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Abstract: The phenomenological universalities (PU) approach is employed to derive the
Richards growth function in the unknown hyperbolic representation. The formula derived
can be applied in theoretical modeling of sigmoid and involuted growth of biological
systems. In the model proposed, the exponent in the Richards function has the following
clear biological meaning: it describes the number of cells doubling, leading to an increase in
a biomass of the system from m (birth or hatching mass) to the limiting value m, (mass at
maturity). The generalized form of the universal growth function is derived. It can be em-
ployed in fitting the weight-age data for a variety of biological systems, including copepods,
tumors, fish, birds, mammals and dinosaurs. Both the PU methodology and the Richards
model can be effectively applied in the theoretical modeling of infectious disease outbreaks.
To substantiate this assertion, the simplest PU-SIR (Susceptible-Infective-Removed) epi-
demiological model is considered. In this approach, it is assumed that the number of
births is approximately equal to the number of deaths, while the impact of recovered
(quarantined) individuals on the dynamics of the infection is negligible.

Keywords: phenomenological universalities; differential equations; sigmoidal functions;
Richards model; involuted growth; infection dynamics; SIR model
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1. Introduction

Among the various mathematical models utilized in the theoretical representation
of growth phenomena, the most frequently employed are the exponential, Gompertz,
von Bertalanffy, West-Brown-Enquist (WBE), power law, logistic (Verhulst), and Richards
(theta or generalized logistic) models [1]. These models can be systematically derived
from fundamental principles [2-5] and subsequently applied to simulate changes in length,
volume, weight, or cell numbers over time within complex systems. A particularly notable
approach for constructing and categorizing growth models is the PU concept, introduced
by Castorina, Delsanto, and Guiot (CDG) [6]. This framework enables the derivation of
the exponential, Gompertz, von Bertalanffy, and WBE functions from a set of first-order
differential equations, which incorporate the so-called generating function [6]

O(x) =x+cx? + 3 + ... (1)

expanded into a power series in the vicinity of x = 0 at the assumptions ®(0) = ¢y = 0,
c1 = 1. For ®(x) = 0, the CDG method generates the exponential, for ®(x) = x the
Gompertz function, whereas for ®(x) = x + cpx? the von Bertalanffy and WBE functions
belonging to the Uy, Uj, and U, classes of PU, respectively. The PU concept and CDG
methodology are useful for their applicative relevance in various fields of research, includ-
ing physics, chemistry, biology, ecology, engineering, economics, and social sciences [6].
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In particular, this strategy is extremely effective in the study of complex systems whose
development is governed by nonlinear processes, resulting in the appearance of the specific
growth patterns. Consequently, the CDG approach can be employed to obtain different
growth models widely applied in biology, medicine, and ecology [7-9].

The PU concept has been extended [10] to include unconventional forms of the gen-
erating functions ®(x) = x + co + (x + ¢g)? and ®(x) = c1(x + co/c1)?, applied [11] to
generate the universal WBE growth curve [5] and power law (fractal) [12] function that
are well known and widely applied in the fields of life sciences and beyond. Those results
indicate that the form of the growth functions derived in the CDG scheme depends not only
on different powers n = 0,1,2. .. of the truncated series ®(x) but also on the relationship
between parameters cy, ¢1, and ¢, and the presence (absence) of the term (x + ¢p/c1) in
the series. Such modifications are useful in producing new forms of the growth functions
known and unknown in the domain of developmental biology [1] and other sciences.

A summary of the results obtained thus far suggests that the CDG approach success-
fully generates all major growth functions, with the exception of the Richards function [4,13].
This observation raises two key questions: is it possible to derive the Richards function
within the CDG framework, and what is the specific form of ®(x) that yields the Richards
model? The primary objective of this study is to address these questions and demonstrate
that the extended PU methodology indeed generates the Richards function in a previously
unrecognized hyperbolic representation. The formula derived can be applied in the the-
oretical modeling of sigmoid and involuted growth of biological systems. In the model
proposed, the exponent in the Richards function has the following clear biological meaning;:
it describes the number of cells doubling, leading to an increase in a biomass of the system
from birth (or hatching mass) to the limiting value, representing mass at maturity.

2. Materials and Methods
The extended CDG theory [10] is based on the set of nonlinear equations

+
D g =0, L xvie) =0 @

dx(q)
dq

+®(x) =0, ®(x)=ci(xtco/c1)+ca(xtco/c1)?+... 3)

in which ¢(g) and ¢(g)* are growth and regression (decay) functions, respectively, whereas
®(x) is a generating function expanded into a power series in the vicinity of x = +¢¢/c1.
It significantly differs from that applied originally by [6], in particular, parameters ¢y # 0
and c¢; # 1 are taken into consideration. The set of Equations (2) and (3) produce the most
important growth (regression) functions [10,11]

P(q) = exp [/q x(ﬂ/)qurC} $(g)" = exp {—/qx(q)dﬁc} (4)

belonging to the Uy, U, and U classes of PU to be obtained for different powers n = 0,1,2
of the truncated series (3). One may prove that the new subclass U5 of PU including the
Richards growth function can be obtained by making use of the generating function

®(x) =g —ca(x —co/c1)? ¢ >0 (5)

which differs from those considered so far by the presence of the minus signs and therela-
tionship between parameters c¢; > 0. In view of this, the solutions of the CDG Equation (2)
depend not only on the order of the expansion, but also on the positive or negative values
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of parameters c; defining the system. Inserting (5) to the first of the CDG Equation (3) and
integrating it with respect to x-coordinate provides

/CD(x)*ldx = —(coc2) *tanh ™! {%} = —q, (6)

which can be reverted to the form

x(q) = —\/ztanh(q\/cocz) + z—j. (7)

Taking advantage of Equations (4) and (7), one may derive ¢(q) as follows:

1
c 26
P(q) = o exp(c(l)q> [tanhz(q,/cocz) — 1} = (8)
or alternatively, by using the identity cosh%(z) = 1 — tanh?(z), as follows:

¥(q) = lpoil/cz exp(i?q) COSh(q\/E)ié, 9)

Here, i = +/—1 is an imaginary number. By taking advantage of the relationship
cosh(z) = [exp(z) + exp(—2z)]/2, function (9) can be rewritten to the exponential form

v = w2 exp| (2 -\ [ i+ ep(2pva@ml s, o)
which can be treated as a template for generating different growth models for the func-
tion (5). For example, the classes of sigmoid, involuted or exponential solutions can be
obtained for

=0 Sigmoid

<0 Involuted (11)
>0 Exponential

Co Co
1 2

The sigmoid version of function (10) has an inflection point g; and takes the value

$(q;) equal to
In(cz) L -4

U= "5 ey ¥(q:) = $o(20)2 (1 +¢2) 2. (12)

The Richards growth model in the original form ¢(q) = ©(¢) is recovered by redefin-

ing the parameters c; in function (10):

’o €  /Co _
{co,c1, 02} — {V', '}, o \/ o 0 (13)
2\/cgca =201 =V, =0V, g=t—t;+In(t))/V' (14)

resulting in the conversion of Equation (10) to the form

Ot) = O {1+ exp[—b’c’(t—tg)]}fl/b/. (15)

It represents the Richards function in which @« = (2i)!/"’ stands for the limiting

value of @(t — c0) = @, whereas . is an inflection point satisfying (d?@(t)/dt?),_, = 0.

Taking into account the initial condition ®(t — 0) = @y, Equation (15) can be changed to
the form

O(t) = @ [1+ b exp(v/c't) ] {14 b exp [ b/t — )]}, (16)

1
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which is useful in the fitting of experimental data when @y, instead of O, is determined.
In this work, we propose to use an alternative parametrization

{co,c1,62} — {a,b,c} 17)
2 bC 1
co="bc", c1= =, Vo =c q=t—t (18)

converting functions (9) and (10) to the equivalent hyperbolic and exponential forms
(1) = oi® explac(t — ty)] coshe(t — t0)] 7, (19)

P(t) = o(2i)" exp|(a — b)e(t — to) {1+ exp[—2¢(t — )]} " (20)

To validate and demonstrate the practical utility of the derived formulae, they were
applied to determine the parameters of the Richards model, which characterizes sigmoidal
growth (e.g., copepods, tumors, fish, birds, mammals, dinosaurs) and involuted growth
(e.g., thymus in mammals or bursa of Fabricius in birds) in biological systems. The pa-
rameters were estimated by fitting the various experimental datasets using a nonlinear
least-squares routine, with statistical weights assigned as the inverse squares of the stan-
dard deviations (SDs) associated with the data [14]. In cases where SDs were unavailable,
the data were weighted by the reciprocal mass of the system. This approach was originally
developed and applied by Laird [15] in the fitting of tumor growth data. For computational
analysis, an executable Fortran-based program designed for numerical data analysis was
utilized [14]. This program enables the estimation of freely fitted parameters alongside
their associated standard errors, as well as the assessment of multiple indicators of the
goodness of fit. Specifically, the following indicators were considered:

(i) The normalized standard deviation (NSD):

2
1 Np m?"l’ _ m{heo
D — i i 21
NS \JND_NPZ< m (21)

i=1

in which Np and Np denote the numbers of data and parameters fitted, u; is the SD of
theo
i

model function. If reproduction of the data is performed within u;, then NSD ~ 1,

i-th experimental mass mfx’] , whereas m;"® is the theoretically calculated mass by the

and the theory reproduces the data with experimental accuracy.

(ii) The coefficient of determination R?:

2
Np exp theo
Lia (mi - )

RZ=1- (22)
yNp (,,exp 1 vNp . theo)”
i=1 (mi ~ Np Li=1™; )
where the best fits are represented by R? ~ 1.
(iii) The standard deviation (SD):
2
£, (17— )
SD = 23
No 23)

applied together with R? when the experimental SDs of the data are unavailable.

(iv) Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC) defined
in [16] and [17], respectively: They have been used to select the best model with the
optimal number of parameters fitted and to avoid overfitting. The smaller values of
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AIC and BIC indicate the model more preferred and statistically reliable. The explicit
form of the AIC and BIC formulae used in the calculations is presented in [14].

The results presented in Tables 1 and 2 can also be reproduced using other relevant
software employed for fitting age—weight data. For example, calculations conducted with
SigmaPlot version 11 yielded values that were either identical to or consistent with those
reported in Tables 1 and 2, within the estimated error range. However, an exception was
identified in which SigmaPlot was unable to fit the parameter my for the Tyrannosaurus rex
data, whereas the Fortran program successfully generated this parameter. In this case, my
should be constrained to the value of 2.06 [kg], as estimated by Myhrvold [18]. Calculations
performed in the constrained scheme provided b = 11.71(11) [y~!] and ¢ = 0.0766(37),
which are in full agreement with the results presented in Table 1.

Table 1. The parameters of the hyperbolic Richards function (40) obtained by the fit of Np experi-
mental weight-age data points. The uncertainty in parentheses is one estimated standard deviation
in units of the last quoted digits of the values of parameters fitted.

Parameter C. pacificus FJ Cancer T. Rex
mg 4.83(80) [g x 107°] 0.0199(116) [g] 2.04(87) [Kg]
c[d ™ 0.0873(65) 0.0303(35) 0.0747(48) [y ']
b 6.20(18) 10.99(64) 11.77(61)
SD 4.568 [g x 107°] 0.438 [g] 283 [Kg]
R? 0.996 0.995 0.979
Np 8 7 8
Chicken Zebra Tilapia
my [g] 35.5(1.1) 33,864(1858) 5.83(44)
c[d™ 1] 0.0155(4) 0.0024(2) 0.0089(5)
b 5.953(61) 3.22(81) 5.93(12)
NSD 0.600 0.669 0.611
R? 0.993 0.950 0.951
Np 28 17 13

Table 2. The parameters of the involuted Richards functions (35) and (37) obtained by the fit of
12 experimental relative weight-age data points in units [g/100 g] [19] for the thymi of male Wistar
rats and 12 data representing absolute weights [mg] of bursa of Fabricius in Chinese yellow quail [20].
The uncertainty in parentheses is one estimated standard deviation in units of the last quoted digits
of the values of the parameters fitted.

Thymus Bursa of Fabricius
Parameter Equation (35) Equation (37) Equation (35) Equation (37)
my 0.103(11) 0.106(11) 4.60(3.90) 9.01(2.01)
a 2.24(16) 2.44(28) 4.86(1.25) 7.16(1.89)
b 2.42(16) 2.65(30) 5.12(1.22) 7.69(1.86)
c[d] 0.086(12) 0.083(11) 0.0613(193) 0.0501(99)
d=b-a 0.182(35) 0.210(50) 0.26(10) 0.53(17)
f 0 0.017(16) 0 7.58(1.54)
NSD 1.0684 1.0707 2.1895 1.3924
R? 0.9860 0.9877 0.9453 0.9815
AIC —94 -91 58 50
BIC —96 —95 56 46

3. Results

Taking into account the relation (11), one may consider two classes of solutions pro-
duced by (19) and (20): sigmoid for a = b and involuted for a < b, which will be analyzed
separately in the next subsections.
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3.1. Sigmoid Richards Growth

To obtain a sigmoid version (@ = b) of the Richards functions (19) and (20) that are
useful in the fitting of experimental data, especially weight-age data y(t) = m(t), let us
consider their limit values:

m(t — 0) = oi” exp[—beto) cosh[—ctg]_b = my, (24)
m(t = 0) = o(20)"{1+ exp[2cto]} " = mg (25)

in which my is an initial value of the Richards function. Having derived the equations
specified above, one may rewrite (19) and (20) to the equivalent forms

mo eXP[bC(f — to)] Cosh[c(t _ to)]fb

m(t) = , (26)

2 exp|—bcty] cosh[—cto]_b

—b
m(t) = m {1+ exp[—2c(t to)b]} ' 27)

[1+ exp(2cty)]™
Now, let us consider the asymptotic limit of (27)
m(t — o0) = mg[1 + exp(2cty)]’ = Mo, (28)
which, for tp = 0, reduces to a simple formula

m(t — 00) = mp2" = Mo, (29)

which allows for a precise biological interpretation of the b-parameter for growing biosys-
tems: it describes the number of cells doubling, leading to an increase in a biomass from
myp (in the case of animals, it is birth or hatching mass) to the limiting value m« (mass at
maturity). The interpretation proposed is correct for ty = 0 and predicts that the value of
b-parameter should be equal (within standard error) to an integer number. The results of
the test calculations presented in Table 1 confirm this hypothesis.

Finally, one may pass to generate the equation governing the Richards sigmoid growth,
by substituting Equations (18) into (7) and then Equations (7) into (2), yielding

{;t + cbtanh[c(t — tg)] — cb}m(t) =0, (30)

or alternatively

1 dm(t) [ m(t)\"*
a2 _1— (m°°> ] (31)

For comparison, the original Richards growth function (20) satisfies

1 dow) L[, [em\']
60 @ —° _1— (®w> 1 (32)

~

consequently, both models are equivalent, and characterized by the growth rates 2c and ¢/,
respectively. In this way, we have complete characteristics of the dynamics of the sigmoid
Richards growth characterized by the hyperbolic function (26) or its alternative exponential
version (27).

To demonstrate the applicability of the functions (26) and (27) in the quantitative
analysis of the weight-age data and to prove the correctness of the relation (29), we employ
them to model the post-natal growth of fish, tilapia nile Oreochromis niloticus [21]; bird,
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Athens-Canadian male chicken Gallus gallus domesticus [22]; and mammal, zebra Equus
Burchelli antiqguorum [23], that were already tested in our previous work [14] using the von
Bertalanffy growth function [2,3]. We verified that the inclusion of only post-natal data
allows for their satisfactory reproduction with a fixed value of the parameter ty = 0. These
data were supplemented with additional ones obtained for submillimeter multicellular
marine copepod (metazoan) Calanus pacificus [24], Flexner—Jobling (FJ) cancer [25], and
dinosaur Tyrannosaurus rex [18]. In the last case, the Myhrvold data were enriched by hatch-
ling mass my = 2.06(13) [Kg] reported by [26]. The results of calculations are presented in
Table 1.

3.2. Involuted Richards Growth

Now, let us focus our attention to the general expressions (19) and (20) with
P(t) = M(t) and M(t =0) =mgfora <b

_ explac(t — ty)] cosh[e(t — tg)]
ML) = o exp(—acto)cosh(—cto)fb ' )

(expl(a—b)et)]{1 +expl—2e(t - )]} "

M(t) = m 1+ exp(2ct0)}7b

(34)

They represent a family of curves whose shape depends on the value of a-parameter
in relation to b. For a = b, one always obtains the sigmoid Richards curve, whereas for
a < b, formulae (33) and (34) describe the systems which undergo involution in the course
of time (e.g., thymus in mammals or bursa of Fabricius in birds). The plots of function
(34) for different values of a in relation to fixed b are presented in Figure 1. Its analysis
reveals that the shape of the involuted Richards curves depends on the differenced = b —a
between parameters defining the model. Consequently, one may rewrite (33) in the form of
an involuted Richards function m(t):

M(t) = exp[(a—D)ctm(t), a<b (35)

in which M(t) — m(t) for b — a stands for the sigmoidal Richards growth model (27). The
function (35) satisfies the kinetic equation of the involuted growth:

{Z + cbtanh[c(t — fo)] — ca}M(t) =0 (36)

as it is a generalized form of the expression (30).
Because lim;_,., M(t) = 0, hence, in the analysis of the data for the systems with
asymptotic behavior lim; .o M(t) = f, the modified function (35)

M(t) = exp[(a—b)ctlm(t) + f (37)

should be taken into consideration. In such circumstances, the initial value of M(t) is
defined as follows:
My :}in&M(t) =my+ f. (38)
%

Consequently, the functions (33) and (34) should be changed to the forms

exp(act) coshc(t — ty)]
cosh(—ctg)™? ik 9

M(t) = (Mo — f)
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explla e {1+ oxpl-2(t - Wi, (40)
exp[1 + exp(2cty)]

It should be pointed out that the limit M(t — oo) = f has only mathematical meaning
due to the restricted existence time of biological systems; hence, both functions (35) and (37)
should describe an involuted growth in shorter intervals with comparable accuracy. In
order to verify this thesis and demonstrate the usefulness of functions (39) and (40) in the
analysis of the involuted growth, we fitted 12 data points representing thymic-to-body mass
ratio of male Wistar rats reported in [19]. They were measured in the interval (0-240) [d]
and SD = 0.014 [mg/100 g]. Application of the relative instead of absolute thymus weights
guarantees the existence of an asymptote with f # 0, while the fit of the absolute weight
data provides the unsatisfactory value f = —0.0033 % 0.0135. The results of calculations
are presented in Tables 2 and 3, whereas plots of functions (36) and (37) are displayed

M(t) = (Mo — f)

in Figure 2.
In the second analysis of the involuted growth, we fitted 12 experimental data points

representing the absolute weights of bursa of Fabricius in Chinese yellow quail measured
by [20] in the interval (0-252) [d] with variable accuracy SD = 1.21-7.71 [mg]. The results
of calculations are presented in Tables 2 and 4, whereas the plots of functions (36) and (37)

are displayed in Figure 3.

|

|
}=)
=

N == O

)

own

'
oo

Figure 1. The plots of the function (34) for different values of aand b = 2,c = mg =1, and tp = 0.
For a = b = 2, one obtains the sigmoid Richards growth function.
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Figure 2. The plots of involuted Richards functions (35) and (37) defined by parameters from Table 2.
Black circles represent the thymic-to-body mass ratio of male Wistar rats measured by [19].
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Figure 3. The plots of involuted Richards functions (35) and (37) defined by parameters from Table 2.
Black circles represent the absolute weights of bursa of Fabricius yellow quail measured by [20].

Table 3. Theoretical reproduction of 12 experimental relative weight-age data measured with
SD = u; = 0.0140 [g/100 g] by [19] for thymi of male Wistar rats by the involuted Richards
functions (35) and (37) with parameters from Table 2.

f=0 f=0.017(16)
Time [d] mi " (uy) i —miie ;’"fhw miheo mi? —mi ;mfhw mtheo
0 0.1031 0.0264 0.1027 —0.1746 0.1055
2 0.1426 —0.2036 0.1455 —0.1913 0.1453
5 0.2200 0.2981 0.2158 0.5025 0.2130
15 0.3584 —0.3778 0.3637 —0.4991 0.3654
30 0.3583 1.3569 0.3393 1.1510 0.3422
45 0.2599 —0.8691 0.2721 —0.8170 0.2713
60 0.1910 —1.7526 0.2155 —1.5633 0.2129
75 0.1917 1.5076 0.1706 1.7176 0.1677
90 0.1349 —0.0080 0.1350 0.1476 0.1328
105 0.1031 —0.2679 0.1069 —0.2100 0.1060
160 0.0500 0.3344 0.0453 —0.0587 0.0508
240 0.0250 0.8561 0.0130 —0.0047 0.0251
Table 4. Theoretical reproduction of 12 experimental data measured with SD = u; for abso-

lute weights ([mg]) of bursa of Fabricius in Chinese yellow quail [20] by the involuted Richards
functions (35) and (37) with parameters from Table 2.

f=0 f =7.58(1.54)

Time [d] m™ (u;) L mtheo it mtheo
0 5.28(2.15) 0.3143 4.6041 —1.7372 9.0148
7 25.97(4.92) 0.3915 24.0437 1.5245 18.4694
21 70.77(7.71) —1.1872 79.9236 —0.6558 75.8266
35 100.23(6.47) 22507 856682 03164  98.1829
63 63.21(3.90) 12845 582003 06778 60.5664
91 24.43(3.88) —3.2998 37.2332 —2.1928 32.9379

119 19.43(1.96) —2.2175 23.7763 —0.0738 19.5746
147 15.23(1.75) 0.0273 15.1822 1.1271 13.2599
175 12.83(2.54) 1.2345 9.6944 1.0092 10.2576
203 9.98(3.52) 10766 61903 03159 88678
224 8.15(1.21) 3.0811 44218 —0.1455 8.3261

252 7.45(3.28) 1.4105 2.8235 —0.1517 7.9477
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3.3. Generalized Universal Growth Curve
The Richards function (27) can be converted to the form
R(y)= — (41)
P T exp(-y)’
defined by the dimensionless time y and mass R(y)
1/b
m(t
y =2c(t—ty), R(y) = () ; , 42)
mo[1 + exp(2cty)]
which, for ty = 0, reduces to
1/b
m(t)
= 2ct, R(y) = | —=% . 43
y=2 = |2 @)

Equation (41) is a generalization of the universal growth function R(y) = 1 — exp(—y)
introduced by [5]. The last thesis can be proven by employing the approximation
R(y) = 1/([1 + exp(—y)] = 1 — exp(—y). The generalized universal growth curve (41)
and experimental weight-age data points expressed in terms of y and R(y) are presented
in Figure 4. Its analysis reveals that all the data considered satisfy a universal law of
growth (41), which can be successfully employed in fitting the weight-age data for a
variety of biological systems, including copepods, tumors, fish, birds, mammals, and di-
nosaurs, ranging from metazoan Calanus pacificus with me = 5.8 x 1073 [g] and ending on
Tyrannosaurus rex with me, = 7.124 x 10° [g] (the values of m« were calculated from Equa-
tion (29) and parameters from Table 1. It is noteworthy that the latter value conforms
acceptably with me = 7.000(980) x 10° [g], as reported by Lee [26].

R(y)

O Zebra

+Metazoan Calanus pacificus
O Tilapia

® Chicken

oCancer Flexner-Jobling

Dinosaur Tyrannosaurus rex

y

Figure 4. The generalized universal growth curve (41) and experimental data points for exemplary
biological systems taken into consideration.

3.4. PU-SIR Epidemic Model

The PU methodology can be successfully applied in modeling the systems whose time
evolution depends on several coupled processes. As an example, the use in the description
of ecological population growth can be given [9]. This approach can be adapted to the
prediction of the outbreak of infective diseases. To substantiate this thesis, we will use
the SIR epidemiological model [27-30] in a simplified form, as proposed by [31]. In this
approach, the number of births is approximately equal to the number of deaths, and,
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additionally, it is assumed that the individuals in the infected class restrict its social activity
after being recovered (quarantined). Consequently, the impact of recovered individuals on
the dynamics of the infection is negligible, and the denominator in the transmission term in
the original SIR model is the sum of susceptible and infected individuals S + I and not the
total population N = S + I + R, including recovered class R. In view of this, the simplified
SIR approach is based on the following set of equations [31]:

ds(a) _ [ Ig) ) [ S@
g ﬁhwwlwﬂ“”' g ﬁ@wwzw

dR(q) _ [I(q)
dq ‘7hw>

in which S(g), I(g), and R(g) represent the numbers of individuals in the susceptible,

)—vkw» (44)

}mw,ﬂw+uw+mwzw, (45)

infective, and removed (recovered, quarantined) classes at the time g; f and < are the
transmission and recovery rates, whereas N stands for the total (constant) population.
Taking into account the relation (45), we only have to solve the set of Equation (44) and
then R(g) can be determined from (45). Equation (44) can be rewritten according to the PU
convention in the following manner:

s ar

4~ F@s g =val (46)
@) = Bl | @ =B | - @)

V="Plsyr) VTP s T

or, alternatively, in a compact matrix notation:
X, x+B S 0 (48)
ytr—F y+r !
Here, we use the normalized forms of S(g) and I(g):

_S@) o ()

S_S(O)’ %1_1)1})5—1, I_I(O) %13})1—1, (49)

in which 5(0) denotes the initial number of individuals in the susceptible class who will
eventually be infected, while I(0) stands for an initial number of infections. Since R(0) = 0,
the term normalized function R means that it is defined by the equation R = N — S — I
containing the normalized functions S and I.

Employing Equations (47) and (49), one may determine the initial values of x(q)

and y(q):

%igg)x(q) = —g ;igg)y(q) = g - (50)

The above expressions and g = (0, f) are useful in calculating definite integrals. The
set of homogenous Equation (48) has non-trivial solutions provided that the determinant
of the squared matrix is equal to zero, resulting in the relationships

x
— S.
B+x

x(q) =ly(q) v +pl =0, I= (51)
Differentiating the first of the above equations with respect to the temporal

g-coordinate and taking into account the relation (3) adapted to the two-component
PU model
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dx(q) n dl—y(q) — v+ 8l
dq dq

= —P(x) + @(y) =0, (52)

one obtains the important information that in the PU-SIR scheme, only ®(x) and x(gq) or
®(y) and y(q) are required to obtain the final solutions:

S =exp [— /Otx(q)dq} (53)

and

1= exp| [ ylaa] = Sexpl(p =, 0

in which the relation (51) is taken into account. A comparison of Equations (51) and (54)

provides the relationship
x

exp[(p—7)t] =

and important formulae

e BelB—nt [ x
=" oplp-m+17 ll(ﬁﬂ) ] 50)

The former permits calculating S and I by taking advantage of Equations (53) and (54):
_B_ __B
§=27{1+exp[(B—7)t]} P77 (57)

I =257 {1+ exp[(B— 1))} 77 expl(B — )], (58)

while the latter yields the implicit formula for the generating function ®(x) by making use
of the relation (3) in a slightly modified version:

dt(x)] -
o) =~ || =g B+ 9)
One may rewrite ®(x) specified above into the form consistent with Equation (5):
_B=mp B (L BY ©)’
O(x) = i 7 x+5) =a-a erC1 , (60)
whereas Equations (57) and (58) can be given in the hyperbolic representation:
(=), "
— -
S =exp (—’Bt> cosh [Mt} , (61)
2 2
(B=,] *
— 7
I =exp <§t> cosh {’3271?} exp[(B — 7)t]. (62)
Additionally, from (45), we have
dR
R=N-S—1=N-S{1+exp[(B—7)t}, E:'yl, (63)

which are valid for exponential (57) and hyperbolic (61) representations of S. Plots of the S,
I, and R functions for the selected values of B and <y are presented in Figure 5. Equation (60)
reveals that the generating function in the PU-SIR model differs from (5) by the sign in
the second-order term. Consequently, all formulae derived for ®(x) in the form (5) can
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be converted to those appearing in the PU-SIR model by the substitution ¢; — —c; and
coca — —,/CcoC2 in the original equations. In particular, the general solution (10) for the
generating function (60) takes the form

#(0) = o2 exp | (-2 [2)g| 1+ explagvac)] = (64

C1

The transmission and recovery rates  and -y in the SIR model proposed by [31] enable
the calculation of the basic reproductive ratio Ry = B/v. This descriptor is extremely
useful in guiding the control strategies for epidemics. According to the epidemiological
definition [32], it describes the average number of secondary cases produced by one infected
individual introduced into a population of susceptible individuals.

1.6
149/ N
124/ \

1-.

0.81: « = S

0.61 "-_. AN —X
041 ~o

0.2

0 0.5 1 1.5 2

Figure 5. The plots of normalized S, I, and R functions for B = 10.8, ¥ =0.9,and S+ [+ R = 2.

4. Discussion

The original Richards function is of empirical nature that characterizes many incredible
coincidences with biological, medical, ecological, and epidemic data, despite the fact that
it depends on the b-exponent that does not have a clear biological meaning [31]. In the
SIR model proposed by [31], the exponent in the Richards function b = 1/(1 — R, Hhasa
one-to-one nonlinear correspondence to the basic reproduction number R (or reproductive
ratio). In this work, we propose another interpretation of b-parameter; it describes the
number of cells doubling, leading to an increase in a biomass of the system from 1 (birth
or hatching mass) to the limiting value mq (mass at maturity). This interpretation is
valid for sigmoidal but can also be extended to involuted growth. Since the involuted
Richards Formula (35) is the product of decay exp[(a — b)ct] and sigmoidal m(t) functions,
b-exponent characterizes the pattern formation of the organ at the hypothetical absence of
involution represented by the a-dependent decay term. This interpretation becomes clear if
the limit

limy seoexp((a — b)ctlm(t) = 0-mg2> = 0-me, to =0 (65)

will be taken into consideration. A look into Table 1 reveals that the b-parameter fitted to
the biological data considered is equal (or close) to the integer in the range of the standard
deviations quoted. The calculations provided the following b-values: 6.20(18), 10.99(64),
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5.93(12), 5.953(61), 3.22(81), and 11.77(61). One may confront them with the values
generated from (29), specified in an alternative form:

1 Moo
= () (%0

with m and m(y measured or fitted by other models of growth. For example, in the case of
T. rex, me = 7000(980) [Kg] and my = 2.06(13) [Kg] are estimated by the von Bertalanffy
model [26], yielding b = 11.73; for the FJ cancer, m. = 48.4 [g] and my = 0.015 [g] are
calculated using the Gompertz function [15], providing b = 11.66; for Athens-Canadian
male chicken, mqe = 2192.7 [g] and my = 37.00(3.02) [g] are determined by the logistic
model [22], supplying b = 5.889; for zebra, me = 316.86(2.10) [Kg] and my = 33.70(2.78)
[g] are obtained from the von Bertalanffy model [23], giving b = 3.23. All b-values calcu-
lated in this way conform acceptably with those presented in Table 1.

The b-interpretation proposed is no longer substantiated in the case of relative thymic-
to-body mass ratio data for male Wistar rats reproduced by the function (37) with f =0
and b = 2.42(16). The situation changes radically when b is determined using the absolute
thymus weight-age data [19]. The calculations performed with f = 0 provided the
parameters a = 5.88(30), b = 5.96(58), c = 0.0410(41) [d '], and my = 0.0060(25) [g],
fitted with NSD = 1.608 and R? = 0.976, clearly indicating that b-exponent for this organ
is again represented by an integer number. We conclude that the interpretation proposed is
valid only for absolute mass of organisms and organs but fails in the case of abstractive
relative mass of the system.

A look into Tables 2 and 3 reveals that both functions (36) and (37) describe an
involuted thymus growth in a short time interval ¢ € (1-160) [d] with identical accuracy.
A discrepancy appears only for M(t = 240 [d]) [g], indicating that the data collected for
a larger time period should be analyzed only by means of function (37) with f # 0. In
this way, the proper asymptotic behavior of the involuted Richards function will be taken
into consideration. However, the values of the AIC and BIC indicators reported in Table 2
clearly inform us that in the case of reproducing the data for rat thymus, the inclusion of
the f-parameter leads to the deterioration of the statistical characteristics of the fit, unlike
in the case of data for the bursa of Fabricius. It can be observed that the AIC and BIC
goodness-of-fit metrics provide guidance on the selection of the number of parameters
that yield a statistically optimal fit to the experimental data. In this manner, the issue of
overfitting can be identified and mitigated.

5. Conclusions

The findings of this study confirm that the PU methodology is highly effective in
generating growth functions, with potential applications across various fields of the life
sciences. In particular, this approach can be employed to obtain analytical solutions to the
differential equations of the SIR model, thereby expanding the range of existing methods
utilized for this purpose [33-36]. Furthermore, the application of a modified form of the
generating function (5) enables the derivation of the sigmoidal and involuted Richards
function in a previously unrecognized hyperbolic representation. This formulation ex-
tends the broad class of re-parameterized and unified Richards models discussed by [13],
incorporating a novel variant of this widely utilized function. The derived formula has
practical applications in epidemic modeling and the quantitative analysis of growth in
biological systems, including thymus, bursa of Fabricius, copepods, tumors, fish, birds,
mammals, and even dinosaurs. Additionally, it has been demonstrated that the analyzed
growth data conform to a universal growth curve (41), which generalizes the function
traditionally used for fitting weight—age data across a diverse range of species [5]. The
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approach proposed facilitates a precise biological interpretation of the b-exponent in the
Richards functions (19) and (20). Specifically, the interpretation describes the number of
cell doublings that contribute to the increase in biomass, from the birth or hatching mass to
the limiting value representing the mass at maturity. The proposed interpretation predicts
that the bb-parameter should correspond to an integer value (within the standard error
of estimation), and the results of the calculations support this hypothesis. Application of
the generalized PU methodology allows for a significant extension of the U, class of PU
discovered by [6]—it originally contained only subclass UJ represented by the WBE and
von Bertalanffy growth functions. Improvement of the original CDG approach to include
the generating function (3) allowed us to obtain [11] the following new subclasses: U3}, em-
bracing the universal growth curve [5], and U2, for the self-similar fractal function [12]. The
results obtained here enriches the U, class by U3 represented by the sigmoid and involuted
Richards growth models in the hyperbolic representation unknown so far in the area of
biosciences and beyond. This model cannot be derived in the original CDG approach [6],
where the parameter ¢, relevant for derivation, is neglected. The hyperbolic solution of the
CDG equations can be employed to solve the Fokker-Planck equation [10] and generate the
time-dependent probability distribution function. This framework can be further general-
ized through the incorporation of stochastic differential equations (SDEs) [37-39], wherein
the growth equation is augmented by a perturbative term that accounts for stochastic (e.g.,
Brownian or Wiener) processes. This stochastic component introduces a statistical influence
factor that enhances the realism of the growth functions by modifying the deterministic
growth trajectories reproduced by conventional models.
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