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Abstract: Multisource and multimodal data fusion plays a pivotal role in large-scale artifi-
cial intelligence applications involving big data. However, the choice of fusion strategies for
different scenarios is often based on experimental comparisons, which leads to increased
computational costs during model training and suboptimal performance during testing.
In this paper, we present a theoretical analysis of early fusion, late fusion, and gradual
fusion methods. We derive equivalence conditions between early and late fusions within
the framework of generalized linear models. Moreover, we analyze the failure conditions
of early fusion in the presence of nonlinear feature-label relationships. Furthermore, we
propose an approximate equation for evaluating the accuracy of early and late fusion meth-
ods as a function of sample size, feature quantity, and modality number. We also propose
a critical sample size threshold at which the performance dominance of early fusion and
late fusion models undergoes a reversal. Finally, we introduce a fusion method selection
paradigm for selecting the most appropriate fusion method prior to task execution and
demonstrate its effectiveness through extensive numerical experiments. Our theoretical
framework is expected to solve the problems of computational and resource costs in model
construction, improving the scalability and efficiency of data fusion methods.

Keywords: data fusion; equivalency analysis; model accuracy evaluation; critical sample
size threshold evaluation; method selection paradigm

MSC: 68T09

1. Introduction
The ongoing advancement of data acquisition technologies has precipitated a prolifer-

ation of multimodal data representation paradigms for characterizing complex phenomena.
In the pursuit of enhanced representational completeness, modern analytical frameworks
increasingly incorporate advanced data fusion methods to synthesize disparate information
sources. The data fusion method was first proposed and widely used by the US military,
which was defined as “ multi-level process dealing with the association, correlation, combi-
nation of data and information from single and multiple sources to achieve refined position,
identify estimates and complete and timely assessments of situations, threats and their
significance” [1].
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Since then, many scholars have classified data fusion methods. Durrant-Whyte classi-
fied data fusion methods into three categories, namely methods for complementarity data
sources, redundancy data sources, and cooperation data sources [2]. In Dasarathy’s classifi-
cation framework, data fusion techniques were systematically organized into a tripartite
structure comprising signal fusion, feature fusion, and decision fusion, with this catego-
rization predicated on the nature of input–output data modalities and their corresponding
feature attributes [3]. At present, the mainstream classifications are mainly early fusion (EF),
intermediate fusion (IF), and late fusion (LF) [4,5]. Early fusion, also known as data layer
fusion, refers to the simple concatenation of original features as the input of a predictive
classifier. Intermediate fusion, also known as feature layer fusion, refers to the learning of
edge features of original data and the fusion of features for predictive classification. Late
fusion, also known as decision layer fusion, refers to the training of unimodal models with
different data and the fusion of model decisions [6–8]. Figure 1 shows the framework of
these three types of data fusion methods. Comparative analysis of various data fusion
methods has become a prominent focus in contemporary data fusion research.
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At present, most studies on the comparative analysis of data fusion methods rely
on experimental results from specific data sets, such as the comparison of the effect of
early fusion and late fusion [9–12], early fusion and intermediate fusion [13–15], and the
comprehensive comparison between the three fusion methods [16–22]. Few studies have
compared the effects of different fusion methods based on the mechanism of different fusion
methods. Pereira et al. [23], assuming a perfect model and a sufficiently large sample size,
mathematically derived that early fusion outperforms late fusion in binary classification
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problems. What is more, an aspect worth thinking about is the lack of selection mechanism
of fusion methods before performing predictive and classification tasks.

In this paper, we address the binary classification problem within the framework
of data fusion. Specifically, we provide mathematical formulations for both early fusion
and late fusion methodologies. Furthermore, we derive a mathematical definition of
gradual fusion (GF) as a novel intermediate fusion approach, which processes data in a
hierarchical, stepwise manner for prediction tasks [4,5]. In order to construct a fusion
method selection paradigm, we first compare three fusion methods from the perspective of
fusion mechanism and obtain the equivalent conditions of the early fusion and late fusion,
the failure conditions of the early fusion when there is a gradual association between
different features, and labels under the generalized linear model through mathematical
derivation. Then, we propose an equation to evaluate the accuracy of the early fusion
and late fusion by sample size, feature number, and mode number, and evaluate the
critical sample size threshold at which the performance dominance of early fusion and
late fusion models undergoes a reversal. Finally, based on the proposed equation, we
give a discriminant paradigm that provides a theoretical basis for selecting fusion models
before performing a specific task. The process of constructing the fusion method selection
paradigm is shown in Figure 2.
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Figure 2. An illustration of the construction of the proposed fusion method selection paradigm
with the relation of the three data fusion methods. Starting from the construction method selection
paradigm, we conducted a comparative analysis of early–late fusion and early–gradual fusion. This
analysis yielded a series of theoretical results, corresponding to the gray squares on the left and right
sides of the figure. Finally, we validated our conclusions through multiple numerical experiments.
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The paper is structured in the following manner. In Section 2, the research questions
and concepts related to data fusion are described. In Section 3, three fusion methods are
compared and analyzed, and the fusion method selection paradigm is proposed. Then, the
main conclusions are illustrated in Section 4 with examples. Finally, we discuss the work of
this paper in detail and discuss the feasible research direction in the future.

2. Description of the Problem and Related Concepts
Since we are concerned with the fusion of multimodal data, any tasks related

to data preprocessing are outside the scope of this article. We assume that the data
have been filtered by the relevant variables, so all features have a prediction weight
of non-0 relative to the label. In this paper, the mode features are denoted as

{
Xi}K

i=1,
Xi = (xi

1, xi
2, ..., xi

mi
). K represents the number of modes. The complete set of features

was denoted as X = (x1, ..., xm), that is
⋃K

i=1 Xi = X. We assume that none of the modes
contain the cross-terms of the features, and the prediction models were all generalized
linear models.

The generalized linear model is an extension of the classical linear regression model,
which is capable of handling non-normally distributed response variables and allows the
relationship between the linear predictor and the expected value of the response variable
to be established through the link function. It is defined as follows [24].

Definition 1. Suppose that the dependent variable Y = (Y1, Y2, ..., Yn) obtains n independent
observations and follows an exponential distribution, i.e., there is a density function:

f (Y|θ, ϕ) = exp((Yθ − b(θ))/ϕ + c(Y, ϕ)), (1)

where θ, ϕ are the parameters, and b(·) and c(·) are the functions. When θ = K(XT β), in
which X = (x1, ..., xm) is the observed value of p-independent variable corresponding to the Y, β is
the p × 1 coefficient vector, and the function K(·) describes the association between the independent
variable X and the parameter θ. If there is a monotone differentiable connection function, such that

g(µ) = η = XTβ, (2)

E(Y) = µ, (3)

the model is called a generalized linear model. The inverse function of the join function g−1(·) is
called the response function. Since the dependent variable Y follows the exponential distribution,
it can be calculated by the expectation of the exponential distribution that E(Y) = b′(θ) =

b′(K(XT β)) = F(X). So, the key to a generalized linear model is to find a monotone differentiable
connection function g(·) such that g ◦ F(X) = XT β. Since g(·) is monotonic and differentiable, it
is monotonic for every xi in X.

In early fusion, all features are spliced into a vector that serves as a unimodal input to
the subsequent prediction model [25]. Therefore, the definition of early fusion can be given
as follows.

Definition 2. Given features of K modes, the model that satisfies the following form is called the
early fusion:

gE(µ) = ηE =
m

∑
i=1

wixi, (4)

where gE(·) is the connection function of the generalized linear model in the early fusion, ηE is the
output, wi is the weight coefficient (wi ̸= 0), and the final prediction result is g−1

E (ηE).
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In the late fusion, a separate model is trained for each mode, and the predictions
from the individual models are aggregated to make the final prediction [4]. Therefore, the
definition of late fusion can be given as follows.

Definition 3. Given features of K modes, the model that satisfies the following form is called the
late fusion:

gk
L(µ) = ηk

L = ∑mk
j=1 wk

j xk
j , k = 1, 2, ..., K, xk

j ∈ X, (5)

outputL = f (g1
L
−1

(η1
L), g2

L
−1

(η2
L), ..., gK

L
−1

(ηK
L )), (6)

where gk
L(·) (k = 1, 2, ..., K) is the sub-model trained on the features of the k-th mode, gk

L
−1

(ηk
L) is

the output, f (·) is the fusion function of the decision, and outputL is the final decision.

Gradual fusion is different from early fusion and late fusion. In this case, the features
of different modes are fused step by step according to the correlation between modes. The
mode with high correlation is fused first, while the mode with low correlation is fused
later [4,5]. For gradual fusion, we can use a network diagram composed of modal and
fusion functions to represent it.

Definition 4. Given features of K modes, the model that satisfies the following form is called the
gradual fusion:

gG(µ) = ηG = G(X, F), (7)

where X represents the set of all modal features, F represents the set of fusion prediction func-
tions, the prediction function includes the input relations between modes and functions, and,
therefore, G represents the progressive fusion model graph of a whole composed of X and F.

Because the fusion functions are generalized linear models, the elements in F, as the
output of the fusion prediction function, represent the inverse function of the connection
function in the generalized linear model. The starting point of the directed connected edge
in the network is the input of the end point, and there is a fusion function node with only
the input degree and no output degree, that is, the final fusion prediction function, denoted
as f . From (7), it is not difficult to achieve f = g−1

G (·). In addition, every modal node in the
network must have a path to the final fusion prediction function node. See Appendix A for
the detailed framework of the gradual fusion model construction.

Example 1. Giving a case with 5 modal features {Xi}5
i=1 and 4 fusion prediction functions

{ f1, f2, f3, f }. In first fusion step, X1 and X2 are fused by f1, while X3 and X4 are fused by f2.
In the second fusion step, the results of f1 and f2 are fused by f3. Finally, the X5 and the result of
f3 are fused by f . The model can be represented as (8):

gG(µ) = ηG = f (X5, f3( f1(X1, X2), f2(X3, X4))). (8)

3. Comparative Analysis and Construction of the Fusion Method
Selection Paradigm
3.1. Comparative Analysis of Early Fusion and Late Fusion

Since the features have been variably filtered, we assume that for ∀xi, ∃ηi, we include
non-0 terms of xi and wi

j ̸= 0. To start with the simple case, we consider f (·) the case of a
linear function in late fusion. According to the definitions of early fusion and late fusion,
we find that the two methods may be equivalent in form, so let

∑K
k=1 αkηk

L = ηE. (9)
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When we bring (4), (5), (6) into Formula (9), we obtain

∑K
k=1 αk∑mk

j=1 wk
j xk

j = ∑m
i=1 wixi. (10)

When Formula (10) is merged and sorted by x, we obtain

∑m
i=1 xi∑K

k=1 wi
kαk = ∑m

i=1 wixi, (11)

where wi
k is the coefficient of xi in Formula (5). A system of linear equations with respect to

αk is obtained by matching the coefficients of xi.
∑K

k=1 w1
kαk = w1
...

∑K
k=1 wm

k αk = wm

(12)

Lemma 1. Consistency Theorem for Nonhomogeneous Linear Systems [26]
a11x1 + a12x2 + ... + a1nxn = b1

a21x1 + a22x2 + ... + a2nxn = b2
...

am1x1 + am2x1 + ... + amnxn = bm

(13)

The sufficient and necessary conditions governing the existence of solutions for the above equations

are r(A) = r(
∼
A), where A is the coefficient matrix of (13),

∼
A is the augmented matrix of (13),

and r(·) represents the rank of matrix.

Proof. See Appendix B for proof. □

According to Lemma 1, Equation (12) has a solution when the rank of the coefficient

matrix A is equal to the augmented matrix
∼
A. Let us assume that one of the solutions is

(α1, α2, ..., αn), then ∑K
k=1 αkηk

L = ηE. We only need to specify f in Formula (6) to make the
early fusion and the late fusion achieve the same output.

Theorem 1. Under the condition of the generalized linear model, the necessary condition
for the equivalence of early fusion and late fusion is that the rank of the coefficient ma-

trix A = (w1, w2, ..., wK) is equal to
∼
A = (w1, w2, ..., wK, w), where wi = (w1

i · · · wm
i )

T

(i = 1,2,...,K) is the coefficient in the i-th sub-model of late fusion, and w = (w1 · · · wm)
T

is the
coefficient of xi in the early fusion.

Proof. Because r(A) = r(
∼
A), according to Lemma 1, we can obtain (α1, α2, ..., αn), such that

∑K
k=1 αkηk

L = ηE. In the late fusion model, outputs of sub-models are gk
L
−1

(ηk
L), which can

be converted to ηk
L by gk

L(·). So, we can set

f
(

g1
L
−1(

η1
L

)
, g2

L
−1
(

η2
L

)
, ..., gK

L
−1(

ηK
L

))
= g−1

E

(
K

∑
k=1

αkgk
L

(
gk

L
−1(

ηk
L

)))
. (14)

Then, outputEF = outputLF. The early fusion model and the late fusion model map the
same input to the same output, which indicates the equivalence of the two models. □
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Furthermore, we find that the number of equations in (12) represents the number of
features, while K represents the number of later fusion neutron models. We know that when
the number of linearly independent equations in the system is greater than the number of
unknowns, the system has no solution, so we can derive the following inference.

Inference 1. When the number of linearly independent sub-models in the late fusion is less than
the total number of features, the early fusion and the late fusion are not equivalent.

According to the conclusion of Theorem 1, we can also find that the early fusion is the
parameter search on the full feature space, while the late fusion is the parameter search
on the subspace of several features after incorporating the prior knowledge of feature
grouping. In general, this kind of feature grouping is a lossy compression. Only when the
feature grouping is accurate can the late fusion effectively reduce the parameter search
space and improve the parameter search efficiency. This can be explained in detail by the
information entropy theory. See Appendix A for details.

This provides us with a revelation that when the sample size is large enough, the
model accuracy of the early fusion may be higher than that of the late fusion; however, the
cost of sample sizes can be significant. In general, for a generalized linear model, when
the number of linearly independent features is greater than the number of samples, the
model will almost be overfit with probability 1. Therefore, in the early fusion, since the
input of the model is the union of all modal features, the number of features will be very
large, the requirements on the number of samples will be very high, and the total number
of irrelevant features greater than that of all modes will be needed to greatly reduce the risk
of overfitting. In the late fusion, because each mode is trained separately, the number of
samples only needs to be greater than the largest number of irrelevant features in all modes,
which greatly reduces the demand for the sample size. This conclusion is illustrated by the
Vapnik–Chervonenkis (VC) dimension and the Hoeffding inequality [27,28].

When training generalized linear classifiers, there are empirical errors Ein and general-
ization errors Eout. The training goal is to make empirical errors and generalization errors
equal as much as possible. Through Hoeffding inequality, we can obtain the following
formula [29]:

p(|Ein − Eout| > ε) ≤ 4(2N)dvcexp(−ε2N/8), (15)

where N represents the sample size and dvc represents the VC dimension of the classifier.
Since the VC dimension of the generalized linear classifier in the d-dimensional space is
d + 1, dvc can be approximated as the feature dimension d. Derivation of right of Formula
(14), with respect to the number of samples N, is obtained as follows:

2(2N)d−1(d − ε2N/8)exp(−ε2N/8). (16)

Let (15) equal to 0, so that we can obtain N = 8d/ε2. Therefore, when the sample size
is large enough, with the increase in the sample size, the probability of Ein = Eout is greater.
However, when the number of features increases, in order to ensure the probability, the
number of samples must also increase. In the early fusion, when the feature dimension
increases ∆dE, the sample size needs to increase 8∆dE

ε2 as well. At this time in the late fusion,
the increase in the feature dimension is ∆dL ≤ ∆dE, and, therefore, the increase in the
sample size is 8∆dL/ε2 ≤ 8∆dE/ε2.
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3.2. Comparative Analysis of Early Fusion and Gradual Fusion

In practical applications, the relationships between features and labels frequently
exhibit significant complexity, often characterized by progressive associations. Such pat-
terns are particularly prevalent in medical domains, where the diagnosis and treatment of
diseases typically involve multifaceted interactions between clinical indicators and patho-
logical outcomes [30,31]. Under such circumstances, conventional early fusion approaches
may exhibit limited capacity to capture the intricate relationships inherent in the data,
consequently leading to sub-optimal model performance in terms of predictive accuracy.
We illustrate this by the following theorem.

Theorem 2. Under the condition of generalized linear model, when there is a common fea-
ture x among the modes, a common node in the path from the different modes contains x to
the final fusion prediction function. The fusion function of the common node is not monotonic for
the features x. Then, the early fusion and gradual fusion are not equivalent.

Proof. According to the theorem conditions, we assume that Xi ∩ Xj = {x}. It is obvious
that there must be common nodes in the path from the different modes containing x to
the final fusion prediction function; at least the final fusion prediction function is one of
them. Then, we assume that the fusion prediction function on this common node has the
following expression for Xi and Xj:

∼
η =

∼
f ( fi(Xi), f j(Xj)) = wi fi(Xi) + wj f j(Xj) + C, (17)

where
∼
f represents the fusion prediction function represented by the common node, and

fi and f j represent the fusion prediction function represented by the node pointing to
∼
f ,

respectively. We treat other modal features as constants, except for Xi and Xj. According to
the theorem condition, the pair is non-monotonic in the current node state. Since the fusion
prediction functions on the path are all monotonic functions, the final fusion prediction
function pair is also non-monotonic for x, so f = g−1

G (·) is non-monotonic for x. Suppose

there are two multimodal feature sets X1 and X2, of which only feature x has different
values, x1 and x2, respectively, x1 ̸= x2. In the gradual fusion model, η1

G = G(X1, F)

and η2
G = G(X2, F), due to g−1

G (·), is non-monotonic for x, so we may as well assume

that g−1
G (η1

G) = g−1
G (η2

G). In the early fusion model, η1
E = WX1

= ∑m−1
i=1 wixi + wx1 and

η2
E = WX2

= ∑m−1
i=1 wixi + wx2, then η1

E ̸= η2
E, so g−1

E (η1
E) ̸= g−1

E (η2
E). This situation shows

that gradual fusion maps X1 and X2 to the same output, while the early fusion maps the
two data sets to different outputs, so the gradual fusion model and the early fusion model
are non-equivalent. Proof over. □

To illustrate the content of Theorem 2, let us take a concrete example.

Example 2. There are three modes of features. Each mode includes three-dimensional features
denoted as X1 = (x1

1, x1
2, x1

3), X2 = (x2
1, x2

2, x2
3), and X3 = (x1

1, x3
2, x3

3). In constructing the
gradual fusion model, X1 and X2 are fused first, and then X3 is fused. The prediction model used
is the Logistic model. Suppose the expression for the fusion of X1 and X2 is η1 = ∑2

i=1 ∑xk
j ∈Xi

xk
j .

The fusion feature after the first fusion is

1/(1 + exp(−(∑2
i=1 ∑xk

j ∈Xi
xk

j ))). (18)
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Let the fusion feature after the second fusion be

1/(1 + exp(−(∑2
i=1 ∑xk

j ∈Xi
xk

j )))− x1
1/5 + x3

2 + x3
3. (19)

Then, the prediction expression after the second fusion is

gG(µ) = ηG = 1/(1 + exp(−(∑2
i=1 ∑xk

j ∈Xi
xk

j )))− x1
1/5 + x3

2 + x3
3. (20)

We can obtain

∂gG(µ)

∂x1
1

= exp(−(∑2
i=1 ∑xk

j ∈Xi
xk

j ))/(1 + exp(−(∑2
i=1 ∑xk

j ∈Xi
xk

j ))))− 1/5. (21)

Obviously, ∂gG(µ)/∂x1
1 is not constant positive or negative, so gG(·) is not monotonic for x1

1. In
this case, gG(·) is not a generalized linear model.

3.3. Construction of the Fusion Method Selection Paradigm

Theoretically, when there is a generalized linear relationship between the labels and
each modal feature, the prediction accuracy of the early fusion model can approach 1 when
the sample is large enough, while the accuracy of the later fusion model may approach
1 − ε due to the loss caused by the compression of the feature space. For this reason, we
propose approximate Equations (21) and (22) to evaluate the early fusion and late fusion
models’ accuracy through sample size, feature quantity, and modality number in early and
late fusions. Furthermore, the suitability of early fusion and late fusion under varying
sample size conditions is evaluated.

AccuracyEF = 1 − α1 ∗ dall/N − α2 ∗ σ/ 3
√

N, (22)

AccuracyLF = 1 − α1 ∗ dmax/N − α2 ∗ σ/ 3
√

N − α3 ∗
√

K, (23)

where dall represents the sum number of all features and dmax represents the max number
of all mode features. dall/N and dmax/N represent the overfitting risk due to imbalance
between the feature number and the sample number [32]. σ/ 3

√
N represents uncertainty

induced by data noise [33].
√

K represents parameter search loss due to modal partitioning.
Data signal-to-noise ratio is calculated by (23):

σ = Var(ŷ)/Var(ϵ), (24)

where Var(ŷ) represents the variance of the predicted value by the linear regression model.
Var(ϵ) represents the variance of the residual difference between the predicted value and
the true label predicted by the linear regression model. Through Equations (21) and (22),
we calculate the sample critical value of early fusion and late fusion under the same set of
data. Let AccuracyEF = AccuracyLF, so we can obtain

Ncritical = α1(dall − dmax)/α3 ∗
√

K. (25)

When the sample size exceeds the threshold, the performance of the early fusion model
outperforms that of the late fusion model.

According to Equations (21) and (22), a fusion method selection paradigm is proposed
before constructing the prediction model.
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(a) Samples are randomly drawn from the population with a predetermined sample
size range of [dall/3, 100dall ]. For each sampled set, the signal-to-noise ratio is
calculated simultaneously.

(b) Generalized linear models are employed to construct both early fusion and late fusion
models. The models are trained on the sampled datasets, and their predictive accuracy
is systematically recorded. Concurrently, the theoretical accuracy under the given
sample conditions is computed using Equations (21) and (22).

(c) A comparative analysis is conducted between the empirical model’s accuracy and the
theoretical accuracy. If the maximum deviation between the model’s accuracy and
the theoretical accuracy for either early or late fusion does not exceed 20%, the task
can be appropriately addressed using the corresponding generalized linear fusion
approach. Conversely, if the deviation exceeds this threshold, the relationship between
features and labels is deemed nonlinear, suggesting that generalized linear fusion
methods (either early or late fusion) are insufficient. At a 95% confidence level, more
sophisticated fusion strategies, such as progressive fusion, should be considered to
capture the underlying complexity of the data.

4. Numerical Experiment Validation
4.1. Example of Early Fusion and Late Fusion Equivalence

Let the feature set be X = (x1, x2, x3), and there are three modes X1 = (x2, x3),
X2 = (x1, x3) and X3 = (x1, x2). Constructing a set of 1000 samples, xi(i = 1, 2, 3) follows a
uniform distribution between (0,1). Xi(i = 1, 2, 3) is constructed as described above. Then,
a 2-dimensional weight vector between (0,1) is randomly generated for each one, and the
average of the sum of the product of each modal feature and the weight is calculated. The
final step involves substituting the mean value into the logistic function to compute the
variable

∼
y. In order to simulate the binary classification scenario and make the two types of

samples balance, the median is taken as the threshold of mapping
∼
y to the binary value to

obtain the final label y. The whole process is as follows:

∼
y = 1/(1 + exp(−(∑3

i=1 wiXi)/3)), (26)

y =

{
0,

∼
y ≤ median

1,
∼
y > median

. (27)

Using the above three modes to train the logistic regression model through early
fusion and late fusion, respectively, the iteration steps of logistic regression model is 100.
The expression of early fusion is as follows:

ln(y/(1 − y)) = 5.688x1 + 9.51x2 + 9.142x3. (28)

The expressions of the three sub-models in the late fusion are as follows:
ln(y/(1 − y)) = 6.131x2 + 6.02x3

ln(y/(1 − y)) = 2.846x1 + 4.401x3

ln(y/(1 − y)) = 2.944x1 + 4.655x2

. (29)

We can obtain the coefficient matrix A and the augmented matrix
∼
A, rank(A) =

rank(
∼
A) = 3. So, early fusion and late fusion are equivalent to Theorem 1. It can be further

found that (α1, α2, α3) = (0.803, 0.979, 0.986) is a solution to the system. In the late fusion,
the three sub-models can be mapped to the expression of the early fusion by summing the
weights with linear weights.
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4.2. Comparative Experimental Analysis of Early Fusion and Late Fusion Models

Ten groups of 10-dimensional random variables between (0,1) are randomly generated
as the features of the 10 modes, and the weight vector between (0,1) of the corresponding
dimension is generated at the same time. The logical function values of the 10 modal
features under the weights are calculated, respectively, and the obtained values are averaged
and mapped to binary value as the label; see Algorithm 1 for details. The model is a logistic
model and trained by early fusion and late fusion, respectively. The iteration steps of the
logistic regression model is also 100. In early fusion, the features of all modes are spliced
into a vector input model for training. In the late fusion, sub-model is trained on each
mode, and the model output is linearly combined to obtain the final prediction result.
The samples are divided into a training set and a test set in a 7:3 ratio. The experiment is
repeated 100 times, and the average is used as the result.

Algorithm 1 Data Generation Algorithm of Late Fusion Mode

Random W = {w1, w2, ..., w10}, wj = (wj
1, wj

2, ..., wj
10)

For i in Sample numbers:
Random {Xi

1, Xi
2, ..., Xi

10}, Xi
j = (xj

1, xj
2, ..., xj

10), j, k = (1, 2, ..., 10)

Calculate yi
j = sigmoid(wj·XiT

j )

Calculate yi = mean{yi
j}

10

j=1

y = (yi)
Sample numbers
i=1

δ = median{y}
If yi ≥ δ:

yi = 1
Else:

yi = 0

Figure 3a shows the prediction accuracy of the two fusion methods. It can be found
that the model accuracy of the two fusion methods increases with the increase in the
number of samples. In addition, when the number of samples is small, due to the feature
compression of late fusion, the search space becomes smaller so that the prediction accuracy
of the model in late fusion is higher than that in the early fusion. When the sample is
large enough, the search in the full feature space in the early fusion makes the model
accuracy higher than that in the later fusion. It can also be found that with the continuous
improvement of accuracy, the sample size required to increase the same accuracy is also
increasing. Furthermore, we also compared the ROC curve and F1-score of the two fusion
methods under different sample sizes, as shown in Figure 4. When the sample size is
less than 100, the late fusion is better than the early fusion, and when the sample size is
more than 100, the early fusion is better than the late fusion, which is consistent with the
conclusion of the model’s accuracy.

4.3. Comparative Experimental Analysis of Early Fusion and Gradual Fusion Models

The gradual fusion model in this section consists of two stages. In the first stage,
features from certain modalities are grouped, and pairwise dot product calculations are
performed. In the second stage, the logarithmic values of computed pairwise values, along
with the remaining modality features, are fused into a feature vector using the parallel
splicing method from the previous fusion. This fused vector then serves as the input for
the final prediction model. The specific experimental process is as follows.



Mathematics 2025, 13, 1218 12 of 21

Mathematics 2025, 13, x FOR PEER REVIEW 11 of 21 
 

 

𝛿 = 𝑚𝑒𝑑𝑖𝑎𝑛{𝑦ത} 
If 𝑦ത௜ ≥ 𝛿: 
  𝑦ത௜ = 1 
Else: 
  𝑦ത௜ = 0 

Figure 3a shows the prediction accuracy of the two fusion methods. It can be found 
that the model accuracy of the two fusion methods increases with the increase in the num-
ber of samples. In addition, when the number of samples is small, due to the feature com-
pression of late fusion, the search space becomes smaller so that the prediction accuracy 
of the model in late fusion is higher than that in the early fusion. When the sample is large 
enough, the search in the full feature space in the early fusion makes the model accuracy 
higher than that in the later fusion. It can also be found that with the continuous improve-
ment of accuracy, the sample size required to increase the same accuracy is also increas-
ing. Furthermore, we also compared the ROC curve and F1-score of the two fusion meth-
ods under different sample sizes, as shown in Figure 4. When the sample size is less than 
100, the late fusion is better than the early fusion, and when the sample size is more than 
100, the early fusion is better than the late fusion, which is consistent with the conclusion 
of the model’s accuracy. 

 

Figure 3. (a) Comparison of the accuracy of early fusion and late fusion models. The shaded portion 
represents the range of variance for 100 experiments. (b) Comparison of the accuracy of early fusion 
and gradual fusion models. The shaded portion represents the range of variance for 100 experi-
ments. 

Figure 3. (a) Comparison of the accuracy of early fusion and late fusion models. The shaded portion
represents the range of variance for 100 experiments. (b) Comparison of the accuracy of early fusion
and gradual fusion models. The shaded portion represents the range of variance for 100 experiments.

Figure 4. ROC curve and F1-score of early fusion model and late fusion model under different sample
sizes. When the sample size is 20, the ROC curves of the two models coincide.



Mathematics 2025, 13, 1218 13 of 21

Randomly generate four groups of three-dimensional random variables between (0,1)
as features of the four modes. In particular, the last feature of the second and fourth
modes is between (0,0.5). Then, the one-dimensional random variable between (0,1), the
last feature of the first mode, and the third mode multiply by −1/9, which constitutes
the feature of the fifth mode. Multiply the corresponding features of the first and second
modes, as well as the third and fourth modes to calculate the logarithmic function value.
The two pairs of the obtained values and the features of the fifth mode are calculated with
the weight 1 to obtain the logical function value, and map it to the binary value as the label;
see Algorithm 2 for details. It is obvious that label is non-monotonic for the last feature of
the first mode and the third mode. In the early fusion training, the process is similar to the
early fusion model training in Section 4.2. In gradual fusion, according to the process of
data generation, the corresponding features of the first and second modes, the third and
fourth modes are multiplied to obtain the pair value as the fusion feature of the first step.
Then, the fusion feature and the features of the fifth mode are used to train the logistic
regression model. The samples are divided into the training set and the test set in a 7:3 ratio.
The experiment was repeated 100 times, and the average was used as the result.

Algorithm 2 Data Generation Algorithm of Gradual Fusion Mode

For i in Sample numbers:
Random Xi

1 = {xi
1, xi

2, xi
3}, Xi

2 = {xi
4, xi

5, xi
6}, Xi

3 = {xi
7, xi

8, xi
9},

Xi
4 = {xi

10, xi
11, xi

12}, Xi
5 = {− 1

9 xi
33,− 1

9 xi
9, xi

13}. xi
jϵ(0, 1) (j ̸= 6, 12),

xi
jϵ(0, 0.5) (j = 6, 12)

Calculate yi
1 = log(Xi

1·XiT
2 ) and yi

2 = log(Xi
3·XiT

4 )

Calculate yi = Sigmoid(yi
1 + yi

2 − xi
3/9 − xi

9/9 + xi
13)

y = (yi)
Sample numbers
i=1

δ = median{y}
If yi ≥ δ:

yi = 1
Else:

yi = 0

Figure 3b shows the prediction results of the two fusion methods. It can be found that
the gradual fusion is better than the early fusion overall. When the sample size is large
enough, the accuracy of the gradual fusion model tends to be 1. When the sample size is
small, the precision of the early fusion is low, and when the sample size is increased, the
search effect of the full-feature space is enhanced but the upper bound is only 0.9, indicating
that the gradual fusion method is worth considering when there is a nonlinear gradual
relationship between the features and the labels. In the same way, we also compared the
ROC curve and F1-score of the two fusion methods under different sample sizes, as shown
in Figure 5. We can see that the effect of gradual fusion is better than that of early fusion in
all cases of the sample size, which is consistent with the conclusion of model accuracy.

4.4. Effect Verification of the Approximate Equation and Method Selection Paradigm

In order to illustrate the validity of the accuracy evaluation’s equation form, we
perform a series of numerical experiments under the model scene in this paper. First, we
estimated the parameters in the equation by numerical experiments. We took K ∈ [15, 20],
dmax ∈ [15, 25], and dall = K ∗ dmax and conduct multiple sets of early and late fusion
experiments. Each set of experiments was repeated 100 times to obtain the average value,
and the estimate of the critical value of the actual sample was obtained by the method of
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mapping the intersection points of the experiments. The range of α1 and α3 were estimated
experimentally by minimizing the mean square error of the theoretical and actual values
and by grid search. In our experimental setup, the optimal values of α1 and α3 were 0.071
and 0.024, respectively. Figure 6a shows the distribution of the theoretical sample’s critical
values and the actual sample’s critical values; it can be seen that the scattered points were
basically around y = x. At the same time, Figure 6b shows the error distribution of the
theoretical sample critical values and actual sample critical values, it can be seen that the
errors of the theoretical sample’s critical values and the actual sample’s critical values were
less than or equal to 0.25, and most of them were within 0.15.

Figure 5. ROC curve and F1-score of the early fusion model and the gradual fusion model under
different sample sizes.

Equations (36) and (37) in [23] also described the sample size NEF and NLF required
for early fusion and late fusion, in which the convergence factor is 0.9. It indicates that the
effect of the late fusion model may be better than that of the early fusion model when the
sample size is between NLF and NEF. We compared our calculated Ncritical with NEF and
NLF in four typical cases. The experimental parameters and results are shown in Table 1.
In [23], the sample sizes for early fusion and late fusion were evaluated under the premise of
ensuring model accuracy, leading to a certain degree of redundancy in the sample estimates
derived from parameters NEF and NLF. More importantly, the study did not account for
the correlation between the number of modes and the performance of the early fusion
model. In contrast, our proposed method incorporates this factor, allowing our results to
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more precisely characterize the critical sample threshold at which the performance reversal
between early fusion and late fusion models occurs.
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Table 1. The experimental parameters and results of sample size comparison experiment.

Experimental Parameters Nactual NEF NLF Ncritical

K = 3, dmax = 50, dall = 150 185 1511 511 170
K = 15, dmax = 10, dall = 150 95 1511 111 106
K = 3, dmax = 150, dall = 450 490 4511 1511 512
K = 15, dmax = 30, dall = 450 340 4511 311 320

Then, we perform the early fusion experiments in which the total number of features
is a multiple of 10, the sample size is 200, 500, 1000, 5000, 10,000. Based on the grid
search method of theoretical accuracy and model accuracy, we obtain the optimal α2 is
0.033. Figure 7a shows the relative error between the actual accuracy of the model and
the theoretical accuracy of all the early fusion experiments, and it can be seen that the
relative error is about 0.18 with 95% confidence. Furthermore, we conducted a late fusion
experiment in which the number of modes is integer between [15, 20] and the number of
features of each mode is integer between [15, 25]. The sample sizes are also 200, 500, 1000,
5000, and 10,000. Figure 7b shows the relative error between the actual accuracy of the
model and the theoretical accuracy of all experiments, and it can be seen that the error is
about 0.14 with 95% confidence.

In order to verify the fusion method selection paradigm, Figure 8a shows the model
accuracy and theoretical accuracy of the early fusion under the gradual fusion data, includ-
ing five modes. It can be seen that when the sample size is small, the model accuracy of
the early fusion is much different from the theoretical accuracy and the maximum error
is about 21.1%. In addition, we also simulated the Lorentz system, a typical scenario in
a group of nonlinear systems, and made predictions through the early fusion of logistic
regression models. Figure 8b shows the accuracy of the model and its theoretical accuracy.
The maximum error is far more than 20%, thus demonstrating the effectiveness of the
proposed fusion method selection paradigm.
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To reinforce the validation of the model selection paradigm, we applied our paradigm
to a real data set of hypoproteinemia patients from a previous study [34]. The data set
included 108 control patients and 108 experimental patients, each with four different
medical examination features. According to the model selection paradigm, 50, 100, 150,
and 216 samples were selected according to the equal proportion of labels to conduct early
fusion model and late fusion model experiments. The accuracy of the theoretical model was
also calculated, as shown in Figure 9. The results in the figure indicate that the maximum
discrepancy between the actual model accuracy and the theoretical accuracy for both early
fusion and late fusion exceeds 20%. This suggests that the applicability of these two models
in this scenario is limited, thereby highlighting the effectiveness of our proposed model
selection paradigm.
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5. Discussion
The multisource and multimodal data fusion model has been widely used across

various fields, but most of the research is still in the application level and the theoretical
comparison of different data fusion methods is rarely studied. Since it is difficult to express
all kinds of nonlinear models uniformly and the models themselves are complex, we
consider a simple generalized linear model as a starting point for analysis. This paper
analyzes the similarities and differences in the early fusion, late fusion, and gradual fusion
from the perspective of fusion mechanism through mathematical derivation. Furthermore,
a model accuracy evaluation equation is proposed in the early fusion and the late fusion,
and the critical sample size threshold evaluates the method at which the performance
dominance of early fusion and late fusion models that undergoes a reversal is analyzed.
Finally, we give the selection evaluation paradigm of the fusion method in the construction
of fusion model.

Specifically, we first give the mathematical definitions of early fusion and late fusion.
Based on the definition, the unified expression of the generalized linear model is introduced
for derivation. During the derivation process, we find that the equivalence of early fusion
and late fusion depends on the model parameter, then the equivalence problem is trans-
formed into a non-homogeneous linear system of model parameters. By the consistency
theorem of the non-homogeneous linear system in linear algebra, we obtain the equiva-
lence conditions of the earlier fusion and the later fusion. In the numerical experiment,
we found that when the sample size was large, the effect of the early-stage fusion model
was better than that of the late-stage fusion, even when the features and labels relatively
met the mode of late-stage fusion. One possible reason is that in the early-stage fusion,
parameter search is carried out in the full feature space, while in the later stage fusion, the
features are divided into different modes for sub-model training, so the search space of
parameters is compressed. If the modal distinction is not perfect, certain search loss will be
caused, making the model unable to find the optimal parameter in the full space. This is
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consistent with the conclusion obtained by Pereira et al. [23]. Through a series of analysis,
we highlight that under ideal conditions, specifically when the sample size is sufficiently
large, there is no need for a complex late fusion. This is because the early fusion model can
explore the entire parameter space to find the optimal solution, making it equivalent to or
even superior to the late fusion model. However, in real-world scenarios, where sample
sizes are often limited, early fusion tends to perform poorly. In such cases, late fusion can
leverage its advantages to achieve an acceptable level of prediction accuracy.

We then give a mathematical definition of gradual fusion. We consider that the data
features and labels meet the gradual fusion mode, so a nonlinear relationship is introduced
between the features and labels. Based on the definition of the generalized linear model,
we find that once the monotonicity between intermediate hidden variables and features is
lost in the process of progressive fusion, the final label and features will no longer meet
the definition of the generalized linear model, so the gradual fusion model and the early
fusion will not be equivalent. This conclusion is also verified by numerical experiments.

Furthermore, we consider whether it is possible to quantify the correlation between
the model accuracy and the data attributes of early fusion and late fusion. We assume that
under the generalized linear condition, the association complexity between data features
and labels is low, and combined with literature [19], we put forward Equations (21) and (22).
Based on (21) and (22), we analyze the sample critical points of the model accuracy of early
fusion and late fusion. Combined with numerical experiments of critical points, we give
an estimate of the parameters through an optimization method. Moreover, the numerical
experiment results show that the model relative error of the early fusion and the late fusion
is controlled at about 18% and 14% with 95% confidence, which indicates the validity of
Formulas (21) and (22). Finally, we put forward an evaluation paradigm for the selection
of fusion mode in the construction of a fusion model, which provides a certain theoretical
basis for the selection of fusion mode before model construction.

The research in this paper is carried out under the condition of the generalized lin-
ear model, and one of the future research directions is to extend the application scope
of our conclusions to a specific class of nonlinear models, such as deep learning. Deep
learning fundamentally relies on two key concepts: perceptrons and activation functions.
By stacking multiple layers of perceptrons, activation functions, and various additional
operations, a diverse range of deep learning models can be constructed. Since a percep-
tron combined with a sigmoid activation function essentially forms a generalized linear
model, our findings can be extended to the design of single-layer perceptrons within cer-
tain deep-learning architectures, particularly in determining sample sizes and parameter
counts. In addition, the parameter optimization of Formulas (21) and (22) is also a worthy
research direction. Finding better parameters can narrow the error threshold in the selection
evaluation paradigm of fusion mode and make the evaluation more accurate.

6. Conclusions
In this paper, we propose selection paradigms that provide a theoretical basis for

selecting early fusion, late fusion, and gradual fusion models before performing a specific
task. Unlike most of the recent fusion model studies that have on experimental results,
our research is performed based on the mechanistic understanding of the fusion process.
Specifically, we establish the equivalence conditions between early fusion and late fusion
within the framework of generalized linear models, along with the failure conditions of
early fusion in scenarios where nonlinear correlations exist between features and labels.
This enhances our understanding of the similarities and differences between various fusion
methods. Subsequently, we construct model accuracy evaluation equations that incorporate
sample size, feature quantity, and modality number guided by theoretical insights, enabling
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a data-driven approach to fusion method evaluation. Furthermore, we propose a critical
sample size threshold evaluation method at which the performance dominance of early
fusion and late fusion models undergoes a reversal through the equations, allowing for
the understanding of the trade-offs between model accuracy and data size. Finally, we
propose the model selection paradigm based on accuracy evaluation equations. Numerical
experimental results demonstrate that the proposed paradigm reliably identifies the optimal
fusion strategy. In future research, our theoretical framework is anticipated to significantly
reduce the computational and resource costs associated with model construction, thereby
enhancing the scalability and efficiency of data fusion methodologies.
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Appendix A
For K mode features X1, X2,..., XK, whose joint information entropy is defined as

H(X1, X2, ..., XK) = −∑x1,x2,...,xK
p(x1, x2, ..., xK)logp(x1, x2, ..., xK). (A1)

The larger the H(X1, X2, ..., XK), the more information the X1, X2, ..., XK contains. Then, the
mutual information of the K modes is

I(X1, X2, ..., XK) = ∑K
i=1 H(Xi)− H(X1, X2, ..., XK). (A2)

In the early fusion model, all mode features are spliced into a feature vector and then used
in the downstream task. We represent the model output as OE:

OE = fE(X1, X2, ..., XK), (A3)

so that when the function fE is very reasonable, it can approximately retain all the informa-
tion of the joint input and label Y, as follows:

I(OE, Y) = I((X1, X2, ..., XK), Y). (A4)
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In the late fusion model, by training a single model hm(Xm) for all the modes and then
combining the decisions, we represent the model output as OL:

OL = fL(h1, h2, ..., hM). (A5)

The simple-decision fusion function fL, similar to weighted summation, cannot accurately
obtain the higher-order correlation between modes, resulting in the loss of certain mode
interaction information in the output, so

I(OL, Y) < I((h1, h2, ..., hM), Y) ≤ I((X1, X2, ..., XK), Y). (A6)

To sum up, we can obtain I(OL, Y) < I(OE, Y), and it is difficult for the late fusion
model to achieve the same effect as the early fusion model.

Appendix B
Let 

α1 = (a11, . . . , am1)
T

α2 = (a12, . . . , am2)
T

...
αn = (a1n, . . . , amn)

T

β = (b1, . . . , bm)
T

. (A7)

Then, the nonlinear secondary equations can be written as

x1α1 + x2α2 + ... + xnαn = β. (A8)

Let S = {α1, α2, ..., αn}. The equations have a solution ⇔ β, which is a linear combination
of S ⇔ β ∈ V(S)⇔V(S) = V(S∪|β|) , where V(S) represents the subspace generated by
the collection S.

Because S∪|β|⊇ S, V(S∪|β|) ⊇ V(S) , V(S) = V(S∪|β|) ⇔ dimV(S) = dimV(S∪|β|) .
Since S is column vectors of A, dimV(S) = rankS = rankA. In a similar way,

S∪|β|= {α1,α2, ...,αn,β} are the column vectors of
∼
A, dimV(S∪

∣∣∣∣β∣∣∣∣) = rank(S∪
∣∣∣∣β∣∣∣∣) = rank

∼
A.

Thus, can be obtained rankA = dimV(S) = dimV(S∪
∣∣∣∣β∣∣∣∣) = rank

∼
A.
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