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Abstract: Diphtheria is a severely infectious and deadly bacterial disease with Corynebac-
terium diphtheriae as the causative agent. Since the COVID-19 pandemic, contagious
diseases such as diphtheria have re-emerged due to disruptions in routine childhood
immunization programs worldwide. Nigeria is witnessing a significant increase in diph-
theria outbreaks likely due to an inadequate health care system and insufficient public
enlightenment campaign. This paper presents a mathematical epidemic diphtheria model
in Nigeria, which includes a public enlightenment campaign to assess its positive impact
on the prevalence of the disease. The mathematical analysis of the model reveals two
equilibrium points: the diphtheria infection-free equilibrium and the endemic equilibrium.
These equilibrium points are shown to be stable globally asymptotically if Rc < 1 and
Rc > 1, respectively. The model was fit using the confirmed diphtheria cases data of Kano
State from January to December 2023. Sensitivity analysis indicates that the transmission
rate and recovery rate of asymptomatic peopleare crucial parameters to be considered in
developing effective strategies for diphtheria control and prevention. This analysis also
reveals that the implementation of a high-level public enlightenment campaign and its
high efficacy effectively reduce the prevalence of diphtheria. Finally, numerical simulations
show that combining the public enlightenment campaign and isolating infected individuals
is the best strategy to contain the spread of diphtheria.

Keywords: diphtheria; public enlightenment campaign; reproduction number; sensitivity
analysis

MSC: 26A33; 33E30; 70G10; 37N30; 65L05

1. Introduction
Diphtheria is a contagious disease caused by the diphtheriae bacteria, which pro-

duce harmful toxins that make people sick. The infection can spread through respiratory
droplets, such as from coughing or sneezing, and also through open wounds of infected
individuals [1]. Diphtheria can spread easily between people through direct contact as well
as contact with contaminated objects [2]. Symptoms of diphtheria appear within 2–7 days
after infection and may include fever, fatigue, cyanosis, sore throat, headache, difficulty
swallowing, rapid breathing, and blood-stained nasal discharge. Severe cases of diphtheria,
if left untreated, can destroy healthy respiratory tissues, resulting in the formation of a
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thick grayish coating called “Pseudomembrane” that can damage the heart and kidneys.
Diphtheria was a leading cause of mortality worldwide especially in childhood before the
introduction of the Diphtheria Toxoid vaccine in 1923 [3]. The outbreak of diphtheria in the
developed world is rare nowadays. Still, since the COVID-19 pandemic [4,5], there has been
a significant increase in diphtheria outbreaks around the globe because routine childhood
immunization was disrupted globally, and countries such as Bangladesh, Pakistan, Yemen,
Niger, and Nigeria have reported confirmed cases of diphtheria [6].

Immunization against diphtheria is a crucial preventive measure for people of all
ages. If infected, diphtheria is treated with antibiotics to eradicate the bacteria. In cases of
respiratory diphtheria, diphtheria antitoxins are administered to neutralize the bacterial
toxin and prevent further harm to the body [2]. The absence of data beyond 2006 is likely
due to an incomplete reporting system and inadequate disease surveillance in Nigeria [7].
Diphtheria has re-emerged in Nigeria (2022) with diphtheria cases under-reported due
to a lack of public awareness of the disease. The Nigeria Center For Disease Control [2]
officially declared the situation as an outbreak of diphtheria cases in Nigeria with Kano
State as the epicenter of the diphtheria outbreak. Compartmental models in epidemiology
play a role in predicting the transmission dynamics of infectious diseases [8–19]. Several
epidemiological models of diphtheria exist in the literature (see, for example, [20–32]).

Adewale et al. [20] studied a five-compartment SEQIR model to understand the effect
of quarantining exposed individuals on the dynamic spread of diphtheria in a population.
The model illustrates how quarantining exposed individuals can reduce the number of
diphtheria-infected individuals in the community.

Ilaihi and Widiana [24] developed an SEIR model to examine the effectiveness of
vaccines in controlling diphtheria outbreaks. The model analysis and simulation results
indicate that the vaccine effectively reduces the spread of diphtheria; however, it serves
only as a preventive measure and not as a cure.

In 2018, Matsuyama et al. [32] estimated the basic reproduction number of a diph-
theria epidemic in the Rohingya refugee camp in Bangladesh using a statistical method.
The threshold value ranged from 4.7 to 14.8, with an estimated median of 7.2. Husain [23],
in his study, discusses an SIR model of diphtheria transmission by simplifying assumptions
and parameters that influence endemic and non-endemic conditions. The model analyzes
and interprets the basic reproduction number of the SIR mathematical model. Findings
from Djafaraa et al. [22] indicate that vaccination coverage and booster doses for children
are essential in preventing future outbreaks.

Izzati and Andriani [30] explored an SEIQR model to assess the natural immunity
rate of exposed individuals in the spread of diphtheria. The model incorporates the cover-
age of a complete basic immunization program and quarantine as preventive measures.
Islam et al. [29] developed a controlled SLIR model to identify latent individuals in the
population, illustrating the transmission dynamics of diphtheria epidemics due to their
fragile nature. Kanchanarat et al. [31] formulated an SVEAIR diphtheria model incorpo-
rating asymptomatic infection, logistic growth, and vaccination to examine the effects of
asymptomatic infection and imperfect immunization coverage on controlling the spread
of diphtheria. Akhi et al. [21] describe the transmission of diphtheria among high-risk
individuals in the Rohingya ethnic group. The model was developed to forecast the impact
of a diphtheria outbreak within this population. Ilham et al. [25] proposed a susceptible-
infectious-recovered (SIR) model to analyze the impact of booster vaccination in controlling
diphtheria and to examine the distribution of diphtheria cases in West Java, Indonesia.

Loyinmi and Ijaola [26] presented a fractional-order SEIR model to investigate the
overall effectiveness of various control strategies in mitigating the dynamics of diphtheria
transmission. Their numerical simulations demonstrated that the implementation of a
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combination of these control measures contributes significantly to flattening the diphtheria
epidemic curve. Ahmed et al. [27] investigated the transmission dynamics of the diphtheria
epidemic using the Caputo fractional derivative approach. The sensitivity analysis of
their model indicated that the reduction in contact rate, infection rate and recruitment rate
(birth) plays a key role in the control of diphtheria. Kamadjue et al. [28] estimated the
generation time of the diphtheria epidemic in Kano using a statistical approach. Their
analysis, based on data collected between 18 August 2022 and 29 November 2023 suggests
a rapid diphtheria transmission cycle in Kano, with a generation time of approximately
2.8 days.

Building on the above studies, the present study develops a mathematical model of
diphtheria transmission dynamics, extending the work of Adewale et al. [20] by incorpo-
rating an asymptomatic infection compartment and public enlightenment campaign as a
preventive measure. Moreover, we replaced in their model the quarantined of exposed
individuals with the isolation of infected individuals to assess the effect of the campaign
and isolation on the dynamics of the bacteria. In addition to the stability results of the
disease-free and disease-persistence equilibrium points when the basic reproduction num-
ber is respectively greater than and less than the unity presented in [20], we fit the proposed
model with Kano State outbreak data of diphtheria from January to December 2023. Further-
more, we show via sensitivity analysis that a public enlightenment campaign would have
a positive impact if there is compliance from the population in reducing effective contact
with infectious agents. It also underscores that isolation of infected individuals would have
a positive impact if the proportion of exposed individuals becoming infectious increases
together with their associated progression rate to the infected class. This is because the
higher the proportion of exposed subpopulation moving to the infectious class, the lower
the number of asymptomatic individuals and the higher the isolation rate. On a similar
note, the numerical simulation results reveal that combining the public enlightenment
campaign and isolation of infected individuals is the best strategy to contain the spread
of diphtheria.

The remainder of this paper is organized as follows: Section 2 presents the model
formulation, while Section 3 focuses on the model analysis. Section 4 includes the sensi-
tivity analysis of model parameters, along with model fitting and parameter estimation.
Numerical simulation results are provided in Section 5. Finally, Section 6 concludes the
paper with a summary of the key findings.

2. Model of Diphtheria Transmission
We categorize the human population N(t) at any given time t into six compartments:

susceptible S, (individuals who can contract diphtheria), exposed E, (individuals who
have been exposed to diphtheria but are not yet infectious), asymptomatic A, (individuals
who have the disease without symptoms or with mild infection), infected I, (individuals
who have the disease and exhibit symptoms), isolated Q, (infected individuals who have
been separated from the population), and recovered R, (individuals who have recovered
from the disease). The transitions between these compartments are illustrated in Figure 1.
The total population N is the sum of these six compartments.

We assume that

(i) Susceptible individuals have equal chances of contracting the diphtheria disease (i.e.,
homogeneous mixing).

(ii) The transmission rate of isolated humans is negligible, so only asymptomatic and
infected humans transmit the disease.
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(iii) Force of infection is via frequency dependence incidence,

λ = β (1 − cϵ)
θ A + I

N
,

where (1 − cϵ) modeled the public enlightenment campaign as in [33].
(iv) Only infected and isolated infected humans die due to the disease.

Figure 1. Schematic diagram for diphtheria model.

One can see from Figure 1 the following systems of nonlinear differential equations is
obtained below: (1).

dS
dt

= π − µS − λS,

dE
dt

= λS − µE − δE,

dA
dt

= (1 − p)δE − µA − γ2 A,

dI
dt

= pδE − (µ + α1)I − η I − γ1 I,

dQ
dt

= η I − (µ + α2)Q − γ3Q,

dR
dt

= γ1 I + γ2 A + γ3Q − µR,

(1)

with

S(0) = S0 ≥ 0, E(0) = E0 ≥ 0, A(0) = A0 ≥ 0, I(0) = I0 ≥ 0, Q(0) ≥ Q0 and R(0) = R0 ≥ 0. (2)

All the variables and parameters of model (1) are assumed to be nonnegative, and they are
described in Table 1.

Table 1. The state variables and parameters of model (1).

Variable Description

N Total human population
S Susceptible individuals
E Exposed individuals
A Asymptotic infected individuals
Q Isolated individuals
R Recovered individuals

Parameter
π Recruitment rate
µ Natural mortality rate
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Table 1. Cont.

Parameter

α1 Mortality rate due to disease in infected class
α2 Mortality rate due to disease in isolated class
γ1 Progression rate from infected to recovered class
γ2 Progression rate from asymptomatic to recovered class
γ3 Progression rate from isolated to recovered class
p Proportion of exposed population becoming infectious
θ Modification parameter
β Transmission rate
c Public enlightenment campaign rate
ϵ Efficacy (people compliance) rate of public enlightenment campaign
δ Progression rate from exposed to either asymptomatic

class or infected class
η Progression rate from infected class to isolated class

3. Analysis of the Model
3.1. Mathematical Well Posedness

Theorem 1. The domain D of model (1) defined by

D =

{
(S, E, A, I, Q, R) ∈ R6

+ : 0 < N ≤ π

µ

}
, (3)

is an invariant positive attractor.

Proof. We sum the equations of model (1) to obtain

dN
dt

= π − µN − α1 I − α2Q. (4)

Upon simplification, we obtain
dN
dt

≤ π − µN, (5)

which gives

N(t) ≤ π

µ
+

[
N(0)− π

µ

]
e−µt. (6)

It follows that if t tends to zero, then N(t) approaches N(0), which implies that π
µ is the

upper bound of N(t) and N(t) → π
µ provided t tends to +∞.

Thus, model (1) is well posed and meaningful biologically.

3.2. Diphtheria Infection-Free Equilibrium (DIFE)

When there is no diphtheria infection in the population, all the infectious compart-
ments of (1) are empty (i.e., E = A = I = Q = R = 0). Then, the equilibrium point is

E0 = {S, E, A, I, Q, R} =

(
π

µ
, 0, 0, 0, 0, 0

)
.

To establish the linear stability of the equilibria of model (1), we computed the thresh-
old parameter given by R0 = ρ(FV−1), known as the basic reproduction number. This
parameter is determined using the next-generation operator method described in [13,14].
The associated threshold parameter of model (1) is referred to as the control reproduction
number, as it accounts for an isolation and public enlightenment campaign for preventive
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measures aimed at controlling the spread of diphtheria. We derived the following matrices
from the new infection and transition terms of system (1).

F =


0 θ β (−cϵ+1)S

N
β (−cϵ+1)S

N 0

0 0 0 0

0 0 0 0

0 0 0 0

, (7)

and

V =


K1 0 0 0

−(1 − p)δ K2 0 0

−δ p 0 K3 0

0 0 −η K4

. (8)

The control reproduction number Rc is the spectral radius of FV−1 given by

Rc =
β δ (1 − cϵ)[θ (1 − p)K3 + pK2]

K1K2K3
, (9)

where
K1 = µ + δ, K2 = µ + γ2, K3 = µ + α1 + η + γ1, K4 = µ + α2 + γ3.

We now present the local asymptotic stability result of the diphtheria infection-free equilib-
rium in the following theorem.

Theorem 2. The diphtheria infection free equilibrium of model (1) is stable locally asymptotically
in D if Rc < 1 and unstable when Rc > 1.

Proof. The result follows from [Theorem 2] [13].

This local stability result of E0 allows us to establish its global asymptotic stability
result as well.

Theorem 3. The equilibrium point E0 of model (1) is stable globally asymptotically in D when
Rc < 1 and unstable whenever Rc > 1.

Proof. We prove the theorem above using the method presented in [34]. Let Y = S, Z =

(E, A, I, Q, R) and Y∗ =
(

π
µ , 0

)
for model (1). Then

dY
dt

= F(Y, Z) = π − µS − λS, (10)

and

dZ
dt

= G(Y, Z) =


λS − µE − δE

(1 − p)δE − µA − γ2 A
pδE − (µ + α1)I − η I − γ1 I

η I − (µ + α2)Q − γ3Q
γ1 I + γ2 A + γ3Q − µR

, (11)
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If Z = 0 (i.e., E = A = I = Q = R = 0), then F(Y, 0) = π − µS with

M = DG(Y∗, 0) =


−K1 β(1 − cϵ)θ β(1 − cϵ) 0 0

(1 − p)δ −K2 0 0 0
pδ 0 −K3 0 0
0 0 η −K4 0
0 γ1 γ2 γ3 −µ

,

a matrix with nonnegative off-diagonal entries known as a Metzler matrix. Now, we obtain
from G(Y, Z) = MZ − Ĝ(Y, Z) that

Ĝ(Y, Z) =


β(1 − cϵ)θA

(
1 − S

N

)
+ β(1 − cϵ)I

(
1 − S

N

)
0
0
0
0

.

It can be seen that Ĝ(Y, Z) ≥ 0 as S ≤ N. Thus, Y∗ =
(

π
µ , 0

)
is a stable global asymptotic

equilibrium point of dY
dt = F(Y, 0). Then, it follows from the result in [34] that E0 is stable

globally asymptotically whenever Rc < 1.

Theorem 3 epidemiologically proves that if the control reproduction number can be
maintained as less than unity Rc < 1, the number of diphtheria infections can be controlled
with the current interventions even if there is a large diphtheria outbreak.

3.3. Endemic Equilibrium Point

The persistence of diphtheria in a community occurs when one or more of the infec-
tious compartments of model (1) is not empty. Such an equilibrium point denoted by

E∗ = (S∗, E∗, A∗, I∗, Q∗, R∗),

which is obtained in terms of λ∗ using Maple 18 software, version 2021 as presented in (12).

S∗ =
π

λ∗ + µ
,

E∗ =
λ∗Π

K1(λ∗ + µ)
,

A∗ =
δ pλ∗Π

K1K2(λ∗ + µ)
,

I∗ = − (p − 1)δ λ∗Π
K1(λ∗ + µ)K3

,

Q∗ =
δ η pλ∗Π

K1K2K4(λ∗ + µ)
,

R∗ =
Π δ λ∗(η pK3γ3 − pK2K4γ2 + pK3K4γ1 + K2K4γ2)

µ K1K2K3K4(λ∗ + µ)
,

(12)

with λ∗ = β(1 − cϵ) A∗θ+I∗
N∗ .

To find λ∗, we have

λ∗(S∗ + E∗ + Q∗ + R∗) + [λ∗ − β(1 − cϵ)θ]A∗ + [λ∗ − β(1 − cϵ)]I∗ = 0.
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Using Equation (12), we obtain after algebraic simplification the following polynomial in
terms of λ∗.

λ∗(aλ∗ − b) = 0, (13)

where

a = δηµpK3 + δηpK3γ3 − δµpK2K4 + δµpK3K4 − δpK2K4γ2 + δpK3K4γ1 + δµ K2K4

+ δK2K4γ2 + µK2K3K4,

= K2K4[δ(µ + γ2)(1 − p) + µK3] + δpK3[η(µ + γ3) + K4(µ + γ1)].

b = µK4(βcδϵpθK2 − βcδϵpK3 − βcδϵθK2 − βδpθK2 + βδpK3 + βδθK2 − K1K2K3).

= µ
4

∏
i=1

Ki(R∗
c − 1),

with

R∗
c =

β δ (1 − cϵ)[θ (1 − p)K2 + pK3]

K1K2K3
.

Thus, λ∗ = 0 corresponds to diphtheria infection-free equilibrium and

λ∗ =
µ ∏4

i=1 Ki(R∗
c − 1)

K2K4[δ(µ + γ2)(1 − p) + µK3] + δpK3[η(µ + γ3) + K4(µ + γ1)]

is for the endemic equilibrium E∗ which exists if R∗
c > 1. Hence, model (1) has one endemic

equilibrium point.
The uniqueness of E∗ enable us to establish a global asymptotic stability result in the

following theorem.

Theorem 4. The equilibrium point (E∗) of diphtheria model (1) is stable globally asymptotically in
the interior of the domain D if Rc is greater than unity and is unstable otherwise.

Proof. To prove this theorem, let β̃ = β µ (1−cϵ)
π then λ = β̃ (θA + I), using N = π

µ since π
µ

is the upper bound for N(t) provided N(0) ≤ π
µ . From system (1), we have the following

relations at steady state.

π = (µ + λ∗)S∗,

(µ + δ) =
λ∗ S∗

E∗ ,

(µ + γ2) =
(1 − p)δ E∗

A∗ ,

(µ + η + γ1 + α1) =
pδ E∗

I∗
,

(µ + γ3 + α2) =
η I∗

Q∗ .

(14)

To obtain a Lyapunov function, we use the positive definite Volterra function (V = x − 1 −
ln x) with respect to each of the state variables in system (1). Let HS = V(S) = S∗V

(
S
S∗

)
,

then the 1st time derivative of HS is

d
dt

[
S∗V

(
S
S∗

)]
=

(
1 − S∗

S

)
[π − µS − β̃ (θA + I)S].
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Using the first equation of (14), we have

d
dt

[
S∗V

(
S
S∗

)]
=

(
1 − S∗

S

)[
µS∗ + β̃ θA∗S∗ + β̃ I∗S∗ − µS − β̃ θAS − β̃ IS

]
,

= β̃ θA∗S∗
(

1 − AS
A∗S∗ − S∗

S
+

A
A∗

)
,

+ β̃ I∗S∗
(

1 − IS
I∗S∗ − S∗

S
+

I
I∗

)
+ µS∗

(
2 − S

S∗ − S∗

S

)
.

(15)

Similarly, we obtain HE,HA,HI , and HQ with their associated respective first derivatives
after simplification as follows:

ḢE = β̃ θA∗S∗
(

1 − E
E∗ +

AS
A∗S∗ − ASE∗

A∗S∗E

)
+ β̃ I∗S∗

(
1 − ISE∗

I∗S∗E
− E

E∗ +
IS

I∗S∗

)
,

ḢA ≤ (1 − p)δE∗
(

2 − A
A∗ − A∗

A

)
,

ḢI ≤ pδE∗
(

2 − I
I∗

− I∗

I

)
,

ḢQ ≤ η I∗
(

2 − Q
Q∗ − Q∗

Q

)
.

(16)

We now define the Lyapunov function as

H(S, E, A, I, Q) = HS +HE +HA +HI +HQ.

Then the derivative of H along the solutions of model (1) is

Ḣ = ḢS + ḢE + ḢA + ḢI + ḢQ.

It follows from Equation (16) after algebraic simplification that

Ḣ ≤ λ∗S∗
(

3 − S∗

S
− E

E∗ − SE∗

S∗E

)
− µS∗

[(
V

S
S∗

)
+ V

(
S∗

S

)]
− (1 − p)δE∗

[
V
(

A
A∗

)
+ V

(
A∗

A

)]
− pδE∗

[
V
(

I
I∗

)
+ V

(
I∗

I

)]
− η I∗

[
V
(

Q
Q∗∗

)
+ V

(
Q∗

Q

)]
.

(17)

For the fact that the arithmetic mean surpasses the geometric mean, we have from the first
term of (17) as (

3 − S∗∗

S
− E

E∗ − SE∗

S∗E

)
≤ 0.

Also, the terms in the square brackets of (17) are Volterra type functions, which are positive
definite. It can be seen that Ḣ < 0 in the interior of the domain D. We obtain Ḣ = 0 if
and only if S

S∗ = 1, E
E∗ = 1, A

A∗ = 1, I
I∗ = 1, and Q

Q∗ = 1 is satisfied. Thus, the singleton set
{E∗} is the largest invariant set in {(S, E, A, I, Q) ∈ D : Ḣ = 0}. Therefore, by applying
LaSalle’s invariance principle [35], the result follows.
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4. Model Fitting and Parameter Estimation
A crucial step in modeling is validating the model using real data and estimating

parameter values. Since parameter values are often not directly obtainable from collected
data, estimation becomes necessary. Various parameter estimation methods exist, with the
least squares method being the most commonly used. Data from the Kano State Ministry
of Health, covering the period from January to December 2023, were used to fit the model
using the least squares method. Table 2 lists the estimated model parameters obtained
through this fitting process. The best-fitting curve of model (1) is illustrated in Figure 2.

Table 2. Parameter estimation table.

Parameter Estimated Value Sources

µ 0.0254 fitted
Π 6808999 fitted
θ 0.6667 [1]
β 0.000097 Assumed
η 0.11 fitted
c 0.9 [33]
ϵ 0.6 [33]
α1 0.7 fitted
α2 0.13 fitted
γ1 0.99 fitted
γ2 0.05 fitted
γ3 0.5 fitted
δ 0.0509 fitted
p 0.55 [36]

Figure 2. Best fit curve of model (1) (Solid red line) and reported confirmed cases of diphtheria
between January and December 2023 (asterisks) from the Infectious Disease Hospital (IDH) in
Kano State.

4.1. Most Sensitive Parameters

In this part, we evaluate the effect of each model parameter on the associated threshold
parameter, Rc. This analysis aids in designing effective control strategies to contain the
spread of diphtheria within a community. To assess the impact of each parameter on Rc,
we employ the normalized forward sensitivity index, as described in [37].

The sensitivity index of Rc with respect to a given parameter, say (η), is defined
as follows:

χRc
η =

η

Rc
× ∂Rc

∂η
=

−K3 + pK2

K3
. (18)
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Using a similar approach as for η, we computed the sensitivity indices for the remaining
eight model parameters, utilizing the parameter values from Table 2. The results are
presented in Table 3, where the parameters are arranged in order of sensitivity, from the
most to the least sensitive.

Table 3. Values of sensitivity indices.

Parameter Index Index Value

β χRc
β

1.0000

γ2 χRc
γ2

0.5349
α1 χRc

α1
−0.2760

θ χRc
θ

0.2089
c χRc

c 0.1725
η χRc

η −0.1111
µ χRc

µ 0.06951
γ1 χRc

γ2
−0.0381

δ χRc
δ

−0.0357
ϵ χRc

ϵ 0.0020
p χRc

p −0.00001

As shown in Table 3 and Figure 3, parameter β is the most sensitive, while p is the least
sensitive. Moreover, parameters with positive sensitivity indices have a direct relationship
with Rc, meaning that an increase (or decrease) in these parameters results in an increase
(or decrease) in Rc. Conversely, parameters with negative sensitivity indices have an
inverse relationship with Rc, so a decrease in these parameters leads to an increase in Rc

and vice versa. Therefore, the persistence of diphtheria infection can be mitigated by either
decreasing a parameter with a positive sensitivity index or increasing a parameter with a
negative sensitivity index.

Figure 3. Sensitivity analysis of model (1).

4.2. Surface Plots of Some Model Parameters with Rc

Surface plots provide insight into the interrelation between transmission, control
measures, and disease severity, helping to determine the persistence or eradication of
infectious diseases such as diphtheria. In this section, we analyze the impact of β, c, γ2, α1,
η, δ, and p on Rc through a series of surface plots.

The surface plot in Figure 4a indicates that the value of Rc increases as the contact rate
β increases despite the increasing recovery rate (γ2) of asymptomatic individuals, leading
to persistence of the disease in the community. Also, in Figure 4b, the threshold parameter
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Rc increases with β, although the rate of public enlightenment campaign c is increasing as
well. This reveals that a high-level public enlightenment campaign without compliance of
the healthy population to reduce contact with infectious agents could lead to the spread
of diphtheria.

On the other hand, as shown in Figure 4c, increasing the isolation rate of infected
individuals η and the disease-induced death rate α1 reduced the value of Rc. This is
because as the value of these two parameters increases, the infectious pool decreases in
the community resulting in low persistence of diphtheria. On a similar note, Rc decreases
when both the proportion of exposed individuals becoming infected (p) and the rate at
which they become infectious (δ) increase. This occurs as the pool of infected individuals
is more than that of the exposed, leading to high isolation rate of infectious agents. This
scenario shows the positive impact of isolation in reducing the spread of diphtheria and
the negative contribution of asymptomatic individuals for the spread of the disease in
the tcommunity.

Moreover, these results suggest that a well-implemented public enlightenment cam-
paign such as Radio jingles, Billboards, Newspaper, community engagement and social me-
dia platforms can effectively mitigate the spread of diphtheria, particularly in high-density
areas. Also, enhancing case identification, improving isolation protocols, and increasing
disease progression rates through early diagnosis can effectively eradicate diphtheria out-
breaks. Therefore, public health workers and policymakers should prioritize rapid case
detection, efficient isolation measures for the infected subpopulation, and strengthened
healthcare responses to reduce diphtheria spread within communities.

(a) (b)

(c) (d)
Figure 4. Three-dimensional plots showing the impact of β, γ2, c, η, α1, δ, and p on Rc. The threshold
Rc increases when β, γ2 and c increase in (a,b), while there is a decrease in Rc in (c,d) for increasing
values of η, α1, δ, and p.
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5. Numerical Simulations
To gain a clear understanding of the positive impact of the public enlightenment

campaign on model (1), a plot of diphtheria prevalence over time is shown in Figure 5.
This figure illustrates that when both the campaign rate and its efficacy are high, diphtheria
prevalence remains low. In this scenario, the control reproduction number is less than
unity (Rc = 0.5262 < 1), while the basic reproduction number remains greater than one
(R0 = 2.7822 > 1), indicating a reduction in diphtheria prevalence due to the combined
effect of a high campaign rate and its efficacy.

Conversely, when either the campaign rate is sufficient but its efficacy is less
(Rc = 1.5234 < R0 = 2.7822) or the campaign rate is not sufficient but its efficacy is high
(Rc = 2.7573 < R0 = 2.7822), diphtheria prevalence increases, with the latter scenario
showing a greater rise. These three cases highlight that the most effective strategy for
diphtheria eradication is a combination of both a sufficient public enlightenment campaign
rate and high efficacy.

Figure 5. Prevalence of diphtheria as a function of time for model (1) showing the impact of both the
rate of the public enlightenment campaign (c) and efficacy of the public enlightenment campaign
(ϵ): when c = 0.005; ϵ = 0.9 (Red-dash line); then Rc = 2.7573 < R0 = 2.7822; when c = 5; ϵ = 0.09
(Black-solid line); then Rc = 1.5234 < R0 = 2.7822; when c = 0.9; ϵ = 0.9 (Blue-dot line); then
Rc = 0.5262 < R0 = 2.7822. Other parameter values are given in Table 2.

We also present time-series plots in Figures 6 and 7 to examine the behavior of each
subpopulation when both Rc and R0 are less than and greater than one, respectively.

As shown in Figure 6, when both threshold parameters are less than unity, the infec-
tious subpopulation declines to zero within a finite time. This indicates that diphtheria
infection will eventually die out. Furthermore, the infectious classes diminish more rapidly
in Figure 6a compared to Figure 6b, highlighting the positive impact of the public enlight-
enment campaign and isolation of infectious agents. Conversely, when both Rc and R0

are greater than one, the disease persists endemically, as depicted in Figure 7. Despite
this persistence, the susceptible, exposed, and asymptomatic subpopulation are larger in
Figure 7a than in Figure 7b), which can be attributed to the effect of the public enlighten-
ment campaign and isolation strategies. These findings suggest that a public enlightenment
campaign and isolation of infected humans could significantly reduce the spread of diph-
theria infection within a community.
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(a)

(b)

Figure 6. Simulations of model (1) showing the behaviors of the compartments. (a) the impact
of a public enlightenment campaign and isolation of infected humans, while (b) is only isolation.
The combined effect of these preventive measures in (a) leads to a rapid decline of isolated (Green
line), infected (Red line), exposed (purple line) and asymptomatic (Yellow line) humans leaving
susceptible and recovered individuals to grow compared to that in (b) with isolation only. Moreover,
in both cases, Rc and R0 are less than unity with Rc = 00013 < R0 = 00028. Parameter values used
are given in Table 2.

(a)

Figure 7. Cont.
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(b)

Figure 7. Simulations of model (1) showing the behaviors of the compartments. In both (a,b) the
subpopulations of isolated and infected individuals are low but the number of susceptible individuals
is higher in (a) than (b) due to the combined positive impact of the public enlightenment campaign
and the isolation of infected humans. Furthermore, Rc = 4.0 < R0 = 9.4939. Parameter values used
are given in Table 2 with the exception of c = 0.005 and ϵ = 0.9 for (a).

6. Conclusions
We developed an extended version of the diphtheria transmission dynamics model

originally proposed by Adewale et al. (2017) [20]. In this extension, we incorporated an
asymptomatic infection compartment and replaced the quarantine of infected individuals
with isolation. Additionally, the model accounts for the role of the public enlightenment
campaign as a control intervention to effectively mitigate diphtheria outbreaks. We demon-
strated that the proposed diphtheria model is well-posed and computed the threshold
parameter Rc, which governs the spread of diphtheria infection.

Some key findings from our qualitative and quantitative analyses are as follows:

i. The diphtheria infection-free equilibrium of model (1) exhibits both local and global
asymptotic stability, indicating that the disease will be eradicated if Rc < 1.

ii. The existence of an endemic equilibrium in the presence of diphtheria infection has
been confirmed. This equilibrium is shown to be globally asymptotically stable when
Rc > 1, implying that diphtheria will persist as long as asymptomatic or infected
individuals continue to generate new cases within the population.

iii. A nonlinear least squares curve-fitting approach, utilizing MATLAB’s version 2023 op-
timization toolbox, was employed to fit the model to the data of Kano State confirmed
cases from January to December 2023.

iv. Sensitivity analysis identified the effective contact rate (β) as the most sensitive model
parameter. Additionally, (β) is associated with the public enlightenment campaign c
and its efficacy (ϵ). Thus, prioritizing (c) and (ϵ) is crucial for effectively managing
diphtheria outbreaks.

vi. We show via sensitivity analysis that a public enlightenment campaign would have
a positive impact on the community if the efficacy of the campaign is high. It also
underscores that isolation of infected individuals would have a positive impact when
the proportion of exposed individuals becoming infectious is large and their asso-
ciated progression rate to the infected class is high. This is because the higher the
proportion of exposed subpopulation moving to the infectious class, the lower the
number of asymptomatic individuals and the higher the isolation rate. On a similar
note, the numerical simulation results reveal that combining the public enlightenment
campaign and isolation of infected individuals is the best strategy to contain the
spread of diphtheria.
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v. Numerical simulations of model (1) demonstrated that increasing the level of an effec-
tive public enlightenment campaign significantly reduces the prevalence of diphtheria
in the population.

In conclusion, this study is limited to the assessment of the effects of some non-
pharmaceutical control strategies on the dynamics of diphtheria in the community. For fur-
ther study, it may be instructive to incorporate some pharmaceutical control measures of
the disease to investigate the best strategy or combined strategies among them for effective
diphtheria eradication.
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