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Abstract: For scenarios where the type of structural break in a time series is unknown, this
paper proposes a modified ratio-type test statistic to enable effective online monitoring
of structural breaks, while circumventing the estimation of long-term variance. Under
specific assumptions, we rigorously derive the asymptotic distribution of the test statistic
under the null hypothesis and establish its consistency under the alternative hypothesis. In
cases where both variance and mean breaks coexist, we introduce a refined mixed-break
monitoring procedure based on the consistent estimation of breakpoints. The proposed
method first provides consistent estimations of the mean change points and variance change
points separately; then, mean and variance removal are performed on original data; finally,
the previously removed trend is added back. Compared to traditional monitoring methods,
which have to use two test statistics, this method requires only one to simultaneously
monitor both types of change points, resulting in a significantly simplified monitoring
process. This approach effectively reduces mutual interference between the two types of
breaks, thereby enhancing the power of the test. Extensive numerical simulations confirm
that this method can accurately detect the presence of structural breaks and reliably identify
their types. Finally, case studies are provided to demonstrate the efficacy and practical
applicability of the proposed method.

Keywords: ratio-type statistics; mean change point; variance change point; monitoring
procedure

MSC: 62-08

1. Introduction

The issue of structural change has long been a pivotal research topic in statistics. Exten-
sive empirical evidence from various domains, including finance, meteorology, medicine,
and engineering, indicates that structural changes are ubiquitous in time series data. Par-
ticularly, the detection of variance change points has become a prominent research focus,
garnering significant attention. In statistical applications, variance is frequently associated
with risk. Over the past five decades, scholars have conducted extensive and in-depth
studies on the identification and localization of variance change points, as evidenced by
the relevant literature [1-6].

In the existing literature on change-point detection, it is frequently assumed that
only the parameter under scrutiny undergoes a structural change while other parameters
remain invariant. However, this assumption often fails to reflect real-world complexities.
For example, Cavaliere [7] examined the unit root test using least squares estimation

Mathematics 2025, 13, 1315

https://doi.org/10.3390/math13081315


https://doi.org/10.3390/math13081315
https://doi.org/10.3390/math13081315
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://doi.org/10.3390/math13081315
https://www.mdpi.com/article/10.3390/math13081315?type=check_update&version=2

Mathematics 2025, 13, 1315

2 of 25

and specifically analyzed the impact of heteroscedasticity on test outcomes. The results
indicated that variance change points can substantially diminish the power of the unit
root test, leading to biased conclusions. Furthermore, Dette et al. [8] questioned the
assumption of stationarity. They contended that concentrating exclusively on the stability
of the parameter under examination while neglecting changes in other parameters is overly
restrictive. Consequently, they integrated both variance change points and correlation
coefficient change points into their analysis. These studies underscore the necessity of
accounting for variance change points when other parameters are not constant. This paper
primarily addresses the challenge of testing for variance change points in the presence of
mean change points.

Among the existing research literature on variance change points and mean change
points, most studies have primarily focused on scenarios where either variance change
points or mean change points exist independently in time series data. However, relatively
limited attention has been devoted to cases where both the variance and the mean of the
model undergo changes. Long et al. [9] integrated the quartile information of auxiliary
variables with ranked set sampling (RSS) and extreme ranked set sampling (ERSS), and
compared these approaches to the traditional simple random sampling (SRS) method. They
demonstrated that the estimators derived from RSS and ERSS exhibited higher efficiency
compared to those from SRS, thus enriching the research on ratio estimation. However,
relatively limited attention has been devoted to cases where both the variance and the
mean of the model undergo changes. Antoch et al. [10] studied the application of the
CUSUM test in the context of an average change-point model with independent errors.
Bai [11] investigated the application of the CUSUM test to the average change-point model
within the context of a linear process. Inclan et al. [12] performed a CUSUM test to detect
variance change points in a model with independent normal errors. Gombay et al. [13] con-
ducted CUSUM tests for variance change-point models for weakly dependent errors. Some
methods assume that other variables remain constant when monitoring a change point in
specific variables; however, this assumption is often unrealistic in practical applications.
Real-world data typically display intricate and dynamic characteristics, and both variance
and mean can change concurrently as a result of multiple influencing factors. Therefore, the
current methodologies exhibit significant limitations, because many approaches employed
two separate statistical metrics to monitor these change points individually, which not only
increased the complexity and computational burden of the monitoring process but may
also result in inaccurate detection due to the interdependence between the two statistical
metrics. Pitarakis [14] applied the least squares method to estimate the variance and mean
change points in regression models, focusing primarily on the consistency of estimation
without addressing the convergence rate of change-point estimates or the influence of mean
change points on variance change-point estimation. Yuan Fang [15] et al. utilized cumula-
tive sum statistics for the simultaneous estimation of variance and mean change points in
independent sequences, providing a more practical approach compared to Pitarakis [14].
Wang Huimin [16] et al. extended this methodology to dependent cases, achieving the
same convergence rate as Yuan Fang [16] for independent sequences and validating the
effectiveness of their change-point estimation through numerical simulations. Jin [17,18]
et al. introduced an enhanced cumulative sum test based on residual sequences to detect
variance change points in autoregressive processes with mean change points, effectively
mitigating the impact of mean change points on variance change-point detection.

The aforementioned research primarily focuses on offline testing issues, specifically
the detection of change points within static historical datasets. However, in practical
applications, a continuous stream of new data is generated. To determine whether the
new data can be adequately described by the existing model or if structural change points
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exist, it is crucial to establish online monitoring mechanisms. Aue et al. [19] conducted a
comprehensive analysis and investigation of the monitoring statistics for the mean change
points in the RCA(1) time series model, and derived the asymptotic distribution of these
statistics. Liu et al. [20] proposed two monitoring statistics based on the cumulative sum of
residuals (CUSUM) for detecting change points in mean vector of multivariate time series.
Additionally, they introduced a window width parameter to construct CUSUM statistics for
real-time online monitoring of mean change points. Horvath et al. [21] and Aue et al. [22]
provided the moving sum (MOSUM) methodology for the online monitoring of change
points within location models. To address the limitation of the traditional cumulative
sum of squares test being relatively insensitive to variance changes in the later period,
Qi and Tian [23] introduced a monitoring procedure based on the cumulative sum of
residual squares statistics. This method aimed to detect variance change points within the
model and extend its applicability from independent and identically distributed errors to
scenarios involving correlated errors. Zhao [24] suggested a ratio test statistic for variance
change-point detection within linear processes. Qin and You [25] introduced a novel test
statistic, which addressed the issue of low power in the ratio test for variance change points
under certain conditions. Chen et al. [26] introduced two ratio-type statistics designed for
sequentially monitoring variance and mean change points in long-memory time series.
Although these statistics effectively monitor variance or mean changes individually, they
require two separate monitoring procedures to detect both types of change points, thereby
increasing computational complexity and resource consumption. Consequently, this paper
addresses the challenge of simultaneously monitoring variance and mean change points
in an online setting without assuming that variance and mean change points must occur
concurrently. This approach enhances the accuracy of capturing the dynamic characteristics
of time series data.

This paper has contributions in the following three aspects. First, to address the
limitation of the traditional sliding window method where the critical value fluctuates with
the window length, a fixed-window sliding monitoring approach is proposed. This method
can avoid the impact caused by the window length parameter, resulting in a consistent
monitoring environment. It effectively mitigates the influence of window length variations
on critical value settings and significantly improves the robustness and reliability of change
point detection. Second, a modified ratio-type test statistic is constructed to simultaneously
monitor for variance change points and mean change points. Compared to the conventional
practice of separately constructing variance and mean test statistics for monitoring change
points, this approach offers greater efficiency and simplicity. The asymptotic distribution
and consistency of this statistic are also rigorously derived. Finally, an improved mixed
change-point monitoring procedure is introduced. Simulation results demonstrate that
this method can accurately distinguish between variance change points and mean change
points.

2. Materials and Methods
2.1. Model and Hypothesis

Consider the following mixed change-point model for time series data, denoted as
1<t<n.

Yt =Mt + gt/ (1)
pe = p+ Al ey, 2)
¢t = oper, 0p >0, 3)

where n denotes the sample size. It is assumed that the variance change point occurs at time

k* € (1,n), where oy = Iiy<pry + 02l gop0, and the variance transitions from 42 to 0,2,
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with both 072 and 0»? being strictly positive and finite values. Additionally, it is assumed
that the mean change point occurs at time [* € (1, ). Importantly, it is not necessary for the
variance change point (k*) and the mean change point (/*) to coincide. All the parameters
are unknown.

To ensure the validity and reliability of the conclusions, this paper makes the following
assumptions.

Assumption 1. Assume {¢;} is a second-order stationary mixed sequence with Ee; = 0 and
6

o _9

Ee? = 1. There exists a constant 6 > 0 such that E’st 14720 <00 and Y [w(b)]2+9 < oo,
b=1

where a(b) denotes the mixing coefficient.

(o]
Assumption 2. The long-range variance is defined as A = y(0) +2 Y, y(i), where y(i) =
i=1

[ns]+[nh]

cov((ef —1), (e2,, — 1)). We suppose nlingoﬁ -var L—[ns];[nh]ﬂ{e% - 1}] = Ag.
Assumption 3. The first m samples are uncontaminated, meaning that upon observation of these
m samples, neither the mean nor the variance in the model has undergone any change, u; = o,
o =09, t =1,2...,m. Assumption 1 indicates that the fourth moment of sequence {e;} exists,
thereby confirming that {e;} satisfies the mixing condition. Assumption 2 establishes the existence
of the long-term variance for sequence {€2 — 1}. These two conditions are prerequisites for the
functional central limit theorem to hold. Assumption 3 specifies that this study is based on the
initial m historical samples and begins monitoring from the (m + 1)th newly observed sample to
sequentially detect any mean or variance change points in model (1). Given that the monitoring
process will terminate in practice, this paper defines a finite maximum detection sample size n, which
is determined by the historical sample size m.

Lemma 1. If Assumption 1 and Assumption 2 hold, let ¢ = Ap, then we have
(]
nl/? Y (e2-1) 4 ¢(B(r) — B(s — h)), and B(-) is a standard Brownian motion on
t=[ns]—[nh]+1
D(0,1).

Davidson [26] and Jin et al. [18] gave the explicit proof of Lemma 1 and proved that
mixing stationary series had the same asymptotic distribution property as the case of
independent identical distribution errors.

In the research problem of change point detection, Chen et al. [27] and Jia et al. [28] both
utilized a method that gradually increases the length of the sliding window, as illustrated in
Figure 1, for detecting change points. While this approach can effectively monitor structural
change points in time series data, it has several limitations: (1) the critical value varies with
the window length, complicating its determination; (2) it incurs high computational costs;
(3) it is limited to identifying only a single type of change point and cannot distinguish
mixed change points. Therefore, for the aforementioned mixed change-point model, this
paper adopts a sliding monitoring method with a fixed window length to address the issue
of change-point detection. The primary reasons for this choice are as follows: (1) the fixed-
window sliding monitoring method overcomes the limitation of varying critical values by
maintaining a constant threshold; (2) compared to the method with gradually increasing
window lengths, the fixed-window approach significantly reduces computational load and
cost; (3) the fixed-window sliding monitoring method can detect multiple types of change
points and accurately identify their nature.
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Figure 1. A moving graph of the gradually increasing length of window frames.

Without loss of generality, let k* = [nT*]. There exists a non-unique s* € (0,1) such
that T € (s* — h,s* +h) and I* = [nT™*].

Additionally, there exist non-unique s** € (0,1) and v € (s** — h,s** + ), where
h denotes the window-width parameter. Consequently, for a fixed k, the window width
D = 2[nh] remains constant. During the hybrid change-point test, as the window frame
slides along the data sequence, two scenarios may arise: (1) when |t* — T**| > 2h, each
window frame contains at most one change point, which can be either a variance change
point or a mean change point. The movement of the window frame during the test process
is illustrated in the following diagram (Figure 2).

Direction of Motion

Figure 2. When |t — T*| > 2h, window frame movement diagram.

The second case occurs when |T% — T**| < 2h. As the window frame moves along the
data sequence, each window can contain at most two change points, which include the
following scenarios: (D) the window only covers the variance change point, 2) the window
only covers the mean change point, 3) the window covers both the variance change point
and the mean change point. The diagram illustrating the movement of the window frame
during the testing process is presented below (Figure 3).

Direction of Motion

—

_—

T‘(T“) T.‘ (T‘)
Figure 3. When |t — 7| < 2h, window frame movement diagram.

Assuming that {y; } satisfies condition (1), this paper addresses the hypothesis testing
problem based on the relative positions of the mean change point and the variance change
point.

Ho: pi=p=pon=0=0;

Hi™: wy # pp,00 =00 =03
Hy™: pyp = o = p, 00 # 0;
Hy™*: uy # yo, 00 # 0o
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The null hypothesis Hy states that there are no change points in the sequence. The
alternative hypothesis H;* indicates that there is only a mean change point in the sequence.
The alternative hypothesis H;** suggests that there is only a variance change point in the

sequence. The alternative hypothesis Hy***

specifies that there are both mean and variance
change points in the sequence, with no requirement for the moments of the mean change
point and the variance change point to coincide.

Within the traditional cumulative sum (CUSUM) test framework, the limiting distri-
bution properties of the test statistics are contingent upon the estimation of the long-term
variance. Even if under the null hypothesis of no change point, it remains a significant
challenge to obtain a consistent estimator for the long-term variance. In the more complex
scenarios described by the alternative hypothesis, this estimation task becomes consider-
ably more intricate. To mitigate the influence of the long-term variance on change-point
detection, Horvath et al. [29] innovatively introduced ratio-type test statistics. By construct-
ing the statistics in a ratio format, the impact of the long-term variance can be effectively
neutralized. This approach not only circumvents the inherent difficulties associated with
the long-term variance estimation but also enhances the theoretical conciseness and robust-
ness of statistical inference in change-point detection. Thereby we adopt the ratio-type test
to significantly improve the effectiveness of change-point detection.

n

Lets € [’"*h, 1-— h} . Upon the arrival of a new data point, the center of the window
[ns] shifts rightward by one data point. Based on the residual sequence, we construct the

following modified ratio-type test statistic:

(s, r) = ﬁAC 4)
where
w0 g sl
A= ][] 12 o] <[] 4 ] t:[ns];:nh] . 6 = 2[nh] Z.:[ns];nh] » Silp
m) [ ) w
B= (5] [ A1 2 0] < 1] t:[ns};;nh] . 61s — [nr] = Tns] + ] _ oS SLi ||
sl . sl oh]
= <+ t:%v] 24 us] + ] — 7] i:[%+1 2 ||
andd = -1k L b T T = b b &
i=[ns]—[nh]+1 i=[ns]—[nh]+1
. o [ns]+[nh]
Cot =Yt — VYo Yo = WHEM &5

Given that {¢;} is unmeasurable, this paper conducts tests based on {&} as a proxy
for {¢;}. The residual of {¢;} is derived from regression analysis conducted on the intercept

of {ys}.

2.2. Asymptotic Properties

First, derive the asymptotic distribution of the monitoring statistic under the null
hypothesis.
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B =

max
[ns]—[nh]+1<[nov] <[nr]

Theorem 1. Given that Assumptions 1-3 are satisfied, time series {y;} is generated according to
Model (1). Under the null hypothesis Hy, as n — oo, we have,

LB Bl
sup |B(v) —B(s—h)|+ sup |B(s+h)— B(0)]

s—h<v<r r<v<s+h

(s, 1) 4

)

To achieve the objective of monitoring change points, we define the stopping time
Su(s,r) = m1<r;1rn< n{(s,r) :X(s,r) > c} for detecting change points, where ¢ denotes the
critical value. Given the complexity of the asymptotic distribution of the statistic, we adopt
the bootstrap sampling method. By conducting multiple resamplings, we can obtain a
more precise critical value c.

The specific steps of the bootstrap sampling method are outlined as follows:

Step 1: Compute the residuals

1 [ns]+[nh]

yt, [ns] — [nh] +1 < t < [ns] + [nh].
t=[ns]—[nh]+1

Step 2: Center the residuals around zero

1 [n7]
nr] — [ns] + [nh] _

A =y—y =y — [ yt, [ns] — [nh] +1 < t < [nr];

=[ns]—[nh]
center the residuals around zero:
§%t =Yt — Yy =Yt — ! [”5]§”h] ye, [nr] +1 < t < [ns] + [nh].
: sl + (o] — o] ,_ e, =
Step 3: For the 2[nh] method, bootstrap samples E([)ns]—[nh] 1 E([)ns]—[nh] ISRy E?W] are ran-
domly drawn from é([)ns]—[nh] +1’§?ns]—[nh] FPYRES ,g?m], and bootstrap samples

E‘[)W]H,E@HZ,. .. ,C?@th] are randomly drawn from (:?nr]H,(;‘?ner,. . "g([)ns]-&-[nh]’ thereby
([)ns] —[nh]+17 g?ns] —[nh]427 "7 g?ns]Jr[nh]'

forming &

Step 4: Form the sequence Jy = ¥ + ;. Similar to the construction of statistic X(s,r),
construct the statistic based on ¢q)_(un)+1 - - - » Cus]+ [nn] @S follows:

= A
Z‘ ’ = = ~7
(&:7) B+C
where
N [nr] (*2 1 [ns] -+ [nh] ”2) _ _
A= max — N, Ce=Ur —1;
s -+ 1< < ] b)) 12 T 2l i:[m],z[nh]ﬂ sy
@ 1 L&) -
Cit— S| St =Yt — Yy
t=[ns|—[nh]+1 Y [nr] = [ns] + [nh] i=[ns]— [nh]+1 ! '
~ [ns]+[nh] 1 [ns]+[nh]

C , 52,1‘ =i — V.

= max &2, — 2
[nr]+1<[nv]<[ns]+[nh] t=[rro] (gz’t [ns] + [nh] — [nr] i=[nzr}+1 62")
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n 1285, ) 5

n~125(s*, %) LN

Step 5: Repeat Steps 3 and 4 B times. Calculate the a percentile, denoted as %, of the

resulting {il, e, EB} values. If X, (s,r) > Y (s,7), reject the null hypothesis, otherwise,
do not reject it.

Theorem 2. Under the null hypothesis Hy and Assumptions 1-3, when n — oo, 2[nh] — oo,

2[nh)/n — oo, and under the conditions G(x) = P(i(s, r) < x) and
sup  |B(r)—B(s—h)|
— s—h<r<s+h
G(x) - P( sup |B(v)—B(s—h)|+ sup |B(s+h)—B(v)| =< x)’ we have
s—h<v<r r<v<s+h

G (%) & G(x).

The proof of the consistency of the statistics under the null hypothesis using the
bootstrap sampling method follows a similar process to that outlined by Jin [30] et al. and
Antoch [10]. Therefore, it will not be detailed here.

Theorem 3. Under the conditions of Assumptions 1-3, the time series {y;} is generated by model
(1). Under the alternative hypothesis HY, there exists a mean change point within a specified window,
that is, there exists an index s** such that T** € (s** — h,s** + h). In this study, we have

X(s™,r) = 2(s™, T).

where

(h—S**-‘rT**)(h-‘rS**—T**)(S**—T**) 2
212 A

sup

s** —h<r<s**+h

sup  |B(v) —B(s** —h)|-Ap-0?>4+  sup  |B(s**+h)—B(v)|-Ag-0?
s** —h<v<r r+1<v<s**+h

Theorem 4. Under the conditions of Assumptions 1-3, the time series {y;} is generated by model
(1). Under the alternative hypothesis H}*, there exists a mean change point within a specified
window, that is, there exists an index s* such that T* € (s* — h,s* + h). In this study, we have

X(s%,r) =2(s", ).

where

T —s*+h)(s*+h—1* 2 2
sup ( 2)§l L (o7 _‘72)‘
s*—h<r<s*+h

sup |B(v) —B(s* —h)|-Ap-0?2+ sup |B(s*+h)—B(v)|-Ap-03
s*—h<ov<r r+1<v<s*-+h

Theorem 5. Under the conditions of Assumptions 1-3, the time series {y; } is generated by model
(1). Under the alternative hypothesis HY, there exists a mean change point within a specified window,
that is, there exists an index s** such that T* € (s** — h,s** + h). In this study, we have

L(s™,r) = Op (nl/z).

(The detailed proof process is presented in Appendix A).
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3. The Updated Algorithm for Identifying Mixed Breakpoints

In this section, we estimate the positions of mean shift points and variance shift points,
and eliminate the influence between shift points using an adjusted residuals method. This
allows us to reconstruct the test statistics, thereby more accurately identifying the types of
shift points.

According to Bai [11], the least squares estimator of the mean change-point T** can
1/2|- _
an] “ Ynn |-

be derived using the following definition: t** = argomaxl{r(l —r)}
<r<

Ypun = [nrrlZEn:q Ytr Yy = (1= [nr])flzf:[m]ﬂ yt; here, ) represents the sample
mean of the first half of the [nr] observations, and yfm represents the sample mean of
the second half of the (n-[nr]) observations. Bai [14] demonstrated in his study on the
least squares method for detecting mean change points in sequences of independent and
identically distributed (i.i.d.) data that the convergence rate of the mean change-point
estimator is assured. According to Bai’s proof, even in the presence of a variance change
point, the accuracy of the mean change point estimator is maintained. But full proof is
available on request.

The steps of the revised mixed change-point monitoring procedure are outlined as
follows:

Step 1: Compute the mean change-point estimator t** = argorgzicl{r(l —r)}/2 ‘yfn 1~ Yinr]
to mitigate the potential impact of variance change points, and subsequently set
|’f** _ T**| — op(n_l).

Step 2: Based on the mean shift point time ©**, calculate the means fi; and fi, for the
first half yq,...... ,y++= and the second half s yq,...... ,Yn, respectively. Then, gf =
(e — M) ey + (e — fl2) Lo peey-

Step 3: Substitute g into the statistical quantity to determine the nature of the change point.
If no alarm is triggered, it indicates a mean change point. If an alarm is triggered, this
can be further classified into two scenarios. The first scenario is a variance change point,
representing a single change point. The second scenario involves the coexistence of mean

and variance change points indicating a compound change point.
[n7]

Step 4: Set y%nr] = [nr]” Zt 1(&) and yfnr]z =(n— [nr})_lz’;:[m]ﬂ (g;‘)z, then construct

the variance change-point estimator t* = argoigzicl{ (r(1—r))}? y’{m]z - yfm] , ensuring

that [t* — 7| = 0, (n1).
Step 5: Based on the identified time 7* of the variance change point, calculate the variances
0% and 03 for the first half Yirooooe e and the second half y¢+41,...... , Yn respectively.

It is observed that g;* iy 1{t<7*} += $i I{t>7*}

Step 6: Set g** = (g;™ + .ul)l{t<r**} + (gt + ) L0y

Step 7: Substitute g;** into the statistical quantity to determine the nature of the change
point. If no alarm is triggered, it indicates a single change point characterized solely by
variance variation; if an alarm is triggered, it implies the simultaneous occurrence of both
mean and variance change points, indicating a dual-change-point scenario.

4. Monte Carlo Simulation

This section assesses the effectiveness of value-type statistics in detecting structural
change points via Monte Carlo numerical simulations. The data generation process is
described as follows:

(1) When the mean change point precedes the variance change point,
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& 1<t< [nt**
yi=4 A+g, [T <t <[ntY];
A+pe; [nT¥] <t<nm

(2) When the variance change point precedes the mean change point,

& 1<t < [nt¥
Ye =19 P&, nT*] <t < [nT**] .
A+pe; [nT¥] <t<n

Without loss of generality, let the significance level be denoted as « = 0.05, the
monitoring sample size be n = {200,400}, the uncontaminated sample size be m =
{0.125n,0.25n}, the window width be D = {0.2n,0.4n}, the position of the mean change
point be T** = {0.5,0.6,0.65}, the mean jump amplitude be A = {0, 1,3}, the position of
the variance change point be 7" = {0.5,0.6,0.65}, and the ratio of the standard deviations
be p =0y /0 = {1/3,1,3}. Table 1 provides the critical values for the test statistic X(s, r).
It is evident from Table 1 that the sample size of uncontaminated data has a relatively minor
impact on the critical values and can be neglected. In contrast, both the sample size and the
fixed window size significantly influence these critical values. Specifically, @ as the sample
size increases, critical values decrease; (2) as the fixed window size grows, critical values
also decrease. Table 2 illustrates the empirical significance level of the test statistic (s, ) at
the 0.05 significance level, defined as the probability of rejecting the null hypothesis after
2000 repetitions of the experiment under the null hypothesis. It can be observed from the
table that the significance level of the statistical quantity X(s, ) consistently hovers around
0.05. When the monitoring sample size is small and the window width is large, the number
of window frames becomes relatively limited, leading to potential distortion. Conversely,
when the monitoring sample size is large and the window width is small, the number of
window frames increases substantially, resulting in a more conservative outcome. It can be
inferred from Table 2 that empirical size relates to monitoring sample sizes, fixed window
size, and uncontaminated sample sizes. To minimize deviations in empirical size, for small
sample sizes, smaller window sizes and uncontaminated sample sizes should be used;
for large sample sizes, larger window sizes should be employed while keeping smaller
uncontaminated samples. This manifests specifically as follows: ) with an increase in
monitoring sample size, there is a corresponding decrease in critical value; (2) an increase
in fixed window size results in a decrease in critical value.

Table 1. The critical value of the test statistic X(s,7).

n =200 n =400
m = 0.125n m = 0.25n m = 0.125n m = 0.25n
D =0.2n 1.0369 1.0414 0.9912 0.9965
D =0.4n 1.0254 1.0285 0.9468 0.9514

Table 2. The significance level of the test statistic X.(s,7) at the 0.05 significance level of the test.

n =200 n =400
m = 0.125n m = 0.25n m = 0.125n m = 0.25n
D =02n 0.0490 0.0540 0.0420 0.0430
D =0.4n 0.0600 0.0660 0.0510 0.0530

Tables 3 and 4 present the empirical power of the statistic £.(s) under the hypotheses
of mean breaks H; and variance breaks H*, respectively. The empirical power is defined
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as the rejection rate obtained from 2000 repeated trials under the alternative hypotheses.
The following observations can be made from Table 3: () when the window width remains
constant and the monitoring sample size increases, the empirical power also increases,
because the expanded window length captures more samples, which aligns with the
findings of Theorem 2; (2 the presence or absence of contamination in the sample size
does not significantly affect the empirical power; (3 as anticipated, an increase in the
mean jump amplitude leads to a corresponding increase in the empirical power; (@ since
a moving window frame was selected in this study, the rejection rate remains insensitive
to the position of the change point within the monitoring area. Regardless of whether
the change point appears at the front or back of the entire sample, the moving window
frame will inevitably cover it. For instance, given the monitoring sample size n = 200, the
uncontaminated sample size m = 0.251, the window width D = 0.4#n, the jump amplitude
A = 3, and the mean change-point position T** = 0.5, the empirical potential is 0.8424;
when the mean change point position T** = 0.65 is given, the empirical potential is 0.8185;
and when the mean change-point position T** = 0.5 is given, the empirical potential is
0.8224. At this juncture, the empirical potential at the mean change-point position 7** = 0.5
is greater than that at the mean change-point position 7** = 0.65; & additionally, as the
change point moves further away, the average run length decreases. This phenomenon
may be attributed to the increased sliding number of the moving window frame and the
subsequent testing of more samples when the change point is located further back. This
conclusion aligns with the common principles governing change-point detection programs.

Table 3. The test statistic X(s,r) is derived from the empirical power and ARL, assuming a mean shift
as specified in the null hypothesis H;* (see details in the brackets).

D =0.2n D =0.4n
% =0.5 % =0.6 =05 T=0.65
A_q1 0750 0778 07060 07105
[39.3200]  [22.8050] [37.3510]  [22.0300]
m=012m 0862 09087 08109 08373
00 =5 [329600] [19.9850]  [28.2000]  [16.9900]
A_q1 07310 0750 06800 07070
. [40.0650]  [27.4350]  [38.8000]  [25.6800]
: A_g 08542 0883 0824 08185
[33.0200] [24.9850] [29.2050]  [20.9900]
A_q1 0850 09242 08562 09034
0125 [69.7360]  [50.6940]  [67.9320]  [48.2960]
: A_gs 09805 09990 09680 09564
400 [62.4930]  [38.5680]  [48.5920]  [39.6990]
A_q 0850 08840 08305 08562
. [715550]  [52.9215]  [68.5860]  [49.5300]
: A_s 09682 09720 09327 09482

[63.1600]  [44.6380]  [49.5500]  [40.3200]

When only a variance change point is present, the aforementioned patterns can simi-
larly be inferred from Table 4. For example, as the monitoring sample size increases, the
empirical potential also increases; the sample size without contamination has minimal
impact on the empirical potential; the rejection rate remains relatively insensitive to the
position of the change point; and the average run length decreases when the change point
occurs later in the sequence. Additionally, as the ratio of standard deviations increases, so
does the empirical potential, indicating that the test statistic X (s, r) is particularly effective
for detecting variance change points. For example, when the monitoring sample size is
n = 400, the pollution-free sample size is m = 0.125n, the window width is D = 0.4n,
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the variance change-point position is 7 = 0.5, and the ratio of standard deviations is
p = 1/3, the empirical potential equals 0.7255. When the ratio of standard deviations
increases to p = 3, the empirical potential rises to 0.8761. This comparison confirms that the
empirical potential is greater at a higher ratio of standard deviations p = 3 than at a lower
ratio p = 1/3. Therefore, it can be concluded that the proposed statistics exhibit superior
performance in detecting both mean change points and variance change points.

Table 4. The test statistic X(s,r) is derived from the empirical power and ARL, assuming a mean shift
as specified in the null hypothesis H; ** (see details in the brackets).

D =0.2n D =0.4n

™ =0.5 ™ =0.6 ¢ =0.5 T =0.65

o_1y3 07270 06930 06890 06610
[34.9850]  [32.9400]  [32.3500]  [30.0050]

m = 0.125n _, 07830 0.7720 07600  0.7398
p= [27.7350]  [24.1800]  [26.8500]  [23.7050]

n =200 5 06840 0.7110 06970  0.6690
p= [45.0000]  [41.9400]  [40.0500]  [39.9950]

m = 0.25n _, 08050 0.7955 07440 07850
p= [39.5350]  [37.7300]  [35.5500]  [30.4600]

p_1y3 07805 07680 07255 07660
[64.2950]  [58.6220]  [62.5920]  [50.5260]

m = 0.125n _, 08972 09067 08761 0.8564
p= [47.5950]  [42.2930]  [46.3490]  [38.3640]

n =400 iy 07682 07354 07059 07350
P=1/3 1682590] [515950] [64.2620]  [49.3950]

m = 0.25n p_3 088 09149 0.8691 0.8928

[49.4980]  [37.3990]  [45.8910]  [33.5420]

Next, we examine the scenario involving mixed breakpoints. There are three distinct
configurations for the window frame in relation to these breakpoints: (1) it covers only
the mean breakpoint; (2) it covers only the variance breakpoint; (3) it simultaneously
encompasses both the mean and variance breakpoints. To conserve space, the subsequent
numerical simulations present results exclusively for a sample size of m = 0.25n and
a window width of D = 0.2n. Under the assumption that all other parameters remain
constant, by comparing the findings in Table 5 with those in Tables 3 and 4, it becomes
evident that (D the presence of a mean breakpoint induces a downward trend in the
empirical power associated with the variance breakpoint. This decline is more pronounced
when the magnitude of the mean jump is A = 3. For instance, when the monitoring
sample size is n = 400, the mean breakpoint occurs at T** = 0.5 with a jump magnitude
of A = 3, while the variance breakpoint is located at 7* = 0.5, resulting in a standard
deviation ratio of p = 1/3 and an empirical power of 0.3328. In contrast, when only the
variance breakpoint exists, the empirical power is 0.7682. When all other conditions remain
unchanged but the jump magnitude varies A = 1, the empirical power adjusts to 0.5231.
@ Under the condition that other factors remain constant, when the ratio of standard
deviations is negative, the decrease in empirical potential becomes more pronounced. For
instance, with a monitoring sample size of n = 400, the mean change point located at
T = 0.5, a jump amplitude of A = 1, the variance change point also at 7" = 0.5, and
a ratio of standard deviations of p = 1/3, the empirical potential is 0.5231. In contrast,
when only the variance change point exists, the empirical potential increases to 0.7760.
Under identical conditions, when the ratio of standard deviations is p = 3, the empirical
potential is 0.7682; however, when only the variance change point exists, it further increases
to 0.8834. (3 When the mean change point is positioned further back, and the ratio of
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standard deviations is p = 1/3, the empirical potential decreases. This indicates that the
presence of a mean change point weakens the test effect for the variance change point.
Conversely, when the ratio of standard deviations is p = 3, the empirical potential increases,
suggesting that the mean change point enhances the test effect for the variance change
point. For example, with a monitoring sample size of n = 200, if the mean change point
is located at T** = 0.6, with a jump amplitude of A = 1, and the variance change point is
at 7" = 0.5, while the ratio of standard deviations is p = 1/3, the empirical potential is
0.1916. However, in the absence of a mean change point, the empirical potential for only
the variance change point is 0.6840. Under otherwise identical conditions, when the ratio
of standard deviations is p = 3, the empirical potential rises to 0.8824, compared to 0.8050
when only the variance change point exists.

Table 5. The test statistic X(s,) is derived from the empirical power and ARL, assuming a mean shift
as specified in the null hypothesis H; *** (see details in the brackets).

=05 ™ =0.6
p=1/3 p=3 p=1/3 p=3
N1 04991 07663 04010  0.7190
. [49.8800]  [39.5200]  [44.7850]  [37.7150]
e 03097 0.6131 0.3361 0.4224
o0 = [52.2300]  [42.6300] [43.1450]  [38.5650]
N 01916 08824 02116  0.8425
. [43.8300]  [35.7750]  [39.4550]  [32.6900]
T =06 A3 0.1136 0.9134 0.1362 0.8683
= [46.9800]  [40.3600]  [42.9100]  [39.4050]
Al 0.5231 07760 04205  0.8263
s [79.8800]  [52.5200]  [70.6250]  [59.6250]
=05 03328 04277 03665  0.5057
[88.9650]  [63.7950]  [74.0500]  [65.1900]
n =400 A1 0.2770 0.9012 02647 09766
. = [73.7500]  [51.3450]  [68.8550]  [52.9350]
e 0.1938 0.9461 0.1813 1

[80.7250]  [48.0500]  [66.4200]  [47.4200]

In conclusion, the concurrent presence of mean change points and variance change
points can lead to distorted test outcomes. Therefore, this paper proposes a method for accu-
rately identifying these change points. The detailed results are presented in Tables 6 and 7.
From Table 6, it is evident that the results and patterns after mean removal closely resemble
those in Table 4. However, compared with Table 4, there remain some minor empirical
potentials in Table 6, primarily due to the imprecise estimation of the positions of mean
change points. In contrast to Table 5, the empirical potential in Table 6 has significantly
increased. For instance, in Table 5, the position of the mean change point is 7** = 0.5, the
mean jump amplitude is A = 3, the position of the variance change point is 7** = 0.5, and
the ratio of standard deviations is p = 1/3, resulting in an empirical potential of 0.3328.
Under otherwise identical conditions, the empirical potential obtained after mean removal
is 0.7792. When only variance change points exist, the empirical potential is 0.7682. This
indicates that the proposed method effectively mitigates the influence of mean change
points on the detection of variance change points.
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Table 6. The empirical power and ARL of the test statistic X(s,r) after demeaning, under the assump-

tion Hy*** where both mean shift and variance shift coexist simultaneously, are examined.
=05 5 =0.6
p=1/3 p=3 p=1/3 p=3
A=1 0.7182 0.9768 0.7468 0.8502
05 [53.6520]  [46.9730] [66.5800]  [38.2560]
- A—3 0.7031 0.8852 0.7245 0.8199
1 = 200 [73.9530]  [36.6610]  [68.6220]  [30.2560]
A—1 0.6509 0.8365 0.6808 0.7493
s [69.2440]  [45.8560]  [66.2180]  [30.2690]
T =06 A3 0.6198 0.7971 0.7530 0.7218
- [54.8530]  [34.9520] [62.2620]  [24.6580]
A=1 0.7980 0.9968 0.7685 0.9664
o [70.2260]  [52.5560]  [62.5820]  [39.6590]
T =05 A3 0.7792 0.9631 0.7490 0.9335
- [66.5690]  [48.3840]  [59.8630]  [42.3690]
n =400 N1 0.7389 0.9038 0.7090 0.8648
. - [68.1250]  [50.5530]  [60.5940]  [52.2260]
e 0.7008 0.8731 0.6710 0.8438

[59.0500]  [47.8630]  [56.2590]  [49.9950]

Table 7. The empirical power and ARL of the test statistic X(s,r) under the null hypothesis H;***,
after variance adjustment and assuming simultaneous existence of both mean and variance change
points, are evaluated as follows.

=05 ¢ =0.6
p=1/3 p=3 p=1/3 p=3
A1 07556 07514 07214  0.6468
. [51.8920]  [36.8120]  [49.1550]  [41.1050]
e 0.8706 0.8629 0.8421 0.7796
= [43.5910]  [30.9400] [42.7750]  [33.7000]
=200 Al 07717 07628 07403 0.6806
. = [36.2950]  [24.6050]  [36.8650]  [26.9150]
T =06 A3 0.9236 0.8954 0.8745 0.8012
= [343200]  [21.0200]  [33.8220]  [24.7150]
Al 0.8859 0.8612 0.8312 0.7807
. [82.3580]  [76.8910]  [80.4750]  [77.0850]
e 0.9980 0.9765 0.9404 0.8911
= [64.6100]  [54.9850]  [62.1900]  [51.7000]
n =400 A1 0.9047 0.8893 0.8653 0.7057
. = [79.5910]  [68.3810]  [79.7400]  [62.2600]
T =06 A3 1 0.9715 0.9619 0.8999

[54.8800]  [41.9850]  [53.8650]  [44.8800]

It can be observed from Table 7 that after removing the variance and reintroducing
the trend, the results and patterns closely resemble those in Table 3. However, compared
to Table 3, there are still some minor empirical potential differences in Table 7, primarily
attributed to the underestimation of the variance change point. In contrast to Table 5, the
empirical potential has significantly increased. For instance, in Table 5, the mean change
point position is T** = 0.6, the mean jump amplitude is A = 1, the variance change point
position is 7" = 0.6, and the ratio of the standard deviation is p = 1/3, resulting in an
empirical potential of 0.2647. Under otherwise identical conditions, after removing the
variance and reintroducing the trend, the empirical potential increases to 0.8653. When only
the mean change point exists, the empirical potential reaches 0.8840. These findings suggest
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that the proposed method effectively mitigates the impact of variance change points on the
detection of mean change points.

By analyzing the aforementioned numerical simulation results, it is evident that the
test outcomes become distorted when both mean change points and variance change points
coexist. After correcting for the mean, an increased empirical potential value signifies the
presence of variance change points; conversely, after correcting for the variance, an elevated
empirical potential value indicates the existence of mean change points.

As shown in Table 2, the empirical size is approximately aligned with the nominal level
5%, which demonstrates that the Type I error is well controlled. Furthermore, Tables 3-7
reveal that the empirical power increases as a function of sample size, window width, jump
amplitude, and standard deviation. For instance, in Table 3, when the monitoring sample
size is n = 200, the window width is D = 0.2n, the jump amplitude is A = 3, and the mean
change point position is 7** = 0.6, the empirical power is 0.8863. This indicates that the
probability of a Type II error is low. Consequently, the test methodology introduced in this
paper exhibits strong control over both Type I and Type II errors.

5. Applications

This section evaluates the effectiveness of the proposed method using the closing
stock price data of IBM from 17 May 1961 to 2 November 1962, denoted as dataset
{zt}i’ég. Figure 4 presents the scatter plot of the standardized dataset y; = (z; —z)/0;
derived from {zt}‘;’f’g, revealing a significant horizontal shift in the standardized sequence
of these stock prices. This suggests the presence of a potential mean change point in
the sequence. Figure 5 illustrates the first-order difference plot of the data, indicating
volatility in the stock prices, leading us to suspect a variance change point in the se-
quence. In this analysis, the first 200 data points are treated as unpolluted data, with
a window width D = 0.2n. At a 5% significance level, we apply the variable change
point monitoring method introduced in this paper, initiating the monitoring from the

201st observation to detect and classify any change points. (1) Dataset {zt};f69 is substi-
*

tuted into variable T = argolgrzle{r(l —7) }1/2 Yiur) = Yjnr) ‘, where ¥, = [n7] _1Z£”=q Yt

Yj) = (n = [nr])flz’;:[m] 1Yt to determine the estimated position T** = 0.6450 of the
mean change point. () The sequence is divided into two segments, {y;}75 and {y; }; a3
The sample mean of segment {yt}%iSl is calculated to be y; = 0.6580, while that of seg-
ment {yt}?igza,g is y1 = —1.1955. The data in each segment are then adjusted by subtract-
ing their respective sample means, resulting in a new merged sequence {z’ t}?igl. Upon
re-monitoring, a change point is detected at the 238th sample. This change point may
indicate either a variance change or both a variance and mean change. @ By compu-
tation, the sample variance of the first segment is oy = 0.2198, and that of the second
segment is op = 0.1973. After normalizing the data of both segments by their respec-
tive sample variances, we merged them into sequence {z; }‘:’igl for further monitoring.
During this monitoring process, no change point was detected at the 238th sample. Conse-

quently, it can be concluded that a variance change point exists at this position. (2) dataset

1/2], « 2
Y]

{zt}?69 was substituted into variable ¥ = arg max {(r(1—r))} —y? |, where
0<r<1 [n7]

Py = [T g = i) Yl = (1= (7)) T (87 — 12)%, to determine the
estimated position £** = 0.6856 of the mean change point. The sequence was divided
into two segments, designated as {yt}ffl and {yt}fi%% Calculations revealed that the
sample mean of the first segment was y; = 0.6062, while that of the second segment was
u1 = —1.3221. The data from both segments were individually adjusted by subtracting
their respective sample means, subsequently merged into a new sequence denoted as
{z} }figl, and re-monitored. It was observed that no change point was detected at the 253rd
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sample. Consequently, it was concluded that only a mean change point existed at this
position. This finding aligns with the results reported in Reference [31], demonstrating
that the method proposed in this paper can not only effectively distinguish between mean
change points and variance change points but also identify the type of change points more
rapidly and accurately.
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Figure 4. Standardized data scatter plot.
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Figure 5. First-order difference graph.

6. Conclusions

This paper investigates the issue of structural breaks within the time series mixed
breakpoint model. By employing ratio-type statistics, the asymptotic distribution under the
null hypothesis and consistency under the alternative hypothesis are rigorously derived.
Additionally, a modified mixed breakpoint monitoring procedure is proposed. Through
the application of residual adjustment methods, the influence between breaks is effectively
eliminated, enabling the precise identification of break types. Numerical simulations
indicate that the proposed method exhibits strong empirical performance and statistical
power. In change point monitoring, it successfully distinguishes between mean change
points and variance change points. Finally, using a real-world stock dataset, the practical
feasibility and effectiveness of the proposed methodology are demonstrated.
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Appendix A
Proof of Theorem 1. The residual sequence derived from

Yins)—[nh) 417 - -« r Y[ns]+[nh]s

. 1 [ns]+[nh]
Ct =Yt — Tl 2 (ut + orer) = o(er — ),
[71 ]t:[ns]f[nh]Jrl
,  [nsl[nh] .
where € = (2[nh])” Y gt, based on the definition of ¢; and the functional central

t=[ns]—[nh]+1
limit theorem in conjunction with {e? — 1} by Lemma 1, it follows that

an W (gl 1w
n - -
b= ins) a1\ 200 g T

(nr] 1 [ns]+[nh]
=n12 ¥ 02| e + 8 —2¢E — y (g2 + € — 2¢%)
t=[ns] —[nh]+1 2[nh] i s San+1 ,
[n7]
=n1/2 v (e2—1) -2 +op(1)
t=[ns]—[nh]+1
d 2

— (B(r) —B(s—h))-Aa-0-
Then, for molecules, there exists

n124 4 sup  |(B(r) —B(s —h))|- Az - 0> (A1)
s—h<r<s+h

First, address the second term in the denominator. Similarly, based on the residual
sequences Of Y[,y 11, - -, Y[us] + [nh], We Observe that,

. 1 [ns]+[nh] ~
ot = Yt — s+ ] = 7] t:[nzr];ﬂ(yt + o1e) = 0(e — 8),
[ns]+[nh] .
where & = ([ns] + [nh] — [nr])”" Y. &, based on the definition of ¢, ; and Lemma 1, it
t=[nr]+1
follows that
[ns]+[nh] [ 1 [ns]+[nh]
1’171/2 Z 2 Z 2
e <C ns] + ] — 7] o
71/2[ns]£[nh] 2 o242 ez 1 [ns]gnh]( 242 o)
=n o° | e” + & — 2e48 — e~ +& —2¢E
L T ] ] e ,
[ns]+[nh]
=n"V2 ¥ (e2-1)-0%+o0p(1)
t=[nv]

4 (B(s+h) — B(v)) - Ap - 02
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and for the second term in the denominator, we find that

n2C 4 sup |(B(s+h) —B(v))|-Ag 02 (A2)
r<v<s—+h

Similarly, concerning the first term in the denominator, we observe that,

n 2B % sup |(B(v)—B(s—h))|-Ag -0 (A3)

s—h<v<r

By combining Equations (A1)—(A3), we arrive at the conclusion of Theorem 1.

Theorem 1 demonstrates that under the null hypothesis Hy, the asymptotic distribution
of the ratio-type test statistics introduced in this paper can be expressed as functional of
Brownian motion. Through the construction of these ratio-type statistics, the need for
estimating long-term variance is circumvented, thereby enhancing both the practicality
and accuracy of the test. [

Proof of Theorem 3. When r < 7**, the change point occurs in the latter half of
the sequence. This conclusion is drawn from the analysis of the residual sequence of

Yins)—[nh]+17 -« - » Y[ns**|+[nh)s

5 1 [ns**]ir[nh] 1 [nT**] [ns**]ir[nh]
=Yt — +
t Z[Tlh] t=[ns**]—[nh]+1 e [Tlh] t=[ns**]—[nh]+1 v t=[nt**]+1 t
= AI{t>[nT**]} + 0'(8t - S) - TA
= Kf + 0’(81} — E)
_ S L s
where Ap = Al (o)) — %A € = (2[nh])” Y gt, according to the defi-

t=[ns**]—[nh]+1
nition provided by & and by Lemma 1, it can be inferred that

1 [ns**]+[nh] A (S** +h— T**)(T** —gt 4 h)
)3 ¢ = A+ +op(1),
2[11]1] i=[ns**]—[nh]+1 4n?

(7]

) o 1 [ns**|+[nh] o
" X l@ 2[nh] '

t=[ns**]—[nh]+1 i=[ns**]—[nh]+1
[nr] - *k k% k% k%
_al Y [(At+a<et—e>)2—((s Lk ok i L) ~A2+Uz>} +op(1)
t= [ns**] (k] +1 4h
i)( +r)(h+s** — **)(S**_T**)Az

2h2
Then, for molecules, there exists

2
2h? A%

n1a 4 sup (A4)

s*F —h<yr<s**+h

which suggests that A = Op(n).

When r < 7%, that is, when the change point occurs in the latter half of the sequence,
the second term of the denominator is influenced by this change point. In contrast, the first
term of the denominator remains unchanged from its value under the null hypothesis and
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1/171

t=[nv]

maintains a rate of n!/2. Therefore, for the first term of the denominator, we observe that it
stays consistent with the null hypothesis at a rate of n!/2.

n-1/2p 4 sup  |(B(v) = B(s"™ —h))|- Ag - 07, (A5)

s —h<o<r

this suggests that B = O, (nl/z).
For the second term in the denominator, based on the residual sequence
Yinr|+1 - - -+ Y[ns**)+ [nh], it can be observed that

R 1 [ns**]i_[nh] 1 [nT**] [ns**]z-i:-[nh]
= — g f— +
gz,t s [ns**} + [I’Zh} - [7’17'] t=[nr]+1 s v [nS**] + [Tlh] - [nr] t=[nr]+1 v t=[nT**]+1 v
B §** + h— T**
= By ey + 060 —8) =~
=Nyt +0(er — )
_ oo B (ns™*]+[nh]
where AZ,t = Al{t>[m'**]} — ss*j_i_ihi_TrA, & = ([HS**] + [nh] — [111’]) [Z:] Et.
t=|nr|+1

(i) Whenr <v < T*.

According to the definition provided by ¢, it can be inferred that

(ns**]+[nh]

1 [ns™ 4[] (T —r)(s** + h — T*)
= &i= N2+ 0% +op(1),
s o]~ o] |, o P
. 1 s N d (P = o) (s = T) (s B4 — 2T%)
8- —— &5 A%,
3 ( 2 s ], -
(i) Whenv > 7**, similarly,
[ns**]+[nh] [ 1 [ns**]+[nh]
n*l Z (;:2 _ Z 2 )
t=[nv] ( 2t {nS**} + [Tll’l} - [Tl?’] i=[nr]+1 a4 ;
i(s +h—v)(s*™*+h—1 )(s2 +h+r—-21 )A2
(s**+h—r)
therefore,
n-lc % sup  max[(v—r),(s" +h—0)]- (7 h T b2t )Az, (A6)

r<v<s**+h (S** +h— 7’)2

this suggests that C = O, (n).
Combining Equations (A4)—(A6) results in

(h*S**‘FT**)(}ZJrS** 7.‘:**)(5**7,(**)
2h2

sup ‘
s** —h<r<s**+h

X(s*, ) LN

(s** +h—1**) (s**+h+r—21**) '
(s**+h7r)2

sup  max[(v—r),(s** +h—v)]-
r<v<s**+h
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By applying the same reasoning, we can demonstrate that » > 7**, and consequently
derive the following result:

(h*S**‘FT**)(thS** 7.(**)(5**71_**)
252

sup
s** —h<r<s**+h

d
X(s*,r) = .
(h—S**-‘rT**)(h—S**—T+2T**)

sup _max|(r —v), (0 — 7 +h)] | (O

s** —h<ov<r

The case where r = T** represents a special scenario for the change point position,
meaning that the two segments are precisely divided at the exact moment of the change
point. Following the same reasoning as in the preceding proof, in this situation, the first
and second terms of the denominator remain unaffected by the change point, and their
divergence rates align with the divergence rate of the denominator under the original
hypothesis. However, the numerator continues to diverge, leading to a different behavior.

sup
s**—h<r<s**+h
sup |B(v) —B(s** —h)|-Ap-02+  sup  |B(s**+h)—B(v)| - Ap-0?

s —h<o<r r+1<v<s**+h

(h*S**+T**)(h+5**7'['**>(5**7'[**) ) Az
2h?

n~Y25(s*, ) LN

This suggests that (5™, 7°%) = O, (nl/Z)‘ 0

Proof of Theorem 4. When r < Tt*, the change point occurs in the latter half of
the sequence. This conclusion is drawn from the analysis of the residual sequence of

Yins*|=[nh]+17 - - = Y[ns*|+[nh]s

. 1 [ns*]+[nh] 1 [nT*] [ns*]+[nh]
Gt =Yt — 5777 )3 Yt =Yt — 577 r vit+ Xy

2[nh] — s = pm+1 A ] NV o P TP A e
( ; ol ) 1 [ni*] N [ns*]z—&:-[nh}
=&t | OF * (% * — oq & 0y - &
CATHHse TR TR h \ T e T e
= Orer — (0181 + 0282)
here 3 — o [nT*] o [ns*]+[nh]
where @ = oilyspre)y + 2lieope) &1 = gy B 0B = L e

According to the definition provided by ¢ and the functional central limit theorem in
conjunction with {€? — 1}, it can be inferred that

1 el e e s +h—1*
iRl DI of + 73 +op(1),
Z[Hh] i=[ns*]—[nh]+1 l 2h 2h

o} 1 [kl (r—s*+h)(s* +h—1*)
01 Y & Yy & A, o7 —03).
t=[ns*]—[nh]+1 Z[I’Zh] i=[ns*]—[nh]+1 Z 2h ( )

Then, for molecules, there exists

- d
nta 5 sup
s*—h<r<s*—h 2h

0] — 03 (A7)

(T*—s*+h)(s*+h—r*)( 2 2)
which suggests that A = O(n).

When r < 7%, that is, when the change point occurs in the latter half of the sequence,
the second term of the denominator is influenced by this change point. In contrast, the first
term of the denominator remains unchanged from its value under the null hypothesis and
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maintains a rate of n!/2. Therefore, for the first term of the denominator, we observe that it
stays consistent with the null hypothesis at a rate of n!/2.

n-1/2p 4 sup  |(B(v) — B(s* —h))|- Az - 0%, (A8)
s*—h<ov<r
this suggests that B = O, (nl/ 2

For the second term in the denominator, based on the residual sequence
Yinr 41 - - -+ Y[ns*)+ [nh], it can be observed that

62,1‘ =Yt —

=&t (Ull{tg[n’r

[ns*] +

1 [ﬂs*]+[ﬂh] 1 [7’1‘[‘*] ['rlS ]-l-[?lh]
[Ylh] — [1/11”] t=[nzr]+1 Yt =Yyt — [ns*] ¥ [nh] — [ ] )3 Yyt + Y Yt

=[nr]+1 t=[nt*]+1
1 [nT* [ns*]+[nh] ,
1} + Uzl{t>[nT*]}> B [I’ZS*] T [nh] — [Tl?‘] 01 t:[nzr]-',-l &+ 0y t:[ng].ﬂ &t

= O1&t — ((7181+02€2)

fns*)+[n

nto Y

i=[nv]+1

h - 1 [nt*] - " [ns*]+[nh]
where €1 = ‘[ns*}wL[nh]if[nr] t:[r%‘,]—i_l Et, €2 = [ns*]Jr[nh]fi[m,] t:[ng]—i_lst.

(i) Whenr <v < 7% similarly, it can be inferred that

1 [ns*]+[nh]

=1 5, s*+h—-T",
[ns*] + [nh] — [n7] . %ﬂ &= ey m—_ + —0; +op(1),

h] N 1 [ns*]+[nh] (r—v)(s*+h—T*)
(g%'t B [ns*] + [nh] — [nr] Z (fz,) s*+h—r (012 N 022)'

i=[nr]+1

(i) Whenv > 7%, similarly,

s*+h—r

- [ns*]|+[nh] 1 [ns*]|+[nh] d (S* +h— v)(s* +h— T*)
n 1 Z (‘:21‘ [TIS*] T [Tlh] — [1’1 } Z 621) <U12 - (722)

i=[nv]+1

i=[nr]+1

therefore,

nlc % sup max[(r —v),(s*+h—0v)]-
r<v<s*+h

s*+h—T*( 5 2)

s 1 h—r \70 T (A9)

this suggests that C = Op(n).
Combining Equations (A7)—-(A9) results in

sup |
Z(S*,T’) E) s*—h<r<s*+h )
sup max[(r —v),(s* +h—0)]- ss*ﬂlh_j

r<v<s*+h

By applying the same reasoning, we can demonstrate that » > 7*, and consequently
derive the following result:

—s*+h)(s* +h—7*
sup | )
X(s*,7) 4, S hsrsstih .
sup  max[(r —v),(v—s*+h)]- Ts*jf;jh

s*—h<ov<t*
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The case where r = 7" represents a special scenario for the change-point position,
meaning that the two segments are precisely divided at the exact moment of the change
point. Following the same reasoning as in the preceding proof, in this situation, the first
and second terms of the denominator remain unaffected by the change point, and their
divergence rates align with the divergence rate of the denominator under the original
hypothesis. However, the numerator continues to diverge, leading to a different behavior.

sup

s*—h<r<s*+h

sup  |B(v) —B(s* —h)|-Ap-0?+  sup  |B(s*+h)—B(v)]-An-03
s*—h<ov<r r+1<v<s*+h

*—s*+h)(s*+h—1*
el (o - )|

n 25 (s*, ) LN

This suggests that X(s*, ") = O, (nl/Z). 0

Proof of Theorem 5. Based on the proofs of Theorems 3 and 4, we primarily examine two
cases: r = T < T and r = 7" < 7. Whenr = 7" < 7%, by analyzing the residual

sequence of ]/[ns***]—[nh]-i—lf . /y[ns***]+[nh]f

(’f B 1 [ns**%—&-[nh] _ 1 ( [ni*] N [nE*] N [‘rzs**%—&-[nh]
e 2[11]1] t=[ns***]—[nh]+1 n=n Z[Ilh] j=[ns***]—[nh]+1 v j=[nt*]+1 v j:[nr**]Jr[l ]/l; [ .

K Ll — T**) 1 nt* ns***|4[nh
=A| Iypsipeony — ———=7—— | + &t (O ycineony F 2l men ) — z705 (01 &+ 0y - Yo oe |’
( by 2h - (ATt + o2l A\ e T et

= Xt + O — <0’1§1 + 0’252)
where Kt = AI{t>[nT**]} — WA, '&t = Ull{tg[m'*]} + U2I{t>[nr*]}/
~ 1 [nT*] - 1 [ns™**]+[nh]
&1 = Et, & = Et.
2[1h] T g 1 2[nh]

Similarly, it can be inferred that

[ns***]4[nh] *okok kx Kk bk
Z o (" h—T7)(T S +h)-A2+

¢ =
i=[ns***]—[nh]+1 l 4n? 2h

o1 + T 022 +op(1)

(nr] 1 [ns***]+[nh]

A

n-1 7

t:[ns***]—[nh]-i-l 2[1’1’/1] i:[”S***]—[nh]J,-l 1 .
d L oEkx (S*** +h— T*)(ZS*** — ZT**) 2 w 2 2
A < 4n? AT 2h ( )

Then, for molecules, there exists,

n_lA i sup (T* gty h) ) (S*** +h— T*)(S*** _ ZT**) . A2 N (S*** 4+ h— T**) ‘ (02 B 02) .
SHHF—h<r<s***+h 4h? 2h ! 2 ’

this suggests that A = O, (n).

When r = 7" < 7**, the two segments divide precisely at the variance change point,
which occurs prior to the mean change point. Consequently, the first term in the denomina-
tor remains unaffected by the change point, maintaining a divergence rate consistent with
that under the null hypothesis. Therefore, for the first term of the denominator, it holds that

n~1/2p 4 sup  |(B(v) — B(s*™** —h))|- Az - 0%

s¥* —p<o<r
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For the second term in the denominator, based on the residual sequence
Yinr) 417 - - - Y [ns*)+[nh) it can be observed that

[ns***]+[nh] 1 [nT**] [ns***]+[nh]
)3 L v+ Ly

. 1
A T e O T I - T A e wu v | R = SOE LR A

SRR L ¥k 1 [ns***]+[nh]
= Al pre) ~ o =y S8 (i + 2 pey) - [ L o

ns***| + [nh] — [nr] t=[nr]+1

~—

= KZ,t + &tst — 40y &

where Kz,t = AI{t>[nr**]} — %A, 0 = Ull{tg[nr*}} + 021{t>[nT*]}/

- 1 [ns***]+[nh]
€ = 09t
[ns***] + [nh] — [nr] t:[nzr]—i-l 25t

(i) When 1" < v < T*, similarly, it can be inferred that,

1 [ns***]4[nh] o (T** _ r)(s*** +h— T**)
;= A2+ 02 +op(1 ,
[ns***| + [nh] — [nr] i:[%ﬂ 62, (5% + 1 —1)? 2 +op(1)
[ns***|+[nh] [ 1 [ns***|+[nh] _
by 2 2
T <€2¢ (s ]+ [AH =[] o 2ﬂ>
i(r—v)(s +h—7%)(s 2—|—h+r—21’ )A2
(s**+h—r)
(i) Whenv > 7**, similarly,
[ns*™**]+[nh] [ 1 [ns™**]+[nh] _
nl 2 2
e (5” GRS GREE 52,1) |

(s** +h—r)?
Therefore,

(s***+h—r)2

nlc 4 sup  max[(v—r), (s +h—v)]- A?|.

r<o<s***4h

This indicates that C = O,(n). The divergence rate of the second term in the denomi-
nator is 7, leading to the conclusion that

It can be proved by the same reasoning that
E(s™, ") =0p (n1/2)

In conclusion, X(s***,r) = max[X(s***, %), Z(s***, T*)]. O
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