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Abstract: In this work, we investigate the theoretical properties of a generalized coupled
system of finite-delay fractional differential equations involving Caputo derivatives. We
establish rigorous criteria to ensure the existence and uniqueness of solutions under ap-
propriate assumptions on the problem parameters and constituent functions, employing
contraction mapping principles and Schauder’s fixed-point theorem. Then, we examine
the Ulam-Hyers stability of the proposed system. To illustrate the main findings, three
examples are provided. Moreover, we provide numerical solutions using the Adams—
Bashforth-Moulton method. The practical significance of our results is demonstrated
through illustrative examples, highlighting applications in predator-prey dynamics and
control systems.
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1. Introduction

Fractional calculus has received a lot of interest lately for modeling complex systems
that exhibit memory and nonlocal interactions because of its capacity to generalize conven-
tional derivatives and integrals to noninteger orders [1-4]. Specifically, Caputo fractional
derivatives (CapFDs) provide a strong framework for characterizing dynamical systems in
which the evolution of variables depends on both past and present states [5,6].

Theoretical studies concerning the uniqueness and existence of solutions for linked Ca-
puto fractional differential equations (CapFDEs) have applications in many different fields
of science. Essential tools for determining the unique conditions under which the solutions
to these equations exist are provided by contraction mapping principles that are specifically
designed for fractional calculus and fixed-point theorems [7-11]. Furthermore, resistance
against minor perturbations is ensured by studying the Ulam-Hyers stability of solutions,
which is essential for forecasting the long-term behavior of complex systems [12,13]. Many
studies (e.g., [14-16]) have examined the existence, uniqueness, and Ulam-Hyers stability
results for a nonlinear coupled system including Caputo fractional derivatives.

lustrative examples, such as applications to predator-prey models which capture dy-
namics where populations show memory of previous interactions, indicate the usefulness of
CapFDEs in ecological dynamics [1,17]. Beyond ecology, CapFDEs find use in a wide range
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of fields, including epidemiology (to model the spread of disease using historical infection
rates), finance (to replicate price fluctuations driven by past market trends), and control
systems with delayed feedback mechanisms [6,18]. Younis et al. [19] used the fixed-point
method to connect with Chua’s dynamic, incorporating the Atangana-Baleanu—Caputo
(ABC) fractional derivative using a two-step Lagrange polynomial. Qaraad et al. [20]
focused on the oscillation and asymptotic behavior of certain third-order nonlinear delay
differential equations with distributed deviating arguments. In [21], the authors used
fixed-point theorems to investigate the existence and uniqueness results for a CapFDE
with finite delay. Ref. [22] investigated the existence, uniqueness, and stability results
for a specific type of coupled system incorporating FDEs. The authors of [23] showed the
existence and uniqueness of solutions for a coupled system of sequential FDEs of Caputo
type with nonlocal integral boundary conditions. Reference [24] discussed recent results
about Ulam stabilities of nonlinear integral equations. Wang and Zhang examined the
Ulam-Hyers-Mittag-Leffler stability of the subsequent CapFDE in [25]:

“Dgu(o) = f(o u(0),v(g(0)), u(ti(0)), e € I =[0,b] C R, a € (0,1).

Tung [26] discussed new findings related to the Ulam-Hyers-Mittag—Leffler stability of
CapFDEs with finite delay:

Dsv(0) = TN, Fi(o,v(0), v(ti(0)), o€ [0,b],
v(e) =),  0€[-h0],

where 0 € [0,0],0 < b € R, v(0) € R, CDSU(Q) is the CapFD of v(o) with a lower limit zero
of order a, « € (0,1), F; € C([0,b] x R?,R), 7; € C([0,b],[~h,b]), h > 0, T;(¢) < ¢ with
0<7(0) <hi,0<hj € R h=max(h),i=1,2,...,N.

To extend the presented problems to a coupled system for the analysis of uniqueness,
existence, and Ulam-Hyers stability, we consider the following coupled system of CapFDEs:

“Diu(e) = Ly Fi(e, u(0),v(0), u(wi(e)),v(ei(e))), e € [0,b], O
“Dgv(o) = LM, Gjlo, #(0),v(0), u(1j(2)), v(§;(0))), ¢ € [0,b],
with the initial conditions
u(e) = ¢(0), [—h,0], @)

Therein, the following are defined:

* u(p) and v(g) are the unknown functions and ¢, ¢ € C([—Hh, 0], R).

. CD"‘ denotes the CapFD of order « withw € (0,1).

e FeC(IxR%4R)and Gj € C(I x R, R) are given continuous functions.

* () 0ie) nj(e), and ¢ ]( ) are given continuous delay functions satisfying
7i(e),vi(e), 1 () j(e) € (e) € C(L [=h,b]), b,k >0
andOSTz(Q) () ()C,()geﬁb-

In this paper, we conduct a comprehensive theoretical analysis of the coupled system
of CapFDEs with finite delays, as formulated in Equations (1) and (2). Our study focuses on
establishing the existence and uniqueness results under appropriate conditions, leveraging
contraction mapping principles and Schauder’s fixed-point theorem. Additionally, we ex-
plore the Ulam-Hyers stability of the proposed system, ensuring its robustness in practical
applications. To support our theoretical findings, we implement numerical simulations
using the Adams—-Bashforth-Moulton method [27], which not only validates our analytical
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results but also provides deeper insights into the behavior of the system in real-world
scenarios. The fractional-order modeling framework presented in this work is particularly
relevant for capturing nonlocal interactions and memory effects, making it applicable across
diverse fields such as control systems and predator—prey dynamics.

The main contributions of this study are as follows:

¢  Theoretical Analysis: We establish the existence, uniqueness, and Ulam—-Hyers stability
criteria for the coupled system of CapFDEs with delays.

*  Numerical Validation: We implement the Adams-Bashforth-Moulton method to
numerically approximate solutions, reinforcing our theoretical results.

*  Application: We demonstrate the practical applicability of our findings through a
variety of illustrative examples, applications, and numerical simulations.

Bridging theoretical advancements with numerical and applied perspectives, this
research provides a solid foundation for the further exploration and application of fractional-
order differential models in complex systems.

The structure of this paper is as follows: Section 2 provides an overview and fundamen-
tal ideas. In Section 3, we give the existence, uniqueness, and Ulam-Hyers stability of the
system’s solutions. Sections 4 and 5 give some examples and applications. The conclusion
and suggestions for further research are in the final section.

2. Preliminaries

Some well-known fundamental definitions of fractional calculus as well as a few
lemmas required for this study are given in this section.

Define the Banach space (C([0,b],R), [ - [|), where |[u|| = sup,c(q, |p(0)] for any
u e C([0,b],R).

Definition 1 ([2]). A Riemann—Liouville fractional integral of order « for a function f is defined by

Iif(e) = F(la) /OQ @ J_((ss))la ds, ¢>0, a>0,

provided the right side is pointwise-defined on R™,R™ = [0, 00), where T'(+) is the gamma function.

Definition 2 ([2]). The CapFD of order « for a function f : RT — R can be written as

Cpy _ 1 /Q #(7)
Dy (Q)_T(l—a) L o1 ¢>0 0<a<l.

Remark 1. Composition with Power Functions: The CapFD of a power function of for B > 0 is
given by

[B+1) pow
Cpugp — | Tpaim @ " FE> w1
¢ 0, ifg=a—1

Lemma1 ([1]). Ifa >0, >0, 0 € [0,b], and v(¢) € L0, b], then

‘DEISv(0) = v(o), I3Ihv(e) = It Pp(a).
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Lemma 2 ([2]). Assume that v € C((0,+o0),R) with a CapFD of order « > 0 that belongs to
u € C"((0,400),R); then,

. . n—1 1/(k) 0
1 CDgu(e) = vie) ~ ¥ S ek,
k=0 :

where n is the smallest integer greater than or equal to .

Lemma 3 ([28]). Suppose thatn € N, and n —1 < a < n. Then, we have

I5[CDgv(1)] = v(T) + co+ 1T+ T + -+ -+ cp1 T,

wherec; € R,i=0,1,2,...,n — 1. Hence, the following CapFDE
Cng(T) =0,
has a general solution which is expressed by

v(T) =co+at+om?+ -+ L

Lemma 4 ([28]). Let 0 < a < 1, and let f : [0,b] — R be continuous. Then, v is a solution of the
fractional integral equation

Vo) = g )@= f@ds ¢>0

o

if and only if v is a solution to the initial value problem for the CapFDE

“Dyv(e) = f(0), e€[0b],
v(0) = 0.

Lemma 5 (Banach fixed-point theorem [29]). Let (X, d) be a nonempty complete metric space,
and let T : X — X be a contraction mapping, i.e., there exists a constant 0 < k < 1 such that

d(T(u), T(v)) < kd(u,v) forall u,veX.
Then, T has a unique fixed point u* € X.

Lemma 6 (Schauder fixed-point theorem [29]). Let X be a nonempty, convex, and closed subset
of a Banach space, and let T : X — X be a continuous and compact (i.e., T(X) is relatively compact)
mapping. Then, T has at least one fixed point in X.

3. Main Results

The existence, uniqueness, and Ulam-Hyers stability of the operator, which deter-
mines whether or not it has fixed points, will be proved by the following results. Then, we
give some examples and applications.

Definition 3. Consider the coupled system of CapFDEs with delays:

FWW&MWW@MWMWL&M, o

“Dgv(o) = XM, Gjlo, u(0),v(e), n(nj(0),v(gi(0))), ¢ €[0,0],
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with initial conditions

n(e) =¢(0), v(e)=v(e), ¢€[-h0]

wherea € (0,1), F;, G; are continuous and bounded, and t;, 03, 1;,¢; € C([0,b],[—h,b])(b,h > 0)
are continuous delay functions satisfying 0 < 7;(0),c;(0), 1;(0),&i(e) < o < b.

Using the properties of CapFD and Lemma 3, the coupled systems (1)—(2) can be
transformed into the following coupled system of Volterra integral equations:

1(e) = ¢(0) 7o (@ =) i Fi(s, p(s), v(s), m(Tils)), v(ei(s))) ds,
V(Q)IlPO i Jo (@ =) LMy Gi(s, u(s), v(s), u(nj(s)), v(;(s))) ds,

for ¢ € [0,b], and

—
,_\/;;_

(4)

u(e) = ¢(e), v(e)=1v(e), forge [~h0]

To establish the existence and uniqueness of solutions for the coupled systems (1)—-(2) using
the Banach and Schauder fixed-point theorems, we make the following assumptions on the
system functions F; and Gj, the fractional-order «, and the parameters 1, 0;, i, and gt

(H1) Foralli=1,...,Nandj =1,..., M, we have the following:

* F:[0,b] xR* = Rand G;j: [0,b] x R* = R are continuous.
* F and G; are bounded: There exist constants Mp, Mg > 0 such that

sup |E‘(Q,X1,X2,X3,X4)| < Mp,
(0,x1,%2,%3,%4) €[0,b] x R4

sup |Gj(Q,JC1,X2,X3,X4)‘ < MG-
(0,x1,%2,x3,x4) €[0,b] x R4

(H2) The delay functions satisfy the following:
s T,0,1,¢ € C([0,b], [—h,b]) for all i, ;.
* (e)aile) ni(e),¢j(e) < gforallg € [0,b].

(H3) ¢, € C([—h,0],R) are given continuous initial functions.

(H4) Foralli=1,...,Nandj=1,...,M, F;and Gj satisfy Lipschitz conditions, with con-
stants Lr, Lg > 0 such that for all (o, x1, X2, X3, X4), (0, Y1, ¥2,¥3,¥4) € [0,b] x R4,

4
|Fi(0, %1, %2, %3, X4) — Fi(Q,y1,y2,¥3,ya)| < Lp Y |k — wkl,
k=1

4

Gj(a, x1,%2,x3,X4) — Gj(0,y1,Y2,¥3,ya)| < Lg ) |k — wil-
P

Theorem 1 (existence theorem). Under the assumptions (H1)-(H3), the system (3) has at least
one solution (y,v) € C([—h,b],R) x C([—h,b],R).

Proof. We will provide the proof in the following steps.
Step 1: Equivalent Integral System.
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The Caputo derivative CDZ,‘ is inverted using the fractional integral Z; with the aid of
Lemma 3. Consequently, for ¢ € [0, ], the system can be rewritten as

N

1@ = 9(0) + 15 [ (=9 L Fils, 1(s), v(s) w((9),v(er(s))) s,

i=1

v(Q) = 9(0) + o [ 1Y Gyl ), v(s) (), (5 5)) s
D=y Sy @ & TS V) ) VG808

and for ¢ € [—h,0],
u(e) = ¢(e), v(e) =¥(0).

Therein, 7;(s) <0, u(T;(s)) = ¢(7(s)), and this is similar for other delayed terms.
Step 2: Operator Formulation.

Define the Banach space as
E=C([=h,b],R) x C([=h, b, R), [[(4,v)lle = max{|[ullc, vlc}-

Define the operator T : E — E as

(9(0), 9(0)), 0 € [=h,0],

T(p,v)(0) = (Tu, Tv)(1,v)(e) = {<¢(0) + T YN B (), 9(0) + I° Zjl\il G]'(-)), 0 € [0,b].

that is,

1 0 N
Tu(p,v)(0) = ¢(0) + ) /0 (0—s)*" Y Fils, pu(s),v(s), p(ti(s)), v(0i(s)))ds,

i=1

1 ¢ a—1 U
Tu(w,v)() = 9(0) + @/0 (@=9)" Y Gj(s,m(s),v(s), purj(s)), v(E(s)) ) ds.

j=1

Step 3: Continuity of T.

Let (ptn, vn) — (u,v) in E. For ¢ € [0,b],
Tuen ) (@) = T ) (@)] < iy [ (@ =)
N
X L 1F s (), () 1n (5 (5)), v (3(5))) = Bl () v(5), i (5) v (3(4))) s
N
< oy @=L I = (e ds.

Since F; is a continuous function and, by the dominated convergence theorem, we have

o

| T (s vn) (@) — Tu(mv) (@)] < r(fm”(""’"”) — (V)| =0 asn— oco.
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Also, with the same process, one has

T, T, < ! ’ w1y G, G;
| Ty (prn, vi) (@) — v(ﬂ,V)(e)l_@/o (e—s9) Elll( )n— (Gj)llc

blx
< T(x+1) - .
- r(,,‘_‘_l)”(ﬂnrvn) (FIV)HE—)O asn — oo

Thus, T is continuous.

Step 4: Compactness of T.
Let B, = {(u,v) € E: ||(n,v)]||g < r}. We show that T(B,) is relatively compact via the
Arzela—Ascoli theorem.

Uniform Boundedness: For (p,v) € B,and ¢ € [0,b],

IT(n,v)(e)| < max{lTu(ﬂ,V)(e)l + T (mv) (o)}

M-M
< |$(0)] + Eb 4 |9 (0)| + G e,

r( +1) I(a+1)

where |[F;| < Mg and |G;| < Mg. Choose r = max{||p|c, [|$llc} + PMEEMMS”
Then, T(B,) C B;.
Equicontinuity: For g1, 02 € [0,b], 01 < 02,

| T (#,v) (02) — Tu(p,v) (01))]

¢2 a—1 y e a—1 y
/ (02 —5) ZI—’ids—/O (01 —5) Zl—",-ds
1 i=1

=T
NM
S F(IX +F1) (QZ Ql) =~ l—-( +1)‘X(Q2

01) (by mean value theorem).

Similarly, we have

|Ty (1, v) (02) — Tu(p,v) (01)| <

ez a—1 M e a—1 M
/ (02 — s) Edos—/ (01— s) Zdos
0 i=1 0 i=1

NM
> 1—-( ¥ 1) I N ( 02 — )
Thus, |T(p,v)(02) — T(p,v)(01)| — 0 asn — oo. Hence T(B,) is equicontinuous.
For [—h, 0], T is constant and hence equicontinuous. By Arzeld—Ascoli theorem, T is com-
pact.

Since T : B, — B, is continuous and compact, Schauder’s theorem (Lemma 6)
guarantees a fixed point (u,v) = T(p, v), which solves the system (3). [

Theorem 2 (uniqueness theorem). Assume that assumptions (H2)-(H4) hold. For A > 0,
if2A"%(NLp + MLg) < 1, then the system (3) has a unique solution (u,v) € C([—h,b],R) x
C([—h,b],R).

Proof. Consider the operator T : E — E on the Banach space E = C([—h,b|,R) x
C([—h, ], R) with the Bielecki norm:

I )llea= sup e ™u(o)l+ sup e *v(g)|, forA>0.
QG[*h,b] Qe[fhrb]

The operator T is defined componentwise, as established in the existence proof. To complete
the proof, we demonstrate that T is a contraction operator. For this purpose, we begin
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by estimating the Lipschitz constant. Specifically, for ¢ € [0,b], the difference in the
p-component satisfies

_ 2NLr _ ¢ _
e M| Tu(p1,v1) () — Tyu(p2, v2)(0)] < r(a)Fe AQ/O (@ —s)"1e¥ds - ||(11 — p2,v1 = v2) 2

2NLr . _
= r(a)FA “T(a)[[(p1 — p2,v1 —v2)llEA

= 2NLpA ([ (p1 — pi2,v1 — v2)[[E - ©®)

Similarly, for the v-component,

e Ty (u1,v1)(0) — T(p2, v2) ()] < 2MLGA™™[| (1 — 2, v1 = v2) [ - 6)

Next, we show that T is a contraction. For (pi,v1),(p2,v2) € E, and summing both
components in (5) and (6), we obtain

I T(p1,v1) — T(p2,v2)llEA

< (1 Tu(pr,v1) (@) — Tz, v2)(@)lea + 1 Tv (1, v1) (@) — To(p2,v2) (@) [EA
< 2/\_0((NL1: + MLG)||(]/I1 — Mo,V — 1/2)”]5,)\.

Since 2A~*(NLfp + MLg) < 1, this implies that A > [2(NLp + MLG)]l/“. Thus, T is a
contraction on (E, || - ||g,1). By the Banach fixed-point theorem (Lemma 5), T has a unique
fixed point (y,v) € E, which is the unique solution to (3). O

We shall now present our third result to prove the stability of the Ulam-Hyers sense.
Before that, we present the following definition:

Definition 4 (e-approximate solution [13]). A pair (i, 7) € C([—h,b],R) x C([—h,b],R) is
an e-approximate solution of (3) if there exist functions 61,60, € C([0,b], R) with |61(0)| < e and
|62(0)| < eforall ¢ € [0,b] such that

N
Dgfile) = ) Fi(e,ie), 7(0). fi(7i(0), 7(ci(e))) + 01(e),

M
“Dyi(0) = Y Gjla, fi(e), 7(0), f1(j(0)), 7(&j(0))) + 62(0),

for ¢ € [0,b], and ji(¢) = ¢(e)

<
—~
=)
SN—
|
<
—
=)
N—
Sy
=
o)
m
|
=
=

Theorem 3 (Ulam-Hyers stability). Assume that assumptions (H2)-(H4) hold. If Z(I\]LFF(I*TSG)I’A <1,
then the system (3) is Ulam—Hyers stable: For every € > 0 and e-approximate solution (fi, V), there

exists a unique exact solution (y,v) of (3) such that
17 = plic + 17 = vilc < Ke,

26% /T (a+1)
2(NLr+MLg)b* /T(a+1) "

where K = -
Proof. Let (fi, 7) be an e-approximate solution and (y, v) the exact solution. Define the errors:

e1(e) = fi(e) —u(e), exe) =7(0) —v(e), ¢€[-hD]
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For ¢ € [0, b], the errors satisfy

N
(0) = pgy fy (0= | L ARG +el<s>]ds,

M
e2(0) = 5 ) (=9 L; AGH(s) + 92(5)] as

where AFy(s) = Fi(s, fi(s), 7(s), fi(i(s)), 7(0i(s))) — Fi(s, p(s), v(s), p(i(s)), v(ei(s)))-
Using the Lipschitz continuity of F; and G;,

|AFi(s)| < Le(lex(s)] + lea(s)] + lex (7i(s))] + le2(0i(s)) ),

|AG;(s)| < Le (lex(s)] + lea(s)] + lea(1j(5))] + e2(E;(s))])-

Fors € [0,b], if 7;(s) < 0, then e;(7;(s)) = 0; otherwise, |e;(Ti(s))| < SUPp|g ) ler] = |le1llc-
This is similar for other delayed terms.
Now, we estimate the supremum as Let E; = |le1||c, E2 = ||ez||c, and S = Eq + E;.

Then,
1 e i
ler(0)| < O] /0 (0 —38)* '[2NLES + ¢)ds,

le2(0)| < r(la) /OQ(Q —5)* 12MLGS + €]ds.

Evaluating the integrals gives the following:

2NLpS +¢ 2MLGS +¢
< T ot < LT Tk
For ¢ € [0, b], we obtain
2NLpS+e¢_, 2MLGS +¢ ,
1S w0 EB<————-b
F'(a+1) F(a+1)
Adding the inequalities for E; and E,, we have
2(NL L 2
S—E +E < (NLF + MLg)S + eb“.

F'(a+1)

Rearranging gives the following:

2(NLf + MLg)b* 2b*e
s(1- < :
T(a+1) T(a+1)

Under the condition W < 1, we obtain
114
g < 2b%/T(a+1) _ e

~ 1—-2(NLp+ MLg)b*/T(a+1)
Thus, ||ji — p||c + ||V — v|[c < Keg, proving Ulam-Hyers stability. [J

4. Examples

This section provides three examples to demonstrate the efficacy of the outcomes produced.
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Example 1. Consider the following coupled CapFDE system with delays:
€DY5u(0) = 0.2sin(p(g)) +0.1v(¢ — 0.1), ¢ € [0,1],
cpos @
Dyv(e) = 0.1u(¢ —0.1) + 0.2cos(v(e)), ¢ €[0,1],

with initial conditions
ue)=1 v(e)=1 ¢<[-0.1,0]
Now, we will check the following hypotheses:
e ForF(o,mv,u(r1),v(oy)) = 0.2sin(u) 4+ 0.1v(oy),

|F| < 02]sin(p)] +0.1]v(o1)| < 0.2(1) +0.1(1) = 0.3,

e ForGy(o, u,v, u(11),v(&1)) = 0.1u(51) + 0.2 cos(v),
|G1] < 0.1|u(n1)] +0.2| cos(v)| < 0.1(1) +0.2(1) = 0.3.

Thus, Mp = Mg = 0.3. For delay functions, we have 7, (0) = 0,01(¢) = ¢ — 0.1,71(0) = 0 — 0.1,
and &1 (0) = o. All delays satisfy 71(0),01(0),11(0),¢1(0) < 0. In addition, the initial conditions are
$(0) =1, and (o) = 1 are continuous on [—0.1,0], where h = 0.1.

By Theorem 1, system (7) has at least one solution (u,v) € C([—0.1,1],R)2. Figure 1 shows
the simulation for Example 1.

Example 1: Solution for p(p) (a=0.5, delay=0.1)

451 — o
40
35
= 30
-1
25
20
15
0.0 02 0.4 06 0.8 10
o
Example 1: Selution for v(p) (a=0.5, delay=0.1)
- \"Q) )J“—’
24 e
22 - -
20 o=
= -
=18 -
16
14 -
12 -
0.0 02 0.4 06 08 10

g

Figure 1. Solutions for j(¢) and v(0): (Top) The solution (o) for the coupled system with fractional
order « = 0.5 and delay T = 0.1. (Bottom) The solution v(g) for the same system. The initial
conditions are #(0) = 1.0 and v(0) = 1.0.

Example 2. Consider the following linear system:

{CDg'Sy(Q) =0.1u(0) +0.05v(0 —02), o€ [0,1], ®)

“DYv(g) = 0.05u(¢ —0.2) +0.1v(0), ¢ € [0,1],

with initial conditions
ue) =2, v(e) =2, 0<[-02,0].
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Verification of Hypotheses
e ForF(ouv,u(trr)v(or)) =0.1u+ 0.05v(01),

[F() = FE () < 02p—p'| +0.05|v(01) — v/ (01)] < 015]|(p — ', v =) -
*  For Gi(o v, pu(m),v(¢1)) = 0.05u (i) +0.1v,

GL(-) = Gi(+")] < 0.05|p (1) — p' ()| + 0.1 |v = v/| < 0.15]|(u — ', v = ') |c.
Thus, L = Lg = 0.15. To verify the contraction condition, we have

2(NLp 4+ MLg)b*  2(1-0.1541-0.15)-1%5 0.6

Ta+1) T(15) ~ 0.886

~ 0.68 < 1.

By Theorem 2, system (8) has a unique solution. Figure 2 shows the simulation for Example 2.

Example 2: Solution for plg) (a=0.5, delay=0.2)

— o)
12
10
O]
-1
&
a
0.0 02 0.4 0.6 0.8 10
o
Example 2: Solution for v(p) (a=0.5, delay=0.2)
--- o) -~
12 —=”
/"’
10 e
3 e
4 o=t ==
0.0 02 0.4 0.6 08 10

Figure 2. Solutions for u(¢) and v(0): (Top) The solution y(¢) (green solid line) for the linear system
with fractional order « = 0.5 and delay T = 0.2. (Bottom) The solution v(¢) (magenta dashed line)
for the same system. The initial conditions are y(0) = 2.0 and v(0) = 2.0. The solutions converge to
steady states, demonstrating uniqueness.

Example 3. Consider the following symmetric linear system:

“DYu(o)

0.1u(0) +0.1v(0 — 0.1), 0 €10,1], ©)
€Dy*v(g) =01

0.1u(¢ —0.1) +0.1v(e), o0 €[0,1],

with initial conditions

ule) =1, vie)=2, ¢€[-01,0].

Stability Verification
1. Lipschitz constants: Lr = Lg = 0.1+ 0.1 = 0.2.
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2. Stability constant K:

20% /T (a4 1) 2-1%5/0.886

K= - ~
1—2(NLp + MLg)b*/T(a+1) 1-2(02+0.2)-105/0.886

23.5.

3. Error bound for an e-approximate solution with ¢ = 0.01:
17t — pllc + || — v|lc <23.5-0.01 = 0.235.

The system (9) is Ulam-Hyers stable with stability constant K =~ 23.5.

The fractional-order « plays a crucial role in determining system stability. A lower «
(e.g., « = 0.5, Figure 3) introduces stronger memory effects, which smooth oscillations
and improve robustness to perturbations by reducing the Ulam-Hyers stability constant K.
In contrast, a higher « (e.g., « = 0.7, Figure 4) weakens memory dependence, leading to
faster dynamics but greater sensitivity to disturbances, resulting in a larger K. Although vi-
sual differences may be subtle in linear systems or short-term simulations, theoretical
stability limits deteriorate as « increases, highlighting a tradeoff between responsiveness
and robustness. These effects become more pronounced in nonlinear systems or over
extended time horizons.

Example 3: Solution for p(p) (a=0.5, delay=0.1)

wi— Exact pipg) -
=== Approx pig)

1
=
4
2
0o 0z 04 06 0.8 10
[}
Example 3: Solution for v(p) (a=0.5, delay=0.1)
Exact v(p} -
10 -
Approx vig) ’;/
o
8 e
=
/""’/
@ 6 e
= =
_:'—"‘""’
4 - »_:-'-""-’;:-‘-
2 e
—_—
00 0z 0.4 0.6 0.8 10

Figure 3. Exact and approximate solutions for j(¢) and v(¢): (Top) The exact solution u(¢) (black
solid line) and the approximate solution () (black dashed line) for the system with fractional order
a = 0.5 and delay 7 = 0.1. (Bottom) The exact solution v(g) (cyan solid line) and the approximate
solution v(g) (cyan dashed line) for the same system. The initial conditions are 1(0) = 1.0 and
v(0) = 1.0. The perturbed solutions (¢ = 0.01) remain within the predicted error bounds, confirming
Ulam-Hyers stability.
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Example 3: Solution for p(p) (a=0.7, delay=0.1)

26 4 — Exactuip) M”
=== Approx pig) |
24
22
20
o
=15
16
14
12
0.0 02 0.4 I : |
Example 3: Solution for vig) (a=0.7, delay=0.1)
Exact wig) /.:;
50 Approx vg) " //'ﬂ
e
e
45 =
40 = -,:;'):'
| = _-_,-;_z: =
k =
: -.“_m_*;:.*_‘.--._ as
L .
i p—
e
0.0 02 0.4 | ! |

e

Figure 4. Exact and approximate solutions for y(¢) and v(¢): (Top) The exact solution y(¢) (black
solid line) and the approximate solution () (black dashed line) for the system with fractional order
a = 0.7 and delay T = 0.1. (Bottom) The exact solution v(g) (cyan solid line) and the approximate
solution v(g) (cyan dashed line) for the same system. The initial conditions are (0) = 1.0 and
v(0) = 1.0. The perturbed solutions (¢ = 0.01) remain within the predicted error bounds, confirming
Ulam-Hyers stability.

5. Applications

This section applies a coupled system of Caputo FDEs with delays to model control
systems and predator—prey dynamics. The inclusion of fractional derivatives and com-
munication delays provides a more realistic representation of control mechanisms and
ecological interactions, offering insights into system stability and long-term behavior.

5.1. Control Systems with Communication Delays

The control system is modeled using a coupled system of Caputo FDEs with commu-
nication delays:

“Djx1(0) = Ax1(0) + Bu(g — 1),
“Djxa(0) = Cxa(0) + Dx1(e — 1),

where x1(0) and x,(0) are the system states, u(0) is the control input, T is the communica-
tion delay, A, B, C, D are system parameters, and « is the fractional-order (0 < « < 1).

The system is solved using the fractional Adams—Bashforth-Moulton predictor—
corrector method [6], which is a numerical scheme for solving FDEs. The method involves
the following steps:

1. The time domain ¢ € [0, T] is discretized into N steps of size h = T/N.
2. Predictor step: An initial estimate of the solution is calculated using the Adams—
Bashforth fractional formula:

x1 (0nt1) = x1(0n) + % Yo bjn+1f1(0j x1(0j)),

P
1
xg(QnJrl) = xa(0n) + I( a+1) Z] 0 ]n+1f2(Q]r xZ(Q )
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where b1 = (n+1— )% = (n— )% fi(e,x1(0)) = Axi(g) + Bu(g - 7), and

(e, %2(¢)) = Cx2(e) + Dx1(e — 7).
3. Corrector step: The estimate is refined using the Adams—Moulton fractional formula:

x2(0n11) = ¥a(on) + £y (F@ns1, 55 (0n41)) + Tio ajmsn folj,%2(0)) ).

{x1(Qn+1) = 21(0n) + w7 (Flonr 3T (@us1)) + Do ainia files 11 (g)) )

where
nt— (n—r)(n+1), j=0,
Ajpt1 = (n — ] + 2)r+1 —+ (n _]')r+l — 2(1/1 —j—|— 1)r+1, 0< ] <mn,
1, j=n+1,

4.  Delay handling: Delayed terms (e.g., x1 (¢ — 7)) are handled by interpolating historical
dataato — 7.

The following parameters were used in the simulation: « = 0.5, T = 0.2, A = —0.1,
B=02,C=-01,D=0.15u(o— 1) =sin(0— 1), x1(0) = 1.0, x(0) = 0.0, 0 € [-0.2,10],
and i = 0.1. The simulation results are shown in Figure 5. The states x1 (¢) and x, () exhibit
oscillatory behavior due to the delayed control input and state feedback. The fractional-
order « = 0.5 introduces memory effects, resulting in smoother oscillations compared to
integer-order models. Figure 5 illustrates the dynamic behavior of the control system.

Control System with Communication Delay (a=0.7, 1=0.2)

12

— xlg)
=== xzlp)
10
08
w 06
o
= e T SR
A
0.4
02
0.0

Time{gh

Figure 5. The states x1(0) (blue solid line) and x;(¢) (red dashed line) for the fractional system with
a = 0.5 and delay T = 0.2. The control input is (¢ — 7) = sin(¢ — 7), and the initial conditions are
x1(0) = 1.0 and x,(0) = 0.0.

5.2. Predator—Prey Dynamics

The predator-prey dynamics are modeled using a coupled system of Caputo FDEs
with delays:

“Dgx(0) = x(0)(a — by(e) — cx(0 — 1)),
“Dgy(0) = y()(—d +ex(o — 1)),
where x(0) is the prey population, y(¢) is the predator population, a,b,c,d, e are sys-

tem parameters, T is the time delay (e.g., gestation period), and « is the fractional order
(0 < a < 1). The system is solved using the fractional Adams-Bashforth-Moulton
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predictor—corrector method [6], which is a numerical scheme for solving FDEs. The method
involves the predictor step to estimate the solution and the corrector step to refine the
estimate with the same previous process. The time delay 7 is handled by interpolating
historical data at ¢ — 7. The following parameters were used in the simulation: « = 0.7,
7T=02a4=10,b=01,¢=0054d=05e=0.1x0) =10.0, y(0) = 5.0, 0 € [-0.2,20],
and h = 0.1.

The simulation results are shown in Figure 6. The prey population (x(¢)) and predator
population (y(0)) exhibit oscillatory behavior due to the interaction between the species
and the memory effects introduced by the fractional derivative. Figure 6 illustrates the
dynamic behavior of the Predator—Prey.

1z — Prey (a=0.T)
Predater (2=0.7)

10

Population

00 25 50 75 100 25 150 s 200
Time
Figure 6. Predator—prey dynamics with memory and delays. The prey population (blue) and predator
population (orange) oscillate due to the interaction between species and the fractional order « = 0.7.

6. Conclusions

In this paper, we have investigated the theoretical properties of a generalized cou-
pled system of CapFDEs with finite delay. The existence, uniqueness, and Ulam-Hyers
stability of solutions for our system have been our main concerns. By leveraging Banach’s
and Schauder’s fixed-point theorems adapted to the fractional setting, we have derived
sufficient conditions under which these properties hold, which are contingent upon ap-
propriate assumptions on problem parameters and constituent functions. To illustrate the
main findings, three examples were provided. Our theoretical insights can be applied to
complicated systems such as ecological dynamics, as we have shown through practical
applications, which include applications to the control and predator—prey models. We have
used numerical simulations using the Adams-Bashforth-Moulton approach to solve these
models. The numerical findings demonstrate the applicability of our theoretical framework
in real-world scenarios. Finally, this study enhances our understanding and application
of CapFDEs in analyzing and modeling complex systems with fractional-order dynamics.
Future research directions may include extending these results to more intricate systems
or exploring advanced numerical methods for solving FDEs using alternative fractional
derivatives, such as the ABC derivative [30] or the Caputo—Fabrizio derivative [31].
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