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Abstract: This paper concerns a class of robust factorization models of low-rank matrix
recovery, which have been widely applied in various fields such as machine learning and
imaging sciences. An ℓ1-loss robust factorized model incorporating the ℓ2,0-norm regular-
ization term is proposed to address the presence of outliers. Since the resulting problem
is nonconvex, nonsmooth, and discontinuous, an approximation problem that shares the
same set of stationary points as the original formulation is constructed. Subsequently, a
proximal alternating minimization method is proposed to solve the approximation problem.
The global convergence of its iterate sequence is also established. Numerical experiments
on matrix completion with outliers and image restoration tasks demonstrate that the pro-
posed algorithm achieves low relative errors in shorter computational time, especially for
large-scale datasets.

Keywords: matrix recovery with outliers; global convergence; column ℓ2,0-norm;
alternating method

MSC: 49J52; 49M27; 90C26

1. Introduction
The low-rank matrix recovery problem seeks to recover a true yet unknown low-rank

matrix M∗ of rank r∗ from the minimal feasible observations. This problem encompasses
various applications in numerous fields, including signal and image processing, quan-
tum state tomography, control and system identification, statistics, machine learning, etc.
(see [1–5]). This paper considers a robust factorized model for the low-rank matrix recovery
problem, in which the observations contain outliers. The model is expressed as

b = A(M∗) + ω,

where A : Rn1× n2 → Rm is a sampling operator, b ∈ Rm is the observation vector, and ω is a
sparse noise vector with arbitrarily large nonzero entries, while the rest of the elements are
zero. In scenarios where outliers exist, the traditional smooth least-squared loss function
becomes too sensitive to outliers and is probably biased. In view of this, studies [6,7] have
proposed a non-smooth ℓp-loss with balance regularization model:

min
U∈Rn1× κ ,V∈Rn2× κ

Ψ(U, V) := ∥A(UV⊤)− b∥p + γ∥UU⊤ − VV⊤∥F, (1)

where γ ≥ 0. When γ > 0, for p = 1 and κ = r∗, Li et al. [7] established exact matrix
recovery based on the ℓ1/ℓ2-restricted isometry property of the sampling operator A and
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proved that the proposed subgradient method with geometrically diminishing step sizes
converges linearly to the ground-truth matrix. For p = 1 or 2 and κ = r∗, Charisopoulos
et al. [6] proved that the subgradient method and prox-linear method converge at a fast
dimension-independent rate under the same assumptions as in [7]. When γ = 0, for p = 1,
Ma and Fattahi [8] showed that the subgradient method converges to the true matrix under
the Sign-RIP condition [[8], Definition 7]. Additionally, Wang et al. [9] developed a robust
and fast rank-one matrix completion algorithm by minimizing the Welsch cost function.

Although the subgradient method exhibits favorable convergence properties in solving
the problem (1), it is limited by some strict assumptions. Practically, the rank of the
ground-truth matrix is generally unknown, and consequently, the regularization term in (1)
fails to induce low-rank structures. Inspired by [10], this paper utilizes the ℓ2,0-norm in
the regularization term and studies the following ℓ1-loss factorized model of low-rank
matrix recovery:

min
U∈Rn1× κ ,V∈Rn2× κ

Φ(U, V) := ∥A(UV⊤)− b∥1 + λ(∥U∥2,0 + ∥V∥2,0), (2)

where κ is an upper estimator of r∗, and ∥ · ∥2,0 denotes the ℓ2,0-norm of matrices, which
measures the number of the nonzero column. The regularization term λ(∥U∥2,0 + ∥V∥2,0)

is used to reduce rank through column sparsity. The ℓ1-loss function, on the other hand,
is more robust against outliers and has been widely utilized for outlier detection stud-
ies [11–13]. Both terms of the objective function (2) are nonsmooth. On top of that, the
function suffers from both nonconvexity and discontinuity due to the existence of the
ℓ2,0-norm regularization term. The discontinuity causes the subgradient algorithm to fail
when it is applied to problem (2). While the alternating direction method of multipliers
is commonly applied to address problem (2), there is still no theoretical guarantee of its
convergence in the context of such nonconvex and nonsmooth optimization problems. For
methods with convergence guarantees, the majority of them impose, within their objective
functions, either the assumption of smoothness for at least one term or the continuity
assumption. To the best of our knowledge, no state-of-the-art algorithm is capable of
handling this type of nonconvex and discontinuous problem.

The major contributions of this work are threefold. Firstly, to handle the nonconvex
and discontinuous problem (2), a novel potential function is constructed:

min
U∈Rn1× κ ,V∈Rn2× κ ,z∈Rm

Θ(U, V, z) :=
α

2
∥A(UV⊤)− b − z∥2 + ∥z∥1 + λ(∥U∥2,0 + ∥V∥2,0), (3)

where α > 0 is a given constant. It has been proven that, under mild assumptions, the
sets of stationary points of (2) and (3) are equivalent. Moreover, it has been demonstrated
that any global optimal solution to problem (3) is an approximate optimal solution to
problem (2). This equivalence enables us to find solutions to problem (2) by solving prob-
lem (3), and the latter is more computationally efficient. Secondly, a proximal alternating
linearized minimization (PALM) method is proposed to solve (3). The global convergence
of PALM method is also established by exploiting the Kurdyka–Łojasiewicz (KL) property
of the objective function. Finally, numerical experiments conducted on both synthetic and
real-world datasets have validated that the PALM method for problem (3) outperforms
SubGM [6,7] for problem (1) with p = 1 .

The remainder of this paper is organized as follows. Section 2 introduces preliminaries
and foundational concepts. In Section 3, the relationship between problems (2) and (3) is
established. Section 4 presents the PALM method to solve the problem (3), with its global
convergence established. In Section 5, the numerical performance of the PALM method is
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evaluated, and its performance is compared with that of SubGM to solve the problem (1)
through experiments on various datasets. Section 6 concludes the paper.

2. Preliminaries
This section introduces the notation employed and then presents the definitions of

stationary points and the KL property.

2.1. Notations

Throughout this paper, Rn1× n2 represents the vector space of all n1 × n2 real matrices,
equipped with the trace inner product ⟨X, Y⟩ = trace(X⊤Y) for X, Y ∈ Rn1× n2 and its
induced Frobenius norm. For a matrix X ∈ Rn1× n2 , Zj denotes the jth column of Z, JZ

represents its index set of nonzero columns, and ∥X∥F and ∥X∥2,0 denote the Frobenius
norm and the column ℓ2,0-norm of X, which means the number of nonzero columns. For
a matrix X ∈ Rn1× n2 , let σ(X) := (σ1(X), . . . , σn(X))⊤ with σ1(X) ≥ · · · ≥ σn(X), where
σi(X) denotes the singular value of X, Σκ(X) := Diag(σ1(x), . . . , σκ(X)). For a vector
x ∈ Rn, ∥x∥1 denotes the ℓ1-norm and ∥x∥ denotes the ℓ2-norm. Let ∇U F(U, V) and
∇V F(U, V) denote the partial gradient of F at (U, V) w.r.t. variable U and V, respectively.
For any x ∈ Rm, sign(x) = [sign(x1), · · · , sign(xm)] with

sign(t) :=

{
t/|t|, t ̸= 0;

0, t = 0.
for any t ∈ R.

For convenience, define G(U, V, z) := α
2∥A(UV⊤)− b − z∥2,

F(U, V) := ∥A(UV⊤)− b∥1 and g(U) := ∥U∥2,0.

2.2. Stationary Points and ϵ-Global Optimal Solutions

From [14], the generalized subdifferentials of an extended real-valued function h:
Rn× m → R := (−∞, ∞] at a point where h attains a finite value are recalled.

Definition 1. Given a function h : Rn× m → R with a point x such that h(x) is finite. The regular
subdifferential of h at x is defined as follows:

∂̂h(x) :=
{

v ∈ Rn× m ∣∣ lim inf
x ̸=x′→x

h(x′)− h(x)− ⟨v, x′ − x⟩
∥x′ − x∥F

≥ 0
}

,

and the basic (or, say, limiting or Morduhovich) subdifferential of h at x is defined as

∂h(x) :=
{

v ∈ Rn× m | ∃ xk → x with h(xk) → h(x) and vk → v with vk ∈ ∂̂h(xk)
}

.

Consider a proper lower semicontinuous (lsc) function h : Rn× m → R, the stationary
point and ϵ-global optimal solution to problem min

x∈Rn× m
h(x) are defined as follows.

Definition 2. For a point x ∈ Rn× m such that 0 ∈ ∂h(x), it is called a stationary point of
min

x∈Rn× m
h(x).

Definition 3. For a point x∗ ∈ Rn× m such that

h(x∗)− ϵ ≤ h(x) ∀x ∈ Rn× m,

it is called an ϵ-global optimal solution of min
x∈Rn× m

h(x).
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2.3. Kurdyka–Łojasiewicz Property

From [15], the KL property of an extended real-valued function is stated as follows.

Definition 4. Given h : X → R a proper lsc function. It is said to have the Kurdyka–Łojasiewicz
(KL) property at x ∈ dom ∂h if there exists η ∈ (0, ∞]; a continuous concave function φ : [0, η) →
R+ satisfies

(i) φ(0) = 0 and φ is continuously differentiable on (0, η), and
(ii) ∀s ∈ (0, η), φ′(s) > 0;

and a neighborhood U of x such that ∀x ∈ U ∩
[
h(x) < h(x) < h(x) + η

]
,

φ′(h(x)− h(x))dist(0, ∂h(x)) ≥ 1.

If the function h satisfies the KL property at any points of dom ∂h, then h is called a KL function.

Remark 1. According to Lemma 2.1 of [15], a proper lsc function has the KL property at any
noncritical point. Thus, to prove that a proper lsc function h : X → R is a KL function, it suffices to
check whether h has the KL property at any critical point.

3. Relationship Between Problems (2) and (3)
This section demonstrates the relationship between the stationary points and global

optimal solutions of (2) and (3). On top of that, the stationary point sets of (2) and (3) are
characterized. The subdifferential of Φ at an arbitrary point (U, V) ∈ Rn1× κ × Rn2× κ is
given in the following lemma.

Lemma 1. Fix any λ > 0. Consider any (U, V)∈ Rn1× κ×Rn2× κ . Then, it holds that

∂̂Φ(U, V) = ∂Φ(U, V) =

{(
A∗(ξ)V + λ∂g(U)[
A∗(ξ)

]⊤U + λ∂g(V)

)∣∣∣∣ξ ∈ ∂∥ · ∥1
(
A(UV⊤)− b

)}
,

where for any X ∈ Rn× m

∂̂g(X) = ∂g(X) = S1 × · · · × Sm with Sj =

{
{0}n if j ∈ JX ;
Rn if j /∈ JX .

Proof. Recall that Φ(U, V) = F(U, V) + λ(g(U) + g(V)). From [[14], Corollary 10.9 and
Exercise 10.10], it immediately follows that

∂̂F(U, V) + λ∂̂g(U)× λ∂̂g(V) ⊂ ∂̂Φ(U, V) ⊂ ∂Φ(U, V)

⊂ ∂F(U, V) + λ∂g(U)× λ∂g(V).

Next, ∂F(U, V) and ∂̂F(U, V) are calculated. According to the chain rule [[14], Corollary 8.11
and Theorem 10.6], we obtain

∂F(U, V) = ∂̂F(U, V) =

{(
A∗(ξ)V[
A∗(ξ)

]⊤U

)∣∣∣∣ξ ∈ ∂∥ · ∥1
(
A(UV⊤)− b

)}
.

For any U ∈ Rn1× κ , by invoking [[14], Proposition 10.5], it immediately follows that

∂̂g(U) = ∂g(U) = S1 × · · · × Sκ with Sj =

{
{0}n1 if j ∈ JU ;
Rn1 if j /∈ JU .

(4)

This, along with the inclusion above, implies that the desired result holds.
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The subdifferential of Θ is characterized by the following lemma.

Lemma 2. Fix any λ > 0. Consider any (U, V, z)∈ Rn1× κ×Rn2× κ × Rm. Then, it holds that

∂̂Θ(U, V, z) = ∂Θ(U, V) =

 αA∗(A(UV⊤)− b − z)V + λ∂g(U)

α
[
A∗(A(UV⊤)− b − z)

]⊤U + λ∂g(V)

α(z −A(UV⊤) + b) + ∂∥z∥1

,

where ∂g is defined in Lemma 1.

Proof. Recall that Θ(U, V, z) = G(U, V, z) + ∥z∥1 + λ(g(U) + g(V)). Then, from [[14],
Exercise 8.8(c) and Proposition 10.5], it immediately follows that

∇G(U, V, z) + λ∂̂g(U)× λ∂̂g(V)× ∂∥z∥1 ⊂ ∂̂Θ(U, V, z) ⊂ ∂Θ(U, V, z)

⊂ ∇G(U, V, z) + λ∂g(U)× λ∂g(V)× ∂∥z∥1.

By the smoothness and the expression of G(U, V, z), one has

∇G(U, V, z) =

 αA∗(A(UV⊤)− b − z)V
α
[
A∗(A(UV⊤)− b − z)

]⊤U
α(z −A(UV⊤) + b)

.

Along with the above inclusion and (4), the desired results are obtained.

The following proposition states the equivalence between the stationary points of
problems (2) and (3) under some mild conditions.

Proposition 1. If (U, V, z) ∈ Rn1×κ × Rn2×κ × Rm is an arbitrary stationary point of (3)
satisfying the nonzero elements of |A(UV⊤)− b| not smaller than 1

α , then (U, V) is a stationary
point of (2). Conversely, if (U, V) ∈ Rn1×κ × Rn2×κ is an arbitrary stationary point of (2)
satisfying all elements of |A(UV⊤)− b| not smaller than 1

α , then there exists z ∈ A(UV⊤)− b −
sign

(
A(UV⊤)− b

)
such that (U, V, z) is a stationary point of (3).

Proof. Pick any stationary point (U, V, z) of (3). From Lemma 2, it holds that
0 ∈ αA∗(A(UV⊤)− b − z)V + λ∂g(U); (5a)

0 ∈ α[A∗(A(UV⊤)− b − z)]⊤U + λ∂g(V); (5b)

0 ∈ −α(A(UV⊤)− b − z) + ∂∥z∥1. (5c)

Write y := A(UV⊤)− b. From (5c), it can be concluded that z = sign(y) ◦max
(
0, |y| −

1
α

)
. Then,

y − z = sign(y) ◦ min(|y|, 1
α
), (6)

Along with |yi| ≥ 1
α or yi = 0 for all i = 1, . . . , m, one has y − z = 1

α sign(y). Thus,
substituting y − z = 1

α sign(y) into (5a) and (5b), one obtains{
0 ∈ A∗(sign

(
A(UV⊤)− b

))
V + λ∂g(U);

0 ∈
[
A∗(sign

(
A(UV⊤)− b

))]⊤U + λ∂g(V).

This together with the definition of sign(·) implies that (U, V) is a stationary point
of (2).
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Conversely, any (U, V) is a stationary point of (2). According to Lemma 1, there exists
ξ ∈ ∂∥ · ∥1

(
A(UV⊤)− b

)
such that{

0 ∈ A∗(ξ)V + λ∂g(U)

0 ∈
[
A∗(ξ)

]⊤U + λ∂g(V)

Write y := A(UV⊤) − b and z := y − 1
α ξ. Then, (U, V, z) satisfies (5a) and (5b).

By noting that |ξi| ≤ 1 for all i = 1, . . . , m, and |yi| ≥ 1
α for all i = 1, . . . , m, one has

α(y − z) = ξ ∈ ∂∥ · ∥1(y − 1
α ξ) = ∂∥z∥1 which means that (5c) holds. This implies that

(U, V, z) is a stationary point of (3). The proof is completed.

Remark 2. The converse of the above property generally does not hold, as the obtained vector y
is expected to be sparse. This indicates that the set of stationary points for problem (3) is typically
smaller than that of problem (2). Through the relationship between the global optimal solutions
of (2) and (3) in next proposition, the stationary points of (3) exclude certain undesirable points
contained in the stationary point set of (2).

Proposition 2. If (U∗, V∗, z∗) is a global optimal solution of (3), then (U∗, V∗) is a m
2α -global

optimal solution of (2).

Proof. If (U∗, V∗, z∗) is a global optimal solution of (3), then (U∗, V∗, z∗) is a stationary
point of (3). Write y∗ := A(U∗(V∗)⊤)− b. From (6), it holds that

y∗ − z∗ = sign(y∗) ◦ min(|y∗|, 1
α
).

Let I := {i ∈ [m] | |y∗i | <
1
α} and I := {i ∈ [m] | |y∗i | ≥

1
α}. Then, one has

G(U∗, V∗, z∗) =
α

2
∥y∗ − z∗∥2 + ∥z∗∥1

=
α

2
∥sign(y∗) ◦ min(|y∗|, 1

α
)∥2 +

∥∥∥sign(y∗) ◦ max
(
0, |y∗| − 1

α

)∥∥∥
1

=
α

2 ∑
i∈I

|y∗i |2 + ∑
i∈I

(|y∗i | −
1

2α
)

=∥y∗∥1 −
m
2α

+ ∑
i∈I

(
α

2
|y∗i |2 − |y∗i |+

1
2α

) ≥ ∥y∗∥1 −
m
2α

,

where the inequality is due to |y∗i | <
1
α for i ∈ I. Since (U∗, V∗, z∗) is a global optimal

solution of (3), for any (U, V, z) with z = A(UV⊤)− b

Φ(U∗, V∗)− m
2α

≤ Θ(U∗, V∗, z∗) ≤ Θ(U, V, z) = Φ(U, V).

This means that (U∗, V∗, z∗) is a m
2α -global optimal solution of (2).

Remark 3. Proposition 2 demonstrates that global optimal solution (U∗, V∗, z∗) of problem (3)
is an approximate optimal solution to problem (2), and as the parameter α increases, the value
Φ(U∗, V∗) progressively approaches the optimal value of problem (2).

4. A PALM Method for Solving Problem (3)
Recall that G(U, V, z) = α

2∥A(UV⊤)− b − z∥2 is a smooth function. The gradients
∇UG(·, V, z) and ∇V G(U, ·, z) are Lipschitz continuous with moduli defined as τV and τU ,
respectively. Fix any (U′, V′, z′) ∈ Rn1× κ ×Rn2× κ ×Rm; according to decent Lemma [[16],
Proposition A.24], it holds that
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G(U, V′, z′) ≤ G(U′, V′, z′) + ⟨∇UG(U′, V′, z′), U − U′⟩+ τV′

2
∥U − U′∥2

F, ∀ U ∈ Rn1× κ ,

G(U′, V, z′) ≤ G(U′, V′, z′) + ⟨∇V G(U′, V′, z′), V − V′⟩+ τU′

2
∥V − V′∥2

F, ∀ V ∈ Rn2× κ .

Let (Uk, Vk, zk) be the current iteration. From the expression of Θ and the above two
inequalities, one obtains

Θ(U, Vk, zk) ≤ Θ̃U(U, Vk, zk) := G(Uk, Vk, zk) + ⟨∇UG(Uk, Vk, zk), U − Uk⟩
+λ∥U∥2,0+ ∥zk∥1 +

τVk
2 ∥U − Uk∥2

F,
Θ(Uk, V, zk) ≤ Θ̃V(Uk, V, zk) := G(Uk, Vk, zk) + ⟨∇V G(Uk, Vk, zk), V − Vk⟩

+λ∥V∥2,0+ ∥zk∥1 +
τUk

2 ∥V − Vk∥2
F,

which become equalities when U = Uk and V = Vk. Consequently, Θ̃U(·, Vk, zk) and
Θ̃V(Uk, ·, zk) serve as majorizations for Θ(·, Vk, zk) at Uk and Θ(Uk, ·, zk) at Vk, respec-
tively. An algorithm for problem (3) is developed by alternately minimizing the following
subproblem. The iteration steps are outlined as follows.

Remark 4. (i) For any α > 0, the optimal solution of problem (7) has the following form zk+1 =

sign(yk) ◦ max(0, |yk| − 1
α ), where “◦” is the Hadamard product.

(i) Let Hk =Uk− 1
γ1,k

∇UG(Uk, Vk, zk+1) and Sk =Vk− 1
γ2,k

∇V G(Uk+1, Vk, zk+1). Then,

the columns of Uk+1 and Vk+1 have the following closed form:

Uk+1
i = sign

[
max(0, ∥Hk

i ∥ −
√

2λγ−1
1,k )
]
Hk

i for i = 1, · · · , r,

Vk+1
i = sign

[
max(0, ∥Sk

i ∥ −
√

2λγ−1
2,k )
]
Sk

i for i = 1, · · · , r.

For each k ∈ N, write wk = (Uk, Vk, zk). To establish the convergence of the sequence
{wk}k∈N, the following proposition is required.

Proposition 3. Let {wk}k∈N be the sequence generated by Algorithm 1. Then, the following
statements hold.

Algorithm 1 (PALM Method for Solving (3))

1: Input: Sampling operator A and observation vector b ∈ Rm

2: Initialization: Choose an initial (U0, V0) ∈ Rn1× κ × Rn2× κ , set λ, µ > 0
3: while stopping conditions are not satisfied, do
4: Compute yk = A(Uk(Vk)⊤)− b
5: Solve for zk+1:

zk+1 = arg min
z∈Rm

α

2
∥yk − z∥2 + ∥z∥1. (7)

6: Set γ1,k ≥ τVk + µ, solve for Uk+1:

Uk+1 ∈ arg min
U∈Rn1× κ

{
⟨∇U G(Uk, Vk, zk+1), U⟩+ λ∥U∥2,0 +

γ1,k
2

∥U − Uk∥2
F

}
7: Set γ2,k ≥ τUk+1 + µ, solve for Vk+1:

Vk+1 ∈ arg min
V∈Rn2× κ

{
⟨∇V G(Uk+1, Vk, zk+1), V⟩+ λ∥V∥2,0 +

γ2,k
2

∥V − Vk∥2
F

}
8: end while
9: Output: X = Uk+1(Vk+1)⊤
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(i) For each k ∈ N, it holds that Θ(wk+1) < Θ(wk) − min{α,µ}
2 ∥wk − wk+1∥2

F. Hence, the
sequence {Θ(wk)}k∈N is convergent.

(ii) For each k ∈ N, (Ak+1
1 , Ak+1

2 , Ak+1
3 ) ∈ ∂Θ(wk+1) with

Ak+1
1 := ∇UG(wk+1)−∇UG(Uk, Vk, zk+1)− γ1,k(Uk+1 − Uk);

Ak+1
2 := ∇V G(wk+1)−∇V G(Uk+1, Vk, zk+1)− γ2,k(Vk+1 − Vk);

Ak+1
3 := α(yk − yk+1).

Assume that {wk}k∈N is bounded. Then, there exists constant c > 0, such that

dist
(
0, ∂Θ(wk+1)

)
≤ c∥wk − wk+1∥F.

Proof. (i) By the optimality of zk+1 and the strong convexity of the subproblem (7) in
Algorithm 1, one obtains

∥zk+1∥1 +
α

2
∥yk − zk+1∥2 +

α

2
∥zk − zk+1∥2 ≤ ∥zk∥1 +

α

2
∥yk − zk∥2. (8)

Similar to Uk+1 and Vk+1, one has

⟨∇UG(Uk, Vk, zk+1), Uk+1⟩+ λ∥Uk+1∥2,0 +
γ1,k

2
∥Uk+1 − Uk∥2

F

≤ ⟨∇UG(Uk, Vk, zk+1), Uk⟩+ λ∥Uk∥2,0;

⟨∇V G(Uk+1, Vk, zk+1), Vk+1⟩+ λ∥Vk+1∥2,0 +
γ2,k

2
∥Vk+1 − Vk∥2

F

≤ ⟨∇V G(Uk+1, Vk, zk+1), Vk⟩+ λ∥Vk∥2,0.

The above two inequalities imply that

λ∥Uk∥2,0 + λ∥Vk∥2,0 −
γ1,k

2
∥Uk+1 − Uk∥2

F −
γ2,k

2
∥Vk+1 − Vk∥2

F

≥ ⟨∇UG(Uk, Vk, zk+1), Uk+1 − Uk⟩+ λ∥Uk+1∥2,0 + λ∥Vk+1∥2,0

+ ⟨∇V G(Uk+1, Vk, zk+1), Vk+1 − Vk⟩. (9)

By the Lipschitz continuity of ∇UG(·, V, z) and ∇V G(U, ·, z), one has

G(Uk+1, Vk, zk+1) ≤ G(Uk, Vk, zk+1) + ⟨∇UG(Uk, Vk, zk+1), Uk+1 − Uk⟩

+
τVk

2
∥Uk+1 − Uk∥2

F;

G(Uk+1, Vk+1, zk+1) ≤ G(Uk+1, Vk, zk+1) + ⟨∇V G(Uk+1, Vk, zk+1), Vk+1− Vk⟩

+
τUk+1

2
∥Vk+1 − Vk∥2

F.

Along with inequality (9), it immediately holds that

G(wk+1) + λ∥Uk+1∥2,0 + λ∥Vk+1∥2,0 ≤ G(Uk, Vk, zk+1) + λ∥Uk∥2,0 + λ∥Vk∥2,0

− µ

2
∥Uk+1 − Uk∥2

F −
µ

2
∥Vk+1 − Vk∥2

F.

From the last inequality, the definition of Θ, the lower boundedness of Θ, and inequal-
ity (8), it follows that part (i) holds.

(ii) Under the optimal conditions of Uk+1, Vk+1 and zk+1, one has
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
0 ∈ α(zk+1 − yk) + ∂∥ · ∥1(zk+1);

0 ∈ ∇UG(Uk, Vk, zk+1) + γ1,k(Uk+1 − Uk) + λ∂∥ · ∥2,0(Uk+1);

0 ∈ ∇V G(Uk+1, Vk, zk+1) + γ2,k(Vk+1 − Vk) + λ∂∥ · ∥2,0(Vk+1).

Then, by Lemma 2, it is not hard to obtain

(Ak+1
1 , Ak+1

2 , Ak+1
3 ) ∈ ∂Θ(wk+1).

Hence, dist
(
0, ∂Θ(wk+1)

)
≤ ∥(Ak+1

1 , Ak+1
2 , Ak+1

3 )∥F. By the boundedness of {wk}k∈N and
the Lipschitz continuity of ∇UG(·, V, z) and ∇V G(U, ·, z), the desired result is obtained.

From [[15], Section 4], Θ is a KL function. By Proposition 3 and using the same
reasoning as in [[17], Theorem 1], the main convergence results are established.

Theorem 1. Suppose that the sequence
{

wk}k∈N generated by Algorithm 1 is bounded. Then, the
sequence {wk}k∈N is convergent and its limit (Ũ, Ṽ, z̃) is a critical point of (3). If the nonzero
elements of |A(ŨṼ⊤)− b| are not smaller than 1

α , then (Ũ, Ṽ) is a critical point of Φ.

5. Numerical Experiments
The efficiency of Algorithm 1 is validated by solving matrix completion problems with

outliers under uniform sampling, and its performance is compared with that of SubGM
from [7] for solving problem (1). All numerical tests are conducted in MATLAB 2024b on a
laptop computer running on a 64-bit Windows Operating System with an Intel(R) Core(TM)
i9-13905H CPU 2.60GHz and 32 GB RAM (Intel, Santa Clara, CA, USA).

5.1. Implementation Details of Algorithms

Matrix completion problems involving outliers are considered. To generate the sam-
pling operator A, a random index set Ω =

{
(it, jt) | t = 1, . . . , m

}
is assumed, with

indices sampled independently from a uniform distribution. The mapping A is then
defined by A(X) := (Xi1,j1 , Xi2,j2 , . . . , Xim ,jm)

⊤ for X ∈ Rn1× n2 , and b = A(MΩ) where
MΩ ∈ Rn1× n2 , with

[MΩ]it ,jt =

{
0 if (it, jt) /∈ Ω,

M∗
it ,jt + ϖt if (it, jt) ∈ Ω

for t = 1, 2, . . . , m. (10)

The true matrix M∗ ∈ Rn1× n2 and the sparse noisy vector ϖ = (ϖ1, . . . , ϖm)⊤ are
considered. The true matrix M∗ = M∗

L(M∗
R)

⊤ ∈ Rn1× n2 of rank r∗ is generated by inde-
pendently sampling entries of M∗

L ∈ Rn1× r∗ and M∗
R ∈ Rn2× r∗ from the standard normal

distribution N (0, 1). The nonzero entries of the sparse noisy vector ϖ = (ϖ1, . . . , ϖm)⊤

follow one of two distributions: (i) Student’s t-distribution with four degrees of freedom,
scaled by

√
2, or (ii) Laplace distribution with density d(u) = 0.5 exp(−|u|). Unless oth-

erwise specified, the number of nonzero entries in ϖ is set to ⌊0.3m⌋ for all tests. The
parameters are set as µ = 10−8 and λ = cλ∥b∥, where cλ > 0 is specified in the experi-
ments. Unless otherwise stated, it takes κ = min(n1, n2, 150). The initial point (U0, V0)

of Algorithm 1 is defined as (P1Σκ(MΩ)1/2, Q1Σκ(MΩ)1/2), with P1 and Q1 denoting the
matrices consisting of the first κ left and right singular vectors of MΩ, respectively. For
SubGM, as in [7], the Polyak step size rule [18] is employed. Since the optimal value

of (1) is typically unknown in practice, the step size
Ψ(Uk ,Vk)−min(U,V) Ψ(U,V)

∥ζk∥2
F

is replaced with

0.05Ψ(Uk ,Vk)

∥ζk∥2
F

, where ζk ∈ ∂Ψ(Uk, Vk) for k ∈ N.
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Algorithm 1 is terminated at iteration wk = (Uk, Vk, zk), when k ≥ kmax or one of the
following conditions is satisfied:

maxj∈{1,...,19} |Θ(wk)− Θ(wk−j)|
max{1, Θ(wk)}

≤ ϵ1 or
Rk

1 + Rk
2 + Rk

3
1 + ∥b∥ ≤ ϵ2 for k ≥ 30,

where 
Rk

1 = α∥yk−1 − yk∥;
Rk

2 = ∥∇UG(Uk−1, Vk−1, zk)−∇UG(wk) + γ1,k−1(Uk−1 − Uk)∥F;
Rk

3 = ∥∇V G(Uk, Vk−1, zk)−∇V G(wk) + γ2,k−1(Vk−1 − Vk)∥F.

For a fair comparison, the initial point of SubGM is set to be identical to that of
Algorithm 1. SubGM is terminated at iteration wk, whenever k > kmax or either of the

following conditions is satisfied:
maxj∈{1,...,9} |Ψ(Uk ,Vk)−Ψ(Uk−j ,Vk−j)|

max{1,Ψ(Uk ,Vk)} ≤ ϵ3 or

∥Uk+1(Vk+1)⊤ − Uk(Vk)⊤∥F

1 + ∥Uk+1(Vk+1)⊤∥F
≤ ϵ4 with k ≥ 200. (11)

Unless otherwise stated, ϵ1 = 10−4, ϵ2 = 10−5 and kmax = 1000 are set for Algorithm 1,
while ϵ3 = 5 × 10−4, ϵ4 = 5 × 10−4, and kmax = 500 are set for SubGM.

The matrix recovery performance is evaluated using the relative error (RE), defined by

RE :=
∥Xout − M∗∥F

∥M∗∥F
,

where Xout = Uout(Vout)⊤ represents the output of a solver. All test results are averaged
over 5 instances of each experiment.

5.2. Parameter Sensitivity Analysis

In this section, the effect of the parameters on the performance of Algorithm 1 is
evaluated. Figure 1 illustrates the curves of RE, recovered rank, and running time (in
seconds) for Algorithm 1 when solving problem (3) with n1 = n2 = 1000, r∗ = 5, under
Case I and Case II. As shown in Figure 1, for 2 ≤ α ≤ 8.5, Algorithm 1 yields both the exact
rank recovery and the lowest relative error in both cases. Values of α exceeding 8.5 degrade
the algorithm’s performance. The RE increases significantly, accompanied by an increase in
computational time. In view of this, α is set to 5 for all subsequent experiments.

Under the settings n1 = n2 = 1000, r∗ = 5, κ = 10r∗, and SR = 0.2, Figure 2 illustrates
the RE, recovered rank, and running time curves of Algorithm 1 for varying λ. The results
show that a specific interval of λ values (e.g., 8 ≤ cλ ≤ 24) achieves low relative errors
while accurately recovering the true rank of matrix M∗.
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Figure 1. Curves of RE, rank, and running time of Algorithm 1 with different α values.
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Figure 2. Curves of relative error, rank, and running time of Algorithm 1 in Case I.

For n := n1 = n2 and r∗ = 10, Figure 3 shows the variation in running time and RE
as n increases. These results indicate that the computational time remains below 160 s
when n ≤ 7000 and does not exceed 400 s even when n = 104. With increasing n, the RE
decreases rapidly, remaining below 0.015 for n ≥ 3000.
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Figure 3. RE and running time curves of Algorithm 1 in Case I–II with different values of n.

For Figures 4 and 5, the settings are n1 = n2 = 1000 and r∗ = 5. Figure 4 displays
the average RE across five repetitions for sampling ratios or SRs = {0.1, 0.15, 0.2, . . . , 0.5}.
Under uniform sampling, the RE decreases monotonically with increasing SR, while the
running time consistently stays within 5 s.

In Figure 5, the variation in RE with the ratio of nonzero entries in the noise vector
(NZR) is examined. NZR is set to {0.1, 0.15, 0.18, . . . , 0.5}. As shown in Figure 5, the RE
increases accordingly with NZR, while the running time remains consistently lower than
4 s. Although the difficulty of the problem escalates as NZR increases, the RE remains close
to 0.02, even when NZR reaches 0.5.
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Figure 4. RE and running time curves of Algorithm 1 in Case I with different SRs.
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Figure 5. RE and running time curves of Algorithm 1 in Case I with different NZRs.

5.3. Numerical Comparisons with SubGM

The performance of Algorithm 1 in terms of solution quality and running time is
compared with that of SubGM. Since the model (1) does not promote low-rank structures,
κ = 3r∗ and n1 = n2 = n are adopted for the following tests. The numerical results of
the two methods are obtained under the same stopping criterion described in Section 5.1,
with ϵ1 = ϵ2 = ϵ3 = ϵ4 = 5 × 10−4, and kmax = 500. Tables 1 and 2 report the average
results across five randomly generated instances for each setting. Compared with SubGM,
Algorithm 1 consistently achieves the lowest RE in significantly less computational time.

Table 1. The results of the algorithm for synthetic data in Case I.

Algorithm 1 SubGM

n (r*, SR) cλ RE Rank Time (s) RE Rank Time (s)

1000 (5, 0.10) 10 2.61 × 10−2 5 1.50 1.26 × 10−1 15 4.04
(5, 0.15) 10 1.94 × 10−2 5 1.48 7.71 × 10−2 15 4.71
(5, 0.20) 10 1.59 × 10−2 5 1.60 6.13 × 10−2 15 5.28
(5, 0.20) 10 1.40 × 10−2 5 1.73 4.93 × 10−2 15 5.56

(10, 0.10) 6 3.34 × 10−2 10 1.88 2.58 × 10−1 30 4.35
(10, 0.15) 6 2.26 × 10−2 10 2.88 1.38 × 10−1 30 5.26
(10, 0.20) 6 2.15 × 10−2 10 2.34 8.20 × 10−2 30 5.92
(10, 0.20) 6 1.54 × 10−2 10 2.33 5.88 × 10−2 30 6.26

3000 (10, 0.10) 6 1.36 × 10−2 10 15.0 3.61 × 10−2 30 40.6
(10, 0.15) 6 1.05 × 10−2 10 17.1 2.91 × 10−2 30 50.6
(10, 0.20) 6 8.95 × 10−3 10 18.3 2.23 × 10−2 30 51.4
(10, 0.20) 6 1.24 × 10−2 10 20.5 2.64 × 10−2 30 56.3

(20, 0.10) 6 1.57 × 10−2 20 20.3 7.73 × 10−2 60 44.1
(20, 0.15) 6 1.15 × 10−2 20 20.0 3.41 × 10−2 60 49.6
(20, 0.20) 6 9.52 × 10−3 20 22.4 2.42 × 10−2 60 55.5
(20, 0.20) 6 8.33 × 10−3 20 23.2 2.07 × 10−2 60 61.6

5000 (10, 0.10) 10 9.92 × 10−3 10 45.8 2.29 × 10−2 30 140.9
(10, 0.15) 10 7.87 × 10−3 10 50.0 1.93 × 10−2 30 138.8
(10, 0.20) 10 6.73 × 10−3 10 46.9 1.87 × 10−2 30 141.4
(10, 0.20) 10 6.01 × 10−3 10 50.1 1.61 × 10−2 30 157.7

8000 (10, 0.10) 10 7.63 × 10−3 10 121.3 1.53 × 10−2 30 312.1
(10, 0.15) 10 8.21 × 10−3 10 140.2 1.62 × 10−2 30 387.8
(10, 0.20) 10 5.21 × 10−3 10 144.9 1.40 × 10−2 30 432.9
(10, 0.20) 10 4.71 × 10−3 10 154.7 1.49 × 10−2 30 475.7
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Table 2. The results of the algorithm for synthetic data in Case II.

Algorithm 1 SubGM

n (r*, SR) cλ RE Rank Time (s) RE Rank Time (s)

1000 (5, 0.10) 10 2.42 × 10−2 5 1.37 8.76 × 10−2 15 3.85
(5, 0.15) 10 1.82 × 10−2 5 1.43 6.14 × 10−2 15 4.81
(5, 0.20) 10 1.49 × 10−2 5 1.39 5.03 × 10−2 15 5.49
(5, 0.20) 10 1.31 × 10−2 5 1.28 4.61 × 10−2 15 5.70

1000 (10, 0.10) 6 3.00 × 10−2 10 1.86 1.85 × 10−1 30 4.31
(10, 0.15) 6 2.07 × 10−2 10 1.88 9.23 × 10−2 30 4.26
(10, 0.20) 6 1.65 × 10−2 10 2.24 6.02 × 10−2 30 5.92
(10, 0.20) 6 1.42 × 10−2 10 2.28 4.71 × 10−2 30 6.26

3000 (10, 0.10) 6 1.27 × 10−2 10 15.5 3.11 × 10−1 30 40.6
(10, 0.15) 6 9.85 × 10−3 10 16.1 2.71 × 10−2 30 45.6
(10, 0.20) 6 8.33 × 10−3 10 17.3 2.27 × 10−2 30 50.4
(10, 0.20) 6 7.40 × 10−3 10 18.5 2.11 × 10−2 30 55.3

3000 (20, 0.10) 6 1.44 × 10−2 20 20.3 5.30 × 10−2 60 44.1
(20, 0.15) 6 1.07 × 10−2 20 22.0 2.79 × 10−2 60 49.6
(20, 0.20) 6 8.82 × 10−3 20 22.4 2.11 × 10−2 60 54.5
(20, 0.20) 6 7.73 × 10−3 20 23.2 1.85 × 10−2 60 59.6

5000 (10, 0.10) 10 9.29 × 10−3 10 40.8 2.07 × 10−2 30 110.9
(10, 0.15) 10 7.37 × 10−3 10 48.0 1.84 × 10−2 30 126.8
(10, 0.20) 10 6.29 × 10−3 10 46.9 1.75 × 10−2 30 141.4
(10, 0.20) 10 5.62 × 10−3 10 50.1 1.61 × 10−2 30 156.7

8000 (10, 0.10) 10 7.13 × 10−3 10 99.3 1.51 × 10−2 30 283.1
(10, 0.15) 10 5.71 × 10−3 10 114.2 1.56 × 10−2 30 337.8
(10, 0.20) 10 4.91 × 10−3 10 114.9 1.50 × 10−2 30 353.9
(10, 0.20) 10 4.38 × 10−3 10 124.7 1.48 × 10−2 30 395.7

Reconstructing images from limited and noisy measurements is a key application
of low-rank matrix completion. To further evaluate the effectiveness of the proposed
method, experiments were conducted on images from the ZJU dataset [19]. Each image has
dimensions of 300 × 300. The initial points for both algorithms were obtained using the
same procedure described in Section 5.1, with κ = 40.

The results are presented in Table 3 and Figure 6. The images were undersampled
using various sampling rates and masks and then restored using a similar process reported
in [9]. Table 3 lists the relative error and peak signal-to-noise ratio (PSNR) for each image
restoration task. The results show that the proposed algorithm outperforms SubGM in
terms of both computational time and restoration quality.

Table 3. Summary of experimental results of image recovery.

Algorithm RE PSNR Time (s)

Sampling Ratio = 50% Algorithm 1 0.0708 30.57 1.72
SubGM 0.0991 27.82 2.60

Sampling Ratio = 20% Algorithm 1 0.1178 24.22 0.76
SubGM 0.1361 23.07 1.84

Sampling Ratio = 10% Algorithm 1 0.0369 33.61 0.59
SubGM 0.1113 24.06 1.49

Image with text mask Algorithm 1 0.1639 21.10 0.48
SubGM 0.1700 20.82 4.84

Image with cross mask Algorithm 1 0.0934 16.71 1.34
SubGM 0.1811 7.40 5.67
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(a) Original (b) SR=50% (c) Algorithm 1 (d) SubGM

(a) Original (b) SR=20% (c) Algorithm 1 (d) SubGM

(a) Original (b) SR=10% (c) Algorithm 1 (d) SubGM

(a) Original (b) Text mask (c) Algorithm 1 (d) SubGM

(a) Original (b) Cross mask (c) Algorithm 1 (d) SubGM

Figure 6. Experimental results of image recovery.

6. Conclusions
This paper has focused on robust factorization models for low-rank matrix recovery,

which are of great significance in multiple fields such as machine learning and imaging
sciences. To deal with the challenge of outliers, an ℓ1-loss robust factorized model with
ℓ2,0-norm regularization is proposed. Given the nonconvex and discontinuous nature of
the problem, an approximation problem (3) is constructed. Under mild assumptions, the
equivalence of stationary points between the original and the approximation problems is
verified, and it is proven that the global optimum of the approximation problem can serve
as an approximate optimal solution for the original problem in terms of objective value. On
top of that, a fast PALM method is proposed to solve the approximation problem, and the
global convergence of the iterate sequence is established. The numerical experiments on
synthetic datasets with outliers and image restoration tasks demonstrate that the PALM
method achieves low relative errors within a significantly shorter computational time,
particularly when dealing with large-scale datasets. Despite the promising results of the
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proposed approach, there are some limitations. The performance of the algorithm relies
on the proper selection of parameters such as λ and α. To address these limitations, future
research works will include the development of adaptive parameter-tuning strategies.
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