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Abstract: For the first time, a numerical study is presented to demonstrate the importance
of high-dimensional nonlinear dynamic systems of axially-deploying elevator cables in the
nonlinear vibration and control of such time-varying-length structures, especially under
the condition of external disturbance. Firstly, a multi-dimensional nonlinear dynamic
system of an axially-deploying elevator cable is established using Hamilton’s principle
and the Galerkin method, and a large-amplitude vibration of the system is specified. Then,
the established nonlinear dynamic system of the elevator cable is extended to account
for external disturbance. Furthermore, an adapted fuzzy sliding mode control strategy
is applied to suppress the specified vibration in the nonlinear dynamic system involving
external disturbance. From numerical simulations, it is discovered that different dimensions
are required for nonlinear vibration and control of axially-deploying elevator cables. The
study provides guidance on nonlinear vibration and control of axially-deploying elevator
cables in high-dimensional nonlinear dynamic systems.

Keywords: nonlinear dynamics; nonlinear vibration; axially moving structures;
time-varying-length structures; vibration control
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1. Introduction
With the development of technology, the number of super-high-rise buildings is

increasing, and they have become a symbol of urban modernization. For example, Burj
Khalifa Tower, ranking first in the world with a height of 828 m, was built in 2010, and
Shanghai Tower, with a height of 632 m, was built in 2017. As we all know, elevators
are indispensable for vertical transportation in high-rise and super-high-rise buildings,
and their number continues to grow. As of 2023, more than 1 billion people travel in
15 million elevators every day around the world [1]. As elevator operation speed and
hoisting height increase, the elevator cables in the axial deployment process become more
sensitive to unknown external disturbances in realistic deployment conditions, which may
lead to abnormal vibrations [2]. Elevator cable vibrations not only affect passenger comfort
but can also cause serious personal injury or even death. Currently, about 100 people
die in elevator accidents each year [3]. Therefore, it is of great significance to study the
dynamic characteristics of elevator cables and suppress cable vibrations during the axial
deployment process.

In past decades, many scholars have conducted research on the linear dynamic sys-
tems of elevator cables. Zhu and Teppo [4] developed a scale model of an elevator to
study the linear lateral dynamic response of elevator cables. Sandilo and van Horssen [5,6]
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studied the lateral vibration of elevator cables and analyzed the cables’ vibrations with
linearly varying length and harmonically varying length, as well as the autoresonances of
a deploying elevator cable. Wang and van Horssen [7] found that external disturbances
imposed on the boundary can cause linear large-amplitude vibrations of an elevator cable
in a flexible hoisting system and may induce damage to the operation of the hoisting
system, including significant deformations and dynamic stresses in both machinery and
structures, and may even lead to accidents. Xu et al. [8] modelled the elevator cable as
a cantilever beam, investigated the tension–torsion coupling vibration of the cables, and
introduced external disturbance into the established model to evaluate the correspond-
ing adverse impact on ride comfort, eccentricity of traction wheel, and unevenness of
guide rail.

Some scholars have also studied the nonlinear dynamic systems of elevator cables.
Yang et al. [9] used Hamilton’s principle to derive a nonlinear dynamic model of the cou-
pled vibrations of a building and elevator cables in the case of earthquake/wind excitation,
verifying that the position and motion of the cage significantly affect cable vibrations.
Pi et al. [10] presented a three-dimensional dynamic model of a multi-cable double-drum
winding hoister and demonstrated the importance of the nonlinear dynamic system of
an elevator cable. Furthermore, with studies on multi-dimensional nonlinear dynamics
of axially-moving structures [11], some scholars have also studied the multi-dimensional
nonlinear dynamic system of elevator cables. Wang et al. [12] applied the non-smooth
generalized-α method to obtain the nonlinear responses of the twenty-dimensional non-
linear dynamic system of a multi-cable driven parallel suspension platform, concluding
that controlling the lateral vibrations of the axially-deploying cables is important to ensure
the system’s stability. Wang and Chen [13] also investigated the influence of the longitudi-
nal vibrations of hoisting cables on the stability of the conveyance at the hoisting speed
of 15 m/s.

In addition to axially-deploying cables, scholars have also studied nonlinear multi-
dimensional dynamic systems of other time-varying-length structures based on axially-
moving beams [14] and plates [15], all demonstrating that the nonlinear vibrations of
such structures may cause structural failures. Thus, some scholars have developed vi-
bration control strategies for nonlinear dynamic systems of elevator cables. In 2005,
Zhang et al. [16] designed a Lyapunov controller to improve system stability by dissi-
pating the vibratory energy of a time-varying-length transporter system. The following
year, Zhang and Agrawal [17] also designed a controller based on the Lyapunov theory
to suppress the transverse vibration of a horizontal cable transportation system at arbi-
trary axial velocity, considering external disturbance in the transportation system in order
to avoid system performance degradation. In 2014, Dai et al. [18] studied the vibration
synchronization of a three-dimensional nonlinear dynamic system of a deploying cable,
while the high dimensions of the time-varying-length structure were not considered in
vibration control.

Although nonlinear vibration control has always been an important research
topic [19,20], it is worth noting that, so far, there has been limited research on the vi-
bration control of nonlinear dynamic systems higher than four dimensions [21,22], and
even fewer studies on the vibration control of high-dimensional nonlinear dynamic systems
of axially-deploying elevator cables. Among many control strategies, sliding mode control
(SMC) and other SMC-based strategies have been widely applied [23] in dynamic control
under the condition of external disturbances. In 1992, SMC was proposed by Utkin and
then introduced into many nonlinear dynamic studies [24]. In 2023, Tatar et al. [25] used
the SMC strategy to mitigate the oscillation of input LC filter voltage and current to ensure
system immunity to various disturbances. In 2006, fuzzy sliding mode control (FSMC) was
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proposed based on SMC for chaos synchronization of the dynamic systems subject to both
uncertainties and external disturbances [26]. In 2021, Alain et al. [27] applied FSMC to study
the robust fuzzy sliding mode synchronization of uncertain nonlinear systems featuring
external disturbance, and the results showed that the robustness of FSMC was better than
SMC. In 2023, Liu and Sun [28] proposed an adapted FSMC strategy in controlling the
chaotic vibration of a two-dimensional nonlinear dynamic system of a laminated composite
cantilever beam in the presence of external disturbance. The proposed control strategy is
adapted from the existing FSMC strategy and can be applied in the vibration control of
multi-dimensional nonlinear dynamic systems, while the existing FSMC is not available. In
2024, Sun et al. [29] implemented the proposed strategy for controlling the large amplitude
limit cycle of a two-dimensional nonlinear dynamic system of a composite beam under the
condition of external disturbance.

In previous studies on the nonlinear vibration and control of an axially-deploying ele-
vator cable, few have been based on the high-dimensional nonlinear dynamic system of the
time-varying-length structure, especially in the presence of external disturbance. Therefore,
the present study focuses on the nonlinear vibration control of such a high-dimensional sys-
tem under the condition of external disturbance. Firstly, an axially-deploying elevator cable
is modeled using Hamilton’s principle, and the structure’s geometric nonlinearity is intro-
duced with von Kármán-type deformation. Then, the derived model is nondimensionalized
and discretized using the 6th-order Galerkin method to establish the high-dimensional non-
linear dynamic system of the studied time-varying-length structure. Correspondingly, the
established system is extended to consider external disturbance. Furthermore, an adapted
FSMC strategy is presented for the vibration control of the high-dimensional nonlinear
dynamic system in the presence of external disturbance. In a numerical simulation, a large-
amplitude vibration of the established multi-dimensional system is firstly specified in the
case of no external disturbance, and then compared with the dynamic response in the case
of external disturbance, and finally, the control strategy is applied for vibration suppression
to demonstrate the importance of a high-dimensional nonlinear dynamic system in the
nonlinear vibration and control of the studied time-varying-length structure in the presence
of external disturbance.

2. Model Development
Figure 1 shows the schematic of the studied axially-deploying elevator cable: the

Cartesian system oxyz describes the undeformed geometry of the axially-deploying elevator
cable, and the cable is mounted between two simply-supported ends; l is the time-varying
length of the elevator cable during the deployment process, and its initial value at the
beginning of deployment process is l0; v, A, and E are the constant deploying rate, cross-
section area, and elastic modulus of the cable, respectively.

At the beginning of the deployment process, the undeformed elevator cable gives the
displacement r at any point (x(t), z) of the time-varying-length structure, as shown below:

r = x(t)i + 0k, (1)

in which i and k are the unit vectors along x and z, respectively.
Hence, during the deployment process, the displacement field of the axially-deploying

elevator cable is presented based on Equation (1) as

R = (x(t) + u0(x(t), t))i + w0(x(t), t)k, (2)

in which u0(x(t), t) and w0(x(t), t) are the displacements along x and z, respectively.
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After the total derivation of Equation (2) with respect to time, it is derived that

dR
dt

=

(
dx(t)

dt
+

du0(x(t), t)
dt

)
i +

dw0(x(t), t)
dt

k,

and the kinetic energy of the axially-deploying elevator cable can be obtained as follows:

T =
∫ l

0

1
2
·ρ·

(
dR
dt

)2
dx, (3)

in which ρ is the mass of the axially-deploying elevator cable per unit length, and l is
expressed as

l = l0 + v·t.

To account for the geometric nonlinearity of the studied axially-deploying elevator
cable, the von Kármán-type strain for large deflection in association with Equation (2) is
given by

ε11 =
∂u0(x(t), t)

∂x
+

1
2
·
(

∂w0(x(t), t)
∂x

)2
,

and then the strain energy of the axially-deploying elevator cable is

U =
∫ l

0

1
2
·Q11·(ε11)

2dx, (4)

in which Q11 is expressed as
Q11 = E·A.

The virtual work is assumed to be 0 in the case of a constant deploying rate [18], given as

W = 0. (5)

Based on Equations (3)–(5), Hamilton’s principle is employed as follows:

∫ t2

t1

δ(T − U)dt +
∫ t2

t1

δWdt = 0,
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and x(t), u0(x(t), t), and w0(x(t), t) are substituted with x, u0, and w0 for the rest of the
present study, and the equations of motion for the axially-deploying elevator cable can be
derived as follows:

−ρ·d
2u0

dt2 + Q11·
(

∂2u0

∂x2 +
∂w0

∂x
·∂

2w0

∂x2

)
= 0, (6)

−ρ·d
2w0

dt2 + Q11·
∂2u0

∂x2 ·∂w0

∂x
+ Q11·

∂u0

∂x
·∂

2w0

∂x2 +
3
2
·Q11·

(
∂w0

∂x

)2
·∂

2w0

∂x2 = 0. (7)

Based on simply-supported boundary conditions and Equation (6), it can be derived
as follows [30]:

∂u0

∂x
= −1

2
·
(

∂w0

∂x

)2
+

1
2·l ·

∫ l

0

(
∂w0

∂x

)2
dx. (8)

With Equation (8) introduced into Equation (7), the nonlinear governing equation of
the axially-deploying elevator cable can be derived as follows:

−ρ·d
2w0

dt2 +
1

2·l ·Q11·
∂2w0

∂x2 ·
∫ l

0

(
∂w0

∂x

)2
dx = 0. (9)

3. Series Solution
To validate Equation (9), the non-dimensional variables are presented below:

t =
1
l0
·
√

Q11

ρ
·t = τ·t, x =

x
l

, w0 =
w0

l0
, l =

l
l0

. (10)

After introducing the non-dimensional variables in Equation (10) into Equation (9)
and omitting the bar above the non-dimensional variables for brevity, the non-dimensional
nonlinear governing equation of the axially-deploying elevator cable can be obtained in the
following equation:

..
w0 = µ·∂

2w0

∂x2 ·
∫ 1

0

(
∂w0

∂x

)2
dx, (11)

in which
..
w0 is the second-order derivative of w0 with respect to time, and the non-

dimensional coefficient µ is presented as follows:

µ =
1
2
·

l2
0 ·Q11

l4·ρ·τ2 .

Based on the simply-supported boundary conditions of the axially-deploying elevator
cable, the corresponding Galerkin method takes the following form:

w0 = ∑n
i=1 wi(t)·φi(x), (12)

in which φi(x) is expressed as follows:

φi(x) = sin(i·π·x).

Therefore, with the following transformation,

wi(t) = wi,1,
.

wi(t) =
.

wi,1 = wi,2,
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Equation (11) can be discretized with the 6th-order Galerkin method in Equation (12)
in the case of n = 6, and transformed into a 6-dimensional nonlinear dynamic system as
presented in Equations (A1)–(A12) in Appendix A.

4. Introduction of External Disturbance
To account for uncertain factors in realistic deployment conditions, including bound-

ary disturbances [7], external interferences [8,18], unmodelled dynamics, and structural
inaccuracies [31,32] in the studied nonlinear cable system, a general approximation of
external disturbance ∆F

(
w0,

.
w0

)
should be considered by following the previous study on

axially-moving structures [18].
Therefore, with the introduction of ∆F

(
w0,

.
w0

)
into both the non-dimensional

nonlinear governing equation of the axially-deploying elevator cable in Equation (11)
and the corresponding six-dimensional nonlinear dynamic system of the cable in
Equations (A1)–(A12), it can be derived in both Equation (13),

..
w0 = µ·∂

2w0

∂x2 ·
∫ 1

0

(
∂w0

∂x

)2
dx + ∆F

(
w0,

.
w0

)
, (13)

and Equations (A13)–(A24) in Appendix A, respectively.

5. Control Strategy
Corresponding to the multi-dimensional nonlinear dynamic system of the studied

axially-deploying elevator cable in Equations (A13)–(A24), a control strategy proposed
by Liu et al. [28,29] is applied for the vibration control of multi-dimensional nonlinear
dynamic systems. Based on the adapted FSMC [28,29], the nonlinear governing equation
of the axially-deploying elevator cable in Equation (13) with control applied takes the
following form:

..
w0 = µ·∂

2w0

∂x2 ·
∫ 1

0

(
∂w0

∂x

)2
dx + U + ∆F

(
w0,

.
w0

)
, (14)

in which U is the control input.
The application of the 6th-order Galerkin method provided in Equations (12) and (14)

leads to a series of second-order differential equations involving U as presented in
Equations (A25)–(A36) in Appendix A.

Based on the adapted control [28,29], a desired reference takes the following form:

wr = Ψ(t). (15)

The control input U in Equation (14) is then derived as

U = Ueq − Ur, (16)

where Ueq and Ur are given as

Ueq = −
(( .

wP −
.

Ψ
)
+ κ(wP − Ψ)

)
, Ur = kfs·Ufs, (17)

and wP is the transverse displacement of a specified point on the axially-deploying el-
evator cable, κ is the control parameter that governs the sliding surface, kfs is given as∣∣∆F

(
w0,

.
w0

)∣∣ < kfs ∈ R+, and Ufs follows the fuzzy rule in Table 1 [26].
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Table 1. The fuzzy rule of Ufs.

Ufs Ueq

PB PM PS ZE NS NM NB

dUeq
dt

PB NB NB NB NB NM NS ZE
PM NB NB NB NM NS ZE PS
PS NB NB NM NS ZE PS PM
ZE NB NM NS ZE PS PM PB
NS NM NS ZE PS PM PB PB
NM NS ZE PS PM PB PB PB
NB ZE PS PM PB PB PB PB

In addition to Table 1, the membership functions for Ueq, dUeq
dt , and Ufs are shown

in Figure 2a,b [32,33].
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6. Vibration and Control
In this section, the specific dimensions demanded in the vibration and control of an

axially-deploying elevator cable are studied through three cases.
In the first case, without external disturbance considered as shown in

Equations (11) and (A1)–(A12), a large-amplitude vibration at one specified point of the
axially-deploying elevator cable was discovered and analyzed, and a three-dimensional
nonlinear dynamic system of the studied elevator cable proved necessary in this case.

In the second case, with external disturbance considered as shown in
Equations (13) and (A13)–(A24), the vibration of the elevator cable was studied and com-
pared with the first case, and a four-dimensional nonlinear dynamic system of the studied
elevator cable proved necessary in this case.

In the third case, with external disturbance considered in the control strategy as
shown in Equations (14) and (A25)–(A36), the vibration control of the elevator cable was
implemented to suppress the vibration specified in the second case, and a five-dimensional
nonlinear dynamic system of the studied elevator cable proved necessary in this case.
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6.1. Vibration Without External Disturbance

In the case of vibrations without external disturbance, the elevator cable axially de-
ployed from an initial length of 30.0 m to 60.0 m, and the coefficients of the axially-deploying
elevator cable are given as follows:

Q11 = 7.01·107 N, l0 = 30.0 m, ρ = 1.00 kg/m, v = 3.75 m/s. (18)

Based on the 6th-order Galerkin method in Equation (12), the transverse displacement
of the specified point P (x = xP), which is the middle point of the elevator cable at the
beginning of the deployment, takes the following expression:

wP = w1,1·φ1(xP) + w2,1·φ2(xP) +w3,1·φ3(xP)

+w4,1·φ4(xP) + w5,1·φ5(xP) + w6,1·φ6(xP),
(19)

Correspondingly, the initial conditions (t = 0) are given as follows:

w1,1|t=0 = 0.00010, w1,2|t=0 = 0.0001
w2,1|t=0 = 0.00000, w2,2|t=0 = 0.00009,
w3,1|t=0 = 0.00000, w3,2|t=0 = 0.00005,
w4,1|t=0 = 0.00000, w4,2|t=0 = 0.00001,
w5,1|t=0 = 0.00000, w5,2|t=0 = 0.00000,
w6,1|t=0 = 0.00000, w6,2|t=0 = 0.00000.

(20)

Figure 3 shows a large-amplitude vibration discovered at the specified point of the
axially-deploying elevator cable. During the deployment process, the amplitude of wP at
the specified point gradually increased from about 0.005210 to about 0.007428, which
corresponds to about 0.1563m and 0.2228m based on the non-dimensional variables
in Equation (10) and the given coefficients in Equation (18).
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Figure 3. The large-amplitude vibration at xP without external disturbance.

Figure 4 shows the vibrations of the first six vibration modes at the specified point of
the axially-deploying elevator cable. From Figure 4a–c, it can be seen that the largest am-
plitudes of the first three vibration modes w1,1, w2,1, and w3,1 are about 0.005805, 0.004067,
and 0.001548, respectively; the corresponding relative values to that of wP are about 78.15%,
54.75%, and 20.84%, respectively. Therefore, the first three vibration modes must be consid-
ered when comparing with wP in Figure 3.

However, from Figure 4d–f, it can be seen that the largest amplitudes of w4,1, w5,1,
and w6,1 are quite small compared to the largest amplitudes of wP. Specifically, they are
about 0.0003773, 0.0000061, and 0.0000045, respectively; their corresponding relative values
to that of wP are about 5.08%, 00.08%, and 00.06%, respectively. Therefore, w4,1, w5,1, and
w6,1 can be excluded to simplify the numerical study of the vibration of axially-deploying
elevator cables.
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That is, in the case of vibrations without external disturbance, the previously established
high-dimensional nonlinear dynamic system in Equations (A1)–(A12) is not necessary, since
only the first three dimensions are dominant during the deployment process.

6.2. Vibration with External Disturbance

In the case of vibration with external disturbance, the elevator cable axially deployed
from an initial length of 30.0 m to 60.0 m, and the coefficients of the axially-deploying
elevator cable are given as the same in Equations (18)–(20).

Based on the previous study [34], the external disturbance in Equations (13) is given
as follows:

∆F
(
wP,

.
wP

)
= 0.001·sin(wP). (21)

Figure 5 presents a large-amplitude vibration at the specified point of the axially-
deploying elevator cable. Throughout the deployment process, the amplitude of wP at the
specified point gradually increased from about 0.005254 to about 0.008173, which are about
0.1576 m and 0.2452 m according to the non-dimensional variables in Equation (10) and the
given coefficients in Equation (18).
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Figure 5. The large-amplitude vibration at xP with external disturbance.

Comparing with the largest amplitude in the previous case, it was discovered that
the introduction of the external disturbance in Equations (13) and (20) led to an over
10.00% increase in the largest amplitude of the cable vibration during the elevator ca-
ble deployment. That is, the large-amplitude vibration in the previous case (as shown
in Figure 3) was further increased due to the introduction of external disturbance. De-
spite the gradually increasing period, vibrations with such large amplitude have to be
suppressed to ensure operation safety of elevator systems.

Figure 6 shows the vibrations of the first six vibration modes at the specified point of
the axially-deploying elevator cable in the case of external disturbance. From Figure 6a–d, it
can be seen that the largest amplitudes of the first four vibration modes w1,1, w2,1, w3,1, and
w4,1 are about 0.006671, 0.003425, 0.001963, and 0.000912, respectively; the corresponding
relative values to that of wP in Figure 5 are about 81.62%, 41.91%, 24.02%, and 11.16%,
respectively. Therefore, the first four vibration modes must be considered when comparing
with wP in Figure 5.
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Figure 6. The vibrations of the first six vibration modes with external disturbance: (a) w1,1; (b) w2,1;
(c) w3,1; (d) w4,1; (e) w5,1; (f) w6,1.

However, from Figure 6e,f, it can be learned that the largest amplitudes of w5,1 and
w6,1 are very small compared to the largest amplitudes of wP in Figure 5. Specifically, they
are about 0.0001286 and 0.0000021, respectively; their corresponding relative values to that
of wP in Figure 5 are about 1.57% and 0.03%. Therefore, both w5,1 and w6,1 can be omitted
to reduce calculation burden in numerical studies on the vibration of axially-deploying
elevator cables.

In the case of vibration with external disturbance, included in Equation (13), the pre-
viously established high-dimensional nonlinear dynamic system in Equations (A13)–(A24)
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would be adequate for precise numerical simulations of axially-moving elevator cables, since
the first four dimensions of the system are indispensable. Thus, compared with the previous
case, the introduction of external disturbance not only resulted in a lager vibration of the
studied elevator cable, but also demanded a high-dimensional nonlinear dynamic system,
which had to be one dimension higher than the one required in the previous case.

6.3. Vibration Control with External Disturbance

Corresponding to the large-amplitude vibration in Figure 5, the vibration control strategy
featuring the introduction of external disturbance in Equations (14)–(17) and (A25)–(A36)
was applied at t = 950 as shown in Figures 7 and 8. The control parameters are presented
as follows:

wr = 0.00050·cos(0.0225·t), κ = 0.5, kfs = 0.1. (22)
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As shown in Figure 7, the synchronization process was completed in approximately
50 non-dimensional time units after the control was applied at t = 950, and the vibra-
tion of wP was well suppressed, with the largest amplitude shown in Figure 5 greatly
reduced. Therefore, the well-suppressed vibration fully demonstrates the effectiveness
of the control strategy in Equations (14)–(17) and (A25)–(A36) under the condition of
external disturbance.

As shown in Figure 8, the fast synchronization process is further demonstrated in the
displacement comparison between wP and wr under the condition of external disturbance.
Once the control was applied at t = 950, the vibration of wP quickly synchronized within
about 50 non-dimensional time units, and both the amplitude and the period of wP were
very well synchronized. Particularly, the amplitude of wP was reduced from the largest
value, 0.008173 in Figure 5, to about 0.00050 in Figure 8, showing a 93.88% decrease in
vibration amplitude. Therefore, the very well-synchronized vibration at the specified
point P fully demonstrates both the efficiency and effectiveness of the control strategy in
Equations (14)–(17) and (A25)–(A36) in the vibration control of axially-deploying elevator
cables, and the application of the control strategy under the condition of the external
disturbance in Equation (22) also demonstrates the robustness of the control.
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Figure 9 shows the vibrations of the first six vibration modes at the specified point of the
axially-deploying elevator cable under the condition of external disturbance throughout the
whole vibration control process. From Figure 9a–e, it can be seen that after control completed
at t = 1000, the largest amplitudes of w1,1, w2,1, w3,1, w4,1, and w5,1 were about 0.005877,
0.003795, 0.001788, 0.0003938, and 0.0002934, respectively. Therefore, the first five vibration
modes must be taken into consideration when comparing with wP in Figures 7 and 8.
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Figure 9. The vibrations of the first six vibration modes with external disturbance: (a) w1,1; (b) w2,1;
(c) w3,1; (d) w4,1; (e) w5,1; (f) w6,1.

However, from Figure 9f, it is shown that after control completed at t = 1000, the
largest amplitudes of w6,1 were quite small compared to the suppressed amplitude of
wP in Figure 8. Specifically, the largest amplitude of w6,1 was about 0.0000093, and its
corresponding relative value to the suppressed amplitude of wP in Figure 8 was about
1.87%. Furthermore, the largest amplitude of w6,1 was also negligible compared to the
largest amplitudes of the first five vibration modes after the control completed at t = 1000,
as shown in Figure 9a–e. Thus, w6,1 can be omitted to reduce calculation cost in numerical
studies on the vibration control of axially-deploying elevator cables under the condition of
external disturbance.

Therefore, in the case of vibration control to suppress the vibration of wP under the
condition of external disturbance, the previously established high-dimensional nonlinear
dynamic system in Equations (A25)–(A36) demands a high-dimensional nonlinear dynamic
system, of which the specific dimensions required further increase from the four dimensions
demanded in the second case to the five dimensions, as shown in Figure 9a–f.

Figure 10 shows the control input required after the control was applied at t = 950.
The largest control input value occurred at the very beginning of the control, and then a
relatively small control input was required to maintain the synchronization for the rest of
the axial-deployment process. Specifically, when control was applied at t = 950, the largest
value of the control input demanded occurred, of which the magnitude was about 0.0000911
as shown in Figure 10. Then, after control completed at t = 1000, the largest control input
required was about 0.0000284 at t = 1094 and less than one-third of the value at t = 950,
demonstrating the efficiency of the control strategy in Equations (14)–(17) and (A25)–(A36).
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7. Conclusions
For the first time, the nonlinear vibration and control of high-dimensional nonlinear

dynamic systems of axially-deploying elevator cables has been numerically studied and
particularly analyzed under the condition of external disturbance. A six-dimensional
nonlinear dynamic system of the time-varying-length structure was established and then
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further extended to account for external disturbance, and an adapted FSMC available for
multi-dimensional nonlinear systems was applied to suppress the large-amplitude vibration
specified in the established high-dimensional system under the condition of external
disturbance. Based on the numerical simulations, the following should be emphasized:

(1/4) Although the nonlinear vibration of the studied axially-deploying elevator cable
may not necessarily demand a corresponding multi-dimensional nonlinear dynamic system
higher than a three-dimensional one, the vibration of such time-varying-length structures
under the condition of external disturbance does demand a high-dimensional nonlinear
dynamic system, such as a four-dimensional one in the present research, to ensure the
accuracy of numerical studies on such axially-moving structures.

(2/4) Furthermore, under the condition of external disturbance, the vibration control
of the studied elevator cable requires a high-dimensional nonlinear dynamic system, which
may be higher than the one demanded in numerical studies without a control.

(3/4) The specific dimensions required for the studies on nonlinear vibration and
control of axially-deploying elevator cables may be determined not only by the vibration
studies without control but also by the studies with control applied.

(4/4) The large-amplitude vibration specified in the high-dimensional nonlinear dy-
namic system of the studied axially-deploying elevator cable can be effectively suppressed
with the adapted FSMC strategy.

8. Future Development
Firstly, experimental studies need to be performed not only to verify the mathematic

simulation presented in the current study but also to account for various uncertain factors
in the realistic deployment of elevator cables, such as structural inaccuracies. Secondly,
nonlinear damping effects, as well as the nonlinear effects of restoring forces, should be
considered in model development and corresponding simulations to better reflect the
practical operation condition of elevator cables. Thirdly, external forces, including friction
and wind load, should be taken into account in order to simulate the daily operation of
elevator cables and hence strengthen the application of the current study.
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w1,1 = w1,2, (A1)
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.
w1,2 = 2 × µ·(+ 1.168908983·w1,1·w3,1·w4,1 + 1.753363763·w1,1·w3,1

·w6,1 + 1.948181776·w1,1·w4,1·w5,1 + 2.922273024

·w1,1·w5,1·w6,1 − 24.35227274·w3
1,1 − 608.8068210

·w1,1·w2
5,1 − 876.6818203·w1,1·w2

6,1 + 0.1948181693
·w2

1,1·w2,1 + 0.3896363774·w2
1,1·w4,1

+0.5844543756·w2
1,1·w6,1 − 97.40909088·w1,1·w2

2,1

−219.1704562·w1,1·w2
3,1 − 389.6363649·w1,1·w2

4,1

+0.5844543462·w1,1·w2,1·w3,1 + 0.9740908901·w1,1

·w2,1·w5,1) +
0.9027613278·w5,1·α2

l2

+
0.8333497828·w5,2·α

l − 0.6857340252·w6,2·α
l

− 0.7248782188·w6,1·α2

l2 − 1.066679826·w4,2·α
l

− 1.208875729·w4,1·α2

l2 +
1.500009870·w3,2·α

l

+
1.874990130·w3,1·α2

l2 − 0.9999967102·w1,2·α
l

+
3.789864844·w1,1·α2

l2 − 4.444437864·w2,1·α2

l2

− 2.666673246·w2,2·α
l ,

(A2)

.
w2,1 = w2,2, (A3)

.
w2,2 = 2·µ·(− 389.6363659·w3

2,1 − 97.40909082·w2
1,1·w2,1

+0.7792727847·w1,1·w2
2,1 + 2.337817171·w2

2,1·w3,1

−876.6818226·w2,1·w2
3,1 − 1558.545442·w2

4,1·w2,1

+3.896364005·w2
2,1·w5,1 − 2435.227268·w2

5,1·w2,1

−3506.727249·w2
6,1·w2,1 + 4.675635932·w2,1·w3,1

·w4,1 + 7.013455051·w2,1·w3,1·w6,1 + 1.558545586

·w1,1·w2,1·w4,1 + 7.792727088·w4,1·w5,1·w2,1

+11.68909217·w5,1·w6,1·w2,1 + 2.337818178·w1,1

·w2,1·w6,1)−
2.630352588·w5,1·α2

l2

− 1.904794804·w5,2·α
l +

1.500039479·w6,2·α
l

+
1.874960519·w6,1·α2

l2 +
2.666692986·w5,2·α

l

+
4.444418124·w4,1·α2

l2 − 4.800019740·w3,2·α
l

− 12.47998026·w3,1·α2

l2 +
2.666660086·w1,2·α

l

− 4.444437864·w1,1·α2

l2 +
13.65945938·w2,1·α2

l2

− 0.9999868404·w2,2·α
l ,

(A4)

.
w3,1 = w3,2, (A5)
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.
w3,2 = 2·µ·(+ 3.506727529·w1,1·w3,1·w4,1 + 17.53363593·w4,1·w5,1

·w3,1 + 26.30045729·w5,1·w6,1·w3,1 + 5.260090911
·w1,1·w3,1·w6,1 − 1972.534095·w3

3,1 − 219.1704550
·w2

1,1·w3,1 − 876.6818183·w2
2,1·w3,1 + 5.260087860

·w2,1·w2
3,1 + 10.52018071·w2

3,1·w4,1 + 15.78027260
·w2

3,1·w6,1 − 3506.727255·w2
4,1·w3,1 − 5479.261366

·w2
5,1·w3,1 − 7890.136370·w2

6,1·w3,1 + 1.753363614
·w1,1·w2,1·w3,1 + 8.766818006·w2,1·w3,1·w5,1)

+
7.968700650·w5,1·α2

l2 +
3.750049348·w5,2·α

l

− 2.666725886·w6,2·α
l − 4.444385224·w6,1·α2

l2

− 6.857182336·w4,2·α
l − 24.48975644·w4,1·α2

l2

− 0.9999703910·w3,2·α
l +

30.10878360·w3,1·α2

l2

− 1.499990130·w1,2·α
l +

1.874990130·w1,1·α2

l2

− 12.47998026·w2,1·α2

l2 +
4.799980260·w2,2·α

l ,

(A6)

.
w4,1 = w4,2, (A7)

.
w4,2 = 2·µ·(+ 28.05382007·w4,1·w6,1·w3,1 + 46.75636848·w4,1·w5,1

·w6,1 + 9.351272728·w4,1·w6,1·w1,1 − 6234.181811
·w3

4,1 − 9740.909096·w4,1·w2
5,1 − 14026.90918·w4,1

·w2
6,1 − 389.6363648·w2

1,1·w4,1 − 1558.545450·w2
2,1

·w4,1 − 3506.727289·w2
3,1·w4,1 + 18.70254332·w2

4,1
·w3,1 + 6.234182308·w2

4,1·w1,1 + 31.17091750·w2
4,1

·w5,1 + 9.351269522·w2,1·w3,1·w4,1 + 3.117090857
·w1,1·w2,1·w4,1 + 15.58545427·w4,1·w5,1·w2,1)

− 40.49376136·w5,1·α2

l2 − 8.888954688·w5,2·α
l

+
4.800078958·w6,2·α

l +
12.47992104·w6,1·α2

l2

− 0.9999473616·w4,2·α
l +

53.13783750·w4,1·α2

l2

+
6.857103378·w3,2·α

l − 24.48975644·w3,1·α2

l2

+
1.066653507·w1,2·α

l − 1.208875729·w1,1·α2

l2

+
4.444418126·w2,1·α2

l2 − 2.666640348·w2,2·α
l ,

(A8)

.
w5,1 = w5,2, (A9)

.
w5,2 = 2·µ·(+ 29.22272450·w4,1·w5,1·w3,1 + 43.83409402·w5,1·w6,1

·w3,1 + 9.740909809·w4,1·w5,1·w1,1 + 14.61136372
·w5,1·w6,1·w1,1 − 15220.17050·w3

5,1 + 48.70454324
·w4,1·w2

5,1 + 73.05682476·w2
5,1·w6,1 − 21917.04546

·w5,1·w2
6,1 − 608.8068139·w2

1,1·w5,1 − 2435.227274
·w2

2,1·w5,1 + 24.35227186·w2
5,1·w2,1 − 5479.261379

·w2
3,1·w5,1 − 9740.909099·w2

4,1·w5,1 + 14.61135861
·w2,1·w3,1·w5,1 + 4.870454468·w1,1·w2,1·w5,1)

+
82.74662110·w5,1·α2

l2 − 0.9999177520·w5,2·α
l

− 10.90918961·w6,2·α
l − 60.49576906·w6,1·α2

l2

+
8.888823090·w4,2·α

l − 40.49376136·w4,1·α2

l2

− 3.749950652·w3,2·α
l +

7.968700652·w3,1·α2

l2

− 0.8333168840·w1,2·α
l +

0.9027613284·w1,1·α2

l2

− 2.630352588·w2,1·α2

l2 +
1.904729006·w2,2·α

l ,

(A10)
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.
w6,1 = w6,2, (A11)

.
w6,2 = 2·µ·(+ 42.08072339·w4,1·w6,1·w3,1 + 70.13454383·w4,1·w5,1

·w6,1 + 14.02691008·w4,1·w6,1·w1,1 − 31560.54556

·w3
6,1 − 21917.04547·w2

5,1·w6,1 + 105.2018321·w5,1

·w2
6,1 + 21.04036386·w2

6,1·w1,1 − 876.6818173·w2
1,1

·w6,1 − 3506.727253·w2
2,1·w6,1 − 7890.136390·w2

3,1

·w6,1 + 63.12109459·w2
6,1·w3,1 − 14026.90919·w2

4,1

·w6,1 + 21.04035637·w2,1·w3,1·w6,1 + 35.06727205

·w5,1·w6,1·w2,1 + 7.013454421·w1,1·w2,1·w6,1)

− 60.49576906·w5,1·α2

l2 +
10.90899221·w5,2·α

l

− 0.9998815620·w6,2·α
l +

118.9351344·w6,1·α2

l2

− 4.799921042·w4,2·α
l +

12.47992104·w4,1·α2

l2

+
2.666607448·w3,2·α

l − 4.444385226·w3,1·α2

l2

+
0.6856945464·w1,2·α

l − 0.7248782198·w1,1·α2

l2

+
1.874960521·w2,1·α2

l2 − 1.499960521·w2,2·α
l ,

(A12)

in which α is the constant deploying rate of the elevator cable and takes the following
expression,

α =
v

τ·l0
.

.
w1,1 = w1,2, (A13)

.
w1,2 = 2·µ·(+ 1.168908983·w1,1·w3,1·w4,1 + 1.753363763·w1,1·w3,1

·w6,1 + 1.948181776·w1,1·w4,1·w5,1 + 2.922273024

·w1,1·w5,1·w6,1 − 24.35227274·w3
1,1 − 608.8068210

·w1,1·w2
5,1 − 876.6818203·w1,1·w2

6,1 + 0.1948181693

·w2
1,1·w2,1 + 0.3896363774·w2

1,1·w4,1 + 0.5844543756

·w2
1,1·w6,1 − 97.40909088·w1,1·w2

2,1 − 219.1704562

·w1,1·w2
3,1 − 389.6363649·w1,1·w2

4,1 + 0.5844543462

·w1,1·w2,1·w3,1 + 0.9740908901·w1,1·w2,1·w5,1)

+
0.9027613278·w5,1·α2

l2 +
0.8333497828·w5,2·α

l

− 0.6857340252·w6,2·α
l − 0.7248782188·w6,1·α2

l2

− 1.066679826·w4,2·α
l − 1.208875729·w4,1·α2

l2

+
1.500009870·w3,2·α

l +
1.874990130·w3,1·α2

l2

− 0.9999967102·w1,2·α
l +

3.789864844·w1,1·α2

l2

− 4.444437864·w2,1·α2

l2 − 2.666673246·w2,2·α
l

+∆ f1(W, t),

(A14)

.
w2,1 = w2,2, (A15)
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.
w2,2 = 2·µ·(− 389.6363659·w3

2,1 − 97.40909082·w2
1,1·w2,1

+0.7792727847·w1,1·w2
2,1 + 2.337817171·w2

2,1·w3,1

−876.6818226·w2,1·w2
3,1 − 1558.545442·w2

4,1·w2,1

+3.896364005·w2
2,1·w5,1 − 2435.227268·w2

5,1·w2,1

−3506.727249·w2
6,1·w2,1 + 4.675635932·w2,1·w3,1

·w4,1 + 7.013455051·w2,1·w3,1·w6,1 + 1.558545586

·w1,1·w2,1·w4,1 + 7.792727088·w4,1·w5,1·w2,1

+11.68909217·w5,1·w6,1·w2,1 + 2.337818178·w1,1

·w2,1·w6,1)−
2.630352588·w5,1·α2

l2

− 1.904794804·w5,2·α
l +

1.500039479·w6,2·α
l

+
1.874960519·w6,1·α2

l2 +
2.666692986·w4,2·α

l

+
4.444418124·w4,1·α2

l2 − 4.800019740·w3,2·α
l

− 12.47998026·w3,1·α2

l2 +
2.666660086·w1,2·α

l

− 4.444437864·w1,1·α2

l2 +
13.65945938·w2,1·α2

l2

− 0.9999868404·w2,2·α
l + ∆ f2(W, t),

(A16)

.
w3,1 = w3,2, (A17)

.
w3,2 = 2·µ·(+ 3.506727529·w1,1·w3,1·w4,1 + 17.53363593·w4,1·w5,1

·w3,1 + 26.30045729·w5,1·w6,1·w3,1 + 5.260090911

·w1,1·w3,1·w6,1 − 1972.534095·w3
3,1 − 219.1704550

·w2
1,1·w3,1 − 876.6818183·w2

2,1·w3,1 + 5.260087860

·w2,1·w2
3,1 + 10.52018071·w2

3,1·w4,1 + 15.78027260

·w2
3,1·w6,1 − 3506.727255·w2

4,1·w3,1 − 5479.261366

·w2
5,1·w3,1 − 7890.136370·w2

6,1·w3,1 + 1.753363614

·w1,1·w2,1·w3,1 + 8.766818006·w2,1·w3,1·w5,1)

+
7.968700650·w5,1·α2

l2 +
3.750049348·w5,2·α

l

− 2.666725886·w6,2·α
l − 4.444385224·w6,1·α2

l2

− 6.857182336·w4,2·α
l − 24.48975644·w4,1·α2

l2

− 0.9999703910·w3,2·α
l +

30.10878360·w3,1·α2

l2

− 1.499990130·w1,2·α
l +

1.874990130·w1,1·α2

l2

− 12.47998026·w2,1·α2

l2 +
4.799980260·w2,2·α

l

+∆ f3(W, t),

(A18)

.
w4,1 = w4,2, (A19)
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.
w4,2 = 2·µ·(+ 28.05382007·w4,1·w6,1·w3,1 + 46.75636848·w4,1·w5,1

·w6,1 + 9.351272728·w4,1·w6,1·w1,1 − 6234.181811

·w3
4,1 − 9740.909096·w4,1·w2

5,1 − 14026.90918·w4,1

·w2
6,1 − 389.6363648·w2

1,1·w4,1 − 1558.545450·w2
2,1

·w4,1 − 3506.727289·w2
3,1·w4,1 + 18.70254332·w2

4,1

·w3,1 + 6.234182308·w2
4,1·w1,1 + 31.17091750·w2

4,1

·w5,1 + 9.351269522·w2,1·w3,1·w4,1 + 3.117090857

·w1,1·w2,1·w4,1 + 15.58545427·w4,1·w5,1·w2,1)

− 40.49376136·w5,1·α2

l2 − 8.888954688·w5,2·α
l

+
4.800078958·w6,2·α

l +
12.47992104·w6,1·α2

l2

− 0.9999473616·w4,2·α
l +

53.13783750·w4,1·α2

l2

+
6.857103378·w3,2·α

l − 24.48975644·w3,1·α2

l2

+
1.066653507·w1,2·α

l − 1.208875729·w1,1·α2

l2

+
4.444418126·w2,1·α2

l2 − 2.666640348·w2,2·α
l

+∆ f4(W, t),

(A20)

.
w5,1 = w5,2, (A21)

.
w5,2 = 2·µ·(+ 29.22272450·w4,1·w5,1·w3,1 + 43.83409402·w5,1

·w6,1·w3,1 + 9.740909809·w4,1·w5,1·w1,1 + 14.61136372

·w5,1·w6,1·w1,1 − 15220.17050·w3
5,1 + 48.70454324

·w4,1·w2
5,1 + 73.05682476·w2

5,1·w6,1 − 21917.04546

·w5,1·w2
6,1 − 608.8068139·w2

1,1·w5,1 − 2435.227274

·w2
2,1·w5,1 + 24.35227186·w2

5,1·w2,1 − 5479.261379

·w2
3,1·w5,1 − 9740.909099·w2

4,1·w5,1 + 14.61135861

·w2,1·w3,1·w5,1 + 4.870454468·w1,1·w2,1·w5,1)

+
82.74662110·w5,1·α2

l2 − 0.9999177520·w5,2·α
l

− 10.90918961·w6,2·α
l − 60.49576906·w6,1·α2

l2

+
8.888823090·w4,2·α

l − 40.49376136·w4,1·α2

l2

− 3.749950652·w3,2·α
l +

7.968700652·w3,1·α2

l2

− 0.8333168840·w1,2·α
l +

0.9027613284·w1,1·α2

l2

− 2.630352588·w2,1·α2

l2 +
1.904729006·w2,2·α

l

+∆ f5(W, t),

(A22)

.
w6,1 = w6,2, (A23)
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.
w6,2 = 2·µ·(+ 42.08072339·w4,1·w6,1·w3,1 + 70.13454383·w4,1·w5,1

·w6,1 + 14.02691008·w4,1·w6,1·w1,1 − 31560.54556
·w3

6,1 − 21917.04547·w2
5,1·w6,1 + 105.2018321·w5,1

·w2
6,1 + 21.04036386·w2

6,1·w1,1 − 876.6818173·w2
1,1

·w6,1 − 3506.727253·w2
2,1·w6,1 − 7890.136390·w2

3,1
·w6,1 + 63.12109459·w2

6,1·w3,1 − 14026.90919·w2
4,1

·w6,1 + 21.04035637·w2,1·w3,1·w6,1 + 35.06727205
·w5,1·w6,1·w2,1 + 7.013454421·w1,1·w2,1·w6,1)

− 60.49576906·w5,1·α2

l2 +
10.90899221·w5,2·α

l

− 0.9998815620·w6,2·α
l +

118.9351344·w6,1·α2

l2

− 4.799921042·w4,2·α
l +

12.47992104·w4,1·α2

l2

+
2.666607448·w3,2·α

l − 4.444385226·w3,1·α2

l2

+
0.6856945464·w1,2·α

l − 0.7248782198·w1,1·α2

l2

+
1.874960521·w2,1·α2

l2 − 1.499960521·w2,2·α
l

+∆ f6(W, t),

(A24)

in which ∆ fi(W, t) for i = 1 · · · 6 is obtained with the 6th-order Galerkin method in
Equation (12), and the specific forms as well as the expression of W are presented as follows,

∆ f1(W, t) = 0.6366192488·∆F
(
w0,

.
w0

)
, ∆ f2(W, t) = 0.0000000000·∆F

(
w0,

.
w0

)
,

∆ f3(W, t) = 0.2122050200·∆F
(
w0,

.
w0

)
, ∆ f4(W, t) = 0.0000000000·∆F

(
w0,

.
w0

)
,

∆ f5(W, t) = 0.1273213365·∆F
(
w0,

.
w0

)
, ∆ f6(W, t) = 0.0000000000·∆F

(
w0,

.
w0

)
,

W =



w1,1

w1,2

w2,1

w2,2

w3,1

w3,2

w4,1

w4,2

w5,1

w5,2

w6,1

w6,2



.

.
w1,1 = w1,2, (A25)

.
w1,2 = 2·µ·(+ 1.168908983·w1,1·w3,1·w4,1 + 1.753363763·w1,1·w3,1·w6,1 + 1.948181776·w1,1·w4,1

·w5,1 + 2.922273024·w1,1·w5,1·w6,1 − 24.35227274·w3
1,1 − 608.8068210·w1,1·w2

5,1
−876.6818203·w1,1·w2

6,1 + 0.1948181693·w2
1,1·w2,1 + 0.3896363774·w2

1,1·w4,1

+0.5844543756·w2
1,1·w6,1 − 97.40909088·w1,1·w2

2,1 − 219.1704562·w1,1·w2
3,1

−389.6363649·w1,1·w2
4,1 + 0.5844543462·w1,1·w2,1·w3,1 + 0.9740908901·w1,1

·w2,1·w5,1) +
0.9027613278·w5,1·α2

l2 +
0.8333497828·w5,2·α

l

− 0.6857340252·w6,2·α
l − 0.7248782188·w6,1·α2

l2 − 1.066679826·w4,2·α
l

− 1.208875729·w4,1·α2

l2 +
1.500009870·w3,2·α

l +
1.874990130·w3,1·α2

l2

− 0.9999967102·w1,2·α
l +

3.789864844·w1,1·α2

l2 − 4.444437864·w2,1·α2

l2

− 2.666673246·w2,2·α
l + u1 + ∆ f1(W, t),

(A26)
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.
w2,1 = w2,2, (A27)

.
w2,2 = 2·µ·(− 389.6363659·w3

2,1 − 97.40909082·w2
1,1·w2,1 + 0.7792727847·w1,1·w2

2,1

+2.337817171·w2
2,1·w3,1 − 876.6818226·w2,1·w2

3,1 − 1558.545442·w2
4,1·w2,1

+3.896364005·w2
2,1·w5,1 − 2435.227268·w2

5,1·w2,1 − 3506.727249·w2
6,1·w2,1

+4.675635932·w2,1·w3,1·w4,1 + 7.013455051·w2,1·w3,1·w6,1 + 1.558545586·w1,1

·w2,1·w4,1 + 7.792727088·w4,1·w5,1·w2,1 + 11.68909217·w5,1·w6,1·w2,1

+2.337818178·w1,1·w2,1·w6,1)−
2.630352588·w5,1·α2

l2 − 1.904794804·w5,2·α
l

+
1.500039479·w6,2·α

l +
1.874960519·w6,1·α2

l2 +
2.666692986·w4,2·α

l

+
4.444418124·w4,1·α2

l2 − 4.800019740·w3,2·α
l − 12.47998026·w3,1·α2

l2

+
2.666660086·w1,2·α

l − 4.444437864·w1,1·α2

l2 +
13.65945938·w2,1·α2

l2

− 0.9999868404·w2,2·α
l + u2 + ∆ f2(W, t),

(A28)

.
w3,1 = w3,2, (A29)

.
w3,2 = 2·µ·(+ 3.506727529·w1,1·w3,1·w4,1 + 17.53363593·w4,1·w5,1·w3,1 + 26.30045729·w5,1

·w6,1·w3,1 + 5.260090911·w1,1·w3,1·w6,1 − 1972.534095·w3
3,1 − 219.1704550·w2

1,1

·w3,1 − 876.6818183·w2
2,1·w3,1 + 5.260087860·w2,1·w2

3,1 + 10.52018071·w2
3,1·w4,1

+15.78027260·w2
3,1·w6,1 − 3506.727255·w2

4,1·w3,1 − 5479.261366·w2
5,1·w3,1

−7890.136370·w2
6,1·w3,1 + 1.753363614·w1,1·w2,1·w3,1 + 8.766818006·w2,1·w3,1

·w5,1) +
7.968700650·w5,1·α2

l2 +
3.750049348·w5,2·α

l − 2.666725886·w6,2·α
l

− 4.444385224·w6,1·α2

l2 − 6.857182336·w4,2·α
l − 24.48975644·w4,1·α2

l2

− 0.9999703910·w3,2·α
l +

30.10878360·w3,1·α2

l2 − 1.499990130·w1,2·α
l

+
1.874990130·w1,1·α2

l2 − 12.47998026·w2,1·α2

l2 +
4.799980260·w2,2·α

l

+u3 + ∆ f3(W, t),

(A30)

.
w4,1 = w4,2, (A31)

.
w4,2 = 2·µ·(+ 28.05382007·w4,1·w6,1·w3,1 + 46.75636848·w4,1·w5,1·w6,1 + 9.351272728·w4,1·w6,1

·w1,1 − 6234.181811·w3
4,1 − 9740.909096·w4,1·w2

5,1 − 14026.90918·w4,1·w2
6,1

−389.6363648·w2
1,1·w4,1 − 1558.545450·w2

2,1·w4,1 − 3506.727289·w2
3,1·w4,1

+18.70254332·w2
4,1·w3,1 + 6.234182308·w2

4,1·w1,1 + 31.17091750·w2
4,1·w5,1

+9.351269522·w2,1·w3,1·w4,1 + 3.117090857·w1,1·w2,1·w4,1 + 15.58545427·w4,1

·w5,1·w2,1)−
40.49376136·w5,1·α2

l2 − 8.888954688·w5,2·α
l +

4.800078958·w6,2·α
l

+
12.47992104·w6,1·α2

l2 − 0.9999473616·w4,2·α
l +

53.13783750·w4,1·α2

l2

+
6.857103378·w3,2·α

l − 24.48975644·w3,1·α2

l2 +
1.066653507·w1,2·α

l

− 1.208875729·w1,1·α2

l2 +
4.444418126·w2,1·α2

l2 − 2.666640348·w2,2·α
l + u4

+∆ f4(W, t),

(A32)

.
w5,1 = w5,2, (A33)
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.
w5,2 = 2·µ·(+ 29.22272450·w4,1·w5,1·w3,1 + 43.83409402·w5,1·w6,1·w3,1 + 9.740909809·w4,1

·w5,1·w1,1 + 14.61136372·w5,1·w6,1·w1,1 − 15220.17050·w3
5,1 + 48.70454324·w4,1

·w2
5,1 + 73.05682476·w2

5,1·w6,1 − 21917.04546·w5,1·w2
6,1 − 608.8068139·w2

1,1·w5,1

−2435.227274·w2
2,1·w5,1 + 24.35227186·w2

5,1·w2,1 − 5479.261379·w2
3,1·w5,1

−9740.909099·w2
4,1·w5,1 + 14.61135861·w2,1·w3,1·w5,1 + 4.870454468·w1,1·w2,1

·w5,1) +
82.74662110·w5,1·α2

l2 − 0.9999177520·w5,2·α
l − 10.90918961·w6,2·α

l

− 60.49576906·w6,1·α2

l2 +
8.888823090·w4,2·α

l − 40.49376136·w4,1·α2

l2

− 3.749950652·w3,2·α
l +

7.968700652·w3,1·α2

l2 − 0.8333168840·w1,2·α
l

+
0.9027613284·w1,1·α2

l2 − 2.630352588·w2,1·α2

l2 +
1.904729006·w2,2·α

l + u5

+∆ f5(W, t),

(A34)

.
w6,1 = w6,2, (A35)

.
w6,2 = 2·µ·(+ 42.08072339·w4,1·w6,1·w3,1 + 70.13454383·w4,1·w5,1·w6,1 + 14.02691008·w4,1

·w6,1·w1,1 − 31560.54556·w3
6,1 − 21917.04547·w2

5,1·w6,1 + 105.2018321·w5,1·w2
6,1

+21.04036386·w2
6,1·w1,1 − 876.6818173·w2

1,1·w6,1 − 3506.727253·w2
2,1·w6,1

−7890.136390·w2
3,1·w6,1 + 63.12109459·w2

6,1·w3,1 − 14026.90919·w2
4,1·w6,1

+21.04035637·w2,1·w3,1·w6,1 + 35.06727205·w5,1·w6,1·w2,1 + 7.013454421·w1,1

·w2,1·w6,1)−
60.49576906·w5,1·α2

l2 +
10.90899221·w5,2·α

l − 0.9998815620·w6,2·α
l

+
118.9351344·w6,1·α2

l2 − 4.799921042·w4,2·α
l +

12.47992104·w4,1·α2

l2

+
2.666607448·w3,2·α

l − 4.444385226·w3,1·α2

l2 +
0.6856945464·w1,2·α

l

− 0.7248782198·w1,1·α2

l2 +
1.874960521·w2,1·α2

l2 − 1.499960521·w2,2·α
l + u6

+∆ f6(W, t),

(A36)

in which ui for i = 1 · · · 6 is obtained with the 6th-order Galerkin method in Equation (12),
and their specific forms are presented as follows,

u1 = 0.6366192488·U, u2 = 0.0000000000·U, u3 = 0.2122050200·U,

u4 = 0.0000000000·U, u5 = 0.1273213365·U, u6 = 0.0000000000·U
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