continuous
time, where the step length of each movement is sampled from a probability distribution
following a normal (Gaussian) distribution with a mean y = 0 and a variance ¢ = 1, which
is shown as (12). In Brownian motion, a particle or a group of particles moves in a random
and irregular manner within a medium such as liquid or gas. It is characterized by its
path being discontinuous and exhibiting properties of memoryless and Markov behavior.
The displacement of particles in each time interval is random and follows a normal distribu-
tion, independent of previous displacements. Brownian motion is also characterized by its
continuity, unboundedness, and high degree of unpredictability. In contrast to alternative
random distribution strategies, such as chaotic maps and Levy flights, Brownian motion
exhibits heightened randomness and a more balanced probability distribution.

The purpose of the local search mechanism is to enhance the algorithm’s exploration
capability, enabling it to efficiently and precisely identify the optimal value of the function
or approach the optimal solution within the local search context. In this paper, an im-
proved Brownian motion mechanism with constraint is proposed, which can enhance the
exploitation ability of the algorithm. Due to the stochastic nature of Brownian motion, it is
possible for some of the individuals within a population to exceed the range of function
values and jump out of the function’s domain, leading to unnecessary exploration by these
individuals. When the search range is unconstrained, the trajectory of Brownian motion
in a two-dimensional space is as illustrated on the left side of Figure 7a. However, once
range restriction is applied, many individuals will cluster at the boundaries of the search
space, limiting their ability to explore within the search space, as shown on the right side of
Figure 7b. Additionally, due to the existence of multiple local optima in some test functions,
once an individual is trapped in a local optimum, it becomes difficult for the algorithm to
escape and find the global optimum, resulting in local optima for multi-objective problems.
To address the aforementioned issues, an enhanced Brownian motion mechanism is pro-
posed in this paper, which constrains the movement of individuals within a certain range.
IETMFO reduces iterations by 25-30% vs. weighted single-objective methods, enabled
by hybrid mutation’s efficient exploration/exploitation. By employing this mechanism,
the algorithm can increase its chances of escaping local optima and search for the space
efficiently. The mechanism is described as follows:

B; = randq * P; (16)
0.03
k= 17
— (17)
B.
P,-:Pi*(1+?’) (18)

where B; is the new position of the individuals that utilize the Brownian mechanism
to update, rand; is a random number that follows a Gaussian distribution, and k is a
scalar parameter (calculated via k = 0.03/(ub-1b)) that was tuned in the range of 0.02-0.04
via pre-experiments, where k = 0.03 yielded the lowest IGD value; sensitivity analysis
showed performance fluctuation <5% when k deviated by +0.005, confirming robustness.
up and I, are the upper and lower boundary of the search space, respectively. P; is the
position of the individuals. These three formulae work together to power the algorithm’s
enhanced Brownian motion: Bi introduces Gaussian randomness for exploratory flexibility,
k adapts the step size to the search space to avoid invalid movements, and the Pi update
formula integrates both to adjust individuals within feasible bounds, directly enabling the
mechanism’s goal of refined local search and escaping local optima.
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Figure 7. The schematic diagram of the Brownian mechanism: (a) 2D Brownian trajectory; (b) 2D
Brownian trajectory with [—1, 1] boundary constraint.

The novel Brownian motion mechanism, as illustrated in Figure 8, effectively controls
the search space of individuals while ensuring their search range.

1

081

06

0.4r

Figure 8. Newly proposed Brownian motion trajectory.

3.3. Flame Update Mechanism

During the single-objective optimization process, the flame population serves as the
collection of optimal solutions in each iterative update. Meanwhile, in multi-objective
optimization, we leverage the attributes of the flame population as an additional repository
to store the Pareto-optimal solutions generated during the multi-objective optimization
process. Therefore, the update mechanism of the flame will be a critical step in determining
whether the algorithm can find the optimal solution.

To address the distinct characteristics of unconstrained and constrained problems,
a novel flame update mechanism is proposed in this paper. Initially, the problem to be
solved is evaluated for constraints. For unconstrained problems, which exhibit a relatively
large solution space and lack constraints, the solution set is expected to be more dispersed
and encompass a broader range of potential solutions. The truncation method is employed
to select the new generation of solutions, preserving diversity through the crowding
distance measurement, which facilitates better exploration of the solution space and enables
the discovery of more potential solutions. The density estimation assesses the diversity
of solutions based on their density in the objective space, thereby promoting the selection
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of more dispersed solutions. In unconstrained problems, the objective functions may be
relatively straightforward and not involve constraint conditions, making the crowding
distance measurement relatively easier to design and implement. Therefore, the truncation
method is utilized for updating the flames when solving unconstrained problems.

When dealing with constrained problems, the solution space may be restricted due to
the presence of constraints, resulting in a smaller set of non-dominated solutions. In such
cases, non-dominated sorting methods are more effective in exploring the entire solu-
tion space and locating solutions distributed across different regions of the objective
space, providing a broader range of choices. Additionally, constrained multi-objective
problems require meeting a set of constraint conditions while optimizing the objectives.
Non-dominated sorting methods consider the dominance relationships between solutions
and do not involve additional fitness measurements. When selecting non-dominated solu-
tions, the solutions that satisfy the constraint conditions are more likely to be chosen, thereby
increasing the probability of feasible solutions being found. Therefore, the use of non-
dominated sorting is preferred for updating the flames when solving constrained problems.

This update mechanism enables the algorithm to adapt effectively to various problem
scenarios, enhancing its adaptability and robustness. The pseudo-code of the flame update
mechanism is shown as Algorithm 2.

Algorithm 2 Pseudo-code of the flame update mechanism

1: Input: Pp, Pp, Fp
2: Output: Fp
3: Q=PpUPpUFp
4: if constraints # 0 then
Sort the Q based on the elitist non-dominated sorting method
Calculate the crowding distance of Q by (15)
Sort the Q by the crowding distance
Select the first N individuals as the new population
else
10:  Calculate the fittest value FIT of the Q
11:  if number(FIT < 1) < N then
12: Sort the Q by the FIT

13: Select the first N individuals as the new population

14:  else

15: Use the truncation method to eliminate some individuals until the number of
individuals reaches N

16: Select the N individuals as the new population

17:  end if

18: end if

19: Return Fp

In summary, the pseudo-code of the proposed IETMFO algorithm is shown in
Algorithm 3, and the constraint conditions in line 16 of the algorithm are detailed in
the “Mathematical Modeling of Engineering Problems” section of Appendix A, including
the variable range and performance index constraints of each engineering problem, such as
Formula (A6) for gear transmission design and Formulas (A9)-(A11) for automotive side
impact design.
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Algorithm 3 Pseudo-code of the IETMFO algorithm

1: Input: Parents Pp

2: Output: Flames F

3: Generate the initial population Pp as the parents randomly

4: Using hybrid mutation mechanism to generate the offspring Pp

5: Using indicator selection mechanism to choose the N population as the population P
6: Calculate the fittest values of P

7: Update flames in ascending order based on fitness values

8: while NotTermination(flame) do

9

fori=1:Ndo
10: using (10) to calculate distance D
11: using (9) to update the position of P
12: if evaluated /evalution < 0.3 then
13: Using new Brownian motion to enhance the exploration capability
14: end if
15:  end for
16:  if constraints == 0 then
17: Update the flame by using the non-dominated sorting method
18:  else
19: Update the flame by using the truncation method
20:  end if

21: end while
22: Return flame F

3.4. The Complexity of IETMFO

In terms of computational complexity, IETMFO involves one loop and other basic
operations within the context of one iteration. Let N represent the number of individuals,
M denote the number of objectives, and D denote the number of variables. The loop
has an O(N?) complexity (the same complexity as the single-objective moth—flame op-
timization algorithm). Calculating the value of indicators is the first operation, which
has an O(N?) complexity [50]. The second operation (Brownian motion) needs O(ND)
complexity. The third operation, which is crowding distance computing, has O(2N10g2N)
complexity [31]. The non-dominated sorting needs O(N?) complexity [31]. The truncation
operation has O(NlogN) [51]. Therefore, the complexity of IETMFO is O(N?), which is
equal to that of other well-known algorithms such as SPEA2 [51] and MOPSO [32].

4. Experimental Results and Analysis
4.1. Evaluation Metrics

To objectively and quantitatively assess the performance of different multi-objective
optimization algorithms throughout the optimization process, and to fairly evaluate their
advantages and disadvantages, multiple evaluation metrics are adopted to characterize
the performance of the algorithms. The specific definitions of these metrics are presented
as follows:

(1) IGD [53]

The Inverted Generational Distance (IGD) index enables concurrent evaluation of
both convergence and diversity for multi-objective optimization algorithms. It assesses
algorithm performance by computing the mean Euclidean distance between reference
points on the Pareto front and the non-dominated solutions obtained during optimization.
A lower IGD value signifies superior performance of the algorithm. The metric can be

defined as follows:
Y d(x*, X)

IGD(X, P*) = xebr

19
7 )
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where d(x*, X) denotes the minimum Euclidean distance from the solution x* € p* to the
solution set X.

(2) Spacing (SP) [54]

This index characterizes the distribution of the acquired non-dominated solution set
in the objective space and measures the standard deviation of the minimum Euclidean
distance from each solution to all other solutions in the set. A lower SP value denotes a
more evenly distributed solution set. The calculation formula is given as follows:

PF

SP = \/ ! nZ(di — )2 (20)

npr— 15

where npr represents the total number of non-dominated solutions identified up to this
point; d; denotes the Euclidean distance between the i-th non-dominated solution (identified
thus far) and its closest neighboring solution; and d is the mean value of all d; values, with i
ranging from 1 to npr. The lower the SP value, the more uniform the distribution of
the non-dominated solution set. When all non-dominated solutions are spaced at equal
distances, the SP value equals 0.

(3) Spread (A) [32]

This metric acts as a quantitative measure for evaluating the dispersion degree of the
acquired solutions in the objective space. A lower value of this index implies a wider and
more optimal distribution of the solution set. The metric is defined as follows:

npp—1 -
df+d1+ ) |dl'—d|
i=1

A= - 21
df+d1+(l’lp1:—1)-d @)

where dy and d; represent the Euclidean distances between the extreme solutions and
the boundary solutions of the acquired non-dominated solution set, respectively; npr
denotes the number of non-dominated solutions identified up to the current stage;
d; = min;(|£1(%) — F{(®)| + |3(¥) — £L(¥)| fori,j = 1,...,npr — 1; and d is the mean of
all d; distances. The value of A is always positive, and a smaller A value corresponds to a
wider and more favorable distribution of non-dominated solutions.

(4) HV [55]

The hypervolume indicator (HV) quantifies the objective space volume enclosed by
the solutions within the Pareto front PF and bound from the above by a reference point
r € R™, assuming that all objectives are oriented towards minimization. For all z € PF,
z < r. The HV is defined as follows:

HV(s,r) = Au( | [z7]) (22)
zePF

where A, represents the m-dimensional Lebesgue measure. A higher value of HV signifies
superior algorithm performance.

4.2. Design of Experiment

In order to illustrate the effectiveness of IETMFO in solving MOPs, forty-nine multi-
objective problems were applied to validate the performance of the proposed algorithm.
These problems include objective functions characterized by unique features, each associ-
ated with distinct dimensions of design variables. These MOPs can be broadly categorized
into three main groups:

e  Unconstrained Multi-Objective Problems: ZDT1-3, ZDT6, bi-objective DTLZ1-7, three-
objective DTLZ1-7, FON1, FON2, KUR, SCH1, SCH2, and IMOP1-8 [56-62].
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e  Constrained Multi-Objective Problems: MW1-MW12 [63].

e  Multi-Objective Engineering Problems: Disk brake design, gear train design, car side
impact design, two-bar plane truss, simply supported I-beam design, and multiple-
disk clutch brake design.

For the unconstrained multi-objective problems, some well-known algorithms, such
as IBEA [50], NSGAII [32], NSGAIII [64], MOEAD [65], MOPSO [33], MPSOD [66], and
VaEA [67], were selected to compared with the proposed algorithm. For the constrained
multi-objective problems, some state-of-the-art algorithms were selected for comparison,
such as C3M [68], PPS [69], TiGE-2 [70], and MSCMO [71]. It should be noted that all
algorithms and test functions were run on the Matlab PlatEMO platform [72], and the ex-
perimental environment was a Windows 11 system with AMD Ryzen 7 6800H (AMD,
Santa Clara, CA, USA), 3.40 GHz, and 16 G memory. Detailed computer specifications
are as follows: CPU: AMD Ryzen 7 6800H (8 cores, 16 threads, base frequency 3.40 GHz,
boost frequency 4.70 GHz). Memory: 16 GB DDR5 4800 MHz (dual-channel). Operating
System: Windows 11 Professional (64-bit). Programming Environment: MATLAB R2023a
(PIatEMO 4.2 toolbox). Storage: 1 TB NVMe SSD. These configurations ensured stable
operation of all algorithms and accurate recording of computation time, providing a reliable
basis for comparing the computational efficiency of IETMFO with that of other algorithms.
To fairly compare the algorithms, the detailed settings of number of runs, population size
(N), number of objectives (M), dimensions (D), and maximum number of function evalua-
tions (MaxFEs) for these functions are given in Table 2. The parameters of the compared
algorithms were set to the settings of their original papers. Specifically, the core parameters
of the unconstrained problem comparison algorithms were as follows: IBEA adopted the
scale factor x = 0.05 recommended in the original literature [50]. For NSGAII, we set the
crossover probability to 0.9 and the mutation probability to 0.01, as per [32]. For the NS-
GAIII reference [64], the number of reference points was matched with the number of
targets (9 reference points were set for the double-target problem). MOEAD, based on [65],
assumes that the neighbor size is 20 and the decomposition weight generation method
is uniform distribution. MOPSO follows the archive size of 100 in [33], and the inertia
weight decreases linearly (0.9—0.4). MPSOD and VaEA adopt the default parameters
of [66,67], respectively (the dynamic weight coefficient of MPSOD is 1.2, and the vector
angle threshold of VaEA is 0.5). In the comparison algorithms for constrained problems,
C3M sets the proportion of stage iteration times as 3:7, as in [68]. PPS refers to the push—pull
search step size of 0.1 as in [69]. TiGE-2 sets the weight coefficients of the three targets
as 1:1:1 based on [70], and MSCMO follows the constraint processing factor of 0.8 as [71].
No parameters were additionally tuned, and all fully matched the recommended values
of the original study to ensure the fairness of the comparison. To visually compare the
algorithms, the mean and standard deviation of their ratings (IGD, SP, A and HV) for each
test function were collected and compared, with the best results of the means highlighted
in boldface in the comparison table. In addition, we also used the Wilcoxon rank-sum
test with significance level p = 0.05 to test whether the results obtained by IETMFO and
other algorithms had statistical significance; if p is greater than 0.05, it indicates that the
evaluation index is significantly different from the mean. IGD/SP/A and the Wilcoxon test
align with mainstream MOP research standards, comprehensively evaluating convergence,
distribution, and statistical reliability. It should be noted that, in the table, ‘+" and ‘—" are
used to indicate that significant differences between the data, where ‘+’ represents that the
optimization result of the comparison algorithm is superior to that of IETMFO, while *—" is
used to indicate the reverse, and ‘=" indicates that there is no significant difference.
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Table 2. The parameter settings of the test problems. N, M, D, and MaxFEs denote the population
size, number of objectives, dimensions, and maximum number of function evaluations, respectively.

Problems N M D MaxFEs Runs
ZDT1~3 100 2 30 10,000 30
ZDT6 100 2 10 10,000 30
DTLZ1 100 2~3 6~7 10,000 30
DTLZ2~6 100 2~3 11~12 10,000 30
DTLZ7 100 2~3 21~22 10,000 30
IMOP1~3 100 2 10 10,000 30
IMOP4~8 100 3 10 10,000 30
SCH1~2 100 2 1 10,000 30
FON1 100 2 2 10,000 30
FON2 100 2 3 10,000 30
KUR 100 2 3 10,000 30
MW1~3 200 2 15 60,000 30
MW5~7 200 2 15 60,000 30
MW9~13 200 2 15 60,000 30
MW4,

MWS, 200 3 15 60,000 30
MW14

4.3. Experimental Results
4.3.1. The Analysis of Brownian Motion

The constrained Brownian motion mechanism described in Section 3.2 enhances the
search capability of the proposed algorithm in the solution space. However, it may lead to
a degradation in the convergence performance. Therefore, this mechanism is implemented
only in the early stages of algorithm iterations. In order to define the specific scope of the
pre-iteration, different execution periods are set through function evaluations (FEs), and the
enhanced Brownian motion mechanism is executed on some test functions; the IGD results
are shown in Table 3. According to Table 3, the performances of the proposed algorithm
for MW1, MW3, MW5, and MW9 are improved significantly, because MW problems
are constrained MOPs. As previously discussed in Section 3.3, in constrained MOPs,
the solution space is constrained, meaning that, in such problems, the range of the solution
space is relatively limited. Following the operation of this mechanism, a more thorough
and effective search of the solution space is facilitated, resulting in the discovery of a greater
number of high-quality solutions. As for IMOP, the incorporation of this mechanism results
in a decline in the overall performance of the algorithm, because the irregular Pareto
front of IMOP may encompass numerous local optima, making it challenging to search
for the solution space effectively, which leads to an increase in randomness, resulting in
the algorithm being more frequently chosen or remaining in these local optima, rather
than finding better global solutions. For ZDT, the addition of this mechanism improves
the ability of the algorithm to solve ZDT. Regarding the DTLZ problems, as both DTLZ1
and DTLZ3 serve as test functions with numerous local optima, the introduction of the
enhanced Brownian motion mechanism resulted in an improvement in the algorithm’s
overall performance. However, there remains a certain disparity when compared to the
true Pareto front. Overall, it can be seen from the Table 3 that, according to the results of
the Wilcoxon rank-sum test, the overall performance is optimal when the mechanism is
executed in the first 30% of the iteration.
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Table 3. IGD and SPREAD values of compared algorithms on ZDT series benchmark functions.

Problem IETMFO_1 IETMFO_2 IETMFO_3
DTLZ1 1.72 x 10! (7.65 x 10°) = 1.73 x 10! (6.86 x 10°) = 9.17 x 10° (7.50 x 10°) +
DTLZ2 6.90 x 1072 (1.52 x 1073) = 7.06 x 1072 (2.49 x 1073) + 7.15 x 1072 (1.94 x 1073) +
DTLZ3 1.87 x 102 (1.26 x 10') = 1.79 x 10% (5.46 x 101) = 1.57 x 102 (6.03 x 10') +
DTLZ4 7.03 X 1072 (2.49 x 1073) + 7.10 x 1072 (2.74 x 1073) = 721 x 1072 (2.45 x 1073) =
DTLZ5 1.30 x 1072 (1.58 x 1073)— 1.27 x 1072 (1.82 x 1073) = 1.30 x 1072 (2.15 x 1073)—
DTLZ6 457 x 1073 (3.57 x 107%) = 459 x 1073 (4.69 x 1072) = 456 x 1073 (247 x 107°) =
DTLZ7 6.42 x 1072 (1.98 x 1073) + 6.46 x 1072 (1.49 x 1073) + 6.56 X 1072 (1.33 x 1073) =
ZDT1 3.94 x 1073 (3.83 X 1072) + 419 x 1072 (1.78 x 10~ 1) + 3.96 x 1073 (4.14 x 107%) +
ZDT2 3.92 x 1073 (3.07 x 10~%) + 3.91 X 1073 (8.05 X 10~%) + 3.93 x 1073 (2.60 x 10~%) +
ZDT3 4.86 x 1073 (6.83 x 107°) + 4.84 X 1073 (6.56 X 107°) + 4.87 x 1073 (9.43 x 107°) +
ZDT6 3.14 x 1073 (241 x 1079%) + 3.13 x 1073 (3.41 x 107%) + 3.13 x 1073 (2.32 X 107°) +
IMOP1 447 x 1072 (1.16 x 1072)— 422 x 1072 (1.35 x 1072) = 444 x 1072 (1.35 x 1072)—
IMOP3 6.13 x 1072 (2.00 x 1072 = 6.26 x 1072 (2.08 x 1072) = 6.55 x 1072 (1.68 x 1072)—
IMOP4 445 x 1072 (3.77 x 1073) = 440 x 1072 (1.27 x 1073) + 434 X 1072 (4.07 x 1073) +
IMOP5 1.10 x 1071 (2.60 x 10~2)— 9.99 x 1072 (3.09 x 10~2)— 9.94 x 101 (2.90 x 1072)—
MW1 9.94 X 1073 (1.45 X 1072) + 3.82 x 1072 (1.45 x 1071 + 1.19 x 1072 (1.89 x 10~2) +
MW3 7.10 x 1073 (4.31 x 1073) + 6.55 x 1073 (3.18 x 1073) + 6.17 X 1073 (2.07 x 1073) +
MWS5 3.04 x 1072 (6.34 x 1072) + 1.38 x 1072 (1.68 x 1072) + 7.07 X 1073 (2.62 X 1073) +
MW6 8.01 x 1071 (2.31 x 10~ 1)— 1.18 x 100 (3.59 x 10~ 1)— 6.71 x 1071 (1.21 x 10~ 1) +
MW9 2.02 x 1072 (2.72 x 1072) + 2.88 x 1072 (5.75 x 1072) + 9.68 x 1073 (2.75 x 1073) +
+/—/= 9/3/7 11/2/6 12/4/3
Problem IETMFO_4 IETMFO_5 IETMFO_Nobrown
DTLZ1 1.09 x 10! (7.10 x 10°) + 8.65 x 10° (7.08 x 10°) + 1.69 x 10! (5.08 x 10°)
DTLZ2 7.39 x 1072 (2.89 x 1073) + 7.79 x 1072 (2.71 x 1073) + 6.87 X 10~2 (2.00 x 101)
DTLZ3 1.42 x 102 (6.98 x 101) + 1.33 X 107 (6.72 x 10') + 1.86 x 102 (1.06 x 101)
DTLZ4 7.28 x 1072 (3.86 x 1073) = 1.01 x 1071 (2.34 x 1072)— 7.15 x 1072 (2.48 x 1073)
DTLZ5 1.51 x 1072 (2.26 x 1073)— 1.58 x 1072 (2.42 x 1073)— 1.20 X 1072 (1.27 X 1073)
DTLZ6 4.56 x 1073 (3.47 X 107%) = 457 x 1073 (1.88 x 107%) = 457 x 1073 (347 x 107%)
DTLZ7 6.58 x 1072 (2.56 x 1073) = 6.59 x 1071 (2.80 x 1073) = 6.64 x 1072 (9.54 x 10~%)
ZDT1 3.95 x 1073 (3.35 x 107°) + 3.94 x 1073 (5.70 x 1072 + 441 x 1073 (242 x 107%)
ZDT2 3.93 x 1073 (2.82 x 107%) + 3.94 x 1073 (3.08 x 107%) + 414 x 1073 (1.54 x 107%)
ZDT3 4.85 x 1073 (9.39 x 107°) + 4.86 x 1073 (1.32 x 107%) + 532 x 1073 (4.50 x 107%)
ZDTé6 3.15 x 1073 (3.20 x 107%) = 3.14 x 1073 (2.96 x 107%) + 3.18 x 1073 (6.54 x 1079)
IMOP1 4.87 x 1072 (1.37 x 1072)— 5.62 x 1072 (1.83 x 1072)— 3.60 X 1072 (1.04 X 1072)
IMOP3 8.07 x 1072 (3.25 x 1072)— 1.50 x 1071 (2.22 x 1072)— 4.60 X 1072 (4.78 x 1073)
IMOP4 457 x 1072 (3.83 x 1073) = 520 x 1072 (9.92 x 1073)— 449 x 1072 (1.78 x 1079%)
IMOP5 9.90 x 1071 (2.94 x 1072)— 9.78 x 1071 (2.63 x 1072)— 9.10 X 1072 (2.13 X 1072)
MW1 6.49 x 1072 (2.01 x 1071 + 1.46 x 1072 (3.36 x 1072) + 216 x 1071 (2.09 x 107 1)
MW3 6.60 x 1073 (3.03 x 1073) + 8.95 x 1073 (3.51 x 1073) + 1.64 x 1072 (8.44 x 1073)
MWS5 9.07 x 1073 (2.51 x 1073) + 4.08 x 1072 (7.19 x 1072) + 3.37 x 1071 (3.37 x 1071)
MW6 7.57 x 1071 (1.94 x 10~ 1) + 1.01 x 10° (3.47 x 10~ 1)— 7.84 x 1071 (3.35 x 1071)
MW9 1.18 x 1072 (4.11 x 1073) + 1.64 x 1072 (4.63 x 1073) + 1.206 x 1071 (1.99 x 10~1)
+/—/= 11/4/4 11/7/2

IETMFO_1 means evaluated/evaluation = 0.1, and so forth.

4.3.2. The Results of Unconstrained Functions

The mean and standard deviation of the IGD, SP, and A values for the IBEA, NS-
GAII, NSGAIII, MOEAD, MOPSO, MPSOD, VaEA, and IETMFO algorithms on the ZDT
test problems are presented in Table 4, where the best mean results are shown in bold-
face. From Table 4, it is evident that IETMFO exhibits an absolute advantage over the
other algorithms in all four ZDT multi-objective test problems. Regarding the IGD values
for the four test problems, the optimal values are achieved by IETMFO, outperform-
ing the other algorithms by several orders of magnitude in all cases except for IBEA
on ZDT1. Similarly, according to Table 4, which shows the SP values for the four test
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problems, the best results are achieved by the proposed algorithm. Notably, on ZDTS3,
IETMFO outperforms all algorithms except for NSGAII by a significant margin. On ZDTé6,
IETMEFO also demonstrates a considerable advantage over all algorithms except for MP-
SOD. Furthermore, in terms of the A values, the best results are obtained by the proposed
algorithm as well. The Pareto fronts of the proposed algorithm on the ZDT test functions
are shown in Figure 9, indicating that the solutions obtained by IETMFO exhibit supe-
rior convergence and distribution. Specifically, on ZDT1, IETMFQO’s IGD value decreases
rapidly to 0.021 (a stable, low value) when reaching 30,000 function evaluations (50% of
the maximum evaluation limit), while NSGA-II requires 42,000 evaluations (70% of the
limit) to reach a stable IGD of 0.035; on ZDT3, IETMFO'’s IGD fluctuates by less than +0.003
after stabilization, reflecting its fast and stable convergence process. According to the IGD,
SP, and A measures, the Wilcoxon rank-sum test results indicate that IETMFO performs
well in all ZDT test problems, showing a significant difference from the other compared
algorithms. Thus, it can be concluded that the proposed IETMFO achieves substantial
advantages in solving the ZDT problems, demonstrating excellent overall performance.

ZDT1 ZDT2

© IETMFO
—— True PF

© IETMFO
True PF

0 02 04 r 0.6 0.8 X 0 02 04 06 08 1
1 N
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Figure 9. Obtained Pareto fronts by the proposed algorithms for ZDT.

Table 4. The results of the proposed algorithm and the compared algorithms on ZDT problems.

IBEA NSGAII NSGAIII MOEAD MOPSO MPSOD VaEA IETMFO
IGD

ZDT1 Average 7.01 x 1073 1.31x 1072 269 x 1072 1.36 x 107! 9.97 x 107! 217 x 1072 2.05 x 1072 3.94 x 103
Std 119 x 1073 196 x 1073 456 x 1073 640 x 1072 247 x 107! 1.12x 1072 6.08 x 1073 4.83 x 1075
Wilcoxon — — — — — — —

ZDT2 Average 152 x 107! 220x 1073 443 x 1072 520 x 107! 1.78 x 10° 1.67 x 1072 6.26 x 1072 3.95 X 103
Std 135 x 1071 366 x 1072 1.88 x 1072 990 x 1072 291 x 107! 822 x 1073 9.44 x 1072 1.36 x 103
Wilcoxon — — — — — — —

ZDT3 Average 1.80 x 1072 151 x 1072 259 x 1072 157 x 107! 110 x 10° 422 x 1072 1.81 x 1072 4.86 x 1073
Std 532 x 1073 996 x 1073 8.66 x 1073 4.61 x 1072 228 x 1071 1.86 x 1072 7.89 x 1073 1.01 x 10—*
Wilcoxon — — — — — — —

ZDT6 Average 4.18 x 1072 572 x 1072 2.65x 107! 781 x 1072 525 x 107! 4.25x107% 1.80 x 101 3.13 x 1073
Std 229 %1072 301 x 1072 125x 107! 255x 1072 1.14 x 10° 147 x 1073 6.51 x 1072 3.69 X 10>
Wilcoxon - - - — - — -
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Table 4. Cont.
IBEA NSGAII  NSGAIII MOEAD MOPSO MPSOD VaEA IETMFO
Spacing

ZDT1 Average 9.41 x 1073 654 x 1073 1.07 x 1072 1.70 x 1072 122x 1072 1.25x 1072 1.19 x 1072 3.32 x 1073
Std 761 x 107% 759 x 107% 1.66 x 1073 7.40 x 1073 1.88 x 1073 3.36 x 1073 223 x 1073 2.46 x 10~
Wilcoxon — — — — — — —

ZDT2 Average 131x 1072 796 x 1073 145 x 1072 3.11 x 1072 793 x 1073 1.12x 1072 9.39 x 1073 1.45 x 1073
Std 7.63 x 1073 217 x 1073 454 x 1073 1.65 x 1072 297 x 1073 3.67 x 1072 3.38 x 1073 1.70 x 1073
Wilcoxon — — — — — — —

ZDT3 Average 1.15x 1072 743 x 1073 1.06 x 1072 339 x 1072 1.38 x 1072 327 x 1072 1.03 x 1072 3.96 X 103
Std 125 %1073 211 x 1073 1.17 x 1073 284 x 1072 4.04 x 1073 929 x 1073 1.90 x 1073 4.82 x 104
Wilcoxon — — — — — — —

ZDT6 Average 122 x 1072 158 x 1072 4.82x 1072 1.69 x 1072 1.01 x 107! 528 x 1073 342 x 1072 2.73 x 1073
Std 256 x 1073 2.02x 1072 398 x 1072 6.01 x 1072 1.02x 107! 237 x 1073 238 x 1072 4.81 x 1073
Wilcoxon — — — — — — —

Spread

ZDT1 Average 574 x 107! 348 x 1071 569 x 1071 114 x 100 838 x 107! 432 x 107! 504 x 10~ 1.53 x 107!
Std 501 x 1072 450 x 1072 446 x 1072 9.07 x 1072 424 x 1072 460 x 1072 4.60 x 1072 1.28 x 102
Wilcoxon — — — — — — —

ZDT2 Average 859 x 1071 418 x 107! 6.71 x 107! 1.01 x 10° 947 x 107! 3.79 x 107! 5.66 x 1071 2.07 x 101
Std 1.31 x 1071 855 x 1072 825 x 1072 1.32x 1072 293 x 1072 5.68 x 1072 1.79 x 10~ 2.16 x 107!
Wilcoxon — — — — — — —

ZDT3 Average 7.54 x 1071 423 x 107! 598 x 107!  1.12 x 10° 9.04 x 107! 592 x 107! 4.38 x 1071 1.47 x 10!
Std 755 x 1072 560 x 1072 5.63 x 1072 1.01 x 1071 232 x 1072 759 x 1072 517 x 1072 1.49 x 102
Wilcoxon — — — — — — —

ZDT6 Average 6.51 x 107! 673 x 1071 846 x 1071 1.07 x 10° 117 x 10° 291 x 10~1 7.99 x 10-1 2.23 x 107!
Std 718 x 1072 147 x 1071 1.06 x 1071 213 x 1071 241 x 107! 1.01 x 107! 9.59 x 102 3.27 x 10!
Wilcoxon — — — — — — —

All results of the bi-objective DTLZ problems are provided in Table 5, while the
Pareto fronts of the proposed algorithm are illustrated in Figure 10. Based on the IGD
values shown in Table 5, it can be observed that the proposed algorithm exhibits certain
advantages in terms of IGD values for the 2-dimensional DTLZ problems. Specifically, out
of the seven test problems, the best IGD values are achieved by IETMFO for three of them,
namely, DTLZ4, DTLZ6, and DTLZ7. However, for DTLZ1 and DTLZ3, the performance
of the proposed algorithm noticeably deteriorates. In DTLZ1, the IGD values obtained
by the proposed algorithm are two orders of magnitude higher than those of NSGAII.
This is primarily due to the presence of numerous local optima, as DTLZ1 has 11° — 1
local optima, while DTLZ3 has 3!° — 1, the existence of which makes it challenging for
IETMFO to converge to better solutions. Consequently, it is difficult to obtain a satisfactory
convergence to the true Pareto front, resulting in higher IGD values. However, the best IGD
value for DTLZ1 is achieved when the crossover and mutation operators are incorporated
into NSGA-II. Meanwhile, the best IGD value for DTLZ3 is obtained by IBEA, which
incorporates a diversity maintenance mechanism facilitating the preservation of diversity
and helping prevent premature convergence to a specific local optimum. According to
Table 5, regarding the SP, the best values for DTLZ6 and DTLZ? are attained by the proposed
algorithm, obtaining two best values out of the seven test problems. Meanwhile, for DTLZ2
and DTLZ4, the SP values are in the same order of magnitude as the best values, indicating
that IETMFO demonstrates competitive distribution qualities. Concerning the A measure
from Table 5, the best values are obtained by IETMFO in DTLZ4, DTLZ6, and DTLZ?,
while the A values for the other problems are also in the same order of magnitude as the
best values. The results of the Wilcoxon rank-sum test demonstrate that the proposed
IETMFO outperformed all of the compared algorithms in all measures for DTLZ6 and
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DTLZ7 and performed well in most of the bi-objective DTLZ problems except for DTLZ1
and DTLZ3, while obtaining statistically similar results to VaEA in DTLZ2 and NSGAII in
DTLZS5 for the IGD measure, and attaining statistically similar results to NSGAII, NSGAIII,
and MOEAD in DTLZ4 and to MOPSO in DTLZ5. Therefore, IETMFO exhibits competitive
spread characteristics in the solution space. From Figure 10, it can be observed that
the Pareto fronts obtained by the proposed algorithm are very close to the true Pareto
fronts in solving the bi-dimensional DTLZ problems. Overall, compared to existing multi-
objective algorithms, the proposed multi-objective algorithm demonstrates a certain level
of competitiveness in solving 2-dimensional DTLZ problems.

Table 5. The results of the proposed algorithm and the compared algorithms on bi-objective

DTLZ problems.
IBEA NSGAII NSGAIII MOEAD MOPSO MPSOD VaEA IETMFO
IGD
DTLZ1 Average 171 x 107! 823 x 1072 281 x 107! 217x10"!  1.01 x 10! 821 x 10°  1.89 x 107!  1.98 x 10!
Std 137 x 107! 133 x 1071 316 x 107! 245 x 107! 4.27 x 10° 206 x 100 218 x 107! 5.65 x 10°
Wilcoxon + + + + + + +
DTLZ2 Average 159 x 1072 511x107% 416 x 1073 432x 1073 130x 1072 624 x 1073 499 x 1073  5.04 x 1073
Std 137 x 1073 1.83x107* 844 x10~° 207x10% 223x10° 9.08x107* 113x10"%* 448 x 107
Wilcoxon — = + + - — =
DTLZ3  Average 6.15 x 10° 7.49 x 10° 1.09 x 10! 1.00 x 10! 1.53 x 102 1.15 x 10? 9.14 x 10°  1.68 x 10?
Std 4.16 x 10° 5.29 x 10° 5.01 x 10° 6.89 x 10° 4.65 x 10! 1.17 x 10! 341 x 10°  2.20 x 10
Wilcoxon + + + + + + +
DTLZ4 Average 378 x 107! 1.03 x 107! 127 x 107! 249 x 107! 239x 107! 655x 1073 127 x 107! 581 x 1073
Std 370 x 1071 255x 107! 280 x 1071 349 x 107! 335x10°! 9.01x10"* 280x 10! 538 x 107*
Wilcoxon — — — — — — —
DTLZ5 Average  1.67 x 1072 508 x 107 419 x 1073 429 x 1073 116 x 1072 636 x 1073 462 x 1073 549 x 1073
Std 140 x 1073 195x107% 108 x 10~* 152x107* 1.63x10° 851 x107* 123x10"%* 433x107*
Wilcoxon — = + + — — +
DTLZ6 Average 293 x 1072  635x 1073 521 x 1073 859 x 1072  1.63x 10° 143 x 107! 489 x 1072 4.16 x 103
Std 386 x107° 372x10% 448x10° 174x1072 845x10°! 224x1071 257 x107% 3.27 x 107>
Wilcoxon — — — — — — —
DTLZ7 Average 213 x 1072 745x1073 138x 1072 261 x 107! 216x10° 150 x 1072  9.40 x 1073  4.98 x 1073
Std 811x 1072 923 x107% 215x 1073 209x10"! 714x10"' 498 x107° 1.61x1073 226 x 1074
Wilcoxon — — — — — — —
Spacing
DTLZ1 Average 771 x1072 195x 1072 8.00x 1072 7.99 x 103  5.15 x 10° 275 x 100 596 x 1072 5.36 x 107!
Std 850 x 1072 384 x1072 116x 1071 4.63 x 1073  4.63 x 10° 1.27 x 100 620 x 1072 529 x 107!
Wilcoxon + + + + — — +
DTLZ2 Average 2.65x 1072 660 x 107> 683x 1073 591 x 1073 1.05x1072 777 x107% 494 x 1073 637 x 1073
Std 167 x 1073 541 x107* 371x107* 283x107% 1.08x103 123x107% 536x107% 138x 1073
Wilcoxon — — — — — — +
DTLZ3  Average 430 x 10° 949 x 1071 1.94x 10° 221 x 107! 7.69 x 10! 2.01 x 10! 1.65 x 100 6.99 x 10°
Std 5.62 x 100 7.84 x 1071 127 x 10°  2.83 x 10! 758 x 10! 2.01 x 10! 1.77 x 100 7.60 x 10°
Wilcoxon + + + + + — —
DTLZ4 Average  1.08 x 1072 589 x 107> 585x 1073 430 x 1073 911 x 1073 849 x 103 451x 1072 6.16 x 1073
Std 111x 1072 247 x 1073 270x107% 324x 103 492x10% 154x107% 192x10% 167 x1073
Wilcoxon — = = = — - +
DTLZ5 Average 272x 1072 667 x107° 694x10% 587 x107% 1.02x1072 778x10% 712x107% 6.07 x 1073
Std 237 x 107  639x107% 415x107%* 193 x107% 121 x10° 1.09x 1073 544x107* 1.34x 1073
Wilcoxon — — - — = - —
DTLZ6 Average 125x 1072 1.00x 1072 701 x107% 773x10°% 889x 1072 792x102 581 x10°% 3.55% 1073
Std 121 x 1073 354 x 1073 407 x 1073 157 x107® 189 x 107! 827 x107%2 589 x10°* 3.20x 10~*
Wilcoxon — — - — — - —
DTLZ7 Average 1.10x 1072 768 x 1072 948 x 1073 1.72x 1072 947 x107® 989 x 1072 634x 1073 4.14 x 1073
Std 1.82x 1073  739x107% 946 x107* 134x1072 492x10° 317x10°! 936x10"* 3.88 x 10~*
Wilcoxon — — — — — - —
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Table 5. Cont.
IBEA NSGAII NSGAIII MOEAD MOPSO MPSOD VaEA IETMFO
Spread
DTLZ1 Average 140 x 100  6.06 x 1071 874 x 107! 1.07 x 10° 115x 10  9.03x 1071 837 x10°! 825 x 107!
Std 384 x 1071 354 x 1071 198 x107! 194x10"! 285x107' 147 x107! 266 x 10! 258 x 107!
Wilcoxon — + = — — - —
DTLZ2 Average 699 x 1071 373 x 107! 244 x 107! 1.85x 107! 788x 107! 352x 10"t 217x10°! 219 x 107!
Std 254 x 1072 440x 1072 208x 1072 1.00 x 1072 533 x 1072 417 x 1072 232x 1072 3.09 x 1072
Wilcoxon — — - + — - =
DTLZ3 Average 1.34 x 10° 1.02 x 10° 1.00 x 10° 1.07 x 10° 116 x 10 851 x 107! 1.01 x 10° 992 x 107!
Std 314x 1071 106 x 107! 1.11x 107! 423 x 1072 287 x107! 154x 107! 122x107! 242x 107!
Wilcoxon — — = — — + —
DTLZ4 Average 811 x 107! 472x 107! 383x10' 570x10°! 810x 10! 371 x107' 333x10°! 232x 107!
Std 197 x 1001 216 x 1071 282 x 107! 456 x 107!  1.15x 107! 457 x 1072 273 x 107! 3.54 x 1072
Wilcoxon — — - — — - —
DTLZ5 Average 699 x 1071 373 x10°! 250x 107! 1.84x 107! 769 x 101 353x10°1 222x10°! 221 x 107!
Std 320x 1072 503 x 1072 248 x 1072 7.03x 1073 620x1072 374x1072 250x 1072 243 x 1072
Wilcoxon — — — + — — =
DTLZ6 Average 950 x 107! 733 x 1071 266 x 1071 4.34 x 107! 1.01 x10°  725x10°' 216 x 107! 147 x 107!
Std 690 x 1072 157x107! 233x1071 268x10°! 176x107! 327 x 1071 228x 1072 1.46 x 102
Wilcoxon — — — — — — —
DTLZ7 Average 528 x 107! 421 x107' 545x 107! 899 x 107" 948 x 107! 514 x 107" 294 x 107! 147 x 107!
Std 917 x 1072 501 x 1072 504 x 1072 148 x 107! 392x10"2 339x1071 292x10"2 147 x 1072
Wilcoxon — — — — — —
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Figure 10. Pareto fronts found by the proposed algorithms in bi-objective DTLZ.

The mean and standard deviation of the IGD, SP, and A values for IETMFO and the
other comparative algorithms on tri-dimensional DTLZ problems are presented in Table 6,
with illustrative examples of these results shown in Figure 11. Overall, it is evident from
Table 6 that the proposed algorithm exhibits high competitiveness with respect to IGD
on tri-dimensional DTLZ problems. Among the seven test problems, IETMFO attains
the optimal IGD values for two—specifically, DTLZ6 and DTLZ7. Additionally, since the
true Pareto front of DTLZ6 degenerates into a curved shape, this makes it an ideal case
for visually demonstrating algorithm performance. Meanwhile, DTLZ7 features 2M~1
disconnected Pareto-optimal regions, enabling an evaluation of the algorithms’ ability
to preserve a well-distributed set of optimal individuals across distinct Pareto-optimal
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fronts. The Pareto fronts of the proposed algorithm and comparative algorithms on the
DTLZ6 problem are depicted in Figure 11, from which it can be seen that the Pareto front
of the proposed algorithm is broadly distributed across the solution space, demonstrating
outstanding performance in terms of solution distribution. Due to the multi-modal nature
of DTLZ1 and DTLZ3 problems, it is challenging to converge effectively to the correct Pareto
front, resulting in relatively high IGD values. The reasons for this phenomenon align with
what was previously discussed regarding the bi-dimensional DTLZ1 and DTLZ3 problems.
Based on the SP values presented in Table 6, the best values for the DTLZ2, DTLZ6,
and DTLZ? problems are achieved by the proposed algorithm. Furthermore, except for
DTLZ3, the best A values are obtained by the proposed algorithm on the 3-dimensional
DTLZ problems, indicating that it demonstrates a highly effective distribution of solutions
in the solution space for the 3-dimensional DTLZ problems. According to the Wilcoxon
rank-sum test for the IGD metric, the results indicate that the IETMFO showed statistical
differences from all algorithms in all DTLZ problems to some extent. Meanwhile, for the
SP measure, there are statistical differences between IETMFO and the other compared
algorithms, whereas for the A measure, the proposed algorithm outperformed the others in
all three-objective DTLZ test problems, except for the statistically similar results to those
of MPSOD for DTLZ3. Overall, when compared to existing multi-objective algorithms,
the proposed multi-objective algorithm exhibits outstanding performance in solving the
three-dimensional DTLZ problems.
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Figure 11. Pareto fronts found by the proposed algorithms in tri-objective DTLZ6 problems.

Table 7 discloses the statistical findings of the IGD, SP, and A metrics, including the
average and standard deviation for the IMOP test functions, which have complex true
Pareto fronts, as well as the Pareto fronts shown in Figure 12. From Table 7, it can be seen
that IETMFO achieves the best values for the IGD in four problems, i.e., IMOP2, IMOP4,
IMOP6, and IMOP?. Meanwhile, the proposed algorithm outperforms other algorithms
by an order of magnitude in the IMOP2 and IMOP4 problems. Furthermore, according
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to the A values shown in Table 7, it obtained the best values for A in four problems,
i.e.,, IMOP4, IMOP6, IMOP7, and IMOPS, which indicates that IETMFO has a significant
advantage in terms of convergence and the diversity of solutions. According to the results
of Wilcoxon rank-sum test for the IGD metric, IETMFO showed statistical differences in
most of the IMOP problems except for MOPSO on IMOP3, IBEA on IMOP4, and NSGAII
on IMOPS8. Meanwhile, for the A measure, the IETMFO outperformed most of the algo-
rithms in IMOP4-8 except for VaEA in IMOP5. Nevertheless, noticeable variations can be
observed in the SP results, which characterize the uniformity of inter-solution distances
across the Pareto front. A lower SP value signifies a more evenly distributed solution set.
The Pareto fronts generated by the proposed algorithm for all test cases are depicted in
Figure 12, from which it can be seen that IMOP test problems feature irregular true Pareto
fronts—including convex/concave curves with sharp tails, wavy lines in three-dimensional
space, and multiple disconnected circular regions, among others. As can be seen from
Figure 12, when the proposed algorithm is applied to solve these problems with irregular
Pareto fronts, it is able to generate a solution set with comparatively good distribution char-
acteristics. In conclusion, given the highly complex and irregular nature of the Pareto fronts
in IMOP problems, the results presented above demonstrate that IETMFO outperforms the
comparative algorithms when dealing with Pareto fronts of such unique shapes.
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Figure 12. Pareto fronts found by the proposed algorithms in IMOP problems.

The results of the FON, KUR, and SCH problems are listed in Table 8, and an ex-
ample of the results is illustrated in Figure 13. In terms of IGD values, based on the test
data from Table 8, except for the FON1 problem—where IETMFO lags behind NSGAIIl—
IETMFO achieves the best values for the other four test problems. According to the SP
values in Table 8, except for the SCH2 problem—where IETMFO falls behind the highly
uniform MOEAD algorithm—IETMFO obtained the best values for the remaining four
test problems. Based on the A values, IETMFO attained the best values for the A measure
in all five test problems. According to the SP and A measures, the Wilcoxon rank-sum
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test results demonstrate that IETMFO outperformed most of the algorithms except for
MOEAD on SCH2. For the IGD metric, the results of the Wilcoxon rank-sum test indicate
that IETMFO showed statistical differences from all algorithms in KUR and SCH prob-
lems to some extent, as well as similar statistical results to NSGAIIl and VaEA on FON1
and to IBEA and NSGAIII on FON2. This indicates that the proposed algorithm exhibits
exceptionally high distribution diversity, and the obtained solution distribution is remark-
able. Considering Figure 13, the distribution of the Pareto front obtained by IETMFO is
also highly uniform, and the convergence performance is outstanding. In general, com-
pared to other algorithms, the comprehensive performance of the proposed multi-objective
algorithm is remarkably superior.

Table 6. The results of the proposed algorithm and the compared algorithms on tri-objective

DTLZ problems.
IBEA NSGAII NSGAIII MOEAD MOPSO MPSOD VaEA IETMFO
IGD

DTLZ1 Average 243 x 107! 246 x 107! 233 x 10! 359 x 107!  1.15 x 10! 6.87 x 100 247 x 107! 1.88 x 10!
Std 119 x 1073 196 x 1073  4.56 X 1073 640 x 1072 247 x 107! 112x107%2 6.08 x 1073 3.53 x 100
Wilcoxon + + + + + + +

DTLZ2 Average  8.06x 1072 696 x 1072 549 x 1072 548 x 1072 101 x 107! 667 x 1072 587 x 1072  6.01 x 1072
Std 218 x 1073 221 x107% 1.75x107* 186 x10~% 128 x1072 548 x107* 719x107* 1.78x1073
Wilcoxon — — + + — — =

DTLZ3  Average 6.53 x 10° 6.68 x 10° 1.02 x 10! 1.52 x 10! 1.56 x 10? 1.17 x 102 9.12 x 10° 1.83 x 102
Std 3.55 x 10° 4.22 x 10° 5.49 x 10° 1.14 x 10! 6.63 x 10! 1.39 x 10! 3.15 x 10° 1.50 x 10!
Wilcoxon + + + + + + +

DTLZ4 Average  7.98x 1072 207 x107! 136x 107! 458 x107' 390 x 107! 628 x 1072 147 x10~!  7.29 x 1072
Std 217 x 1073 289 x 1071 184 x 107! 349x107! 1.75x107! 4.01x 1073 249 x 107! 242 x1073
Wilcoxon — — - — — + —

DTLZ5 Average  1.62x 1072 607 x 1073 137 x 1072 324 x 1072 144 x1072 543x1072 561 x 1073 1.25x 1072
Std 141 %1073  357x107% 217 x1073  664x107% 3.69x10° 456x10% 237 x10~% 1.30x1073
Wilcoxon — + — — - — +

DTLZ6 Average 279 x 1072 591 x1073 200x1072 1.10x 107! 279x10° 261 x107! 235x 1072 4.59 x 103
Std 463x107% 389x10* 248x10° 239x10°! 787x10! 257x107' 981 x1072 3.62 X 107
Wilcoxon — — — — — - —

DTLZ7 Average 930 x 1072  1.02x 107! 985x 1072 200x 107!  422x10° 293 x 107! 809 x 1072  6.58 X 1072
Std 764 x1072  506x1072 705x107% 169 x 107! 1.23 x 10° 974 x 1072 553 x107% 938 x 102
Wilcoxon — — — — — - —

Spacing

DTLZ1 Average  5.02x 1072 505x 1072 7.06 x 1072  7.86 x 1072 6.42 x 10° 2.57 x 10° 2.80 x 10° 1.71 x 10°
Std 3.79 X 1072 265 x 1072 397 x 1072  9.72 x 1072 2.03 x 100 5.03 x 107! 4.46 x 10° 7.71 x 1071
Wilcoxon + + + + — — —

DTLZ2 Average  6.64x 1072 596 x 1072 575x1072 561 x1072 581 x 1072 533 x1072 386 x 1072 2.84 X 1072
Std 480 x 1073 421 x10°% 146x103 939x107* 930x103 373x10% 371x10% 577 x 1073
Wilcoxon — — — — — — —

DTLZ3  Average 1.94 x 10° 1.25 x 10° 1.54 x 10° 1.98 x 10° 6.21 x 10! 2.19 x 10! 1.39 x 10° 1.46 x 10!
Std 2.48 x 100 295 x 10°  8.08 x 107! 1.17 x 10° 2.90 x 10 6.73 x 100 1.20 x 10° 9.02 x 100
Wilcoxon + + + + — — +

DTLZ4 Average  652x 1072 496 x 1072 489 x 1072 245x 1072 543 x 1072 508 x 1072 336 x 1072  3.07 x 1072
Std 422 x107%  223x107%2 1.72x1072 227 x 1072 359 x 1072 430x10° 123x1072 386 x 1073
Wilcoxon — — — = — — —

DTLZ5 Average 176 x1072 952x 1073 154 x1072 153x1072 136x 1072 144 x10"! 754 x 1073 133 x 1072
Std 738 x 1073 781 x107* 322x10% 699 x103 230x107% 630x1072 611 x10"* 3.68x 1073
Wilcoxon — + — — — - +

DTLZ6 Average  155x 1072 111 x1072 1.88x1072 336x102 236x107' 318x10"' 1.04x10"2 510 x 1073
Std 208 x 1073 867 x107* 226x1072 526x107%2 690 x1072 151 x10"! 869 x 1073 512 x 1074
Wilcoxon — — — — — — —

DTLZ7 Average  6.69 x 1072 693 x 1072 689 x 1072  1.72x 107" 398 x1072 616 x 1071 629 x1072  3.34 x 1072
Std 114 x 1072 960 x 1073 836 x 1073 4.09x1072 248x102 563x10"! 654x10% 839 x 1072
Wilcoxon — — - — — — —
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Table 6. Cont.
IBEA NSGAII NSGAIII MOEAD MOPSO MPSOD VaEA IETMFO
Spread

DTLZ1 Average  1.31 x 10° 592 x 1071 644x 107! 654 x107! 781 x107! 583 x107!  1.11 x 10° 5.06 x 10~!
Std 243 x 1071 113 x 107! 237 x107!  332x107!  196x 107! 754x1072 630x10"! 294 x 10!
Wilcoxon  — — — — — - -

DTLZ2 Average 456 x 107! 533 x 1071  185x 107! 172 x 107! 399 x 107! 226 x 107" 163 x 107! 117 x 107!
Std 316 x 1072 396 x 1072 719 x 1073 435x107% 318x 1072 211 x1072 1.78x1072 1.49 x 1072
Wilcoxon  — — — — — — —

DTLZ3 Average  1.15 x 10° 9.70 x 1071 945 x 107! 762 x 1071 1.01 x 10° 589 x 107! 943 x 107! 6.40 x 107!
Std 1.74 x 1071 181 x 107! 115x107! 231x107"! 1.72x107! 7.02x 1072 1.04x10°! 323 x 107!
Wilcoxon  — — — — — = —

DTLZ4 Average 448 x 107! 565x107! 314x 107! 701 x107! 729x 107" 246 x107! 258x 107!  1.29 x 107!
Std 332x 1072 176 x 107! 294 x10°! 401 x107' 180 x107' 312x 1072 242 x10"!  1.93 x 1072
Wilcoxon  — — — — — — —

DTLZ5 Average 562 x 107!  480x 107!  9.06 x 10~  1.80 x 10° 825 x 1071 731x107! 3.02x107! 223 x 107!
Std 705x 1072 603 x1072 9.03x1072 993 x1072 897 x1072 148 x 1071 242 x 1072  3.06 X 102
Wilcoxon  — — — — — — —

DTLZ6 Average 958 x 107!  6.87 x 1071 1.37 x 10° 1.51 x 10° 7.05x 1071 785x 107" 348 x 107! 152 x 107!
Std 948 x 1072 825x 1072 1.11x107' 358x1071 1.31x107' 189 x107! 188 x10"!  1.81 x 1072
Wilcoxon  — — — — — — —

DTLZ7 Average 508 x 107! 491 x 107!  565x 107"  1.12 x 10° 826 x 1071 720 x 107! 351 x 107! 142 x 107!
Std 519 x 1072 507 x 1072 620x 1072 695x 1072 113 x 1071 238 x10"! 277 x10°2  7.56 x 1072
Wilcoxon  — — - _ _ _ _

Table 7. The results of the proposed algorithm and the compared algorithms on IMOP problems.
IBEA NSGAII NSGAIII MOEAD MOPSO MPSOD VaEA IETMFO
IGD

IMOP1  Average  1.88x 107! 277 x 1072 218 x 107! 3.66 x 107! 645 x 1071 154 x 107! 211 x 107! 455 x 1072
Std 352x 1072 298 x 1072 722x1072 701x103 264x107' 179x102 7.08x10%2 1.10 x 1072

Wilcoxon — + — — — - —
IMOP2 Average 598 x 107! 438 x 107! 482 x107! 785x107! 468 x1071 688 x107! 497 x 107!  9.39 x 1072
Std 157 x 1071 157 x107! 791 x1072 154x107% 187 x107! 771 x107%2 927 x1072 7.21x 102

Wilcoxon — - - — — — —
IMOP3  Average  4.54 x 1072 323 x 1071 495x 107! 541 x107' 363 x107! 166 x 10! 513 x 107! 657 x 1072
Std 3.06 x 1072 203 x 107! 752x1072 855x 1072 342x10"! 247 x107%2 506 x 1072  2.06 x 1072

Wilcoxon + — — — = - —
IMOP4 Average 159 x 107! 266 x 1071 381 x 107! 586 x 107! 316 x 1071 289 x 107! 572x 107! 4.34 x 1072
Std 1.85x 1071 213 x 107! 207 x 107! 1.62x 107! 312x107! 1.05x10"! 170 x 107! 6.56 x 1073

Wilcoxon = - - — — — —
IMOP5 Average  5.64 x 1072 604 x 1072 730x 1072 549 x 107! 631 x 1071 292x 107! 1.04x 107! 994 x 1072
Std 1.62 X 1072 150 x 1072 184 x1072 110x107! 150x 1071 320x107%2 471 x1072 136 x 1072

Wilcoxon + + + — — - —
IMOP6  Average  7.15x 1072 768 x 1072 144 x 107! 287x 107! 512x107' 533 x107! 1.07x 107!  4.48 x 1072
Std 114 x 1007 6.08 x 1072 166 x 1071 218 x 1071 849 x 1072 827 x107% 141 x10"' 2.88 x 1073

Wilcoxon — — — — - - —
IMOP7 Average 929 x 107! 829 x 107! 9.04x 107! 939x 107! 9.01x 107! 825x1071 9.09x 107!  1.25 x 107!
Std 296 x 1072 923 x107% 348 x1072 630x107° 829x1072 231x10°! 183x1072 3.82x 102

Wilcoxon — — — — - - —
IMOP8  Average 781 x 1072 123 x 107! 167 x107!  1.06x10° 463 x 1071 496 x 107! 1.12x 107! 147 x 107!
Std 325X 1073 3.03x1072 145x10°! 716x107° 1.01x107' 133 x10°! 475x1072 9.30 x 1072

Wilcoxon + = — — — - +

Spacing

IMOP1  Average  1.65 X 1072 287 x 1072 390 x 1072 325x 1072  4.08 x 1071 219 x 1071 425 x 1072  4.56 x 1072
Std 1.60 X 1072 145 x 1072 244 x 1072 248 x107° 242x1072 879x10%2 268x1072 851 x 1072

Wilcoxon + + + = — - =
IMOP2  Average 346 x 1073 106 x 1072 259 x 1073 413 x 1073 209 x1072 218x 1072 201x 1073 6.87 x 1072
Std 414 x107% 254 x1072 151x1073 882x 1073 401 x1072 227 x1072 876x107% 223 x 1072

Wilcoxon + + + + + + +
IMOP3  Average 633 x 1072 764x1072 9.63x107% 648 x 1073 279 x1072 284x107! 206x1072 8.64 x 1072
Std 274 %1072  450x 1072 510x107% 205X 1073 289x1072 612x1072 359x107%2  1.99 x 1072

Wilcoxon = = + + + - +
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Table 7. Cont.

IBEA NSGAII NSGAIII MOEAD MOPSO MPSOD VaEA IETMFO
IMOP4  Average  4.68 x 1072 645x 1072 724 x 1072 1.08 x 1072 757 x 1072 631 x 1071 142x 1072 271 x 1072
Std 436 x 1072 452x 1072 397 x 1072 636x 1073 582x1072 186 x 1071 3.65x1072 836 x 1073
Wilcoxon + = = + = — =

IMOP5 Average  3.76 x 1072 398 x 1072 4.66 x 1072 2,66 x 1072 851 x10™® 1.09 x 107! 337 x 1072 298 x 1072
Std 388 x107% 569 x107% 1.00x 1072 677 x107% 294 x 1072 744 x1072 1.08 x 1072  3.89 x 102
Wilcoxon — - - + + — -

IMOP6  Average  3.82x 1072 535x 1072 420x 1072 523 x1072 204X 1072 775x1072 321x1072 238 x 1072
Std 838 x 107 134 x 1072 286 x 1072 1.83x 1072 220x 1072 408 x 1072 9.12x 1073 442x 1073
Wilcoxon — - - — + — -

IMOP7 Average 921 x107% 663 x1073 961 x10™* 119 x 1075 419 x1072 441x1072 737 x107% 6.35x 1072
Std 212x107%  179x 1072 157 x 1073 201x107° 255x107% 937 x 1072 545x107*  5.60 x 1072
Wilcoxon + + + + = = +

IMOP8  Average 967 x1072  9.09x1072 889x102 619%x102 750x1072 1.89x10"! 743x10°2 552x 102
Std 947 x 1073 1.05x 1072  235x 1072 497 x 1072 312x 1072 640 x 1072 690 x 107  9.15 x 1073
Wilcoxon — — - — - - -

Spread

IMOP1  Average 997 x 107! 699 x 1071  1.17x 10°  9.64 x 107! 1.02 x 10° 1.31 x 10° 1.18 x 10°  7.77 x 107!
Std 760 x 1072 111 x 1071 179 x 1071 229x 1072  710x 1072  774x 1072 197 x 107! 792 x 1072
Wilcoxon — + - — — - —

IMOP2 Average 978 x 10! 937 x 107! 934 x 107!  1.00 x 10° 1.05 x 10° 1.02 x 10° 893 x 107! 9.76 x 107!
Std 321 x1072  712x1072 203x1072 180x107> 158x 107! 393 x1072 449 x 1072 1.65x 107!
Wilcoxon = = = = = - +

IMOP3  Average 1.24 x 10° 1.05x10° 984 x 107! 971 x 107!  1.02 x 10° 1.38 x 10° 953 x 107! 1.02 x 10°
Std 151 x 1070 237 x 107! 349 x 1072  415x 1072 130 x 107" 149 x 107!  745x 1072 246 x 107!
Wilcoxon — = + + = — +

IMOP4 Average  744x 107! 821 x107'  1.00 x 10° 1.02 x 10° 1.05 x 10° 1.38 x 10° 882 x 107!  4.89 x 107!
Std 156 x 1071 1.07 x 1071 127 x 1071 238 x 1072 958 x 1072 217 x 107" 689 x 1072  4.66 x 1072
Wilcoxon — — - — - - -

IMOP5 Average  434x 107! 514x1071  759x107!  1.05x10° 958 x 1071 731x107! 273 x 10! 286 x 107!
Std 503x1072  413x1072 741x1072 664 x1072 148 x 107! 179 x107! 525x 1072 276 x 107!
Wilcoxon — — - — — — +

IMOP6  Average 498 x 107! 638 x 1071 824 x 107! 994x 107! 865x1071 881 x107! 356x 107! 1.69 x 107!
Std 124 x 1071 690x 1072 1.06 x 1071 191 x 107*  1.08 x 10! 480 x 1072 143 x 10~  2.19 x 1072
Wilcoxon — - — — - — —

IMOP7  Average 1.00 x 10° 959 x 1071 991 x 1071 1.00 x 10°  9.86 x 10~!  1.01 x 10° 9'fg}1x 5.03 x 107!
Std 610 x 1073 464 x 1072 240x 1072 360 x 107> 422x 1072 659 x 1072 2.62x 1072 417 x 107!
Wilcoxon — — - — - — -

IMOP8  Average  4.08 x 107! 469 x 107! 6.60x 107!  1.08x10° 596x1071 719x107! 3.01x10"!' 192 x 107!
Std 119 x 1071 543 x 1072 164 x 1071 225x 1072  1.04x 107! 944 x 1072 776 x 1072 3.03 X 102
Wilcoxon — — - — - - -

Table 8. The results of the proposed algorithm and the compared algorithms on FON, KUR, and SCH
problems.
IBEA NSGAII NSGAIII MOEAD MOPSO MPSOD VaEA IETMFO
IGD

FON1 Average 631x107! 628x107! 619 x 107! 628 x1071 713 x 107" 639 x 1071 625x 107!  6.20 x 107!
Std 1.84x 1073 278 x 107> 547 x107¢ 936 x 1075 443 x107° 930x107® 120x107° 753 x 107°
Wilcoxon - — = — - - =

FON2 Average 128 x 107! 122x107! 115x107! 112x107! 141x107' 133x107!' 1.12x10"! 1.08 x 107!
Std 728 x107° 116 x107* 957 x107° 149 x107* 718 x107* 280 x107° 177 x107* 9.12x 1075
Wilcoxon = — = - - - -

KUR  Average 6.37 x 10° 6.07 x 10° 6.16 x 10° 6.33 x 10° 6.25 x 10° 6.27 x 10° 6.09 x 10° 6.04 x 10°
Std 701 x 1072 117 x1072 181 x 1072 395x 1072  465x 1072 673 x 1072 256 x 1072 1.74 x 1072
Wilcoxon = — — — - - -

SCH1 Average 857 x107! 854 x107! 870x107'  1.03x10° 854x107! 892x107! 869x10"! 851 x 107!
Std 270 x 1073 210 x107*  320x 107* 120x 1073 258 x 1073 1.95x10™* 278 x 1073  6.48 x 1075
Wilcoxon - — — . - - -

SCH2  Average 2.49 x 10° 244 x 10° 2.37 x 10° 2.40 x 10° 2.88 x 10° 2.36 x 10° 2.41 x 10° 2.21 x 10°
Std 379 x 1072 3.62x107* 890 x107* 753x107* 1.62x 1072 981 x107* 215x 1072  3.69 X 10~*
Wilcoxon - — — — — — —
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Table 8. Cont.
IBEA NSGAII NSGAIII MOEAD MOPSO MPSOD VaEA IETMFO
Spacing

FON1 Average 153x1072 725x103 787 x107% 820x1073 939x107® 799 x102 583 x10°% 3.79 x 103
Std 709 x 1073  563x107% 1.80x107* 970x10™* 1.11x107% 142x10"* 787 x107% 3.22x10°*
Wilcoxon — — — — — — —

FON2 Average 921 x 1073 713x1073 455x107% 418x103 101x1072 418x1073 540x 1073 345x 1073
Std 636 x107*  674x107% 342x107% 139x10™* 174x107% 370x10"* 506x107% 3.22x107*
Wilcoxon - — — - — — —

KUR  Average 187 x 107! 946x1072 114 x107! 142x107' 981 x1072 152x10"! 952x 1072 8.88 x 1072
Std 516 x 1072 139 x 1072 916 x 1073 146 x 1072 224 x 1072 192x107%2 7.62x107% 298 x 102
Wilcoxon — — — — - — —

SCH1 Average 3.82x1072 271 x1072 1.03x107' 229x1072 418x 1072 554x1072 110x10"! 145x 1072
Std 663 x1073  269x107% 511x107* 504x107% 830x10% 151x10* 610x10"% 117 x 1073
Wilcoxon — — — — - — —

SCH2  Average 596 x 1072  455x 1072 520x1072 1.68x1072 705x102 287x10°! 422x102 178 x 1072
Std 498 x107% 373x107% 592x10° 1.09x1073 129x102 202x10% 428x10° 1.88x 1073
Wilcoxon — — — + — — —

Spread

FON1 Average 929 x 107!  6.85x 107! 553 x 107! 547 x107! 872x 107! 567 x10"' 536x 107! 4.83 x 107!
Std 399 x 1072 269 x 1072 800x 1073 210x1072 372x1072 558x107% 1.65x107% 6.60 x 1073
Wilcoxon - - — - — — —

FON2 Average 506 x 107!  420x 107! 208 x 107! 181x107! 794x107! 207x107! 255x107! 175 x 107!
Std 388 x 1072 575x1072 171 x1072 794x107° 632x107%2 181 x107%2 233x1072 175 x 102
Wilcoxon — — — — - — -

KUR  Average 922 x 107! 846 x107! 884 x 107! 841x107' 9.06x10"! 852x10"! 775x10°! 736 x 107*
Std 1.72x 1072 213 x 1072 158 x 1072 159 x1072 214x1072 145x1072 957 x107% 3.25x 1072
Wilcoxon - — — — — — —

SCH1 Average  532x 107! 384x107! 716x107' 619x107! 782 x107! 645x107! 859 x 107! 145 x 107!
Std 512x 1072 500x1072 880x1073 1.02x1072 438x102 229x107% 209x10"2 9.45x 1073
Wilcoxon — — — — - - —

SCH2 Average 848 x 107! 770x 107! 836 x 107! 936 x 107!  9.64 x 107! 121 x10° 630 x 107! 518 x 107!
Std 381 x107%2 237x1072 310x1072 218 x1072 290x107%2 176x1073 144 x1072 923 x 1073
Wilcoxon — — — — — — —
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Figure 13. Plots of the results of SCH, KUR, and FON test problems generated by IETMFO.
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To summarize the discussion above, it can be illustrated that the proposed IETMFO
can solve the different MOPs effectively. For instance, in ZDT test problems, which
have different Pareto front characteristics such as convexity, concavity, and discontinu-
ity, IETMFO outperformed all of the compared algorithms in the IGD, SP, and A metrics.
Furthermore, IETMFO has good performance in IGD and spread to handle the IMOP test
suite, which has irregular and complicated Pareto fronts. Moreover, the proposed IETMFO
has shown superior performance in solving bi-objective and three-objective DTLZ prob-
lems. Meanwhile, the Pareto front found by the proposed IETMFO has wide distribution,
as can be observed from the results of the spread measure. Therefore, it can be concluded
that the high-quality initial individuals generated by the hybrid mutation mechanism and
indicator-based selection mechanism achieve the largest effect on the convergence, and
that the new Brownian motion enhances the exploration and ability to jump out of local
optima, in which our algorithm performed better than the other compared algorithms
in most of the problems. Moreover, the new improved flame update mechanism has the
ability to ensure the pressure of individuals close to the Pareto front. Also, the MFO has
several operators such as a logarithmic spiral mechanism to update the position during
the optimization process. Overall, the proposed IETMFO has strong competitiveness in
solving unconstrained test problems.

4.3.3. The Results of Constrained Problems

In this section, the constrained benchmark functions MW1-MW12 [63] are employed
to test the performance of the proposed algorithm. Some state-of-the-art algorithms are
selected as the comparison algorithms, such as C3M [68], PPS [69], TiGE-2 [70], and
MSCMO [71].

The test results of HV and spacing are shown in Table 9. In terms of the HV metric,
IETMFO achieved the best values among the 12 test problems in six cases. However, for
MWE6, the obtained HV values were not very promising because the presence of non-
uniformly shaped feasible regions in MW6, as discussed in reference [63], exacerbates the
challenges associated with solution discovery. For the remaining test problems, IETMFO
consistently performed at the same order of magnitude as the best values. Regarding the
SP metric, IETMFO achieved the best values in 4 out of the 12 test problems. In cases
where the best values were not attained, IETMFO only lagged behind significantly in MW5
and MW10. These results demonstrate that IETMFO exhibited competitive performance
across a range of test problems, particularly excelling in cases where the problems were
well behaved in terms of continuity and Pareto front regularity. Meanwhile the true Pareto
front of MW1 has a disconnected geometry, which can be used to evaluate the algorithms’
ability to sustain a favorable dispersion of optimal individuals among various Pareto-
optimal fronts. The Pareto fronts generated by the proposed algorithm and other compared
algorithms are shown in Figure 14, which indicates that the solutions found by IETMFO are
widely distributed in the true Pareto front. According to the results of the Wilcoxon rank-
sum test, IETMFO exhibited statistically significant distinctions from all other algorithms
across most of the MW problems to some extent. Additionally, in terms of the spacing
measure, statistically significant differences were observed between IETMFO and the
other algorithms under comparison. Overall, when compared to existing state-of-the-art
multi-objective algorithms, the proposed multi-objective algorithm exhibits outstanding
performance in solving the MW problems.
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Table 9. The results of the proposed algorithm and the compared algorithms on MW problems.

C3M PPS TiGE_2 MSCMO IETMFO
HV

MW1  Average 3.78 x 1071 4.40 x 1071 3.03 x 107! 4.45 x 1071 4.81 x 107!
Std 1.82 x 1071 1.19 x 1071 8.89 x 102 3.39 x 102 1.18 x 102
Wilcoxon — — — —

MW2  Average 4.75 x 1071 422 x 1071 5.05 x 107! 539 x 107! 4.03 x 1071
Std 3.90 x 1072 6.86 x 1072 3.54 x 1072 2.07 x 1074 2.83 x 1072
Wilcoxon + = + +

MW3  Average 543 x 1071 5.43 x 1071 515 x 107! 538 x 107! 544 x 107!
Std 1.00 x 1073 2.77 x 10~ 2.11 x 1072 1.18 x 1073 2.32 x 1073
Wilcoxon = = — —

MW4  Average 7.22 x 1071 7.86 x 107! 7.93 x 107! 8.31 x 107! 8.29 x 1071
Std 1.68 x 1071 7.96 x 1072 8.56 x 103 3.66 X 1073 438 x 1073
Wilcoxon — — — =

MW5  Average 2.08 x 1071 227 x 107! 252 x 107! 238 x 107! 319 x 107!
Std 8.92 x 1072 1.01 x 107! 2.33 x 1072 4.05 x 1072 3.12 x 102
Wilcoxon — — — —

MW6  Average 1.58 x 107! 9.87 x 1072 293 x 107! 312 x 107! 1.73 x 1072
Std 467 x 1072 5.66 x 1072 2.84 x 1072 1.28 X 102 241 x 1072
Wilcoxon + + + +

MW7  Average 414 x 1071 411 x 1071 3.94 x 107! 398 x 107! 412 x 1071
Std 2.70 X 10~* 1.37 x 107* 241 x 1073 1.08 x 1072 3.71 x 1073
Wilcoxon = — — —

MW8  Average 4.01 x 107! 342 x 1071 5.18 x 107! 533 x 107! 214 x 1071
Std 6.25 x 1072 9.72 x 1072 1.10 x 1072 1.12 X 1072 469 x 1072
Wilcoxon + + + +

MW9  Average 233 x 1071 9.75 x 1072 3.42 x 107! 3.77 x 107! 3.95 x 107!
Std 1.86 x 1071 1.48 x 1071 6.58 x 1072 1.83 x 1072 2.26 X 1073
Wilcoxon — — — —

MW10  Average 255 x 107! 220 x 1071 425 x 107! 423 x 107! 3.63 x 1071
Std 594 x 102 1.07 x 1071 1.47 x 1072 1.47 x 1072 6.52 x 1072
Wilcoxon - — + +

MW11  Average 4.45 x 1071 442 x 1071 433 x 1071 297 x 1071 4.67 x 1071
Std 460 x 1074 2.82 x 1074 245 x 1073 6.98 x 102 4.64 X 10~4
Wilcoxon — — — —

MW12  Average 3.75 x 1071 269 x 1071 578 x 107! 5.87 x 107! 5.99 x 10~!
Std 250 x 107! 259 x 107! 5.33 x 1073 3.58 x 1073 5.49 x 102
Wilcoxon — — — —

Spacing

MW1  Average 219 x 1072 2.68 x 1073 435 x 1072 213 x 1072 451 x 1073
Std 1.62 x 1072 3.25 X 1073 2.14 x 1072 1.83 x 1072 6.26 x 1073
Wilcoxon — = = —

MW2  Average 3.67 x 1073 1.83 x 1073 5.01 x 1072 8.29 x 1073 4.01 x 1073
Std 490 x 1073 4.23 x 10~* 1.64 x 1072 6.84 x 1073 430 x 1073
Wilcoxon = + — —

MW3  Average 247 X 1073 4.65 x 1073 3.40 x 1072 7.39 x 1073 324 x 1073
Std 3.08 X 1074 220 x 1074 1.08 x 1072 1.35 x 1073 3.08 x 107
Wilcoxon + — — —

MW4  Average 312 x 1072 3.22 x 1072 7.14 x 1072 1.73 x 1072 293 x 1072
Std 2.32 x 1072 6.77 x 1073 1.38 x 1072 5.60 X 1073 263 x 1073
Wilcoxon = — — +

MW5  Average 8.54 x 1072 8.65 X 103 1.92 x 107! 3.00 x 107! 247 x 1072
Std 6.07 x 1072 2.21 X 1073 9.69 x 1072 2.86 x 1071 1.34 x 1072
Wilcoxon — + — —

MW6  Average 251 x 1073 8.68 x 10~* 3.77 x 1072 1.78 x 1073 440 x 1074
Std 9.46 x 1073 296 x 1074 1.01 x 1072 891 x 10~* 1.16 X 10~*
Wilcoxon — — — —

MW7  Average 7.54 x 1072 3.76 x 1073 429 x 1072 1.66 x 1072 6.43 x 1073
Std 1.38 x 1073 2.51 X 10~* 1.41 x 1072 7.42 x 1073 1.29 x 1073
Wilcoxon — + — —

MW8  Average 1.36 X 1072 3.08 x 1072 6.83 x 1072 1.80 x 1072 247 x 1072
Std 1.60 X 1073 409 x 1073 9.39 x 1073 3.01 x 1073 3.08 x 1073
Wilcoxon + - — —

MW9  Average 5.62 x 1073 1.72 x 1072 5.39 x 1072 2.53 x 1072 3.99 x 1073
Std 5.40 x 1073 8.74 x 1073 2.05 x 1072 2.69 x 1072 9.81 X 10~4
Wilcoxon — — — —
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Table 9. Cont.
C3M PPS TiGE_2 MSCMO IETMFO

MW10  Average 112 x 1073 9.12 x 1072 1.48 x 1072 1.10 x 1072 2.08 x 1072
Std 6.83 X 10~* 6.09 x 10~* 457 x 1073 5.01 x 1073 7.02 x 1073
Wilcoxon + + + +

MW11  Average 8.32 x 1073 5.61 x 1073 4.79 x 1072 3.03 x 1072 5.02 x 1073
Std 7.73 x 1074 3.56 x 104 8.56 x 103 3.05 x 1072 7.39 x 10~4
Wilcoxon — — — —

MW12  Average 3.00 x 1072 3.91 x 1073 5.64 x 1072 2.78 x 1072 1.88 x 1072
Std 3.28 x 1072 2.67 X 1073 2.67 x 1073 256 x 1072 1.34 x 1072
Wilcoxon — + — —

Remark 1. In order to illustrate the influence of the flame update mechanism proposed in
Section 3.3, the solutions found by IETMFO, as shown in Figures 9, 10, 13, and 14, can widely
distribute on the true Pareto fronts whether the optimization problem is constrained or an unconstrained.

4.4. Engineering Problems

To validate the efficacy and performance of the proposed optimization algorithm in
practical engineering problems, a spectrum of engineering problems are addressed in this
section through the application of the proposed IETMFO. Six engineering problems are
described in Appendix A. Dealing with these problems is challenging because many com-
plicated constraints are incorporated in the problems. Similar to the previous experiment,
the population size is 200, the proposed IETMFO is independently run thirty times for each
problem, and the number of evaluations is 60,000. The optimization results of IETMFO are
compared with outcomes from C3M [68], PPS [69], TIGE_2 [70], and MSCMO [71], utilizing
the HV measure for the comparison.
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Figure 14. Plots of the results of MW1 test problem generated by IETMFO and other compared algorithms.

The results of the engineering problems are listed in Table 10, and the Pareto fronts of
the problems are illustrated in Figure 15. From Table 10, it can be seen that the proposed
algorithm achieves the best mean values for HV measure in most of the problems except for
the disk brake design problem and gear train design problem. According to the Wilcoxon
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rank-sum test for the HV measure, IETMFO demonstrated statistical differences in most
of the problems except for C3M in the disk brake design problem and gear train design
problem, and for PPS on disk brake design. In gear train design, car side impact design,
simply supported I-beam design, and multiple-disk clutch brake design problems, IETMFO
outperformed in terms of the HV metric. From the Pareto front shown in Figure 15, it can
be observed that the solutions obtained by the proposed algorithm exhibit excellent conver-
gence while also demonstrating a broad spatial distribution. The widespread distribution
of solutions implies that the decision-makers of the problem can select the most suitable so-
lution based on their preferences or requirements, even in the presence of external changes
or uncertainties. This holds significant value for the resolution of multi-objective problems
and decision-making processes. To further evaluate practical efficiency, CPU runtime
and complexity analysis are supplemented: Under the same experimental environment
(Windows 11, AMD Ryzen 7 6800H), IETMFO takes an average of 10.2-12.8 min per engi-
neering problem (e.g., 11.5 min for multiple-disk clutch brake design, 12.3 min for simply
supported I-beam design), which is 12.5-15.8% shorter than MSCMO and 8.3-10.1% shorter
than NSGA-II. Meanwhile, its computational complexity remains O (N?) (consistent with
compared algorithms like NSGA-II), with no additional burden, ensuring applicability in
practical scenarios.

Table 10. The HV results of the multi-objective algorithms on six engineering problems.

C3M PPS TiGE-2 MSCMO IETMFO
HV

Disk Brake Design Average  435x 1071 435 x 1071 409 x 107! 418 x 107! 433 x 107!
Std 124 x107% 137 x107% 599x10% 453x107% 193 x10°*
Wilcoxon + + — —

Gear Train Design Average  4.85x 107! 483 x 107! 474 x 107! 484 x 107! 484 x 107!
Std 1.63 X 1075 649 x 107° 159 x 1072 422 x107% 859 x 10~°
Wilcoxon + — — —

Car Side Impact Design Average 260 x 1072 248 x 1072 2.05x 1072 244 x 1072  2.61 x 1072
Std 5.69 x 107° 7.25 x 1074 2.87 x 1074 8.07 x 10~*  3.43 x 1073
Wilcoxon — — — —

Two-Bar Plane Truss Average  845x 107! 847 x 107!  840x 107!  845x 107! 847 x 107!
Std 909 x 1074  740x10°5 261x103 733x107% 4.04 x 10°°
Wilcoxon — — — —

Simply Supported I-beam Design Average 560 x 1071 546 x 1071 553 x 1071 553 x 1071 5.62 x 101
Std 755 x 1074 7.92 x 1073 122 x 1073 608 x10° 1.23 x 104
Wilcoxon — + — —

Multiple-Disk Clutch Brake Design ~ Average ~ 6.17 x 107! 594 x 107! 427 x 107!  3.89x 107!  6.17 x 107!
Std 7.61 x 1074 1.39 x 1072 696 x 1072 242 x 10! 193 x 1073
Wilcoxon — — — —

Based on the aforementioned experimental results, the influential factors that impact
the performance of IETMFO in most of the unconstrained test problems and constrained
problems can be summarized as follows: The first is the newly proposed hybrid muta-
tion mechanism combined with the indicator-based selection mechanism, which together
enlarge the search region of the initial individuals and improve the distribution of the
solutions found by the proposed algorithm. Furthermore, this mechanism, including the
original individuals and the mutated individuals, then selects the best one through the in-
dicator, expands the exploration and exploitation of the proposed algorithm, and maintains
the diversity of the solutions. The second factor is the newly proposed flame update mecha-
nism; this mechanism can enhance the ability of the algorithm to handle different problems
based on the constraints and keep the pressure high to get close to the true Pareto front.
The third is the application of the newly proposed Brownian motion, which can improve
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the ability of the local search and avoid being stuck in the local optima. IETMFO reduces
the number of function evaluations by 25-30% compared to weighted single-objective
methods. For instance, on the IMOP4 test problem, IETMFO requires only 45,000 evalua-
tions to achieve a stable IGD value, whereas weighted single-objective approaches need
60,000 evaluations for the same performance. This efficiency gain can be attributed to the
hybrid mutation mechanism, which balances exploration and exploitation more effectively.

From the above, we can conclude that the newly proposed hybrid mutation and Brow-
nian motion in IETMFO improve the diversity of the solutions and achieve better conver-
gence, while also improving the ability of exploration and exploitation. Simultaneously, the
incorporation of the improved flame update mechanism enhances the adaptability of the
proposed algorithm, enabling it to yield relatively superior solution sets when confronted
with different types of problems. In general, the proposed IETMFO has high ability to solve
different kinds of MOPs. It should be noted that, in light of the experimental scenarios of
engineering problems, IETMFO has certain overheads and limitations. In terms of cost,
due to the mixed mutation and IBEA metric calculation, the optimization time for a single
engineering problem is 15% to 20% higher than that of the basic MFO, and it needs to store
400 individuals, with a space cost approximately twice as high as that of an algorithm that
only stores 200 individuals. In terms of limitations, when dealing with the discrete variables
in the “multi-disc clutch braking design”, additional discretization mapping is required.
The HV index is 5% to 7% lower than that of the native discrete algorithm, and when the
parameters are not adjusted specifically, the convergence speed will be about 30% slower.
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Figure 15. Obtained Pareto fronts by the proposed algorithm for engineering problems: (a) Disk
brake design. (b) Gear train design. (c) Car side impact design. (d) Two-bar plane truss. (e) Simply
supported I-beam design. (f) Multiple-disk clutch brake design.

5. Conclusions

Addressing multi-objective engineering problems poses significant challenges, as the
objective functions involved in such problems are inherently conflicting; meanwhile, lever-
aging meta-heuristic algorithms to tackle engineering MOPs often struggles to yield so-
lutions with sufficient diversity. This study proposes a novel MFO algorithm—termed
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IETMFO—based on a hybrid mutation mechanism and an improved flame update mecha-
nism. IETMFO integrates four key components: hybrid mutation, indicator-based selection,
enhanced Brownian motion, and the optimized flame update mechanism. The hybrid
mutation mechanism primarily serves to boost the algorithm’s exploration and exploitation
capabilities, while the indicator-based selection mechanism is used to screen high-quality
populations. Furthermore, enhanced Brownian motion is incorporated into the algorithm
to facilitate escape from local optima. Given the critical role of the flame population in
the original MFO algorithm, this work develops an improved flame update mechanism
to dynamically adjust flame positions. This mechanism enhances IETMFO’s adaptability,
enabling it to flexibly adjust the flame update strategy for both constrained and uncon-
strained problems. To verify the performance of IETMFO, the algorithm was evaluated on
various types of MOPs: unconstrained test problems (ZDT, DTLZ, IMOP, SCH, FON, and
KUR), constrained test problems (MW), and six constrained engineering design problems
(disk brake design, gear train design, car side impact design, two-bar plane truss design,
simply supported I-beam design, and multiple-disk clutch brake design). The performance
metrics used for comparative analysis included IGD, SP, A, and HV. Experimental results
on unconstrained test functions and constrained problems demonstrate that IETMFO out-
performs comparative multi-objective optimization algorithms across most problem types,
with its solutions exhibiting more uniform distribution over the Pareto front, indicating
strong competitiveness in addressing diverse MOPs. This superior performance stems from
the integration of diverse and effective operators within IETMFO. Thus, it can be concluded
that IETMFO possesses distinct advantages over existing multi-objective optimization
algorithms and can serve as a viable alternative for solving MOPs.
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Appendix A. The Mathematical Formulation of the Engineering Problems
e  Disk Brake Design:

minfy = 49e —5(x3 — x3)(xg — 1) (A1)

2 2
X3 — X )
3 3)

minf, = 9.82e6(—2—_~1__
x3x4(X5 — X7

(A2)
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subject to
g9 =20—(x2—x1)< 0
X3
=—————-04<0
273102 - 2) =
2.22¢ — 3x3(x3 — x3 A3
o B3 =) g (A3)
X3 — X
3_ .3
g8 = 900 — 2,660 — 2242 1)
X3 — X
with bounds 55 < x7 < 80,75 < xp < 110, 1000 < x3 < 3000, 11 < x4 < 20.
e  Gear Train Design:
. X3X4
=16931 — —— A4
minf; = |6.93 ey (A4)
min fy = max{x1,x2, X3, X4} (A5)
subject to
fi
= —-05<0 A6
817 5931 = (A6)
with bounds x1, xp, x3, x4 € {12,-- - ,60} (integer).
e  Car Side Impact Design:
minfy = 1.98 + 4.9x,6.67x; + 6.98x3 + 4.01xy + 1.78x5 + 10 Ox6 +2.73x; (A7)
minfy, = 4.72 —0.5x4 — 0.19x,x3 (A8)
minfz = 0.5(Vpmp(x) + Vrp(x)) (A9)
subject to
g1 = —1+41.16 — 0.3717x,x4 — 0.0092928x3 < 0
g2 = —0.32 + 0.261 — 0.0159x71 x5 — 0.06486 — 0.019x7x7 + 0.0144x3x5 + 0.0154464x4 < 0
g3 = —0.32 4 0.74 — 0.61x, — 0.031296x3 — 0.031872x; + 0.227x3 < 0
g4 = —0.32+ 0.214 + 0.00817x5 — 0.045195x1 — 0.0135168x1
+0.03099x2x5 — 0.018x2x7 4 0.007176x3
+0.023232x3 — 0.00364x5x — 0.018x3 < 0 (AL0)
g5 = —32 4 33.86 + 2.95x3 — 5.057x1x3 — 3.795x7 — 3.4431x7 4 1.45728 < 0
Q6 = —32+28.98 4 3.818x3 — 4.2x1xp + 1.27296x¢ — 02.68065x7 < 0
g7 = —32 44636 — 9.9x, — 4.4505x; < 0
g8=f1—4<0
89 = VBMP(x) —-99<0
g10 = VPD(X) —-157< 0
where
V x) = 10.58 — 0.674x1xp — 0.67275x
BMmP(X) 1X2 2 (A11)

VFD(X) =16.45— 0.489X3X7 — 0.8439(59(6
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with bounds

05<x <15
045 <x, < 1.35
05<x3< 1.5
05<x,< 15 (A12)
0.875 < x5 < 2.625
04 <x4< 12
04<xy,< 12

e  Two-Bar Plane Truss:

minfy = 2phxp\/1+ x2 (A13)

ph(1+x])'(1 4 )%

minf, = 2V2ECxs (A14)
subject to
_p(1+ x1)(1+ x%)0'5
" 2201 (A15)
e )+
2= 2v/2x1%

where p = 0283 Ib/in®>, h = 100 in, P = 104 Ib, E = 3 x 107 Ib/in?, 0y = 2 x
10% Ib/in?, Apin = 11in?, with bounds 0.1 < x; < 2,05 < x, < 2.5

e  Simply Supported I-Beam Design:

minfl = 2xpx4 + X3<X1 - ZX4) (A16)
pL3
minf, = Al7
f2 4E(x3(x1 — 2x4)3 + 2xpx4 (427 + 3x71 (1 — 2x4))) (A17)
subject to
1 1
o1 = —164 80000x1 5000x7 (A18)

x3(x1 — 2x4)% 4 2xpx4 (423 4 3x7 (v1 — 2x4)) (37 — 2x4)x3 + 2x4%3

where P = 600 kN, L = 200 cm, E = 20000 kN/cm?, with bounds 10 < x; < 80,10 < x, <

80,09 < x3 <5,09 < x4 <5.

e Multiple-Disk Clutch Brake Design:

minf; = (x5 — x3)x3(xs5 +1)p (A19)
minfy =T (A20)
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subject to
81 = —Ppax + P, <0
82 = Pr:Vsr — Vs max Prax < 0
3 =AR+x1—x <0
84 = —Lmax+ (x5 +1)(x3+0) <0 (A21)
g5=SM5—Mh <0
géZTZO
87 = —Vsrmax + Vsr <0
where
2 x3 —x3
M, = Zuxyxs -2 IN-
h 3ﬂ 4 Sx%—x% mm
w = % rad/s

2 2

A = 7(x3 — x) mm?

X
P, = f N/mm2

(A22)
TTRgm
Vi = 367 mm/s
2x3 —x3
Ry =33—
X3—X
T— Lw
My, + Mf
AR =20 mm, Liax = 30 mm, M =0.6
Vi, =10 m/s, 6 =05 mm, s=15
sr,max ) (A23)
Twax = 158, n = 250 rpm, I, =55 kg -m

M; =40 N -m, Mf=3N-m, Puax =1

with bounds 60 < x; < 80,90 < x, < 110,1 < x3 < 3,0 < x4 < 1000,2 < x5 < 9.
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