. mathematics

Review

On Regime Switching Models

Zhenni Tan

check for
updates

Academic Editor: Manuel Alberto M.

Ferreira

Received: 7 March 2025
Revised: 22 March 2025
Accepted: 26 March 2025
Published: 29 March 2025

Citation: Tan, Z.; Wu, Y. On Regime
Switching Models. Mathematics 2025,
13,1128. https://doi.org/10.3390/
math13071128

Copyright: © 2025 by the authors.
Licensee MDP], Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ / creativecommons.org/
licenses /by /4.0/).

and Yuehua Wu *

Department of Mathematics and Statistics, York University, 4700 Keele St, Toronto, ON M3] 1P3, Canada;
ztan43@yorku.ca
* Correspondence: wuyh@yorku.ca

Abstract: Regime switching models have been widely studied for their ability to capture
the dynamic behavior of time series data and are widely used in economic and financial
data analysis. This paper reviews various regime switching models with various regime
switching mechanisms, including threshold models, hidden Markov regime switching
models, hidden semi-Markov regime switching models, and smooth transition models. The
focus is on regime switching models for time series, studying their underlying frameworks,
popular variants, and commonly used estimation methods. In addition, six different regime
switching models are compared using two real-world datasets.
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1. Introduction

Regime switching is a compelling approach for modeling the process of switching
between regimes in a time series characterized by different dynamics or characteristics.
The two key concepts in regime switching models are the regime itself and the switching
mechanism. These regimes arise from structural breaks in the time series, such as financial
crises or changes in government policies, and they often represent different market condi-
tions or economic cycles. Examples include bull or bear markets, low- or high-volatility
periods, inflation or deflation phases, and growth or recession cycles see e.g., [1]. The regime
switching mechanism can be visible or hidden.

Tong [2] first proposed the threshold autoregression (TAR) model in 1978 to capture
the dynamics of financial time series data by switching between different regimes. The gen-
eral form of Tong’s TAR model is given by

4
X = CP(()St) + 2471.(5’) + G(St)ﬂt, (1)
i=1

where a; is a sequence of independent and identically distributed (IID) random variables
with mean 0 and variance 02, and S; is an indicator variable representing the regimes or
states. The value of S;, determined by a threshold variable s, can be either observable
or hidden.

Threshold models are a class of non-linear process designed to provide local linear
approximations to underlying non-linear relationships rather than to describe regime
switching behavior. To capture regime switching behavior like business cycles, Hamilton [3]
extended the regime switching model by introducing a regime switching mechanism based
on hidden Markov chains (HMCs) with an unobservable stochastic process S;, called
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hidden Markov switching (HMS). In this framework, the transitions between regimes are
not directly observable; instead, probabilistic inference is used to determine whether and
when a regime change is likely to occur based on the time series. In [3,4], an autoregressive
conditional heteroskedasticity (ARCH) type models were applied in the regimes.

Ferguson [5] extended the hidden Markov chain (HMC) model to the hidden semi-
Markov state transition (HSMS) model, introducing more flexible sojourn distributions
di(u) that represent the probability of spending time u in state k. These sojourn distributions
di(u) were generalized from the geometric distributions used in HMC to a wider range
of discrete and continuous distributions with positive support, such as Poisson, negative
binomial, logarithmic, nonparametric, gamma, Weibull, and log-normal distributions [6].

Terésvirta [7] proposed another regime switching model, the smooth transition au-
toregressive (STAR) time series model. In this model, regime changes occur gradually
rather than abruptly. The smooth transition function G(s; 1y, ¢) determines the degree of
influence exerted by each regime. G(s¢; 7, ¢) is continuous and bounded between 0 and 1.
The transition variable s; is usually considered to be a lagged endogenous variable and is
defined as s; = y;_;, where d > 0 is an integer. The parameter -y controls the smoothness of
the transition, while ¢ represents the threshold between two regimes. A common example
of G(s¢; 7, ¢) is a first-order logistic function:

1
T 1texp{—(si—0)}

which defines the logistic STAR (LSTAR) model.
This article reviews various regime switching models with different switching mecha-

G(st;7,¢) v >0, 2)

nisms. Threshold models that depend on observable variables are discussed in Section 2,
hidden Markov regime switching models are covered in Section 3, hidden semi-Markov
models in Section 4, smooth transition models in Section 5, some new switching mecha-
nisms will be introduced in Section 6. Section 8 concludes this review paper.

2. Threshold Models

Let us start with a simple threshold model example. The autoregressive (AR) model is
a popular choice for modeling the time series y;, t = 1,2, ..., T, and its formula is as follows:

k
Yyt =&+ Z PiYi—j + €,
j=1

where k is the order of the model, « and ¢, j=12..., k, are parameters, and €; ~ N(0, 02)
represents white noise.

The regime switching version of the autoregressive model of order k has the follow-
ing formulation:

k

yr=al%) 4y Qb](St)yt—j + €, 3)
j=1
where €; ~ N(0, (¢(5)2). In addition to continuous-valued models such as autoregres-
sive models, discrete-valued models can also be used to model a given regime S;. Many
regime switching discrete-valued models have been proposed, such as the models in [8-11].
The parameters of the model depend on S; = i, wherei = 1,2, ..., K, which is an indica-
tor variable representing the regime or state at time ¢. The parameters vary between K
different regimes. The threshold model assumes that S; is determined by a deterministic

function of the observed variable s;. Different types of threshold models may have differ-
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ent deterministic functions of the observed variable s; or different model specifications
within regimes.

Tong and Lim [12] introduced the self-exciting TAR (SETAR) model. In this model, S;
is the lagged endogenous variable y;_;. For the SETAR model, S; is determined as follows:

1, yia<m,

2, 11 < Yi—a,
St =

K 11 <yt

The parameters 4 and 7; in the SETAR model represent the “delay” parameter and the
thresholds, respectively, both of which are unobservable. S; determined by d and T is
unobservable and needs to be estimated from the data. The threshold variable S; can also
be an exogenous time series X; [13], a linear combination of lagged or exogenous variables
[14-16], or a non-linear combination [17,18].

There are different types of threshold models for the financial time series. Chen et al. [19]
provided a comprehensive summary of threshold models categorized into three classes:
non-linearity in mean, non-linearity in volatility, and ‘double’ threshold dynamics (in both
mean and volatility). Non-linearity models in mean include the threshold autoregres-
sive (TAR) model [20-24], the threshold moving-average (TMA) model [25,26], and the
threshold autoregressive moving-average (TARMA) model [27,28]. Within each regime,
the autoregressive, moving-average (MA), and autoregressive moving-average (ARMA)
models are employed.

Non-linearities in volatility models include GJR-GARCH [29], ST-GARCH [30,31], DT-
GARCH [15], Threshold GJR-GARCH [32], TARR [33], TGARCH [4] and DTGARCH [34].
These models are extensions of one of the most popular volatility models, the GARCH-
type model.

To account for non-linearity in the mean and volatility models, Li and Li [35] proposed
a DTARCH model to handle asymmetric mean responses in the presence of non-linearities
in both mean and volatility. In addition, Brooks [36] extended the DTARCH model to a
double threshold GARCH (DT-GARCH) model to assess asymmetries in market indices,
stock returns, and exchange rates. Chen and So [15] allowed S; to be a weighted average of
important auxiliary variables, defined as follows:

l l
St=) wiSy, 0<w;<1, Y wi=1 (4)
i=1 i=1

Here, Sj; can represent any function of endogenous variables Y;,...,Y; and exogenous
variables. Therefore, information about both endogenous variables and exogenous variables
can be used to govern the switching mechanism. Chen and So [15] found that domestic
returns are the main factor determining the threshold compared with international returns.
Chen et al. [34,37] proposed a three-regime DTGARCH model to capture the asymmetry
in both mean and volatility. Audrino and Biithlmann [38] proposed a tree-based GARCH
model. In addition to GARCH-type models, So et al. [39] proposed threshold stochastic
volatility (THSV) models. Chen et al. [40] introduced a generalization of the THSV model,
incorporating error innovations that follow a standardized t-distribution.

The challenge in estimating threshold models is that the likelihood function is not
differentiable with respect to the thresholds and is often multi-modal. Various approaches
have been used to estimate the parameters of threshold models. Two-stage methods are
commonly used, as described in [12,41]. These methods specify delay parameters and
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thresholds and then use maximum likelihood estimation (MLE) to estimate the parameters
of the model. Researchers are increasingly using Bayesian methods via Markov chain Monte
Carlo (MCMC) methods to estimate more complex models, benefiting from improvements
in computational speed. Subsequently, all parameters, including the delay parameters and
thresholds, can be estimated simultaneously.

3. Hidden Markov Regime Switching Models

Hamilton [3] and Hamilton and Susmel [42] introduced the hidden Markov regime
switching model (also called hidden Markov switching model, abbreviated by HMS model)
to analyze financial time series and Hamilton and Susmel [42] incorporated the ARCH
model within regimes. The regimes are unobservable and are modeled using probabilistic
reasoning with a Markov chains, rather than deterministic functions. In contrast to the
threshold models, which are used to model non-linearities in data, the Markov regime
switching model is used to capture regime switching behaviors, such as business cycles.
Since then, hidden Markov regime switching models have been widely used in finan-
cial modeling. The HMS model can also be viewed as a type of hidden Markov model
(HMM) [43] with continuous observations. HMMs are statistical models designed using a
Markov process with hidden states. These models are widely used in speech recognition,
bioinformatics, human activity recognition, and other fields.

In the HMS model, S; represents the latent regime or state at time ¢. The observations
yt, t =1,...,T; depend on the emission probabilities f(y; | St = k, ©x), which depends
on the hidden state S;. Here, f(y: | St = k,©y) is the conditional distribution of the
observations given the hidden state S;, where ®; denotes the model parameters under
the regime S; = k, k = 1,2,...,K. The initial probability 7y = Pr(S; = k) represents
the probability of starting from state k, and the transition probability p;; represents the
probability of transitioning from state 7 to state ;.

The two-state HMS model (where K = 2) remains a popular specification in financial
applications. The two states can usually correspond to depreciation and appreciation
regimes. The three-state HMS model (K = 3) is also used in financial applications. The three
states can correspond to three different growth rate phases: recession regime, medium
growth regime, and high growth regime, as described in [44,45].

In contrast to the threshold model, the hidden state in the Markov regime switching
model is unobservable and is modeled by probabilistic reasoning with a Markov chain
rather than a deterministic function. The Markov regime switching chain is defined by the
transition matrix P = {p;; }. For the two-state model, the transition matrix P, is given by

Pyyr = [Pn pu],
P21 P22

where
Pij = Pr(St :] | St,1 = i,St_z = k,...,ytfl,yt_z,.. ) = PT’(St :] ‘ St,1 = l)

This reflects the Markov property, in contrast to the behavior of the threshold model. In the
Markov switching model, regimes evolve exogenously with respect to the time series,
whereas the threshold model shows that the regimes evolve endogenously based on the
behavior of the observable variables. Markov switching models do not tie regime switching
to the behavior of particular observations.

In finance, there are several popular examples of different types of Markov switching
models. Hamilton and Susmel [42] and Gray [46] discussed the Markov switching GARCH
(MS-GARCH) model to capture the volatility dynamics of financial time series. Krolzig [47]
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developed the Markov switching vector autoregression (MS-VAR) model using the tradi-
tional vector autoregression (VAR) model as the emission distribution. So et al. [48] com-
bined the stochastic volatility model with Markov regime switching to model time-varying
volatility. Hardy [49] considered a simplified Markov regime switching model for analyzing
complex monthly stock price return data using log-normal distributions within regimes.
Shi and Ho [50] first modeled long memory and regime switching via the autoregressive
fractional moving average (ARFIMA) and Markov regime switching models. Ma et al. [51]
introduced Markov regime switching into the heterogeneous autoregressive model of
realized volatility (HAR-RV type) models and evaluated the forecasting performance.

3.1. The Maximum Likelihood Estimation (MLE) Algorithm

Among the estimation methods of the HMS model, likelihood method is one of the
main approaches for estimating the model parameters. For example, Hamilton [3] used
maximum likelihood estimation (MLE) to estimate the parameters in the HMS model.

Denote by © the vector of all the parameters in an HMS model. For a given O,
the log-likelihood function is given by

T
L(®) = leogf(yt | Q1 0),
f=

where f(-) denotes the density function of y;, and O = (y¢, Y41, ..., o) represents the
observations up to time t.

For the simplest case with K = 2 regimes, where Sy = 1 or 2, Pr(S; =i | Q;0) is
given as follows:

2
Pr(S;=i|Qu0®) =Y Pr(St=i|S-1=7,0% 1,0)Pr(Si-1 =7 | %_1;0)
j=1

2
=Y pjiPr(Si-1 =j| Q-1;0), )
j=1

where pj; denotes the transition probabilities between regimes. The likelihood of the
observations, f(y: | Q; ©), is then computed as follows:

2
fe 1 Q50) =Y f(yr | St =i,Q040)Pr(S = i | Qf;0)
=

2
fye 1St =0,0450) Y piiPr(Si—1 =j | Q—1,0)
=

aglS

:
=f(ye | St =1,Q0)p11Pr(Se-1 =1] Q4-1;0)

+fye | St =1,Q0)pnPr(S;1 =2 Q4 1;0)

+f(ye | St =2,Q50)p12Pr(Si1 = 1] Q4 1;0)

+ (e | St =2,Q450)p0Pr(S;_1 =2 | 1, 0). (6)

I
—

If we use the regime switching AR(1) model (Equation (3) with k = 1) as the
state-dependent model, the conditional likelihood function in Equation (6) is expressed
as follows:

. — A 2
flye | St =1,040) = exp{_ (yr —«; 20?1,1%4) } )

1
oV 21
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where © = (a1, a2, ¢11,¢1,2,01,02). By Bayes’ rule, the posterior probability of regime i at
time ¢ is
: fQye | St =1,Q41;0)Pr(Sy =i | 1)
Pr(S;=i| O;0) = . 8
( t | t ) f(yt ‘ Qt—1;®) ( )
The right-hand side of (8) is obtained using Equations (5) and (7).
To initialize the model, we calculate the initial probabilities as follows:

f(S1=1Ly|0)
f(y1100,0)

_ f&G1=1n|0)
i f(S1=1i110)
mif(yi | S1=1,00,0)

Y mif(y1 ] S1=1i,00;0)

Pr(S1=1]y,0) =

where 711 and 71, are the initial probabilities. These probabilities can be derived by solving
the following stationary condition:

P =,
[ ) [z; el = [ ). o

It is noted that P above cannot be the identity matrix. Otherwise, regime switching would
not occur, and they will depend solely on the initial probabilities, even in the presence of
stationary distributions. Solving Equation (9) yields

P21

P12
m=—, m=1-m=—— 10
! P12 + P21 2 ! (10)

pi2+pa1

Using these initial probabilities, we can recursively update Pr(S; = i | (3;®) via
Equation (8) if Pr(S;—1 =i | (4—1; ®), which follows an AR(1) model (Equation (3) with
k = 1) model here, is known. Finally, the likelihood function L(®) can be constructed
recursively, allowing the parameters to be estimated by maximizing the likelihood function.

3.2. The Expectation-Maximization (EM) Algorithm

In some cases, directly maximizing the likelihood of the observed data can be chal-
lenging. For example, Augustyniak [52] applied the EM algorithm and an importance
sampling method to improve the performance of MLE in the Markov-switching GARCH
model. The EM algorithm provides an alternative technique to obtain the MLE of the
likelihood of the observed data through an iterative process without directly calculating
the likelihood function.

The EM algorithm consists of two steps, the E-step and the M-step, as described below:

1.  E-step: Compute the expected complete data log-likelihood to obtain the Q-function,
Q(® | @), based on the observed data Q)1 and the current estimate of the parame-
ters, ®(¥), at the ¢-th iteration:

Q@ | @) = Eg [log L(®) | 1]

log f(yt | St = j, Qi @ D) Pr(S; = j | Qp@Y).

=
1=

1t

1

]
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If we use the regime switching AR(1) model (Equation (3) with k = 1) as the state-
dependent model, f(y: | St = j, Qt;cb(f)) is the same as in Equation (7), and
Pr(S; = j | Qi; @) is the same as in Equation (8).

2. M-step: Maximize the Q-function with respect to ®, i.e.,

&= arg max Q@ | @),

Here, ® = {O, 7t, P} denotes the set of model parameters. The above two steps are iterated
until convergence, at which point the parameter estimates ® stabilize.

3.3. The Markov Chain Monte Carlo (MCMC) Algorithm

The Markov chain Monte Carlo (MCMC) algorithm is a commonly used approach
for HMS estimation. For instance, Amisano and Fagan [53] estimated parameters via the
MCMC algorithm because their model exhibited a highly irregular likelihood surface,
which makes it challenging to estimate parameters via maximum likelihood estimation.
A joint posterior distribution for the parameters and latent variables is obtained by the
Bayesian approach. This is done through Gibbs sampling-based posterior simulation. Kim
and Nelson [54] described in detail in Chapter 9 how to use the Gibbs sampling method
in the HMS model. Within the HMS framework, the model’s unknown parameters ® are
estimated first. Then, the latent regime S; conditional on parameters © is estimated. In the
Bayesian analysis, both parameters ® and latent regime S; are treated as random variables.
The key to the Bayesian approach is that the unknown parameters © are treated as random
variables. The joint posterior density is derived as follows:

f(51,0,P,1 Qr) = f(®,P | Qr,S7)Pr(57, | Q)
= f(©®]Qr,S7)f(P | Qr,57)Pr(St,| Qr)
= f(©|Qr,Sr)f(P | S1)Pr(St,| Qr), (11)

where St = (51,5,,...,57)",P = {p11, p2}. Equation (11) assumes that the transition
probabilities in P given St are independent of other parameters ® and the observed data
Qr so that f(P | Qr,St) = f(P | St). We then apply the Gibbs sampling as follows:
1. Generate S; from f(S; | 5#, Q,P,Qr),t=1,2,...,T, where

S~7ét =(S1,---,51,S¢41,---, ST)T is a vector of S variables that exclude S;;

or generate St from f (St | ©, p11, P2, Qr),t =1,2,...,T.
2. Generate transition probabilities P = {p11, p2} from f(P | St).
3. Generate ® = (11, jip, 01, 02) from f(© | Qr, ST).

These three steps are iterated until convergence. The detailed implementation is
given below.

3.3.1. Step 1

There are two generation methods. The first is single-step Gibbs sampling, which gen-
erates S; based on f(S; | SN#, O,P,Qr),t=1,2,...,T. By suppressing the conditioning on
the parameters, Sy is generated by f(S; | 5.4, Qr), and the following results can be derived:

F(St 182, Q1) o< f(St | Se—1) f(ye | St)f(Ses1 | Se).- (12)

For the derivation process, see Section 9.1.1 of [54]. Using Equation (12), Pr(S; = j |
S_1, Q1) can be calculated as
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f(St =754 0r)
Y71 f(Se=]1540r)

Pr(St=j|84,Qr) =

Then, 5; can be generated using a uniform distribution. If the random number generated
from U(0, 1) is less than Pr(S; = j | S~#, Qr), then S; = 1; otherwise, S; = 2.

Similarly, the second method is multi-move Gibbs sampling, which generates S; based on
f(Sr 1 ©,P,Qr),t =1,2,...,T. Finally, Pr(S; = j | S;;1,Qr) can be calculated by the
following formula:

. ~ f(Sea | Se=)f(Se =] Or1)
PrS =TS On) = o s S = )i = | )

The derivation is given in Section 9.1.1 of [54]. Then, S; can be generated by a random
variable drawn from U(0, 1) based on Pr(S¢ = j | St41, Qr), which is similar to the single-
step Gibbs sampling method.

3.3.2. Step 2

Kim and Nelson [54] used the beta distribution as a conjugate prior for the tran-
sition probabilities. The proposed posterior distribution is given by the following two
independent beta distributions:

p11 | St ~ Beta(uy1 + n11, u12 + n12),

p22 | St ~ Beta(ua + na, uz1 + n21),

where u;; is a known prior hyper-parameter and 7;; represents the transitions from state i
to j, which can be easily calculated for a given St.

3.3.3. Step 3

The last step is based on the parameters in the state-dependent model, which need
to be derived from different models. An example in [54] is about generating u; and u»,
conditional on 012, 0'22, Qr, St. They assumed a normal prior for u as follows:

i | of, 03 ~ N(bo, Bo),
where ji = (1, 42) . The posterior distribution is given by

ﬂ | UIZIUZZ/QT/ S:T ~ N(bll Bl)/

where b; = (By!+ X"X)"1(By'bg + X' (Xji + V)) and By = (By'+ X'X)7,
X = (%, %), and V ~ N(O,Ir). The parameters ji; and yp can be generated based
t t

on the posterior distribution.

3.4. Other Algorithms

In addition, Francq and Zako1 [55] employed the generalized method of moments
(GMM) to estimate the MS-GARCH parameters. GMM provides an alternative to
simulation-based methods such as MCMC, which typically require more computational
power. For moderately large samples, GMM performs well.

Furthermore, Zheng et al. [56] proposed a spectral clustering hidden Markov model
that extracts information using spectral methods. Spectral methods aim to reveal the
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relationship between hidden states and observations through singular value decomposition
(SVD) to relate past and future observations. Zheng et al. [56] extended the spectral method
of discrete HMMs with discrete observations to accommodate continuous observations,
which can be used for HMS models. The advantages of spectral methods include scalability,
strong theoretical properties, and the fact that no likelihood function is required.

4. Hidden Semi-Markov State Transition Models

HMS has been extended and adapted into more complex models, such as hidden
semi-Markov models (HSMMs), for tasks where HMS faces limitations. Note that the HMS
model has two strong assumptions. First, the current latent state depends only on the most
recent state in the past, i.e., Pr(S; | St—1,...,51) = Pr(S; | S;—1). Second, the time spent in
a state follows a geometric distribution. Let di (1) be the probability that time u is spent in
state k, called the sojourn distribution or duration distribution. In the HMS model, dy (1) is
simply shown to be geometrically distributed [57].

In fact, the two strong assumptions mentioned above limit the scope and flexibility
of possible applications of the HMS model. If the underlying process does not follow a
geometric sojourn distribution, the HMS model may not be appropriate. More drawbacks
of the HMS model can be found in [58,59]. To overcome the inflexibility, Ferguson Ferguson
[5] proposed a hidden semi-Markov state switching (HSMS) model that allows for arbitrary
sojourn distributions with great flexibility, including discrete and continuous distributions
with positive support, such as Poisson, negative binomial, logarithmic, nonparametric,
gamma, Weibull, log-normal [6].

In the hidden semi-Markov switching model, we still use the following notations as in
HMS models:

1. theinitial probabilities 77y, = Pr(S; = k);

2. the emission probabilities f(y; | St = k, ©);

3.  the transition matrix P = {p;;}, where p;; = Pr[S; = j|S; 1 = i].

In addition, the probability dy (i) of the hidden process {S;} staying in the kth state for a
time u, is defined in HSMS model as follows:

dk(u) = PT(S,{JFH # k, St+11—l = k, .. .,St+1 =k | St = k, St—l # k)

Ferguson [5] pointed out that speech recognition is one of the earliest and most
successful implementations of HSMS. Over time, this approach has been extended to
different domains, including the recognition of printed text, handwriting, human DNA
sequences, film events, symbolic plan, and language. Its versatility has also inspired many
other applications, such as ground target tracking, mobility tracking in cellular networks,
protein structure prediction, air particle prediction, speech synthesis, music classification,
image segmentation, electrocardiogram segmentation, and financial time series modeling.
Yu [60] gave an overview of these applications, while Balcilar et al. [61] used the HSMS
model to study various stages of human information processing. Based on the HSMS
framework, Xiao and Dong [62] introduced an innovative reputation management system
for the online-to-offline (O20) e-commerce market. There are also some applications of
the HSMS model in the financial field. Bernardi et al. [63] constructed an HSMS model
with Student-t distribution for tail risk interdependence. Maruotti et al. [59] introduced
an HSMS model with a multivariate leptokurtic-normal distribution. Maruotti et al. [57]
combined the HSMS model with quantile regression for time series. Qin et al. [64] proposed
a robust HSMS model with Huber’s least favorable distribution.

The expectation-maximization (EM) algorithm and forward-backward algorithm are
commonly used to estimate parameters ® = {®, 7r, P, D} in the HSMS models, where
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D = {dy(u) :u=1,...,Uk =1,..., K—1}. If we continue with the AR(1) model
(Equation (3) with k = 1) as a simple state-dependent example, the parameter set is given
by © = (a1, a2,¢11,¢1.2,01,02). Through simple calculation, the Q function in the HSMS
model becomes the following formula:

Q@ | @) = Qi () + Qa2(P) + Q3(D) + Qu(O), (13)

where

K
Ql(ﬂ') = Z lognkPr(51 =k | QT,'q)(Z)),

k=1
T-1 K
Qa(P) =Y Y Y logpiPr(Ss1 =k Si =j| O @),
t=1 k=1 j#k
T K
Q3(D) = Y_ ¥ Y logd(u)Pr(Siyus1 =k ..., St =k | Qr; @),
t=1k=1 u

log f(yi | St = k)Pr(Sy = k | Qr; @)

©
o

I
1=
1=

,,
Il
-
-~
Il
-

5. Smooth Transition Models

Terdsvirta [7] and Eitrheim and Terdsvirta [65] first introduced and discussed the
smooth transition (ST) model and related procedures. The autoregressive model that allows
for regime switching in Equation (3) can also be viewed as

r

ye=qo(St) + Y ¢i(St)yy, +er, t=1,...,T, (14)
i=1

where ¢o(St), $1(St), ..., ¢p(St) is a function of the state S;. The regime S; can be repre-

sented by the vector x; = (1,y;_1,. .. JYt—ps Sty - - - ,skt)T, where sy, . .., si; are observable

variables. Then, Equation (14) can be written as

p
ve=o(xe) + ) pilxt)ys, +e, t=1,...,T, (15)
=

where ¢;(xt),j = 0,..., p can be estimated by nonparametric estimation methods.
For the observed data y;, where t = 1,2,...,T, the smooth transition model is
as follows:

yi =1 (x)(1 = G(s;7,0)) + @3 (x)G(si;v,0) +er, t=1,...,T, (16)

where x; = (1,41, ... s Yt—psSitr s skt)T consists of lagged endogenous and exogenous
variables. The coefficients are denoted as ¢; = (¢pio, Pi1,---, 4>i,m)T, wherei = 1,2 and
m = p + k. The variables sy, . .., s are observable and exogenous. The transition function
G(st;, ¢) is continuous and bounded between 0 and 1. The transition variable s; can be a
lagged endogenous variable (s; = y;_, for a certain integer 4 > 0), an exogenous variable
(st = zi, where z; is exogenous), or a function of lagged endogenous and exogenous
variables. A popular choice for s; is the lagged endogenous variable y;_,;. The threshold
between the two regimes is denoted by c, and the smoothness of the transition is controlled

by the parameter 7.



Mathematics 2025, 13, 1128

11 of 24

We consider the AR(1) model (Equation (3) with k = 1) as a simple state-dependent
example with the number of states being K = 2. The smooth transition autoregressive
(STAR) model is given as follows:

ye = (01 +P11yi-1)(1 — G(st; 7, ¢)) + (a2 + p12v:-1)G(st; 7, ¢) + €.

The STAR model is a regime switching model with two regimes, corresponding to
G(st;77,¢) = 0 and G(s¢;7,¢) = 1. Moreover, the transition between the two regimes
is gradual because it depends on the smooth variation of the transition function G(s¢; v, c).
As an example, we use the logistic STAR (LSTAR) model, where the transition function
G(st;,¢) is defined in Equation (2) and discussed in Section 1. We further consider
st = Y;_g4, which leads to the self-excited TAR model as described in Section 2. When
v — 0, the value of the transition function G(s; v, c) approaches 0.5. Therefore, when
v = 0, the LSTAR model degenerates into a linear model.

In the LSTAR model, the two regimes are usually associated with smaller and larger
values of s; associated with a threshold c. This type of transition function is particularly suit-
able for modeling business cycles. The LSTAR model with s; = y;_; can describe periods of
positive and negative growth. However, there are other types of regime switching behavior.
If regime transitions are associated with smaller and larger absolute values of s;, then the
exponential STAR (ESTAR) model with the following G(s¢; 7y, ¢) is more appropriate:

G(st;y,c) =1 —exp{—7(st —¢)*}, 7 >0.

For example, Michael et al. [66] and Baum et al. [67] applied the ESTAR model to real
exchange rates. The ESTAR model becomes linear for both vy — 0 and v — co. Unlike the
LSTAR model, the ESTAR model does not nest SETAR as a special case.

In order to overcome the limitations of SETAR, Jansen and Terasvirta [68] proposed a
quadratic logistic function

1
T ltexp{—(st—c1)(si— )}’

G(st;y,¢) c1 <7 >0.
This STAR model can nest a three-state SETAR model as a special case.

The smooth transition model mentioned above is a basic smooth transition model
that only allows the transition function G(s¢; v, c¢) to handle two regimes. To overcome
this limitation, the model has also been extended to incorporate multiple regimes, ac-
counting for three business cycle phases: depreciation period, slow appreciation, and
strong appreciation.

The Equation (16) can be rewritten as

v =@ (xt) + (p2(xs) — p1(x1)) " G(si;7,¢) + &t (17)

This can then be extended to a three-regime model by adding a second non-linear compo-
nent as follows:

v =] (xt) + (p2(xs) — p1(x1)) " Gi(sem1,01) + (@3(xr) — a(x1)) " Ga(se: 72, €2) + . (18)

Assuming that c; < ¢, the autoregressive parameters in this model change smoothly from
¢1 to ¢3 as s; increases.
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More generally, it can be extended to an m-regime model with m — 1 smoothing
parameters vy, ..., Y,—1 and thresholds ¢y, . . ., ¢;;,—1, as shown below:

m—1

yr =] (x0) + Y (@i (xr) — ¢i(x1) " Gi(se;vi ¢i) + e

i=1

Another way to extend the basic model to a four-regime model is to nest two different
two-regime smooth transition models, as shown in the following equation:

vi = [@] (x)(1 = Gy (s16;71,¢1)) + @5 (x1)G1 (51671, ¢1)] (1 — Ga(s215 72, €2) ) +

T T (19)
+ (¢35 (x)(1 = Gi(s16571,¢1)) + @4 (x1)Gr(511 71, €1)]Ga (521 72, €2) + &1

A further extension of the multi-regime model discussed in the previous paragraphs
is the time-varying smooth transition autoregressive (TV-STAR) model, which allows for
both non-linear dynamics and time-varying parameters. The TV-STAR model is derived
from Equation (19) by setting s1; = y;_4 and sy; = y;, using a simplified notation for the
transition functions, as shown below:

ye = [ (x) (1= G1(ys-a)) + P2 (x))Gr(yi-a)(1 = Ga 1))+

L 107 (x)(1 = Gi(yra)) + 3 (x)G1 (1)) Gale) + et 20

The switching variables in Equation (20) include the lagged endogenous variable y; _; and
time ¢.

6. Some Other Switching Mechanisms

The previous sections review switching mechanisms in regime switching models,
which have attracted the attention of many researchers. There also some other regime
switching models with different switching mechanisms.

Chang et al. [69] introduced a new regime switching model with autoregressive latent
factors, which combined the concepts of both threshold and Markov switching. In the
HMS models, the Markov chain determines the regimes independent from other parts of
the model, which is unrealistic in some cases. In the model proposed by [69], the mean
and volatility processes switch depending on whether the autoregressive latent factor is
above or below a certain threshold. The innovation in the latent factor is correlated with the
previous innovation. Chang et al. [69] also allowed the autoregressive latent factor to have
a unit root and to accommodate a strongly persistent regime change. If the autoregressive
latent factor is exogenous and stationary, the regime switching model proposed by [69]
simplifies to a conventional Markov-switching model. This new model can take advantage
of HMS models and overcome their shortcomings effectively.

Bazzi et al. [70] proposed a time-varying Markov regime switching model. In the basic
HMS model, the transition probability matrix P is constant over time. Bazzi et al. [70] let the
transition probability matrix vary over time as specific transformations of lagged dependent
observations. The update of the time-varying parameters is based on the probability of the
regimes, given information up to time ¢t — 1.

7. Empirical Examples

In this section, we compare the performance of threshold models, hidden Markov
regime switching models, hidden semi-Markov models, and smooth transition models
when applied to real data. These models are assumed to have the same AR(1) state-
dependent structure as Equation (7) but are different in the switching mechanism. In
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addition, we consider the hidden Markov regime switching model and the hidden semi-
Markov model, where the state-dependent conditional distributions of observations are

exp{—(yt_yi)z}. (21)

202

fye | St =1i,Q1,0) =

1
oiV21T

For convenience, we denote these models as follows: the threshold model with an AR(1)
state-dependent structure (TH-ar), the hidden Markov regime switching model with an
AR(1) state-dependent structure (HMS-ar), the hidden semi-Markov model with an AR(1)
state-dependent structure (HSMS-ar), the smooth transition model with an AR(1) state-
dependent structure (ST-ar), the hidden Markov regime switching model with a normal
distribution state-dependent structure (HMS-norm), and the hidden semi-Markov model
with a normal distribution state-dependent structure (HSMS-norm). The number of regimes
here is set to two.

For the TH-ar model, we only employ a simplest SETAR model, where the state
variable S; is given by
S = 1, Y1 <T,

2, T<Yi1.

We estimate the model parameters a1, 2, ¢11, ¢12, and T using the least squares estimation
(LSE) method [71] by minimizing the following equation:

(vt — Eo(yt | yi-1))?

&
2

I
gl

1

-
I

(e — a1+ Pprayi—1)* I(ys—1 < T)

I
1=

-
Il

1

(yt — &z + Proye1)*1(ys 1 > 7).

1=

+
1

-
Il

After obtaining the estimates &1, &y, 431,1, 431,2, and T, we estimate (712 and 022 as follows:

. 1 P ¢
o7 = n Y (e — &+ fraye 1) 1(yi1 < 1),
t=1

T

. 1 . " .
3= n Z(J/t — o+ P1oy1-1)*1(ys—1 > 1),
=1

wheren; = YL I(y;1 < %) andny = Y[, I(y;-1 > 1).

For the HMS models, we estimate the model parameters by applying the maximum
likelihood estimation (MLE) method as described in Section 3. Details of the MLE algo-
rithm are provided in [49]. For the HSMS models, we estimate the model parameters by
utilizing the expectation-maximization (EM) algorithm described in Section 4 through the
Q function in Equation (13). Specifically, a nonparametric distribution is used as the sojourn
distribution. Details of the EM algorithm are provided in [64].

For the ST-ar model, we use the logistic function in Equation (2) as the transition func-
tion, with s; = y;_1. We estimate the parameters a1, a3, ¢1 1, $1 2,7, and ¢ by minimizing
the following function [72]:

T
® = argmin Y _ (v — F(y;-1;0))?, (22)
@ i-1
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where

F(yi-1;0) = (01 + P1,1y:-1)(1 = G(st;7,¢)) + (2 + P10y¢-1)G (5857, €)- (23)

7.1. Example 1: The Daily Returns of the S&P 500

This subsection presents a real example comparing above six different regime switch-
ing models. We consider the daily log returns of the S&P 500 from 1 January 2020 to
27 December 2024, which contain 1255 observations. The original dataset is available at
https:/ /ca.investing.com/indices /us-spx-500-historical-data (accessed on 28 December
2024). This example illustrates the switching processes modeled by these six different
regime switching approaches.

Figures 1 and 2 visually depict the estimated regimes or states of the daily log returns
of the S&P 500 via these six models. As discussed in Section 1, the TH-ar model aims to
provide a local linear approximation to the underlying non-linear relationship, but it fails
to capture regime switching behavior. The TH-ar model partitions the data based on an
estimated threshold value of T = —0.5226036 that does not convey any information about
the business cycle. In contrast, the HMS and HSMS models effectively identify bear and bull
markets as States 1 and 2, respectively. By the similarity of the plots of the HMS-norm and
HMS-ar in Figures 1, or HSMS-norm and HSMS-ar in Figures 2, the state-dependent structure
has much less influence on state estimation compared with switching mechanisms. The ST-ar
model provides a smooth transition between states, capturing the intermediate dynamics.
In addition, the ST-ar model can represent the business cycle, with dark blue dots appearing
around recession periods in the time series, indicating that the model aligns more closely with
State 1 during these time periods.

Table 1 provides the estimated parameters for each regime or state. State 1 represents
depreciation periods with larger standard deviations and negative means. The TH-ar
model exhibits slight differences in estimated parameters compared to the HMS and HSMS
models. The HMS and HSMS exhibit more similar estimated parameters because HSMS
model extends the HMS model by incorporating more flexible sojourn distributions. Both
models are able to effectively capture regime switching behavior. The histogram of the
state estimates by fitting the ST-ar model is displayed in Figure 3. Most estimated states
fall within the range of 1.6 to 1.8. The state-dependent parameters of the ST-ar framework
exhibit greater variability across states than those of the other models.

Table 1. Estimated parameters (fi;) and standard deviations (0;) of two-state regime switching models
with state-dependent structure (21) for the daily S&P 500 returns (%). Estimated parameters &; and
$1,; of two-state regime switching models with state-dependent structure (7) for the daily S&P 500
returns (%).

Method 151 fi2 g 0>
HMS-norm —0.26082 0.127168 2.517356 0.79785
HSMS-norm —0.19689 0.108279 2.514641 0.835683
& & P11 P12 og] 0
TH-ar —0.28359  0.185356 —0.27389 —0.28502 3.123607 1.272196
HMS-ar —0.25524 0.113606 —0.27559 —-0.01371 2.381922 0.827336
HSMS-ar —0.29157 0.132293 —0.18612 —0.01109 2.409252 0.792376

ST-ar —8.15227 3.774604  —1.27783 —1.01425
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Figure 1. Estimation of the two states of the daily S&P 500 returns by TH-ar, HMS-norm, and HMS-ar:
State 1 (dark blue “+”) and State 2 (light blue “”). In each panel, the upper graph with black line is
the daily S&P 500 returns with the estimated states (right axis), and the lower graph with grey line is
the daily log-return of the S&P 500 with the estimated states (left axis).
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Figure 2. Estimation of the two states of the daily S&P 500 returns by the HSMS-norm, HSMS-ar,
and ST-ar: State 1 (dark blue “4-”) and State 2 (light blue “e”). In each panel, the upper graph with
black line is the daily S&P 500 returns with the estimated states (right axis), and the lower graph with
grey line is the daily log-return of the S&P 500 with the estimated states (left axis).
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Figure 3. Histogram of the state estimates by fitting the ST-ar model for the daily S&P 500 returns (%).

Ref. [73] introduced the Akaike Information Criterion (AIC), one of the most popular
model selection criteria, which is defined as follows:

n
AIC = -2 Inf(x;|0) + 2k,
i=1
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where k is the number of parameters, and Y/ In f(x;|8) is the log-likelihood of the model
with estimated parameters. Some studies have found that AIC is not consistent, especially
in large samples.

Since AIC tends to select over-parameterized models ([74]), to address this issue,
Ref. [75] introduced a consistent criterion for large samples, the Bayesian information
criterion (BIC), which is based on a Bayesian framework and is given by

n
BIC = -2 Zlnf(xi|é) + 2kIn(n),
i=1

where k is the number of parameters, and Y, In f(x;|8) is the log-likelihood of the model
with estimated parameters.

Table 2 compares the AIC and BIC of two-state regime switching models for the daily
S&P 500 returns.The HMS-AR model performs best in terms of both AIC and BIC, with the
best result highlighted in bold. The HSMS model performs better under AIC but worse than
the TH-ar model under BIC because BIC imposes a larger penalty on model complexity.

Table 2. AIC and BIC of two-state regime switching models for the daily S&P 500 returns (%), with
the best result highlighted in bold.

Method AIC BIC

HMS-norm 1693.650 1744.999
HSMS-norm 1812.655 2172.098
TH-ar 1923.529 1959.473
HMS-ar 1678.032 1739.651
HSMS-ar 1800.965 2170.677
ST-ar 5421.071 5457.015

7.2. Example 2: The Weekly Returns of the EURO STOXX 50

We estimate the two-state regime switching model for the weekly returns of EURO
STOXX 50 spanning 1 January 2015, to 1 January 2025, using data available as of January
2025. The original dataset is from https:/ /ca.investing.com/indices/eu-stoxx50-historical-
data (accessed on 2 January 2025). Figures 4 and 5 illustrate the states estimated using six
different approaches. The TH-ar model fails to clearly distinguish between depreciation
and appreciation periods, as evidenced by the overlap in the state assignments for States 1
and 2.

In contrast, the HMS and HSMS models successfully separated the two business
phases, with the states showing more pronounced differences. These differences are even
more distinct than those for the daily returns of the S&P 500. It is noteworthy that the
HSMS model identifies a greater number of State 1, which can be attributed to its more
flexible sojourn distribution. This flexibility suggests that, unlike the states estimated for
the daily returns of the S&P 500, the sojourn distribution for the weekly returns of EURO
STOXX 50 is not close to a geometric distribution.

The ST-ar model performs poorly, resulting in overlapping state estimates and thus
no clear state separation can be achieved. The estimated parameters for all models are
summarized in Table 3, while the histogram of the state estimates by fitting the ST-ar model
to the EURO STOXX 50 returns is presented in Figure 6. The parameter estimates for HMS
and HSMS models are similar, closely aligning with the results observed for the daily
returns of the S&P 500. However, the state distribution by the ST-ar model for the weekly
returns of EURO STOXX 50 is less concentrated than that of the daily returns of the S&P
500, where states are mainly located around 1 and 2.
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Figure 4. Estimation of the two states of the weekly EURO STOXX 50 index by TH-ar, HMS-norm,
and HMS-ar: State 1 (dark blue “+”) and State 2 (light blue “e”). In each panel, the upper with
black line graph is the weekly EURO STOXX 50 returns with the estimated states (right axis), and the
lower graph with grey line is the weekly log-return of the EURO STOXX 50 with the estimated states

(left axis).
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Figure 5. Estimation of the two states of the weekly EURO STOXX 50 index by the HSMS-norm,
HSMS-ar, and ST-ar: State 1 (dark blue “4-”) and State 2 (light blue “e”). In each panel, the upper
graph with black line is the weekly EURO STOXX 50 returns with the estimated states (right axis),
and the lower graph with grey line is the weekly log-return of the EURO STOXX 50 with the estimated
states (left axis).

Table 3. Estimated parameters (fi;) and standard deviations (¢;) of two-state regime switching
models with state-dependent structure (21) for the weekly EURO STOXX 50 returns (%). Estimated
parameters &; and ¢ ; of two-state regime switching models with state-dependent structure (7) for
the weekly EURO STOXX 50 index (%).

Method 1 fi2 01 0>
HMS-norm —0.41524 0.2549 4.498138 1.685982
HSMS-norm —0.81259 0.162807 6.395816 2.095628

& & P11 P12 og] 0
TH-ar —0.02741 0.23181 —0.0826 0.022965 7.404448 6.017856
HMS-ar —0.8359 0.203724 0.080186 —0.11253 6.119401 2.042276
HSMS-ar —0.65223 0.312221 0.148738 —0.19128 4.841668 1.735389
ST-ar 0.074356 0.120602 —0.15609 0.105752

Table 4 compares the AIC and BIC of the two-state regime switching models for weekly
EURO STOXX 50 returns. The HMS-ar model performs best according to the AIC, while
the HMS-Norm model performs best according to the BIC, with the best result highlighted
in bold. The HSMS model performs better under AIC, but underperforms the TH-ar model
under BIC, as BIC imposes a larger penalty on model complexity.
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Figure 6. Histogram of the state estimates by fitting the ST-ar model to the EURO STOXX 50 returns (%).

Table 4. AIC and BIC of two-state regime switching models for the weekly EURO STOXX 50 returns (%),
with the best result highlighted in bold..

Method AIC BIC
HMS-norm 2395.212 2447.77
HSMS-norm 2446.582 2814.484
TH-ar 2506.803 2543.593
HMS-ar 2392.059 2455.128
HSMS-ar 2433.276 2811.690
ST-ar 2511.391 2548.181

8. Conclusions

In this paper, we review four popular regime switching models, each defined by a
different mechanism: threshold models, hidden Markov regime switching models, hidden
semi-Markov models, and smooth transition models. For each type of switching mecha-
nism, we review its relevant framework, popular models, and commonly used estimation
methods. In addition, in Section 6, we introduce several emerging switching models that
deserve further theoretical development and empirical investigation.

Furthermore, we compare six different regime switching models using two real data
examples. The comparison considers different switching mechanisms and state-dependent
structures. Threshold models aim to provide a local linear approximation of the underlying
non-linear relationship. HMS and HSMS can better capture the business cycle dynamics
compared to other models. In addition, HSMS features a more flexible sojourn distribution.
Smooth transition models help achieve a smooth regime switching process. However,
in some data applications, they may have difficulty in clearly separating the states.
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Abbreviations

A list of abbreviations and their full names

Abbreviation Full Name

TH threshold models

HMS hidden Markov regime switching model

HSMS hidden semi-Markov state switching

ST smooth transition model

MLE maximum likelihood estimation

EM expectation-maximization algorithm

MCMC Markov chain Monte Carlo algorithm

GMM generalized method of moments

TH-ar The threshold model with an AR(1) state-dependent structure

HMS-ar The hidden Markov regime switching model with an AR(1)
state-dependent structure

HSMS-ar The hidden semi-Markov model with an AR(1)
state-dependent structure

ST-ar The smooth transition model with an AR(1)
state-dependent structure
The hidden Markov regime switching model with a normal

HMS-norm o
distribution state-dependent structure
The hidden semi-Markov model with a normal distribution

HSMS-norm
state-dependent structure

TAR threshold autoregression

HMC hidden Markov chain

AR autoregressive model

STAR smooth transition autoregressive

LSTAR logistic STAR

SETAR self-exciting TAR

TMA threshold moving-average

TARMA threshold autoregressive moving-average

MA moving-average

ARMA autoregressive moving-average

DT-GARCH double threshold GARCH

THSV threshold stochastic volatility

HMM hidden Markov model

MS-GARCH Markov switching GARCH

VAR vector autoregression

MS-VAR Markov switching vector autoregression

ARFIMA autoregressive fractional moving average

HAR-RV heterogeneous autoregressive model of realized volatility

SVD singular value decomposition

HSMMs hidden semi-Markov models

TV-STAR time-varying smooth transition autoregressive
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